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Abstract 

Many of the commonly used voice source models are based on 

piecewise elementary functions defined in the time domain. 

The discrete-time implementation of such models generally 

causes aliasing distortion, which make them less useful for 

certain applications. This paper presents a method which elim-

inates this distortion. The key component of the proposed 

method is the frequency domain description of the source 

model. By deploying the Laplace transform and phasor arith-

metic, closed-form expressions of the source model spectrum 

can be derived. This facilitates the calculation of the spectrum 

directly from the model parameters, which in turn makes it 

possible to obtain the ideal discrete spectrum of the model 

given the sampling frequency used. This discrete spectrum is 

entirely free of aliasing distortion, and the inverse discrete 

Fourier transform is used to compute the sampled glottal flow 

pulse. The proposed method was applied to the widely used 

LF model, and the complete Laplace transform of the model is 

presented. Also included are closed-form expressions of the 

amplitude spectrum and the phase spectrum for the calculation 

of the LF model spectrum.  

Index Terms: voice source, glottal airflow, frequency domain 

LF model, aliasing, Laplace transform, phasor 

1. Introduction 

Voice source models are generally defined in the time domain 

in terms of a set of piecewise elementary functions. Such 

models include the Liljencrants-Fant model (LF model) [1], 

the Fujisaki-Ljungqvist model [2], the models proposed by 

Rosenberg [3] and many others, e.g., [4-10].  

The voice source signal is a continuous-time signal, and 

hence the functions that are used to model this signal are con-

tinuous in time. When implemented in a discrete-time system, 

this is typically done by sampling the functions, i.e. by replac-

ing the continuous variable t with n Ts, where n = 0, 1, 2… and 

Ts is the sampling period (the reciprocal of the sampling 

frequency, 1/ Fs). The sampling process will limit the 

bandwidth of the sampled waveform to the Nyquist frequency, 

i.e. to half the sampling frequency. Apart from this obvious 

fact, there will, however, also be aliasing distortion 

introduced, as the source spectrum is not bandlimited. Thus, 

the implemented discrete-time version of these continuous-

time models will have a distorted frequency spectrum, even 

within the bandwidth determined by the sampling frequency. 

At very high sampling frequencies, this is generally a rela-

tively minor issue, but in situations where a low sampling fre-

quency is required, it can lead to significant distortion, particu-

larly for voices with a high fundamental frequency.  

This fold-over distortion, where higher frequencies appear 

as lower frequencies, will manifest as spurious frequency 

components in the spectrum, except in the case where the 

sampling frequency happens to be a multiple of the fundamen-

tal frequency. In this case, no such components are introduced 

since each alias component will have a frequency which is the 

same as one of the actual harmonics. Nevertheless, the ampli-

tude and phase of the harmonics will be altered. This latter 

effect is perceptually less disturbing compared to the introduc-

tion of inharmonic components in the spectrum. As f0 is con-

stantly changing in speech and singing, the nature and degree 

of the distortion is also changing. This is clearly not ideal if 

high precision analysis and modelling of the voice source is 

the objective. 

What can be done to avoid this distortion? Since the 

amplitude of the source model spectrum decreases with 

increasing frequency, it can be reduced by employing over-

sampling of the model waveform. This oversampled wave-

form is then lowpass filtered (to reduce the amplitudes of 

components above the Nyquist frequency) and subsequently 

downsampled to the required sampling frequency. However, 

this approach may not always be the best option since a high 

level of oversampling may be required to achieve optimal 

results. Furthermore, it cannot fully cancel the aliasing and the 

filtering involved could potentially introduce other problems.  

The standard approach to the discretisation of a con-

tinuous-time signal is to supress frequency components above 

the Nyquist frequency prior to the sampling of the signal. This 

is done by applying an anti-aliasing filter (i.e. lowpass filter) 

in the time domain.  Based on these general principles, a tech-

nique is presented in [11] for analytically applying anti-

aliasing filtering to pulses described by piecewise polynomial 

curves. The filtering is applied in the time domain prior the 

sampling of the curves. This framework was also adopted and 

developed further in [12] and [13] for the LF model and the 

Fujisaki-Lungqvist model respectively. By applying a set of 

anti-aliasing functions, the source models are modified in the 

time domain prior to the sampling. This effectively removes 

alias frequency components, but also causes severe attenuation 

of the amplitudes of the original spectral components [13]. 

Hence, postfiltering is required to restore the correct ampli-

tudes. However, this postfiltering may in itself introduce dis-

tortion and lead to perceptual artefacts, as suggested in [12]. 

The current paper proposes an alternative method, where 

the anti-aliasing filtering is carried out directly in the 

frequency domain. This frequency domain processing is very 

simple and does not require any special anti-aliasing functions. 

Furthermore, it eliminates the anti-aliasing altogether and 

consequently no postfiltering is necessary since the correct 

spectrum is maintained up to the Nyquist frequency. However, 
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for this to be feasible, a parametric representation of the model 

in the frequency domain is required. 

2. Proposed method for aliasing-free  

voice source modelling 

The proposed method for deriving discrete-time glottal flow 

waveforms from a continuous-time glottal flow model, with-

out introducing aliasing distortion, is described below in terms 

of five main steps. 

In the first step, the Laplace transform is obtained for each 

part of the piecewise function defining the model. Due to the 

linearity property of the Laplace transform, the complete 

Laplace transform is the sum of the individual transforms.  

Secondly, for each of the Laplace transforms, the fre-

quency response is derived by evaluating the transform on the 

imaginary axis, i.e. by substituting the complex variable s in 

the Laplace transform with jω. The frequency response ob-

tained is equivalent to the frequency spectrum of the model. 

We get the amplitude response by calculating the absolute 

value of the complex frequency response, whereas the phase 

response is given by the angle determined by the real and 

imaginary parts of the frequency response.  
In the third step, closed-form expressions for the overall 

model spectrum are derived. These expressions enable the cal-

culation of the spectrum directly from the model parameters, 

which is crucial to the objective of the proposed method. To 

do this, basic phasor arithmetic is employed, and each 

component of the spectrum is treated as a phasor. The process 

is illustrated in Fig. 1, showing the result of adding two 

phasors, where the length of the phasor represents the 

amplitude (A) and the angle (relative to the real axis) 

represents the phase (ϕ). The main formulas are shown in (1) 

and (2) for the amplitude and phase respectively. 

 

Figure. 1: The addition of two phasors, where A  

represents the amplitude response and ϕ the phase  

response of two parallel (added) components. 
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Note that the atan2 function is used here to ensure that the 

phase angles are always correct. The definition of the atan2 

function is shown in (3).  
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In the fourth step, the ideal discrete spectrum of the model 

is derived from the true model spectrum. This spectrum is a 

sampled version of the true spectrum up to the Nyquist fre-

quency. We get the discrete frequency samples by replacing 

the continuous frequency variable f in the closed-form expres-

sions of the model with  kFs/N for k = 0, 1, 2… N/2 ─ 1, where 

N is an integer which needs to be greater than the number of  

samples required to model the glottal pulse. As this is a dis-

crete spectrum of a real-valued signal, the complex spectrum 

should be even symmetric and periodic with period Fs. Conse-

quently, the frequency samples for k between N/2 and N ─ 1 

can be derived from the sample values between 0 and N/2 ─ 1. 

Once we have the frequency samples defining the ideal 

spectrum, the glottal pulse corresponding to this spectrum is 

obtained by computing the inverse discrete Fourier transform 

(IDFT). Note that the normalisation factor of the IDFT should 

be Fs/N for the correct scaling of the waveform samples. 

The process described in the last three steps can also be 

carried out for multiple glottal pulses by applying the phasor 

arithmetic for the individual pulses, i.e. by treating the spec-

trum of each glottal pulse as individual phasors. To each 

subsequent pulse, a linear phase component is added, which 

corresponds to the duration of its delay in relation to the 

previous pulses. For example, if the duration of the first pulse 

is T0, the additional phase component that should be added to 

the phase spectrum of the second pulse is ─2πf T0.  

3. The parameters of the LF model  

For the application of the proposed method, the LF model [1] 

was chosen since it is arguably the most widely used para-

metric glottal flow model.  It has been used in many different 

types of voice source studies, involving analysis, synthesis and 

perception (e.g., [14-34]). 

The LF model is a model of differentiated glottal flow, 

and the piecewise function defining the pulse is made up of 

two parts according to (4), see also the lower panel of Fig. 2. 
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The first part models the flow derivative during the open 

phase of the glottal cycle using a sine function, which 

increases exponentially in amplitude. The duration of the open 

phase is Te and it terminates at timepoint te when the ampli-

tude of the waveform is ─Ee, the negative amplitude of the 

main glottal excitation. The second part models the flow 

derivative after the main excitation, during the return phase of 

the pulse. This is essentially an exponential function, which 

terminates at timepoint tc. The duration of the return phase is 

Tb (see Fig. 2). 
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Figure 2. Two LF model pulses and parameter definitions. 

Flow derivative (bottom) and corresponding glottal flow (top). 

The shape of the LF model pulse is often described in 

terms of the so-called R-parameters Rg, Rk and Ra (see Fig. 2). 

The R-parameters and Ee are commonly referred to as the “LF-

parameters”. However, as can be seen in (4), apart for Ee, they 

are not the actual LF parameters. Note further that E0 and Ta 

are auxiliary parameters. E0 is determined by Ee, α, Te, and ωg, 

and Ta is determined by ε and Tb according to (5) and (6) 

respectively. 

 0 esineT
e gE E e T

    (5) 

  1 bT
aT e

    (6) 

Hence, the parameters that specify the shape of the open 

phase are Ee, Te, ωg and α. The return phase is defined by and 

Ee, ε and Tb, and the total duration of the pulse is Te + Tb. Te 

and ωg are easily derived from the R-parameters and f0: Te = 

(1+Rk)/(2Rg f0) and ωg = 2πRg f0. However, α and ε have to be 

estimated iteratively: ε is derived from Ta and Tb, and α is 

implicitly determined by the other parameters and from the LF 

model requirement of a given net flow gain, which is typically 

set to 0. Thus, the area of the positive part of the flow 

derivative should equal the area of the negative part. 

In [17], the LF model is presented with a transformed set 

of parameters, which includes the global waveshape 

parameters Rd = 0.11─1f0Up/Ee. For the conversion of Rd data 

into actual LF parameter values, see [35]. 

4. The LF model in the frequency domain 

In developing the frequency domain representation of the LF 

model, it is convenient to view the LF pulse as the non-causal 

response to an impulse with amplitude ‒Ee at timepoint te (for 

a similar treatment see [36]). We therefore define t = 0 as the 

timepoint of the main excitation (te) rather than the timepoint 

of the glottal opening (to), which is normally the case, see (4) 

and Fig. 2. The first part of the model (the open phase) is the 

anti-causal response and the second part (the return phase) is 

the causal response.  

By inserting (5) and (6) into (4) and defining te = 0, we 

recast (4) into the expressions in (7): 
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Thus, the LF model open phase can be viewed as a time-

reversed, phase-shifted, exponentially damped sine function, 

which is truncated after a time interval of Te. Note that the 

Laplace transform for an anti-causal response can be obtained 

by replacing s with ─s in the transform of the corresponding 

causal response. The Laplace transform of the LF model open 

phase is shown in (8), where u(t) is the unit step function. 
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The return phase is essentially an exponential function to 

which a constant is added. This term is needed for the 

waveform to equal 0 at tc (i.e. at the end of the pulse). The 

Laplace transform of the LF model return phase is shown in 

(9). 
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Since the LF pulse is the sum of the open phase and the 

return phase, the complete transform for the LF model is 

      . LF LFopen LFretH s H s H s  (10) 

Next, s is replaced by jω in (10) to derive the corre-

sponding frequency response, which is equivalent to the fre-

quency spectrum of the model. The absolute value of HLF(jω) 

is the amplitude spectrum: Ao(f) and Ar(f) for the open phase 

(11) and the return phase (15) respectively. We get the phase 

spectrum from the angle determined by the real and imaginary 

parts of the transform: ϕo(f) and ϕr(f) for the open phase (12) 

and return phase (16) respectively. 
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where Re1 and Im1 are given by (13) and (14). 
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By applying the phasor arithmetic described in Section 2, 

we get the complete LF model spectrum shown in (19) and 

(20), where atan2 is defined according to (3): 

    2 2 2 cos
LF o r o r o r

A f A A A A       (19) 

    atan 2 sin sin , cos cos      LF o o r r o o r rf A A A A  (20) 

Hence, the LF model spectrum can be derived from the 

model parameters by using the closed-form expression in (11) 

to (20). To shift the pulse to start at timepoint to = 0 rather than 

at te, a phase delay of ─2πf Te should be added to (20). 

 

Fig. 3: Amplitude spectrum of the LF model showing the 

true spectrum (black), ideal discrete spectrum (red)  

and aliased discrete spectrum (blue). Fs = 10 kHz. 

As described in Section 2, we can get the ideal discrete 

spectrum by sampling the LF model spectrum up to the 

Nyquist frequency. Fig. 3 illustrates this process for the ampli-

tude spectrum using a sampling frequency of 10 kHz. The red 

crosses show the frequency samples obtained from the true LF 

model spectrum (black line). The corresponding spectrum of 

the sampled LF pulse is shown in blue. Compared to the ideal 

spectrum, the elevated levels for frequencies approaching the 

Nyquist frequency reflect the aliasing distortion introduced.  

The return phase of the LF model is meant to produce an 

increase in the slope of model spectrum: a spectral slope of 

about ─12 dB per octave is expected above the frequency 

approximately given by Fa = 1/(2πTa). In the example in 

Fig. 3, Fa = 1,200 Hz. It is clear the that the spectral slope is 

not as steep as expected in the discrete spectrum due to the 

aliasing distortion. 

By computing the IDFT of the ideal discrete spectrum, we 

get the corresponding sampled LF pulse. Fig. 4 compares two 

LF pulses: the pulse in red was derived using the proposed 

method and the pulse in blue is the corresponding sampled LF 

waveform. The difference between the two (green line) shows 

that the largest differences are found close to the main 

excitation and oscillate between positive and negative values. 

Further away from the excitation, the differences are very 

small, and time domain measures such as the R-parameters are 

only marginally affected. The extent to which they may be 

different for a wide range of LF pulses would, however, 

require further investigation. 

 

Fig. 4: LF pulse using the proposed method (red) compared to 

the corresponding sampled LF pulse (blue). The difference 

between the two is shown by the green line. 

If several pulses are concatenated in the way outlined in 

Section 2, we get a harmonic spectrum, which is free from 

spurious frequency components and where the amplitude and 

phase of the harmonics are undistorted. 

5. Conclusions 

A method is presented which permits the implementation of 

time domain glottal flow models free of aliasing distortion. A 

key component of the method is the development of a fre-

quency domain representation of the time domain model. Such 

a representation is presented here for the LF glottal flow 

model. Closed-from expressions for the amplitude and phase 

spectrum are derived, which facilitate direct calculation of the 

spectrum from the model parameters. 

Compared to other methods, this method eliminates alias-

ing distortion completely, it does not require special anti-

aliasing functions, and postfiltering to correct spectral ampli-

tude levels is not necessary. Furthermore, it is conceptionally 

intuitive and, once the frequency domain representation has 

been obtained, it is relatively straightforward to implement. 

The method has the potential to improve the usability of 

glottal flow models, particularly in applications where the 

sampling frequency needs to be relatively low, and we are cur-

rently planning to incorporate this version of the LF model in 

our analysis and synthesis system GlórCáil [37]. 
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