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Roehner 5 · Stéphane Tronche 1

Received: date / Accepted: date

Abstract Reliability engineering concerned with failure of technical inani-
mate systems usually uses vocabulary and notions of human mortality, e.g.
infant mortality vs. senescence mortality. Yet few data are available to support
such a parallel description. Here we focus on early stage (infant) mortality for
two inanimate systems, incandescent light bulbs and soap films, and show the
parallel description is clearly valid. Theoretical considerations of the thermo-
electrical properties of electrical conductors allows us to link bulb failure to
inherent mechanical defects. We then demonstrate the converse, that is, know-
ing the failure rate for an ensemble of light bulbs, it is possible to deduce the
distribution of defects in wire thickness in the ensemble. Using measurements
of lifetimes for soap films we show how this methodology links failure rate to
geometry of the system; in the case presented this is the length of the tube con-
taining the films. In a similar manner, for a third example, the time-dependent
death rate due to congenital aortic valve stenosis is related to the distribution
of degrees of severity of this condition, as a function of time. The results not
only validate clearly the parallel description noted above, but point firmly to
application of the methodology to humans, with the consequent ability to gain
more insight into the role of abnormalities in infant mortality.
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1 Introduction: parallels between lifetimes of technical and living
systems

The age-dependent mortality rates for humans and other animal species have a
declining part, corresponding to infant mortality, which is followed by a rising
part, corresponding to the ageing process [1–3]. Technical systems are said to
show a similar pattern, although little published empirical evidence appears
to exist to support the point. Many publications feature stylized reliability
curves instead of actual data. This lack of empirical evidence led us to develop
our own simple physical models of living systems1.

Reliability engineers distinguish three phases in the working life of technical
devices. First, the initial or ‘burn-in’ phase, where manufacturing defects can
cause items to fail. As they are progressively eliminated the failure rate falls.
This is followed by a ‘normal’ or working phase where the failure rate is low and
roughly constant. Finally comes the ‘ageing’ or wear-out phase, during which
the failure rate increases until eventually all devices in the sample have failed.
This process also describes quite well the behaviour of the mortality for living
systems, except in living systems the ageing phase follows almost immediately
the infant mortality phase. There seems to be no substantial working phase
in living systems where the death rate remains constant. However, although
the three phases described above are a fairly natural conjecture, published
technical data supporting the description is noticeable by its absence.

One may speculate as to why this is so. Perhaps, since for all technical
devices the failure rates are low, generating data which yield accurate results
for this quantity would require large numbers of devices being monitored over
long periods of time. Such assays would take many years and are likely to be
expensive. Therefore they are usually limited to crucial devices, such as items
destined for the space industry, and the results are not normally made public2.
An exception appear to be computer hard drives, for which failure data is now
available online3. In the case of fluorescent light bulbs, which have average
lifetimes of about 20,000 hours, rapid on-off switching cycles, which result in
a lifetime decrease, provide an alternative testing method [4,5].

Planned obsolescence, or designing products to have a shorter service-life
than would otherwise be possible, is another plausible reason for the lack of
published data. Although claims of planned obsolescence have often been made
by consumer associations, they are usually denied by companies. An exception
is the case of incandescent light bulbs where there is convincing evidence. In
Krajewski [6] there is a detailed account of how in the 1920s major producers

1 We use the term “model” with the meaning of a convenient analogy of a real - in this
case, living - system. Only once the mechanism of ageing is better understood will it be
possible to formulate a mathematical model.

2 The much publicized investigation by Richard Feynman of the O-ring failure which
led to the Challenger space shuttle catastrophe illustrates that even here failure of the
components was not fully understood. For a video showing Feynman’s demonstration see
https://www.youtube.com/watch?v=raMmRKGkGD4.

3 The data is provided by the storage provider Backblaze, see
https://www.backblaze.com/blog/how-long-do-disk-drives-last/.



Physical models of infant mortality. Implications for defects in biological systems 3

formed an international cartel with the purpose of limiting the life span of
light bulbs to 1,000 hours. In his study the author shows that in Germany
between 1926 and 1933 the average life of light bulbs fell from 1,800 hours
to 1,200 hours. Under such circumstances life span statistics clearly become
irrelevant.

The focus of the present paper is the initial variation of failure/mortality
rates. Our aim in particular is to find a mechanism that explains the occurrence
of an infant mortality phase in living beings. To this end, in this paper we will
make use of inanimate technical systems, namely light bulbs and soap films,
whose “burn in” phases resemble infant mortality, and for which it is important
to recognize that

– the impact of a manufacturing defect does not necessarily appear immedi-
ately after the device starts to work; it can appear a long time later,

– in principle, as we show below, there is a close connection between the
nature and severity of defects and the time to failure.

To illustrate this, we will, following a brief section on definitions and ter-
minology, start by introducing a simple model for failure in light bulbs, based
on well-known properties of electrical circuits. We then develop a methodology
for predicting manufacturing defects from failure rate curves. In order to test
the validity of our approach we need access to empirical data. As noted above,
light bulbs are not a convenient system in this regard. We have instead carried
out experiments with soap films which have only recently been introduced for
the study of ageing and failure [7].

Here the complexity of the factors determining film lifetime (e.g. physical,
chemical, environmental factors) does not allow for the development of a simple
toy model for film stability. However, our experiments identify experimental
parameters which control film lifetime and which can be used to analyze failure
rates.

Finally, we apply our method of relating the distribution of defects to
lifetime data to an example from human biology, by examining the temporal
variation of the death-rate from congenital stenosis of the aortic valve.

Recently, Nee [8] has suggested that manufacturing/congenital
defects may not be the only cause for the specific variation of failure
or mortality rates. The sudden malfunctioning of a technical device,
or a sudden death, may result from the deterministic behaviour of
a system whose dynamics allows for chaotic behaviour. So called
strong-chaos, which can be generated via the logistic map, can be
associated with type II survivorship curves, i.e. constant mortality
rates (see Section 2). Weak chaos on the other hand, which features
periods of stability, interrupted by chaotic bursts, can be mapped to
decreasing infant mortality (type III survivorship). Chaotic activity
has indeed been observed in both human cardiac data, as well as in
brain signals, where it might be associated with epilepsy, rendering
relevance to Nee’s scenarios.
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In this paper, however, we will focus on the role that well defined
manufacturing or congenital defects play for the ‘burn-in’ phase or
infant mortality.

2 Definitions and terminology

The study of lifetime statistics features in a range of subject ar-
eas, such as biology, engineering, or actuarial science. Although the
underlying mathematical concepts are shared, the use of different
terminologies can lead to confusion. We will for this reason briefly
introduce the key concepts here, which will be used throughout the
text.

Given a population of size N , which could be made up of humans,
light bulbs, soap films, etc, we wish to describe its evolution as a
function of time t. A survival or reliability function s(t) is defined as

s(t) = N(t)/N(t = 0), (1)

where N(t) is the number of members in the population that is still
alive/intact at time t. The function s(t) decreases with time from its
initial value s(0) = 1, to zero, when all members have “died”. The
failure function f(t) is defined as its complement, f(t) = 1− s(t).

The failure function may also be introduced via a failure density
function fT (t) as

f(t) =
∫ t

0

fT (t)dt. (2)

Here fT (t)dt is the probability of failure in the time interval [t, t+dt].
Writing the reliability function s(t) as s(t) = 1 −

∫ t
0
fT (t)dt, we

obtain
fT (t) = −ds(t)/dt. (3)

We shall use this relation when discussing our soap film data in
section 4.

Often failure data is displayed in the form of a failure rate µ(t)
(also called hazard function (reliability theory), or force of mortality
(actuarial science))[9]. This function is defined as

µ(t) = − 1
s(t)

ds(t)
dt

= −d ln s(t)
dt

, (4)

i.e. µ(t) = fT (t)
s(t) . For short times, when s(t) ' 1, one thus obtains

µ(t) ' fT (t).
In ecology, graphs using a logarithmic scale for s(t) as a function

of (linear) time are called survivorship curves. A straight line in
such a graph (i.e. µ(t) = const.) is referred to as type II survivorship
curve. An accelerating decay of log s(t) (i.e. µ(t) increases with time)
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defines type I, and a decelerating decay (i.e. µ(t) decreases with
time) type III survivorship [10].

Human mortality statistics are generally reported as number of
deaths in a certain population occurring per year and per 1000 or
per 1 million of that population. The corresponding hazard function
in this literature is usually called the death-rate, or simply mortality
rate, and it is often shown as a function of age. The exponential rise
of this rate, observed from an age of about 15 onwards, is referred
to as the Gompertz law [11].

3 Incandescent light bulbs as a model of infant mortality

Studies of mortality enable observation of both short and long-term effects
arising from congenital abnormalities4. Thus it is tempting to attempt a re-
verse analysis and derive information about the defects from the death rate
curves. Here we examine how this can be done using a simple model for incan-
descent light bulbs for which one has a fairly clear understanding of the failure
process. To keep matters simple we assume only one type of defect is present.
Our goal then is to connect the statistical distribution of these defects to the
age-specific failure rate of a device.

3.1 Failure mechanisms

Light from an incandescent light bulb is produced by a filament heated to high
temperature by an electric current passing through it. A common observation
is that such light bulbs frequently fail when switched on. One route to failure
may occur during the first milliseconds after the light is switched on, when
the temperature of the filament can increase rapidly. This creates thermal
expansion through which the filament is slightly distorted. If there is already
a marked narrowing, the filament may then break. Another cause of failure is
through the creation of a magnetic field. Again during the first milliseconds
there is a high surge in current intensity due to the fact that resistivity of
the tungsten increases with temperature. This creates a magnetic field which
can deform the filament and break it at the most fragile place. This effect is
reinforced when the filament is shaped as a coil forming a solenoid.

The resistance R of a filament of length L is given by R =
∫ L
0
ρ(x)/s(x)dx,

where ρ(x) and s(x) are local material dependent resistivity and wire cross-
sectional area, respectively. We will in the following discussion treat resistivity
as a constant, ρ(x) = ρ, but allow for fluctuations in the cross-sectional area
s(x) along the filament.

4 We include not only infant mortality but also adult mortality due to long-term conse-
quences of congenital mortality. For instance, it is known that heart defects have often a
delayed effect.
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Fig. 1 Simple model for the thinning and eventual breaking of a tungsten filament in a
light bulb due to the flow of an electrical current. Since the local resistance of the filament
increases inversely with the local cross-sectional area, there will be greater heat release at
narrow sections. This in turn leads to greater local evaporation of tungsten (called filament
notching and indicated by the horizontal arrows), eventually leading to the failure of the
filament at the narrow section. Note that only the smallest local cross-section, S, that is to
say the most serious defect, plays a role in this process. T denotes the time of failure, which
is also the lifetime of the light bulb.

A smaller local cross-section s(x) will result in a local increase in resistance
dR, and greater heating, which increases the local temperature. (The effect
would be even more enhanced had we allowed for an increase in resistivity
ρ with temperature in our model.) Around this hot spot the evaporation of
tungsten will be faster than across the cooler regions. This will eventually
lead to the severance of the filament and failure of the lamp (see Fig.1). In
the simple model considered here it is the smallest value of s(x) along the
filament which will be responsible for the failure, and we denote this by S =
min[s(x); 0 ≤ x ≤ L].

3.2 Connection between lifetime and severity of the defect

The time to failure depends upon the degree to which sections of the filament
are reduced prior to initial use. This implies there is a one-to-one relationship

T = g(S) (5)

between the smallest cross-sectional area, S, and the failure time T of the
filament (and thus bulb). In principle, g(S) can be obtained from a fairly
simple model involving physical relationships related to heating, evaporation
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and electrical resistance. Conversely, one could infer the minimum cross-section
from knowledge of the failure time.

3.3 Relation between distribution of defects and distribution of lifetimes

Considering now an ensemble of light bulbs, a probability density distribution
fS(S) of minimum values of cross-sectional area S, as defined above, translates
into a probability density fT (T ) of bulb lifetimes T .

In the simplest case, all bulbs have the same value of S and thus they will
all fail at the same time, say T1. Thus the probability density fT (T ) (also
called failure density function, see section 2) will be zero up until T1, where
there will be a spike (δ-function). For times exceeding T1, fT (T ) will again be
zero.

In the general case, given a probability density fS(S) of minimal cross-
sections, the fundamental transformation law of probabilities states that

fT (T )δT = fS(S)δS. (6)

The probability density for the smallest cross-sectional areas is then deter-
mined from the failure density function fT (T ) as

fS(S) = fT (T )g′(S), (7)

where we have used δT
δS = dg/dS = g′(S), from eqn.(5).

Thus knowing the probability density of the failure times we can in prin-
ciple compute the probability density of the defects, and reverse.

Let us consider the simple case of a linear function g(S), i.e. T = g(S) =
aS + b, where a, b > 0, and a uniform distribution of minimal cross-sections,
i.e. fS(S) is constant, within the interval [S1, S2], see Fig. 2. From fT (T ) =
fS(S)/a it follows that the failure times are also uniformly distributed within
the interval [T1, T2] = [aS1 + b, aS2 + b]. Thus for this sample of bulbs there
will be no failures up to the time T1 where the first failure will occur. More
failures will follow with a constant frequency until time T2 when every member
of the sample will have failed 5. It can be used for any device whose lifetime is
determined by a single parameter and we use it in Section 4.3 (in a modified
form) for soap films confined in tubes of various lengths.

The argument can also be generalized to cases where the lifetime is deter-
mined by more than one parameter.

What makes this argument important here is that it connects what we can
observe and measure, namely the age-specific death rate, to the birth defects.
Written in terms of the reliability/survival function s(t), Eqn (7) is
expressed as

fS(S) = −g′(S)
ds(t)
dt

, (8)

5 This is indeed what one observes for fish mortality in the yolk sac phase [12].
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Fig. 2 Relation between probability density function fS(S) of defects S, failure
density function fT (T ) of lifetimes T , and function T = g(S), linking defect size
to lifetime. Knowledge of any two of these relations allows for the computation
of the third. For the illustrative example of light bulb failure discussed in the
text we have chosen a rectangular distribution for fS(S), where the defect S
corresponds to the minimal cross-section of the filament (Fig.1). In section 4
we will construct a distribution fT (T ) from lifetime data for soap films, using
Eqn (8).

where we have used Eqn (3). It is in this sense that infant mortality gives
us an insight into the internal working of a device or organism. In the next
section we will demonstrate the application of Eqn(8) for experimental data
for the lifetime of soap films.

4 Using soap films for the study of failure

Thin liquid films, stabilized by surfactants, may be used as a simple physical
system for an experimental study of the statistics of failure [13,7]. Here the
lifetime is defined as the time between the creation of a film out of a surfactant
solution and its eventual rupture, which is, in many cases, brought about by
statistical thermal fluctuations.

The lifetime of such films, commonly called “soap films”, is thus a well
defined quantity. A film either exists or has vanished; there is no in-between
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state. This, together with the simple and cheap experimental set-up, makes
such films a suitable experimental system for the study of failure. This was
previously explored by [7,13], who studied ensembles of 10-20 films which were
placed equidistantly in (sealed) vertical glass or perspex cylinders. Data for
over 4000 films showed that for this set-up, which allowed for film interactions
in the cylinders, the long term failure/mortality rate is best described by an
exponential increase in time (Gompertz law, see section 2).

Here we have studied lifetimes of individual films under a variety of different
experimental conditions. For example, we placed the films in glass cylinders of
different lengths or cross-sectional area. This resulted in a number of empirical
relationships for the average lifetime, 〈T 〉, as a function g(S) of these ‘control
parameters’ which here we denote by S, since in the context of the above
discussion they take on the role of lifetime defining ‘defects’. The requirement
to use the average film lifetime is due to the substantial role that fluctuations
play in film stability (see the discussion below).

Using the relation,
〈T 〉 = g(S), (9)

together with the failure density function fT (T ) obtained from our experimen-
tal data, will allow us to identify the underlying ‘defect’ distribution fS(S)
using the mathematical framework developed above, c.f. Fig.2.

4.1 Ageing of a soap film

Over the course of its lifetime a surfactant-stabilized liquid film experiences
several stages of aging which are generally well understood within the frame-
work of physics and physical chemistry [14,15]. However, an understanding
of the final stage, i.e. the detailed mechanism of film rupture, is still limited
[16]. The thickness of a freshly formed film ranges between 1 to 100 microns
[17], but it is rapidly reduced due to the drainage of liquid out of the film. In
thick vertically displayed films, gravity plays an important role in establishing
a vertical gradient in thickness. But, as in the case of horizontal films, capil-
lary action is the key driver for film thinning. The timescale for this process is
set by both bulk and surface viscosity of the surfactant solution [14], together
with film orientation.

Once the local film thickness has decreased to about 100 nm, drainage is
slowed down, as eventually the attractive Van der Waals forces on the opposing
sides of the film are balanced by steric and electrostatic repulsion due to the
presence of surfactant molecules. This is accompanied by the formation of small
areas (“spots”) on the film which appear black in reflection and are indicative
of a thickness of less than about 30 nm (common black film). These black spots
grow in size and merge, resulting in a liquid film which appears completely
black in reflection. Evaporation may reduce the film thickness even further,
down to about 5 nm (Newton black film)[17]. Such films are metastable, but
they ultimately rupture, as thermally induced thickness fluctuations may result
in the formation of a hole which rapidly grows in size. Evaporation is seen to
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play a significant role for film stability in this regime [18] and film lifetime
increases with relative humidity [19].

Film rupture may also be triggered via the deposition of particles onto
the film or the addition of anti-foaming chemicals which reduce or replace the
amount of surfactant at the interface. The former mechanism might play a role
in our experiments described below since they do not take place in a dust free
environment. This would be a further support of the view that film rupture
should ultimately be seen as a stochastic process [16].

4.2 Experimental set-up

All our experiments were performed at room temperature using solutions
made from sodium dodecyl sulfate (SDS, purity ≥90%, purchased from Sigma-
Aldrich), dissolved in Millipore water at a concentration of 10.1 g SDS to 290
mL water. The solutions were freshly prepared for each experimental run, using
a magnetic stirrer for about 30 minutes. Temperature was monitored for some
experiments but we could not detect any influence on average film lifetime for
the fluctuations in the laboratory temperature, which were about ±1.5oC.

We used sets of glass tubes of three different lengths (L = 3cm, 10cm,
20cm) and diameter 1.6 cm which we sealed with one or two standard lab-
oratory rubber stoppers. The tubes were cleaned and then dried before each
experimental run.

An individual liquid film was created by dipping a tube perpendicularly
into the SDS solution and then withdrawing it. Each of our tubes contained
only one film, placed in its middle; see the schematic in Fig. 3(a).

The tubes were monitored using a digital video camera (AVT Marlin
F131B) connected to a PC, with images being recorded every 6 seconds. We
found it convenient to image a row of 12 parallel aligned tubes in one exper-
imental run; when using short tubes, as shown in Fig.3(b), it was possible to
record two such rows (corresponding to two experimental runs) in one session.
The lifetime of each film was determined from visual inspection of the recorded
images and taking the time-stamp of the last image at which a film was still
present in the tube.

4.3 Results

The data presented and analyzed below is for a total of 5 ×144+1×132 = 852
films, contained in tubes of width 1.6cm and length 3cm, 10cm and 20cm,
respectively. The tubes were placed vertically, i.e. all films were oriented hori-
zontally. In one set of experiments the tubes were sealed with rubber stoppers
at both ends, in the other set the stopper was inserted only at the bottom
end.
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(a)

(b)

Fig. 3 Experimental set-up. (a) Liquid films were created by dipping glass tubes of three
different lengths (and for the data presented here, with diameter 1.6cm) vertically into
an aqueous SDS solution and then withdrawing them. At this stage the films are free to
slide along the tube wall and can be brought to the centre of the tube. Sealing the tube
at the bottom end using a rubber stopper then fixes the film position. Experiments were
also carried out where the tubes were sealed with two stoppers. (Dimensions of the conical
stoppers: length 2.4 cm: max. and min. diameter 1.5 cm and 1.8 cm). (b) Photograph of the
set-up for an experimental run featuring 24 vertical tubes of two different lengths, sealed
with two stoppers, and containing one film each. The horizontal films appear as thin bright
lines.

Figure 4 shows that the average lifetime 〈T 〉 of a film increases approxi-
mately linearly with the length L of the tube in which it is contained, i.e.

〈T 〉 = g(L) = T0 + cL, (10)

where the fit parameters c (dimension: time/length) and T0 (dimension: time)
were determined using linear regression. (An offset T0 was included in the fit
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Fig. 4 The average lifetime 〈T 〉 of a liquid film enclosed in the centre of a tube varies
roughly linearly with the tube length L. Sealing the tube at both ends leads to a large
increase of average film lifetime, in comparison to sealing it only at the bottom end. Each
data point is the average over 144 measurements; the fluctuations are substantial (coefficient
of variation CV ' 0.6 in the case of two stoppers; CV ' 0.4 in the case of one stopper).
Linear regression leads to slopes c = 1.08 min/cm (one stopper) and c = 5.57 min/cm (2
stoppers), with corresponding offsets T0 = −0.09 min and T0 = 2.56 min.

since it is possible to maintain a film at finite lifetime even in the limit where
a tube is shortened to just a ring. Note, however, that in the analysis that
follows, only the value of the slope c is of relevance.)

Before moving on with our analysis we need to comment on the possible
origin of this linear relationship of Eqn (10). We find that it is valid also for
a number of variations of the set-up described here, involving tubes that were
placed horizontally or vertically, sealed with two or one stoppers, or even not
closed at all. The range of average lifetimes differs in all these different sets of
experiments, however, the linear dependence on tube length remains, although
with different values for the constant c. (The details of these findings, based
on a total of 15× 144 = 2160 films, will be discussed elsewhere.)

What is the origin of the linearity? In unsealed tubes there clearly is a
(roughly linear) gradient in humidity along the tube, as it varies from 100%
at the film location to its ambient value at both tube ends. As commented
above, evaporation plays a major role for film stability, and evaporation is
driven by humidity gradients. The longer the tube, the smaller the gradient
will be, which should in turn lead to longer lifetimes.

We assume that such gradients also exist in tubes that are sealed (the
quality of the seal was confirmed by probing for leakage when immersing a
sealed tube in water); also in this case humidity will be 100% at the film and
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decrease away from it to some finite value, in this case generally higher than
that outside the tube. The argument for obtaining an increase in film lifetime
by having longer tubes is thus as above.

Clearly average film lifetimes cannot increase indefinitely with tube length
and we expect it to level off eventually, making other factors the most relevant
ones for film rupture.

Let us stress here that we do not claim to have a full understanding of
both origin and possible breakdown of the linearity. However, for the follow-
ing discussion the origin of the linearity is not key. It is rather the existence of
an empirical law for average film lifetime as a function of tube length which
is required to make a prediction of the distribution of tube lengths from mea-
surements of the lifetime of the films they contain.

We will for the following analysis represent our data in terms of the survival
or reliability function s(t) introduced in section 2.

From our data for the lifetime of individual films we can construct a time
series N(t), where N(t) is the number of films that are still intact at time t.
The survival function is then computed as s(t) = N(t)/N(t = 0) (Eqn 1).

The initial number of films was N(0) = 144 in all but one of our different
types of experiments (in the one-stopper experiment for the 10 cm tube N(t =
0) = 132). Note that s(t) decreases whenever one (or more) films rupture at
time t. Fig. 5 shows that in both our one and two stopper data an initially
very slow decay of s(t) away from s = 1 eventually gives way to a rapid drop,
before the decay slows down again until all films have ruptured, i.e. s = 0.

In order to test whether information on the distribution of tube-lengths (in
our case three δ-functions with peaks at L = 3cm, 10cm, 20cm) can be obtained
from an analysis of film lifetime data for the one or two stopper experiment
we have proceeded as follows. Our starting point will be the aggregate of the
three survival functions, shown in Figs. 6 (a) and 7 (a). We have employed
some smoothing to the data by grouping it into bins along the time axis. We
have also applying a time-weighting that takes into account the times within
each bin at which s(t) changes its value. Furthermore we have chosen bin sizes
that increase linearly with time to account for the fact that more film ruptures
occur at earlier times.

Knowledge of the reliability function s(t) allows for the computation of
the failure density function fT (t) = −ds(t)/dt (Eqn (3)). The derivative was
obtained numerically from our binned data for s(t) (Figs. 6 (a) and 7 (a))
using the central difference method.

When considering our simple model for light bulb failure, with its one-to
one relationship between lifetime T and minimal cross-section S, the distri-
butions fT (T ) and fS(S) were directly related via eqn.(7). In the case of our
soap film data we only know the variation of the average lifetime 〈T 〉 with tube
length L. We argue that in this case the distribution fL(L) is approximately
given by

fL(L) ' d〈T 〉
dL

fT (T ) = −d〈T 〉
dL

ds(t)
dt

. (11)
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(a)

(b)

Fig. 5 Variation of survival/reliability function s(t) as a function of time for films in tubes
of length 3cm, 10cm and 20cm, respectively. Note that the lifetimes of the films in the tubes
sealed with two stoppers (Figure b) greatly exceeds those in tubes sealed with only one
stopper (Figure a). This highlights the effect of evaporation. The initial number of films in
each of the different types of experiments was N(t = 0) = 144, apart from the one-stopper
data for the 10 cm tube, where N(t = 0) = 132.

Similarly to the treatment in proportional hazard models [20] we have empir-
ically identified a covariate, or risk factor (in our case the tube length) which
is multiplicatively related to the ‘hazard’. As in a so-called semi-parametric
model, the mean response in our population of films, namely the average film
lifetime, depends linearly on the covariate.

We have also computed the coefficient of variation (ratio of the standard
deviation of fT (T ) to its mean 〈T 〉) and find that it is independent on tube
length (although it differs between the two-stopper and the one-stopper data).
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(a)

(b)

Fig. 6 (a) Survival function s(t) for a combined and smoothed data set of 132 + 144 + 144
films placed in tubes of three different lengths (3cm, 10cm and 20cm) closed with only one
stopper (c.f. Fig. 5 (a)). (b) Reconstruction of the distribution of tube lengths using the
methodology described in the main text, Eqns (11) and (12). The three discernible peaks
at around 2cm, 11cm and 19cm correspond to the three different lengths of the tubes used
in the experiments.

The mean lifetime 〈T 〉 may thus be taken as a first approximation to the dis-
tribution fT (T ). The distribution function itself is independent on the specific
set of lifetimes we observe in our experiment. Were we to repeat the experi-
ment we would observe a different set of lifetimes but the distribution function
f(T ) would be unchanged.

From eqn.(11), and use of eqn.(10), we then obtain

fL(L) ' cfT (T ), (12)

where the constant c is determined by linear regression, see Fig. 4.
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(a)

(b)

Fig. 7 (a) Survival function s(t) for a combined and smoothed data set of 3 × 144 films
placed in tubes of three different lengths (3cm, 10cm and 20cm) sealed with two stoppers (c.f.
figure 5 (b)). (b) Reconstruction of the distribution of tube lengths using the methodology
described in the main text, Eqns (11) and (12). There is a sharp peak at L ' 2 cm and
a broad peak between about 8cm and 22cm. Our data for the two-stopper experiment is
thus not of sufficient quality to differentiate between the 10cm and 20cm tubes used in the
experiments.

The results of applying eqn.(12) are shown in Figures 6 (b) and 7 (b), which
display the computed distributions fL(L) for respectively one and two stopper
data. Conversion of the time-axis into a length-axis is via L = (〈T 〉 − T0)/c.

In the case of our one-stopper experiment the distribution fL(L) clearly
indicates the presence of three dominant tube lengths of about 2cm, 11cm
and 19cm (which might serve as a further justification of eqn.(11)). For the
two stopper experiment only two peaks can be identified, one of which is very
broad, i.e. the inherent noisiness of the data makes it impossible to resolve
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film ruptures in the 10cm tube from ruptures in the 20cm tube. Figure 5(b)
shows that this is due to the time interval from about 75 to 90 minutes where
both film populations suffer from increased rupturing.

Let us note that our data sets are quite limited in size, our sets of 144 films
for each experiment type are much smaller than what was used in previous
studies which involved collections of film in tubes [13,7]. (The lifetime data
for fluorescent lamps mentioned earlier is based on an even smaller number of
only 36 lamps [4].) Presumably a larger number of films would reduce noise,
resulting in a smaller coefficient of variation than what we obtained here (CV '
0.6 in the case of two stoppers data; CV ' 0.4 in the case of one stopper data).

Despite these current limitations our analysis presented in Figures 6 and
7 has demonstrated that it is possible to induce a distribution of
tube lengths, fL(L), from statistical lifetime data, fT (T ) = −ds(t)dt .
The necessary requirement for this is a relationship between average
lifetime and tube length, i.e. the relationship shown in Fig. 4. We
have thus provided an example, using experimental data, of the
procedure introduced in Section 3.3 for light bulbs, as illustrated in
Figure 2. We have had similar success also for our analysis of vertical films,
confined in horizontally placed tubes (to be presented elsewhere).

Lifetime data for biological systems is generally presented in
terms of a death rate (failure rate), µ(t), as was introduced in section
2, Eqn (4).

Figure 8 shows µ(t) as computed from the one-stopper data in the case of
the 20 cm long tube shown in Fig. 5. An initial roughly exponential increase
of µ(t) levels off after about 20 minutes and gives way to fluctuations about
a roughly constant value. We find qualitatively similar behaviour also for our
other data sets, not shown here. Again there is an exponential increase in
the failure rate, i.e. the form associated with the Gompertz law for human
mortality [11] or a Type I survival function in ecology (see Section 2). This is
similar to the findings by [7] for the case where multiple films were confined
in tubes.

In Fig. 9 we show the failure rate computed for the combined data sets for
tubes with only one stopper (cf. Fig. 5(a)). In the same figure we also plot
the percentages of the films contained in the 3cm, 10cm, and 20cm
long tubes, respectively.

The initial sharp rise in the failure rate µ(t) corresponds to the
rupturing of the films contained in the 3cm long tubes. These have
the shortest lifetimes and have all vanished after about 3 minutes
(c.f. figure (5a)). As their presence in the combined film population
decreases, the failure rate steadily decreases. It only begins to rise
again after about 6 minutes, when the first films in the 10cm long
tubes begin to rupture. As the rate of these rupturing events slows
down at about 12 minutes the failure rate is again seen to decrease
once more. However, there is now increased film rupturing also of
films in the 20cm long tubes, making this second minimum in the
failure rate at about 17 minutes much shallower than the first one.



18 Alex Bois 1 et al.

Fig. 8 Time-dependent failure rate/hazard function µ(t), eqn.(4), for films contained in
tubes of 20 cm length, closed with only one stopper. Up to about 25 minutes the failure rate
increases roughly exponentially, before fluctuating around a constant level. The size of the
fluctuations reflects the very small number of remaining films, cf. the corresponding survival
function s(t) shown in Fig. 5(a).

Fig. 9 Failure rate µ(t), eqn.(4) and fraction of films in tubes of length 3cm,
10cm, and 20cm, as a function of time. µ(t) was computed from the combined
survival functions s(t) for films confined in tubes with one stopper, see Figure
6(a). The ‘double bath-tub shape’ is due to the different average lifetimes of
films contained in tubes of three different lengths. To avoid large fluctuations
when computing µ(t) we only show data for the first 22 minutes. At this stage
86% of the initially 320 films have ruptured.
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The failure rate data for the combined data set for tubes with two stoppers,
Fig. 5(b), is similar, but does not feature the second minimum.

Figure 9 thus illustrates what is called the “bath-tub” curve of
failure rate, known for example from data for technical devices. De-
fective samples (in our case represented by films that are confined
in short tubes) lead to an initially high failure rate, which begins
to decrease once the samples have stopped working (i.e. the corre-
sponding films in the short 3cm tubes have ruptured). In Figure 9
we also see a second, shallower “bath-tub”; as we have remarked in
the introduction, information about the defect distribution can be
inferred from lifetime data.

We will in the next section present a similar graph concerning
the variation of human mortality rate due to the presence of the
congenital defect of aorta narrowing.

5 A human congenital defect: aortic narrowing

As noted at the outset, the major focus of this and previous papers [2,3] is to
study the connection between initial abnormalities (whether from manufactur-
ing or congenital anomalies) and subsequent death rates. Of importance is the
determination of the delay between introduction of a defect and the resulting
failure which may occur after a substantial time lag. For light bulbs the time
interval between “birth” and “failure” may typically be a few years whereas
for soap films the time lag is only a matter of (tens of) minutes. For the case
of heart valve narrowing, the time lag between birth defect and death can be
as long as 70 or 80 years. At first sight it seems difficult to imagine how the
death say of a 75-year old person can be traced back to a birth defect. Here
we explain what makes this possible. Moreover, we show that the order of the
change in magnitude of the infant death rate for this specific cause of death is
consistent with the frequency data for severe aortic stenosis or narrowing.

First, let us describe how heart valves work. The human aortic valve is
located at the point where the aortic artery (the largest artery in terms of
flow rate) is connected to the heart, more precisely, to the left ventricle of the
heart. Normally, the valve consists of 3 leaflets with an opening of approx. 3
cm2. When the ventricle contracts, it forces blood through the valve into the
aorta. Then, when the ventricle expands again, the valve closes and prevents
blood flowing backwards. In this way the valve acts exactly like that in a
pump.

In a patient with aortic valve stenosis, the opening of the valve has nar-
rowed. This can occur for two different reasons: (i) a birth defect where instead
of having 3 leaflets, the valve has only 2 leaflets or, less often, only one leaflet.
The three cases are depicted in the inset of Fig. 10. (ii) Even without such a
birth defect the valve may become narrow due to ageing from calcification (just
like calcification or ‘furring’ which occurs in water pipes or washing machines
over time). Here we focus mainly on the first situation.
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Fig. 10 Death rates for aortic valve narrowing: congenital versus non-congenital. In the 10th
International Classification of Diseases (ICD-10) the codes are Q23.0 for the congenital case
and I35.0 for the non-congenital case. There is a strong decline of the death rate between
one year after birth and an age of about 10 years. In the text, we argue that this decline
is due to cases of severe stenosis which will lead to short lifetimes of the children. In the
cases of mild aorta narrowing, the lifetime can be several decades. The inset shows the three
possible shapes of the valve: left is the normal 3-leaflet valve, whereas the two others are
abnormal 2- and 1-leaflet shapes. (Source of data: CDC WONDER [21], February 2020.)

Quite understandably, the area of aortic valves varies also with body size.
In order to scale out this dependence the so-called AVAi index is defined as the
ratio of aortic valve area (AVA) to body surface area. AVA values for adults 6

ranges from 0.4 cm2 to 4.5 cm2, whereas the body surface area of typical adults
is ∼ 2 m2. The AVAi therefore ranges from 0.2 ≤ i ≤ 2.2 cm2/m2. Values
below 1.1cm2/m2 indicate that there is a form of stenosis, with severe stenosis
corresponding to an index below 0.4 cm2/m2[22]7. For these situations death
happens fairly quickly (typically within a few weeks or months). Above the
optimal value additional risks arise, for example regurgitation, when instead
of closing completely, the valve allows blood to flow in the opposite direction.

6 The source is: https://e-echocardiography.com/page/page.php?UID=1867001
7 We could not find corresponding AVAi values for children.
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5.1 Cascade of processes generated by an aortic narrowing

As a consequence of the narrowing, ventricle contractions must generate a
higher pressure in order to move blood forward into the aorta. This added
pressure, termed the valve gradient, can reach 6 mmHg or ∼ 800 Pa. This
added pressure is a remarkable feedback effect without which the negative
consequences of stenosis would become apparent much earlier. Nevertheless,
however favourable this may be in the short term, this compensatory response
has two unwelcome implications. (i) Thickening of the muscular wall results
in loss of flexibility of the ventricle which impairs pump efficiency. (ii) Greater
muscular activity requires more oxygen which may deprive other essential
organs. Foremost of these is the brain, and syncope or loss of consciousness
becomes a possible symptom. Naturally, the oxygen need becomes more acute
when efficacy of the lungs also decreases due to ageing. In short, there is a
bound due to the extra costs and risks of this response that depends on the
level of physical activity. Dynamic measurements performed during physical
activity of the patient show symptoms which at rest become visible only many
years later.

The previous situation is a rare example where one has a good understand-
ing of the whole process from congenital malformation to death. Moreover,
once one knows the physiological mechanisms involved, it is hardly surprising
that the whole process may play out over several decades.

The age-specific death rates for the congenital and pure aging processes are
shown in Fig. 10. Infant mortality is largely dominated by the first process,
whereas old age mortality is dominated largely by the second. Around age 70-
80 about 100 times more deaths due to ageing are reported than deaths due to
initial birth defects. But are these small numbers reliable? How do doctors who
fill in death certificates differentiate between the overwhelming ‘normal’ deaths
and the small number of deaths due to congenital birth defects? Diagnosis is
possible in this example, owing to the geometric character of the aortic valve.
Does it have 3, 2 or 1 leaflets? Naturally, there are also a few 3-leaflet cases
which are affected by birth defects. These will be more difficult to identify in
old age. So the old age congenital data shown in the graph may be somewhat
underestimated.

5.2 Congenital infant mortality vs. defect frequency

Investigation of the connection between death rate and defect frequency is an
interesting exercise because these are two very different kinds of data. First,
we explain how they are measured.

Infant mortality rates come from death certificates which rely on medical
assessments. The congenital aortic valve disease is labeled Q23.0 in the 10th
International Classification of Diseases. During the infant phase, i.e. under the
age of one year, one expects few mistakes because death due to ageing (I35.0
in the same classification) is essentially non-existent. According to Fig. 10,
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shortly after birth, the death rate is roughly constant at about 1 and 10 per
year per million. However, there is a sharp decay after about one year with
the death-rate due to congenital stenosis dropping by nearly two orders of
magnitude in the following years. The minimum is at about 10 years with less
than about 0.1 deaths per year and million. In the following we will argue that
the large drop is due to infants with the most severe forms of stenosis who will
for this reason have a very short life-span.

Eroğlu et al. studied the natural course of AVS for a total of 388 patients
suffering from this condition [23]. The severity of the defect was reported in
terms of the maximum peak systolic instantaneous gradient in aortic valve
pressure, as determined using echocardiography. The findings were classified
according to four different categories: pressure < 25 mmHg (trivial stenosis),
25–49 mmHg (mild stenosis), 50–75 mmHg (moderate stenosis), and > 75
mmHg (severe stenosis). The data was then divided into five different age
groups, namely < 1 month, between 1 month and 1 year, 1.1 to 5 years, 5.1
to 10 years, and 10 to 20.6 years. In Fig. 11 we have used this data, taken
from table 1 of [23], to plot distributions of severity of congenital aortic valve
stenosis for these five different age groups.

What is striking in Fig. 11 is that the shape of the distributions clearly
differs for the different age groups. One would expect the aortic valve area
to increase for ages up to about 15 years, due to the overall growth of the
patients, but this should not lead to a simple reclassification of the degree of
severity. Note that when using AVAi values, as is often done when reporting
data for adults, the effect of different body sizes is factored out.

In Fig. 12(a), which was produced from the same dataset as that of Fig.
11, we show the variation of the fraction of the different degrees of congenital
stenosis (severe, moderate, mild, trivial, as defined in [23]), as a function of
age8. We note that only the fractions of severe and moderate cases decrease
with time and for this reason we show in Fig. 12(b) their combined fraction.

Eroglu et al. [23] carried out follow-up assessments of their patients after
time spans ranging between one month, up to 21.6 years, however, the data
provided in [23] does not distinguish for age groups in the results. The degree
of aortic valve stenosis progressed in about one fifth of all patients, with the
highest risk of progression in newborn babies and infants. Since patients with
severe AVS are at an increased risk of sudden death [24,25] we conjecture that
it is this decrease of the severe and moderate cases of stenosis that leads to
the decrease seen in the mortality rates up to age 10 as shown in Figure 10.

To support the conjecture we show in Figure 13 as a function of time both
the death-rate data for congenital stenosis from Fig. 10 (left vertical axis) and
the frequency of severe and moderate aortic stenosis (right vertical axis). We
see that the death rate decays as the fraction of severe and moderate stenosis
decays; furthermore, both data sets level off at about 10 to 20 years.

We note that for infants up to one year the mortality rate first increases
slightly with age, before decreasing sharply. This effect is not seen in our data

8 Note that such a Figure does not feature in the original paper by [23].
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Fig. 11 Distributions of severity of congenital aortic valve stenosis. The data is for 388
patients (age range less than 1 month up to 20.6 years) [23]. Note the change in shape of
the distributions. The data for infants and less than one-year old children features a high
proportion of severe and moderate stenosis. In the age group 10 to 21 the percentage of
severe stenosis is greatly reduced.

for AVS. However, this could be due to a time-lag, since even severe stenosis
may not lead to an immediate increase in the mortality rate. We also see that
the data for severe stenosis follows closer the mortality rate data than that of
severe and moderate combined, in as much as it features a stronger decay.
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Fig. 12 Variation of the different degrees of severity of congenital aortic stenosis as a
function of age group. (a) Since only the cases for severe and moderate stenosis decrease
with time we show in (b) their combined contribution. Frequencies of both mild and trivial
stenosis level to a roughly constant value after an initial rise. (Data taken from Table 1 of
[23].)

Figure 13 is the equivalent graph to Figure 9, obtained from
our soap film data. Both figures demonstrate a correlation between
initial abnormalities (respectively, fraction of severe AVS or fraction
of films in short tubes) and subsequent death rate variation.
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Fig. 13 Combined graph showing both the death rate due to congenital aortic
valve stenosis of Fig. 10 (vertical axis: left) and the fraction of the occurrence
of severe and moderate stenosis of Fig. 12 (vertical axis: right) as a function of
time. There is a sharp decline for both severe stenosis data and death rate over the first
five to ten years. (Original data from [21] and [23].)

6 Summary

The theoretical studies and empirical data presented here for three different
systems, namely incandescent light bulbs, soap films and aortic valves show
that it is possible to exploit survival and death rate data for an ensemble to
gain insight into structural factors which control early-life mortality of indi-
vidual members of the ensemble.

Using a simple model system for the lifetime of light-bulbs, we
have argued in Section 3 that a defect distribution can be mapped
into a distribution of bulb lifetimes, and vice versa. The requirement
for this was the existence of a relationship between a characteristic
of the light-bulb (i.e. the minimal filament cross-section) and the
bulb lifetime.

In Section 4 we applied this approach to experimental data for
the lifetime of soap films. Using an empirical relationship linking
tube length to average film lifetime we were able to map survival
functions into distributions of tube lengths (Figures 6 and 7).

Presenting the same experimental data in terms of a failure rate
(mortality rate) µ(t) showed that its “bath-tub shape” variation 9
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reflects the presence of defects, in this case films that were contained
in short tubes.

In Section 5 we extended our approach to data from human biol-
ogy. The initial decrease in mortality rate due to aortic valve stenosis
is due the presence of severe cases of congenital stenosis which lead
to a short life expectancy (Figure 13).

7 Outlook

Human mortality data continues to provide important information for the
study of failure. This is partly due the large sample sizes, but also due to the
long history of data taking; John Graunt’s publication of detailed life-tables
dates back to 1661. In the book Dynamics of Cancer [26] S.A. Frank
presents hundreds of data sets for the age-specific incidence of dif-
ferent types of cancers. Of particular note in the context of our
study is the data for cancer in childhood. The observation that the
details of the mortality curve reveals something about the under-
lying mechanism of the specific cancer type may be illustrated by
the following two examples. The incidence with age of osteosarco-
mas increases during the time of rapid bone elongation; it decreases
when bone growth has stopped in the teenage years. In contrast, the
incidence of carcinomas, which is associated with epithelial cells, in-
creases continuously with age, as this tissue renews itself throughout
all ages.

The identification of the relationship between defect size distribution and
lifetime distribution which we discussed is also of relevance to the manufactur-
ing of (semiconductor) devices [27]. Here it can be used to determine optimal
burn-in parameters in order to ensure long lifetimes for the products leaving
the factory.

In presenting this work we hope the reader is persuaded not just
that there are analogies between inanimate and human systems, but
that measures of mortality relate directly to the micro-structural
nature of the system. Moreover, insights into mortality and disease
in humans is directly linked to these microstructure elements and
their organization.

In the case of early mortality [28], elements such as aortic valves
are one such structural element. This presumably depends on ge-
netics that determine the assembly process in the womb; mortality
in later age can be linked to the strength of the immune system [29,
30].
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