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Summary

This thesis addresses the design of an analogue front-end filter for portable electrocar
diographic equipment. The task of the filter is to eliminate as much out-of-band noise and 
interference as possible before the electrocardiogram is further processed. In order to guar
antee that the filter does not significantly distort the input signal, the requirements specified 
by international standards and recommendations for the time and frequency domain char
acteristics of diagnostic electrocardiographic devices are strictly enforced throughout this 
work.

Since the spectrum of the EGG signal extends over more than two decades, the design 
of the lowpass and highpass sections of filter can be approached separately. As regards the 
lowpass filter, several all-pole transfer functions are analysed. Their performance is com
pared with regard to passband flatness, out-of-band rejection, in-band group delay variation 
and amplitude of the step response overshoots. From this analysis, it emerges that linear 
phase with equiripple error and equiripple impulse overshoot filters represent a suitable 
alternative to the Bessel characteristic commonly employed for the implementation of the 
lowpass filter. It is suggested that fourth or sixth order equiripple filters with 3dB-cutoff 
point equal to 150 Hz are employed to minimise the chance of aliasing occurring when the 
electrocardiogram is digitised at the minimum frequency allowed by the standards.

Attention is then focused on the highpass section. Since the specifications set by the 
standards and recommendations for the low-frequency response of EGG recording equip
ment are extremely stringent, only one analogue solution has ever been proposed for the 
highpass filter. It consists of a single-pole network having a 3dB-cutoff frequency of 0.05 
Hz, which has become the benchmark for assessing the performance of other analogue 
highpass systems for electrocardiographic applications. On the other hand, numerous digi
tal techniques have been developed over the years for the reduction of low-frequency noise 
in EGG records. The frequency and time domain characteristics of a number of FIR filters 
are tested for compliance with the standards, which surprisingly are satisfied by only one of 
the systems analysed.

The possibility of designing an analogue highpass filter suitable for diagnostic applica
tions that provides better rejection of the low-frequency noise than the 0.05 Hz single-pole



SUMMARY

network is then investigated. At first, the derivation of the highpass transfer function is at
tempted using lowpass-to-highpass transformations and conventional compensation tech
niques, but this approach does not prove successful. An optimisation procedure is there
fore devised to maximise the low-frequency attenuation of second and third order highpass 
filters and implemented in MATLAB®. The requirements set by the standards and recom
mendations on the time and frequency domain responses are expressed as constraints in 
the optimisation algorithm and the objective function is selected in turn as: the stopband 
limit, the 3dB-cutoff frequency and the area subtended by the magnitude response of the 
filter. The results obtained in the last two cases, which are quite similar, represent an im
provement over the reference 0.05 Hz system. The 3dB-cutoff frequencies of the second 
and third order optimised filters are as high as 0.07 Hz and 0.12 Hz, respectively.

Following this, the distortion introduced by the optimised filters into synthetic and real 
electrocardiographic recordings is evaluated and compared with that associated with the 
0.05 Hz single-pole system. Both the test waveforms and the criteria employed to assess 
the distortion are derived from the standards, whereas the ECG records are taken from 
an annotated database available on PhysioNet. The ability of the various highpass filters 
to eliminate the low-frequency noise and interference is then evaluated by measuring the 
reduction of the power contained in electrocardiographic records at frequencies lower than 
the ECG spectrum. This technique is applied to three noise records accessible on Phys
ioNet and to the ECG recordings previously used in the distortion analysis. A third order 
filter designed to have a concave magnitude response over the transition region and char
acterised by a 0.09 Hz 3dB-cutoff frequency is found to provide the best trade-off between 
time domain distortion and noise rejection capabilities. The percentage reduction in noise 
power achieved by this filter can be up to 40% higher than that of the reference 0.05 Hz 
network and the distortion it introduces into synthetic ECG waveforms is lower than for any 
of the other highpass filters.

Finally, the possibility of employing a single-amplifier circuit for the implementation of 
the complex conjugate poles and zeros of this third order concave filter is examined. The 
sensitivity of the structure to variations in the passive components is evaluated and the 
values of its resistors and capacitors are selected in such a way that the variability in the lo
cation of poles and zeros is minimised. A Monte Carlo simulation of the time and frequency 
domain characteristics of the third order filter is then performed assuming a 1% uniformly 
distributed tolerance in the components. Based on this analysis, the constraints set during 
the optimisation procedure are revised to allow for the variability in the system responses. 
The third order concave filter derived from the optimisation procedure when these revised 
conditions are imposed is characterised by a 3dB-cutoff frequency approximately 7% lower 
than that of the original system.
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Chapter 1

Introduction

1.1 Importance of the electrocardiogram

Diseases of the heart and circulatory system, i.e. cardiovascular diseases (CVDs), are the 
main clinical causes of death worldwide. In 2008, more than 17 million people died of CVDs, 
which accounted for approximately one third of all deaths [1]. Cardiovascular diseases are 
also the main cause of mortality in Europe and are responsible for more than 4 million 
deaths annually, accounting for nearly half of all deaths [2], In Ireland, the percentage of 
deaths due to CVDs at 35% is about one fourth lower than the European average. Noneth- 
less, approximately 10,000 people died of cardiovascular diseases in Ireland in 2006, with 
an annual rate of 2.3 per 1,000 head of population [3].

A fundamental clinical tool for the diagnosis and treatment of cardiovascular disorders 
is the electrocardiogram (ECG), which is a recording of the electrical potentials associated 
with heart activity as detected by electrodes placed on the surface of the body [4]. One 
of the primary applications of electrocardiography is its use in the evaluation of myocardial 
ischaemia, which is caused by a narrowing of the blood vessels that supply the heart mus
cle itself and can lead to myocardial infarction, i.e. heart attack. The electrocardiogram is 
indeed the first test performed when myocardial infarction is suspected and the information 
derived from it plays an essential role in assessing the need for coronary surgical proce
dure and the selection of the most appropriate type [5, 6]. The electrocardiogram is also 
the most accurate tool for the detection of physiological abnormalities in the heart, such 
as arrhythmias, i.e. abnormal cardiac rhythms, and its analysis can reveal anomalies in the 
geometry of the heart or in the concentration of electrolytes in the blood [7, 8].

The development of the first ECG recording machines more than a century ago was 
accompanied by some initial scepticism regarding the usefulness of the electrocardiogram 
as a clinical tool [5]. Since then, however, considerable reduction in the size of the mea-
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surement equipment and a steady improvement in the recorded signal quality have led to 
the electrocardiogram becoming the most commonly performed cardiovascular clinical test 

with more than 100 million ECG records analysed in Europe each year [5, 9]. The success 

of electrocardiography can be attributed to the fact that the ECG is a non-invasive, safe, rel

atively inexpensive, simple-to-perform and reproducible test, yet it is an extremely powerful 
aid in the detection of a wide variety of adverse cardiac conditions [5],

Even though, traditionally, electrocardiographic recording has been limited to the hos

pital environment, ambulatory ECG monitoring has enjoyed increased popularity in recent 

years. The expanding ageing population, the rising number of sufferers of chronic diseases, 

spiralling healthcare costs, as well as a considerable change in the attitude of people to
wards the management of their own health, have led to a growing demand for portable 

medical devices. Technological advances, such as the reduction in cost, size and power 
consumption of electronic systems, have further fostered the widespread diffusion of am
bulatory equipment outside of the clinic [10]. Introduced in the late 1950s by Holter [11], 

electrocardiographic recordings performed over long periods of time under daily living con
ditions have proven an invaluable tool in identifying cardiac diseases on subjects showing 

intermittent symptoms. More recently, ambulatory electrocardiography has found routine 
use in the monitoring of patients recovering from cardiac procedures or receiving treat
ment using specific drugs, during the pre-operative assessment of patients scheduled for 

surgery and in the verification of the correct functioning of implantable cardiac devices, such 
as pacemakers and miniature defibrillators [12].

1.2 ECG signal quality

The ECG signal provides a graphical representation of the electrical activity involving dif

ferent regions of the heart over the duration of the cardiac cycle. An accurate analysis of 
the morphology and timing of its constituent waves is fundamental in assessing cardiac 

health status. Numerous cardiovascular disorders can produce significant changes in the 

ECG profile, which are related to underlying malfunctions of the heart or circulatory system 

[4, 7, 8].
Because even subtle variations in the shape of the ECG waveform can be indicative 

of severe cardiac problems [4, 8], it is essential that the ECG signal is recorded with the 

utmost fidelity. Distortions introduced by the measurement equipment can adversely affect 

the interpretation of diagnostically relevant features of the electrocardiogram and can ulti
mately lead to misdiagnosis of cardiac conditions [13, 14]. In order to guarantee that the 

electrocardiogram can be reliably employed in the diagnosis and management of heart dis-
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eases, the performance requirements that ECG recording systems must satisfy have been 

standardised [9, 15].
One of the most critical subsystems of electrocardiographic monitoring equipment is the 

filter necessary to eliminate the noise and interference collected together with the ECG sig

nal by the electrodes placed on the skin. It has been shown that considerable deformation 

of the ECG profile is likely to occur if the characteristics of this filter are not adequate for high 

quality electrocardiographic recording [16-18]. In order to prevent the filtering system from 
introducing significant distortion over the spectrum of the ECG signal, extremely stringent 

specifications are defined for the frequency response of the electrocardiograph by current 

international standards.

1.3 Aim of the project

The ultimate goal of this research project is to design an optimal analogue filter to be in
tegrated into the front-end stage of portable electrocardiographic recording systems. This 

filter is meant to eliminate as much as possible of the out-of-band noise and interference 
before the ECG signal is digitised or otherwise processed. Since the frequency interval 
containing the principal components of the ECG spectrum extends over approximately two 
decades [19], the front-end filter can be considered as wide-band. It can thus be separated 
into two independent subsystems: a lowpass and a highpass filter. The lowpass filter is 

necessary to suppress the high-frequency noise and to keep aliasing from occurring in the 
digitisation process. On the other hand, a highpass filter is required to prevent sizeable 
low-frequency noise and large DC offset voltages present at the interface between the skin 

and the electrodes from saturating the front-end amplifier [20].
A Bessel transfer function of varying order is generally employed in the design of the 

lowpass filter [20-22]. It has, however, never been established if there are limitations on 
the minimum order of this filter nor if any other classic transfer function would be more ap

propriate for electrocardiographic applications. A systematic analysis of the frequency and 
time domain characteristics of different transfer functions needs therefore to be performed 

in view of the requirements specified for the ECG filter, so that the most suitable option can 

be identified.
Such a direct selection approach cannot, on the other hand, be applied to the design of 

the highpass filter. The specifications set by the standards for the low-frequency response 

of ECG recording systems are so strict that only one straightforward solution exists for the 

analogue highpass filter. This solution is given as a single-pole network with a 3dB-cutoff 

frequency of 0.05 Hz and it has been in use since the American Heart Association (AHA)
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recommended it in 1967 [23]. Almost 50 years later, the 0.05 Hz first order filter is still 
employed by the vast majority of electrocardiograph manufacturers and it has also become 
the reference by which the performance of any ofher highpass filter for electrocardiographic 
applications is assessed [18, 24].

It should, however, be noted that the AHA recommendations and the international stan
dards based upon them have been significantly modified since 1967 and the requirement 
of a low-frequency cutoff of 0.05 Hz has been lifted [9, 15, 19]. This has led, over the 
past 30 years, to the development of numerous digital techniques for the elimination of low- 
frequency noise from electrocardiographic records. On the other hand, no sensible ana
logue alternative to the 0.05 Hz single-pole network has ever been proposed. The design 
of an analogue highpass filter having better rejection properties than the 0.05 Hz first order 
system and yet fulfilling the performance standards specified for EGG recording equipment 
is the main focus of this thesis.

1.4 Thesis overview

Before the design of the front-end filter is attempted, a thorough analysis of the require
ments set for EGG measurement systems by the European and American standards and 
the AHA recommendations is performed. Gurrently, the filtering specifications are ex
pressed simultaneously in the frequency and time domains. Whereas the frequency do
main requirements are simply defined as conditions on the system magnitude response, 
the time domain specifications are formulated in terms of the distortion introduced by the 
filter into set input waveforms [9, 15, 19]. Because these pulse response requirements do 
not appear to be consistently defined across the literature, a detailed examination is per
formed. Moreover, since a phase linearity requirement is often suggested as a complement 
to the magnitude response specifications of the highpass system [13, 18, 19, 24-26], the 
limits imposed on the filter characteristics by the phase condition are compared to those 
determined by the time domain constraints actually defined in the standards.

In order to derive an optimal transfer function for the analogue filters, traditional design 
and compensation techniques are initially investigated. Since this approach does not prove 
effective in establishing a highpass system having better rejection characteristics than the 
traditional 0.05 Hz single-pole network, the possibility of designing the filter directly from the 
specifications contained in the standards and recommendations is investigated.

When analysing possible hardware implementations of the front-end filters, emphasis is 
placed on the circuit complexity and on its power consumption. The intended application 
for the improved analogue front-end filters is in low power ambulatory monitoring devices.
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In these systems, the power limitations imposed by the battery life preclude the use of 

complex digital filtering techniques, yet as much as possible of the out-of-band noise and 

interference needs to be eliminated before the storage or transmission of the ECG signal.

Thesis outline

Chapter 1: Introdution

Chapter 2 provides background information on the generation and measurement of 

the electrocardiogram. The time profile of the ECC waveform and its frequency con

tent are presented and different sources of noise and interference affecting electro

cardiographic recording are described.

In Chapter 3, the filtering requirements established by the European and American 
standards and the AHA recommendations for electrocardiographic equipment and 

their rationale are thoroughly examined.

Chapter 4 deals with the lowpass filter. After summarising the design requirements, 

the frequency and time domain characteristics of different transfer functions are illus
trated and compared with respect to passband flatness, out-of-band rejection, in-band 
group delay and step response overshoot. The compliance with a triangular wave test 

specified by the current international standards is then verified.

Chapter 5 begins by investigating the specifications for the highpass filter and illustrat
ing the severe restrictions imposed by the time domain conditions on its magnitude re

sponse. A review of the digital techniques employed for the removal of low-frequency 

noise from ECC records is then proposed. Because of their relatively low complexity 
and widespread use, linear digital filters are presented in greater details and the re

sponses of a number of them are tested for compliance with the standards. Attention 

is subsequently focused on analogue filters. Lowpass-to-highpass transformations 

are considered and the changes they produce in the time and frequency characteris
tics of the lowpass prototype are analysed in light of the requirements for diagnostic 

quality recording. The effectiveness of classic analogue compensation methods in 

improving the responses of the highpass filters obtained using these transformations 

is finally evaluated and their shortcomings identified.

In Chapter 6, an optimisation procedure developed by the author for the design of the 

highpass filter is described. The low-frequency attenuation of second and third order 

filters is maximised subject to a set of constraints derived from the time and frequency
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domain requirements specified by the standards and recommendations. The material 
presented in this chapter has been partially published in [27, 28].

Chapter 7 presents a rigorous methodology for the measurement of the distortion 
introduced into electrocardiographic recordings by the highpass filters. Their ability 
to reduce the low-frequency noise and interference is also evaluated and the system 
providing the best trade-off between noise reduction and time domain distortion is 
identified.

In Chapter 8, the sensitivity of this optimal highpass filter with respect to changes in 
the values of its coefficients is evaluated. A simple circuit topology suitable for the 
implementation of the filter is then analysed and its passive components derived in 
such a way that the variability in the location of the poles and zeros is minimised. 
The design of the highpass filter is finally revised to account for the variations in the 
system time and frequency domain responses due to component tolerances.

Chapter 9 summarises the main findings of this study and identifies the research 
areas that require further investigation.



Chapter 2 

ECG signal

2.1 The heart and cardiovascular system

The function of the cardiovascular system, schematically illustrated in Figure 2.1, is to carry 
oxygen and nutrients to the organs and tissues of the human body and to collect carbon 

dioxide and waste products and transport them to the lungs and kidneys for excretion. The 
main components of the circulatory system are the heart, the blood and the blood vessels, 
with the heart acting as a pump and forcing blood through the arteries and veins [29, 30].

The heart is divided into four chambers: the two upper chambers are called atria and the 
two lower chambers are termed ventricles. The right and left sides of the heart operate as 
two functionally distinct units, supplying blood to the the lungs and to all the other organs, 
respectively. When the heart contracts, the de-oxygenated blood in the right ventricle is 

forced out to the lungs where carbon dioxide is released and oxygen is absorbed. Blood 
flows then back from the lungs into the left atrium. This path of blood flow through the 
lungs is called pulmonary circulation. At the same time, the heart contraction causes the 

oxygenated blood contained in the left ventricle to be pumped out to the rest of the body. 
After oxygen and nutrients are delivered to the organs, blood is finally returned through the 

venous system to the right atrium. The loop is named systemic circulation [29, 30].

Two main phases can be identified during the cardiac cycle: diastole, which is the rest

ing phase during which the heart chambers fill with blood, and systole, i.e. the period during 

which contraction of the heart muscle occurs and the blood is e]ected into the arteries [30]. 
In order for the pumping action to be efficient, the contraction and relaxation of cardiac mus

cle fibres need to be precisely coordinated. This coordination is controlled by an electrical 

impulse, which triggers the contraction of each cardiac cell. The stimulus is rhythmically 

initiated inside the heart by a group of specialised cells and conducted by the exchange of 

ions between adjacent cells throughout the entire cardiac muscle [32].
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Figure 2.1: Diagram of the cardiovascular system (modified from [31]). R.A., L.A., R.V. and L.V. 
stand for right atrium, left atrium, right ventricle and left ventricle, respectively.

2.2 ECG generation and measurement

The ECG signal is ultimately generated by ionic currents flowing through the membranes of 
cardiac cells and between adjacent cells. The electric field created in and around the heart 
by these currents varies in intensity and direction during the cardiac cycle and can be de
tected by electrodes placed on the surface of the skin. The electrocardiogram is obtained 
by measuring the potential difference between two selected locations on the body or be
tween one location and a reference point [8]. The differential signal is amplified and filtered 
to improve readability and reduce the noise and interference collected by the electrodes 
together with the ECG. The electrocardiographic record can then be further processed and 
analysed using diagnostic criteria to obtain clinical information and identify abnormalities. 
This sequence of physiological and technological processes leading to the recording and 
interpretation of the ECG signal is illustrated in Figure 2.2.

8
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Activation
sequence

Transmission
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Leads,
amplifiers,
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Diagnostic
criteria

Figure 2.2: Schematic diagram showing the mechanisms underlying ECG recording [8]. The 
factors influencing or perturbing the measurement and analysis of the electrocardiogram are 
indicated by the dashed arrows.

2.2.1 Body surface potentials

Certain types of cells within the body, including cardiac muscle cells, are known as excitable 
cells. When at rest, these cells possess a potential difference between the inside and the 
outside of the cellular membrane [30]. This polarisation or resting potential is due to the dif
ference in concentration of ions, mainly sodium, potassium, calcium and chloride [7], across 
the cell wall and its value lies between -70 and -90 mV [29], with the minus sign indicating 
a net positive ion concentration outside the cell. When the cell is appropriately stimulated, 
the permeability to ions of its membrane is altered, leading to a higher concentration of 
positively charged ions inside the cell. This mechanism of ion flow is termed depolarisation. 
The transmembrane potential difference after the redistribution of ions is named the action 
potential and is approximately equal to 20 mV [30]. Finally, the intracellular potential starts 
to decrease and the cell gradually returns to its resting state through the process known as 
repolarisation. Figure 2.3 shows the typical potential changes occurring when an excitable 
cell is stimulated.

In practice, a stimulus determines the sequential depolarisation of the cardiac cells 
along a muscle fibre. This process is termed activation and can be modelled as a cur
rent dipole moving along the fibre with an intensity proportional to the rate of change of 
the intracellular potential and an orientation in the direction of propagation [8, 33]. Since 
adjacent fibres undergo sequential depolarisation simultaneously, the instantaneous heart
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Action
potential

Figure 2.3: Typical waveform of the transmembrane potential of an excitable cell undergoing 
stimulation (modified from [30]). The wave profile and the time scale vary depending on the type 
of cell, with the action potential for cardiac muscle cells lasting between 150 and 300 ms.

activity can be represented as a distribution of active current dipoles [7], This model can 
be further simplified by assuming that all of the current dipoles originate at a single point in 
space. Therefore, at each instant, the activation front can be represented by a single cur

rent dipole, determined as the vector sum of all the individual dipoles, as shown in Figure 
2.4. The equivalent dipole is usually referred to as the heart vector [7, 8]. The potential 
field generated by this current dipole is such that an electrode placed on the body surface 

senses a positive potential when the activation front is moving towards its location [8].
An equivalent current dipole can also be constructed when the cardiac muscle cells 

undergo repolarisation, during the process termed recovery. Since the intracellular potential 
of repolarised cells is lower than that of the cells for which repolarisation has not begun yet, 
the orientation of such a dipole is opposite to the direction in which recovery is occurring [8]. 

The dipole magnitude is smaller than during activation because, for cardiac muscle cells, 
the rate of change in the transmembrane potential is lower during repolarisation than during 

depolarisation. Moreover, the velocity is between 10 and 100 times slower for recovery than 

for activation and large portions of the fibre are subject to recovery simultaneously [8, 33]. 

Therefore, ECG waveforms associated with the repolarisation of cardiac cells are expected 
to be lower in amplitude and longer in duration than those generated by the activation 

process [8].

The cardiac electric field, generated by the activation and recovery sequences, is sig

nificantly modified by the complex morphology of the human body. The cardiac potentials, 

as seen at the skin surface, depend on both the biological properties of the signal sources

10
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Figure 2.4; Equivalent dipole associated with the depolarisation of the atria (modified from 
[32]).

and on the biophysical characteristics of the structures contained in the space between 
the sources and the body surface. The factors influencing the surface potentials can be 
grouped into the following four categories [8].

• Cellular factors, such as ion concentration, alter the magnitude of transmembrane 
potentials and local ionic currents.

• Cardiac factors, like the anisotropy of cardiac fibres and the presence of connective 
tissue between them, affects the electrical coupling between cells.

• Extra-cardiac factors are related to the inhomogeneous electrical properties of the 
torso anatomical structure. The cardiac electric field is modified by the organs and 
tissues present between the depolarising/repolarising region and the body surface, 
such as lungs, bones and skeletal muscles, subcutaneous fat and skin.

• Physical factors, like the variable distance between the heart and the recording elec
trode and the eccentricity of the heart within the chest, significantly influence the 
amplitude of the surface potentials.

The effect of all these factors is so marked that the body surface potentials only main
tain a general spatial relationship with the underlying cardiac event and they appear much 
smoother than the transmembrane potentials [8]. Their magnitude is also many times lower 
than the voltage difference measured across cell membranes. In fact, even though the 
peak-to-peak amplitude of transmembrane potentials is about 100 mV, the amplitude of the 
ECG signal is typically between 0.5 and 4 mV [34].

11
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2.2.2 Skin-electrode interface

The measurement of cardiac potentials is enabled by surface electrodes, which operate es
sentially as transducers converting the ionic current within the body into electronic current 

in the lead wires connected to the monitoring system [35, 36]. The skin-electrode interface, 

where this phenomenon takes place, is classically modelled as a double time constant sys
tem with time-varying parameters [35, 37], as shown in Figure 2.5. This electrical equivalent 

circuit can be further subdivided into two subsystems, representing the electrode-electrolyte 

interface and the skin-electrolyte interface, respectively. The electrolyte layer is usually com

posed of a coupling gel containing chloride ions [35, 38], which comes pre-applied on the 

common disposable self-adhesive electrodes.

The electrode-electrolyte interface corresponds to the exact location where the conver
sion between ionic current and electronic current occurs. The transfer of charge between 

ions in the electrolyte and free electrons in the electrode is allowed by chemical reactions 
taking place at the boundary between the two materials. Due to these reactions, the dis

tribution of ions in the electrolyte in the vicinity of the interface is such that an electrical 
double layer is formed. That is, one type of charge is dominant on the surface of the elec
trode, whereas the opposite charge is prevalent in the adjacent electrolyte [35, 36, 39]. The 
potential associated with the double layer, labelled E34 in Figure 2.5, is primarily dependent 

on the chemical composition of electrode and electrolyte, on the temperature and on the 
current flowing through the interface [35, 37]. The double layer at the electrode-electrolyte 
interface is also characterised by a capacitance and a leakage resistance, C4 and R4, re
spectively, in Figure 2.5. B4 represents the resistance between electrode and electrolyte 
and is smaller than 500 O, whereas C4 is the capacitance across the layer of charge and is 
estimated to be larger than 1 mF in conventional wet electrodes [37]. A further resistance 

is associated with the electrolyte itself, E.3. Its value depends on the concentration and 
mobility of the ions in the gel, with typical values being in the range 0.1-1 kO [39].

The electrical characteristic of the skin-electrolyte interface is strongly influenced by the 

properties of the outer layer of the skin, the epidermis. A continuous process of regener
ation occurs in this layer, with cells being constantly displaced by new cells being formed 

underneath them. While travelling outwards, the cells die and a layer of dead material 

forms on the skin surface [35, 38, 39]. This outermost layer, called the stratum corneum, 

has electrical characteristics very different from those of live tissue and its impedance is 
much higher than that measured for the body fluids underneath [38]. Therefore, whereas 

the dermis and subcutaneous layer of the skin, as well as the tissues located deeper within 

the body, can be simply represented by a resistance, i?i, of a few hundred ohms [38, 39], 

the more complex model of a parallel RC circuit and potential E23 is needed to characterise
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Figure 2.5: Diagram of the skin-electrode interface and its equivalent electrical circuit (modified 
from [35]).

the interface between the stratum corneum and the electrolyte. All of these parameters 
characterising the interface between the epidermis and the electrolyte are dependent on 
the preparation performed on the skin prior to the application of the electrodes and on the 
electrolyte composition [37, 39]. Moreover, the resistance R2 is inversely proportional to the 
area of contact of the electrode and values ranging between a few kOs to tens of MOs have 
been measured for conventional gelled electrodes [39]. Conversely, the capacitance C2 is 
directly proportional to the electrode contact area and varies between tens and hundreds 
of nFs [39].

As suggested earlier, the parameters in the skin-electrode interface are in reality time 
dependent. It takes approximately 15-20 minutes after the application of the electrolyte 
paste or gel for the skin impedance to reach a stable minimum [39]. During this time inter
val, the water and ions contained in the coupling gel diffuse through the stratum corneum, 
creating a conductive bridge between the gel and the dermis [38, 39]. Moreover, a non
linear relationship can be identified between the values of the elements in the equivalent 
circuit shown in Figure 2.5 and the density of the current flowing into the skin-electrode 
system [35]. The parameters in the electrical model can, however, be considered constant 
for current densities lower than 10 pA/cm^ [40]. Other quantities that influence the model 
of the skin-electrode interface are the mechanical pressure between the electrode and the 
skin [41] and the level of moisture in the skin due to sweat [38, 41],
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ECG recording systems employing dry or pasteless electrodes have been proposed 
since the 1960’s [36]. This type of electrode is particularly useful for long-term monitoring 
because it overcomes the limitations associated with the electrolytic gel applied to facili
tate the conversion between ionic and electronic current in common wet electrodes. The 
conductive paste tends, in fact, to dry out over time and it can cause skin irritation and 
even allergic reactions [36, 39, 42], especially when ECG recording is performed over an 
extended period. Dry electrodes can be characterised using the same electrical model 
derived for gelled or wet electrodes (see Figure 2.5), but the values of the circuit compo
nents are significantly different [35, 43]. The contact characteristic between the skin and the 
electrode is indeed deeply influenced by the fact that the sweat substitutes for the coupling 
electrolyte [36]. Furthermore, since a layer of sweat needs to build up under the electrode to 
allow current conduction between the body and the measurement system, the impedance 
of the skin-electrode interface usually takes longer to stabilise than for wet electrodes [43].

2.2.3 12-lead system

An electrocardiographic lead is determined either by a couple of electrodes or between a 
single recording electrode and a reference point and it provides a representation of the heart 
electrical activity as seen from a specific direction. A vector is associated with each lead 
and is oriented along the imaginary line connecting the two sites. When two electrodes 
are employed, a bipolar lead measuring the difference in surface potentials between the 
locations is created. One of the electrodes constitutes the positive terminal and the lead 
vector points towards it. For unipolar leads, the potential at one site is evaluated with 
respect to a reference potential, which can be calculated from the voltage readings at other 
electrode locations [8].

The standard clinical ECG is based on a 12-lead system consisting of three bipolar limb 
leads (I, II and III), three unipolar augmented limb leads (aVR, aVL, aVF) and six unipolar 
chest leads (Vi to Ve). The limb leads describe the cardiac electric field in the frontal 
plane, whereas the chest or precordial leads provide a representation in the horizontal 
plane [8, 44]. The corresponding lead vectors are shown in Figure 2.6.

Bipolar limb leads were introduced in the first decade of the 20*^ century by Einthoven 
[45, 46], who devised the first relevant ECG measuring system [5, 47]. For the recording 
to be performed, the measuring sites needed to be immersed in a saline solution and the 
electrodes were traditionally placed on the wrists and ankles [5, 47]. Einthoven assumed 
the electrode locations to be the vertices of an equilateral triangle, having the heart at its 
centre [44]. The three bipolar lead vectors are defined by the edges of the Einthoven’s 
triangle and their orientation is shown in Figure 2.6. The voltage measured for each lead is
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0 Vfi Left

Figure 2.6: Lead vectors for the !imb leads (left) and for the chest leads (right) (modified from 
[44]).

simply given by the difference in potential level $ between two electrode locations;

V\ = (I>la ~

Ml = — ^^RA

Mu = ~ ^Ma

(2.1)

where LA, RA and LL identify the left arm, right arm and left leg, respectively. The right leg 
(RL) is either connected to ground [8] or to an active circuit that reduces the common-mode 
interference [39, 48-51], It is easily verified by applying Kirchhoff’s voltage law that the 
voltage reading for one lead can be derived from the other two measurements as

Mi = M + Mii. (2.2)

Electrodes located on the limbs are obviously not suitable for measurements in ambula
tory settings or during exercise and, to reduce the noise induced by the subject’s movement, 
they are substituted with electrodes on the torso, which are also used for bedside cardiac 
monitoring [52]. The limb electrodes are thus usually located according the Mason-Likar 
placement [53] as in Figure 2.7, where the sites of the precordial electrodes (leads Vi to 
Ve) are also highlighted.

In order to deepen the knowledge on the cardiac electrical activity in the frontal plane, 
unipolar limb leads were introduced in the early 1930’s by Wilson [44-46]. Each one of the 
limb electrodes is, in turn, used as the exploring electrode and the potential at a central 
terminal (CT) is taken as reference. Wilson’s central terminal is determined by connecting
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Figure 2.7: Standard placement of limb and precordial electrodes for ECG monitoring in hospi
tal settings [52],

together all three limb electrodes. A resistor is inserted between each electrode and the 
central terminal to prevent currents from flowing between the electrodes [44], To reduce 
the artifacts produced at the skin-electrode interface, it is advisable to employ a high value 
resistor, R, for this purpose [45]. As illustrated in Figure 2.8, Wilson’s central terminal 
is located at the centre of the Einthoven triangle and the potential measured here is the 
average of the voltage readings at the limb locations. In fact, according Kirchhoff’s current 
law, the sum of the currents flowing into or out of the central terminal, as shown in Figure 
2.8, must equal zero:

+ IlA + —
4>CT

which yields:

R

^I^CT —

f&CT
R

‘J*LA 4>cT ~ _ Q
R

T>ra + 4>la +

(2.3)

(2.4)

Using Wilson’s central terminal, three additional limb leads (VR, VL and VF) are obtained. 
For example, V(/r, the voltage measurement at the right arm, is equal to:

VvR — f&RA ~ ^1*1
2rI>RA — $1 A ~ 'I*LA

RA ^CT (2.5)

In 1942, Goldberg noted that the amplitude of the unipolar limb leads could be increased 
by excluding the exploring electrode from the calculation of the central terminal [44-46]. The
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Figure 2.8: Circuit associated with Wilson’s central terminal (modified from [45]). 

central terminal for the right arm can thus be computed as;

<I>LA +
(I>CT/RA (2.6)

with the augmented VR (aVR) lead reading being equal to:

2*I’ra — 3\a ^
^aVR — ‘S’ra —RA XT/RA — (2.7)

The augmented limb leads have the same direction as the original Wilson unipolar limb 
leads, but a measured voltage 50% larger is achieved by just modifying the central terminal 
definition, as seen by comparing Eqs. (2.5) and (2.7).

The precordial leads, introduced in the 1930’s [54], record the potential at six locations 
on the chest referred to Wilson’s central terminal. Since $ct is relatively constant during 
the cardiac cycle, the signals measured by these leads are substantially determined by 
the potentials at the sites of the chest electrodes [8]. Precordial leads are more sensitive 
than limb leads in detecting ischaemia and they are quite useful in diagnosing changes 
in the position or geometry of the heart. In particular, leads V3 and V5 are very powerful 
in detecting ECG abnormalities that can be linked to ischaemic heart disease [52, 55], 
whereas Vi is often selected for the diagnosis of arrhythmias [52].

For ECG monitoring in clinical settings a system composed by five electrodes is com
monly used, since it facilitates measuring all the limb leads and one precordial lead, which 
is usually chosen to be Vi [52]. For ECG recordings during exercise a reduced lead sys-
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tem, consisting of leads II, V2 and V5, is considered adequate for detection of ischaemia 
and identification of arrhythmias [56].

2.2.4 Measurement equipment

The differential signals associated with the leads under study are acquired using an elec
trocardiograph, which conditions and displays the ECG record. The schematic diagram of 
a single channel ECG measurement device is shown in Figure 2.9. Three main sections 
can be identified: the front-end acquisition stage, the processing and analysis unit and the 
storage and display system. The front-end circuitry represents the most critical of these 
subsystems, because the input signal has very limited amplitude and is contaminated by 
numerous sources of noise and interference (see Section 2.4). It is essential that high signal 
fidelity is maintained during the amplification and filtering process, so that meaningful infor
mation about the cardiac activity can be derived either by automated analysis algorithms 
applied to the digitised signal or by visual inspection of the displayed ECG record.

For each channel, the first step in the measurement procedure is the amplification of 
the potential difference sensed between the lead terminals. The instrumentation amplifier 
(lA) performing this task generally comprises different stages. The first stage is charac
terised by a high input impedance, which compensates for the high, and often imbalanced, 
impedances associated with the skin-electrode interface, thus preventing attenuation and 
distortion. An amplifier having limited or unity gain is usually employed for this stage be
cause DC offset voltages present at the interface between the skin and the electrodes can 
cause saturation of the amplifier [20, 39, 50, 57]. The skin-electrode polarisation potentials 
can, in fact, reach hundreds of mVs [39] and the international standards specify that ECG 
recorders must be able to handle imbalanced DC offsets as large as ±300 mV [9, 15]. The 
second stage in the amplification process is constituted by a differential amplifier featur
ing a large common-mode rejection ratio [39, 50, 57] and therefore capable of suppressing 
the significant common-mode interference associated with the measurement (see Section 
2.4.1). Further single-ended amplification stages can follow to guarantee that the output

Figure 2.9: Schematic diagram of a single channel ECG recording system.
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signal is sufficiently large to be displayed. The overall gain of the instrumentation amplifier 
is approximately 1000, that is, an output signal of about 1 V amplitude is recorded when the 
input signal is equal to 1 mV [39, 50].

Since the spectrum of the ECG signal is limited (see Section 2.3.3), the bandwidth of 
the amplifier should also be restricted so that the signal-to-noise ratio is maximised. First 
of all, a highpass filter (FIPF) is required to reduce low-frequency noise collected during 
the measurement. Its main function is to suppress the DC offset voltage generated at the 
skin-electrode interface and prevent the saturation of the instrumentation amplifier. This 
filter is generally inserted after the first stage of amplification, so that any large DC potential 
is eliminated before the useful signal is amplified to a sufficiently high level [20, 39]. The 
highpass filter can, however, be located after the instrumentation amplifier provided that 
this circuit is AC-coupled to the lead wires. A lowpass filter (LPF) is then applied to reduce 
noise occurring at frequencies higher than the ECG spectrum. The fundamental function of 
this filter is to prevent aliasing during subsequent analogue-to-digital (A/D) conversion [20].

Once the signal has been digitised, it can be stored and displayed or transmitted to 
a unit performing further signal conditioning or analysis. Numerous digital techniques are 
available to lower the level of the noise and interference superimposed on the ECG sig
nal. Automated analysis algorithms can then perform various tasks such as calculating 
the heart rate, recognising certain cardiac disorders like arrhythmia, identifying the different 
components of the ECG waveform and measuring their amplitude and duration [4].

2.3 Electrocardiographic waveform

2.3.1 Heart electrical activity

At each cardiac cycle, the heart’s electrical activity is initiated by the spontaneous depolar
isation of the cells at the sinoatrial (SA) node, which is located at the upper right corner of 
the right atrium, as shown in Figure 2.10. Even though cells at different cardiac sites have 
the ability to start the activation process, the SA node has the highest excitation frequency 
and, thus, acts as the cardiac pacemaker in a healthy subject [4, 7, 44, 45]. From the SA 
node, the activation front propagates simultaneously downwards within the right atrium and 
leftwards through the left atrium, finally reaching the atrioventricular (AV) node. This first 
activation wave is illustrated in Figure 2.11(a). Even if the depolarisation process starts in 
the right atrium, both atria undergo activation simultaneously during most of its time dura
tion. Therefore, the atria can be regarded as a unit from the point of view of the cardiac 
electrical activity. The atria are subsequently repolarised, with the recovery proceeding in 
the same direction as the previous activation [8].
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Sinoatrial (SA) 
node

Atrioventricular (AV) 
node
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Figure 2.10: Electrical conduction system of the heart (modified from [45]).

(b) Septal depolarisation (c) Apical depolarisation

(d) Left ventricle depolarisation (e) Late ventricle depolarisation (f) Ventricles repolarisation

Figure 2.11: Different phases of the cardiac cycle (modified from [45]). The depolarisation/re- 
polarisation wavefront and the resultant heart vector are illustrated for each phase.
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The slow conduction through the tissue in the AV node, which electrically connects the 
atria to the ventricles, generates a delay in the activation progress, during which the atria 
contract and the blood is ejected into the ventricular chambers [29, 44], The ventricular de
polarisation starts in the septum between the ventricular chambers proceeding from left to 
right and it subsequently spreads downwards to the apex of the heart. After approximately 
40 ms from the beginning of the ventricular activation, the right ventricle is completely de
polarised. On the other hand, the activation front continues to propagate through the left 
ventricle, eventually reaching its top leftmost corner [44]. The propagation wavefront and 
the direction of the heart vector during the main phases of ventricular depolarisation are 
shown in Figures 2.11 (b) to 2.11 (e).

The ventricular recovery starts from the external wall of the left ventricle, that is, the 
region that underwent depolarisation last, and it later involves more internal areas [45]. 
Since the repolarisation front is directed inwardly, the corresponding heart vector points 
towards the outside of the ventricle. Its orientation is similar to that determined by the 
depolarisation of the left ventricle [7, 8, 45], as evident when comparing Figure 2.11 (f) with 
Figure 2.11(d). Recovery does not propagate along the heart conduction fibres as was 
the case for the depolarising wave and extended regions of the ventricles can undergo 
repolarisation simultaneously instead. Therefore, the heart vector associated with it takes 
into account numerous contributions in different directions, which consistently vary with time 
[44].

2.3.2 ECG time profile

A 12-lead electrocardiogram recorded on a healthy subject is illustrated in Figure 2.12 and 
its major features are identified in Figure 2.13, showing the profile of a normal ECG wave 
as measured from lead II. The vertical deflections of the ECG signal represent the depolari
sation and repolarisation of muscle fibres in different regions of the heart. The amplitude of 
these waves is evaluated with reference to the baseline, which is defined as the isoelectric 
level measured between the P wave and the QRS complex, i.e. on the PQ segment [4, 51].

P wave

Atrial activation is reflected on the ECG record by the P wave. Its length is generally less 
than 120 ms, as measured from the lead with the widest P wave, and its amplitude is 
normally less than 0.25 mV. The signal generated during the repolarisation of the atria 
has a very low amplitude and it is superimposed on the wave generated by the ventricular 
activation. Therefore, deflections due to atrial recovery cannot usually be seen on the ECG
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Figure 2.13: Waves and intervals of a normal lead II ECG signal (modified from [45]).
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tracing [4, 8, 45].

PQ segment

The PQ segment is the isoelectric portion of the electrocardiogram that extends from the 
end of the P wave to the onset of the QRS complex and it represents the conduction delay 

that occurs at the AV node. The PQ segment is rarely measured in practice. Qn the other 
hand, the length of the PQ interval, that comprises both the P wave and the PQ segment, is 

considered clinically significant. The duration of the PQ interval, which is usually measured 

in the lead where it is shortest, is approximately 120 to 200 ms and varies slightly with heart 

rate [4, 8, 51].

QRS complex

The ventricular activation sequence is illustrated in the electrocardiogram by the QRS com

plex. Its first positive deflection is called R wave. If an initial negative deflection is present, 
it is termed Q wave. The negative deflection following the R wave is called S wave. The 

biggest deflection of the QRS complex, i.e. the R wave for the schematic ECG shown in 
Figure 2.13, is produced during the activation of the left ventricle, when the depolarisation 
process is substantially over in the right side of the heart. The QRS duration usually spans 
between 60 to 100 ms, with its higher limit being 120 ms in the lead showing the widest 
QRS complex, whereas its amplitude is generally between 1 and 2 mV in a healthy subject 

[4, 8, 30, 44, 51].

ST segment

When the depolarisation of the left ventricle is terminated, the ECG signal returns to the 

baseline in all leads. The ST segment extends from this time instant till the beginning of the 

T wave, that is, when the signal departs once more from the isoelectric level. This segment 

represents the delay between activation and recovery in the left ventricle and it is generally 

isoelectric in normal subjects. Any major deviation from a flat profile can be significant in 

the diagnosis of cardiac conditions, such as myocardial ischaemia or infarction [4, 8].

T wave

The T wave is the result of ventricular repolarisation. Since the heart vector corresponding 

to this phase of the cardiac cycle is approximately oriented as during the activation of the left 

ventricle, the polarity of the T wave is generally the same of the net polarity of the preceding 

QRS complex. Its average amplitude is 0.3 mV and its duration, as well as the duration of

23



CHAPTER 2. ECG SIGNAL

the ST segment, is highly dependent on the heart rate. Since it accounts for the overall 
effect of the repolarisation of the cardiac cells, the T wave is the slowest changing wave in 
the ECG [4, 8, 51],

QT interval

The QT interval identifies the combined duration of ventricular activation and recovery and 
is measured from the beginning of the QRS complex to the end of the T wave. Since the 
length of the QT interval varies considerably from lead to lead, it is evaluated from the 
lead with the longest interval. Furthermore, the QT interval is dependent on the heart rate 
(HR) and its duration decreases as the rate increases. A corrected QT interval taking into 
account the heart rate can be calculated using Bazett’s formula as;

QTc =
QT

(2.8)

where RR is the time interval between two consecutive QRS peaks and can be derived 
from the heart rate as RR = 60/HR. The QTc length is less than or equal to 440 ms in 
normal subjects [8, 44, 51].

2.3.3 ECG frequency content

As mentioned earlier, the T wave constitutes the slowest changing portion of the electrocar
diographic signal (see Figure 2.14), with its main frequency components extending as low 
as 1 Hz [19]. However, since the ECG wave repeats almost unchanged at each heartbeat 
in a healthy subject, the low-frequency bound of the electrocardiogram corresponds to the 
minimum expected heart rate. At rest, the heart rate is normally between 60 and 100 beats 
per minute (bpm) [7], but lower values are sometimes measured. Because in 99% of adults, 
99% of the time, the heart rate is higher than 40 beats per minute, the low-frequency limit 
of the ECG bandwidth can be taken as 0.67 Hz [19]. An even lower limit for the heart rate 
of 30 beats per minute is sometimes selected, leading to a lower boundary for the ECG 
spectrum of 0.5 Hz [14, 19].

Qn the other hand, the upper limit of the ECG bandwidth is set by the frequency com
ponents of the QRS complex. It can be seen in Figure 2.14 that the spectrum of the QRS 
complex shows a peak at approximately 10 Hz and then it steadily decreases, reaching a 
negligible amplitude at 40 Hz. Independent studies confirm both the presence of a plateau 
or a peak between 7 and 10 Hz in the QRS spectrum [51, 59] and the reduced content 
of the ECG signal at frequencies higher than 40 Hz [60, 61]. Golden et al. [60] reported 
that the amplitude of the ECG spectrum is a maximum at the lowest frequency measured
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Figure 2.14: Normalised power spectrum of the overall ECG signal, QRS complex and P and 
T waves (modified from [4, 58]).

in their analysis, approximately 1 Hz, and that a notch is also present at about 4 Hz, as 
illustrated in Figure 2.14. Moreover, the frequency at which the average magnitude spec
trum of a normal electrocardiogram is 20 dB lower than the peak is located by that study 
at 36 Hz, whereas the frequency at which the magnitude is -40 dB is identified as 105 
Hz. These measurements provide a rationale for the high-frequency limit specified in the 
international standards for electrocardiographic equipment. The 3dB-cutoff frequency of an 
ECG recorder is required to be at least 40 Hz for non-diagnostic measurements [62, 63] and 
between 100 and 150 Hz when diagnostic quality records are needed [9, 15]. This higher 
limit allows accurate measurements of duration and amplitude of the constituent waves of 
the electrocardiogram [60] and accurate reproduction of small rapid deflections, which may 
occur especially in subjects affected by heart conditions [64].

2.4 Noise and interference

Due to the limited amplitude of the ECG waveform, the quality of electrocardiographic 
recordings is heavily influenced by the level of noise and interference superimposed on 
them. Numerous sources of contamination affect ECG measurements and the spectrum of 
the most common artifacts is shown in Figure 2.15. If we consider the frequency range of 
the ECG signal extending between 0.5 and 150 Hz, as discussed in the previous section, 
these disturbances can be broadly grouped in two categories: in-band and out-of-band.
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Figure 2.15: Spectrum of noise and artifacts in exercise electrocardiograms (modified from 
[65]).

The first class comprises power line interference, indicated as hum in Figure 2.15, elec
tromyographic artifacts and motion artifacts, which in Figure 2.15 can be identified as the 
periodic exercise artifacts. The second group of interfering signals includes respiratory arti
facts, baseline wander, which is named low-frequency random artifacts in Figure 2.15, and 
high-frequency noise.

2.4.1 In-band noise

Power line interference

The electric power system is a major source of interference in electrocardiographic record
ing. Power line noise manifests itself as the sum of sinusoidal signals with frequencies 
equal to that of the mains supply (50 or 60 FIz) and its harmonics and overall amplitude 
typically as high as half the peak-to-peak voltage of the ECG signal [66]. This type of inter
ference produces a thickening in the baseline, as shown in Figure 2.16, and it can cause 
the appearance of false notches in the QRS complexes [67].

There are two mechanisms which produce power line interference: electric field coupling 
and electromagnetic induction [48, 50]. Electric fields surrounding the main power lines and 
the power cords that connect the electrical devices in the vicinity of the patient capacitively 
couple into the subject being monitored. The coupling can be reduced by designing the
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Figure 2.16: Power line interference [67],

front-end instrumentation amplifier to have an input impedance much higher than that of 

the skin-electrode interface and a large common-mode rejection ratio. On the other hand, 

varying magnetic fields, generated by the current flowing in the power lines, induce a voltage 

in the loop constituted by the patient, the lead wires and the electrocardiograph. Decreasing 
the loop area by twisting the lead wires together and keeping them as short and close to 

the body as possible helps to minimise the power line interference due to electromagnetic 
induction.

Notch filters located at the mains frequency and its harmonics are also often employed 
to remove any residual power line interference from the ECG recording [68-70]. No require

ment is specified for the width of the stopband of these notch filters by either the European 
or the American standards for diagnostic electrocardiographic devices [9, 15]. However, if 
the bandwidth of the filter removing the power line interference is too wide, the amplitude of 

the QRS complex can be significantly attenuated or other relevant components of the ECG 
signal distorted [24]. On the other hand, if the transition between passband and stopband 
of the filter is too steep, ringing occurs in the output signal [9, 24], which can mimic low 

amplitude cardiac activity in the terminal portion of the QRS complex [4], as illustrated in 

Figure 2.17.

Muscle artifacts

During electrocardiographic measurements, biopotentials associated with muscle contrac
tions appear on the skin surface along with the ECG signal, as illustrated in Figure 2.18. 

These electromyographic artifacts are particularly large during ambulatory monitoring and 

exercise ECG recording [4] and their amplitude can be as high as 0.5 mV [39]. Since 

the power spectrum of muscle noise contains significant components at frequencies higher 

than 30 Hz [39], as shown in Figure 2.15, this type of artifact cannot be filtered out of 

the electrocardiographic record without introducing marked distortion in the ECG signal.
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(a) Input

Figure 2.17: Ringing artifacts introduced after the QRS complex by a steep notch filter aimed 
at removing power line noise [24],

\

Figure 2.18: Electromyographic noise [4],

Nonetheless, a 40 Hz lowpass filter is often employed to remove muscle noise in non

diagnostic electrocardiographic measurements [24, 26, 49], especially when monitoring is 
performed in ambulatory settings [63], The application of such a filter obviously results in a 

smoother-looking electrocardiographic record, but it also leads to a significant reduction in 

the amplitude of the QRS complex, as clearly illustrated in Figure 2.19.

Motion artifacts

Motion artifacts are periodic baseline changes caused by vibrations and patient movements 

[66] and are extremely common in measurements performed in ambulatory settings and 
during exercise [4, 71]. Movements generate a mechanical deformation of the skin under

neath the electrodes, which leads to changes in the impedance and potential associated
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Figure 2.19: Effect of a 40 Hz lowpass filter on a noisy ECG waveform [26],

with the skin-electrode interface [72]. Even though Figure 2.15 displays periodic exercise 
noise only for frequencies up to 1.5 Hz, the spectrum of motion artifacts extends approxi
mately between 1 and 10 Hz [4], as shown in Figure 2.20. The amplitude of this interfering 
signal can be as high as 5 times the ECG peak-to-peak voltage [66], which can render the 
electrocardiographic record unreadable (see Figure 2.21). Since large periodic waveforms 
are associated with motion artifacts, the peaks occurring in the recorded signal can be mis
taken for QRS complexes by analysis algorithms [4]. For example, a heart rate of 223 bpm 
was reported by a monitoring system for the signal shown in Figure 2.21(b), even though 
the actual heart rate was only 63 bpm [73].

Electrode contact noise

Electrode contact noise is a transient interference which is caused by the loss of contact 
between the electrode and the skin. This disturbance manifests itself as rapid step-like 
transition in the ECG baseline [66], which generally causes saturation of the recorded signal 
at the full scale deflection level [51]. A few episodes of contact loss are shown in the ECG 
record in Figure 2.22. Electrode contact noise is often considered as a type of motion 
artifact [4, 71], even though it is non-periodic and is characterised by a higher frequency 
content than artifacts induced by repetitive movements.
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Figure 2.20: Comparison between the power spectrum of motion artifacts and that of the QRS 
complex (modified from [58]).

(a) Artifacts obscuring normal QRS complexes [8].
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Time (s)

25 35

(b) Artifacts occurring during tooth brushing [73].

Figure 2.21: ECG records showing marked motion artifacts.
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Figure 2.22: Electrode contact noise [4],

2.4.2 Out-of-band noise

Respiratory artifacts

The low-frequency drift due to respiration can be represented by an additive sinusoidal 
signal modulating the amplitude of the ECG baseline. The frequency of respiration generally 

varies between 0.15 and 0.3 Hz [66], but it can reach 0.8 Hz during exercise, as illustrated in 

Figure 2.15. The peak amplitude of the sinusoidal disturbance associated with respiration 

is reported to be approximately 15% of the ECG signal [65, 66]. An electrocardiographic 

record presenting respiration-induced noise is shown in Figure 2.23.

Baseline wander

Baseline wander or drift is produced by very slow changes in impedance and potential 

occurring at the skin-electrode interface due to variations in temperature or hydration [74, 

75]. The amplitude of baseline wander can be several times larger than that of the ECG 
signal, as illustrated in Figure 2.24, and its spectrum is usually located at frequencies lower
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than the ECG spectrum [4]. The term baseline wander is also commonly used to refer to 
any type of noise containing only very low frequency components regardless of the source 
generating it. Respiratory and exercise artifacts are thus often regarded as examples of 
baseline wander [4, 69, 70].

High-frequency noise

Numerous different sources are responsible for high-frequency noise, which is electromag- 
netically coupled into the ECG recording system as described earlier for power line inter
ference [39]. Fluorescent lighting, for example, can produce interference at a frequency 
equal to three times the mains frequency [67], that is, at the upper end of the ECG spec
trum. Noise generated by other medical devices present near the patient can, instead, be 
modelled as a sinusoidal signal with frequency between 100 and 1000 kHz and amplitude 
approximately two times that of the ECG signal [66]. The main issue associated with high- 
frequency interference is that radio frequency noise is often modulated with low frequency 
components, which can be demodulated within the ECG spectrum in the presence of non- 
linearities in the amplifier circuit [39] or when the electrocardiographic record is digitised 
[66].

2.4.3 Discussion

As illustrated earlier for power line interference and electromyographic artifacts, in-band 
noise cannot be removed using linear time-invariant filters without introducing considerable 
distortion into the ECG signal. Even though digital techniques can be employed in the
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attempt to reduce this type of disturbance [4, 76], their analysis lies beyond the scope of 
the project. In the remainder of this work, the attention will, therefore, be focused exclusively 
towards the elimination of out-of band noise.
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Chapter 3

ECG filter characteristics and
requirements

3.1 Introduction

In order to deliver diagnostic quality ECG records, electrocardiographic monitoring devices 
must reproduce the morphology of the ECG signal as faithfully as possible. In other words, 
the deviation of the system output from a linear representation of the input signal should 
be limited. The filters incorporated into electrocardiographic equipment are critically impor
tant because the electrocardiogram can be heavily distorted if their transfer function is not 
adequately selected [16-18]. To prevent deformation of diagnostically significant features 
of the ECG record, international standards define a set of requirements that electrocardio
graphic filtering systems must satisfy. Since these specifications are substantially based on 
the recommendations of the American Heart Association [9, 15], the conditions outlined in 
the AHA publications and the rationale behind their definition are presented first.

In recent years, the filtering characteristics of electrocardiographic devices, specified in 
standards and recommendations, have been simultaneously defined in the frequency and 
time domains [9, 15, 19, 62-64, 77]. ECG filters must comply with conditions set both 
on their magnitude response and on specific features of the output signals obtained for 
fixed input stimuli. In particular, the requirements for the highpass filter, needed to reject 
baseline wander and DC offset voltage generated at the skin-electrode interface, have been 
related to the properties of the system response to an input pulse. In order to evaluate the 
possibility of simplifying these specifications, the constraints that the pulse response has to 
satisfy to comply with the standards are analysed in detail.

In the past, a 0.05 Hz single-pole analogue highpass filter has been used to define 
the low-frequency characteristic of electrocardiographic equipment [23] and, based on the
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frequency response of such a system, minimum requirements for the magnitude and phase 
response of ECG filters have been derived [63, 77], In particular, it has been suggested 
that the filter phase response at low frequencies should be at least as linear as that of the 
0.05 Hz first order filter [19], Later in this chapter, this phase linearity condition and the 
most recent specifications imposed on the system pulse response are compared.

Finally, an alternative methodology to test simultaneously the response of the measure
ment equipment over the whole ECG spectrum is presented. This technique, described 
in one of the current European standards, employs a set of test waveforms that resemble 
electrocardiographic signals [9].

3.2 AHA recommendations

3.2.1 Review of the AHA recommendations

The 1954 AHA report for the standardisation of ECG leads [54] contains some of the earliest 
recommendations regarding the filtering characteristics of electrocardiographic equipment. 
The minimum requirements for the magnitude response are defined from 1 to 300 Hz as 
illustrated in Figure 3.1(a). Furthermore, the AHA Committee suggests that, if employed 
in waveform analysis, the ECG instrumentation should display a flat frequency response 
between 0.5 and 100 Hz.

In the following AHA report published in 1967 [23], the filter specifications are made 
more stringent. It is required for the magnitude response to be flat to within dzO.5 dB from 
0.14 to 50 Hz. Moreover, the amplitude at 0.05 Hz shall not be reduced by more than 3 
dB compared with that measured in-band. The limits for the filter frequency response are 
shown in Figure 3.1 (b) and, whereas the attenuation at 100 Hz should not exceed 3 dB, it is 
suggested that the instrumentation bandwidth should extend to at least 500 Hz to account 
for ECG high frequency components.

The specifications for the ECG filter then remained completely unchanged for over 20 
years [78], until the publication of the AHA recommendations for automated electrocardiog
raphy in 1990 [19]. In this report, the filtering requirements are, for the first time, formulated 
in both the frequency and time domain. The filter amplitude response should be flat to 
within ±0.5 dB from 1 to 30 Hz, with the respective 3dB-cutoff points located at frequencies 
lower than 0.67 Hz and higher than 150 Hz, as shown in Figure 3.1(c). The response in 
the time domain, which determines the system characteristic at frequencies lower than 0.67 
Hz, is constrained by the maximum distortion allowable for a 1 mVs input pulse. The output 
should not present a displacement from the isoelectric line of greater than 0.3 mV after the 
pulse and the slope of the recovery response should be limited to 1 mV/s outside the pulse

CHAPTER 3. ECG FILTER CHARACTERISTICS AND REQUIREMENTS
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Magnitude
4

1.1 

1

0.9 

0.8

1 5 15 40

(a) 1954 AHA recommendations

300 Frequency (Hz)

Magnitude

(c) 1990 AHA recommendations

Figure 3.1: Frequency response requirements for eiectrocardiographic equipment as outlined 
in the 1954 (a), 1967 (b) and 1990 (c) AHA reports, respectively. In (a), the area allowable for 
the magnitude response is shaded. For comparison purposes, the graphs are drawn to scale, 
with the frequency axis being logarithmic.
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Amplitude

Figure 3.2: Time domain requirements set by the 1990 AHA recommendations for electrocar
diographic filters.

interval, as illustrated in Figure 3.2. The current 2007 AHA scientific statement [64] reaf
firms the validity of the 1990 specifications for ECG filtering. The only significant difference 

is the recommendation to set the high-frequency cutoff equal to 250 Hz for measurements 
on children and infants.

3.2.2 Rationale behind the recommendations

Comparing the characteristics in Figure 3.1, it can be noticed that, since the earliest recom

mendations, the frequency response of ECG recording systems is required to be effectively 
flat in the interval extending from 1 to 30-50 Hz. This frequency range encompasses the 

main components of the ECG signal, as previously described in Section 2.3.3. Therefore, 
the distortion introduced by the electrocardiographic instrumentation over this frequency 
interval must be kept to a minimum. On the other hand, the requirements for the filtering 

characteristic at very low frequencies as well the high-frequency cutoff specification are not 
so self-explanatory and their rationale is examined in the remainder of this section.

The low-frequency recommendations included in the AHA reports published since 1967 

are substantially based on a study, performed in 1966 by Berson and Pipberger [16], exam
ining the distortion of the ECG signal generated by the recording system. They analysed 

the effects of analogue highpass filters with different cutoff and roll-off values on the ST 

segments and T waves in normal and abnormal records. The cutoff frequency was varied 

between 0.05 and 0.5 Hz and the slope of the magnitude characteristic set at 20, 40 and 

80 dB/decade. Moreover, the errors introduced into the ECG signal by a few electrocar
diographs and portable recorders were also quantified. Berson and Pipberger concluded
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that even measurement equipment satisfying the then current 1954 AHA recommendations 
led to unacceptable distortions in the interval between the end of the QRS complex and 
the termination of the T wave. The employment of a filter having 3dB-point equal to 0.05 
Hz and roll-off of 20 dB/decade was suggested to ensure that errors due to the recording 
system are lower than 50 pV in the early part of the ST segment.

According to this proposal by Berson and Pipberger, a first order highpass filter with 
3dB-point at 0.05 Hz has been employed to define the low-frequency behaviour of ECG 
measurement equipment. In the 1967 AHA report, the condition that the low-frequency 
characteristic of the ECG system needs to be equal to that of a 0.05 Hz single-pole high- 
pass filter is expressed by the requirement that the amplitude response of the electrocar
diograph is at most reduced by 3 dB at 0.05 Hz and by 0.5 dB at 0.14 Hz. Furthermore, the 
same report also states that the time constant of the recording system should be equal to 
3.2 s, which is precisely that of a first order filter with 0.05 Hz cutoff, in the 1990 AHA rec
ommendations, the filter low-frequency characteristic is described in the time domain by its 
response to an input pulse, with the 3dB-point and roll-off left unspecified. Nevertheless, at 
least the requirement set for the displacement seems to be directly derived from the pulse 
response of a first order 0.05 Hz highpass filter. From Figure 3.3, it can be seen that, when 
a rectangular pulse 300 ms wide and 1 mVs in area is applied at the input of such a filter, 
the displacement from the isoelectric line occurring at the output is exactly equal to 0.3 mV, 
i.e. the limit specified by the AHA recommendations.

As regards the filter high-frequency response, the requirements defined in the 1967 
AHA report can be similarly traced back to another study by Berson and Pipberger [17]. 
Different parameters related to the QRS complex, such as the peak amplitude and duration 
of Q, R and S waves, were analysed for normal and abnormal ECG recordings filtered with 
analogue lowpass systems having cutoff frequencies up to 100 Hz and roll-off values of -20 
and -40 dB/decade. Filters with a resonant peak and -80 dB/decade roll-off were also em
ployed. It emerged that wave durations are practically unaffected if the filtering system has 
no in-band peak and a cutoff frequency higher than 50 Hz, whereas wave amplitudes are 
generally decreased when the 3dB-point is reduced. Berson and Pipberger recommended 
a high-frequency limit for the system bandwidth above 100 Hz to avoid amplitude errors 
larger than 100 pV, for a filter with no amplitude peaks, and suggested the use of an even 
higher 3dB-point to achieve a resolution of 50 pV. Since the requirement of 100 Hz as min
imum cutoff frequency was essentially due to the technological limitations of the time, the 
AHA 1990 recommendations revised the high-frequency 3dB-point, which was increased 
to 150 Hz. This allowed the AHA specifications to be harmonised with the then current 
Canadian standard, on which the filter implementations for marketed electrocardiographs 
were based [19].

CHAPTER 3. ECG FILTER CHARACTERISTICS AND REQUIREMENTS
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Figure 3.3: Error introduced by a first order 0.05 Hz highpass filter when a 3.33 mVx300 ms 
rectangular pulse is applied at the input. The difference between input and output signals is 
equal to the displacement from the isoelectric line for time values larger than 300 ms. The 
maximum allowable displacement specified by the 1990 AHA recommendations is represented 
on the graph by the dashed line.

The extension of the high-frequency limit for ECG recordings on infants and children 

recommended in the 2007 AHA statement is supported by a 2001 study by Rijnbeek et al. 
[79]. For each subject, the authors applied a set of digital filters with cutoff points between 
50 and 300 Hz to a 12-lead average ECG and calculated the absolute error in the maximum 
QRS amplitude. Following the analysis of the records of more than 2000 patients, with 

and without cardiac abnormalities, a 250 Hz bandwidth is suggested for paediatric ECG 
measurements. This limits the maximum error to less than 25 pV in more than 95% of 
infants less than a year old. Since the upper limit of the ECG frequency spectrum decreses 

with age in childen, the study also points out that for adolescents, between 12 to 16 years of 

age, a high-frequency cutoff of 150 Hz is sufficient to guarantee amplitude errors lower than 

25 pV in more than 95% of cases for most leads. This explains the AHA decision to leave 

the high-frequency cutoff unchanged from the previous recommendations for recordings on 
adults and adolescents.
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3.3 Current international standards

3.3.1 European and American standards

The minimum performance requirements for diagnostic ECG devices, are currently defined 
by the European standard EN 60601-2-51:2003 for recording and analysing electrocardio
graphs [9], The amplitude specifications of the ECG measurement system, illustrated in 
Figure 3.4, clearly show that its response should be as flat as possible in the frequency 
range extending from 0.67 to 40 FIz. Indeed, 0.67 FIz can be considered the low-frequency 
limit of the ECG spectrum, since it corresponds to the lowest heart rate of 40 bpm expected 
in adults, as previously discussed in Section 2.3.3. A further test needs to be performed to 
verify the high-frequency response of the electrocardiographic equipment and in particular 
its ability to adequately reproduce narrow R waves. The output amplitude of an input trian
gular wave having 20 ms duration, 1.5 mV peak amplitude and frequency lower or equal to 
1 FIz, as seen in Figure 3.5, shall not be reduced by more than 12% compared to that of 
another triangular wave with the same peak amplitude and trequency but having 200 ms 
duration. On the other hand, the low-frequency characteristics of the ECG filter are, once 
more, detailed in terms of its response to an input pulse. These specifications, shown in 
Figure 3.6 for an input rectangular pulse of 3 mV amplitude and 100 ms duration, prescribe 
that a 300 pVs pulse shall not produce;

• An offset, or displacement, from the isoelectric line greater than 100 pV;

• A slope greater than 250 pV/s in a 200 ms interval immediately following the pulse;

• A slope greater than 100 pV/s anywhere else outside the region of the pulse.

European standards EN 60601-2-27:2006 [62] and EN 60601-2-47:2001 [63] set the 
requirements for the essential performance of non-diagnostic ECG monitoring equipment 
and ambulatory electrocardiographic systems, respectively. The filtering specifications for 
these types of ECG device are less strict than those contained in the EN 60601-2-51:2003 
standard. For example, even though the passband of non-diagnostic electrocardiographic 
recording systems is still defined over the interval between 0.67 and 40 Ffz, these fre
quencies represent the 3dB-cutoff points of the ECG filter. The low-frequency time domain 
requirements are also partially relaxed. The response to a rectangular 300 pVs (3 mVxlOO 
ps) pulse shall not, in fact, present a slope greater than 300 pV/s after the termination of 
the input wave. The constraint on the displacement from the isoelectric line is, however, 
unchanged, with the limit being set to 100 pV. Moreover, as it can be observed from Table 
3.1, the high-frequency specifications defined for the response to input triangular waves are 
far less stringent than those established by the EN 60601-2-51:2003 standard.

CHAPTER 3. ECG FILTER CHARACTERISTICS AND REQUIREMENTS
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Magnitude

Figure 3.4: Specifications for the magnitude response of ECG measurement systems detailed 
in the European standard EN 60601-2-51:2003. The area allowable for the amplitude charac
teristic is shaded.

Figure 3.5: Triangular wave for testing the high-frequency response of electrocardiographs 
according to the European standard EN 60601-2-51:2003 [62],

Tabie 3.1: Parameters employed for the triangular wave test by different European standards.

Standard

Input wave duration (ms)
Output wave amplitude ratio 

narrow/wide (%)

wide narrow min max

60601-2-51:2003 200 20 88 100
60601-2-27:2006 200 20 75 100
60601-2-47:2001 200 40 60 110
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Amplitude

Time

Figure 3.6: Requirements for the pulse response of ECG recording systems as specified by the 
European standard EN 60601-2-51:2003 (modified from [9]).

The American counterpart to the EN 60601-2-51:2003 European standard is the AN- 
SI/AAMI EC11:1991/(R)2001/(R)2007 [15], describing the minimum performance specifica
tions of diagnostic electrocardiographic devices. The magnitude response of the recording 
system is required to be flat to within ± 10% for frequencies between 0.67 and 40 Hz. 
Moreover, the ECG filter has to satisfy either the amplitude constraints shown in Figure 
3.7 or the condition that the response to the triangular test signal illustrated in Figure 3.5 
is not reduced by more that 10% when the signal duration is decreased from 200 ms to 
20 ms. The pulse response requirements are exactly the same as those defined by the 
European standards EN 60601-2-27:2006 and EN 60601-2-47:2001 for non-diagnostic and 
ambulatory electrocardiographic equipment.

3.3.2 Comparison of standards and recommendations

Both European and American current standards are substantially based on the 1990 AHA 
recommendations, leading to very similar specifications for electrocardiographic equipment 
in both regions. If we consider the standards for diagnostic electrocardiographic devices, 
the high-frequency requirements are marginally stricter for the American standard than for 
its European equivalent EN 60601-2-51:2003, as seen by comparing Figures 3.4 and 3.7. 
In contrast, the specifications for the filter low-frequency characteristic are tighter for the 
EN 60601-2-51:2003. In particular, the maximum slope allowed for the response after the 
application of the input pulse is smaller. Furthermore, it should be noted that the European
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Magnitude
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Figure 3.7: Requirements for the amplitude response of diagnostic ECG devices as defined by 
the American standard ANSI/AAMI EC11:1991/(R)2001/(R)2007.

standards for monitoring devices and ambulatory electrocardiographs, EN 60601-2-27:2006 
and EN 60601-2-47:2001, respectively, specify a low-frequency response comparable to 
that required for diagnostic recording systems. The EN 60601-2-47:2001 standard even 
states that, for the equipment to be suitable for ST segment measurement, its low-frequency 

characteristic should be that of a first order highpass filter with 0.05 Hz cutoff frequency. On 
the other hand, there are less restrictions imposed on the high-frequency behaviour of non
diagnostic devices. The passband is, in fact, defined by the location of the 3dB-points and 

the requirements for the triangular wave amplitude test are more relaxed.
Analysing the differences between the standards and the 1990 AHA recommendations 

[19], presented in Section 3.2.1, it can be noticed that, in the latter case, no triangular 

wave test is specified. Nevertheless, the high-frequency cutoff frequency suggested in the 
AHA report is the same as that established by the American standard, as shown in Table 

3.2. It can also be seen that, in the 1990 AHA report, the passband is identified by a 
smaller frequency range, but a stricter limit is set on the ripple allowable for the magnitude 

response over this interval. Regarding the ECG filter characteristics at low frequencies, the 
requirements are expressed in terms of the properties of the response to an input pulse 
in all cases. However, in the AHA recommendations, the only parameter defining the input 

pulse is its area, which is approximately three times larger than that of the rectangular pulse 
suggested for the test by the European and American standards.

In summary, the requirements detailed in the European standard for recording and 

analysing electrocardiographs (EN 60601-2-51:2003) are the strictest with regard to the 

filter low-frequency response. The boundaries specified in the 1990 AHA report for the
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Table 3.2: Specifications set on the magnitude response of the ECG filter by the 1990 AHA 
recommendations and current international standards.

Standards/recommendations Passband High-frequency

3dB-cutoff (Hz)Frequency range (Hz) Ripple (%)

1990 AHA report 1-30 ±6 150
60601-2-51:2003 0.67-40 ±10 100
EC11:1991/(R)2001/(R)2007 0.67-40 ±10 150

passband amplitude response are the most stringent, whereas the system high-frequency 
characteristic is more tightly defined in the American standard for diagnostic electrocardio
graphic devices (ANSI/AAMI EC11:1991/(R)2001/(R)2007). In the remainder of this thesis, 
the most demanding set of requirements, based on these three sources, will be taken into 
consideration in the design of the electrocardiographic filter.

3.4 Analysis of the pulse response constraints

3.4.1 Possible relation between pulse area and constraints

Since the publication of the 1990 AHA report [19], the low-frequency characteristic of the 
ECG recording system has been expressed in terms of the response to an input pulse. 
A brief analysis seems to indicate that the constraints which the output signal needs to 
satisfy are related to the area of the pulse, rather than its shape, amplitude and duration. 
In the EN 60601-2-51:2003 European standard [9], a rectangular waveform is given as an 
example of possible input pulse, but it is also stated that “another equivalent pulse” can be 
employed in the test. In the 1990 AHA recommendations, the input pulse is directly defined 
by its area and two cases involving a 2 mVxlOO ms rectangular and a 3 mVxlOO ms 
triangular test signal are illustrated. The amplitude k, duration to, and area A of the input 
pulse, the maximum acceptable displacement of the output signal from the isolelectric line, 
d, and the maximum slope allowable for the response after the pulse, m, are summarised 
in Table 3.3 for different standards and recommendations. From the ratios obtained dividing 
the maximum displacement and slope by the area of the input signal, it appears that the 
magnitude of the allowable offset is approximately equal to one third of the area and that, in 
most cases, there is a one to one relationship between the slope requirement and the area 
of the input pulse. If the relations between the constraints and the area are valid, it should 
be possible to transform the pulse response requirements into specifications for a standard 
impulse response. This conversion would then allow a formal definition of the low-frequency 
characteristic of the ECG filter, which is independent of the pulse geometry.
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Table 3.3: Geometry of the input pulse and specifications for the output signal as described in 
different standards and recommendations.

Standards
Recommend. Shape

Amplitude 
k (mV)

Duration 
to (ms)

Area
A (pVs)

Displacement
dm

Slope 
rn (pV/s)

d/A
(1/s)

mjA
(1/s")

60601-2-27
60601-2-47 rect 3 100 300 100 300 0.33 1

ECU

60601-2-51 rect 3 100 300 100 250 0.33 0.83
100 0.33

rect 1000 300 1000 0.3 1
1990 AHA rect 2 100 200 60 0.3

triangle 3 100 150 45 150 0.3 1

3.4.2 Pulse response of a single-pole highpass filter

Let us consider a single-pole highpass filter and analyse the relationship between the di

mensions of the input pulse and the characteristics of the output signal. The low-frequency 
specifications contained in standards and recommendations are likely to have been, at least 
partially, derived from the time domain response of this type of filter, as previously discussed 
in Section 3.2.2. The transfer function of such a first order system, having a zero at 0 Hz 

and a real negative pole, —p, is
H{s) =

s + p
(3.1)

If we assume an input rectangular pulse of amplitude k and duration to, the output of 
the recording system is given by

yrec\it) = k[9{t) - !]{t - in)], 

where g[t) is the filter response to a unity step:

g{t) = for t > 0.

(3.2)

(3.3)

Since the input signal is null after to, the displacement of the response from the isoelec
tric line after the application of the pulse is equal to both the output signal and the error 
introduced by the filter:

rirect(i) = k [e-^* - for t > to- (3.4)
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Substituting t = x + to, the offset can be written as a function of the new variable x:

d,ect(x) = k - e-P^]

= k [e~P^ (e-P‘o - 1)] for X > 0. (3.5)

Since p and to are positive quantities, the term in parentheses in the previous equation is 
negative. The displacement from the isoelectric line following the pulse is also negative and 
its expression can be rewritten to highlight this characteristic:

drect(x) = —ke (l — e for x > 0. (3.6)

From Eq. (3.6), it is evident that the undershoot, or negative displacement, occurring 
after the application of a rectangular input to a simple first order filter is not proportional 
to the pulse area. Although linearly dependent on the pulse amplitude k, the offset is 
related to the duration to through an exponential. Nevertheless, if the exponential function 
is expressed in terms of its power series

n

n=0

a
n!

1
o?
2! +¥

and the first two terms of the expansion are substituted into Eq. (3.6) for a = 
displacement expression becomes

drecii^) =—kto for x > 0.

(3.7)

-pto, the

(3.8)

The error introduced by the substitution is negligible for small values of the product pto, 
that is, when the duration of the rectangular pulse is small compared with the time constant 
of the filter. In this case, the offset from the isolectric line can be considered proportional 
to the area of the input pulse, A = kto- Furthermore, it should be noticed that the filter 
impulse response,

h{x) = —pe^^^ for x > 0, (3.9)

can be identified in Eq. (3.8) and this equation rewritten as

dreclix) = Ah{x) for X > 0. (3.10)

The undershoof occurring after a rectangular input pulse can, therefore, be expressed in 
terms of the filter impulse response scaled by the pulse area, provided the duration of the 
input signal is sufficiently short.
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Figure 3.8(b) shows the error introduced by a 0.05 Hz single-pole highpass filter when 

a set of rectangular pulses is applied at the input. These pulses, illustrated in Figure 3.8(a), 

have different durations, but a constant area of 300 pVs, that is, the area of the pulse 
specified by the European and American standards (see Table 3.3). It can be observed that 

the error occurring after the end of the pulse converges towards the filter impulse response 

as the duration of the rectangular wave diminishes. On the other hand. Figure 3.8 also 

highlights how the approximation introduced in Eq. (3.8) loses validity when the width of the 

rectangular pulse is increased. Furthermore, it should be pointed out that the displacement 
from the isoelectric line is at a maximum if calculated from the impulse response according 

to Eq. (3.10). It can be seen from Table 3.4 that the maximum undershoot decreases as the 

duration of the input signal increases.

The slope of the response to the rectangular waveform is obtained by differentiating the 

filter output given by Eq. (3.2), which is equal to the offset as expressed in Eq. (3.6):
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mreot(2:) = A: (l — e pe for x > 0. (3.ii;

For small values of the product pto, the exponential depending on this quantity can be 
substituted, once more, with the first two terms of the power series expansion in Eq. (3.7), 
yielding:

Wrect(-'r) = A^o for a--> 0, (3.12)

where the expression in parentheses corresponds to the derivative of the system impulse 
response given in Eq. (3.9). Therefore, the slope of the output signal after the termination 
of the input pulse can also be rewritten in terms of the system response to a Dirac delta 
function of area A:

nireciix) = A h'(x) for x > 0. (3.13)

Let us now determine the characteristics of the filter response to an input triangular 
wave having the same area as the previously analysed rectangular pulse. The analytical 
expression for the triangular signal in Figure 3.9 can be obtained as the combination of

Table 3.4: Maximum displacement introduced by a 0.05 Hz single-pole highpass filter for differ
ent input signals (see Figure 3.8(b)).

Input pulse shape Undershoot (pV)

Dirac delta 300 pVs 94.2
Rectangular 6 mVx50 ms 93.5
Rectangular 3 mV x 100 ms 92.8
Rectangular 1 mV x 300 ms 89.9
Rectangular 0.5 mVx600 ms 85.9
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g.3c

200 400 600
Time (ms)

(a) Rectangular input signals

800 1000

Figure 3.8: Response of a 0.05 Hz first order highpass filter to a set of rectangular input pulses 
(a), having equal area but different durations. The error introduced by the system for each input 
signal and the filter response to an input Dirac delta having the same area of the rectangular 
pulses (dotted line) are shown in (b).
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Figure 3.9: Triangular pulse.

ramp functions scaled and translated along the time axis:

k
- 2r(t - to) + r{t - 2to)], 

to

where the ramp function is defined as:

(3.14)

r{t) =
t tor t> 0 

0 for t< 0
(3.15)

and k/to is the slope of the upward portion of the triangular pulse. The Laplace transform 
of the response of the first order highpass filter to the ramp function is:

F{s) = R{s) H{s) =
s{s + p)

with R{s) = .2- (3.16)

Using the Heaviside partial fraction method, the response to the ramp in the time domain is 
readily found to be:

f{t) = ^{l-e-P^)u{t), (3.17)

where u{t) is the unit step function. The response of the filter to the triangular pulse can 
thus be expressed as:

ytr{t) = Y [f{t) - 2f{t - to) + f{t - 2to)] = 
to

= --{(1- e-P‘) u{t) - 2 fl - uit - to) + [l - u{t - 2to)} .
top ^

(3.18)

The displacement from the isoelectric line after the end of the pulse is obtained by noting 
that all of the step functions in the previous equation have a value of unity for t > 2to,
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yielding;

k 1
dJt) = --{!- - 2 [1 - + 1 -

top ^

= -- \-e-P^ + for t > 2to-
toP ^

The substitution t = x + 2to\s performed and Eq. (3.19) becomes a function of x:

dJx) = -- r_e-^(^+2to) ^ - e-P^l
top ^ ^

(3.19)

k 1
=----e (2toP ^

(Oo-PN _ o-2ptoe - e - l)

Ai
top

Ig-p* (l — e for X >0. (3.20)

If the exponential dependent on to is replaced with the first two terms of its power series 
from Eq. (3.7), then Eq. (3.20) can be rewritten as:

d,r(x) = -:^-e ^""(pto)^
top

= —ktQ for X > 0. (3.21)

This is the same result as was obtained for the offset following a rectangular input pulse, as 
is evident by comparing Eq. (3.21) with Eq. (3.8). In Figure 3.10, it can be seen that, for a 
0.05 Hz first order highpass filter, the undershoot occurring after a triangular input pulse is 
very similar to that for a rectangular wave having the same area and duration.

Furthermore, it is possible to prove the equivalence between the slope of the response 
to the triangular waveform and that to a rectangular pulse of the same area, when the 
duration to is much less than the time constant of the filter. For small values of pto, the 
derivative of the displacement in Eq. (3.20) can, in fact, be reduced to the expression for 
the slope following a rectangular wave in Eq. (3.12). Therefore, the relevant properties of 
the response of a first order highpass filter to a triangular input pulse can be reduced to 
those determined for a rectangular input pulse, provided the duration of the waveforms is 
much less than the filter time constant.

3.4.3 Reformulation of time domain constraints

Based on the analysis performed in the previous section, it is possible to conclude that, in 
general terms, the pulse response of a single-pole filter depends on the shape of the input 
signal and that there exists a non-linear relationship between the output function and the
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(a) Rectangular and triangular input signals

Figure 3.10: Response of a 0.05 Hz first order highpass filter to a set of rectangular and 
triangular input pulses (a), having equal area. The error introduced by the system for each input 
signal and the filter response to an input Dirac delta having the same area of the input pulses 
(dotted line) are shown in (b).
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duration of the input pulse. Nevertheless, it also emerges that both the displacement of the 
output response from the isolectric line and the slope of the output signal after the end of 
the pulse can be considered to be independent of the geometry of the input signal when 
the duration of the stimulus is sufficiently small. This condition seems to be fulfilled by the 
input rectangular signal suggested by the international standards to test the low-frequency 
behaviour of electrocardiographic equipment, shown in Figure 3.6. The response of a 0.05 
Hz single-pole highpass filter to such a pulse is represented by the thick solid curve in 
Figure 3.8(b). From this figure and Table 3.4, it is evident that there is very little difference 
between the maximum undershoot caused by the 3 mVxfOO ms rectangular pulse and by 
a Dirac delta function of the same area. A similar argument applies to the slope of the 
pulse response, since the relation between this characteristic of the output signal and the 
derivative of the impulse response is shown in Eq. (3.13) to be linear for input signals of 
short duration. Therefore, if the requirements on the maximum allowable offset and slope 
presented in Table 3.3 are derived from the response of a 0.05 Hz first order highpass 
filter to a pulse of similar time duration as that specified by the standards, it is possible to 
transform the time domain response constraints into specifications for the impulse response 
of the ECG recording system.

The conversion between pulse and impulse response constraints is based on the con
sideration that the Dirac delta function can be seen as the limit of a rectangular waveform 
with unity area when its duration tends to zero. Let us consider the offset condition for 
a rectangular input pulse of amplitude k and duration to and generalise the finding of the 
previous section. The requirement on the displacement of the response can be expressed 
as:

k\g{t) - g{t-to)\ < d for t>to, (3.22)

where g{t) is the response of an ECG filter of undefined transfer function to a unity in
put step and d is the maximum allowable offset. Both terms can be divided by the pulse 
amplitude and duration, yielding:
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Igit) ~ git - to)\ d
to

<
k to

for t > to- (3.23)

Substituting t = x + to leads to:

g{x + to) - gix)
to

< — for X > 0, 
~ A ~

(3.24)

where the area of the pulse. A, has been substituted for k to- The limit of the expression on
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the left side of Eq. (3.24) can be now calculated for to going to zero:

lim
g{x + to) - g{x)

tr
= g'{x) = h{x), (3.25)

where h{x) is the system impulse response. Since the step response g{x) is discontinuous 
at x = 0, its derivative is not defined here and this point excluded from the transformation. 
The condition on the displacement from the isolelectric line can thus be rewritten in terms 
of the impulse response as:

|/;.(x)| <
A

for X > 0, (3.26)

with d/A being approximately equal to 0.33 as seen from Table 3.3.
In a similar manner, the condition imposed on the slope of the pulse response can also 

be reduced to an inequality involving the filter impulse response. For input pulses of short 
duration, the requirement on the slope can, in fact, be reduced from

k lh(t) — h{t — to)] < m for t > to

to
Jl'{x) <

rn
A

for X > 0,

(3.27)

(3.28)

where m is the maximum acceptable slope and the value of the ratio rn/A is given in Table 
3.3 for different standards and recommendations.

As previously highlighted, the definition of the low-frequency characteristic of the ECG 
filter in terms of impulse response allows the time domain constraints to be simplified, which 
become independent of the geometry of the input signal. This type of formulation may also 
be beneficial to the direct design of the ECG filter from the specifications. An analytical ex
pression of the requirements for the system transfer function is indeed more easily derived 
from the impulse response. Furthermore, a suitable waveform to employ in practical tests 
could be freely chosen, provided its duration is limited compared to the system rise time.

On the other hand, for the transformation between pulse and impulse response con
straints to be fully legitimate, it would be necessary to prove that both time domain spec
ifications have actually been derived from the response of a 0.05 Hz first order highpass 
filter. As regards the offset condition, the informative material accompanying the EN 60601- 
2-47:2001 standard [63] indicates that the displacement from the baseline allowed after the 
pulse is indeed representative of the undershoot occurring for a single-pole 0.05 Hz system. 
However, the motivation for the slope constraint is unclear and appears to be related to the 
clinical significance of voltage changes across the ST segment. Therefore, not being able
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to determine the rationale behind the pulse response specifications, the author can only 
recommend that the formulation of the time domain requirements is made uniform through
out the different international standards and that the geometry of the input pulse to employ 
in the tests is completely defined. More specifically, a triangular wave resembling in ampli
tude and duration an average QRS complex could be used as input signal, as previously 
suggested by Heinonen [80] and Bailey [81]. The shape of the ST segment, which is a 
fundamental diagnostic feature of the electrocardiogram, is, in fact, primarily affected by the 
recovery of the electrocardiographic filter from the preceding QRS complex.

3.5 Filter phase response

3.5.1 Review of the phase linearity requirement

Even though no mention of the phase response of electrocardiographic recording systems 
is present in the normative section of the standards, strong relevance has been given in 
the literature to this characteristic of the ECG filter. Particular focus has been placed on 
the phase linearity of the highpass filter that determines the low-frequency behaviour of the 
ECG monitoring system [13, 18, 19, 24-26, 82].

The relevance attributed to the phase response of electrocardiographs at low frequen
cies can be traced back to the work performed in the early 1980’s by Tayler and Vincent 
[13, 25]. They noticed that artifactual ST segment distortions, such as those shown in 
Figure 3.11, can occur in ambulatory ECG records, thus impairing diagnoses related to 
myocardial ischaemia. Consequently, they analysed the amplitude and phase response of 
several ECG measurement systems, finding that ST segment distortion was present, even 
when the magnitude characteristic of these devices satisfied the flatness requirement spec
ified by the then current 1975 AHA recommendations [78]. Most of the electrocardiographs 
under study showed marked phase non-linearities, whose effect on the ST segment could 
be reproduced by applying an allpass filter to the ECG signal. Tayler and Vincent concluded 
that the phase shift introduced by the recording system delays the low frequency compo
nents of the QRS complex so that, in the time domain, they overlap the ST segment. It was 
thus suggested that, in order for the ECG waveform to be faithfully reproduced, electrocar
diographic monitors need to have a linear phase response and a flat amplitude response 
for frequencies as low as 0.5 Hz. This frequency is, in fact, sometimes considered the 
lowest limit of the ECG signal bandwidth, since it corresponds to a heart rate of 30 beats 
per minute (see Section 2.3.3). This article also proposed that ideally the ECG recording 
devices should have zero magnitude response at frequencies lower than 0.5 Hz to eliminate 
baseline drift and minimise low-frequency noise and interference.
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il U ii

Figure 3.11: Artifactual elevation of the ST segment produced by an ambulatory electrocar
diographic device (modified from [13]). An undistorted recording of a normal V2 lead signal Is 
presented in the upper trace. The bottom trace shows the same signal re-recorded using an 
ECG monitor that introduced ST segment abnormalities.

The 1990 AHA report [19] also contains references to the phase response of the elec

trocardiographic filter, even though the phase linearity condition is not included in the rec
ommendations for ECG recording devices. It is stated that a single-pole highpass system 

with 3dB-cutoff at 0.05 Hz does not cause noticeable distortions in the ST segment, T wave 
or QT interval, since the phase shift introduced by the filter is less than 6° for frequencies 

higher than 0.5 Hz, that is, over the ECG spectrum. The AHA recommendations also sug
gest that a system that fulfils the amplitude response requirements shown in Figure 3.1(c) 
and has a phase linearity at least equal to that of a 0.05 Hz first order highpass filter is likely 
to meet the pulse response criteria specified in the report and presented in Section 3.2.1.

The tradition of relating the distortion of the ST segment to the lack of phase linearity is 

deeply rooted and even recently published articles [18, 24, 26, 82] dedicate much attention 

to the phase response of the ECG equipment. These studies generally present the most 
recent international standards for electrocardiographic devices, which quantify the distor

tions introduced by the ECG filtering process based on the response to an input pulse and 
do not contain any reference to the phase response of the system. Nevertheless, the work 

by Abacherli and Schmid [82] still ends up concentrating on the low-frequency cutoff of the 

amplitude response and on the phase linearity of the ECG filter, be it analogue or digital, 

whereas the articles by Burri et al. [18] and Luo and Johnston [24] continually stress how 
artifactual elevation or depression of the ST segment can be eliminated if the filter has a 

linear phase characteristic.
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3.5.2 Comparison of phase and pulse response requirements

Despite the fact that the phase linearity requirement often appears alongside the specifi
cations on the pulse response of the measurement system [18, 19, 24, 82], it should be 
noted that these conditions are not equivalent. In order for the ECG signal to be faithfully 
recorded, the phase response of the equipment needs to be linear in-band. In fact, this 
ensures that all of the ECG frequency components are delayed by the same amount in the 
time domain, minimising the overlap of contributions due to the different constituent waves 
of the electrocardiogram. The phase linearity condition is, however, not sufficient to guar
antee that the offset and slope of the filter response to a set input pulse comply with the 
requirements outlined in the standards.

Generally speaking, if the shape of the input is to be preserved, the impulse response 
of the filter through which the signal is passing needs to have no overshoot or ringing and 
to be symmetrical about the time at which the peak occurs [83]. A filter satisfying these 
conditions should have an ideal Gaussian magnitude response and a perfectly linear phase 
response at all frequencies. A Gaussian magnitude response is, however, physically un- 
realisable, since it implies time domain responses starting at negative infinity when a input 
signal is applied at some finite time, that is, the system is not causal. Nevertheless, the filter 
amplitude should tend to approximate this type of response, which is perfectly smooth and 
without any abrupt change in attenuation at the cutoff frequency. The overshoot occurring 
in the impulse or step response of a filter is a consequence of the steepness of the am
plitude response at the cutoff and is exaggerated if the phase response is not linear over 
the whole bandwidth, since phase non-linearity leads to a non-symmetric impulse response 
[84]. Therefore, a system with a sharply changing attenuation at the cutoff inevitably gen
erates distortion in the time domain response, even when its phase response is perfectly 
linear.

Let us consider again the work by Berson and Pipberger [16] presented in Section 
3.2.2, which examined the errors introduced in the electrocardiogram by the low-frequency 
response of the recording system. They concluded that the distortions generated by the 
highpass filter are dependent on both the cutoff frequency and the steepness of the am
plitude response and, for this reason, excluded the possibility of employing a filter with a 
roll-off greater than 20 dB/decade, even when its 3dB-point is set as low as 0.05 Hz. The 
first order highpass filter proposed by this study was, however, used in the 1990 AHA re
port to suggest a general condition for the phase response of ECG recording devices. In 
abstracting a phase linearity requirement from the 0.05 Hz single-pole system, it was not 
considered that the properties of a first order system are completely determined by a single 
parameter, namely, the frequency of the pole. For a first order system, the shape of the
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magnitude and phase responses is fixed, with the cutoff point defining their position on the 

frequency axis. Furthermore, the amplitude of its impulse response is also determined by 
the pole frequency, as shown in Eq. (3.9). Therefore, setting the 3dB-point lower than the 

lowest ECG frequency component allows the phase non-linearity to be shifted outside of the 

signal bandwidth and, at the same time, decreases both the undershoot and the recovery 
slope of the pulse response. On the other hand, for higher order analogue or digital filters, 

the relationship between frequency and time domain characteristics is more complex and 

the amplitude and phase responses need to be considered simultaneously to determine the 
system time domain behaviour.

The dependence of the ST segment distortion on the slope of the ECG filter magni
tude characteristic was actually not recognised by Tayler and Vincent. This is substantially 

related to the amplitude response of the filter employed in their analysis to intentionally 

reduce the ECG signal components at low frequencies [13]. They performed a discrete 
Fourier transform on different electrocardiograms, reduced the magnitude of low-frequency 

harmonics and reconstructed the signal in the time domain, to compare it with the origi
nal. In particular, they attenuated the magnitude response by 10% at 2 FIz and 20% at 1 

FIz. This amplitude reduction is, however, less than the loss produced by applying a single
pole highpass filter to the ECG signal. The amplitude response for the first order system 
described by Eq. (3.1) is given by
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P
P + Po '

(3.29)

where /o = p/(27r) is the filter 3dB-point. Inverting the above equation allows the cutoff 

frequency to be calculated for a given attenuation occurring at a set frequency. For a loss 
of 10% at 2 Hz, the 3dB-point of the first order filter turns out to be 0.97 Hz. In other words, 

the attenuation of the single-pole filter at 1 Hz is approximately 30%, whereas the filter 

employed by Tayler and Vincent only causes a loss of 20% in the signal amplitude at the 

same frequency.

3.5.3 Analysis of a bidirectional filter

In order to provide an example of the lack of equivalence between phase and pulse re

sponse constraints, the characteristics of a bidirectional highpass filter are examined. This 

type of filter is often cited as a possible non real-time improvement over the single-pole 0.05 
Hz highpass filter [13, 18, 19, 24, 26, 77, 82], In 1975 Longini et al. [85] suggested for the 

first time the employment of bidirectional filters in biomedical applications to overcome the 
problem of phase shift being introduced into physiological signals by the recording system.
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X(t) h(t) y(t) v yc^-0 h(t) Z(t) I----- > z(T-t)

X(t) b(t) z(T-t)

Figure 3.12: Diagram illustrating how the bidirectional filter b{t) is derived from the base filter 
h{t). T represents the total duration of the input signal.

The input signal, after being filtered in the forward direction, is inverted and passed though 
the filter a second time. The output data are obtained by finally inverting the time axis. This 
process is illustrated in Figure 3.12.

Longini et al. proved that the phase characteristic of the bidirectional filter is null at all 
frequencies and its attenuation in decibels is double that of the base filter. Let us derive the 
transfer function of the bidirectional filter in order to highlight these properties. Using the 
convention shown in Figure 3.12, the transfer function of the output from the first pass is 
equal to

Y{s) = X[s)H{s). (3.30)

y[t) is subsequently inverted along the time axis and shifted by the duration of the signal, 
T, to obtain y{T - t). The time shift is introduced to allow the inverted signal to start at 
t = 0, that is, to be causal. The Laplace transform of this signal is given by

^[y{T-t)] = -e^^Y{-s)

The transform of the output from the second pass, z{t), is

(3.31)

Z{s) = -e^^Y{-s)H{s) (3.32)

and that of the ultimate output from the system can be expressed as

(3.33)

By substituting sequentially Eq. (3.32) and Eq. (3.30) into the previous equation, the final 
output of the bidirectional filter can be written as;

^[z{T-t)] = [-e-®^y(s)//(-s)]

^lX(s)H{s)]Hi-s)

= Xis) lH{s)H(-s)]. (3.34)
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Therefore, the transfer function of the bidirectional filter is B{s) = H{s)H{—s). Further

more, it should be noticed that the effect of the time shift introduced, after the first data 
inversion, to get a physically realisable signal, y{T — t), is balanced by the second time 

shift applied on the z{—t) signal. For .s = jcu, the Fourier transform of the bidirectional filter 
can be obtained as:

= 1^ ^ |Z - Z
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(3.35)

From the above equation, it is evident that the filter has a purely real transfer function and 

that no net phase shift is introduced in the filtering process:

\Diu;)\ = \H{u)f and ZB{u) = 0. (3.36)

If the base filter, H{s), through which the data are passed twice, is the first order high- 

pass filter described by Eq. (3.1), the amplitude response of the bidirectional filter can be 
simply obtained by squaring Eq. (3.29):

mf)\ = f
/2 + /(2 ’ (3.37)

where /o is the 3dB-point of the single-pole filter. Let us now determine the value of fo 
needed for the bidirectional filter to achieve a loss of 0.5 dB at 1 FIz, which is the passband 

limit specified in the 1990 AFIA recommendations for low frequencies (see Figure 3.1(c)). 
Inverting the above equation and substituting for an attenuation of 6% at 1 FIz, fo turns out 

to be approximately 0.25 FIz. The amplitude of both the first order highpass filter and the 
bidirectional filter obtained from it are shown in Figure 3.13.

The error introduced by the filters when a 3.33 mVx300 ms rectangular input pulse is 

applied at f = 5 s is presented in Figure 3.14. Even though the output characteristic of the 
bidirectional filter is superior to that of the first order base filter, the displacement from the 

isolectric line still exceeds the limit set by the 1990 AFIA recommendations to guarantee an 

acceptable low-frequency response for the ECG recording system. Therefore, the response 
of the bidirectional filter to an input pulse confirms that the phase linearity condition is not 

sufficient to prevent distortion in the time domain. Furthermore, it is also proven that a 

system fulfilling the 1990 AFIA amplitude response requirements and having a better phase 

linearity than that of a 0.05 FIz first order highpass filter does not meet the pulse response 

criteria specified by the AFIA recommendations, in contrast to what is stated in the 1990
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Figure 3.13: Magnitude response of a first order highpass filter having 3dB-point at 0.25 Hz 
and of the bidirectional filter constructed from it.

Figure 3.14: Error introduced by a 0.25 Hz first order highpass system and by the bidirectional 
filter derived from it when a 3.33 mVx300 ms rectangular input pulse is applied at i = 5 s. 
The limit defined in the 1990 AHA report for the undershoot is represented on the graph by the 
dashed line.
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Figure 3.15: Typical shape of a calibration ECG signal [9]. The ECG terminology is used to 
identify the principal components of the calibration signal.

report itself.

3.6 Alternative test of the filter response

The EN 60601-2-51:2003 European standard [9] outlines an alternative method of testing 
an electrocardiograph response which is based on calibration waveforms. These signals 

have a shape similar to the ECG, with intervals and durations of the constituent waves 

selected to simulate real electrocardiograms, but are defined by mathematical functions. 
The calibration waveforms are constructed in a piecewise fashion of first and second degree 
polynomials and sinusoids. Furthermore, the first and second derivatives of the signal are 

limited so that the onset and termination of the ECG constituent waves are smooth [9]. The 

general shape of a calibration ECG signal is shown in Figure 3.15.

The test specified in the standard allows simultaneous verification of the responses of 
the electrocardiographic device at both high and low frequencies. Given a set of input 

calibration ECGs, the output peak amplitude of R and S waves shall not deviate by more 

than 5% from the input values, whereas the error on the amplitude of the ST segment, as 
measured between 20 and 80 ms after the end of the QRS complex, needs to be limited 

to ±25 |iV. Furthermore, the ST segment slope cannot exceed 50 pV/s. The calibration 

signals employed in the test are shown in Figure 3.16 and the main properties of their 

constituent waves are reported in Table 3.5. It can be noticed that the waveforms exhibit 

varied features, so that they are representative of both normal and abmormal recordings
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Figure 3.16: Calibration signals used to test the electrocardiograph response according to the 
EN 60601 -2-51:2003 standard [86],
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Table 3.5: Features of the calibration waveforms shown in Figure 3.16 (from [87]).

Signal
Amplitude (pV) Duration (ms) HI3 (bpm)

P Q R S ST T P PQ Q R S QT

CAL20002 150 0 2000 -2000 0 400 76 128 0 50 50 334 120
CAL20000 150 0 2000 -2000 0 400 114 177 0 50 50 397 60
CAL20200 150 -2000 0 0 0 400 114 177 56 0 0 353 60
CAL20100 150 0 2000 0 0 400 114 177 0 56 0 353 60
CAL20110 150 0 2000 0 -200 400 114 177 0 56 0 353 60
CAL20160 150 0 2000 0 200 400 114 177 0 56 0 353 60
CAL20500 150 0 2000 -2000 0 400 114 177 0 18 18 333 60

in different leads. Monophasic, with either a positive or negative peak, and diphasic QRS 

complexes are present, as well as flat, depressed and elevated ST segments. Furthermore, 

for one of the signals the duration of the QRS complex is extremely limited, allowing the 
amplitude response of the system to be evaluated at the high end of the ECG frequency 

spectrum.
These calibration waveforms appear extremely useful for verifying the response of elec

trocardiographic filters or equipment. The distortion introduced by the recording device 

can be quantified with respect to a set of completely defined signals. Furthermore, the 
employment of standardised test inputs allows the performance of various ECG systems, 

proposed by different authors or implemented by different manufacturers, to be compared. 
The calibration waveforms could also find application in the design of electrocardiographic 
filters. The constraints imposed on the response to a mathematically defined QRS complex 
could be utilised to establish an appropriate system transfer function. Moreover, as pre

viously highlighted in Section 3.4.3, synthetic curves mimicking the QRS complex can be 

employed to assess the distortions the ECG recording equipment could introduce into the 
ST segment in actual measurements.

Even though the test employing the calibration waveforms is a formal part of a current 

international standard, these signals have rarely been used in practice to investigate the 
distortion introduced by ECG monitoring devices [86, 87] or filtering methods [70]. Further

more, in the latter case, the signal adopted to test filter performance does not have the same 

shape as the corresponding calibration ECG. Despite the fact that the fundamental ECG 
components have the same amplitude and approximate duration as those of the calibration 

signal, the QRS complex is modelled by a triangular wave. A possible explanation of the 

scarce use of these test signals is that they seem to be available only to electrocardiograph 
manufacturers and test institutions [9]. The author was, indeed, unable to find either the 

complete mathematical definition or a digital representation of the calibration waveforms. 
Consequently, the lack of this information seems to have greatly hindered the adoption and
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use of the calibration ECG signals in research studies. Moreover, notwithstanding the ben
efits that could be achieved from a common set of waveforms representative of the ECG 
signal, it appears that the interest in the calibration signals is diminishing. The test method
ology based on these standard waveforms has, in fact, been excluded from the European 
standard for electrocardiographic monitoring equipment (EN 60601-2-27:2006) [62], pub
lished more recently than the EN 60601-2-51:2003 which introduced them.

3.7 Conclusion

In this chapter, the evolution of the AHA recommendations for electrocardiographic equip
ment has been presented and the studies that have prompted modification of the ECG 
filter requirements over the years have also been described. Furthermore, the current in
ternational standards that need to be met by electrocardiographic devices to guarantee 
undistorted signal recording have been outlined. From the analysis of these standards and 
recommendations, it emerges that the requirements for the low-frequency response of ECG 
filters are particularly critical.

It appears indeed remarkable that present-day specifications for the highpass ECG filter 
are primarily based on a study performed in the 1960’s, in which Berson and Pipberger [16] 
suggested the employment of a 0.05 Hz single-pole system to suppress low-frequency 
noise. The requirements derived from this filter are extremely stringent, but a relaxation 
of the specifications cannot be backed up, since there is practically no other study on the 
subject. Only one recent work analysing the distortion that can be introduced into the 
ECG signal by inadequate highpass filtering has been found by the author [18]. This study 
investigates how ST segment abnormalities due to inadequacies in the recording equipment 
can potentially be mistaken for signs of myocardial infarction. The authors recorded 12-lead 
electrocardiograms on 20 healthy subjects, applying different first order highpass filters with 
cutoff frequencies between 0.05 Hz and 1 Hz. The distortions occurring in the ST segment 
were then measured and it was concluded that no significant ST elevation or depression is 
present in the records for filters having 3dB-point as high as 0.1 Hz. It should be stressed 
that, even in this study, an essential role is played by the 0.05 Hz single-pole filter, which is 
the benchmark used to assess the performances of the other analogue highpass systems. 
Given the widespread relevance still attributed to the 0.05 Hz first order filter [26, 82], this 
system will be employed in the remainder of this thesis as a reference for the design of the 
highpass electrocardiographic filter.

Special attention has also been devoted in this chapter to the current formulation of the 
highpass specifications for the ECG filter. At present, the low-frequency characferistics of

CHAPTER 3. ECG FILTER CHARACTERISTICS AND REQUIREMENTS
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the electrocardiographic system are detailed in terms of its response to an input pulse. How

ever, in the 1990 AHA recommendations [19] and in the European standard for diagnostic 

electrocardiographic recorders (EN 60601-2-51:2003) [9], the geometry of this input signal 
is not thoroughly defined and only its area is specified. It has been shown that, even for a 

simple single-pole system, the pulse response is actually dependent on the shape of the 
input waveform and that there is a non-linear relationship between the duration of the input 

pulse and the characteristics of the output signal on which the constraints for undistorted 
ECG recording are imposed. It is thus suggested by the author that a unique geometry is 

defined across all of the international standards and it is proposed that an input waveform 

resembling in shape, amplitude and duration the QRS complex is employed in the test. A 

triangular pulse, or a modified version of the calibration ECG signals described in the EN 

60601-2-51:2003 standard, could be utilised for this purpose. Furthermore, it has been 

demonstrated how the specifications for the pulse response could be more conveniently 
expressed in terms of requirements for the filter response to an input Dirac delta function. 

The transformation between requirements is valid provided that the time domain conditions 
have been derived from the response of the 0.05 Hz single-pole highpass filter to an input 

signal of very short duration.
Finally, it has been highlighted how the phase response of the highpass ECG filter has 

been given focused attention over the years, even if no requirement is specified for this char

acteristic by either the AHA recommendations or the international standards. It has been 
pointed out that the phase linearity condition suggested by Tayler and Vincent [13, 25] is less 
stringent than the constraints set on the pulse response to guarantee accurate ECG record
ing. In order to prove the difference between phase and pulse response requirements, it 

has been shown that a bidirectional filter, designed to fulfil the passband amplitude limits 

described in the 1990 AHA report, does not satisfy the time domain specifications, despite 
having a null phase response at all frequencies.
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Chapter 4

Lowpass filter design

4.1 Introduction

Since the high-frequency requirements specified by the international standards are not very 
demanding [9, 15], finding a lowpass characteristic that satisfies them is quite straightfor
ward. In fact, provided that the magnitude response does not need to be particularly steep 
at the cutoff frequency, some of the classic filter transfer functions guarantee a good degree 
of phase linearity as well as limited transient response overshoots [83, 84], On the other 
hand, a thorough review of the advantages and drawbacks of using different filter families 
in electrocardiographic applications has never been performed.

In this chapter, the constraints employed in the design of the EGG lowpass filter are 
illustrated and four types of transfer function that fulfil these requirements are presented. 
Their frequency and time domain characteristics are compared with regard to passband 
flatness, in-band group delay variation and maximum amplitude of the step response over
shoots. Furthermore, the responses of these filters to a triangular input pulse are tested 
for compliance with the specifications set by the standards. Finally, the influence of the 
filter out-of-band rejection on the choice of sampling frequency in a digital EGG monitoring 
system is investigated.

4.2 Lowpass filter requirements

The amplitude specifications for the lowpass filter, shown in Figure 4.1, are determined as 
the strictest combination between the high-frequency requirements for EGG recording sys
tems detailed in the American standard ANSI/AAMI EG11:1991/(R)2001/(R)2007 [15] and 
in the 1990 AFIA recommendations [19]. According to the latter publication, the passband 
ripple is restrained to ±0.5 dB, whereas the frequencies defining the passband interval and
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Figure 4.1: Requirements set for the magnitude response of the lowpass EGG filter.

the 3dB-cutoff are set as specified in the standard. In summary, the amplitude of the EGG 
lowpass filter needs to be flat to within ±0.5 dB up to at least 40 Hz and the 3dB-point 
must be at least 150 Hz. These magnitude specifications are not particularly stringent and, 
indeed, are satisfied even by a first order filter. On the other hand, since the EGG filter 
should eliminate as much noise as possible outside the signal spectrum, it is advisable that 
the lowpass filtering system has a stopband rejection greater than that of a single-pole filter.

Furthermore, to ensure faithful reproduction of the input signal, it is essential for the filter 
phase response to be approximately linear over the EGG bandwidth. In other words, the 
filter group delay, defined as:

rfg(u)

duj
(4.i:

where 9{u) is the system phase response, needs to be constant over the EGG spectrum. 
This guarantees that the individual constituent waves in the EGG signal are delayed by 
the same amount and the time overlap of EGG components having different frequency 
content is avoided. Another condition necessary to minimise the distortion introduced by 
the recording system is the absence of excessively large overshoots or prolonged ringing in 
the time domain response of the filter. Since no particular requirement for the time domain 
response of the lowpass filter is defined by either the AHA recommendations [19, 64] or the 
international standards [9,15, 62, 63, 77], a guideline for the maximum allowable overshoot 
can be obtained from the specifications set for the response of EGG monitoring system 
to a 300 pVs pulse, which were previously illustrated in Section 3.3.1. Both European 
and American standards require that an undershoot larger than 100 pV is not produced
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when a rectangular pulse of 3 mV amplitude and 100 ms duration is applied at the input 
of the recording system. If the settling time of the system under consideration is much 
shorter than 100 ms, the rise and fall phase of the rectangular waveform can be considered 
independently. This appears to be the case for the lowpass filter under design. In fact, the 
time constant of a first order filter with 150 Hz 3dB-cutoff is approximately 1 ms and the 
settling time of higher order systems is expected to be of the same order of magnitude, that 
is, quite small compared with 100 ms. Therefore, for an input step of 3 mV amplitude, the 
overshoot in the output signal needs to be limited to 100 pV, i.e. the maximum percentage 
overshoot allowed is equal to 3.3%.

4.3 Overview of classic responses

Even though little information is available regarding the characteristics of lowpass filters 
for use in EGG monitoring equipment, implementations appear to be based mainly on the 
Bessel transfer function. In particular, fourth and eight order systems with 3dB-point be
tween 100 and 250 Hz have been previously employed as front-end filters [20-22, 31,88]. 
In the remainder of this section, the frequency and time domain characteristics of different 
filter families, including the Bessel type, are presented and compared to determine the op
timum trade-off between stopband rejection, phase response linearity and damping of the 
step response. In order to keep the complexity of the implementation at a minimum, the 
investigation has been restricted to all-pole transfer functions.

The cutoff frequency of the filters under analysis has been fixed to 150 Hz, so that 
the highest reduction of frequency components outside the bandwidth of the electrocar
diographic signal can be achieved. In fact, even though it has long been recognised that 
very high frequency components are present in the QRS complex [60, 89, 90], a passband 
limit of 150 Hz is considered sufficient, according to the standards and recommendations 
[15, 19, 64], to guarantee undistorted EGG recording. Furthermore, the use of this 3dB- 
cutoff frequency is quite customary in EGG recording and analysing systems. For example, 
the upper limit of the EGG spectrum is set to 150 Hz by the analysing algorithms utilised 
by Philips Medical Systems (Andover, MA) [67] and GE Healthcare (Freiburg, Germany) 
[91]. Moreover, both the integrated electrocardiographic device proposed by Schiller (Baar, 
Switzerland) [92] and the design suggested for the analogue front-end of EGG equipment 
by Texas Instruments (Dallas, TX) [93] contain a lowpass filter having 3dB-cutoff frequency 
of 150 Hz.
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4.3.1 Butterworth

Let us first consider the Butterworth transfer function, which was actually employed by 

Van Alste et al. [94] and Vehkaoja and Lekkala [95] for electrocardiographic measurements. 
This family of filters is often selected for its mathematical simplicity and for the low sensitivity 

of its response to parameter changes [84], The Butterworth transfer function is determined 

by approximating the ideal rectangular magnitude response in the Taylor sense at zero fre

quency. That is, the magnitude characteristic is made maximally flat for / = 0 Hz and, 
the higher the approximation order ji, the flatter the amplitude curve is at this frequency. 

Butterworth polynomials [83] can be identified as the denominator of the normalised trans

fer function of this kind of filter. The Butterworth magnitude characteristic, which for the 

normalised filter is equal to [84]:

1
\/r OJ2ri ’

(4.2)

is monotonically decreasing and, the higher the order, the faster the gain is reduced with 
frequency in the stopband region. Indeed, the magnitude steepness is limited at the cutoff 

frequency, whereas for higher frequencies the gain decreases at the rate of 20n dB/decade, 
as illustrated in Figure 4.2(a). The group delay of Butterworth filters shows a maximum just 

below the cutoff frequency, as is evident from Figure 4.2(b), and the phase response of 
the system can be considered reasonably linear only for frequencies lower than half the 
bandwidth [84]. Furthermore, the step response, depicted in Figure 4.2(c), shows marked 
overshoot, whose amplitude increases with the filter order, as summarised in Table 4.1.

Overall, the features of the Butterworth phase and time domain responses prevent the 
employment of this type of filter in the context of ECG recording. An approximately flat group 

delay characteristic over the bandwidth of the electrocardiographic signal could, indeed, be 
achieved by doubling the cutoff frequency at the expense of a reduced rejection of the noise 

components in the frequency interval between desired and actual 3dB-points, i.e. between 
150 and 300 Hz. On the other hand, even for n = 2, the step response overshoot is larger 

than the guideline maximum of 3.3% outlined in the previous section. Therefore, due to

Table 4.1: Amplitude of the maximum overshoot in the step response of Butterworth filters.

Order n Overshoot (%)

2 4.3
3 8.1
4 10.8
5 12.8
6 14.3
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Figure 4.2: Time and frequency domain characteristics of Butterworth filters of order 2 < n < 6 
with 3dB-cutoff at 150 Hz. This cutoff frequency is identified by the vertical line in the magnitude 
(a) and group delay (b) plots.
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its unsuitability for applications, such as electrocardiographic monitoring, that only allow 

for minimal time domain distortions, Butterworth filters will not be considered further in the 
review of classic characteristics for the design of the ECG lowpass network. Other lowpass 

transfer functions, such as the Chebyshev type (see Section A.2.1), that are characterised 

by a magnitude response steeper than that of the Butterworth filter in the transition region 

will also not be discussed. In fact, since the transient response overshoot is substantially 
linked to the rapid change in attenuation at the cutoff frequency [84], the peak occurring in 

the step response of this kind of filters will be even larger than that of a Butterworth network 

of the same order.

4.3.2 Gaussian

The magnitude response of the Gaussian transfer function is derived as an approximation 

of the ideal Gaussian amplitude:

- „-^V2 (4.3)

To obtain a physically realizable network, the exponential in the magnitude-squared ideal 
response is replaced with its Taylor series expansion of order n:

1 1

1 +uj‘^ +
CO OJ

n\

2n (4.4)

The filter order determines the accuracy of the approximation. For example, the ideal Gaus
sian magnitude response is approximated within 1 dB up to the IldB-point by the fourth 

order filter and to about the 18dB-point by the sixth order one [83]. The frequency and time 
responses, which are illustrated in Figure 4.3 for filters having a 150 Hz bandwidth, are 

obtained from the pole locations of normalised Gaussian filters [96]. It should be noted that 

the group delay, shown in Figure 4.3(b), is flat up to frequencies close to the cutoff point and 
that, as the order of the filter increases, this characteristic improves even further. The step 

response of Gaussian magnitude filters, depicted in Figure 4.3(c), does not show any ap

preciable overshoot either. In fact, as previously discussed in Section 3.5.2, no overshoot or 
ringing is present in the time domain characteristics of a system having an ideal Gaussian 

amplitude response, of which the Gaussian filter is an approximation.
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Figure 4.3: Time and frequency domain characteristics of Gaussian filters of order 2 < n < 6 
with 3dB-cutoff at 150 Hz.
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4.3.3 Bessel

A Bessel filter is obtained when the group delay approximates to unity in the Taylor sense 
at zero frequency, that is, the group delay characteristic is maximally flat for / = 0 Hz. 
The phase response of the system can thus be considered linear from 0 Hz to a certain 
frequency determined by the order of the filter. The denominator of this maximally flat delay 
transfer function, which is related to a class of Bessel polynomials, can be determined from 
the recursive formula [84, 96]:

Dnis) = {2n — l)Bn-i{s) + s^Bn-2{s) with Bq = 1 and i?i(5') = s+l (4.5) 

and the Bessel transfer function can be expressed as:

H{s) =
BnjO)

(4.6)

The frequency and time domain characteristics of Bessel filters of order 2 < n < 6 with 
3dB-cutoff at 150 Hz are presented in Figure 4.4.

The selectivity of the Bessel filter is slightly better than that of a Gaussian filter of the 
same order. However, both filter types have poor attenuation characteristics and do not 
present a sharp rejection onset at the cutoff frequency [83], as shown in Figures 4.3(a) and 
4.4(a) for Gaussian and Bessel filters, respectively. Understandably, the passband group 
delay is flatter for the Bessel filter than for the Gaussian and, indeed, the Gaussian filter 
cannot be used in certain applications due to its phase response not being sufficiently linear 
[83]. On the other hand, the transient overshoot of the Gaussian filter is limited compared 
to that of the Bessel response. Nevertheless, the Bessel characteristic will also approach 
the ideal Gaussian response, as the filter order goes to infinity [84].

4.3.4 Linear phase with equiripple error

A constant group delay is more efficiently approximated when an equiripple approximation 
is used rather than a maximally flat one. For a given filter order, the Chebyshev delay 
approximation can be considered constant over a wider frequency range than the Taylor 
one, since in the latter case all the degrees of freedom of the system are employed to 
shape the approximating curve to be maximally flat at zero frequency. Even though the 
transfer function of all-pole lowpass filters having equiripple delay has been numerically 
determined, the location of the poles is generally tabulated for absolute values of the delay 
ripple [97]. This formulation, however, is not particularly suitable for filter design and, in the 
literature [83, 84, 96, 98], preference has been given to an almost equivalent class of filters
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Figure 4.4: Time and frequency domain responses of Bessel filters of different orders having 
150 Hz 3dB-bandwidth.
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that are characterised by an approximately linear phase response. The transfer function of 
these filters is actually derived by applying a Chebyshev approximation to the system phase 
characteristics, instead of its delay response.

The procedure for determining the pole locations of the filters having linear phase with 
equiripple error was illustrated by Humpherys [96]. The transfer function of the all-pole 
lowpass filters was expressed as:

Ho
nl2

+ akf' +

H{s) = Ho
(n-l)/2

{s + p) [(s +
k=l

for n even

for n odd
(4.7)

that is, the filters are characterised by complex conjugate poles (a^ > 0) except for a nega
tive real pole, —p, when n is odd. The phase response was derived as:

0{uj)

n/2

E
k=l

tan -1 2ok00

tan -1 CO

P

Oik'^ + 
(n-l)/2

E
k=\

tan
2akCo

+ Pk -

for n even

for n odd.

(4.8)

The error function was selected as the difference between the actual phase characteristic 
and the ideal linear phase response:

E{uj) = —9{(jj) — TTCU, (4.9)

where is negative. A Chebyshev approximation of this error function was then obtained 
by defining a system of n non-linear equations of the form [96]:

7re
Ei{uji) = -9{ui) - Txuji + = 0

ioU
when i = 1,2,..., n, (4.10)

where, according to Figure 4.5, e is the maximum allowable phase deviation in degrees and 
cji the frequency of a maximum or a minimum of the error function. Since there is no closed 
form solution to this equiripple error approximation problem, the location of the poles in 
Eq. (4.7) were derived using an iterative procedure [96]. In summary, the phase response 
of this type of filters approximates a line over a finite frequency range, which, for a given 
bandwidth, is determined by the filter order n. Over the approximation interval, the number
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Figure 4.5: Error function for the Chebyshev approximation of a linear phase response (modi
fied from [96]).

of points characterised by maximum phase deviation is (n -f 1), as shown in Figure 4.5. 
Furthermore, increasing the phase ripple e extends the region over which the group delay 
can be considered constant deeper into the stopband and yields a greater attenuation at 
high frequencies [98].

The pole locations of the filters having linear phase with equiripple error are tabulated 
for e = 0.5° [96]. For this ripple value, the magnitude characteristics, group delays and 
step responses of filters of various orders are illustrated in Figure 4.6, whereas their phase 
responses are shown in Figure 4.7. The 3dB-passband limit is fixed to 150 Hz in these 
representations. Even though the filters having linear phase with equiripple error are not 
characterised by a sharp cutoff, their stopband attenuation is greater than that of Bessel 
filters of the same order and reaches 20n dB/decade deep into the stopband [83]. This is 
evident when comparing Figures 4.6(a) and 4.4(a). On the other hand, both types of filter 
have approximately the same amplitude response in-band and in the transition region. As 
regards the transient characteristics, the overshoot is generally more pronounced and the 
ringing is more prolonged for the filters having linear phase with equiripple error than for 
Bessel filters [98].

4.3.5 Equiripple impulse overshoot

The transfer functions of lowpass filters having equiripple overshoot in either the impulse or 
the step response were numerically derived by Jess and Schussler [99, 100]. They defined 
an approximation problem that forced the time domain overshoot to oscillate in an equiripple 
manner about its steady state value. For an all-pole filter of order n, whose transfer function 
is given by Eq. (4.7),(?7 - 1) degrees of freedom were employed to constrain the amplitude 
of the first (n - 1) overshoots or undershoots in either the impulse or the step response
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Figure 4.6: Time and frequency domain characteristics of filters having linear phase with 
equiripple error (f = 0.5°) of order 2 < n < 6 for a 3dB-cutoff frequency of 150 Hz.
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Figure 4.7: Phase characteristic of filters having linear phase with equiripple error (e = 0.5°) of 
order 2 < n < 6 for a 3dB-cutoff frequency of 150 Hz.

to be equal to the maximum allowable value, qt [96]. The other two free parameters were 
used to make the gain of the system unity at zero frequency:

\H{0)\ = 1, (4.ii:

and to set the magnitude response of the filter equal to a desired attenuation, Qf, at the 

critical frequency ujc'.

\H{u,)\ = qf. (4.12)

An iterative procedure was employed by Jess and Schussler to numerically solve the system 
of non-linear equations described by the above conditions and, thus, determine the location 

of the poles of the lowpass transfer function H{s). The poles of both equiripple step and 

equiripple impulse overshoot networks were tabulated for qt = qj = 0.01 and Uc = 1 rad/s 

[99]. That is, the amplitude of the time domain ripple is set to ±1% and the attenuation of 

the filter is equal to 40 dB for a stopband limit of 1 rad/s.
The magnitude, group delay and step response of 1% equiripple impulse overshoot 

filters of different orders are shown in Figure 4.8 for a 3dB-passband limit of 150 Hz and a 

sketch of their impulse response is presented in Figure 4.9. When comparing Figures 4.8(a) 

and 4.6(a), it appears evident that the stopband attenuation of these filters is quite similar to 

that of the constant-delay types previously presented. From Figure 4.8(b), it should also be 

noticed that the group delay characteristic shows a peak in the stopband for orders n > 5. 
However, since the attenuation at the frequency of the peak is sizable, i.e. more than 10 dB
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Figure 4.8; Time and frequency domain characteristics of 1% equiripple impuise overshoot 
filters of order 2 < n < 6 having a 150 Hz bandwidth.
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Figure 4.9; Typical impulse response of an equiripple impulse overshoot filter of order n = 5 
(modified from [96]).

for both fifth and sixth order filters, the effect of this delay peak on the time domain overshoot 

is negligible [84]. Except for the case n = 2, the filters derived by imposing the equiripple 
overshoot condition on the step response are different from those obtained by constraining 
the impulse response overshoot [100]. The group delay response of equiripple step filters, 

illustrated in Figure 4.10 for a 1% overshoot, is indeed characterised by larger peak than 
that occurring in the response of equiripple impulse filters (see Figure 4.8(b)). The group 
delay variation for equiripple step overshoot filters is therefore expected to be larger than 

for the equiripple impulse overshoot ones. The percentage group delay variation calculated 
over the filter 3dB-bandwidth for a 1% equiripple step overshoot filter is presented in Table 

4.2. Comparing these values with those obtained for the 1% equiripple impulse overshoot 

filter, illustrated in Table 4.3, shows that the in-band group delay variability is similar for n = 
3 and n = 4, but considerably lower in the latter case for n >5. Furthermore, this reduced 

delay variation does not appear to have a detrimental effect on the step response overshoot 
of the equiripple impulse filter, which can be seen from Table 4.3 to be lower than 1%. The 

equiripple impulse filter was, therefore, chosen for the comparison with the other transfer 

functions previuosly presented in this section.

Obviously, other types of all-poles transfer functions that allow a good compromise be

tween time and frequency domain characteristics have been described in the literature [96- 
98]. One such transfer function was analytically derived by Rakovich et al. [101] and, sim

ilarly to the filters obtained by Jess and Schussler [99, 100], a maximum amplitude for its 
impulse response overshoot can be specified. In this case, however, the transient over

shoot is not forced to have an equiripple behaviour and the steady state is reached faster
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Figure 4.10: Group delay characteristic of 1 % equiripple step overshoot filters of order 2<n< 
6 for a 3dB-cutoff of 150 Hz.

Table 4.2: In-band group delay variation for a 1% equiripple step overshoot filter.

Order n Group delay variation (%)

2 16.4
3 6.1
4 5.3
5 4.4
6 4.6

than by the equiripple impulse overshoot filter. On the other hand, when the same allowable 
overshoot is selected, the filter proposed by Rakovich at al. is identical to the one designed 
by Jess and Schussler for n = 3 and there is no appreciable difference between the two 
solutions for n = 4 and n = 5. For higher order systems, the equiripple impulse overshoot 
filters actually provide a higher stopband selectivity [101].

4.4 Verification of the system requirements

4.4.1 Comparison between responses

Relevant frequency and time domain characteristics for the filter responses presented in the 
previous section are summarised in Table 4.3. The passband limit, defined as the frequency 
at which the attenuation is equal to 0.5 dB, ranges from 55 to 75 Hz, with an average value 
dependent on the transfer function family of between 60 and 65 Hz. Therefore, since the
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Table 4.3: Frequency and time domain properties of the lowpass filters under analysis, for a 
3dB-bandwidth of 150 Hz.

Order n /o.5dB (Hz)
Group delay 
variation (%)

Group delay 
variation (ms)

Max step response 
overshoot (%)

Gaussian

2 59.5 24.1 0.3 0.1
3 60.9 13.5 0.2 0.1
4 61.1 8.8 0.2 0.0
5 61.1 6.4 0.1 0.0
6 61.1 5.1 0.1 0.0

Bessel

2 63.3 19.1 0.3 0.4
3 64.3 6.4 0.1 0.8
4 63.5 1.8 0.0 0.8
5 62.7 0.4 0.0 0.8
6 62.5 0.1 0.0 0.6

Linear phase with equiripple error (e = 0.5°)

2 74.3 15.4 0.2 2.1
3 55.0 6.0 0.1 0.4
4 71.0 4.9 0.1 1.8
5 53.3 4.5 0.1 0.0
6 69.8 4.2 0.1 1.0

Equiripple impulse (1% overshoot)

2 67.2 16.4 0.2 1.0
3 55.5 6.9 0.1 0.0
4 67.6 6.8 0.2 0.8
5 57.6 2.6 0.1 0.0
6 64.2 2.1 0.1 0.5

passband limit is consistently higher than 40 Hz and the 3dB-cutoff point is fixed to 150 Hz, 
it can be concluded that all of the systems analysed satisfy the amplitude requirements for 
the ECG lowpass filter illustrated in Figure 4.1. It is also worthwhile noting that the in-band 
amplitude behaviour of both types of equiripple filters is dependent on whether the system 
transfer function contains an even or an odd number of poles, indeed, the frequency at 
which an attenuation of 0.5 dB occurs is much lower for odd order equiripple filters than 
for even order ones. The positive counterpart to this reduced passband flatness is the 
limited amplitude of the step response overshoot of odd order systems, as indicated by the 
rightmost column in Table 4.3. It should be pointed out that the maximum step response 
overshoot is lower than 3.3% of the steady state value for all the filters studied. That is, the 
transient overshoot can be considered sufficiently small according to the guideline drawn in
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Section 4.2.

Regarding the linearity of the phase response, it can be noticed that for second order 

filters the percentage group delay variation is particularly large, i.e. about 15% to 25%. On 
the other hand, for all the transfer function types, the variability in group delay decreases 

substantially with the order and the absolute delay variation over the 3dB-passband is lim

ited to a maximum of 0.3 ms, even for n = 2. Such a time shift between the maximally 

and minimally delayed frequency components of the EGG spectrum does not appear to be 

relevant when digitisation of the signal after the analogue front-end of the measurement 
system is performed at a sampling frequency of about 1000 Hz, which is often used in elec

trocardiographic recordings [18, 102-105]. In fact, as long as the sampling period is larger 
than the maximum difference in group delay, the lag of the time domain contribution of the 

maximally delayed frequency will not be sufficient for it to be superimposed onto the value 

of the following sample instead of adding to the current output. If high resolution records 
are required for specific EGG analyses, such as detection of pacemaker pulses [24, 64], the 

lowpass filter should be suitably chosen so that the absolute group delay variation is limited 
compared with the sampling period. In particular, all the 5th and 6th order systems shown 

in Table 4.3 would be adequate for a sampling frequency of up to 5000 Hz and Bessel filters 
could be employed to achieve an even higher time resolution.

In summary, excluding the second order filters, which have a large percentage group 
delay variation over the passband, all systems under analysis seem to be suitable for the 
design of the front-end lowpass filter for EGG recording equipment. The magnitude speci
fications set in Section 4.2 according to the current American diagnostic standard [15] and 

1990 AHA recommendations [19] are satisfied. The in-band group delay variability can be 
considered negligible for sampling rates in the region of 1000 Hz and the maximum ampli

tude of the step response overshoots is at most 1.8% of the steady state value.

4.4.2 Response to a triangular input wave

As discussed in Section 3.3.1, in order to test the ability of the EGG filter to correctly re

produce the narrow R wave of an EGG signal, current European and American standards 

require the output amplitude of two input triangular waves to be compared [9,15,62,63,77]. 
Figure 4.11 shows the input waveforms, having 200 and 20 ms durations, respectively, and 

the corresponding responses for the 6th order Bessel filter with a 3dB-cutoff frequency of 

150 Hz. The output amplitude of the narrow triangular wave is about 6.5% less than that 

of the wider wave. As summarised in Table 4.4, all the filters previously analysed cause 

approximately the same amplitude reduction on the 20 ms wave and even a first order filter 
with the same bandwidth would not attenuate the narrow pulse by more than 6.7% com-
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Figure 4.11: Input triangular test waves and corresponding output signals for a 150 Hz 6th 
order Bessel filter.

Table 4.4: Output amplitude reduction of the narrow triangular wave (20 ms) with respect to the 
reference wave (200 ms) for various 4th and 6th order filters, all having 150 Hz 3dB-bandwidth.

Reduction (%)

Filter type 4th order 6th order

Gaussian 6.4 6.4
Bessel 6.4 6.4
Linear phase with equiripple error (e = 0.5°) 6.0 5.9
Equiripple impulse (1% overshoot) 6.1 6.3

pared to the output amplitude of the 200 ms triangular wave. Hence, the stricter requirement 
of the American standard for diagnostic electrocardiographs, which specifies a maximum 
amplitude reduction of 10%, is satified by the different lowpass filter designs.

4.5 Considerations regarding the sampiing frequency

The analysis of the lowpass characteristics performed in the previous section does not con
sider in detail the filter rejection in the transition region and in the stopband. As highlighted 
by Luo and Johnston [24], the international standards [9, 15, 62, 63, 77] and the AHA 
recommendations [19, 64], from which the system specifications have been derived, do not 
actually delineate a minimum output amplitude reduction for the ECG filter outside the pass- 
band. Nonetheless, the out-of-band rejection constitutes an essential criterion that should 
be evaluated together with the passband magnitude, the phase response and the transient
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overshoot when the filter characteristic is chosen. In fact, a fundamental function of the 
analogue lowpass front-end filter, aside from eliminating the high-frequency noise outside 
the ECG spectrum, is to prevent aliasing when the electrocardiographic signal is sampled. 
According to the Nyquist theorem, the sampling frequency, fg, should be greater than twice 
the bandwidth of the analogue signal [106]. Since the input signal of ECG recording de
vices cannot be considered truly bandlimited, the analogue front-end filter needs to achieve 
a substantial amplitude reduction at frequencies higher than /s/2, that is, the Nyquist fre
quency. If the signal components at these frequencies are not adequately reduced, their 
spectral image, i.e. the alias, centred around the sampling frequency will interfere with the 
baseband spectrum of the signal, leading to distortion of the sampled ECG.

Table 4.5 presents a summary of the out-of-band rejection properties of the different 
filter types, when the 3dB-cutoff is set at 150 Hz. The attenuation is measured at 250 and 
500 Hz, i.e. the Nyquist frequencies for sampling rates of 500 and 1000 Hz, respectively, 
where 500 Hz is the lower limit for the sampling frequency recommended in the 1990 AHA 
report [19] and the current European standard for recording and analysing electrocardio
graphs [9]. As outlined in Section 4.3, the filter families under consideration do not provide 
strong attenuation at frequencies higher than the cutoff because the reduced amplitude of 
the transient overshoots is only achievable at the expense of decreased steepness of the 
magnitude response in the transition region. It can thus be noticed that, irrespective of the 
filter order, the attenuation at 250 Hz lies between 7 and 10 dB, that is, the amplitude of the 
output signal is at most reduced to one third of its input value at this frequency. Therefore, 
none of the filters analysed can guarantee sufficient out-of-band rejection to allow the use 
of the minimum sampling frequency, as pointed out in the American standard for diagnos
tic electrocardiographic devices [15]. In fact, due to the limited amplitude reduction of the 
spectral components between 250 and 500 Hz, a consistent overlap occurs between their 
aliases and the baseband signal spectrum in the frequency range between zero and the 250 
Hz Nyquist limit, as clearly depicted in Figure 4.12(a). On the other hand, if the sampling 
frequency is chosen to be 1000 Hz, then 5th and 6th order filters having either linear phase 
with equiripple error or impulse response with equiripple overshoot, as well as the 6th order 
Bessel filter, can be employed for the ECG lowpass filter. In this case, the amplitude of the 
output signal at 500 Hz is less than 2% of that of the input signal and the aliasing distorsion 
introduced on the sampled ECG can be considered negligible, as shown in Figure 4.12(b). 
As illustrated in Figure 4.13 for n = 6, the magnitude response of Gaussian filters after the 
cutoff frequency does not decrease as fast as that of the other types of transfer function. 
Since the output amplitude at 500 Hz is almost 4% even for the 6th order system, a higher 
order Gaussian transfer function might be chosen for the front-end lowpass filter. It should, 
however, be recognised from Table 4.5 that the increase in rejection at 500 Hz is not pro-

86



CHAPTER 4. LOWPASS FILTER DESIGN

Table 4.5: Out-of-band attenuation characteristics of the lowpass filters under analysis, for a 
3dB-bandwidth of 150 Hz.

^ , Attenuation @Order n
250 Hz dB

Attenuation @ 
500 Hz (dB)

Amplitude @ 
500 Hz (%)

Gaussian

2 7.1 16.3 15.4
3 7.8 20.7 9.2
4 8.2 24.2 6.2
5 8.3 26.9 4.5
6 8.3 28.9 3.6

Bessel

2 7.5 17.4 13.5
3 8.7 23.4 6.8
4 9.3 28.4 3.8
5 9.4 32.5 2.4
6 9.3 35.7 1.6

Linear phase with equiripple error (e = 0.5°)

2 8.5 19.4 10.7
3 10.2 27.8 4.1
4 9.5 34.0 2.0
5 9.0 39.0 1.1
6 9.0 42.9 0.7

Equiripple impulse (1% overshoot)

2 7.9 18.3 12.2
3 8.9 25.4 5.4
4 8.6 31.6 2.6
5 8.6 37.7 1.3
6 9.0 43.7 0.7

portional to the filter order and less than 2 dB additional attenuation would be gained for n 

= 7.

Overall, it can be concluded that the analogue lowpass filters under study cannot pre
vent aliasing if the sampling frequency is chosen lower than 1000 Hz. Since the current 
2007 AHA scientific statement [64] recommends a sampling rate for the front-end analogue 
to digital conversion much higher than that used in later stages for the ECG processing, a 
different approach can be employed. The electrocardiographic signal is initially oversam
pled, then digitally filtered to drastically reduce the spectral content at frequencies higher 
than half of the final required sampling rate and lastly downsampled to a frequency as low 
as 500 Hz [20, 24]. Evidently, the digital filter used in this process also needs to satisfy 
the requirements defined in Section 4.2 for the passband amplitude, phase response and
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850 1000 Frequency (Hz)

Figure 4.12: Overlap between the baseband spectrum and the spectral aliases produced by 
the digitisation of the EGG signal for different sampling frequencies.

Figure 4.13: Amplitude response of different 6th order filters having 150 Hz as 3dB-cutoff.
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transient overshoots, when combined with the front-end analogue filter.

4.6 Conclusion

In this chapter, different designs for the front-end lowpass filter of diagnostic ECG moni
toring systems have been analysed and compared. Based on the magnitude and pulse 
response requirements set by the 1990 AHA recommendations [19] and the ANSI/AAMI 
EC11:1991/(R)2001/(R)2007 American standard [15], the constraints that the frequency 
and time domain characteristics of the lowpass filter need to satisfy have been established. 
It has then been shown that the requirement defined for the amplitude of the step response 
overshoot is fulfilled by Gaussian, Bessel, linear phase with equiripple error (e = 0.5°) and 
equiripple impulse (1% overshoot) filters of any order. On the other hand, a limit on the 
minimum order of the lowpass system is imposed by the need for an almost flat in-band 
group delay characteristic. As regards the out-of-band rejection, the 3dB-cutoff point of the 
filters under consideration has been chosen as the lowest permitted by the current Amer
ican standard of 150 Hz. This selection allows the high-frequency noise to be maximally 
attenuated and does not have any detrimental effect on the passband flatness of the filter 
amplitude response.

The time domain characteristics of the transfer functions under analysis have been 
tested using a triangular input pulse. It has been proven that the amplitude reduction intro
duced by the filter on a narrow 20 ms triangular wave compared with a 200 ms wide wave 
is well within the limits specified by the ANSI/AAMI EC11:1991/(R)2001/(R)2007 standard.

Overall, the author would recommend the implementation of the front-end lowpass sys
tem to be based on one of the equiripple transfer functions. For n > 3, linear phase with 
equiripple error or equiripple impulse overshoot filters provide a very good trade-off be
tween stopband rejection and undistorted transmission of the ECG signal. On the other 
hand, even though Bessel and Gaussian characteristics present either a lower in-band 
group delay variation or a flatter step response, their magnitude responses decrease less 
sharply in the transition region.

In order for the hardware realisation to achieve the best performance in terms of power 
consumption, the system order should be selected to be even. In fact, unless it is feasible 
to place a first order section in a location of the front-end of the ECG monitoring system that 
does not require the employment of a buffer, the same number of active components will be 
needed for the implementation of even networks of order n and odd ones of order (n - 1). 
The higher order system would, however, allow better rejection of the stopband frequency 
components, flatter in-band group delay and lower step response overshoot.
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If the front-end lowpass filter is to be safely employed for anti-aliasing purposes when the 

sampling rate of the ECG recording equipment is approximately 1000 Hz, the author would 

suggest the use of the 6th order equiripple impulse (1% overshoot) filter. The location of 
the complex conjugate poles of its transfer function for a 3dB-cutoff frequency of 150 Hz is 

given in Table 4.6, according to the nomeclature used in Eq. (4.7), where

n/2

■^0 = ]^ 
k=l

(4.13)

The group delay variation of the 6th order equiripple impulse filter is only 2.1% over the 

passband and the maximum amplitude of the step response overshoot is limited to 0.5% 

of the steady state value. At the same time, the 150 Hz equiripple impulse filter allows 

unwanted components at frequencies higher than 500 Hz to be reduced to less than 0.7% 
of their input values. Even though the out-of-band attenuation of the 6th order filters having 

equiripple impulse overshoot or linear phase with equiripple error are practically identical, 
the other relevant properties are slighly inferior for the latter. In fact, as shown in Table 4.3, 
the percentage group delay variation over the passband and the maximum amplitude of 
the step response overshoot of the filter having linear phase with equiripple error, although 

limited in absolute terms, are double those of the corresponding equiripple impulse filter.
If the use of three operational amplifiers is impractical or the power consumption of 

the front-end stage of the recording system needs to be kept at an absolute minimum, the 
4th order linear phase with equiripple error (e = 0.5°) filter could be employed instead. This 
system, whose poles are listed in Table 4.6, is characterised by a slightly higher out-of-band 

attenuation than the equiripple impulse filter of the same order and by a smaller group delay 
variation over the passband. The step response overshoot of the filter having linear phase 

with equiripple error is approximately twice as large as those of the equiripple impulse and 

Bessel systems, yet its amplitude (see Table 4.3) is well below the 3.3% limit established in 
Section 4.2 from the specifications defined in the international standards.

Table 4.6: Location of the poles (—a^ ± j73fc) of the 6th order equiripple impulse and of the 4th
order linear phase with equiripple error filters having 3dB-cutoff equal to 150 Hz.

6th order 4th order
Equiripple impulse Linear phase with

(1% overshoot) equiripple error (e = 0.5°)

- 391.5 ±j 1950.6 - 568.9 ±j 1412.0
- 577.8 ± j 1148.0 - 701.9 ± J 483.7
- 662.3 ± j 380.8
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Chapter 5

Preliminary analysis for the highpass 
filter design

5.1 Introduction

The highpass filter is probably the most critical subsection of an ECG monitoring system. Its 

role is to eliminate as much as possible of the low-frequency interference, that is, baseline 
wander and respiratory artifacts, without introducing any distortion into the low frequency 

components in the electrocardiographic signal. The low-frequency end of the ECG spec
trum is, in fact, responsible for the preservation of the shape of the ST segment, which is an 
extremely clinically significant feature of the electrocardiogram. The analysis of a depres

sion or elevation of the ST segment is essential for the diagnosis of myocardial ischaemia 
or infarction [4, 8].

Since the quality of the filter response greatly affects the overall performance of the 

ECG recording equipment, very demanding requirements are established by international 
standards for the characteristics of the highpass system [9,15, 62, 63, 77], The time domain 

performance requirements are especially strict and the specifications set for the maximum 

allowable undershoot and recovery slope of the filter response to an input rectangular pulse 

impose severe constraints on the design of the highpass filter.

Over the years, numerous digital solutions have been proposed for the reduction of 
baseline wander. The most common techniques are presented in this chapter and their 

suitability for low-power portable ECG monitoring systems is discussed. An analysis of the 

frequency and time domain characteristics of a few digital filters suggested for electrocardio

graphic applications is also performed. In particular, their response to an input rectangular 

pulse is examined for compliance with the standards’ requirements.

In contrast with the wealth of digital methodologies for the elimination of low-frequency
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noise described in the literature, the only analogue technique actually employed for baseline 
drift removal in diagnostic ECG measurement systems consists of the application of a first 
order highpass filter to the electrocardiographic recording. This simple filter is generally 
realised as a single-pole passive network having a cutoff frequency of 0.05 Hz. In order 
to investigate the possibility of designing a higher order analogue highpass filter having 
better rejection properties than the first order 0.05 Hz system and yet not distorting the 
ECG signal, traditional techniques for the design of analogue filters are first analysed. The 
classic lowpass-to-highpass transformations used to derive the transfer function of highpass 
filters are presented and the employment of compensation methods to modify the time and 
frequency domain characteristics of the analogue filters is also discussed.

5.2 Highpass filter requirements

The specifications for the highpass ECG filter are determined from the requirements de
tailed in the 1990 AHA recommendations [19] and the European standard EN 60601-2- 
51 ;2003 for diagnostic electrocardiographic devices [9]. As regards the amplitude response, 
the 1990 AHA report establishes that the passband ripple needs to be limited to ±0.5 dB 
over the ECG spectrum, which is defined by the European standard to include frequencies 
as low as 0.67 Hz. In order to prevent excessive amplification of the low-frequency noise, it 
is, however, sensible to extend the 0.5 dB upper bound set for the in-band magnitude char
acteristic down to 0 Hz. In other words, overshoots in the filter amplitude are not allowed to 
exceed 6% of the high-frequency output level at any frequency.

Nonetheless, the most stringent requirements for the highpass system are specified 
in terms of its response to a narrow rectangular input pulse. As previously discussed in 
Section 3.3.1, the EN 60601-2-51:2003 standard prescribes that a 3 mVxlOO ms input 
pulse is employed to check the low-frequency distortion introduced by the filter. Limits are 
set for the displacement from the isoelectric line and the recovery slope after application 
of such a pulse. According to the standard, the maximum allowable value for the offset is 
equal to 100 pV, whereas two different bounds are defined for the recovery slope of the 
pulse response, as illustrated in Figure 3.6.

These pulse response constraints actually impose severe restrictions on the magnitude 
response of the highpass filter. The steepness of the out-of-band amplitude characteristic 
as well as the frequency of the 3dB-cutoff point need, indeed, to be limited for the spec
ifications set on the displacement and recovery slope to be fulfilled. Let us, for example, 
consider a second order highpass filter obtained by cascading two equal first order RC sec
tions and having an overall cutoff of 0.05 Hz and a single-pole network with 3dB-point at 0.1
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Figure 5.1; Magnitude response of two single-pole highpass networks with 3dB-point located 
at 0.05 Hz and 0.1 Hz, respectively, and of a second order highpass filter obtained by cascading 
two equal first order sections and having 0.05 Hz cutoff frequency.

Hz. Both filters were employed by Berson and Pipberger [16] when testing the distortions 
introduced into the ST segment and T wave by different highpass networks. The amplitude 

characteristic of these filters and their response to a 3 mVxlOO ms input pulse are pre
sented in Figures 5.1 and 5.2, respectively. For comparison purposes, the magnitude and 
pulse responses of a 0.05 Hz single-pole system are also shown. It can be noticed that, for 

both filters under analysis, the undershoot occurring after the end of the rectangular wave 
is larger than the 100 pV limit. The infringement of the specification by the second order 

filter is limited to 20% of the maximum allowable value, whereas the response of the 0.1 Hz 

single-pole filter presents an undershoot almost twice as large as the bound. As regards 
the slope of the pulse response, it is evident from Figure 5.2(b) that for the second order 

filter the maximum value reached after the end of the input rectangular signal is well within 

the specified boundaries. On the other hand, the recovery slope in the response of the 0.1 

Hz first order network marginally exceeds the 100 pV/s limit defined by the EN 60601-2- 
51:2003 European standard. It can be concluded that, even though a 0.05 Hz first order 

filter satisfies the pulse response requirements, a filter having the same cutoff frequency 

but higher stopband rejection does not fulfil the specification set by the international stan

dards on the displacement from the isolectric line. Furthermore, if the cutoff frequency of 

the highpass filter is marginally increased from 0.05 to 0.1 Hz, not only the offset constraint 

is not met, but the bound set for the recovery slope of the pulse response is also exceeded.
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(b)

Figure 5.2: Displacement from the isoelectric line (a) and recovery slope (b) after the appli
cation of a 3 mVX100 ms rectangular pulse at the input of two single-pole highpass networks 
with 3dB-point located at 0.05 Hz and 0.1 Hz, respectively, and of a second order highpass 
filter obtained by cascading two equal first order sections and having 0.05 Hz cutoff frequency. 
The bounds established by the European standard for the maximum allowable undershoot and 
slope are represented by the dashed lines.
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5.3 Digital techniques for baseline wander removal

A very large number of digital solutions for the elimination of low-frequency interference 
from ECG records have been proposed since the late 1970’s. One of the earliest tech
niques devised involves estimating the baseline wander and subtracting it from the electro
cardiographic signal. Cubic splines were originally employed for the determination of the 
baseline drift [107], but polynomial interpolation has also been suggested for the purpose 
[108]. The baseline wander estimation relies on finding some fiducial points on the intervals 
of the ECG wave that are considered isoelectric in the absence of noise, that is, the PQ 
or TP segments (see Section 2.3.2). Independent of the method used for the selection of 
the fiducial points, also called knots, their location is related to that of the R wave peak 
[107-110] and a QRS detector is needed for their determination. Since the amplitude of 
the low-frequency artifacts can be several times larger that that of the ECG signal [66], the 
algorithm for the R wave detection needs to be very robust to prevent miscalculation of the 
knots’ positions, which could lead to significant errors in the drift estimation. Due to the 
issues related to the precise localisation of the fiducial points in a noisy environment, this 
technique does not appear suitable to be realised at the front-end of an ECG recording 
system.

Finite impulse response (FIR) filters started being employed for the conditioning of the 
electrocardiogram in the mid 1980’s [68, 111] and they still represent a popular solution 
for ECG processing applications [70, 112]. This type of filter also appears to be used in 
practice by some electrocardiograph manufacturers. In 2006, Burri et al. [18] reported that 
a 0.67 Hz FIR filter was employed by Schiller (Baar, Switzerland) and an anti-drift highpass 
filter with 0.5 Hz cutoff frequency by Et Medical Devices (Milan, Italy). Even if the latter 
filter is not specifically stated to be FIR, this property can be inferred by the manufacturer’s 
declaration that the system has a linear phase response. In fact, whereas FIR filters can be 
easily designed to achieve phase linearity [113], highpass analogue filters and their digital 
counterpart, infinite impulse response (NR) filters, do not share this property (see Section 
5.6). Due to their widespread use in electrocardiographic applications, a few examples of 
FIR highpass filters, including moving average filters, will be discussed in detail in the next 
section.

Adaptive techniques for the design of FIR filters for baseline drift removal have been pro
posed in the 1990’s. Sornmo [114] suggested an array of digital filters having different cutoff 
frequencies. Two algorithms were developed for selecting the appropriate 3dB-bandwidth of 
this time-varying filter. One method was based on the frequency of baseline wander present 
in the recorded signal, the other one on the measured heart rate. Another algorithm for the 
determination of the variable cutoff frequency was later devised by Pandit [115]. The local
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spectrum of the input signal was calculated and the frequency content in the interval be
tween 0 and 1 Hz used to choose the 3dB-point of the digital filter applied to each portion 
of the recording. It is evident that these methodologies are quite computationally intensive 
and their implementation in a low-power ambulatory ECG measurement equipment is not 
practicable.

A simpler adaptive filter for the reduction of low-frequency artifacts was described by 
Thakor and Zhu [116]. Its structure is shown in Figure 5.3, where the primary input si + ni 
represents the electrocardiographic signal contaminated by the baseline wander and n2 

constitutes the reference input for the noise, which was selected by Thakor and Zhu to be a 
unity constant. The filter error output, e, is the best least-squares estimate of the noise-free 
ECG signal, si, when the mean square error between the primary and the reference inputs 
is minimised. Only one weight W is needed for the adaptive filter, that is, a single filter 
coefficient is adapted at each time step. The strength of this method lies in the fact that the 
clean ECG can be estimated without any a priori knowledge of the statistical or spectral 
properties of either the signal or the noise. On the other hand, Thakor and Zhu pointed 
out that, due to the attenuation introduced into the low frequency components of the ECG 
signal, the proposed filter actually produces some distortion of the ST segment. Therefore, 
this technique, and other adaptive filtering methods derived from it [117, 118], cannot be 
applied for the removal of baseline wander in diagnostic electrocardiographic applications, 
where the shape of the ST segment must be preserved to the highest extent possible.

Another class of digital filters often selected for the removal of low-frequency artifacts 
associated with the ECG recording is bidirectional filters [119, 120]. In the last decade, 
two different techniques in which the cutoff frequency of the bidirectional filter is adjusted 
according to the features of the ECG signal have been introduced [121, 122]. Both ap
proaches are based on the misconception that a highpass zero-phase filter is suitable for 
processing the electrocardiogram without introducing significant time domain distortions, 
provided that the system 3dB-point is located at frequencies lower than the ECG spectrum. 
It has, however, been proven in Section 3.5.3 that a null-phase filter fulfilling the magnitude

CHAPTER 5. PRELIMINARY ANALYSIS FOR THE HIGHPASS FILTER DESIGN

Figure 5.3: Structure of the adaptive filter for baseline wander removal proposed by Thakor and 
Zhu (modified from [116]).
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requirements specified by the 1990 AHA recommendations [19] does not necessarily meet 

the pulse response constraints as well. Bidirectional filters cannot, therefore, be employed 

for baseline drift correction in diagnostic EGG devices, unless a sufficiently low cutoff fre
quency is selected (see Section 7.3.1).

In more recent years, numerous other digital techniques have been applied to EGG 

recordings with the aim of reducing low-frequency artifacts. In particular, several algorithms 

based on wavelet transforms have been developed since the end of the 1990’s [118, 123- 

127]. Empirical mode decomposition (EMD) has also been recently proposed by Blanco- 

Velasco et al. [128] for the reduction of baseline drift. This methodology, however, does 

not appear to be very innovative. The recorded signal is decomposed through EMD into 
the sum of intrinsic mode functions, which are then simply passed through a bank of low- 

pass digital filters with different cutoff frequencies in order to estimate the baseline wander. 
Non-linear techniques, such as morphological filtering, have been employed for baseline 
drift correction, as well. A simple algorithm based on the successive application of opening 

and closing morphological operators was first proposed in 1989 by Ghu and Delp [129] and 

later partially modified by other contributors [130, 131], whereas a more complex method
ology was discussed by Sun et al. [132]. In morphological signal processing, the outline 
of the input signal is transformed using another signal, called the structuring element. The 
drawback of this approach is that the shape of the structuring element needs to be selected 

according to the characteristics of the signal to be extracted, i.e. the baseline wander, in 
this case. Other non-linear filtering methods for the elimination of low-frequency noise from 

EGG recordings have been presented by Keselbrener et al. [133] in 1997 and by Leski and 
Henzel [134] in 2005. These approaches, respectively, consist of a median filter and a 

modification of the classic moving average filter. Furthermore, Kalman filtering [135, 136], 

independent component analysis [137] and neural networks [138] have been suggested as 
solutions to the baseline wander removal issue.

Some of these novel techniques provide good suppression of the baseline drift and, from 

visual inspection, they do not appear to distort the electrocardiographic signal. However, 

these algorithms are usually not tested for compliance with the requirements specified by 

the international standards for EGG equipment. Indeed, only the performance of the non
linear filter described by Leski and Henzel [134] was tested using the EGG test signals of the 

GTS (Gonformance Testing Services for Gomputerized Electrocardiography) database [9], 

which includes the calibration waveforms discussed in Section 3.6. Moreover, even though 

these recently proposed methodologies can easily be employed off-line on the digitised 

EGG signal, due to their computational requirements they do not seem to have found prac

tical application in the design of electrocardiographic measurement systems, which must 
operate in real-time.
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5.4 FIR filters for ECG applications

An FIR filter is characterised by an impulse response having a limited number of terms. The 
transfer function of this kind of filter is given by:
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H{z) =
X(z)

— bo -p biZ ^ + b2Z ^ + . ■ • + bj\iz.-N (5.1)

where the parameters bi, with ? = 0,1,..., A^, are the coefficients of the filter impulse re

sponse. An alternative representation of the FIR filter is provided by the difference equation, 
which specifies the numerical algorithm for the filter implementation [139]:

N
„{nT) = 5] bix{nT — iT), (5.2)

i=0

where T is the data sampling period.

FIR filters are usually realised non-recursively, that is, without the use of feedback. In 
this case, the output signal is simply obtained as the weighted sum of the values stored by 

delay stages, as shown in Figure 5.4. The weights multiplying the content of the storage 
registers are equal to the coefficients of the filter impulse response. It should be finally noted 

that recursive implementations of FIR filters are also possible and that they are, indeed, 
more convenient when a large number of the impulse response coefficients are zero [113].

In the remainder of this section, some FIR filters proposed for the reduction of low- 

frequency interference in the electrocardiogram will be analysed. Particular attention will be 

dedicated to their frequency and time domain characteristics, which will be compared with 
the requirements for a highpass ECG filter illustrated in Section 5.2. Obviously many other 

FIR filters have been suggested for baseline wander removal. However, either the details 
necessary for their implementation are not provided in the literature [140, 141] or they are 

very similar to the filter types that will be discussed [142].

X{z)

Y{z)

Figure 5.4: Non-recursive implementation of an FIR filter [113].
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5.4.1 Recursive filter with integer coefficients (Ahlstrom and Tomp
kins, 1985)

Digital filters containing only integer coefficients in their difference equation were first pro

posed by Lynn [143] in 1970 with the aim of reducing the computational complexity of data 

processing in real-time applications. The transfer function of a first order lowpass integer 

filter is given by [144]:
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1 - -N

.-1 ■
(5.3)

In the ^-plane, Hlp{z) is characterised by N equally spaced zeros on the unit circle. The 

zero located at 2; = 1 is cancelled by a pole, as illustrated in Figure 5.5. Since all the other 

poles are located at the origin of the z plane, Eq. (5.3) represents the recursive expression 

of an FIR filter. A recursive realisation is selected for this type of filter because a non

recursive implementation, although possible, would require many more digital operations. 

The gain of the integer filter Hlp{z) is exactly equal to TV at 0 FIz and the input signal is 

fully attenuated at the frequencies corresponding to the uncancelled zeros. Furthermore, 

the phase characteristic of the system is piecewise linear with 180° discontinuities at the 

frequencies of the zeros.

A highpass filter for real-time ECG signal processing was derived by Ahlstrom and 

Tompkins [111] from the first order integer filter described by Eq. (5.3). The highpass filter 

is obtained by subtracting the output of the lowpass filter from the original signal:

Hhp{z) — 1 —

Hlp{z)
W~' (5.4)

Ahlstrom and Tompkins chose TV = 256 and a sampling rate /^ = 1/T = 200 FIz. The magni

tude response of the lowpass and highpass filters defined by these parameters are shown

Figure 5.5: Pole-zero configuration of a lowpass integer filter for TV = 8 [145].
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(a)

Figure 5.6: Magnitude (a) and phase (b) response of the recursive filter with integer coefficients 
proposed by Ahlstrom and Tompkins and of the lowpass filter from which it is derived. The 
lowpass filter Is scaled to have unity gain at zero frequency.
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in Figure 5.6(a). The frequency of the first amplitude zero of the lowpass filter is equal to 
fs/N = 0.78 Hz and the 3dB-point of the lowpass magnitude response is located at 0.35 
Hz. The cutoff frequency of the highpass filter is lower than that of the lowpass system and 
it can be measured to be 0.19 Hz. The highpass amplitude response is also characterised 
by a 2 dB peak at approximately 0.5 Hz and a ripple over the ECG spectrum that is as 
high as 12% of the high-frequency magnitude value. The amplitude of this in-band ripple 
is larger than both the 6% limit established by the 1990 AHA recommendations [19] and 
the 10% bound specified by the European and American standards for diagnostic electro
cardiographic equipment [9, 15]. The phase response of the highpass filter is illustrated in 
Figure 5.6(b) and it can be clearly seen that its linearity is limited to the interval between 
0 and 0.78 Hz, that is, the location of the first amplitude zero of the lowpass filter. The 
highpass phase characteristic can, however, still be considered approximately flat over the 
ECG frequency spectrum, since the maximum variation from the zero baseline is equal to 
13° for frequencies above 0.67 Hz. As regards the response of the recursive FIR highpass 
filter to a 3 mVx 100 ms rectangular pulse, the undershoot occurring after the termination of 
the input waveform is equal to 0.23 mV. As shown in Figure 5.7, this value exceeds the 0.1 
mV limit set by the EN 60601-2-51:2003 standard [9]. Moreover, given the sharp reduction 
in the pulse response undershoot occurring at approximately 1.3 s, the slope of the pulse 
response also fails to comply with the requirements specified in Section 5.2 for the highpass 
ECG filter.
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Figure 5.7: Response of the recursive filter proposed by Ahlstrom and Tompkins to a 3 mVx 100 
ms rectangular pulse. The maximum allowable undershoot after the end of the input signal is 
illustrated by the dashed line.

101



5.4.2 FIR filter with a reduced number of impulse response coefli- 
cients (Van Alste et al., 1985)

An FIR filter was developed by Van Alste et al. [68, 94] for the concurrent removal of baseline 
wander and powerline interference. The filter amplitude response is defined to be periocic 

with narrow stopband notches at 0 Hz and at harmonics of the mains frequency of 50 Hz. 
The periodisation of the frequency spectrum allows the number of coefficients in the impulse 

response to be kept to a minimum.
The general difference equation for an FIR filter given by Eq. (5.2) can be rewritten to 

make the relationship between the coefficient of the impulse response and the sampling 

period T explicit:
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N
y{nT) = ^ a: [(« - i)T] b{iT), (5.5)

2=0

where the sampling frequency fs = l/T was chosen by Van Alste et al. to be 250 Hz. If the 
number of filter coefficients is reduced so that the time interval between them is a multiple 
of T, the output signal can be rewritten as:

M

y(nr) = 5]x[(n-zA:)r]6(zA-r), (5.6)
2 = 0

where M = N/k and kT is the interval between successive impulse samples. Van Alste et 
al. selected k to be equal to 5, so that the period of the filter magnitude response would oe 

decreased from 250 Hz to exactly 50 Hz. They also noticed that, since the impulse response 
of an FIR filter needs to be symmetrical for its phase response to be linear [113], the number 

of computations needed for data processing could be further reduced. They managed, 
therefore, to achieve a reduction of approximately 10 in the number of multiplications and of 

about 5 in the number of additions, when compared to the original impulse response b{nT).

The determination of the coefficients of the filter impulse response is quite convoluted 

and involves a window design and some ad]ustments to reduce the passband ripple aid 
increase the stopband attenuation. Van Alste et al. initially obtained the coefficients b{nkT) 
by truncating the inverse Fourier transform of the desired periodic spectrum of the filter. In 

order to reduce the overshoot introduced into the amplitude characteristic by this operation, 
the impulse response was then multiplied by a Kaiser window, which allowed the passband 

ripple to be lowered to ±0.5 dB. The impulse response coefficients were further modified to 
achieve complete attenuation at frequencies which are multiples of 50 Hz. The magnitude 

response of the FIR filter obtained though this process is shown in Figure 5.8 for M = 

50. The 3dB-cutoff frequency is equal to 0.98 Hz and the amplitude of the in-band ripple
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Figure 5.8; Magnitude response of the non-recursive fiiter designed by Van Alste et al..

is measured to be less than ±5%. Even though the 3dB-point is slightly higher than the 

0.67 Hz limit specified by the international standards for diagnostic electrocardiographic 
equipment, the magnitude characteristic of such a filter can be considered quite satisfactory. 
On the other hand, the time domain requirements that the highpass filter needs to satify to 

guarantee undistorted ECG measurement detailed in Section 5.2 are not fulfilled. From the 
filter response to a 3 mVx 100 ms rectangular pulse in Figure 5.9, it can be seen that the 
maximum displacement from the isoelectric line is almost 5 times larger than that allowed. 

It should be pointed out that the 0.5 s delay between input and output signals evident in the 
time domain characteristic is a consequence of shifting the impulse response to obtain a 

causal filter. The impulse response of the filter was, in fact, centered around the origin of 

the time axis after the windowing operation.

5.4.3 FIR filter implemented without the use of multipliers (Raita-aho 

et al., 1994)

Raita-aho et al. [69] also relied on the periodisation of the frequency spectrum to design 
a filter that eliminates the powerline interference as well as the baseline drift. The trans

fer function of their highpass filter is based on that of the first order lowpass integer filter 

described by Eq. (5.3). In order to reduce the large passband ripple characterising the 

magnitude response of this type of filter, Raita-aho et al. cascaded two identical recursive

103



CHAPTER 5. PRELIMINARY ANALYSIS FOR THE HIGHPASS FILTER DESIGN

Figure 5.9: Pulse response of the non-recursive filter proposed by Van Alste et al.

filter sections, scaled to have unity gain at zero frequency:

Hlp{z)
Glp{z) —

N
(5.7)

The maximum passband overshoot of the filter is thus reduced from 0.22 to (0.22)^ 0.05,
as shown in Figure 5.10. The highpass counterpart of Glp{z) was determined as:

Ghp{z) — z — Gip{z). (5.8)

If the sampling frequency is selected to be 200 Hz, the filter magnitude response can be 
periodicised to eliminate the powerline interference occurring at 50 Hz:

Fhp{z) — Ghp{z'^)- (5.9)

Raita-aho et al. chose N = 80, so that the system would produce an attenuation of 0.5 
dB at 0.5 Hz, and proposed a recursive implementation that does not contain any multiplier. 
The amplitude characteristic of the filter described by Eq. (5.9) is illustrated in Figure 5.11 
and a detail of its low-frequency response is shown in Figure 5.10. The passband ripple is 
equal to 0.42 dB and the 3dB-cutoff frequency is measured to be 0.36 Hz. It can thus be 
concluded that the magnitude response of the recursive FIR filter designed by Raita-aho 
et al. satisfies the requirements described in Section 5.2. On the other hand, it can be 
seen in Figure 5.12 that the 100 pV limit set by the EN 60601-2-51:2003 standard for the
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Figure 5.10: Low-frequency amplitude characteristic of the recursive FIR filter proposed by 
Raita-aho et al. and of the intermediate filters used in its design.

Figure 5.11: Magnitude response of the recursive FIR filter designed by Raita-aho et al..
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Figure 5.12: Response of the recursive FIR filter designed by Raita-aho et al. to a 3 mVxtOO 
ms rectangular pulse.

displacement occurring after the application of a 3 mV x 100 ms rectangular input pulse is 
exceeded, even though only marginally.

If the filter proposed by Raita-aho et al. is modified by increasing N to approximately 

180, the 3dB-cutoft frequency is reduced to 0.16 Hz, but the offset and slope conditions set 
for the pulse response in the European standard are satisfied. Despite the improvement, the 
system still cannot be considered a suitable solution for the design of the highpass filter for 

diagnostic electrocardiographic applications. The sampling frequency is much lower than 
the minimum limit specified by both the 1990 AHA recommendations and the EN 60601-2- 
51:2003 standard, i.e. 500 Hz, and the stopband notches aiming at eliminating power line 

interference are likely to introduce distortion into the ECG signal, as discussed in Section 
2.4.1.

5.4.4 Moving average filter

Numerous methodologies based on the moving average filter have been proposed since the 

early 1990’s for the reduction of low-frequency artifacts [70, 140, 142, 146, 147] and this 

classic family of FIR filters is also often used as a benchmark for comparing the performance 

of more complex techniques for the removal of baseline wander from ECG recordings [134, 

136]. A highpass moving average filter is defined by the difference equation:

(W-l)/2
y{nT) = x{7iT) - ^ x{{n + ^)^),

(5.10)
i=-{7V-l)/2
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Figure 5.13: Amplitude response of a highpass moving average filter with a window length N 
= 7601 for a sampling frequency of 500 Hz.

where N is an odd number and represents the length of the observation window. This 
parameter, together with the sampling period T, determines the filter cutoff frequency.

Leski and Henzel [134] analysed the performance of the highpass moving average filter 
with respect to the signals included in the CTS test database described in the EN 60601-2- 
51:2003 European standard. They proved that the maximum distortion introduced into the 

noise-free test signals by the moving average filter decreases as the width of the observa
tion window increases. They also concluded that, in order for the maximum error introduced 

by the highpass filter into the standardised test signals to be restricted to 25 pV, (TV — l)/2 
needs to be at least equal to 3800 for a sampling frequency of 500 Hz. The amplitude 
response of the highpass moving average filter defined by these parameters is illustrated in 

Figure 5.13. The magnitude shows a passband ripple as large as 20% of the steady state 
output value and the 3dB-point passband limit is measured to be 0.05 Hz. It can thus be 

concluded that, even though the distortion introduced by this filter on the ECG signal is neg

ligible, it does not offer any advantage over a 0.05 Hz single-pole highpass network. Due to 

the large overshoot in its magnitude characteristic, the moving average filter can also give 

rise to noise or interference amplification at frequencies lower than the ECG spectrum.

5.4.5 Averaging DxN filter (Tabakov et al., 2008)

Tabakov et al. [70, 148] designed a filter that eliminates baseline wander and powerline 

interference simultaneously, by deriving the system difference equation from that of the

107



CHAPTER 5. PRELIMINARY ANALYSIS FOR THE HIGHPASS FILTER DESIGN

moving average filter presented in Eg. (5.10). The output signal of the DxN filter is defined 
as:

^ (N-l)/2

y{nT) = x{nT) - — ^ x{(n + iD)T), (5.11)
i=-(Ar-l)/2

where N is odd and is the number of averaged samples and D describes the distance, 
measured in number of samples, between the averaged samples. Comparing Eqs. (5.11) 
and (5.6), it appears clear that D and k perform the same function, that is, the periodisation 
of the filter spectrum. Zeros occur in the amplitude characteristic of the DxN filter at 
multiples of the frequency D/T and the number of ripples between zeros is determined by 
the value of N. For a sampling frequency of 250 Hz, Tabakov et al. [70] suggested D and 
N be made equal to 10 and 17, respectively. The magnitude response of the DxN filter 
for such parameters is illustrated in Figure 5.14, from which it can easily be noticed that a 
passband ripple as high as 20% is present. The choice of parameters by Tabakov et al. 
leads to a cutoff frequency of 1.11 Hz and to a complete rejection of integer multiples of a 
frequency of 25 Hz. These filter characteristics are not compatible with the ECG highpass 
filter requirements presented in Section 5.2. Both the 3dB-point and the ripple are higher 
than the values recommended in the 1990 AHA report and specified by the international 
standards for diagnostic electrocardiographs. Furthermore, the placement of a transmission 
zero at 25 Hz generates significant distortion in the ECG signal due to the presence of 
fundamental components of the QRS complex at this frequency, as shown in Figure 2.14. 
From the analysis of the time domain characteristics of the 10x17 filter, it also emerges 
that the conditions on the response to the 3 mVxlOO ms input pulse are not satisfied. 
The undershoot occurring after the termination of the rectangular pulse largely exceeds 
the 100 pV limit, as illustrated in Figure 5.15. Moreover, due to the abrupt changes in the 
amplitude of the output signal, the requirement on the maximum allowable recovery slope 
is not fulfilled either.

5.4.6 Frequency and time domain constrained filter (Henzel, 2005)

In 2005, Henzel [112, 149] devised a procedure for designing an FIR filter that simulta
neously satisfied frequency and time domain specifications, as required by the AHA rec
ommendations and the international standard for electrocardiographic instrumentation. He 
constrained the amplitude of the highpass filter to have a ripple lower than ±10% for fre
quencies higher than 0.67 Hz. Moreover, the offset from the isolectric line in the response 
of the filter to an input triangular wave 1.5 mV high and 80 ms wide was restricted to 20 pV. 
Even though the magnitude requirement specified by Henzel is identical to the one estab
lished by the current European standard for diagnostic electrocardiographs, the constraint
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Figure 5.14: Amplitude characteristic of the averaging 10x17 filter proposed by Tabakov et al. 
for a sampling frequency of 250 Hz.

>
E
CD
13
Z3

"5-
E<

0.5 1
Time (s)

1.5

Figure 5.15: Response of the 10 x 17 averaging filter described by Tabakov et al. to a 3 mV x 100 
ms rectangular input pulse.
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imposed on the displacement from the isolectric line is slightly stricter than those reported 
in Table 3.3 for current standards and recommendations.

The optimisation algorithm proposed by Henzel is based on the minimisation of the 
difference between the filter actual time and frequency domain characteristics and the de
sired amplitude and pulse responses. No requirement seems to have been established 
for the slope of the pulse response. Unfortunately, not enough information with regard to 
the design goals has been provided and it is unclear which are the features of the desired 
amplitude and pulse responses and for which frequency and time values they have been 
specified [112, 149]. From the magnitude characteristic of the optimised filter illustrated in 
Figure 5.16, it appears that the 3dB-cutoff frequency has been selected at approximately 
0.5 FIz. This specification, combined with the strict bounds set for the displacement from 
the isoelectric line in the pulse response, provides a possible explanation for the very high 
number of coefficients required for the FIR filter. The minimum length of the filter impulse 
response was, in fact, found by Henzel to be 891, for a sampling frequency of 500 Hz [112].

From the magnitude response shown in Figure 5.16, other characteristics of this opti
mised filter can be deduced. A negligible ripple is present over the filter passband. The 
stopband limit is located at about 0.25 Hz and the amplitude of the optimised filter at zero 
frequency is exactly equal to the stopband ripple, that is, -40 dB. The response of the 
proposed filter to a 1.5 mVx80 ms triangular pulse is depicted in Figure 5.17. The limit 
established by Henzel for the displacement from the isolectric line is exactly met by the de
signed filter. The recovery slope of the response to the triangular input pulse has also been 
evaluated. Figure 5.17 shows that the bound selected by Henzel for the slope in the regions 
outside the triangular wave is not exceeded. This 100 pV/s limit appears to be in line with 
the values recommended by the 1990 AHA report or by the American standard ANSI/AAMI 
EC11:1991/(R)2001/(R)2007 [15], when related to the area of the input pulse.

5.5 Analogue implementations for the reduction of low- 

frequency noise and interference

A single-pole highpass network is generally employed for the removal of baseline drift from 
electrocardiographic recordings when the morphology of the ECG signal needs to be pre
served. Such a highpass filter was first proposed in 1966 by Berson and Pipberger [16], who 
selected 0.05 Hz as the 3dB-cutoff point to ensure that the distortion of the low frequency 
components of the ECG signal caused by the system was negligible. Since the amplitude 
characteristic of this 0.05 Hz first order network was employed in 1967 by the AHA to define 
the recommendations for the low-frequency response of ECG devices [23], the research of
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Figure 5.16: Magnitude characteristic of the filter designed by Henzel by constraining its fre
quency and time domain responses (modified from [112]).
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Figure 5.17: Response of the filter proposed by Henzel to a 1.5 mVxSO ms input triangular 
wave (modified from [149]). The slope of the pulse response is shown in the bottom panel. The 
limits selected by Henzel for the offset and slope outside the triangular wave are represented 
by the dotted lines.
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Other possible solutions for the removal of baseline wander from diagnostic electrocardio

graphic measurements was severely hindered. When, in 1990, the AHA recommendations 
were modified by relaxing the constraints set on the filter magnitude characteristic [19], the 

focus of baseline drift suppression studies had shifted towards digital algorithms. There

fore, up to this time, the only analogue filter implementation for diagnostic ECG recordings 

consisted of a single-pole network with cutoff frequency at approximately 0.05 Hz.
A simple RC highpass network having 3dB-cutoff frequency equal to 0.05 Hz was, for 

example, realised for an integrated ECG recording device by Abacherli et al. [92] in 2006, 

whereas Vehkaoja and Lekkala [95] employed a single-pole filter with 0.08 Hz 3dB-point 

for the wearable biopotential measurement device they designed in 2004. Both Yen et al. 

[150] and Mihel and Magjarevic [151] constructed first order highpass networks with a 3dB- 

cutoff point of approximately 0.11 Hz for their portable ECG processors, in 2003 and 2008, 
respectively.

Very often, the first order filter is directly incorporated into the front-end instrumentation 

amplifier. A solution based on a single off-chip capacitor that allows the filter 3dB-bandwidth 
to be varied between 0.05 and 0.07 Hz was proposed in 2005 by Shojaei-Baghini et al. 
[152]. The choice of capacitors in the differential front-end design presented in 2011 by 
Assambo [57] also leads to a single-pole highpass filter having a cutoff frequency equal to 

0.05 Hz.
Some manufacturers of monitoring and analysing electrocardiographic devices are also 

known to use first order networks for the suppression of low-frequency noise and of the 

skin-electrode polarisation potentials. In 2006, it was reported [18] that the LabSystem 
PRO EP recording system by Bard (Murray Hill, NJ) employed a first order filter, whose cut

off frequency could be chosen as 0.05, 0.1,0.5 or 1 Hz. Philips Medical Systems (Andover, 
MA) and GE Healthcare (Freiburg, Germany) also appear to use simple highpass RC net

works in their diagnostic ECG equipment [67, 153, 154]. Even though these manufacturers 

do not actually state that they employ single-pole highpass networks in their devices, this 

characteristic of the filter can be inferred by the very low cutoff frequency disclosed. The 
3dB-point of the highpass filter embedded in GE Healthcare products, for both resting and 

stress test ECG recordings, can adopt different values up to a maximum of 0.16 Hz.

Few other analogue circuits for removing low-frequency artifacts from the electrocardio
gram have been devised. A baseline clamping circuit for centering the baseline of a pulse 

signal at about 0 V was independently proposed by Robinson and McFee in the early 1960’s 

[155]. The working principle of this simple network consists in making the time during which 

the input wave is positive equal to the time for which it is negative. It has been claimed that 
the clamping circuit can be used to eliminate any DC offset from the electrocardiogram and 

even correct small baseline drift. However, an analysis of the distortion introduced into the
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input signal was not carried out to prove whether the proposed circuit is suitable for use with 
electrocardiographic recordings. Another hardware technique for baseline drift correction in 
low-frequency applications was described by Bertolaccini et al. [156] in 1985. This analogue 
circuit can, however, only be employed to correct linear baseline drifts and the identification 
of an initial time interval in which no input signal is present is essential to its operation. 
Since the baseline wander of the EGG signal cannot be considered linear and especially 
because of the need to accurately identify the position of the isoelectric segments in the 
recording, the baseline corrector circuit does not appear suitable for electrocardiographic 
applications.

5.6 Lowpass-to-highpass transformations

In this section, attention will be directed towards the classic techniques for the design of 
analogue highpass filters. Two lowpass-to-highpass transformations are analysed and the 
distortion introduced in the frequency and time domain responses when the highpass trans
fer function is derived from the lowpass prototype is evaluated. As a practical example, 
these transforms are applied to a lowpass second order Bessel filter. For this particular 
transfer function, the group delay variation in the passband is approximately 20% and the 
step response overshoot is lower than 0.5%, as summarised in Table 4.3.

5.6.1 Classic H(1/s) transformation

A normalised highpass filter can be obtained from the lowpass prototype, having 3dB-cutoff 
frequency oi co = ^ rad/s, when the variable s is substituted with its reciprocal 1/s in the 
transfer function. Therefore, if the lowpass prototype has a pole or a zero at Sk, the high- 
pass filter will have a pole or a zero at 1/sk [157]. This conventional transform preserves 
the magnitude and phase characteristics of the original lowpass filter. The attenuation val
ues are transposed to reciprocal frequencies, whereas the values of the phase response 
are both transposed and changed in sign. However, the quality of some lowpass filters, 
such as the Bessel, to have linear phase response in-band is lost since the passband of 
the normalised highpass filter extends from oj = 1 rad/s to infinite frequency. Moreover, the 
group delay does not retain the properties of its lowpass counterpart. In fact, even though 
the group delay of the lowpass filter is approximately flat in-band, that of the corresponding 
highpass system starts to decrease sharply at a frequency lower than the cutoff frequency, 
as shown in Figure 5.18(b). Furthermore, the highpass transient responses cannot be de
rived from the lowpass time domain characteristics and the features of the lowpass impulse 
and step responses are not preserved [84]. The highpass time domain responses show
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Figure 5.18: Amplitude characteristic, group delay and step response of highpass Bessel fil
ters of order n = 2, obtained using the classic H(1/s) transformation and the 1-H(s) transform 
proposed by Blinchikoff and denormalised to have a 3 dB ioss at 0.05 Hz. For comparison pur
poses, the responses of the second order iowpass Bessel filter with 3dB-cutoff at 0.05 Hz, H(s), 
are also shown.
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marked overshoots, even when those ot the corresponding lowpass responses are limited. 

This is, for example, the case for the highpass Bessel filter of order n = 2, whose step 
response is represented by the dotted line in Figure 5.18(c). In fact, whereas the step re

sponse overshoot of the lowpass filter has been shown in Section 4.4.1 to be negligible, it 

should be noticed that the highpass filter undershoot is larger than 15% of the input signal 
level.

5.6.2 1-H(s) transformation

In 1970, Blinchikoff [158] codified a different approach for transforming lowpass filters into 

highpass. The highpass transfer function is obtained as the frequency domain complement 

of the lowpass prototype;

Hhp (s) = 1 — //lp (s) . (5.12)

This type of lowpass-to-highpass transformation is quite popular for digital applications, in 

which the low-frequency noise, determined by passing the input signal through a lowpass fil
ter, is subtracted from the original signal. For example, the transfer function of the highpass 

moving average filter described in Section 5.4.4 is obtained from its lowpass counterpart 
using this method.

The 1-FI(s) transform enables the highpass filter to preserve the transient properties of 
the lowpass transfer function, in terms of shape, overshoot and settling time of the impulse 
and step responses. In fact, the highpass impulse response is the negative of the impulse 
response of the lowpass filter, except for the unit impulse at f = 0 s, and the step response is 

the time domain complement of that of the lowpass filter. Therefore, it is possible to define 
a highpass filter with little or no overshoot in its transient response, provided the original 

lowpass filter displays such time domain performance. On the other hand, overshoot is 

introduced into the magnitude response, which proves to be quite distorted, as illustrated in 

Figure 5.18(a). Furthermore, unless the highpass filter needs to satisfy stringent transient 

requirements, the formula in Eq. (5.12) is generally not employed for networks of order 
higher than n = 2. In fact, independent of the filter order, the attenuation at frequencies close 

to zero is limited to 20 dB/decade for highpass filters obtained from an all-pole lowpass 

transfer function [158]. This characteristic of the amplitude response of highpass filters 

derived using the method proposed by Blinchikoff can be appreciated from Figure 5.19, 

where the magnitude of Bessel filters of different order is shown. It should also be noted 
that the amplitude of the overshoot occurring in the magnitude response increases with 

the filter order. The magnitude peak is limited to 1.6 dB for the transformed second order 
Bessel filter, but it rises to 3.7 and 4.4 dB for n = 4 and n = 6, respectively.
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Figure 5.19: Magnitude response of highpass Bessel filters of different order, obtained through 
the 1-H(s) transformation and denormalised so that the 3dB-point corresponds to 0.05 Hz.

5.6.3 Discussion

Neither of the transformations presented is suitable for designing a highpass filter that simul

taneously satisfies the magnitude and pulse response requirements specified by the 1990 
AHA recommendations [19] and the current European standard for diagnostic ECG record
ing [9] and that has better rejection performance than a 0.05 Hz single-pole system. In 

fact, as shown in Figure 5.19, the amplitude characteristic of the highpass filter determined 
through the 1-H(s) technique shows a peak that is as high as 1.6 dB even for a second 
order Bessel filter. On the other hand, the undershoot occurring after the application of a 3 

mVxlOO ms rectangular pulse at the input of a conventional highpass filter, having all the 

zeros located at infinite frequency, exceeds the 100 pV limit, when the filter 3dB-cutoff point 

is set at frequencies equal or higher than 0.05 Hz. The inability of the H(1/s)-transformed 
filters to fulfil the constraint imposed on the displacement from fhe isoelectric line is illus

trated in Figure 5.20 for the second order Bessel system. Table 5.1 shows that, for both 

kinds of lowpass-to-highpass transformation, the undershoot present in the highpass pulse 

response has a larger maximum amplitude when the order of the filter is increased. Indeed, 

the 100 pV bound established for the pulse response offset is exceeded even by the filters 
obtained from the Bessel prototype through the 1-H(s) transform if n > 3.

As regards the phase response, the second order highpass filters analysed do not ap

pear to have particularly critical characteristics. It can be noticed from Figure 5.21 thaf the 
deviation from zero of fhe phase response of fhe second order Bessel filter determined us

ing the 1-H(s) method is smaller than that of a first order network with the same cutoff, for
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Figure 5.20: Displacement from the isoelectric line occurring in the response of highpass 
Bessel filters of order n = 2 and 0.05 Hz cutoff frequency affer the application of a 3 mVxfOO 
ms rectangular input pulse. The maximum allowable undershoot is represented by the dashed 
line.

Table 5.1: Maximum displacement from the isoelectric line occurring in the pulse response of 
highpass Bessel filters of different orders, when their 3dB-cutoff frequency is equal to 0.05 Hz.

Order n

Offset (pV)

H(1/s) 1-H(s)

2 127 87
3 163 104
4 195 122
5 224 139
6 249 156

frequencies higher than approximately three times the 3dB-point, i.e. 0.15 Hz in this case. 

Moreover, the value of the phase response of the conventional highpass Bessel filter having 
order n = 2 and a 3dB-cutoff frequency equal to 0.05 Hz is only marginally larger than that 

of the single-pole system over the ECG spectrum, that is, for frequencies higher than 0.67 

Hz.

In summary, the characteristics desired for the ECG highpass filter should be midway 

between those of a filter obtained using the traditional H(1/s) transform and those derived 
through 1-H(s) transformation. In fact, the reduced steepness of the magnitude response 

of the 1 -H(s) filter allows the amplitude of the undershoot in its pulse response to be limited 
compared with that of a traditional H(1/s)-transformed highpass filter. On the other hand, 

in order to avoid the amplification of low-frequency noise, the filter magnitude characteristic
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Frequency (Hz)

Figure 5.21: Phase response of highpass Bessel filters of order n = 2, obtained using the 
classic H(1/s) transformation and the 1-H(s) transformation and denormalised to have 3 dB 
attenuation at 0.05 Hz. For comparison purposes, the phase characteristic of a single-pole 
highpass network with the same cutoff frequency is also shown.

should not present a ripple higher than 0.5 dB, even at frequencies lower than the EGG 
spectrum. Moreover, the amplitude response of the desired highpass filter should ideally 
show an attenuation larger than that of a first order RC network in the transition region. 
In the following section, some compensation techniques to improve the characteristics of 
the highpass filters obtained by both the traditional lowpass-to-highpass transform and the 
1-H(s) transformation are explored.

5.7 Analogue compensation techniques

5.7.1 Allpass network

A classic compensation technique for analogue filters consists in delay equalisation using 
allpass networks [159]. Allpass filters are characterised by a flat unity amplitude response 
over the whole spectrum. They can thus be employed to modify the phase characteristic 
of the system they are cascaded with, without introducing any change in its magnitude re
sponse. In this specific case, the allpass phase compensation method is only applicable to 
a highpass filter determined using the traditional H(1/s) transform. Its amplitude character
istic can, in fact, be designed to satisfy the passband ripple constraint defined by the 1990 
AHA report [19]. As discussed in Section 3.5.2, increasing the phase linearity of the filter 
will allow the time domain characteristics to be improved as well. Therefore, the undershoot
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Figure 5.22: Group delay of first and second order allpass filters for coq = 1 rad/s.

occurring in the response of the H(1/s)-transformed filter after the application of an input 
rectangular pulse might also be reduced.

The transfer function of a first order allpass filter is given by:

H,{s)==± s - UJQ
S + LUq

(5.13)

where uq is the frequency at which the phase is shifted by 90°. The sign in Eq. (5.13) 
defines the value of the phase response at zero frequency. In fact, if the sign is positive, 
the phase decreases from 180° to 0° as the frequency increases, whereas if the sign is 
negative, the phase decreases from 0° to -180° as the frequency increases. Second order 
allpass implementations are also possible and their transfer function is described by;

H2M =
Wo , 2

, 2'

Q
(5.14)

where loq is the frequency at which the phase shift is 180°, that is, half of the total phase 
shift introduced by the circuit, and the quality factor Q determines the shape of the phase 
response. The higher the value of Q, the steeper the curve is at ujq. For values of Q 
larger than l/-\/3, the group delay response shows a peak occurring at at approximately 
the critical frequency ojq, as illustrated in Figure 5.22.

If the allpass network is to be effective in compensating the response of the highpass 
filter, the allpass phase response should be such as to increase the phase linearity of the
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overall system. In other words, the group delay of the network obtained by cascading the 
highpass and allpass filters needs to be flatter than the group delay of the original filter. 
From Figures 5.18(b) and 5.22, it can be noticed that the highpass filter, the first order 
allpass and the second order allpass networks for Q < l/\/3 have a monotonically de
creasing group delay characteristic. Since the delay of the system obtained by cascading 
the allpass and highpass filters is determined as the sum of the group delay responses 
of the two cascaded networks, a flatter group delay characteristic cannot be achieved by 
combining the above mentioned networks. On the other hand, the fact that the group delay 
response of second order allpass filters having Q > l/\/3 is increasing for frequencies 
lower than approximately ujq can be exploited to increase the group delay flatness of the 
network to which it is cascaded. Flowever, even though the use of such a second order all
pass network could provide a good solution for equalising the group delay of a narrow-band 
filter, it is not suitable for the phase correction of a highpass filter. In fact, even considering 
the ECG front-end filter to be band-limited at 150 Hz, a very high value would have to be 
chosen for the critical frequency uq, yielding no actual benefit in terms of the response of 
the highpass filter.

5.7.2 Pole-zero network

CHAPTER 5. PRELIMINARY ANALYSIS FOR THE HIGH PASS FILTER DESIGN

Another possibility for the compensation of the highpass response consists in cascading the 
filter with a pole-zero network, which will introduce modifications in both the amplitude and 
the phase characteristic of the original filter. The transfer function of a pole-zero network is 
defined by:

H{s) =
s -F uJz

(5.15)
s -F ujp

where and Up are the frequencies of the zero and the pole, respectively, and ^ uip. 
Depending on the relative frequency of the pole and zero, the system can be classified as 
a lead or a lag network. If the pole frequency is higher than that of the zero, Eq. (5.15) 
describes a lead network. When the > oOp, the transfer function identifies a lag network, 
instead.

Lead and lag networks can be easily realised by three-element RC circuits, as illustrated 
in Figure 5.23. The transfer functions of the networks shown are, respectively, equal to:

^Leadi^)
s “F oo'

S +
u

(5.16)

a

and
a-

s-Fru" 

s -F auj"
(5.17)
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Vj o—WV Vn

Figure 5.23: Passive implementation of lead (left) and lag (right) networks [160].

where u' and ui" identify the frequency of the zero for the lead and the lag network, respec
tively. In both cases, a = R2/{R\ + R2) [160], which implies 0 < a < 1. The magnitude 
and phase responses corresponding to these transfer functions are depicted in Figure 5.24 
for Q = 0.2, having normalized the frequency of the zero to be 1 rad/s. It can be noticed that 
the lead network is characterised by a low-frequency attenuation that is exactly equal to a. 
This parameter also represents the high-frequency loss of the lag circuit. As for the phase 
response, the lead network introduces a positive shift, whereas the phase characteristic of 
the lag network is negative over the whole spectrum. In both cases, the amplitude of the 
peak in the phase response is determined only by the value of a. It can be shown that the 
maximum absolute value of the phase shift is given by [161]:

\(^\max = tan -1 1 tan ^ ("v/a) • (5.18)

Let us now consider the lead network with regard to the compensation of the highpass 
filter response. Since the magnitude of this network is unity at high frequencies, no change 
will be introduced in the asymptotic high-frequency amplitude of the system to which the 
lead circuit is cascaded. On the other hand, the lead network will enhance the attenuation 
of the original filter for frequencies lower than that of its pole, tu'/a. Since in this case a 
highpass filter is the starting point for the compensation, the lead network will cause the 
steepness of the filter magnitude response to increase at low frequencies. A sharper low- 
frequency cutoff will, in turn, determine a larger undershoot in the response of the highpass 
filter to an input rectangular pulse, as discussed in Section 5.2. It can thus be concluded 
that a lead network is not suitable for improving the adherence of the frequency and time 
domain characteristics of the highpass filter to the requirements set by the international 
standards.
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Frequency (rad/s) 
(a)

(b)

Figure 5.24: Magnitude (a) and phase (b) response of a lead and a lag network for a = 0.2 and 
u>' = cu" = 1 rad/s.
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As regards the lag network, it can be seen from Figure 5.24(a) that this circuit can actu
ally be used to decrease the steepness of the magnitude response of a H(1/s)-transformed 
highpass filter cascaded with it. The lag network will, however, also cause a reduction of 
the high-frequency gain, which, if the ratio between pole and zero frequencies is extremely 
large, would have to be compensated by designing the front-end amplifier to have a larger 
gain. In terms of phase response, this pole-zero network can be employed to decrease 
the phase shift introduced by the highpass filter at low frequencies (see Figure 5.21). This 
phase equalisation property of the lag network has been verified by Gleeson [31]. The goal 
of the study was to reduce the passband phase shift of a highpass filter obtained using 
the conventional H(1/s) transform to the level of that of a 0.05 Hz single-pole filter. Glee- 
son, however, failed to find a lag network that would allow such a compensation, without 
introducing a peak in the magnitude response larger than the 0.5 dB limit recommended in 
the 1990 AHA report. The choice of highpass filter as a third order system with 3dB-cutoff 
located at 0.3 Hz can be identified as a possible cause of the inability to determine appro
priate values for the parameters of the lag network. The bandpass limit and the order of the 
filter result in the phase shift being extremely large in the low-frequency range of the EGG 
spectrum. If a second order filter with a lower cutoff frequency had been selected instead, 
it might have been possible to find a lag network able to reduce the low-frequency phase 
shift of the filter below the reference level set by the 0.05 Hz first order system.

In summary, even though a lag network can be used for the compensation of the fre
quency and time domain characteristics of a conventional highpass filter, this solution to 
the highpass design problem does not appear to be optimal. First of all, the combination of 
filter and pole-zero network not only attenuates the out-of-band low-frequency noise, but it 
also reduces the amplitude of the EGG signal. Moreover, the outcome of the compensation 
is highly dependent on the choice of highpass filter. In fact, the optimisation of the parame
ters of the lag network, cu" and a, can succeed in reducing the undershoot occurring in the 
system response after the application of a rectangular input pulse only if the order and the 
3dB-cutoff frequency of the highpass filter are limited.

5.7.3 Lag-lead network

A lag-lead network can be obtained by cascading a lead and a lag network if the location 
of poles and zeros is properly chosen. The frequencies of the zeros need, in fact, to be 
located between the frequencies of the poles. A simple implementation of the lag-lead 
network consists in the passive circuit shown in Figure 5.25, whose transfer function is
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Figure 5.25: Passive realisation of a lag-lead network.

given by [162]:
H T,nn —

Lag—Lead is) =
[s + C(Ji) (6’ + LJ2)

(5.19)

where
1

and UJ2 =
1

BiCi B2C2
and the following relation must be satisfied for ()</3<l:

1 1 1 1
liiCj II2C1 R2C2 PRiC,

P
R2C2

(5.20)

(5.21)

The amplitude and phase responses of such a lag-lead system are depicted in Figure 
5.26 for uji = 1 rad/s and oj2 = 3 rad/s, when Ci = C2- Since capacitors of equal value have 
been selected, Eq. (5.21) can be simplified and the parameter /3 is calculated to be:

^ _ cui -f 2uj2 ~ \/^i + 4a;| _ q .jg
2a;o

(5.22)

It should be noticed that a minimum occurs in the magnitude characteristic of the lag-lead 
network at frequency i.e. the geometric mean of the frequencies of the zeros. At the
same frequency, the phase shift introduced by the network changes in sign from negative 
to positive. The amplitude of the minimum in the magnitude response and the deviation 
of the phase characteristic from zero are, however, simultaneously dependent on the ratio 
between the frequency of the zeros and p. If the zeros are located very far apart and the 
value of P is large, the peaks in the magnitude and phase response are reduced. However, 
due to the relationship in Eq. (5.21), the frequencies of the zeros and the parameter (3
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Figure 5.26: Magnitude (a) and phase (b) response of a passive lag-lead network for ui\ = 1 
rad/s and W2 = 3 rad/s, when C\ = C2.
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cannot be chosen independently for the passive circuit in Figure 5.25.

Since a lag-lead network causes the input signal to be attenuated over a finite fre
quency interval but does not alter the transmission at low and high frequencies, this type of 

circuit can be employed to compensate the overshoot occurring in the amplitude response 

of highpass filters derived through the 1-FI(s) transformation. Let us, for example, consider 

the system obtained from a second order Bessel prototype. When the 3dB-cutoff frequency 

the highpass filter is 0.05 FIz, its magnitude characteristic presents a peak at = 0.15 Hz, 
as illustrated in Figure 5.19. To decrease the extent of this overshoot, a lag-lead network 

having a minimum located at approximately can be cascaded to the highpass filter.

In order to design a passive lag-lead network for the compensation of the magnitude 

response of the 1-H(s) highpass filter, different combinations of values for the resistances 

and capacitances in Figure 5.25 have been selected. For each set of parameters, the 
response of the system obtained by cascading the lag-lead network and the filter has been 
tested for compliance with the requirements specified in Section 5.2 for the ECG filter. The 

first step in the selection of the passive circuit components consists in fixing the parameter 
Cl. Different values for the resistor i?i are then chosen so that the zero of the lead network, 

O/'i, is close to the frequency of the peak in the amplitude response of the highpass filter. 
Since 27r/fc ^ 1 rad/s, uji is varied between approximately 0.5 and 2 rad/s. For each cui, the 
target value for u;2, named is determined though the relationship:
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CUn =

(27rA-)^

UJi
(5.23)

which sets the frequency of the minimum in the magnitude response of the lag-lead network 
to be equal to that of the peak occurring in the amplitude characteristic of the filter. Various 

combinations of C2 and B.2, for which the zero of the lag network, uj2, approximates the 
desired are finally selected. An example of this procedure is shown in Table 5.2 for Ci = 

100 nF. It should be noticed that, for any given couple of and uj2, the depth of the valley 

in the magnitude response of the lag-lead network, that is, the amount of compensation 
applied to the amplitude characteristic of the highpass filter, is determined by the value of 

parameter /?, which is, in turn, defined by the choice of C2 and i?2-
Regarding the choice of components in Table 5.2, it should be noted that through-hole 

capacitors with a 1% tolerance are currently available for capacitance values up to 100 nF 

[163] and that through-hole resistors with a 1% tolerance are also produced according to 
the E6 series for values up to 100 MO [164]. Components characterised by high values of 

resistance or capacitance and low tolerances are, however, quite bulky. In order to decrease 

the physical dimensions of both resistors and capacitors, the design of the lag-lead circuit 
can be modified by selecting capacitances one order of magnitude larger and resistances
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Table 5.2: Sets of parameters defining the passive lag-lead network that were tested to 
pensate the magnitude response of the highpass filter (Ci = 100 nF).

com-

C2
(nF)

Bi

LOi =
UI2 =

= 22 MQ
0.45 rad/s
2.06 rad/s

Wi =
C2 =

= 15 MQ
0.67 rad/s
1.40 rad/s

Ri

OJi

U)2 =

= 10 MQ
= 1 rad/s
0.94 rad/s

Ri

Wi =
LO2 =

= 6.8 MQ
:1.47 rad/s
: 0.64 rad/s

R2

(MD)
U)2

(rad/s)
/3 R2

(MQ)
0J2

(rad/s)
/? R2

(MQ) (rad/s)
R2

(MQ)
UJ2

(rad/s)
/3

100 4.7 2.13 0.10 6.8 1.47 0.20 10 1.00 0.38 15 0.67 0.61
68 6.8 2.16 0.12 10 1.47 0.24 15 0.98 0.45 22 0.67 0.69
47 10 2.13 0.14 15 1.42 0.28 22 0.97 0.52 33 0.64 0.76
33 15 2.02 0.16 22 1.38 0.33 33 0.92 0.60 47 0.64 0.82
22 22 2.07 0.17 33 1.38 0.36 47 0.97 0.64 68 0.67 0.86
15 33 2.02 0.19 47 1.42 0.38 68 0.98 0.69 100 0.67 0.90

one order of magnitude smaller. The drawback of this approach is that capacitors with 

5% tolerance need to be used. The employment of larger capacitances is also essential if 
a surface-mount implementation of the lag-lead network is required. In tact, even though 

surface-mount capacitors with 2% tolerance are on the market for values up to 220 nF [165], 
only few denominations of surface-mount resistors are manufactured for resistances larger 
than 10 MO [166].

The combinations of capacitance and resistance values that allow the magnitude and 
pulse response constraints presented in Section 5.2 to be satisfied by the cascade of the 
highpass filter and the passive lag-lead network are given in Table 5.3 for Ci = 100 nF and 

Cl = 68 nF. Other sets of component values may be successfully employed to compensate 
the magnitude response of the highpass filter if a smaller value of Ci is chosen as the start

ing point for the lag-lead network design. It should, however, be noted that the resistance of 
both i?i and R2 increases as the capacitance Ci is decreased. Therefore, a trade-off exists 

between the values of resistors and capacitors in the lag-lead network and, in particular, 

the lower limit for Ci is set by the maximum resistance allowable for R2.

The magnitude characteristic and the undershoot and recovery slope of the pulse re

sponse are illustrated in Figures 5.27 and 5.28 for the systems obtained by cascading the 
second order Bessel 1-FI(s) highpass filter and each of the lag-lead networks designed for 

Cl = 100 nF, whose component values are presented in Table 5.3. No substantial differ

ence between the various compensating networks can be noticed in the frequency and time 

domain characteristics of the cascaded system. Each lag-lead network manages to reduce 

the overshoot present in the magnitude characteristic of the original highpass filter to less 
than 0.5 dB, without causing the pulse response of the overall system to exceed the limit set 

for the displacement from the isolectric line. Moreover, the absolute value of the recovery 
slope measured after the end of the rectangular input is actually reduced by cascading the
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Table 5.3: Combinations of component values that allow the standards’ requirements for EGG 
filtering to be fulfilled by the responses of the cascade of the lag-lead network and the highpass 
filter.

7?i (MO)

Ci = 100 nF Cl = 68 nF

i?2 (MO) C2 (nF) i?2 (MO) Gs(nF)

22 47 15
15 33 22 47 22
10 33 33 47 33
6.8 33 47

lag-lead network to the 1-H(s) filter, as can be seen in Figure 5.28(b).

It should, however, be noted that even though a properly selected lag-lead network can 

be used to compensate the magnitude response of a highpass filter obtained through the 

1-H(s) transformation, this is not an optimal solution for the design of the EGG highpass 

filter. The compensation is, in fact, dependent on the initial choice of highpass filter. If the 

overshoot present in the magnitude response of the highpass filter is too large, it might not 

be possible to determine the parameters of a lag-lead network that will reduce the highpass 

amplitude peak to less than 0.5 dB and at the same time allow the time domain constraints 

for the pulse response of the overall system to be satisfied. Furthermore, Figure 5.27 shows 

that the cascaded system does not provide any considerable benefit when compared with 

a first order 0.05 Hz filter. The 3dB-cutoff frequency of the system obtained by cascading 

the highpass filter and any of the compensating lag-lead networks is equal to 0.053 Hz, 

the slope of its magnitude response is limited to 20 dB/decade at frequencies close to zero 

and the rejection achieved at low frequencies is only 2 dB higher than that of the reference 

single-pole network. Therefore, despite its increased complexity, the cascade between 

the 1-H(s) Bessel filter and the lag-lead circuit does not guarantee a rejection of baseline 

wander and low-frequency artifacts much greater than a simple 0.05 Hz RC network can 

provide.

5.8 Conclusion

In the first section of this chapter, the requirements defined for the highpass EGG filter 

according the 1990 AHA recommendations [19] and the European standard for diagnostic 

recording equipment (EN 60601-2-51:2003) [9] have been summarised. In particular, it has 

been highlighted how the specifications set on the response of the highpass filter to an 

input rectangular pulse greatly limit both the steepness of its amplitude response and the 

frequency of its 3dB-cutoff point.
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Figure 5.27: Amplitude characteristic of the system obtained by cascading a second order 
Bessel 1-H(s) highpass filter and a compensating lag-lead network. The responses determined 
by the employment of various lag-lead networks having Ci = 100 nF and i?2 = 33 MO and 
different value combinations for Ri and C2, as well as the original magnitude of the 1-H(s) 
filter are illustrated. The amplitude characteristic of a 0.05 Hz first order filter is also shown for 
comparison purposes. The boxed portion of (a) is shown in detail in (b), where the requirements 
specified on the amplitude characteristic are represented by the dashed lines.
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Figure 5.28: Displacement from the isoelectric line (a) and absolute value of the recovery slope 
(b) of the response of the system obtained by cascading a second order Bessel 1 -H(s) highpass 
filter and a compensating lag-lead network after the application of a 3 mVx 100 ms rectangular 
input pulse. The bounds established by the European standard for the maximum allowable 
undershoot and slope are represented by the dashed lines.
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Some of the most common digital solutions proposed over the years for the elimination 
of low-frequency artifacts from the EGG signal have then been briefly discussed. The ma
jority of these techniques, however, are not appropriate for low-power applications like am
bulatory EGG measurement. Extensive calculations are generally required since complex 
tasks, such as identifying the peak of the QRS complex, recognising some morphological 
characteristics of the input signal or determining the frequency content of the current sec
tion of the electrocardiographic record, need to be performed. Other less computationally 
demanding techniques, such as the adaptive filter described by Thakor and Zhu [116], are 
known to introduce distortion into the EGG signal and cannot be employed in diagnostic 
measurement devices.

Among the digital methods for baseline wander removal, special attention has been ded
icated to FIR filters. These filters can be easily designed to have linear phase and do not re
quire particularly intensive calculations compared to other digital techniques. Furthermore, 
the specifications detailed for fhe highpass EGG filter by standards and recommendations 
constitute the only a priori information needed for their design. The frequency and time do
main characteristics of the classic FIR filters described in 1985 by Ahlstrom and Tompkins 
[111] and Van Alste et al. [68] and of the filters more recently presented by Raita-aho et al. 
[69] and Tabakov et al. [70] have been tested for compliance with the requirements estab
lished for the EGG filter. Flowever, none of the proposed transfer functions is able to fulfil 
the constraints set on the response to a rectangular 3 mVxlOO ms input pulse. Since the 
filters proposed by Van Alste et al., Raita-aho et al. and Tabakov et al. have linear phase, 
this finding proves, once more, that the linearity of the phase response is not a sufficient 
condition to guarantee that the filter does not alter the morphology of the EGG signal.

An FIR filter complying with the specifications detailed in the current European standard 
for diagnostic EGG equipment has been found. Flenzel [149] describes an algorithm for 
the determination of the impulse response coefficients of a filter fulfilling both magnitude 
and pulse constraints. The design outline provided is, however, lacking in detail and the 
optimisation procedure though which the filter transfer function was determined cannot be 
reproduced from the article.

In the remainder of the chapter, attention has been directed towards the analogue do
main. It has been stressed how a simple single-pole highpass network is usually employed 
to eliminate the DG offset and very low-frequency noise components from diagnostie EGG 
records. Some examples of first order filters actually implemented in EGG measurement 
devices have also been presented.

Using a second order Bessel system as a example, it has then been shown that the high- 
pass EGG filter cannot be directly designed through lowpass-to-highpass transformations. 
The characteristics of higher order analogue filters obtained employing either the traditional
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H(1/s) or the 1-H(s) transform do not fulfil the frequency and time domain requirements 
defined by the AHA recommendations and the international standards. In particular, it has 
been highlighted that the magnitude response of the filters derived using the traditional 
H(1/s) transform is too steep in the transition region to allow the pulse response constraints 
to be satisfied. On the other hand, highpass filters determined through the 1-H(s) transfor
mation present a peak in their magnitude characteristic that exceeds the maximum ripple 
of 0.5 dB permitted in the 1990 AHA report.

In the last part of this chapter, the use of some classic compensation techniques to im
prove the frequency and time domain characteristics of the highpass filters derived through 
the H(1/s) and 1-H(s) transformations has been analysed. It has first been shown that an 
allpass filter cannot be employed to increase the linearity of the phase response of the high- 
pass filter. Secondly, the possibility of decreasing the steepness of the magnitude response 
of a traditional H(1/s)-transformed filter, and therefore reducing the undershoot occurring in 
the pulse response, has been explored. A lag network appears to be suitable for this pur
pose, but it introduces unwanted additional attenuation at high frequencies, which could 
degrade the quality of the ECG signal. Moreover, the outcome of the compensation proce
dure seems to be highly dependent on the initial choice of highpass filter. Finally, a lag-lead 
network has been designed to compensate the peak present in the magnitude response 
of a second order Bessel filter obtained using the 1-H{s) transform. Cascading this circuit 
with the filter allows the constraints specified for the highpass ECG filter to be satisfied by 
the amplitude characteristic of the overall system and it does not cause any detrimental 
change to the pulse response. It should, however, be pointed out that, in terms of rejection 
of low-frequency noise and interference, the cascaded system is not substantially different 
from a single-pole 0.05 Hz highpass filter.

In summary, the transfer function of an analogue highpass filter having magnitude re
sponse more selective than that of a single-pole 0.05 Hz RC network, and yet preserving 
the shape of the input signal, could not be determined using lowpass-to-highpass trans
formations and conventional compensation techniques. It was, therefore, decided to adopt 
a different approach and to investigate the possibility of designing the analogue highpass 
filter directly from the specifications detailed in the EN 60601-2-51:2003 European standard 
and the 1990 AHA report.
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Chapter 6

Highpass filter design

6.1 Introduction

Filters are traditionally designed by approximating an ideal response by means of a real
isable function. Specific properties of the desired response need to be preserved by the 
approximation and the mathematical technique employed for this task is usually chosen 
based on these properties [84]. For example, the Butterworth and Bessel transfer functions 
presented in Sections 4.3.1 and 4.3.3 are derived using a Taylor approximation, which min
imises the error between ideal and real responses at a single point. On the other hand, the 
transfer functions of the Chebyshev filter (see Appendix A.2.1) and of the linear phase with 
equiripple error and the equiripple impulse overshoot filters described in Sections 4.3.4 and 
4.3.5 are obtained through a Chebyshev approximation, which aims at reducing the maxi
mum deviation between the desired and the actual response for any point within a selected 
interval.

Even though Taylor and Chebyshev approximation techniques were originally very pop
ular and most of the classic lowpass filter transfer functions were derived using them, the 
least-square approximation has become increasingly widespread in recent years and it has 
been employed to design filters having specific characteristics in both the frequency and the 
time domains [167, 168]. The first step in these multi-criteria filter approximations consists 
in identifying an ideal magnitude response, that is, the stopband and passband limits, the 
stopband attenuation and the passband ripple. Other objectives, such as limited deviation 
from a linear phase characteristic and minimal overshoot in the time domain response, are 
also specified. The error between each pair of real and ideal responses is evaluated and the 
weighted average of these errors is then minimised, subject to possible further constraints.

A similar multi-criteria approximation was used by Henzel [112] to design a highpass 
digital filter (see Section 5.4.6) that satisfies the requirements of the European standard

133



CHAPTER 6. HIGHPASS FILTER DESIGN

EN 60601-2-51:2003 for diagnostic eiectrocardiographic applications [9]. The ideal mag

nitude characteristic and the desired response to a defined input waveform were specified 
for a set of frequency points and time instants, respectively. Acceptable ripples were es

tablished for the magnitude response in the passband and stopband and for the overshoot 

and undershoot occurring in the pulse response. Since both the magnitude characteristic 
and the time domain response of a linear phase FIR filter can be expressed as a linear 

combination of the impulse response coefficients, Henzel was able to formulate the design 

problem in terms of a linear regression model, the solution to which was derived using a 

constrained optimisation procedure [149]. A filter characterised by a relatively steep magni

tude response was obtained with the number of impulse response coefficienfs being close 
to 900.

In this thesis, a different approach has been adopted for the design the analogue high- 

pass filter for the front-end of ECG recording equipment and, instead of attempting to ap
proximate desired time and frequency domain responses, it was decided to maximise its 

low-frequency rejection. It has, in fact, been shown that the time domain requirements 
impose very stringent limitations on the amplitude characteristic of fhe highpass system 

and that the steepness of fhe magnitude response and the frequency of the 3dB-cutoff are 
severely restricted by these specifications (see Section 5.2). Therefore, it does not ap

pear feasible to define an ideally steep amplitude characteristic and then attempt to find an 
analogue filter of limited complexity that approximates it and, at the same time, satisfies 
the pulse response requirements set by the European standard. On the other hand, since 
the stopband attenuation and the frequency range of the transition region are not speci

fied by any of the standards and recommendations regulating electrocardiographic devices 
[9, 15, 19, 62-64, 77], it should be possible to optimise the low-frequency attenuation of a 

highpass system of given order that fulfils both the time and the frequency domain specifica
tions. An optimisation procedure is developed by the author where the time and frequency 

domain specifications which the highpass ECG filter must fulfil are expressed as constrainfs 

in fhe algorithm, as was previously proposed by Koca et al. [169] for the design of lowpass 
analogue filters.

The similarities between the design methodology proposed in this work and that de

scribed by Henzel are limited to the fact that the passband ripple and the displacement 
from the isolectric line occurring after the application of a defined input pulse to the ECG 

filter are restricted to satisfy the EN 60601-2-51:2003 standard and that a constrained op

timisation technique is used to derive the filter parameters. On the other hand, whereas 

the stopband and passband limits of the analogue filter under design are not specified, the 

transition region of the FIR filter is fixed by Henzel before the design of the highpass system 
is attempted. Furthermore, since the relation between the magnitude and pulse character-
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istics and the transfer function parameters is more complex tor the analogue system than 
the FIR filter, the design cannot be simplified to a linear regression problem and the same 
algorithm cannot be employed for analogue filters of different orders. Therefore, in order to 
keep the complexity of the optimisation to a minimum, attention is focused only on second 
and third order filters. This choice also allows a simple implementation of the front-end 
highpass filter that can be employed in low-power electrocardiographic equipment.

This chapter thus focuses on the derivation of the transfer functions of second and 
third order filters that satisfy the magnitude and pulse response requirements described 
in Section 5.2 and are characterised by a low-frequency rejection higher than that of the 
reference 0.05 Hz first order network. Different approaches have been explored for the 
maximisation of the low-frequency attenuation of the highpass filters:

• Optimisation of the stopband limit with the 3dB-cutoff frequency fixed at 0.05 Hz;

• Optimisation of the stopband limit;

• Optimisation of the 3dB-cutoff frequency;

• Optimisation of the overall low-frequency attenuation.

At first, the optimisation procedure is employed to maximise the frequency of the stop- 
band limit of the second and third order filters having a fixed 3dB-cutoff frequency of 0.05 
Hz, so as to verify whether an analogue highpass filter of order higher than one can achieve 
a low-frequency attenuation significantly greater than that of the reference single-pole sys
tem. The maximisation of the stopband limit is subsequently performed without imposing 
any condition on the filter 3dB-point. Since the result of this latter optimisation approach is 
not satisfactory, the procedure is altered in order to allow the maximisation of the 3dB-cutoff 
frequency of the second and third order systems to be attempted. Finally, the goal of the 
optimisation process is modified so that, instead of concentrating on the frequency at which 
a specific attenuation is achieved, the overall rejection of the filter can be maximised. A brief 
discussion about the convergence of the optimisation algorithm implemented in MATLAB® 
(The MathWorks, Inc.) concludes the chapter.

6.2 Optimisation procedure

Let us consider the general transfer function for a unity gain filter of order n, having Ip pairs 
of complex conjugate poles, nip real poles, 4 pairs of complex conjugate zeros and rn^ real
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zeros:

n (s+Ik+j4) (s+- j4) n
H{s) = iA;=l i=l

(6.1)

(s + Qffc + jPk) {s + q;a,' - ji3k) 17^'^+
fc=i j=i

where n = 2lp + m.p = 21^ + niz for the transfer function to describe a highpass filter. 
To guarantee the stability of the filter described by Eq. (6.1), the location of the poles is 
restricted to the left-half of the s-plane, that is, the following conditions must be satisfied:

and

cv/c >0 for \ <k <lr,

Pi >0 for 1 < ? < nip

(6.2)

(6.3)

Since the high DC offset voltages generated at the skin-electrode interface can cause 
saturation of the front-end amplifier of the electrocardiographic recording system (see Sec
tion 2.2.4), it is essential that the signal component at zero frequency is completely sup
pressed by the ECG filter. In other words, at least one transmission zero needs to be fixed 
at cj = 0 rad/s. The general transfer function described by Eq. (6.1) thus reduces to:

m, —1
s (s + 7fc + jSk) (s + 7fc - i4) n

Bis) = k=l 2=1

(s + Q'fc -f jl3k) (s + ak - j(3k) n
k=l i=\

(6.4)

The magnitude response of the network described by Eq. (6.4) is then easily derived as:

u
ruz — l

n V + (27fc Lof PJ -f
A;=l i=l (6.5)

2 -f.
fc=l 2=1

In the remainder of this work, attention will be concentrated on the second and third 
order systems and the design of highpass filters having better low-frequency attenuation 
than the 0.05 Hz single-pole network usually employed in diagnostic electrocardiographic 
applications will be attempted. The transfer function of second and third order filters that 
act as DC blockers and have unity gain at high frequencies can be, respectively, expressed
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as:

and

H2is)

Hsis)

s + ais 
+ 6is + 6o

s -|- (liS CLq

s2 + 6is + 6o s+po

(6.6)

(6.7)

This type of representation allows generality to be maintained since it is not required to 
specify whether the poles and zeros defined by the quadratic trinomials are real or complex 
conjugate pairs. All the coefficients in Eqs. (6.6) and (6.7) are defined to be real. More
over, the conditions given in Eqs. (6.2) and (6.3) that ensure the stability of the system are 
rewritten as:

6i > 0 and bo > 0 (6.8)

and, in addition for the third order filter.

Po > 0. (6.9)

6.2.1 Objective function

In order to optimise the out-of-band rejection of the second and third order filters described 
by Eqs. (6.6) and (6.7), the maximisation of either the stopband limit or the 3dB-cutoff point 
is performed. In both cases, the goal of the optimisation procedure involves maximising 
the frequency at which a specified degree of attenuation. He, is achieved by the highpass 
system, that is, the frequency Uc for which the following condition is satisfied:

\H{Ue)\ = He With He < 1. (6.10)

For the second order filter, an analytical solution to Eq. (6.10) can be easily determined. 
The magnitude characteristic of the system described by the transfer function H^is), given 
in Eq. (6.6), is:

\HAu)\ =
UJ^ (co>^ -F ac)

(bo — -j- bi^cj^ Y “F (^^1^ “ 26o) -F bo

Substituting Eq. (6.11) into Eq. (6.10) and solving for cUe leads to:

(1 - He^) o;/ -f _ He^ - 26o)] - HeX"" = 0.

(6.11)

(6.12)
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If the coefficients in the above equation are renamed as:

A = l- Hr

B = - 2bo)

C=-HrX'^

(6.13)

(6.14)

(6.15)

the solutions of Eq. (6.12) can be written using the simple quadratic formula:

-D ± - 4AC
Ur^ =

Since ^ > 0 and C < 0,

AC <0 and

2A

- 4AC >

(6.16)

(6.17)

that is, the radicand is positive and the square root is always real. Because:

-B - VB^ - 4AC
271

<0, (6.18)

only one of the solutions for is admissible. Therefore, the frequency at which the am
plitude response of the filter is equal to He is uniquely defined outside the passband of the 
second order highpass filter and can be expressed as:

J - [ai2 - j + ^ _ 25^^] 2 ^ _ ^^2) ^^2
Wc = ----------------------------------------------- ^------------------------------------------------------------•

^2 (1 - «T)
(6.19)

Let us now consider the third order case. The amplitude response of the system ex
pressed by Eq. (6.7) is given by:

(ao — -f

(bo - -f bi^cj^ y a;2 -f po^

2, ,2

l^sMI =
UJ

(6.20)

Even though it is possible to employ this formula to analytically determine the frequency at 
which the critical attenuation is achieved by the filter, its expression is dependent on the 
sign of the discriminant of Eq. (6.10), when rewritten in terms of ojc^. Moreover, in order 
to guarantee that the critical frequency is positive, a further condition needs to be imposed 
on the cjc expression. Therefore, given the complexity involved in analytically solving Eq. 
(6.10) for a third order system, the value of cUc is obtained graphically using MATLAB®.
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6.2.2 Constraints definition

As discussed in Section 5.2, certain conditions need to be imposed on the amplitude re
sponse of the highpass EGG filter to guarantee that the 1990 AHA recommendations [19] 
and the European standard EN 60601-2-51:2003 for diagnostic electrocardiographic de
vices [9] are satisfied. In the first place, any overshoot that may occur in the filter magnitude 
response is not allowed to exceed 0.5 dB. In other words.

\H{uj)Ub < Rp Vo;, (6.21)

where \H{uj)\, defined by Eq. (6.5), is expressed in decibels and Rj, = 0.5 dB. Furthermore, 
in order for the passband ripple to be limited to ±0.5 dB, a lower boundary has to be 
specified for the filter amplitude characteristic over the EGG spectrum:

\H{‘^)\dB > -Rp for 00 > ooo, (6.22)

with ooq = 27r/o, where /o = 0.67 Hz is the upper limit specified for the transition region by 
the EN 60601-2-51:2003 standard.

The time domain specifications of the EGG filter have been analysed in detail in Section 
3.4 and the limitations that such requirements impose on the system magnitude response 
have been discussed in Section 5.2. Now, a rigorous definition of the constraints that the 
pulse response of the highpass filter needs to satisfy in order to adhere to the EN 60601-2- 
51:2003 European standard is established.

Let us first consider the offset condition. According to the standard, it is required that the 
displacement from the isoelectric line occurring in the filter response after the application of 
an input rectangular pulse of A’ = 3 mV amplitude and to = 100 ms duration is limited to d 
= 100 pV. Based on the offset illustration provided in the standard itself (see Figure 3.6), it 
appears that this condition only applies to negative displacements, whereas no constraint 
is defined for the pulse response overshoot. The lack of a specification for the positive 
displacement is probably due to the fact that the offset specification set by the standard was 
most likely derived from the response of a single-pole 0.05 Hz filter to a rectangular input 
[63], which, as shown in Section 3.4.2, only presents a negative displacement following 
the pulse. In contrast with the behaviour of first order filters, the response of higher order 
systems to an input rectangular pulse can present a positive overshoot, as illustrated in 
Figures 5.2(a) and 5.20. The amplitude of this overshoot is, however, considerably lower 
than that of the undershoot occurring immediately after the termination of the input pulse. 
Therefore, if the same constraint is set for both the positive and negative displacements, 
the condition on the overshoot would be met by any filter already fulfilling the undershoot
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requirement. Since overshoot and ringing in the time domain responses are effectivel/ 

distortion introduced by the system into the signal [83] and should be kept to a minimum, a 
more stringent requirement is thus set for the positive displacement.

The system response to a rectangular input of duration to and amplitude k is given by:

y{t) = k[g{t) - g{t-to)], (6.23)

where g{t) is the filter response to a unit step function. The displacement occurring after 
the termination of the pulse is equal to y{t) and the requirement on the undershoot can thus 

be written as:

that is,

k [git) - git - ^o)] > - d for t> to,

git) - git -to)> - ^ for t> to

(6.24)

(6.25)

where, according to the values stated in the EN 60601-2-51:2003 standard, d/k = 0.033. 
The constraint on the positive displacement that may be present in the filter response to a 

rectangular pulse can, on the other hand, be formulated as:

git) - git - to) < e - for t>to, (6.26)

where e < 1 determines the amplitude of the allowable overshoot. In the analysis performed 
in this chapter, this condition will be considered optional, that is, the optimisation procedure 
will be initially carried out ignoring the constraint given in Eq. (6.26). If, however, a significant 

overshoot occurs in the response of the optimised filter, the influence of a restricted positive 

displacement will be evaluated.
As regards the condition on the steepness of the slope following the rectangular pulse, it 

appears from Figure 3.6 that the European standard is concerned only with an excessively 

large positive slope. This constraint can be expressed as:

k [hit) — h{t — to)] < rn for t > to, (6.27)

where h{t) is the filter impulse response and m. is the maximum slope allowable for the 

response after the pulse. However, since artifactual ST segment elevation and depression 
are equally detrimental to diagnostic EGG analysis [4, 8], it seems more appropriate to
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impose a symmetrical constraint on the recovery slope:

k \h{t) — h{t — to)I < m for t > to, (6.28)

which can be rewritten as:

m
\h{t) — h{t — to)| < ^ for t > to-

n
(6.29)

Because the EN 60601-2-51:2003 standard specifies different values for the slope over 

separate intervals, two conditions arise from the constraint given by Eq. (6.29):

\h{t) - h{t - to)\ <

and

mi

m2

for to < t < ti

h{t) - h{t - to)| < — for t > ti,

(6.30)

(6.31)

where nii = 250 pV/s, m2 = 100 pV/s and t] = 300 ms.

6.2.3 Further constraints

The magnitude response of the second order highpass filter under analysis can be shown to 
be monotonically increasing outside the passband (see Appendix A.1). On the other hand, 

further conditions need to be imposed on the magnitude characteristic of filters of order n > 
3 to limit the amplitude of the ripples in both the stopband and passband and to avoid the 

presence of any peak in the transition region. In particular, the amplitude of the maxima 
located in the stopband of the filter cannot exceed the minimum stopband attenuation Ag, 

whereas the passband minima are not allowed to be less than -0.5 dB. In other words.

— -^s for ^max —

and

\H{yJmin)\dB ^ Rp for ^min ^ P)

(6.32)

(6.33)

where ujg and Up represent the stopband and passband limits, respectively, as illustrated in 

Figure 6.1, and oomax and ujmin identify the frequencies at which maxima and minima occur 
in the magnitude response. A change in the sign of the first derivative of the filter amplitude 

characteristic is employed to numerically determine the location of these extreme points.

In order to avoid ripples in the transition region, the system magnitude response is 

required to be monotonically increasing over this frequency interval. The derivative of the
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Magnitude (dB)

Region

Figure 6.1: Mask showing the limits imposed on the filter magnitude response during the opti
misation process. The area allowable for the amplitude characteristic is shaded.

amplitude characteristic is therefore constrained to be positive:

d\H{u)UB
du)

> 0 for ujg < oj < uip. (6.34)

6.2.4 Algorithm description

A constrained numerical optimisation is implemented in MATLAB® 7.4.0 (R2007a) using the 

function fraincon available in the Optimization Toolbox™ [170]. fmincon attempts to find a 

minimum of a scalar function subject to a set of equality and inequality constraints:

min f{x) subject to
Cj(a::) = 0 for z = l,...,me

Ci{x) <0 for i — rrie + I,... ,m,
(6.35)

where a: is a vector constituted by the design parameters, f{x) is the objective function that 
returns a scalar value and c{x) is a vector of length m containing the values of the equality 

and inequality constraints. In the case under analysis, the design parameters are given by
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the coefficients of the filter transfer function (see Eqs. (6.6) and (6.7)), that is:

x'^ = [ai bi feo], (6.36)

for the second order filter, and

x'^ = [ai ao bi bo po], (6.37)

for the third order filter. Since the optimisation aims at maximising the critical frequency, 
Uc, at which a desired attenuation is reached by the filter, the objective function selected for 
minimisation using fmincon is given by:

f{x) = -Uc- (6.38)

For the second order system, ojc is described by Eq. (6.19), whereas for the third order one 
it is numerically measured as discussed in Section 6.2.1. The inequality constraints in Eq. 
(6.35) are obtained by rewriting Eqs. (6.21), (6.22), (6.25), (6.26), (6.30) and (6.31) as:

Cl{x) = \Hiu)\dB — I^p y u (6.39)

C‘i{x) = — \H{u})\dB — Rp UJ ^ CJq (6.40)

Csix) = -W) - - R)] - ^ t > to (6.41)

C4{x) = [g{t) - g{t-to)]-ej t > to (6.42)

Cr^ix) = \h{t) - h{t -to)\-^ to <t <ti (6.43)

Ce{x) = \h{t) - hit - to)\ - ^ t > tl. (6.44)

For the third order system, the following constraints, derived from Eqs. (6.32), (6.33) and 
(6.34), are also applied:

Cj^x') \H(^UJniax')\dB “F Ag 

Cs{x^ — \H (^Ulmin')\dB Rp 

d \H{uj)\dB
Cg{x) = --

dcj

^max ^

^min ^

OOg < U < Up.

(6.45)

(6.46)

(6.47)

The functions and parameters used in the definition of these constraints (Eqs. (6.39) to 
(6.47)) are specified in Sections 6.2.2 and 6.2.3.

To solve the constrained non-linear optimisation problem, fmincon employs a sequen
tial quadratic programming (SQP) method, that is, the function solves a linear quadratic
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programming (QP) subproblem at each iteration. SQP methods are based on the solution 
of the Kuhn-Tucker equations, which constitute the necessary conditions for optimality in a 
constrained optimisation problem [170, 171], Using the notation in Eq. (6.35), the Lagrange 
function can be obtained as a linear combination of the objective and the constraints func
tions:

m

L{x,X) = f{x)+ (6.48)
2=1

where A is the vector of length rn given by the Lagrange multipliers. Each scalar multiplier, 
Aj, is associated with one constraint. The Kuhn-Tucker equations can then be expressed 
as:

V^L(cc, A) = 0
\iCi{x) = Q for z = me-H 1,..., m (6.49)
Aj > 0 for i = me -I-1,..., m

in addition to the constraints in Eq. (6.35).
At each iteration of the SQP algorithm, the first step consists of approximating the Hes

sian of the Lagrangian function in Eq. (6.48), where the term Hessian indicates the matrix 
of second-order partial derivatives [172]:

H = VlL{x,\). (6.50)

A quasi-Newton method is used for updating the Hessian matrix through the formula [170]:

H, = iT,_i + QkQk
qjsk Sk^'Hk-iSk '

where

and

Sk = Xk - Xk-l

Qk '^xL(^Xf;, Ij l)-

(6.51)

(6.52)

(6.53)

Using this approximated Hessian, a quadratic programming subproblem is then ob
tained by linearising the non-linear constraints in Eq. (6.35). The aim of the QP subproblem 
is to determine the search direction dk for the SQP algorithm [170, 173]:

1
min -dk Hkdk -h Vf{xk) d^

dk Z

subject to
Vci{xk)'^dk + Ci{xk) = 0 

Vci{xkf dk + Ci{xk) < 0

for z = 1,..., m.e

for z = me -H 1,..., m,
(6.54)
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The solution of the QP subproblem returns the search direction dk, which is used to gener

ate a further iteration of the SQP algorithm by updating as:

^k+i Oikdf^. (6.55)

The parameter defining the size of the step in the search direction is selected by a line 

search procedure so that a sufficient decrease in a merit function is produced. Details of 

the merit function used by fmincon are available in [170].

6.2.5 Starting point

The set of parameters describing a standard highpass filter is used as the starting point of 
the optimisation procedure. Butterworth and Chebyshev filters with passband ripple equal 

to 0.5 dB are employed for the second order filter. For the third order filter, an Elliptic filter 

having a passband ripple of ±0.5 dB and a stopband ripple equal to the required attenuation 

As is selected to determine the initial values of the design variables. The characteristics of 
lowpass Butterworth filters are described in Section 4.3.1, whereas the features of Cheby
shev and Elliptic filters are briefly discussed in Appendix A.2. The highpass transfer function 
of these filters is obtained using the classic H(1/s) transformation described in Section 5.6.1. 

The transfer function of the second order Chebyshev filter is renormalised to achieve unity 

gain at high frequencies.
Since the SQP technique employed by the fmincon function is gradient-based and it 

can lead to local solutions [170], it is essential to assess the convergence of the algorithm. 
The optimisation procedure is repeated starting from different initial conditions, which are 

obtained by setting the 3dB-point of the standard highpass filters at various frequencies 
between 0.01 Hz and 0.15 Hz. If the 3dB-cutoff frequency is selected to be 0.05 Hz, the 

responses of the Butterworth, Chebyshev and Elliptic filters do not satisfy the constraint on 
the maximum undershoot allowable after the application of a 3 mVxlOO ms rectangular 

pulse, as also previously highlighted in Section 5.6.3 for a Bessel filter. As illustrated in 
Figures 6.2 and 6.3, for the condition on the negative displacement to be fulfilled by these 

traditional filters, the 3dB-cutoff frequency must be lower or equal to 0.037 Hz for the second 
order systems and 0.021 Hz for the third order ones. Choosing a 3dB-cutoff lower than 

these limits allows the optimisation starting point to satisfy all the constraints defined in the 

previous section and the set of initial parameters to be included in the solution space. The 

convergence of the optimisation procedure is therefore tested using starting points that are 

both inside and outside the feasible region. The optimum solution is selected from all of 

the outcomes of the maximisation procedure as the set of design parameters that leads
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Figure 6.2: (a) Magnitude characteristic of second order Butterworth and Chebyshev filters 
having 3dB-cutoff frequency equal to 0.037 Hz and (b) displacement from the isoelectric line 
occurring after the application of a 3 mVx 100 ms rectangular pulse at their inputs. The re
sponses of a 0.05 Hz first order filter are also illustrated for comparison purposes. The dashed 
line in (b) represents the bound established for the maximum allowable undershoot by the Eu
ropean standard for diagnostic electrocardiographic devices.
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Figure 6.3: (a) Magnitude characteristic of third order Butterworth, Chebyshev and Elliptic filters 
having 3dB-cutoff frequency equal to 0.021 Hz and (b) displacement from the isoelectric line 
occurring after the application of a 3 mVx 100 ms rectangular pulse at their inputs.
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to the highest critical frequency Uc- The chosen solution is not guaranteed to be a global 

optimum, but just the highest of the local maxima.

6.3 Optimisation of the stopband limit with the 3dB-cutoff 

frequency being fixed at 0.05 Hz

In order to verify the possibility of designing a second or third order filter having better rejec

tion properties than the 0.05 Hz RC network usually employed as the front-end highpass fil

ter in electrocardiographic applications, the 3dB-cutoff frequency of the system undergoing 
optimisation is initially fixed at 0.05 Hz and the frequency of the stopband limit is maximised. 

From Eqs. (6.11) and (6.20), which define the amplitude characteristic of the second and 

third order filters, respectively, a relationship can be easily determined between the design 

parameters and the frequency of the 3dB-point, that is, one of the parameters can be de
rived from the other filter variables. The expression linking the 3dB-cutoff frequency and 
the transfer function parameters is given, for the second order filter, by:

+ 2 (ai^ -F bo) (6.56)

and, for the third order filter, by:

PO^ —
2 (qq — + ai^ uJzdB^ _ ^

{ho — i^ZdB'^)"^ + UJmb"^
(6.57)

where uj^dB = 27r 0.05 rad/s.
In order to maximise the stopband limit, the critical frequency Uc is selected as the 

highest frequency at which the minimum stopband attenuation Ag is reached. Moreover, 

either Eq. 6.56 or Eq. 6.57 is rewritten so that all terms are on one side and it is added as a 
constraint to the optimisation algorithm. The minimum stopband attenuation of the second 

and third order systems is selected to be 40 dB, that is, the amplitude of the interference 
is reduced to less than 1% of its input value by the filter in the stopband. In the absence 

of detailed information on the noise and interference introduced into ECG measurements 
at frequencies lower than 0.05 Hz (see Section 2.4), such an attenuation appears to be 
adequate for the application.

The magnitude response of the 0.05 Hz second and third order filters resulting from 

the optimisation of the stopband limit and that of the reference single-pole filter are shown 

in Figure 6.4. The frequencies at which the amplitude characteristic reaches a range of 

attenuation values are reported in Table 6.1, together with the location of the poles and
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Table 6.1: Results obtained by optimising the stopband limit of the 0.05 Hz second and third 
order filters for Ag = 40 dB.

Order n f20dF! (mHz) fAOdB (mHz) feodB (mHz) p (rad/s) 2 (rad/s)

2 14.9 1.9 0.19 -0.2266 ±j 0.3039 0
-0.1194

3 13.5 4.0 1.04 -0.2125
-0.4063 ±j 0.2281

0
-0.6969
-0.0078

zeros of the optimised systems. The displacement from the isoelectric line and the absolute 
value of the slope of the filter response to a rectangular input pulse of 3 mV amplitude and 

100 ms duration are depicted in Figures 6.5(a) and 6.5(b), respectively. From Figure 6.5 and 

from the magnitude response detail illustrated in Figure 6.4(b), it is clear that the outcome 

of the optimisation process satisfies all the constraints described in Section 6.2.2, which 
are indicated in these graphs by the dashed lines.

The frequency at which 40 dB attenuation is reached, /40da, is equal to 0.5 mFIz for 
the reference 0.05 FIz single-pole network. From the data in Table 6.1, it can be seen 

that the corresponding frequencies are 4 and 8 times higher for the second order and third 
order filters, respectively. The advantage of the higher order filters over the single-pole 

system is made even more evident by Figure 6.4(a). The optimised filters yield consistently 
larger attenuations throughout the stopband and the transition region, without introducing 

excessively high peaks in the passband response. It should be noted that the rejection 
provided by the second and third order filters for frequencies of between 0.01 and 0.05 
FIz is quite similar, with the second order system having marginally better performance. 

For frequencies lower than 0.01 Hz, the magnitude response of the second order filter is 

characterised by a 20 dB/decade slope, that is, the same as the single-pole network, but 
it yields an attenuation approximately 10 dB higher than that of the reference filter. The 

third order system provides greater rejection than the second order filter for frequencies 

lower than 0.01 Hz. Nonetheless, the slope of its magnitude response is also limited to 20 
dB/decade at very low frequencies.

Regarding the time constraints that need to be satisfied by the optimised filter, it can be 
noticed from Figure 6.5(a) that the pulse response undershoot is particularly critical. In fact, 

for both the optimised filters the maximum displacement from the isoelectric line is exactly 

equal to the bound. Moreover, the upper limit of the magnitude characteristic is also tightly 

matched by the optimised systems, as shown in Figure 6.4(b). These two constraints thus 

appear to be the deciding factors in determining the limit of the optimisation. On the other 

hand, the constraint on the trailing slope, shown in Figure 6.5(b), does not appear to be
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Figure 6.4: Magnitude response of the 0.05 Hz second and third order filters, optimised for 
a stopband attenuation of 40 dB. The boxed portion of (a) is shown in detail in (b), where the 
bounds imposed as limits on the filter amplitude characteristic in the optimisation process are 
represented by the dashed lines.
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Time (s)
(b)

Figure 6.5: (a) Displacement from the isoelectric line and (b) absolute value of the recovery 
slope after the application of a 3 mVx 100 ms rectangular pulse at the input of the 0.05 Hz 
second and third order optimised filters. The dashed lines represent the bounds established by 
the European standard EN 60601-2-51:2003.
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Figure 6.6: Phase response of the 0.05 Hz second and third order filters, optimised for a 
stopaband attenuation As = 40 dB.

critical since this curve is well within the bound for all of the filter orders.
The phase response of the optimised filters is compared with that of the 0.05 Hz single

pole filter in Figure 6.6. Despite its shape being more complex for the second and third order 

filters due to the presence of zeros and a larger number of poles, the curve approaches 
that of the reference system as the frequency increases. It should be noted that the phase 

responses are practically indistinguishable at 0.5 Hz and above. Therefore, the phase shift 
introduced by the optimised filters over the ECG spectrum is limited, even though no explicit 

condition is imposed on the phase response in the optimisation process.
The stopband limit is also maximised for other values of minimum attenuation, i.e. 20 

and 60 dB. For the second order filter, when As = 20 dB the optimisation procedure con

verges to the same result obtained for a minimum stopband attenuation of 40 dB, as illus

trated in Table 6.2. On the other hand, for Ag = 60 dB the optimisation of the 0.05 Hz second 

order filter leads to a solution that is characterised by two real poles. One of these poles 

is identified by a frequency of approximately 0.05 Hz, whereas the other is located one or
der of magnitude lower. The amplitude responses of the second order filters optimised for 

different values of minimum stopband attenuation are compared in Figure 6.7(a), where it 

appears evident that the magnitude characteristic of the system obtained for Ag = 60 dB is 

virtually identical to that of a simple 0.05 Hz highpass network for frequencies higher than 
0.01 Hz. Looking at Tables A.1, A.2 and A.3 in Appendix A.3, it can be seen that there exists 

a single solution having complex conjugate poles, irrespective of the selected stopband at

tenuation. In this case, all the degrees of freedom available in the optimisation process are
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Table 6.2: Optimisation results obtained for the 0.05 Hz second and third order filters for dif
ferent levels of minimum stopband attenuation. The stopband limit, which is maximised in the 
optimisation process, is highlighted.

^ (dB) f20dB (mHz) f40dB (mHz) feodB (mHz) p (rad/s) 2 (rad/s)

2nd order

20 14.9 1.9 0.19 -0.2266 ±j 0.3039 0
-0.1194

40 14.9 1.9 0.19 -0.2266 ±j 0.3039 0
-0.1194

60 6.1 1.5 0.46 -0.3118 0
-0.0271 -0.0004

3rd order

20 23.6 0.2 0.02 -0.0181 0
-0.1892 ±j 0.2967 -0.0311 ±j 0.1180

40 13.4 4.0 1.04 -0.2125 0
-0.4063 ±j 0.2281 -0.6969

-0.0078
60 13.1 4.0 1.24 -0.1842 0

-0.4158 ±j 0.2393 -0.6953
-0.0007

employed by limiting the peak occurring in the magnitude response and the maximum neg
ative undershoot of the pulse response and by fixing the frequency of the 3dB-point through 
the equality constraint described by Eq. (6.56). Hence, the slope of the amplitude response 
in the transition region is determined by these characteristics. Furthermore, it should be 
pointed out that, for each value of minimum stopband attenuation, a different solution char
acterised by real poles is obtained for the design of the second order highpass filter. For Ag 
= 40 dB this solution is sub-optimal, whereas for Ag = 60 dB the highest frequency for the 
stopband limit is achieved when the real-pole transfer function is selected.

As regards the third order filter, the stopband limits and the location of poles and zeros 
are summarised in Table 6.2 and the magnitude response is presented in Figure 6.7(b) for 
different attenuations. From this figure, it can be seen that the filter obtained by optimis
ing the 60dB-point is not substantially different from that obtained for Ag = 40 dB. On the 
other hand, the filter optimised for Ag = 20 dB shows a side lobe in the stopband and the 
frequency of the 20dB-point is comparatively much higher than is the case for the other 
two filters. It may, also, be argued that such an attenuation level is not sufficient since 
some noise components might be only reduced to 10% of their actual value in the stop- 
band. A better knowledge of the disturbances present in the ECG measurement at such 
low frequencies would be beneficial in the choice of a suitable attenuation level.
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Figure 6.7: Magnitude response of the 0.05 Hz second and third order filters optimised for 
different values of stopband attenuation.
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Let us finally analyse how the outcome of the optimisation procedure is affected by 

limiting the overshoot occurring in the response to an input rectangular pulse of 3 mV am

plitude and 100 ms duration. For this study, the minimum stopband attenuation is selected 

as 40 dB. It can be seen from Figure 6.5(a) that a positive displacement as high as 10 pV 

is present in the pulse response of the optimised filters, when no condition is imposed on 
its maximum allowable amplitude. The optimisation of the 0.05 Hz filters is thus repeated 

introducing the additional constraint described by Eq. (6.26), where e is, in turn, selected to 
be 0.05 and 0.02. In other words, a maximum overshoot equal to 5 and 2 pV, respectively, 

is allowed in the pulse response.

For the second order filter, the optimisation procedure leads to the same result for both 

e = 0.05 and e = 0.02, as reported in Table 6.3, where this solution is compared with the 

one originally determined for the unrestricted case. The transfer function obtained when the 

maximum allowable pulse response overshoot is smaller or equal to 5 pV is characterised by 
two real poles, one of which is located at approximately 0.05 Hz. Its magnitude response 

is, indeed, coincident with that of the 0.05 Hz single-pole network for frequencies higher 
than 0.01 Hz, as illustrated in Figure 6.8(a), and its pulse response, shown in Figure 6.8(b), 

does not present any significant ringing. Finally, from the analysis of the Tables A.1, A.4 
and A.5 in Appendix A.3, it emerges that the solution obtained when the pulse response 
overshoot is limited to less than 5 pV is the same as the sub-optimal result, characterised 
by real poles, occurring when the pulse overshoot is left unconstrained.

The results obtained for the third order system are also summarised in Table 6.3 and the 

magnitude and pulse responses associated with them are illustrated in Figure 6.9. It can 
be seen that both the stopband limit, f^odB, and the rejection of the filter in the transition 
region decrease as the requirement placed on the pulse overshoot gets more stringent. 

Furthermore, even though the filter transfer function contains a pair of complex conjugate 

poles when the positive displacement occurring in the pulse response is left unconstrained, 

the optimum system is characterised by three real poles for e = 0.05 and e = 0.02.

6.4 Optimisation of the stopband limit

In the previous section, it has been shown that 0.05 Hz second and third order filters that 
comply with international standards and recommendations for ECG monitoring applications 

and have better rejection properties than the reference 0.05 Hz single-pole network can 

be designed by maximising the stopband limit. In order to evaluate the possibility of de

termining the transfer function of other highpass systems that provide a larger out-of-band 

attenuation than these filters, the optimisation procedure is repeated without imposing any
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Figure 6.8: (a) Amplitude characteristic and (b) displacement from the isoelectric line occurring 
after the application of a 3 mVxfOO ms rectangular input pulse for the 0.05 Hz second order 
filters optimised for different values of maximum allowable pulse response overshoot.
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Figure 6.9: (a) Amplitude characteristic and (b) displacement from the isoelectric line occurring 
after the application of a 3 mVx 100 ms rectangular Input pulse for the 0.05 Hz third order filters 
optimised for different values of maximum allowable pulse response overshoot.
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Table 6.3: Results obtained by optimising the stopband limit of the 0.05 Hz second and third 
order filters = 40 dB) for different values of maximum allowable pulse response overshoot.

Overshoot (pV) f20dB (mHz) hodB (mHz) faodB (mHz) p (rad/s) z (rad/s)

2nd order

9.6 14.9 1.9 0.19 -0.2266 ±j 0.3039 0
(unrestricted) -0.1194

5 6.3 1.6 0.35 -0.3111 0
-0.0313 -0.0038

2 6.3 1.6 0.35 -0.3111 0
-0.0313 -0.0038

3rd order

6.4 13.5 4.0 1.04 -0.2125 0
(unrestricted) -0.4063 ±j 0.2281 -0.6969

-0.0078
5 12.8 3.9 1.12 -0.8245 0

-0.3413 -1.1035
-0.2333 -0.0046

2 9.7 2.8 0.83 -1.5060 0
-0.3893 -1.7813
-0.0946 -0.0030

condition on the 3dB-cutoff frequency. The optimisation of the stopband limit is performed 
for different values of desired attenuation, i.e. 20, 40 and 60 dB. The location of poles and 
zeros of the optimised second and third order filters is reported in Table 6.4 and the fre
quencies at which given levels of attenuation are reached by the filter amplitude are also 

presented.
The frequency and time domain characteristics of the optimised systems are illustrated 

in Figures 6.10 to 6.12, from which it can be verified that the pulse responses of the filters 

obtained through the maximisation of the stopband limit satisfy the requirements estab
lished by the European standard for diagnostic electrocardiographic recording [9]. From the 

data in Table 6.4, as well as from these figures, it can be seen that the results derived when 

As is selected as either 40 or 60 dB are quite similar. The only relevant difference is given 

by the location of the zeros, which affects the filter magnitude response at very low frequen

cies. From Table 6.4, it should also be noted that the frequency of the 3dB-point decreases 
as the minimum required stopband attenuation increases. All of the optimised filters are 

characterised by a 3dB-cutoff frequency lower than 0.05 Hz and a particularly low value of 

less than 0.03 Hz is obtained for the third order system when As is chosen as 40 and 60 
dB. As expected, the frequency of the stopband limit is increased with respect to the value 

achieved when the filter 3dB-cutoff is fixed at 0.05 Hz, which appears clear by comparing
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Figure 6.10: Amplitude response of the second and third order filters obtained by optimising 
the stopband limit for different values of minimum required attenuation.
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Figure 6.11: Displacement from the isoelectric line occurring after the application of a 3 
mVXtoo ms rectangular pulse at the input of the second and third order filters obtained by 
optimising the stopband limit for different values of minimum required attenuation.
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Figure 6.12: Absolute value of the slope following the application of a 3 mVx 100 ms rectangu
lar pulse at the input of the second and third order filters obtained by optimising the stopband 
limit for different values of minimum required attenuation.
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Table 6.4: Optimisation results obtained for the second and third order filters for different levels 
of minimum stopband attenuation. The stopband limit, which is maximised in the optimisation 
process, is highlighted.

hdB hodB hodB feOdB P z
(dB) mHz) (mHz) (mHz) (mHz) (rad/s) (rad/s)

2nd order

20 45.2 15.5 2.9 0.30 -0.1967 ±j 0.2729 0
-0.0592

40 39.7 14.6 4.6 1.37 -0.1699 ±j 0.2393 0
-0.0050

60 39.2 14.4 4.6 1.46 -0.1676 ±j 0.2361 0
-0.0005

3rd order

20 38.2 26.1 0.9 0.09 -0.2021 0
-0.0820 ±j 0.2364 -0.0151 ±j 0.1465

40 27.2 15.8 10.4 0.36 -0.2122 0
-0.0650 ±j 0.1750 -0.0030 ±j 0.0573

60 25.2 13.8 7.2 4.71 -0.2122 0
-0.0626 ±j 0.1639 -0.0006 ±j 0.0257

Tables 6.4 and 6.2. When the minimum stopband attenuation is 40 dB, the frequency of 
the stopband limit is approximately 2.5 times that obtained earlier and, for Ag = 60 dB, it 
is between 3 and 4 times higher. On the other hand, when Ag is equal to 20 dB, there is 
a very marginal difference between the stopband limits achieved by the two optimisation 
procedures.

It can thus be concluded that, while the stopband limit has been maximised, the tran
sition region has also been narrowed by the optimisation procedure at the expense of a 
reduced 3dB-cutoff frequency. Therefore, even though the optimised filters, and in par
ticular the third order type, have far superior attenuation characteristics than the 0.05 Hz 
single-pole system, the range over which this rejection is achieved is located at lower fre
quencies than was the case for the reference filter and the 0.05 Hz second and third order 
systems discussed in the previous section.

6.5 Optimisation of the 3dB-cutoff frequency

Given the unsatisfactory results obtained when the filter stopband limit is maximised, the 
optimisation procedure is applied to the 3dB-cutoff frequency, instead. In other words, 
the critical frequency ooc is selected as the frequency at which an attenuation of 3 dB is 
achieved by the filter. The outcome of this process is reported in Table 6.5 for the second
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Table 6.5: Results obtained by optimising the 3dB-cutoff frequency of the second order filter.

hdB (mHz) f20dB (mHz) f40dB (mHz) feodB (mHz) p (rad/s) z (rad/s)

67.7 8.5 0.9 0.09 -0.6570 ±j 0.3426 0
-1.0294

order system. The optimised 3dB-point is equal to 0.068 Hz, that is, approximately 35% 
larger than that of the reference first order filter. The rejection achieved by this filter at 
low frequencies is obviously not as high as that of the systems obtained by optimising 
the stopband limit in the previous section (see Table 6.4). It can, however, be seen in 
Figure 6.13(a) that the second order filter derived by maximising the 3dB-cutoff frequency 
is characterised by an attenuation that is up to 4.5 dB higher than that of the 0.05 Hz single
pole filter over the stopband and most of the transition region.

As regards the third order system, it can be noticed from Figure 6.13 that the magni
tude response of the optimised filter has a staircase shape and is flat over a wide range 
of frequencies. In other words, the third order filter obtained by maximising the 3dB-point 
provides very limited attenuation, i.e. approximately 4 dB, throughout most of the transition 
region and, consequently, its rejection is less than that of the reference 0.05 Hz network for 
frequencies up to 0.043 Hz. In order to increase the low-frequency attenuation achieved 
by the third order system, a further constraint is imposed on the filter amplitude response 
during the optimisation procedure. The 0.05 Hz single-pole network is taken as a bench
mark and the magnitude of the third order filter is required to be less than that of that this 
reference system over the transition region, as illustrated in Figure 6.14. This condition is 
analytically expressed as:

for LUgj < tU < CUpj, (6.58)

where \H3{ui)\dB and \Hi{oj)\dB are the magnitudes, expressed in decibels, of the third 
order filter under design and of the reference 0.05 Hz single-pole network, respectively, and 
cusj and represent the stopband and passband limits of the 0.05 Hz first order filter. A 
further inequality constraint is therefore added to the optimisation algorithm:

Cio(x) = \H3{u})\dB - \Hi{uj)\dB for ujsi < tv < (Upj. (6.59)

The optimisation of the 3dB-point of the third order filter is then performed for different 
levels of minimum stopband attenuation, i.e. Ag = 40 dB and Ag = 60 dB. Since the re
sult is independent of the selected stopband attenuation (see Tables A.18 and A.19), the 
optimisation procedure is extended to investigate the case in which Ag —> oo, that is, no
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(a)

Figure 6.13: Magnitude response of the second and third order filters obtained by maximising 
the 3dB-cutoff frequency.
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Magnitude (dB)

Figure 6.14: Diagram exemplifying constraint cio, which requires the magnitude response of 
the third order filter to be lower than that of the reference 0.05 Hz single-pole system in the 
transition region.

ripple is allowed in the stopband of the third order filter. The constraint defined in Eq. (6.45) 
that limits the amplitude of the magnitude peak occurring in the stopband is omitted and 

constraints cg and cio, given by Eqs. (6.47) and (6.59), are rewritten as:

Cgix) =
du)

for uj <ujp

and
for u < tUpj,

(6.60)

(6.61)

where ujp and Wpi are the frequencies for which \Hj,{ijj)\dB and are, respectively,
equal to -0.5 dB. The outcome of the optimisation when the magnitude response of the third 

order system is monotonically increasing over both the stopband and the transition region 

is identical to the one resulting for a limited stopband attenuation, which appears evident 

when comparing Table A.20 with Tables A. 18 and A. 19. It can thus be concluded that for 

the third order system the optimisation of the 3dB-cutoff frequency is independent of Ag, 
at least when its magnitude response is constrained to be lower than that of the 0.05 Hz 

single-pole network in the transition region.

The magnitude response of the optimised third order filter Is Illustrated in Figure 6.15. 

It can easily be noted that the attenuation provided by the third order filter is limited to only 

3 dB over a wide range of frequencies in the transition region and that the magnitude of 

the optimised system converges to the response of the 0.05 Hz reference RC network for
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Figure 6.15: Amplitude characteristic of the third order filter obtained by maximising the 3dB- 
cutoff frequency when the magnitude response is constrained to be lower than that of the 0.05 
Hz single-pole network in the transition region. The response of the second order filter previ
ously determined is also shown.

attenuations higher than 10 dB.

In order to prevent the amplitude characteristic of the third order system from having a 
staircase shape and to increase the attenuation yielded at frequencies immediately lower 
than the 3dB-point, a stricter condition is imposed on the filter amplitude response in the 
stopband and in the transition region. The magnitude response is required to be concave 

between 0 rad/s and the passband limit Up, identified in Figure 6.1. In analytical terms, the 
following condition is imposed;

Cpi\H3{uj)\dB) „ 

duj^
for cu < LUp, (6.62)

which means that a further constraint is enforced during the optimisation procedure:

d\\Hsiuj)U)Cu{x) = for ui < ujp. (6.63)

The location of the poles and zeros and the frequencies at which different attenuations are 

achieved by this system are reported in Table 6.6, where the results obtained for the third 
order filter without imposing constraint cn are also presented. From this table, it can be 

calculated that for the third order filter the frequency of the 3dB-point is 37% higher when 

the concavity condition is not imposed. On the other hand, as shown in Figure 6.16(b), 

the convergence of the amplitude curve of the concave filter to the response of the refer-
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Table 6.6: Results derived by optimising the 3dB-cutoff frequency of the third order filter V\/hen 
the amplitude response is forced to be lower than that of the reference single-pole network.

Constraints
hdB f20dB UodB feOdB P

(mHz) (mHz) (mHz) (mHz) (rad/s) (rad/s)

Cg, Cg, CjQ 122.9 5.0 0.5 0.05 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

^81 ^9’ ^10’ 1 90.1 5.1 0.5 0.05 -0.1887 0
(concave filter) -0.6027 ±j 0.7332 -0.5574 ±j 0.4799

ence 0.05 Hz first order network occurs at a higher attenuation than for the monotonically 

increasing system.

It is important to notice that, even though in Figure 6.16 the magnitude response of the 

third order filter obtained by imposing constraint cn does not seem to be concave outside 
the passband, the concavity condition is actually satisfied by the optimised system and the 

apparent discrepancy is due to the frequency scale of this graph being logarithmic. Figure 
6.17(a), showing the amplitude characteristic of the concave filter on a linear frequency 

scale, helps to verify this fact. Furthermore, from Figures 6.17(b) and 6.17(c), respectively, 
it can be seen that the first derivative of the magnitude response of the third order concave 
filter is monotonically decreasing over the transition region and that its second derivative is 
at most equal to zero over the same interval, which eliminates any doubt about the concavity 

constraint being fulfilled by the optimised filter.
Figure 6.18 illustrates that the optimised filters satisfy the time constraints imposed on 

the response to a 3 mVx 100 ms input rectangular pulse. It can be noticed in Figure 6.18(a) 
that the condition set on the undershoot occurring after the application of the input signal is 

met exactly by all three filters. It can thus be concluded that this constraint plays a central 

role in limiting the outcome of the optimisation procedure, as previously highlighted in Sec
tion 6.3 where the optimisation of filters having a fixed 3dB-point of 0.05 Hz was analysed. In 

contrast to the results obtained using that procedure (see Figure 6.5(a)), no significant pos

itive displacement occurs in the response to the rectangular pulse of the filters derived by 

maximising the 3dB-cutoff frequency. It is therefore unnecessary to investigate the changes 

affecting the optimisation procedure when the condition expressed by Eq. 6.26 limiting the 

pulse response overshoot is enforced. It can finally be observed from Figure 6.18(a) that 
a marked oscillatory behaviour is present in the response of the third order system when 

the amplitude characteristic is not constrained to be concave over the stopband and the 

transition region. Nonetheless, for both third order filters the time taken for the output signal 

to return to the baseline level after the application of the 3 mVx 100 ms rectangular pulse 

is quite large. It can be seen that this settling time is approximately equal to that of the ref-
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Figure 6.16: Amplitude characteristic of the third order filter obtained by maximising the 3dB- 
cutoff frequency when its magnitude is constrained to be concave outside the passband. The 
response of the second and third order filters previously derived are illustrated for comparison 
purposes.
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Figure 6.17: Magnitude response of the third order concave filter and its first and second 
derivatives, shown for a linear frequency scale.
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Figure 6.18: (a) Displacement from the isoelectric line and (b) absolute value of the recovery 
slope occurring after the application of a 3 mVx 100 ms rectangular pulse at the input of the 
second and third order filters derived by maximising the 3dB-cutoff frequency and described by 
the poles and zeros reported in Tables 6.5 and 6.6.
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Figure 6.19: Phase response of the second and third order filters derived by maximising the 
3dB-cutoff frequency.

erence single-pole network, whereas it appears to be considerably shorter for the second 
order system.

As regards the phase of the optimised filters, it can be seen in Figure 6.19 that their 
responses converge to that of a 0.05 Hz single-pole filter as the frequency approaches the 
lower band of the EGG spectrum and that the curves are practically undistinguishable for 
frequencies above 0.5 Hz. The phase shift introduced by the optimised filters can therefore 
be considered negligible in the frequency range of the electrocardiographic signal.

Even though in electrocardiographic applications attention is often directed exclusively 
to the 3dB-cutoff frequency of the highpass filter, as widely discussed in Chapters 3 and 5, 
it is worthwhile to evaluate the effect of choosing a different point in the system transition 
region as the focus of the optimisation. The procedure is, therefore, repeated by maximising 
the frequency at which the filter attenuation reaches, in turn, 1.5, 4.5 and 6 dB. The optimi
sation outcomes for the second and third order filters are summarised in Table 6.7 and the 
magnitude and time domain responses of the optimised systems are illustrated in Figures 
6.20 to 6.22. From these figures, it can be noticed that the results obtained by optimising 
the frequency at which a critical attenuation, of 1.5 dB is achieved by the system are 
quite different from those derived for the other attenuations. This is particularly true for the 
second order and the third order concave filters, for which the amplitude responses derived 
when the critical attenuation is equal to 3, 4.5 and 6 dB, respectively, are quite similar, as 
clearly illustrated in Figure 6.20. It can also be noted from Table 6.7 that, when the fre
quency of the 6dB-point is maximised, the outcome of the optimisation procedure for the
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Table 6.7: Results obtained by maximising the frequency at which different selected attenua-
tions, A, are achieved by the second and third order filters in the transition region. The opti-
misation outcome is reported for Ac equal to 1.5, 3, 4.5 and 6 dB and the critical frequencies
corresponding to them are highlighted.

fl.bclB fsdB fi.bdB IddB f20dB UodB P 2
(mHz) (mHz) (mHz) (mHz) (mHz) (mHz) (rad/s) (rad/s)

2nd order

93.5 64.2 48.7 38.5 6.8 0.7 -2.1736 0
-0.4545 -2.3220

87.7 67.7 54.5 44.7 8.5 0.9 -0.6570 ±j 0.3426 0
-1.0294

83.1 66.9 55.5 46.6 9.5 1.0 -0.5012 ±j 0.4111 0
-0.7038

79.2 65.1 55.0 46.9 10.2 1.0 -0.4214 ±j 0.4069 0
-0.5299

3rd order

194.3 58.0 39.8 30.2 5.0 0.5 -0.2834 0
-0.3520 ±j 1.4579 -0.3404 ±j 1.3832

146.0 122.9 45.5 32.3 5.0 0.5 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

124.4 101.6 68.3 38.9 5.1 0.5 -0.2095 0
-0.4091 ±j 0.7789 -0.3626 ±j 0.6202

109.2 80.7 60.6 44.8 5.1 0.5 -0.1418 0
-0.7168 ±j 0.4956 -0.8809

-0.3890

3rd order concave

135.4 69.9 43.8 31.9 5.0 0.5 -0.2527 0
-0.7885 ±j 1.0392 -0.7678 ±j 0.8829

119.6 90.1 62.5 40.7 5.1 0.5 -0.1887 0
-0.6027 ±j 0.7332 -0.5574 ±j 0.4799

116.7 89.5 64.9 43.1 5.1 0.5 -0.1795 0
-0.5696 ±j 0.6780 -0.5109 ±j 0.4324

109.6 81.1 60.8 44.7 5.1 0.5 -0.1437 0
-0.7173 ±j 0.5076 -0.8697

-0.4060
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Figure 6.20: Magnitude response of the second and third order filters obtained by maximising 
the frequency at which different critical attenuations are reached in the transition region.
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Figure 6.21: Displacement from the isoelectric line occurring after the application of a 3 
mVxfOO ms rectangular pulse at the input of the second and third order filters derived by 
maximising the frequency at which different critical attenuations are reached in the transition 
region.
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Figure 6.22: Absolute value of the recovery slope occurring after the application of a 3 mVx 100 
ms rectangular pulse at the input of the second and third order filters derived by maximising the 
frequency at which different critical attenuations are reached in the transition region.
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third order system is substantially identical whether the constraint specifying the concavity 
of the magnitude response outside the passband is enforced or not.

As regards the second order filter, it can be seen from Figure 6.21 (a) that the overshoot 
occurring in the response to a 3 mVxlOO ms rectangular input pulse increases when the 
critical attenuation gets higher. Conversely, for the third order filters, the ringing present in 
the pulse response decreases with increasing Ac, as is clearly visible in Figures 6.21 (b) and 
6.21 (c). Furthermore, Figure 6.22 shows that, for all of the filters under study, the maximum 
absolute value of the recovery slope following the application of the input pulse decreases 
as the selected critical attenuation is increased.

6.6 Optimisation of the overall low-frequency attenuation

Since the ultimate goal of the highpass filter design is to determine the transfer function 
providing the best possible rejection of the low-frequency noise and interference associated 
with the electrocardiographic signal, another approach is investigated for the optimisation 
procedure. Instead of attempting to maximise a single critical frequency in the transition 
region of the filter, the overall low-frequency rejection is optimised by minimising the area 
subtended by the system amplitude response outside the passband. Because a 0.05 FIz 
single-pole RC network is considered as the reference highpass system for electrocardio
graphic devices, the improvement in out-of-band rejection of the second and third order 
filters is quantified as the difference between the area subtended by the amplitude charac
teristic of this first order network and that of the system being optimised. The area being 
maximised is illustrated in Figure 6.23. The optimisation algorithm described in Section 
6.2.4 is therefore modified so that the objective function is now given by the opposite of the 
area comprised between the magnitude response of the 0.05 Hz reference network and that 
of the system under design. The modifications to the constraints adopted in the previous 
section for the third order systems are maintained, that is, no ripple is allowed in the stop- 
band and the amplitude characteristic is required to be lower than that of the benchmark 
single-pole filter.

The results obtained through this procedure are reported in Table 6.8 and the frequency 
and time domain characteristics of the optimised filters are depicted in Figures 6.24 to 6.27. 
It can be easily verified that the filters satisfy both the magnitude and the pulse response 
requirements specified in the current European standard for diagnostic electrocardiographs 
[9] and the AHA recommendations [19]. In Figure 6.24, both the frequency and the ampli
tude scales are selected to be linear so that the area maximised through the optimisation 
process can be clearly identified. Once more, it is shown in Figure 6.25 that the phase shift
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Magnitude

Figure 6.23: Diagram showing the area that is being maximised when the optimisation of the 
overall low-frequency attenuation is performed.

introduced by the optimised filters over the ECG spectrum is negligible, even though no 
explicit condition has been specified in the optimisation process.

When the time and frequency domain responses in Figures 6.25, 6.26 and 6.27 are 
compared with the corresponding plots obtained in the previous section by optimising the 
3dB-cutoff point (see Figures 6.19, 6.16 and 6.18 respectively), no significant difference 
can be identified. The outcomes of the optimisation procedure when the 3dB-cutoff fre
quency or the overall low-frequency rejection of the filter are maximised thus appear to be 
quite similar. Let us analyse the data in Table 6.8 with respect to those shown in Table 6.7, 
where the results of the optimisation aimed at maximising the frequency at which different 
critical attenuation are reached by the system magnitude response are summarised. It can 
be noted that the rejection properties of the second order filter determined by minimising 
the area subtended by the amplitude response lie between those of the systems obtained 
by optimising the 3dB-cutoff point and the frequency at which Ac = dB. Indeed, in the

Table 6.8: Results obtained by maximising the overall rejection of the filter at low frequencies.

Filter type Area
(mHz)

fl.bdB

(mHz)
fzdB

(mHz)
h.bdB

(mHz)
f&dB

(mHz)
/zOdB

(mHz)
iiOdB

(mHz)
P

(rad/s)
Z

(rad/s)

2nd order 8.69 91.6 66.9 52.2 41.9 7,6 0,8 -1.0709 0
-0.6219 -1.3918

3rd order 18.78 133.5 117.7 50.4 33.5 5.0 0.5 -0.2454 0
-0.2573 ±j 0.8306 -0.2169 ±j 0.7373

3rd order 15.41 117.3 89,9 64.7 42.8 5.1 0.5 -0.1804 0
concave -0.5827 ±i 0.7005 -0.5303 ±j 0.4422
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Figure 6.24: Magnitude response of the second and third order filters obtained by maximising 
the overall low-frequency rejection, shown for linear amplitude and frequency scales.

Figure 6.25: Phase response of the second and third order filters derived by maximising the 
overall low-frequency rejection.
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Figure 6.26: Amplitude characteristic of the second and third order filters obtained by maximis
ing the overall low-frequency rejection.
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Figure 6.27: (a) Displacement from the isoelectric line and (b) absolute value of the recovery 
slope after the application of a 3 mVxtOO ms rectangular pulse at the input of the second and 
third order filters obtained by maximising the overall low-frequency rejection.
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latter case and when the overall low-frequency rejection is optimised, ttie poles of the sec
ond order filter are real. The magnitude characteristic of the third order filters derived by 
optimising the area, on the other hand, positions itself between those obtained when the 
critical attenuation to be maximised is selected as 3 and 4.5 dB. The location of the poles 
and zeros of the concave filter determined in the present section are actually quite close to 
those derived by optimising the critical frequency when Ac = 4.5 dB.

6.7 Analysis of the convergence of the optimisation algo

rithm

The poles and zeros describing the optimised filters reported in the previous sections have 
been derived from the set of parameters that leads to the best result when the optimisation 
procedure is repeated for different starting points. In other words, the transfer function that 
guarantees the higftest value for the critical frequency ouc or the area comprised between 
the magnitude response of the 0.05 Hz reference network and that of the system under 
design is selected from among all of the optimisation outcomes obtained using the starting 
points described in Section 6.2.5. The tables containing the full set of results are reported 
in Appendix A.3.

From these tables, it can be noticed that the convergence of the optimisation procedure 
is quite good for the second order filter. The algorithm occasionally leads to a pole-zero 
cancellation, which eliminates the zero located at 0 Hz and prevents the filter from block
ing DC offset voltages (see Tables A. 17, A.22 and A.31). The result of the optimisation 
procedure is sometimes sub-optimal, with this occurrence being particularly common when 
the 3dB-cutoff point is fixed at 0.05 Hz. As discussed in Section 6.3, for a given stopband 
attenuation, only two solutions exist in this case, one characterised by complex conjugate 
poles and the other by real poles. One of them yields a sub-optimal result for the stopband 
limit.

For the third order filter, the optimisation process converges more often towards local 
maxima. This situation is particularly common when the maximisation of the 6dB-point is 
performed, as shown in Tables A.27 and A.30. It should, however, be noted that, in this 
case, most of the sub-optimal maxima are quite close to the best result obtained through 
the optimisation. It is essential to point out that there are occurrences in which the algo
rithm does not reach any feasible solution for the third order system. These cases manifest 
themselves especially when the selected minimum stopband attenuation is high, as is ev
ident by comparing Tables A.6 to A.8 and Tables A. 14 to A. 16. It also occurs when the 
magnitude response is required to be concave over the stopband and the transition region
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(see, for example, Tables A.32 and A.33). Furthermore, in a significant number of cases, 
the optimisation procedure fails to converge when the critical frequency for which Ac= ^.5 

dB is maximised, as illustrated in Tables A.25 and A.28.
The poor convergence of the optimisation algorithm for the third order filter is probably 

due to the presence of numerous constraints and to the fact that, since the algorithm is 
gradient-based and the intermediate solutions are not requested to be located inside the 
solution space, the optimisation process might get stuck at a point from which it is impos
sible to find a solution that satisfies all the constraints. It is also worth noting that, when 
the 3dB-point or the overall low-frequency rejection of the third order filter are optimised, 
none of the starting points given by the parameters of the Butterworth, Chebyshev and El
liptic filters are located inside the solution space. The condition that requires the magnitude 
response of the third order system to be lower than that of that the 0.05 FIz single-pole ref
erence network over the stopband and the transition region is, indeed, not fulfilled by these 
classic filters.

Besides attempting to find starting points located inside the solution space, the conver
gence problem might be solved by using a genetic algorithm instead of a gradient-based 
algorithm for the optimisation procedure, as proposed by Aggarwal et al. [168]. Genetic al
gorithms, in fact, incorporate an element of randomness which allows them to determine the 
global optimum solution for most problems [173]. If the optimisation of filters of order higher 
than 3 is to be attempted, the author suggests that a genetic algorithm or another stochas
tic search optimisation method is employed. It should however be noted that, even when 
such an algorithm is used, pole-zero cancellations may still occur and as a consequence 
the order of the filter may be lowered or the zero located at 0 FIz eliminated.

6.8 Conclusion

The goal of this chapter consisted in determining the transfer function of an analogue high- 
pass filter providing a greater out-of-band rejection than the 0.05 FIz single-pole system 
usually employed in electrocardiographic applications, and yet not introducing significant 
distortions in the ECG signal. Attention was concentrated on second and third order filters, 
which are characterised by a low implementation complexity and can thus be integrated into 
the front-end of the measurement system.

An optimisation technique aimed at maximising the low-frequency rejection of the filters 
under design and based directly on the requirements set by the EN 60601-2-51:2003 Eu
ropean standard [9] and the 1990 AHA report [19] has been developed by the author. After 
selecting the design parameters for the second and third order systems, the objective func-
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tion has been defined as the frequency at v^/hich a set attenuation is reached by the filter 
magnitude response in the stopband or in the transition region. The requirements given by 
the European standard and the AHA recommendations have been rewritten as constraints 
for the optimisation procedure and further conditions have been specified on the magnitude 
response of the third order filter. These constraints limit the amplitude of the ripples that 
may occur in the stopband and in the passband and require the magnitude characteristic to 
be monotonically increasing in the transition region. Finally, the algorithm employed by the 
MATLAB® function used to performed the optimisation has been briefly presented and the 
selection of the starting points for the maximisation process has been discussed.

Initially, the optimisation procedure has been applied to second and third order filters 
having a 3dB-cutoff frequency of 0.05 Hz. Their stopband limit has been maximised for 
different levels of minimum stopband attenuation, consistently obtaining a low-frequency 
rejection higher than that of the reference 0.05 Hz single-pole network. Even when the con
dition imposed on the overshoot occurring in the response to a 3 mVxlOO ms rectangular 
pulse at the input of the system was tightened, the 0.05 Hz second and third order filters 
still attained a larger attenuation in the stopband and the transition region than their first 
order counterparts.

Given the positive outcome of the optimisation procedure aiming at maximising the stop- 
band limit of the 0.05 Hz filters, it was decided to explore the effect of eliminating the con
straint placed on the system 3dB-cutoff frequency. The filters thus derived are characterised 
by a stopband limit approximately 2 or 3 times higher than that previously obtained when 
the 3dB-point was fixed at 0.05 Hz. On the other hand, their 3dB-cutoff frequencies are 
also reduced and for the third order system is almost equal to half the original value when 
the minimum allowable stopband attenuation is selected as 40 or 60 dB.

Since the second and third order systems derived by maximising the stopband limit 
present a detrimental reduction of the 3dB-cutoff frequency when compared to the refer
ence 0.05 Hz network, the possibility of optimising the filter 3dB-point has been investigated. 
The second order system obtained through this optimisation procedure is characterised by 
an attenuation larger than that of the single-pole network throughout the stopband and the 
transition region. The filter 3dB-point is equal to approximately 0.07 Hz and the rejection 
achieved at low frequencies is approximately 5 dB higher than that of the reference re
sponse.

In order to successfully maximise the 3dB-cutoff frequency of the third order filter, it was 
necessary to modify the constraints imposed during the optimisation procedure. In fact, if 
the amplitude characteristic of the third order system is not required to be below that of 
the 0.05 Hz single-pole filter outside the passband, its response tends to be flat over most 
of the transition region, yielding an attenuation of between 4 and 5 dB for frequencies as
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low as 5 mHz. After adjusting the optimisation constraints, it was possible to determine 

the transfer function of a third order filter characterised by a 3dB-cutoff frequency of 0.12 
Hz and having better rejection than a 0.05 Hz single-pole network throughout the stopband 

and the transition region. The optimisation procedure was then further modified so that the 

filter magnitude response is not only requested to be monotonically increasing outside the 

passband, but it is concave over the same interval. In this case, the 3dB-cutoff frequency 

of the optimised filter is equal to 0.09 Hz, that is approximately 25% lower than when the 

concavity condition is not imposed. Since the magnitude response of the first type of filter 
tends to level out at frequencies immediately lower than the 3dB-point, the concave filter 

may be preferred because of the larger steepness of its amplitude characteristic in the cutoff 
region. Moreover, even though the response of both filters to a 3 mVx 100 ms rectangular 

input pulse does not present a positive overshoot, the ringing is much smaller when the 
concavity condition is imposed.

Finally, the optimisation procedure was further modified so that the overall rejection at 
low frequencies is maximised. The attenuation achieved by the filter has been quantified 

in terms of fhe area subtended by the magnitude response curve outside the passband. 
The results obtained for this type of optimisation have been compared with those derived 
by maximising the frequency at which selected critical attenuations (1.5, 3, 4.5 and 6 dB) 
are achieved by the system magnitude response in the transition region. For the second 
order system, the outcome is quite similar to when the frequency at which the attenuation 
is 1.5 dB is optimised and the transfer function is characterised by real poles. The results 

obtained when the overall low-frequency rejection of the third order filters is optimised lie 
between those achieved when the critical attenuation is selected as 3 and 4.5 dB and 
complex conjugate pairs of poles and zeros are present in the transfer function.

Some important general conclusions can be drawn from the different types of optimi
sation performed. It emerges that the constraints imposed on the passband ripple and on 

the undershoot occurring after the application of a 3 mVxlOO ms rectangular input pulse 

are the decisive factors in the optimisation procedure and that these conditions are tightly 

matched for practically all of the optimised filters. Moreover, even though no specific con

straint has been defined for the phase response of the system under design, the phase 
shift introduced by the optimised filters over the ECG spectrum is negligible and it does not 

significantly differ from that of the reference 0.05 Hz single-pole network. It should also be 

pointed out that the slope of the magnitude response of the optimised filter appears to be 
limited to 20 dB/decade at very low frequencies.

In this chapter, it has been shown that it is possible to design analogue highpass filters 

of order higher than unity that comply with international standards for diagnostic ECG moni

toring applications and have better rejection properties than the 0.05 Hz single-pole system
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traditionally used in the front-end of electrocardiographic equipment. When the frequency of 
the 3dB-point is maximised, a second order filter having a cutoff approximately 35% higher 
than that of the reference first order system is obtained. The 3dB-cutoff frequency of the 
third order filter can be as large as 2.5 times that of the benchmark network, even when 
its magnitude response is required to be lower than that of the reference first order system 
outside the passband.
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Chapter 7

Validation of the highpass filter design

7.1 Introduction

In the previous chapter, second and third order highpass filters that satisfy the magnitude 
and pulse response requirements defined by the EN 60601-2-51:2003 European standard 
for recording and analysing electrocardiographs [9] and the 1990 AHA recommendations 
[19] were designed through an optimisation procedure. The principal aim of this chapter is to 
verify that the distortion introduced into the ECG signal by these filters is negligible and that 
they can be confidently employed at the front-end of diagnostic electrocardiographic equip
ment to improve the rejection of low-frequency artifacts and interference. The criteria for 
evaluating the distortion produced by the second and third order optimised filters are, once 
more, derived from the AHA recommendations and the European standard. In fact, besides 
specifying the frequency and pulse response requirements of the electrocardiographic fil
ter, the 1990 AHA recommendations also establish the maximum error allowable for ECG 
recordings. If the electrocardiographic measurement system does not have analysing ca
pabilities and it simply acquires the electrocardiogram to be subsequently examined by a 
cardiologist, the maximum deviation of the output signal from the input one at any point on 
the signal profile should not be larger than 25 pV or 5%, whichever is greater. A similar 
condition is included in the European standard for diagnostic electrocardiographic devices 
as well. The alternative method for testing the filter response described in Section 3.6 re
quires that, when a set of input calibration ECGs is employed, the output peak amplitude 
of R and S waves does not differ by more than 5% from the input value and the amplitude 
error occurring in the central portion of the ST segment does not exceed 25 pV. It is worth
while noting that for biphasic QRS complexes the amplitude of the calibration waveforms 
lies between ±2000 pV. The standard also states that, given the input calibration ECGs, 
the slope of the ST segment of the output signal shall be less that 50 pV/s.
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The calibration waveforms described in the EN 60601-2-51:2003 standard thus appear 

to be the ideal test signals to assess the distortion generated by the second and third or

der highpass filters. Unfortunately, as outlined earlier in Section 3.6, a full mafhematical 
description of such calibration ECGs is not available in the literature. Test signals char

acterised by the same amplitude and duration features of the calibration waveforms are 

therefore synthesised by the author to evaluate the distortion introduced by the optimised 

filters. To get a more thorough insight into the filters’ performance, the amplitude error and 

the change in the ST segment slope produced by the highpass filters are then quantified on 
actual EGG recordings available on PhysioNet [174].

The ability of the optimised filters to reduce the low-frequency noise and interference 

present in electrocardiographic records is also evaluated, so that it can be established which 

system provides the best trade-off between noise reduction and time domain distortion. The 
power contained in ECG recordings at frequencies lower than 0.5 Hz can be considered to 

be out-of-band disturbance, because, as discussed in Section 2.3.3, 0.5 Hz would be the 

lowest frequency component of the ECG signal when the heart rate is equal to the extremely 
low value of 30 beats per minute. The reduction in low-frequency power achieved when the 
second and third order highpass filters are applied to records contained in the PhysioNet 
databases is measured. The performance of the different optimised filters is assessed 
by comparing these results with each other and to the noise reduction obtained for the 

reference 0.05 Hz single-pole system.
The filters selected for the analyses performed in this chapter are those derived by max

imising the 3dB-cutoff frequency, the parameters of which are reported in Tables 6.5 and 
6.6. As previously discussed in Section 6.6, the time and frequency domain responses of 
these systems are quite similar to those of the filters obtained by optimising the overall low- 

frequency attenuation. It should, however, be noted that, whereas the filters determined by 

maximising the frequency of the 3dB-point are characterised by a pair of complex conjugate 
poles, the transfer function of the second order filter derived through the optimisation of the 

low-frequency rejection contains two real poles. This real-pole system can be implemented 

using only passive components, which can be advantageous in low-power ambulatory appli

cations, and it might even be possible to integrate it directly into a front-end instrumentation 
amplifier that has a second order transfer characteristic [57j. Therefore, the performance 

of the second order filter obtained by optimising the overall low-frequency rejection and 

described by the poles and zeros in Table 6.8 is also assessed.
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7.2 Distortion analysis for synthetic ECGs

7.2.1 Input test signals

In order to evaluate the time-domain distortion produced by the optimised highpass filters, 

test ECG signals resembling as closely as possible the calibration waveforms described in 

the EN 60601-2-51:2003 European standard [9] are synthesised. Even though a full mathe
matical description of the calibration ECGs is not available, it is known that these signals are 

constructed piecewise from first and second degree polynomials and sinusoidal functions. 

The P and T waves of the synthetic signals are, therefore, simulated by sinusoids and the 

QRS complex is modelled, in the first instance, by a triangular wave. This approach was 

previously employed by Tabakov et al. [70] to generate test signals having properties similar 

to the standard calibration waveforms. Moreover, one of the test ECG waves specified by 

the EN 60601-2-27:2006 European standard for electrocardiographic monitoring equipment 
[62] is also characterised by a triangular QRS complex and by a sinusoidal T wave.

Another issue regarding the construction of the input test signals emerges from Table 
3.5 in Chapter 3, where the properties of the calibration ECGs are summarised. Whereas 
the duration of the QT segment is provided, the duration of the ST segment or, conversely, 
that of the T wave is not specified. Since according to the European standard the error 

introduced by the electrocardiographic filter into the amplitude of the ST segment of the 
calibration waveforms should be measured between 20 and 80 ms after the end of the QRS 
complex, it is safe to assume that the length of the ST segment in the calibration ECGs 
should be at least 80 ms. Moreover, if the portion defined for the measurement of the error 

is interpreted to be symmetrical around the centre of the ST segment, the total duration of 
the ST segment would be equal to 100 ms. Based on these considerations, the duration 

of the ST segment is set to 80 ms for the test waveform corresponding to CAL20002 which 

is characterised by a high heart rate (120 bpm) and to 100 ms for all the other signals. 
Given this selection, the duration of the T wave is equal to approximately 200 ms for all 

waveforms, with the exception of CAL20002 for which the T wave lasts about 150 ms. That 
is, the duration of T wave is approximately twice that of the ST segment in all of the synthetic 

ECGs.
The test waveform obtained using the above methodology from the CAL20000 param

eters is illustrated in Figure 7.1, while the synthetic ECGs derived for the other calibration 

signals are presented in Appendix B.1. Comparing these test waveforms with the calibra
tion ECGs shown in Figure 3.16, the marked difference in the shape of the QRS complex 

is evident. In order for the calibration signals to be reproduced more accurately, another 

set of test waveforms is created by modelling the QRS complex as a sinusoid. An example
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Figure 7.1: Test waveform obtained from the parameters of the CAL20000 signal when the 
QRS complex is modelled by a triangular wave.

Figure 7.2: Test waveform obtained from the parameters of the CAL20000 signal when the 
QRS complex is modelled by a sinusoidal wave.
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Figure 7.3: Synthetic electrocardiographic signal obtained by periodising at a heart rate of 60 
bpm the test EGG derived from the parameters of the CAL20000 waveform when the QRS 
complex is modelled by a triangular wave (see Figure 7.1).

of this second type of synthetic electrocardiographic waveforms is shown in Figure 7.2 for 

the CAL20000 parameters. The test signals used to analyse the distortion produced by the 

highpass filters are then simply generated by periodising the synthetic ECGs, each one ac

cording to the heart rate of the corresponding calibration waveform, as illustrated in Figure 

7.3.

7.2.2 Results and discussion

As shown in Table 7.1, the second and third order highpass filters obtained through the 

optimisation procedure are characterised by large settling times, which lead to prolonged 

initial transients in the output signals. In order for the distortion introduced by the highpass 

filters to be evaluated correctly, it is essential that the output signal is measured after the

Table 7.1: Settling times of the second and third order filters obtained through the optimisation 
procedure and of the reference 0.05 Hz single-pole network.

Filter type 1% settling time (s)

0.05 Hz 1st order 14.7
2nd order real-pole 8.3
2nd order (3dB max) 6.0
3rd order (3dB max) 16.4
3rd order concave 20.9
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Figure 7.4: Initial transient occurring when the third order concave filter is applied to the signal 
generated by adding a 500 pV DC offset to the synthetic test signal derived from the CAL20000 
waveform shown in Figure 7.3.

end of this transient and that its value is compared to that of the input signal after any DC 
offset is eliminated. It can, in fact, clearly be seen from Figure 7.4 that the output signal 

converges to the signal obtained by removing the DC offset from the input recording. For 
the purpose of representation, a large voltage offset is simulated by adding 500 pV to the 
synthetic input signal, making the transient more visible.

The distortion produced by the second and third order highpass filters and by the 0.05 
FIz single-pole network is assessed for each of the test signals generated from the parame

ters of the calibration waveforms when the QRS complex is simulated using both a triangular 

and a sinusoidal wave. For each synthetic input signal, the average and maximum absolute 
error caused by the filters, the location of the maximum error and the average and maxi

mum slope of the ST segment are evaluated over a single complete ECG waveform cycle, 

selected from the output signal after the termination of the initial transient. An example of 

the error introduced into the synthetic ECG wave is shown in Figure 7.5 for the CAL20000- 
derived test signal filtered using the third order concave system. In this case, the maximum 

error is slightly larger than 10 pV and it affects the QRS complex. From Figure 7.5, it can 

also be noticed that the third order concave filter introduces a positive slope in the ST seg
ment. The average slope, calculated as the slope of the line passing through the first and 

last point of the ST segment, and the maximum slope, selected from the derivative of the 

output signal evaluated over the ST segment, are both approximately equal to 20 pV/s in 

this instance.
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Figure 7.5: Error introduced by the third order concave filter into the test signal derived from 
the CAL20000 parameters. The scaled version of the input signal allows the correspondence 
between the error and the constituent waves and intervals of the EGG waveform to be illustrated.

The error and the ST segment slope measured when the optimised filters are applied to 

the synthetic EGG signals are presented in Tables 7.2 and 7.3, for triangular and sinusoidal 

QRS complex, respectively. It can be seen that the average error is lower than 10 pV for all 

of the output records and that the highest values are measured for the test signals derived 

from the CAL20160 waveform. Furthermore, the maximum error is in all cases well below 

the 25 pV limit specified in the 1990 AHA recommendations [19]. The highest readings are 

again associated with the synthetic EGG generated from the GAL20160 parameters. The 

test signal resembling the GAL20002 waveform is also accompanied by high measurements 

for the maximum error when the QRS complex is generated using a sinusoidal waveform. 

Overall, by comparing Tables 7.2 and 7.3, it appears that both the average and the maxi

mum error are higher for the test signals that have a sinusoidal QRS complex. As regards 

the location of the maximum error, for most of the output signals the largest deviation from 

the input waveform is registered within the QRS complex. However, when the GAL20200 

parameters are used to generate the input signal, the maximum error is recorded at the 

end of the ST segment or at the beginning of the T wave. Moreover, for the signal derived 

from the GAL20500 parameters mimicking a narrow QRS complex, the largest deviation 

between the input and output waveforms occurs at the end of the T wave.

If the results for the ST segment slope are analysed, it is clearly evident that the dif

ference between the average and the maximum instantaneous value is very limited. It is 

worthwhile noting that, except for the test signals synthesised from the GAL20110 param-

193



CHAPTER 7. VALIDATION OF THE HIGHPASS FILTER DESIGN

Table 7.2: Distortion introduced by the second and third order highpass filters and by the 0.05 
Hz single-pole network into the test signals obtained from the parameters of the calibration 
waveforms when the QRS complex Is modelled as a triangular wave.

Error Slope ST segment
Filter type (25 pV limit) Location max error (50 pV/s limit)

avg (pV) max (pV) avg (pV/s) max (pV/s)

CAL20002

0.05 Hz 1st order 3.3 13.5 QRS complex 27.7 28.0
2nd order real-pole 3.1 13.2 QRS complex 30.8 31.0
2nd order {3dB max) 3.0 12.5 QRS complex 29.5 29.9
3rd order (3dB max) 3.4 14.1 QRS complex 31.1 31.2
3rd order concave 2.9 12.2 QRS complex 29.3 29.8

CAL20000

0.05 Hz 1st order 3.3 12.1 QRS complex 17.4 17.7
2nd order real-pole 3.2 11.6 QRS complex 21.1 21.1
2nd order {3dB max) 3.0 11.0 QRS complex 20.4 20.6
3rd order {3dB max) 3.4 12.5 QRS complex 20.8 20.8
3rd order concave 3.0 10.8 QRS complex 20.5 20.7

CAL20200

0.05 Hz 1st order 4.9 12.3 beginning ST segment -2.2 -2.3
2nd order real-pole 4.8 11.9 beginning T wave 7.9 8.8
2nd order (3dB max) 4.6 11.3 beginning T wave 8.5 9.2
3rd order (3dB max) 5.1 12.6 beginning T wave 4.0 4.3
3rd order concave 4.5 11.1 beginning T wave 9.5 10.3

CAL20100

0.05 Hz 1st order 5.3 10.5 QRS complex 37.8 38.4
2nd order real-pole 5.1 11.2 QRS complex 32.2 33.4
2nd order (3dB max) 4.8 10.7 QRS complex 30.4 31.6
3rd order (3dB max) 5.4 11.5 QRS complex 36.8 37.2
3rd order concave 4.7 10.6 QRS complex 29.3 30.7

CAL20110

0.05 Hz 1st order 3.8 8.7 QRS complex 90.5 92.0
2nd order real-pole 3.7 7.7 QRS complex 83.0 85.4
2nd order (3dB max) 3.5 7.2 QRS complex 78.3 80.9
3rd order (3dB max) 4.0 8.5 QRS complex 91.2 92.0
3rd order concave 3.5 7.0 QRS complex 76.2 79.2

CAL20160

0.05 Hz 1st order 7.0 14.0 QRS complex -16.1 -16.3
2nd order real-pole 6.8 14.8 QRS complex -19.9 -20.0
2nd order (3dB max) 6.4 14.2 QRS complex -18.8 -19.0
3rd order (3dB max) 7.2 15.3 QRS complex -18.8 -18.9
3rd order concave 6.3 14.0 QRS complex -18.9 -19.2

CAL20500

0.05 Hz 1st order 3.1 6.6 end T wave 17.8 18.0
2nd order real-pole 3.0 6.1 end T wave 20.1 20.3
2nd order (3dB max) 2.9 5.7 end T wave 19.5 19.8
3rd order (3dB max) 3.2 6.6 end T wave 20.4 20.5
3rd order concave 2.8 5.6 end T wave 19.5 19.8
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Table 7.3: Distortion introduced by the second and third order highpass filters and by the 0.05 
Hz single-pole network into the test signals obtained from the parameters of the calibration 
waveforms when the QRS complex is modelled as a sinusoid.

Error Slope ST segment
Filter type (25 |iV limit) Location max error (50 pV/s limit)

avg (pV) max (pV) avg (pV/s) max (pV/s)

CAL20002

0.05 Hz 1st order 3.7 17.4 QRS complex 27.5 27.9
2nd order real-pole 3.5 16.9 QRS complex 31.1 31.3
2nd order {3dB max) 3.3 16.0 QRS complex 29.8 30.2
3rd order (3dB max) 3.8 18.0 QRS complex 31.2 31.3
3rd order concave 3.2 15.7 QRS complex 29.7 30.1

CAL20000

0.05 Hz 1st order 3.5 16.1 QRS complex 17.4 17.6
2nd order real-pole 3.4 15.5 QRS complex 21.3 21.4
2nd order (3dB max) 3.2 14.7 QRS complex 20.7 20.8
3rd order (3dB max) 3.6 16.7 QRS complex 20.8 20.9
3rd order concave 3.1 14.4 QRS complex 20.8 21.0

CAL20200

0.05 Hz 1st order 5.8 14.7 beginning ST segment -7.7 -7.8
2nd order real-pole 5.7 13.6 beginning T wave 4.6 5.8
2nd order (3dB max) 5.4 12.8 beginning T wave 5.5 6.5
3rd order (3dB max) 6.0 14.5 beginning ST segment -0.5 -0.8
3rd order concave 5.3 12.6 beginning T wave 6.8 7.9

CAL20100

0.05 Hz 1st order 6.4 12.7 QRS complex 43.2 43.9
2nd order real-pole 6.2 13.5 QRS complex 35.5 37.0
2nd order (3dB max) 5.8 12.9 QRS complex 33.4 34.9
3rd order (3dB max) 6.6 13.9 QRS complex 41.3 41.8
3rd order concave 5.7 12.8 QRS complex 32.0 33.6

CAL20110

0,05 Hz 1st order 4.7 11.1 QRS complex 96.2 97.7
2nd order real-pole 4.6 9.7 QRS complex 86.4 89.1
2nd order (3dB max) 4.4 9.2 QRS complex 81.3 84.2
3rd order (3dB max) 4.9 10.8 QRS complex 95.8 96.7
3rd order concave 4.3 9.1 QRS complex 79.0 82.2

CAL20160

0.05 Hz 1st order 8.0 16.1 QRS complex -10.9 -11.0
2nd order real-pole 7.8 17.1 QRS complex -16.8 -17.0
2nd order (3dB max) 7.4 16.3 QRS complex -16.0 -16.0
3rd order (3dB max) 8.3 17.6 QRS complex -14.5 -14.5
3rd order concave 7.2 16.2 QRS complex -16.3 -16.3

CAL20500

0.05 Hz 1st order 3.1 6.6 end T wave 17.7 18.0
2nd order real-pole 3.0 6.1 end T wave 20.1 20.3
2nd order (3dB max) 2.9 5.7 end T wave 19.5 19.8
3rd order {3dB max) 3.2 6.6 end T wave 20.5 20.5
3rd order concave 2.8 5.5 end T wave 19.5 19.8
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Table 7.4: Average distortion introduced by the second and third order highpass filters and by 
the 0.05 Hz single-pole network into the synthetic test signals.

0.05 Hz 2nd order 2nd order 3rd order 3rd order
1st order real-pole (3dB max) (3dB max) concave

Triangular QRS complex

avg error (pV) 4.4 4.3 4.0 4.5 3.9
% diff. with 0.05 Hz 1st order -2.5 -8.0 3.4 -9.7

max error (pV) 11.1 10.9 10.4 11.6 10.2
% diff. with 0.05 Hz 1st order -1.6 -6.7 4.4 -8.4

deviation avg slope ST seg. (pV/s) 29.9 30.7 29.4 31.9 29.0
% diff. with 0.05 Hz 1st order 2.6 -1.9 6.5 -3.0

Sinusoidal QRS complex

avg error (pV) 5.0 4.9 4.6 5.2 4.5
% diff. with 0.05 Hz 1st order -2.5 -8.0 3.4 -9.8

max error (pV) 13.5 13.2 12.5 14.0 12.3
% diff. with 0.05 Hz 1st order -2.4 -7.4 3.8 -8.8

deviation avg slope ST seg. (pV/s) 31.5 30.8 29.5 32.1 29.2
% diff. with 0.05 Hz 1st order -2.2 -6.5 1.8 -7.4

eters, the slope is lower than the 50 pV/s limit specified by the EN 60601-2-51:2003 Euro
pean standard for the calibration waveforms. The large slope measured for the CAL20110- 
derived signal is most likely due to the ST segment depression characterising this synthetic 
EGG, as shown in Figure B.2(b). On the other hand, it should be pointed out that, even 
though the ST segment of the output signal is generally positive, the slope measured for 
the test ECGs constructed from the CAL20160 waveform, which possess an elevated ST 
segment (see Figure B.2(c)), is always negative. Ultimately, the highpass filters seem to in
troduce a negative change in slope when the ST segment is elevated and a positive change 
when the ST segment is either at the baseline level or depressed. Moreover, the extent of 
this positive change is greater when the ST segment is depressed.

Looking at Tables 7.2 and 7.3, all of the highpass filters appear to introduce approxi
mately the same amount of distortion into the input test signals. In order to estimate the 
difference in performance between the optimised filters and the 0.05 Hz first order sys
tem, the results in Tables 7.2 and 7.3 are averaged across the test signals for each of the 
highpass filters. The outcome of this procedure is presented in Table 7.4. It can be seen, 
once more, that the distortion produced by the various highpass filters is not substantially 
different and that larger errors and changes in the ST segment slope are generated when 
the test signal is characterised by a sinusoidal QRS complex. It is important to notice that.
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independently of the shape of the QRS complex, the error introduced by the the second 

order and the third order concave filters is approximately 7% to 10% lower than that of the 
reference single-pole network. For these two filters the deviation of the average ST seg

ment slope from zero is also less than that produced by the 0.05 Hz first-order system. It 

should also be pointed out that the overall performance of the third order concave system 

appears to be marginally better than that of the second order filter. On the other hand, the 

third order filter obtained without specifying the concavity condition seems to consistently 

introduce the largest distortion into the test signals and both the error and the change in 

the ST segment slope produced by this highpass system are slightly worse than those of 

the reference single-pole network. As regards the second order filter characterised by real 
poles, it can be seen from Table 7.4 that both the average and maximum error it generates 

are marginally smaller than those of the reference 0.05 Hz network, whereas the changes 
in slope produced by these two filters are practically identical.

7.3 Distortion analysis for real ECGs

Signals from the QT database [175], available on PhysioNet [174], are selected for the 
analysis of the distortion caused by the optimised filters in actual EGG recordings. The 

main feature of this database is that its records are annotated, i.e. the waves and intervals 
of the EGG waveform have been manually identified and indicated by cardiologists. The 
QT database contains 105 two-channel records, each 15 minutes long. These records are 
excerpts from ambulatory EGG signals contained in other PhysioNet databases and a wide 
variety of morphologies for the QRS complex, T wave and ST segment are represented. 

For each record, between 30 and 100 normal beats are annotated. Since the slope of the 

ST segment is fundamental in determining the distortion introduced by the highpass filter, 

only the 42 records for which both the end of the QRS complex and the beginning of the T 

wave are identified are used to verify the performance of the optimised filters.

7.3.1 Preprocessing of the ECG records

Even though all of the records included in the QT database were selected by its investigators 
so that they do not contain significant baseline wander or other artifacts, being ambulatory 

EGG recordings, they may still present residual noise and interference at low frequencies. 

Since the current aim is to evaluate the distortion introduced into the signal and not the 

noise reduction achieved by the highpass filters, it is necessary to preprocess the EGG 

signals to eliminate as much of the low-frequency disturbance as possible. Bidirectional 

filters, previously discussed in Sections 3.5.3 and 5.3, provide a simple way of performing
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Figure 7.6: Magnitude characteristic of the highpass bidirectional filters derived from a 0.1 Hz 
singie-pole network and from second and third order 0.15 Hz Butterworth filters.

this operation on offline recordings. In order for fhe preprocessing to preserve the integrity 
of the records of the QT database, the bidirectional filter should satisfy the requirements 
specified in Section 5.2 for the electrocardiographic highpass filter.

If a first order base network is used to derive the bidirectional filter, the frequency of its 
3dB-point should be at most equal to 0.1 Hz for the bidirectional system to adhere to the 
specifications set by the EN 60601-2-51:2003 European standard [9] for the response to a 
3 mVX100 ms rectangular input pulse. In order to achieve a larger low-frequency rejection, 
a higher order base filter needs to be selected. Butterworth filters can, for example, be 
employed for this purpose. Due to their amplitude response being flat over the passband, 
Butterworth filters provide a reduction of the unwanted frequency content without altering 
the components of the input signal at any other frequency. Second and third order high- 
pass Butterworth filters having a 3dB-cutoff frequency of 0.15 Hz can be used to derive 
bidirectional systems that fulfil the time domain specifications of the European standard. 
The amplitude response of these bidirectional filters and that of the system obtained from 
the 0.1 Hz first order highpass network are shown in Figure 7.6. Their responses to a 3 
mVxlOO ms rectangular wave are illustrated in Figure 7.7, where it can be seen that the 
slope of the output signal after the termination of the input pulse is well within the limits 
specified by the EN 60601-2-51:2003 standard, whereas the maximum offset is very close 
to the 100 [iV bound.

In order to select the preprocessing filter for the records in the QT database, the ability 
of these three bidirectional systems to reduce low-frequency noise and interference is eval-
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Figure 7.7; (a) Displacement from the isoelectric line and (b) slope of the response of the 
highpass bidirectional filters derived from a 0.1 Hz single-pole network and from second and 
third order 0.15 Hz Butterworth filters to a 3 mVx 100 ms rectangular input pulse applied at 
i = 10 s. The dashed lines represent the bounds established by the European standard for 
diagnostic electrocardiographic devices.
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uated. A two-lead record containing mainly baseline wander (bw) available on PhysioNet in 
the MIT-BIH Noise Stress Test database [176] is employed for this task. Its power content 
at frequencies lower that 0.5 Hz, which is representative of out-of-band low-frequency dis
turbances, is calculated before and affer the application of the bidirectional filters and the 
reduction produced by the different highpass filters assessed.

Different techniques are available to estimate the power spectrum of a signal from a 
recording of limited duration. The simplest method is given by the periodogram, which is an 
estimate of the signal power spectral density (PSD) calculated from the square of the dis
crete Fourier transform of the finite data sequence [75, 106, 177]. Since the periodogram 
represents a biased estimate of the signal PSD [75, 177], other techniques such as the 
Bartlett and Welch methods are generally employed to derive the power spectrum of elec
trocardiographic recordings [51,75]. In the Bartlett method, the data record is divided into 
different segments and the PSD is estimated by averaging the periodograms calculated for 
each of the segments. The Welch method represents a modification of this average pe
riodogram procedure in which the segments are overlapping and can be windowed using 
different functions. Due to the fact that the discrete Fourier transform is calculated over a 
shorter data sequence, the resolution of the power spectrum estimate obtained using the 
Bartlett and Welch methods is lower that that of the periodogram [75, 177]. Since the fre
quency range of the low-frequency noise is very narrow and it is necessary to maintain a 
good resolution when calculating the power, the duration of the intervals used by these av
eraging techniques cannot be too short. In this case, the power of the bw record calculated 
through the Bartlett method is almost identical to that derived directly from the periodogram. 
The low-frequency power calculated using the Welch method is dependent on the shape 
of the window and, when the segment length is selected as one tenth that of the overall 
data sequence and the overlap as 50%, its value for the bw record is between 1% and 8% 
lower than the power calculated using the periodogram (see Appendix B.2 for further de
tails). Given the limited difference between the methods, the power of the bw record, and 
that of all the other records analysed in the remainder of this chapter, is calculated using 
the periodogram, so that the resolution of the signal spectrum at low frequencies is not 
compromised.

It is also worthwhile noting that, when measuring the power of the bw record, the spectral 
content at zero frequency is omitted from the calculations. The power measured at 0 Hz 
is, in fact, simply indicative of the amplitude of the DC offset present in the signal. The 
bidirectional filters under analysis in this section and the highpass filters designed through 
the optimisation procedure are characterised by a zero at 0 Hz, which completely eliminates 
this DC offset. Therefore, fheir performance with regard to the reduction of the DC noise is 
identical. This approach of omitting the DC frequency confent from the power calculation is
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applied throughout the remainder of the chapter.
The low-frequency power of the bw record before and after the application of the bidirec

tional systems is presented in Table 7.5. The first and last 15 s of recordings are excluded 
from the calculation of both the input and the output power to account for the settling times 
of the filters. From Table 7.5, it can be seen that all of the filters provide a substantial re
duction of the low-frequency noise. The noise power is reduced by approximately 60% by 
the bidirectional system derived from the 0.1 Hz first order filter, whereas the bidirectional 
systems obtained from the 0.15 Hz Butterworth base filters allow the noise to be lowered 
by almost 80%. The performance of the systems obtained from the second and third or
der filters is very similar. This behaviour can be explained by the fact that the bidirectional 
system obtained from the second order filter is characterised by a lower attenuation than 
that of the one derived from the third order filter at very low frequencies, but its 3dB-point 
is slightly higher, that is, the attenuation achieved by the former filter in the cutoff region is 
larger than that of the higher order system.

Table 7.5: Measurement of the power contained in bw record at frequencies lower than 0.5 
Hz before and after the application of the bidirectional filters obtained from a 0.1 Hz first order 
system and 0.15 Hz second and third order Butterworth filters. The percentage reduction in the 
low-frequency noise achieved by the bidirectional filters with respect to the noise power of the 
input record is indicated.
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Output

power 
(10 ® V®)

1st order 2nd order 3rd order

power 
(10'® V®)

% reduct. power 
(10’® V®)

% reduct. power 
(10-® V®)

% reduct.

Lead A 200.4 79.9 -60.1 41.7 -79.2 42.0 -79.0
Lead B 29.6 12.2 -58.9 6.6 -77.8 6.7 -77.3
Average leads 115.0 46.0 -59.5 24.1 -78.5 24.4 -78.2

7.3.2 Results and discussion

After preprocessing the signals in the QT database using the bidirectional filter obtained 
from the 0.15 Hz second order Butterworth function, the highpass filters derived through 
the optimisation procedure are applied to the EGG records and the distortion produced is 
evaluated in terms of error and change in the slope of the ST segment. The first 45 s 
and the last 15 s of each record are, once more, excluded from the analysis to allow the 
initial transients introduced by both the bidirectional and the optimised highpass filters to be 
eliminated from the comparison.

201



CHAPTER 7. VALIDATION OF THE HIGHPASS FILTER DESIGN

Error analysis

For each of the 42 QT records being studied, the average and maximum absolute errors 
caused by the optimised filters and by the reference 0.05 Hz single-pole network are as
sessed. The percentage of samples for which the error exceeds 25 pV or 5% of the input 
value, which is the limit specified by the 1990 AHA recommendations [19], is calculated. It 
should be noted that more than 400,000 samples are analysed for each two-lead record. 
The complete results are presented in Appendix B.3 and a summary of the error statistics 
obtained by averaging the quantities of interest over the QT records is shown in Table 7.6. 
From this table, it can be seen that the average and the maximum errors are at their lowest 
for the reference 0.05 Hz single-pole network. The results obtained for the second order 
filters are very similar, with both the errors being approximately 25% larger than for the 
benchmark filter. It can also be noticed that the third order filter yields the largest distor
tion and its average and maximum errors are approximately 36% larger than those of the 
first order system. The results for the third order concave filter are somewhat intermediate 
between those of the second order and the third order optimised filters. Finally, the per
centage of samples for which the error exceeds the limit set by the AHA recommendations 
is 4% for the 0.05 Hz first order system, 6% for the second order filters and just above 7% 
for the third order filter. Once more, the performance of the third order concave filter places 
itself approximately midway between those of the other highpass filters derived through the 
optimisation procedure.

It can be noticed from Tables B.2 to B.6, that four of the QT records under analysis are 
characterised by an extremely high percentage of samples for which the limit specified by 
the 1990 AHA recommendations is exceeded. These records (sel39, sel42, sel47 and 
sele0166) are easily identifiable from Table B.2 reporting the error statistics for the 0.05 Hz 
reference filter. In fact, errors exceeding the 25 pV or 5% limit affect between 20% and 50% 
of the samples of these records, whereas at most 4% of the samples in the other records 
present an unacceptably large distortion. Records sel39 and sel47 are characterised 
by very large interference spikes (see Figure 7.8), which lead to prolonged transients in the 
response of the highpass filters. The large error measured for records sel42 and sele0166 
is most likely due to rapid, yet smaller, fluctuations in the baseline level.

If records sel39, sel42, sel47 and sele0166 are excluded from the calculation of the 
average error statistics, a decrease in the error values for all of the highpass filters can be 
seen in Table 7.6. The percentage difference in average and maximum error between the 
optimised highpass filters and the 0.05 Hz single-pole network is also marginally decreased, 
even though it still varies between 20% and 35%. Qn the other hand, the percentage of 
samples for which the error introduced by the highpass filters exceeds the allowable limit is
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Table 7.6: Statistics of the error introduced by the second and third order optimised filters and 
by the 0.05 Hz single-pole network into the records of the QT database.

0.05 Hz 2nd order 2nd order 3rd order 3rd order
1st order real-pole (3dB max) (3dB max) concave

Overall (42 records)

avg (pV) 7.3 9.0 9.0 10.0 9.4
% diff. with 0.05 Hz 1st order 22 22 36 28

max (pV) 58.4 73.6 74.4 79.5 76.8
% diff. with 0.05 Hz 1st order 26 27 36 32

% above limit 4.1 6.0 6.0 7.2 6.5
% diff. with 0.05 Hz 1 st order 46 47 77 60

Excluding sel39, sel42,sel47 and sele0166

avg(pV) 5.6 6.7 6.7 7.5 7.0
% diff. with 0.05 Hz 1st order 21 20 34 26

max (pV) 45.1 55.9 56.0 60.8 58.2
% diff. with 0.05 Hz 1st order 24 24 35 29

% above limit 1.1 2.3 2.3 3.2 2.7
% diff. with 0.05 Hz 1st order 110 114 193 149

Time (min)

Figure 7.8: Excerpt from record sel47 (lead A).
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greatly reduced. Only 1% of the output samples are affected by an unacceptably large error 

when the reference network is employed, with this percentage increasing to 3% for the third 
order filter.

The error statistics of the signals in the QT database appear to be quite different from 

the ones reported in Tables 7.2 and 7.3 for synthetic ECGs. In latter case, the maximum 

error is much smaller than that calculated over the records of the QT database and none of 

the highpass filters introduces a deviation into the output signal exceeding the 25 pV limit. 

Furthermore, the average error measured for the synthetic signals is approximately half that 
evaluated for the QT records. The most significant difference between the error statistics 

of real and test ECGs is that the error introduced into the QT records by the reference filter 

is always smaller than that measured when the optimised filters are employed, whereas for 

synthetic signals only the third order filter appears to perform worse than the 0.05 Hz single
pole network. Moreover, when the error is evaluated on the records of the QT database, 

the second order filters seem to have comparable performances and to introduce the least 
amount of error among the optimised filters. Qn the other hand, when the test ECGs are 
employed for the analysis of the distortion, the third order concave filter appears to cause 

the smallest deviation between input and output signals and the performance of the second 
order filter having real poles is noticeably worse than that of the second order filters with 
complex conjugate poles.

The discrepancy in the error statistics between synthetic and real ECGs could be due 
to two principal causes: signal morphology and noise. Firstly, the synthetic test signals are 
constructed to resemble a normal ECG as measured on a healthy subject and, therefore, 
they reproduce only a small subset of all the morphologies possible for the electrocar
diographic waveform. Qn the other hand, most of the records in the QT database were 

acquired from subjects suffering from cardiac conditions and were, indeed, selected to rep
resent a wide variety of morphologies for the QRS complex, T wave and ST segment. 

Looking at Tables 7.2 and 7.3, it can be appreciated how the ECG shape influences the 
distortion introduced by the different highpass filters. For the test signals constructed from 

the parameters of the CAL20100 and CAL20160 waveforms, which are characterised by 

a monophasic QRS complex and isoelectric or elevated ST segment (see Figure B.2), the 
maximum error caused by the 0.05 Hz first order system is lower than that produced by any 

of the optimised filters. Nevertheless, the performance of the reference single-pole network 

is worse than that of the second order optimised filters and of the third order concave sys

tem for all the other test signals. As regards noise, it needs to be pointed out that, even 

though the records in the QT database have been filtered to eliminate low-frequency dis
turbances before the analysis of the distortion is performed, in-band noise, such as motion 

and muscle artifacts, is still present in the ECG recordings. This noise and interference is
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most likely responsible for the larger average and maximum errors measured for the QT 
records.

Analysis of the change in the ST segment slope

For each of the selected records of the QT database, between 22 and 70 annotated ST 
segments are employed to evaluate the change in slope introduced by the optimised high- 
pass filters (see Table B.7). ST segments containing less than 3 data points are excluded 
from the analysis. The slope of each ST segment is calculated by interpolating its data 
points using a straight line. After applying the selected highpass filter, the slope is recalcu
lated and the change with respect to the original value is assessed. For each record, the 
average value of the absolute change in slope is computed. Moreover, the maximum dif
ference between input and output slope is identified and the percentages of negative slope 
changes and of changes that exceed ±50 pV/s are determined (see Tables B.8 to B.12). 
After averaging the values over the 42 records, these statistics are reported in Table 7.7. 
The average change lies between 31 and 36 pV/s, while the maximum slope difference 
between 61 and 69 pV/s. The percentage of ST segments for which a negative change in 
slope is introduced is quite uniform across the highpass filters and is approximately 32%. 
The percentage of ST segments for which the absolute value of the change is larger than 50 
pV/s is approximately 20%. It is worthwhile noting that the third order filter is characterised 
by the highest values of average and maximum change and by the largest percentage of 
ST segment deviations exceeding the allowable limit. It is also the only filter whose perfor
mance is overall worse than that of the 0.05 FIz single-pole filter. The third order concave 
system and the second order filter have comparable performances, with an average slope 
change approximately 12% lower than that introduced by the 0.05 FIz first order network. 
For these filters, the percentage of ST segments for which the change is above the allow
able limit is about 3% less than that of the reference system. The distortion introduced by 
the second order filter having real poles into the ST segment also appears to be lower than 
that caused by the 0.05 FIz single-pole network, even though the maximum change in slope 
is marginally lower for the latter filter.

Comparing the results in Table 7.7 with the one summarised in Tables 7.2 and 7.3 for 
the synthetic signals, it can be seen that the average change in the ST segment slope 
introduced by the highpass filters is practically equivalent for real and synthetic ECGs. In 
both cases, the third order concave filter is the one introducing the least amount of distortion 
and the third order filter is the only optimised filter producing changes in the ST segment 
slope larger than those of the reference 0.05 Hz system. Overall, it can be concluded that 
the results obtained for the real signals fully agree with the one previously determined for
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Table 7.7: Statistics of the change in the ST segment slope introduced by the second and 
third order optimised filters and by the 0.05 Hz single-pole network into the records of the QT 
database.

0.05 Hz 2nd order 2nd order 3rd order 3rd order
1st order real-pole (3dB max) (3dB max) concave

avg (pV/s) 35.2 32.8 31.1 36.4 30.8
% diff. with 0.05 Hz 1st order -6.7 -11.5 3.4 -12.5

abs(max) (pV/s) 61.7 63.7 61.3 68.6 61.7
% diff. with 0.05 Hz 1st order 3.2 -0.6 11.1 0.0

% negative 33.6 31.7 31.1 32.6 31.6
% diff. with 0.05 Hz 1st order -5.6 -7.5 -3.0 -5.9

% above limit 21.2 19.8 18.6 22.1 18.3
% diff. with 0.05 Hz 1st order -6.7 -12.4 4.1 -13.7

the test ECGs.

7.4 Reduction of the low-frequency noise

Artificial signals, simulating low-frequency noise and interference, are often employed to 
verify the ability of highpass filters to reduce the baseline wander in EGG records. Sinu
soidal waves are usually superimposed onto a known real or synthetic test record to gen
erate the input signal, to which the output of the filter is then compared [70, 112, 120, 146]. 
In the case under analysis, however, once the frequency of the synthetic noise signal is 
selected, the rejection capability of the optimised highpass filters is already fully known. Let 
us, for example, consider the outcome of the filtering process when the input is given by 
the synthetic test signal obtained from the CAL20000 parameters illustrated in Figure 7.3 
to which a 0.025 Hz sine wave with 2 mV amplitude is added. From Figure 7.9, it can been 
seen that the second order filters provide the best performance. This result could have 
been predicted directly from the magnitude response of the optimised filters shown in Fig
ure 6.16(b) and 6.26(b), where it can be clearly seen that the attenuation achieved at 0.025 
Hz by the second order filters is larger than that of the third order filters and of the refer
ence single-pole network. Finally, it should be pointed out that simulating the low-frequency 
noise and interference using a very limited number of sinusoids does not seem appropriate 
when the spectral nature of the baseline wander is considered, which according to the noise 
spectrum shown in Figure 2.15 does not appear to be sinusoidal.

In order to evaluate accurately the ability of the optimised highpass filters to eliminate 
the baseline wander from EGG measurements, it was decided to employ the noise records
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-------Input 2nd order
........ 0.05Hz 1st order ------- 3rd order

2nd order real poles ------- 3rd order concave

Figure 7.9: Response of the reference 0.05 Hz first order network and of the optimised highpass 
filters to an input signal obtained by adding a 0.025 Hz sinusoid of 2 mV amplitude to the 
synthetic test ECG derived from the CAL20000 parameters

contained in the MIT-BIH Noise Stress Test database [176] as test signals. Apart from the 
bw record, containing predominantly baseline wander, which was used in Section 7.3.1 to 
select the bidirectional filter for the preprocessing of electrocardiographic signals during the 

distortion analysis, two other records representative of the noise measured during ambula
tory ECG recording are available in the MIT-BIH Noise Stress Test database. These records 

are characteristic of muscle artifacts (ma) and electrode motion artifacts (em), respectively, 

but they still incorporate a high level of low-frequency noise and interference, which can be 

evaluated as the power contained in the record at frequencies lower than 0.5 Hz. The total 

and low-frequency power measured for the three noise records of the MIT-BIH Noise Stress 
Test database are shown in Table 7.8. It can be seen that 98.5% of the total power of the bw 

record is measured at frequencies lower than 0.5 Hz. Nonetheless, even for the ma and em 

records, the power of the low-frequency noise and interference is quite substantial, being 

higher than 60% when calculated over the two leads. It should be pointed out that the noise 

figures presented in Table 7.8 are evaluated excluding the power of the DC component from 

the calculation. Moreover, in order to avoid the initial transient occurring in the response of 

the highpass filters under analysis, all of the noise measurements reported in the current 
section are performed excluding the first 30 s of each record. In other words, the output
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Table 7.8: Power measured for the noise records of the MIT-BIH Noise Stress Test database.

Record

Lead A Lead B Average leads

total
power 

(lO'S V2)

power
f<0.5Hz 
(10 ® V®)

% power 
f<0.5Hz

total
power 

(10 ® V®)

power
f<0.5Hz 
(10'® V®)

% power 
f<0.5Hz

total 
power 

(10 ® V®)

power
f<0.5Hz 
(10 ® V®)

% power 
f<0.5Hz

bw 217.1 213.7 98.4 30.5 30.0 98.4 123.8 121.8 98.4
ma 37.5 28.9 77.1 37.2 29.0 77.9 37.4 28.9 77.5
em 536.6 224.0 41.7 41.7 34.2 82.0 289.1 129.1 61.9

Average 150.1 93.3 79.3

power is measured only on the steady state portion of the signal and the input power is 
calculated over the corresponding set of data, thus allowing the difference between input 
and output noise to be evaluated consistently.

For each of the three records in the MIT-BIH Noise Stress Test database, the power 
of the low-frequency disturbance is measured after applying the different highpass filters 
to both leads. The percentage difference between input and output noise power is also 
calculated and the results are indicated in Table 7.9. It can be seen that a reduction in the 
power measured at frequencies lower than 0.5 Hz of between 4% and 38% is achieved by 
the highpass filters. The only exception is given by the em record filtered using the second 
order system for which the low-frequency noise is marginally increased in both leads. This 
noise boosting is due to the fact that the frequency range of the small ripple present in 
the magnitude of the second order filter and that of a very large spectral component of 
the em record (see Figure 7.10) are quite similar. It should also be noted that, since the 
amplitude response of all of the optimised filters is characterised by a peak at a frequency 
of approximately 0.2 Hz, the noise reduction they achieve for the em record is significantly 
less than for the bw and ma signals. Finally, it is important to point out that, regardless of 
the record considered, the third order filter always provides better noise rejection than the 
reference 0.05 Hz single-pole filter.

Table 7.10 presents the average two-lead low-frequency power of the output signals 
and the noise reduction achieved by each of the highpass filters, as calculated from the 
rightmost columns in Table 7.9. It can be seen that, overall, the reduction in low-frequency 
noise and interference varies between a minimum of 5.5% for the second order filter to a 
maximum of 27% for the third order filter. Due to the somewhat poor performance of the 
highpass filters on the em record, these percentages are slightly lower than those obtained 
by considering the baseline wander record only (see Table 7.9). Comparing the results 
of the optimised filters with those of the reference first order network, the superior noise 
reduction performance of the third order filters is evident. The power of the low-frequency 
disturbances at the output of the concave filter is 4% lower than that of the 0.05 Hz single-
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Table 7.9: Measurement of the power contained in the noise records of the MIT-BIH Noise 
Stress Test database at frequencies lower than 0.5 Hz after they have been filtered using the 
highpass systems under analysis. The percentage reduction in low-frequency noise achieved 
for each record with respect to the noise power of the input signals reported in Table 7.8 Is also 
Indicated.

Record

Lead A Lead B Average leads

power 
(10'^ V2)

% reduct. power 
(10-^ V^)

% reduct. power 
(10'^ V2)

% reduct.

bw

0.05 Hz 1st order 182.0 -14.8 25.7 -14.2 103.9 -14.5
2nd order real-pole 185.1 -13.4 26.4 -12.1 105.7 -12.8
2nd order 197.6 -7.5 28.2 -6.1 112.9 -6.8
3rd order 136.4 -36.2 19.9 -33.6 78.2 -34.9
3rd order concave 160.9 -24.7 23.3 -22.3 92.1 -23.5

ma

0.05 Hz 1st order 24.4 -15.8 23.6 -18.4 24.0 -17.1
2nd order real-pole 24.5 -15.2 23.5 -19.0 24.0 -17.1
2nd order 25.7 -11.0 24.8 -14.3 25.3 -12.7
3rd order 20.2 -30.1 18.1 -37.6 19.1 -33.9
3rd order concave 22.2 -23.3 20.5 -29.2 21.4 -26.2

em

0.05 Hz 1st order 202.4 -9.6 30.8 -9.9 116.6 -9.8
2nd order real-pole 215.8 -3.6 32.9 -3.7 124.4 -3.7
2nd order 230.3 2.8 35.2 3.1 132.8 2.9
3rd order 195.1 -12.9 30.1 -11.8 112.6 -12.3
3rd order concave 208.4 -6.9 31.9 -6.7 120.1 -6.8

pole system and the other third order filter yields a reduction in the noise power 14% larger 

than that achieved by the reference network. On the other hand, it can be seen from Table 

7.10 that the second order filters provide a smaller reduction of the low-frequency noise 

and interference than the 0.05 Hz reference filter. It should however be pointed out that 

the performance of the filter characterised by real poles does not appear to be significantly 

different from that of the single-pole network.

The 42 records of the QT database [175] employed in Section 7.3 to analyse the distor

tion introduced into the EGG signal are now used to evaluate the noise reduction capability 

of the optimised highpass filters. For each record, the low-frequency noise and interference 

are assessed in terms of the power measured for frequencies lower than 0.5 Hz (see Table 

B.13). The filters under study are then applied to the EGG recordings and the output noise 

power and the reduction of the low-frequency disturbance achieved with respect to the orig

inal signals are evaluated. For each of the highpass filters, these results are presented in
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Figure 7.10: Power spectral density of the em record (lead A).

Appendix B.5 and, after being averaged over the 42 QT records, are summarised in Table 
7.11. It can be seen that the noise power measured after filtering the ECG recordings using 

the optimised second and third order systems is lower than that obtained for the reference 
0.05 Hz network. As was the case with the noise records of the MIT-BIH Noise Stress Test 

database, the third order filter provides the best rejection. It is also worth noting that, de
spite the noise power being lower for the output of the second order filters than of the 0.05 
Hz single-pole network, the percentage noise reduction achieved by the latter filter is higher 

than that of the optimised second order systems. This discrepancy is easily explained by 
looking at Tables B.14 to B.18. For some of the QT records, the second and third order filters 

actually cause an small increase in the low-frequency noise power. As discussed earlier 

when analysing the noise reduction achieved on the MIT-BIH Noise Stress Test records, 
this phenomenon is linked to the 0.5 dB peak occurring in the magnitude response of the

Table 7.10: Average low-frequency power and noise reduction obtained for the noise records 
of the MIT-BIH Noise Stress Test database when they are filtered using the different highpass 
systems.

0.05 Hz 2nd order 2nd order 3rd order 3rd order
1 St order real-pole (3dB max) (3dB max) concave

power (10‘® V^) 81.5 84.7 90.3 70.0 77.9
% diff. with 0.05 Hz 1st order 4 11 -14 -4

% reduction -13.8 -11.2 -5.5 -27.0 -18.9
% diff. with 0.05 Hz 1st order -19 -60 96 37
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Table 7.11: Average low-frequency power and percentage noise reduction obtained for selected 
records of fhe QT database when they are filtered using the different highpass systems.

0.05 Hz 2nd order 2nd order 3rd order 3rd order
1st order real-pole (3dB max) (3dB max) concave

Overall (42 records)

power (10 ® V®) 10.7 9.8 10.0 8.8 8.8
% diff. with 0.05 Hz 1st order -9 -6 -18 -18

% reduction -22.7 -22.2 -19.2 -27.1 -24.7
% diff. with 0.05 Hz 1st order -2 -15 19 9

Records sel31, sel39, sel45, sel47 and sel49 only

power (10 ® V^) 69.7 61.7 63.1 53.9 53.7
% diff. with 0.05 Hz 1st order -11 -10 -23 -23

% reduction -35.4 -42.2 -40.7 -49.5 -49.0
% diff. with 0.05 Hz 1st order 19 15 40 38

optimised filters. It should finally be pointed out that the boosting of the noise power is re

stricted to records characterised by limited low-frequency disturbances. This explains why 
the overall noise power after the application of the second and third order filters is still lower 

than for the 0.05 Hz single-pole network.
Comparing the results obtained for the QT database with those of the MIT-BIH Noise 

Stress Test database in Table 7.10, it can be noticed that the third order filter produces 
the same percentage noise decrease (27%), whereas the reduction obtained by the other 

optimised filters and by the 0.05 Hz network is, on average, higher for the records of the 

QT database. Furthermore, it can be concluded that, regardless of the signals used for the 
evaluation, both the third order filters achieve a reduction of the low-frequency noise and 

interference greater than the single-pole reference network.
As highlighted in Section 7.3.1, the records included in the QT database were expressly 

chosen to be free from large artifacts, which leads to their average low-frequency power to 

be significantly smaller than that of the noise records of MIT-BIH Noise Stress Test database 

(see Tables 7.8 and B.13). It was, therefore, decided to re-evaluate the noise reduction 

capability of the highpass filters under analysis only on the records of the QT database 

containing large low-frequency disturbances. These records are selected from Table B.13 
as sel31, sel39, sel45, sel47 and sel49 and it is interesting to note that they all originate 

from the MIT-BIH database containing ambulatory records of sudden death. For each of 

these EGG recordings, the power of low-frequency noise and interference represents more 

than 40% of the total power. If the low-frequency rejection provided by the highpass filters 

is evaluated only on these noisy records, the bottom part of Table 7.11 shows that all of
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the optimised filters perform better than the reference 0.05 Hz network, in terms of both 
output noise power and reduction achieved with respect to the input noise. This reduction 
is, in fact, almost 50% for fhe third order filters and more than 40% for the second order 
systems, which is approximately double the corresponding measurements performed over 
the 42 records. It should also be noted that, when only the noisy records are considered, 
the two third order filters appear to have very similar noise rejection capabilities.

7.5 Conclusion

In this chapter, the distortion introduced into electrocardiographic recordings by the high- 
pass filters designed to fulfil the requirements specified by the EN 60601-2-51:2003 Euro
pean standard [9] and the 1990 AHA recommendations [19] has been evaluated. Attention 
has been directed at the filters derived by maximising the 3dB-cutoff frequency and to the 
second order filter having real poles obtained by optimising the overall low-frequency re
jection. The difference between input and output signal and the change in the slope of the 
ST segment caused by these filters have been assessed with respect to guidelines pro
posed by the EN 60601-2-51:2003 standard and the 1990 AHA recommendations and to 
the performance of the reference 0.05 Hz single-pole network.

Synthetic signals constructed to resemble the calibration ECGs described in the Euro
pean standard were first employed to evaluate the amplitude error and the deviation in the 
ST segment slope produced by the highpass filters. It emerged that the maximum deviation 
between the output and the input signals is always lower than the 25 pV limit specified by 
the AHA recommendations, that is, the amplitude distortion of the filtered ECGs can be 
considered negligible. As regards the change in the slope of the ST segment, the 50 pV/s 
limit proposed for the calibration waveforms by the EN 60601-2-51:2003 standard is fulfilled 
by both the optimised filters and the reference 0.05 Hz system, except for the test records 
characterised by a depressed ST segment. Moreover, both the error and the ST segment 
distortion introduced by the second order filter and by the third order concave system are 
lower than those produced by the 0.05 Hz first order network. On the other hand, the per
formance of the reference system is comparable to that of the second order filter having 
real poles and marginally better than that of the third order system obtained without speci
fying the concavity condition, in terms of both the amplitude error and the change in the ST 
segment slope.

The distortion analysis was then repeated on real ECG recordings taken from the QT 
database [175] and preprocessed using a bidirectional highpass filter to eliminate as much 
of the low-frequency noise and interference as possible. In this instance, the average and
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maximum error introduced by the optimised filters is between 20% and 35% higher than 
that caused by the reference 0.05 Hz system. Nonetheless, for both the reference and 
the optimised filters, the percentage of samples for which the difference between input and 
output signal exceed 25 pV or 5% is very limited. It should finally be pointed out that the 
amplitude error introduced by the second order filters, even though higher than that caused 
by the 0.05 Hz single-pole filter, is lower than that produced by the third order optimised 
systems. As regards the change in the ST segment slope, no appreciable difference with 
the results derived using the test ECG signals can be identified, with the second order and 
the third order concave filters still causing the lowest distortion.

The discrepancy between the amplitude error measured for actual ECG recordings and 
for synthetic signals is most likely due to the varied morphology of the ECG waveforms in 
the QT records and the presence of residual noise and artifacts in the electrocardiographic 
measurements. It should also be noted that the records available on PhysioNet [174] might 
not provide an accurate representation of the ECG signal as it appears at the input of 
the recording equipment because the ECG measurement system with which they were 
originally acquired could have already introduced distortion into the electrocardiographic 
waveform.

Since it has been shown that the amount of distortion introduced by the different high- 
pass filters is dependent on the shape of the input signal, it would be interesting to in
vestigate how much of the error measured for the QT records is attributable to the varied 
geometry of ECG waveform in patients suffering from heart conditions and how much is due 
to the presence of noise or pre-distortion in the electrocardiographic recording. Synthetic 
signals that resemble the morphology of the ECG signal more closely than the waveforms 
employed in this chapter could be used for this purpose. Ideally, the test ECG waveforms 
should also be able to reproduce a wide variety of features that are characteristic of cardiac 
abnormalities. Alternatively, the distortion analysis could be performed only on selected 
portions of the PhysioNet records that can be deemed free of noise, interference and defor
mations not of physiological origin. This would, however, require the electrocardiographic 
recordings to be visually inspected in advance by a trained medical professional.

In this chapter, the ability of the optimised filters to eliminate low-frequency noise and 
interference from the electrocardiographic signal was evaluated as well. The power con
tained in the recordings at frequencies lower than 0.5 Hz was used as a measure of the 
out-of-band low-frequency disturbance. The reduction in this power achieved by the opti
mised highpass filters for the three noise records available in the MIT-BIH Noise Stress Test 
database [176] was assessed and compared with that produced by the 0.05 Hz single-pole 
network. It emerged that the third order filters provide better results than the reference 
system. The noise reduction analysis was then repeated on the QT database. If only the
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records characterised by large low-frequency disturbances are taken into consideration, 
all of the optimised filters achieve a larger reduction in the low-frequency power than the 
reference single-pole system. In particular, the third order filters, which have comparable 
performances, are able to reduce the out-of-band noise by practically 50%.

When the noise reduction capability and the time domain distortion produced by the 
highpass filters are considered together, it emerges clearly that the third order concave filter 
provides the best overall performance. Its ability to eliminate the low-frequency disturbance 
is universally higher than that of the reference 0.05 Hz system. Furthermore, the change in 
the ST segment slope caused by the third order concave filter is not only the lowest among 
those of the optimised systems, but it is also lower than that of the 0.05 Hz single-pole filter. 
As regards the amplitude error, the performance of the third order concave filter, once more, 
emerges as the best among all of the highpass filters when the difference between input 
and output signals is evaluated using the synthetic ECGs. Even for the records of the QT 
database, the percentage of samples for which this filter introduces an error larger than the 
allowable limit is less than 3%. It is therefore beneficial to employ the third order concave 
filter at the front-end of diagnostic electrocardiographic equipment instead of the traditional 
0.05 Hz single-pole network.

It should finally be noted that, throughout this chapter, the prolonged initial transients 
that characterise the responses of both the reference 0.05 Hz system and the optimised 
highpass filters in the presence of a DC offset voltage (see Figure 7.4) have been excluded 
from the distortion and noise reduction analysis. These transients can be considered neg
ligible at the beginning of an ECG measurement session because in practice a delay be
tween the placement of the electrodes and the start of the acquisition of the electrocardio
gram is likely to occur and less than 30 s is needed for the filter output to stabilise at the 
steady state level. The long settling times of the highpass filters are more significant in the 
event of a loss of contact between the electrode and the body during the measurement. If 
the recording saturates at the full scale deflection level, the time taken for the ECG signal to 
reposition within the dynamic range of the electrocardiograph is dependent on the settling 
time of the highpass filter, which is approximately 25% longer for the third order concave 
system than for the reference 0.05 Hz single-pole network.
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Chapter 8

Circuit topology for the third order 
highpass filter

8.1 Introduction

This chapter focuses on the third order concave filter designed to fulfil the highpass re
quirements specified by the EN 60601-2-51 ;2003 European standard [9] and the 1990 AHA 
recommendations [19] and derived by maximising the 3dB-cutoff frequency (see Section 
6.5). It has been shown that the performance of this system in terms of both time do
main distortion and noise rejection capability is superior to that of the other filters obtained 
through the optimisation procedure and that of the 0.05 Hz single-pole network usually em
ployed as front-end highpass filter in electrocardiographic devices. It is therefore worthwhile 
to investigate how to implement it.

The third order concave filter is characterised by a zero at 0 Hz and a pole located at 
approximately 0.03 Hz and by a pair of complex conjugate zeros and another pair of com
plex conjugate poles (see Table 6.6). The real pole and zero can be realised using a simple 
first order RC section. The RC combination should be integrated into the front-end amplifier 
[57j to prevent large DC offsets associated with electrocardiographic measurements from 
saturating the instrumentation amplifier.

To realise the complex conjugate poles and zeros, on the other hand, it is necessary 
to select a circuit structure that allows the implementation of a general biquadratic transfer 
function. Most of the suitable topologies comprise three operational amplifiers [159, 178- 
180j, but there exist a few structures that rely on a lower number of active components 
[159, 181, 182j. In order for the filter to be employable in ambulatory applications, its power 
consumption should ideally be kept to a minimum. Attention is therefore directed towards 
Friend’s single-amplifier biquad topology [181j. Using both negative and positive feedback.
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this structure provides an optimum compromise between active and passive sensitivities 
and it can be employed for the realisation of biquadratic section having a quality factor for 
the poles lower than 30 [183].

The sensitivity of Friend’s structure to the manufacturing tolerance of passive compo
nents is investigated and the values of its resistors and capacitors are selected in such 
a way that the variability in the location of poles and zeros is minimised. A Monte Carlo 
simulation of the magnitude and pulse responses of the third order filter is then performed 
by assuming a 1% uniformly distributed tolerance for both capacitors and resistors. Based 
on this simulation, the limits set during the optimisation procedure on the amplitude of the 
passband ripple and on the undershoot occurring after the application of a 3 mVxlOO 
ms rectangular input pulse are revised, so that the variations in the filter responses due to 
component tolerances are accounted for. The third order concave filter is redesigned by en
forcing the newly established bounds during the maximisation of the 3dB-cutoff frequency 
and a set of values for its implementation is finally proposed.

8.2 Analysis of the sensitivity of the time and frequency 

responses to changes in the filter parameters

It has previously been pointed out (see Section 6.8) that the conditions imposed during the 
optimisation procedure on the passband ripple and on the undershoot occurring after the 
application of a 3 mV x 100 ms rectangular input pulse are tightly matched by the highpass 
filters. For the third order filter under consideration, it can be seen from Figure 8.1 that 
the peak present in the magnitude response is marginally lower than the 0.5 dB limit set 
during the optimisation process and that the maximum amplitude of the pulse response 
undershoot is exactly equal to the allowed 100 pV bound. It is evident that manufacturing 
tolerances in the components can cause the 0.5 dB ripple and the 100 pV displacement 
limits to be exceeded by the magnitude and pulse responses of the realised filter structure.

The filter parameters to which the time and frequency domain responses are more sen
sitive should be identified so that their variability can be minimised through careful design 
of the hardware circuit. Let us therefore analyse how changes in the coefficients of the third 
order filter influence the maximum amplitude of the magnitude peak and that of the pulse 
response undershoot.

When calculating the sensitivities of a filter structure to variations in its component val
ues, it is customary to express the filter parameters in terms of the frequency and quality 
factor (Q-factor) of the poles and zeros [159, 179, 182, 183]. The transfer function of the

CHAPTER 8. CIRCUIT TOPOLOGY FOR THE THIRD ORDER HIGHPASS FILTER
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Figure 8.1: (a) Magnitude characteristic of the third order concave filter obtained by maximising 
the 3dB-cutoff frequency and (b) displacement from the isoelectric line occurring after the appli
cation of a 3 mVxfOO ms rectangular pulse at its input. The limits imposed in the optimisation 
process on the time and frequency responses are represented by the dashed lines.
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third order highpass filter is thus rewritten as:

S “h ^15 “i" (Xq

s po 5^ + 6iS + 6o

o 9
•S + S + idz

Qz

S + Po s2 + + ^^2
(8.1)

where po is the frequency of the real pole, Up and are the frequencies of the complex 
conjugate poles and zeros, Qp and are the Q-factors of the complex conjugate poles 
and zeros, respectively. The coefficients of the system under study are shown in Table 
8.1. A Monte Carlo simulation of the time and frequency domain responses of the filter Is 
then performed assuming a ±2% uniformly distributed variation in the nominal values of 
Po, Up, Uz, Qp and Qz- This percentage variation is selected considering that through-hole 
resistors and capacitors are available with a 1% tolerance for values up to 100 MQ and 100 
nF, respectively [163, 164].

When 3000 simulations are run, the percentage of cases for which the 100 pV limit is 
exceeded by the offset occurring in the pulse response is approximately 52%, whereas the 
percentage of cases in which the magnitude peak is larger than 0.5 dB is equal to 25%. 
The maximum amplitude measured for the pulse response undershoot is approximately 
115 [iV and that of the magnitude peak is 0.69 dB. It should be noticed that, even though 
this value exceeds the ±0.5 dB requirement set for the passband ripple by the 1990 AHA 
recommendations [19], amplitude peaks as large as 0.8 dB are acceptable according to the 
specifications contained in the current European and American standards for electrocardio
graphic equipment (see Section 3.3.1). It thus appears that changes in the values of the 
frequency and Q-factor of the poles and zeros are more detrimental to the filter time domain 
response than to its amplitude characteristic.

Figure 8.2 shows the distributions of the filter parameters for which either the amplitude 
of the magnitude peak or that of the pulse response undershoot is in the 95th percentile. In 
other words, the 150 sets of po. Qp and Qz values that lead to the largest passband
peaks are shown in Figure 8.2(a) and, similarly, the 150 sets that cause the largest under
shoots are Illustrated in Figure 8.2(b). It can be seen that the frequency of the real pole 
has limited influence on the amplitude of both the magnitude peak and the pulse response

Table 8.1: Parameters of the transfer function of the third order concave filter.

Po
(rad/s)

ai
((rad/s)^)

ao
(rad/s)

hi
((rad/s)^)

ho
(rad/s)

U)p

(rad/s) (rad/s)
Qp Qz

0.189 1.115 0.541 1.205 0.901 0.949 0.736 0.788 0.660
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Figure 8.2: Distributions of the frequency and Q-factor of the poles and zeros of the third order 
filter for which either the passband peak (a) or the amplitude of the pulse response undershoot 
(b) is in the 95th percentile. The sets of po, ujp,u!z, Qp and Qz values responsible for the largest 
amplitude peak and undershoot are indicated by the red dots and the nominal values of the filter 
parameters, located at the centre of the scales, are marked by the black diamonds.
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undershoot. It can also be noted that the passband peak is more sensitive to changes 
in Qp and Q^, whereas the pulse response undershoot is more sensitive to variations in 
the frequency of the complex conjugate poles and zeros. High values of and Qp and 
low values of cop and are responsible for large peaks in the magnitude characteristic, 
whereas the opposite combination of parameters leads to the 100 pV limit imposed on the 
pulse response undershoot being exceeded. It should finally be remarked that variations 
in the parameters of the complex conjugate poles and those in the parameters of the com
plex conjugate zeros seem to contribute equally to the distortion of the time and frequency 
domain responses and therefore the variability of the frequency and Q-factor of both poles 
and zeros should be kept to a minimum in the implementation.

8.3 Friend’s single-amplifier biquad topology

CHAPTER 8. CIRCUIT TOPOLOGY FOR THE THIRD ORDER HIGH PASS FILTER

Friend’s single-amplifier structure, illustrated in Figure 8.3, realises an arbitrary biquadratic 
function with the exception of the lowpass case [181]. Assuming an infinite open-loop gain 
for the operational amplifier A, the coefficients of the general transfer function:

His) =
n2s‘^ + niS + no + aiS-F ao

+ biS + bo
= 712

+ bjS -F bo
(8.2)

can be expressed in terms of the capacitances and conductances (G = 1/i?) of the circuit 
components as:

where

712 =

ni =

Tlo = 

bi = 

bo =

Ga
Gg [Cl Gi + jCi + C2) (G2 -F G3)] — C\ Gj {Ga + Gb)

C,C2Ga
_ Gq (Cl + C2) (Ga + Gb)

C,C2Ga
Gi [Gg {G2 + G3) — Gq (Ga + Gb)]

Gi G2 Ga

(Gi + G2) (Ga G2 - Gb G3) - Gi G, Gb 
G,G2Ga

Gi (Ga G2 — Gb G3)
G,G2Ga

Gi = G4 -F G5

^3 = ^6 + Gy 

Ga = Gg + Gd-

(8.3)

(8.4)

(8.5)

(8.6)

(8.7)

(8.8) 

(8.9)

(8.10)
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Cz

Figure 8.3: Friend’s single-amplifier circuit (modified from [181]).

The value of n2, i.e. the high-frequency gain of the transfer function, is determined by the 
ratio between Rc and Rd-

Ui = Gc 1 1
Gc + Gd 1 Gu

Gc
1

Rd

(8.1i:

and it is restricted to be less than unity [181], since the circuit cannot be simplified by elimi
nating either Rc or R^. It is worthwhile noting that the third order filter implemented using 
Friend’s biquad structure will therefore cause the amplitude of the input electrocardiographic 
signal to be somewhat reduced.

Given the coefficients, O], uq, hi and 6o, of the transfer function to be implemented and 
having selected the values of the gain 712 and of elements Ci, (^2, Ga and Gb, the values of 
all the other components in Friend’s circuit can be calculated from the following equations 
when 60 > ao:

G4 — 772
1 1

-hi + Ghi^ + Aho 1 -F

Gi^ Gb

Ga

Gi\ Gi
G-2 G,

Gi'^ — cii G2 Gi + do ( 1 + 1 G', ^Cl
G2

(8.12)

(8.13)
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r, _ ^^'2 Cl C2
G?. — z---------(Oo ^ ao) —

0\
1

^0 =

1 - 712

bo Cl C2

1 + ^Gb

Ga

+ G:
Gi

G5 = Gi — G4 

Go = G3 

G7 = 0 

Gc = 712 Ga 

Gd = (1 ~ 712) Ga-

G
G.

B

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)

(8.19)

(8.20)

It should be pointed out that the conductances are positive irrespective of the actual values 
of coefficients ai, qq, bi and bo.

8.4 Sensitivity analysis of Friend’s circuit and selection of 

component values

Substituting Ge for G3 in Eqs. (8.4) and (8.5), the coefficients of Friend’s transfer function 
can be rewritten from Eqs. (8.4) to (8.7) as:

1 f ^ Gb + Go

ao —
Gi

G1G2
Go — Gf

Gb + Go
Gc

Go — Gfi
Gi G

G,
B

Go G^

bn =
Gi

G^2 G2-G0
Gb
~^a) ’

(8.21)

(8.22)

(8.23)

(8.24)

where the conditions expressed by Eqs. (8.8) and (8.10) still apply. From the above equa

tions, the frequency and Q-factor of the complex conjugate poles and zeros (see Eq. (8.1)) 

can be derived as:

LO, — \Ao

<^z = \/^ 

0

(8.25)

(8.26)

(8.27)
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Qz
ai

(8.28)

and their sensitivities with respect to the circuit passive components analytically determined 
using the formula [159]:

" y dx'

which expresses the sensitivity of y with respect to x. 

Let us, for example, analyse the sensitivities of ujp'.

Q^p _ Q^P _
- ^C2 ~

Sr” = - G2 2

1

1

_^Ge Gb

1 _ ^

1 1

1 -
1

Gq Gb 
G2 Ga

Q»U/p _

qUJp _

^Gb -

Ga

QUJp _
^Gc - ~

G4 + G5
G5

G4 + G^
Gc

Gc + Gd
Gd

Gc + Gu ^-'

G G
Using Eqs. (8.14), (8.15) and (8.17), the expression — can be rewritten as:

G2 Ga

Gq Gb 
G2 Ga

1

1+ ( --1 Ga
1 H------

Gb5o — Qq ,

Since 0 < n2 < 1 and, for the biquadratic function under study, bo > oq:

O2 Oa

The absolute value of and SnL is thus minimised when
Gq Gb

(8.29)

(8.30)

(8.31)

(8.32)

(8.33)

(8.34)

(8.35)

(8.36)

(8.37)

(8.38)

Gb G2 Ga
0. In other words.

- 1 bo
bo — ciq
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Since bo and ao are fixed for the specific application, the highpass gain 712 and the ratio 
GbIGa determine the value of the expression in Eq. (8.39), which is maximised when both 
these parameters approach zero. That is, the sensitivity of uip with respect to Go and Gb 
decreases as both 7x2 and GbIGa get smaller. It should also be noticed that decreasing the 
value of 712 and Gb/Ga causes to reduce, with its theoretical minimum being limited to 
0.5. Finally, 5^^ and are directly proportional to and, if all the resistors have the 
same tolerance, the combined contribution of Gc and Go io the change in oop is at most 
equal to the variation caused by Gb- In a similar manner, even though the actual values of 
5^^ and depend on the coefficients of fhe transfer funcfion fo be implemented, the gain 
712 and the ratios GbIGa and G2IG1 (see Eqs. (8.12) and (8.13)), the combined contribution 
of G4 and G5 to the variability of cUp is at most equal to half the tolerance of the resistive 
components.

The expressions for the sensitivities of Uz, Qp and Qz with respect to the circuit compo
nents are more complex than those shown in Eqs. (8.30) to (8.36) for uip. It can however 
be shown that, except for 5^^ and which are equal to 0.5, all of the other sensitivities 
depend on the coefficients of the transfer function under study, the gain 7x2 and the ratio 
GbIGa and, in some cases, on the ratio C'2/C'i. In order to analyse how the sensitivities 
vary with 712, GbIGa and C2/C1, they are calculated for differenf values of these free pa
rameters. It should be pointed out that second order changes in the values of 712, GbIGa 
and G2IG1 caused by fhe variability of components Go G2, Gb, Gq and Go are not taken 
into consideration for these calculations.

Even though most of the sensitivity factors of uup have been shown to decrease when 
712 is reduced, 1x2 is the high-frequency gain of the filter and it cannot be selected to be 
excessively small if a high degree of atfenuation is to be avoided. The values of 7x2 used 
to calculate the sensitivities of poles and zeros are 0.82, 0.91 and 0.99, which correspond 
to RcIRd ratios of 2.2/10, 1/10 and 1/100, respectively. The extreme case in which the 
circuit gain tends to unity is represented by = 0.99. It should finally be noted that the 
gain sensitivity with respect to Rc and Ro is dependent on the gain itself:

CHAPTER 8. CIRCUIT TOPOLOGY FOR THE THIRD ORDER HIGH PASS FILTER

0^2 _ C^2 _^Gc-
Go ,

= — = 1-712 
D Eta

(8.40)

and its value decreases for increasing 7x2- As regards the ratio GbIGa, the values chosen 
for the analysis are 0.01, 0.1 and 1. It has, in fact, been shown that Sq”^, 5'^^
and S'q'^ all decrease as the ratio GbIGa gets smaller. The values of C'2/C'i selected for 
the calculations are 0.1, 1 and 10, so that the changes produced in the sensitivities by this 
parameter can be fully explored.

The sensitivities of the frequency and Q-factor of the poles and zeros of Friend’s transfer
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function calculated using the aforementioned values for n2, Gb!Ga and C2lC\ are reported 
in Appendix C.1. For it can be shown that:

CHAPTER 8. CIRCUIT TOPOLOGY FOR THE THIRD ORDER HIGHPASS FILTER

q^z _ q-^z _
- ^C2 - 2

C'-^z _
- 2

1
Ge 1 A , Gb \
G2 T12 V Ga J

n'jj ^ ^4q-^z _______ ^
2 G4 + G5

nux, ^ 1
2 G4 + G.

=

S'Z

GB

1
2

qU
•Jr

1
Gq i / Gb\
G2 n2

Gb + Gr-r
Gp

Gb + GD
s’Z-

(8.41)

(8.42)

(8.43)

(8.44)

(8.45)

(8.46)

(8.47)

This means that the sensitivities with respect to the capacitors are fixed and the combined 
contribution of G4 and G5 to the variability of is at most equal to half the value of their 
tolerance, if resistors having the same tolerance are selected for the implementation. More
over, S'q^, and are directly proportional to S'q^. Let us therefore concentrate only 
on S'A and S'q^. From Eqs. (8.42) and (8.45), it can be seen that they are independent of 
the ratio C'2/C'i and Tables C.1 to C.3 show that their absolute values decrease as n2 and 
Gb/Ga decrease.

As regards Qp, the following equations hold:

— —

gWp _
^G2

C2

r\ Q^p qQp

gQp

cQp
^G4

^Gs

= -2SZS'.Qp
Gq ^Gi

G,

QVp _ _

sQp
Gd

Qp

Ga + Gs
Gb qQp

Ga + G5 
Gc

A

Gc -r '^D 
Gp

Gc + G

__  Q^PGr^^

•j.
D

Qp
Gb-

(8.48)

(8.49)

(8.50)

(8.51)

(8.52)

(8.53)

(8.54)
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The sensitivities with respect to the capacitors have the same absolute value and Sq^ and 
are proportional to and to the respective Up sensitivities, which have already been 

discussed. Moreover, the contribution of the pairs G4, and Gc, Go to the change in Qp is 
at most equal to variation caused by Gi and Gb, respectively. Let us therefore concentrate 
only on and It can be seen from Tables C.1 to C.3 that is constant with
n2 and that its value depends in a complex manner on both GbIGa and G^jCi. is 
negative for G2IG1 = 0.01 and positive otherwise and it gets more positive as GbIGa is 
increased. 5^^", where Gi does not refer to an actual component in the circuit but only to 
the sum of G^ and Gs, is also constant with respect to n2, but it decreases for decreasing 
GbIGa and increasing C'2/C'i. In a similar manner, decreases when the ratio GbIGa 
is made smaller and the ratio C2lC\ larger. Its value is, however, directly dependent on n2- 

Whereas for Wp and it was easy to conclude that their sensitivities decrease as 1x2 
and GbIGa get smaller, the analysis of the sensitivities of Qp is not so straightforward. 
Considering that the relations that determine the sensitivities of Qz are even more complex 
than those of Qp, an overall worst case figure is employed to evaluate how changes in 
the free parameters affect the sensitivities of poles and zeros. The maximum percentage 
change for the frequency and Q-factor can be calculated as:

= y |5f i —%
V tr (8.55)

where ?/ represents, in turn, cvp, Qp, Uz and Qz and i are the nine passive components of 
Friend’s circuit. If the biquad structure is realised using components with a 1% tolerance, 
the maximum percentage change that theoretically can occur in the frequency and Q-factor 
of the poles and zeros is simply equal to the sum of the absolute value of the sensitivities. 
It should be pointed out that the maximum change is calculated independently for each of 
the filter parameters and the percentage changes in ujp, Qp, ojz and Qz cannot all be equal 
to their theoretical maximum at the same time. For example, if the values of the circuit 
components lead to the theoretical maximum change in ujp, it will not be possible for the 
percentage change in Qp to be concurrently equal to the worst case value calculated from 
the sensitivities.

The theoretical maximum percentage changes in ujp, Uz, Qp and Qz calculated from 
the sensitivities in Appendix C.1 are shown in Table 8.2 when the manufacturing tolerance 
of the components is 1%. As it could have been inferred directly from the sensitivities 
previously discussed, the maximum percentage change in Up, ujz and Qp increases with ^2 
and GbIGa- Moreover, AQpIQp appears to be at a minimum when the ratio C2IC1 lies 
between 1 and 10. The value of G2IC1 at which the minimum occurs seems to depend on
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Table 8.2: Theoretical maximum percentage changes that can affect the frequency and Q-factor 
of the poles and zeros of Friend’s circuit for different values of the high-frequency gain n2 and 
of the ratios C2/C1 and GbIGa-

C2/CI

GB/GA=0■0^ Gb/Ga=0A Gb/Ga=^

0.1 1 10 0.1 1 10 0.1 1 10

712=0.82 (i?c/i^D=2.2/10)

Au)p/ujp (%) 2.04 2.04 2.04 2.33 2.33 2.33 3.82 3.82 3.82
AuJz/uJz {%) 3.39 3.39 3.39 3.88 3.88 3.88 6.36 6.36 6.36
AQp/Qp (%) 2.10 1.10 1.89 4.23 1.96 2.56 19.73 9.04 8.04
AQz/Qz (%) 7.17 2.12 1.33 8.34 2.63 1.78 22.72 8.08 6.10

772=0.91 (Rc/Bd=U'^0)

^UJpjoJp (%) 2.08 2.08 2.08 2.73 2.73 2.73 6.00 6.00 6.00
AuJz/lOz (%) 3.46 3.46 3.46 4.54 4.54 4.54 9.99 9.99 9.99
AQp/Qp (%) 2.15 1.14 1.94 5.00 2.45 3.01 31.32 14.36 12.24
AQz/Qz (%) 4.94 1.86 1.26 7.40 2.68 1.95 33.43 12.45 9.34

772=0.99 (Rc/Rd=^H00)

Aup/ujp (%) 2.79 2.79 2.79 9.26 9.26 9.26 41.96 41.96 41.96
AuJz/Uz (%) 4.65 4.65 4.65 15.43 15.43 15.43 69.87 69.87 69.87
AQp/Qp (%) 2.96 1.87 2.66 17.63 10.44 10.39 222.63 102.18 81.70
AQz/Qz (%) 3.34 1.98 1.55 15.83 7.29 6.02 218.67 86.23 63.33

both r?2 and Gb/Ga- As regards the maximum percentage change in Q^, it can be seen 
that its value gets lower as Gb/Ga decreases and G2/C1 increases. Furthermore, for low 

values of Gb/Ga, AQ^/Q^ appears to be at a minimum for intermediate values of n2.
The search to determine the combination of n2, Gb/Ga and C'2/C'i that yields the 

lowest maximum percentage changes in ujp, Uz, Qp and Qz can be thus restricted to a 

small range of values. Since the maximum percentage change in the filter parameters can 

be extremely high if the ratio Gb/Ga is selected as unity, only values of Gb/Ga between 

0.01 and 0.1 need to be considered. Moreover, the value of G^/Gi can be limited to lie 
between 1 and 10, because AQp/Qp is at a minimum over this interval and AQz/Qz is 

decreasing with increasing C'2/C'i. Even though the maximum changes in Up, cuz and Qp 

decrease with n^, the difference in the values obtained for 712 = 0.82 and ^2 = 0.91 appears 

to be limited when Gb/Ga is low. Therefore, any subsequent analysis is only performed for 

712 = 0.91, which guarantees that the amplitude of the EGG signal is not excessively reduced 
by the limited passband gain of the highpass filter implemented using Friend’s biquad.

Before proceeding to investigate further the selection of Gb/Ga and G2/G1 that leads to 

the lowest values for the theoretical maximum changes in ujp, lOz, Qp and Qz, it is worthwhile 

first assessing the feasibility of the implementation of the biquad function. The values of the

227



CHAPTER 8. CIRCUIT TOPOLOGY FOR THE THIRD ORDER HIGHPASS FILTER

Table 8.3: Values of Friend’s circuit components calculated for ri2 = 0.91, when Ca = 100 nF 
and Rc = 1 MO.

C2/C,

Gb/(7/1=0.01 Gb/Ga=0A

1 10 1 10

Cl (nF) 100 10 100 10
C2 (nF) 100 100 100 100
i?2 (MO) 15.8 87.2 11.0 62.9
i?4 (MO) 10.1 25.8 11.7 28.3
R5 (MO) 20.3 23.3 20.4 23.8
Rg (MO) 4.1 22.9 4.1 23.6
Rb (MCI) 90.9 90.9 9.1 9.1
Rc (MCI) 1 1 1 1
Rd (MCI) 10 10 10 10

circuit components for each of the combinations of Gb/Ga and C^jCx under analysis are 
calculated when (72 = 100 nF and Rc. = 1 MO and shown in Table 8.3. It should be noticed 
that resistances i?2. ^4, R^ and /?(; are easier to implement when C2/C\ = 1 and that the 
value of Rb is quite high for GbIGa = 0.01. It can, nonetheless, be concluded that the 
realisation of the components in Friend’s circuit is feasible for any of the GbIGa and CVC'i 
combinations.

Let us now analyse in more detail the possibility of minimising the theoretical maximum 
percentage changes in cUp, and by selecting optimum values for the ratios Gb/Ga 
and C2/C1. In Figure 8.4, the maximum theoretical change of the Q-factors of poles and 
zeros is represented for Gb/Ga equal to 0.01 and 0.1 and C2/C1 varying between 1 and 
10. It can clearly be seen that the decrease in TyQz/Qz levels off for C2/C1 approximately 
equal to 3, whereas the value of IxQp/Qp keeps increasing with C2IC1. It can also be 
noticed that for Gb/Ga = 0.01 the maximum changes in Qp and are quite similar when 
C2/C1 = 2, whereas for Gb/Ga = 0.1 AQp/Qp ^ AQ^/Qz when 1 < C2/C1 < 1.5. Since 
it has been shown in Section 8.2 that the amplitude of the passband peak and of the pulse 
response undershoot of the filter are affected in equal manner by the variability of poles 
and zeros, it seems appropriate to select the ratio C2/Ci so that the theoretical maximum 
changes in Qp and Qz are approximately the same.

The maximum percentage changes in tUp, a;^, Qp and Q^ are therefore recalculated 
for 1 < C2IC1 < 3 and Gb/Ga varying between approximately 0.01 and 0.1. The ra
tios Gb/Ga and C2/C\ used in the analysis are selected so that capacitances Ci and C2 

and the resistance Rb can be implemented using a single physical component. The re
sults are presented in Table 8.4, where the combinations of Gb/Ga and C2/C1 for which 
AQp/Qp Ri AQz/Qz are highlighted. Even though the combination Gb/Ga = 0.009,
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0 poles GJG.=0.01
D A

—B— zeros Gg/G^=0.01

—♦— poles G /G =0.1
D A

—X— zeros GJG.=0.1
D A

Figure 8.4: Maximum theoretical percentage change in the Q-factor of the poles and zeros of 
Friend’s circuit for C2/C1 varying between 1 and 10 when 71-2 = 0.91.

C2/C1 = 2.13 provides the overall best performance, it can be noticed that the results ob
tained when C2/C1 = 2.13 are not substantially different for values of GbIGa up to 0.028. 
The components of Friend’s circuit derived for C2IG1 = 2.13 and 0.009 < Gb/Ga < 0.028 
are shown in Table 8.5. Since there is no appreciable difference in the values of R2, Ra, R5 

and Rfi, the circuit characterised by Gb/Ga = 0.009 can be selected for implementation, 
thus allowing the variability of Up, uj^, Qp and Qz to be minimised.

8.5 Monte Carlo simulation of the highpass filter

The resistance and capacitance values derived from the design equations of Friend’s circuit 
when G2/G1 = 2.13 and Gb/Ga = 0.009 can be realised by using at most two physical 
components and both their theoretical and implementable values are shown in Table 8.6. 
The values of the resistor, Rq, and the capacitor. Go, needed for the realisation of the single
pole section of the third order filter are presented as well. The filter coefficients derived from 
the actual component values are also compared with the nominal values obtained from 
the optimisation procedure. It can be noticed that the percentage change introduced into 
the values of po- by approximating resistances Rq, R2, Ra, R5 and Rq is positive,
whereas a negative variation is recorded for Qp and Qz- More importantly, the difference 
between approximated and theoretical values of the filter parameters is less than 0.6%.
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Table 8.4: Theoretical maximum percentage changes that can affect the frequency and Q-factor 
of the poles and zeros of Friend’s circuit for n2 = 0.91, 1 < C2/C1 < 3 and 0.009 < GbIGa < 
0.091 {C2 = 100 nF and Re = 1 MO).

Gb/Ga 0.009 0.013 0.019 0.028 0.041 0.061 0.091
Rb (MO) 100 68 47 33 22 15 10

G2/G1 =1 (C'i=100nF)

AtOp/tOp (%) 2.07 2.11 2.15 2.21 2.32 2.46 2.67
Auzjuj^ (%) 3.45 3.51 3.58 3.69 3.86 4.09 4.44
^Qp/Qp (%) 1.13 1.19 1.28 1.39 1.59 1.87 2.31
^Qz/Qz (%) 1.85 1.89 1.94 2.01 2.13 2.31 2.60

G2/Gi =:1.47 (Cl =68nF)

Aup/up (%) 2.07 2.11 2.15 2.21 2.32 2.46 2.67
Aujzl'jJi. (%) 3.45 3.51 3.58 3.69 3.86 4.09 4.44
^QpIQp (%) 1.31 1.37 1.45 1.56 1.75 2.01 2.43
AQ^IQ, (%) 1.60 1.63 1.67 1.74 1.85 2.00 2.25

G2/Gi = 2.13 (Cr=37nF)

Auplup (%) 2.07 2.11 2.15 2.21 2.32 2.46 2.67
(%) 3.45 3.51 3.58 3.69 3.86 4.09 4.44

^Qp/Qp (%) 1.48 1.53 1.61 1.72 1.90 2.15 2.54
AQJQ, (%) 1.39 1.42 1.46 1.52 1.62 1.76 1.99

C2/Ci=3.03 {Cv=33nF)

Aup/ujp (%) 2.07 2.11 2.15 2.21 2.32 2.46 2.67
Auzlujz (%) 3.45 3.51 3.58 3.69 3.86 4.09 4.44
^Qp/Qp (%) 1.62 1.67 1.75 1.85 2.02 2.27 2.65
AQz/Qz (%) 1.23 1.25 1.29 1.34 1.45 1.61 1.87

Table 8.5: Values of Friend’s circuit components calculated for n2 

when C2 = 100 nF and Rc = 1 MO.
0.91 and C2/C1 = 2.13,

GbIGa 
Rb (MO)

0.009
100

0.013
68

0.019
47

0.028
33

Cl (nF) 47 47 47 47
C2 (nF) 100 100 100 100
i?2 (MO) 24.85 24.36 23.72 22.88
i?4 (MO) 15.75 15.85 15.98 16.17
i?5 (MQ) 21.96 21.97 21.99 22.01
Re (MO) 6.50 6.50 6.51 6.52
Rb (MO) 100 68 47 33
Rc (MO) 1 1 1 1
Rd (MO) 10 10 10 10
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Table 8.6: Theoretical and practical resistances and capacitances required for the implementa
tion of the third order concave filter and corresponding values for the frequency and Q-factor of 
the poles and zeros.

Theoretical Practical % difference

Component values

Co (nF) 100 100
Ro (MO) 52.91 52.6 -0.59
Cl (nF) 47 47
C2 (nF) 100 100
i?2 (MO) 24.85 24.70 -0.60
Ra (MO) 15.75 15.75 -0.01

(MO) 21.96 22.00 0.18
(MO) 6.50 6.51 0.13

Rb (MO) 100 100
Re (MO) 1 1
Rd (MO) 10 10

Filter parameters

Po (rad/s) 0.189 0.190 0.59
ojp (rad/s) 0.949 0.952 0.31
Uz (rad/s) 0.736 0.740 0.48
Qp 0.788 0.785 -0.39
Qz 0.660 0.659 -0.18

A Monte Carlo analysis is then performed to determine the effect of the variability in the 
11 passive components needed for the implementation of the third order filter on its time 
and frequency domain responses. A 1% uniformly distributed tolerance is simulated for the 
values of capacitors and resistors reported in the middle column of Table 8.6. There is no 
need to simulate the tolerance of every component actually used in the hardware imple
mentation. In fact, when two or more components are needed to realise a set resistance or 
capacitance, the total change produced in the filter parameters due to the tolerances of the 
physical components is at most equal to that associated with an ideal resistor or capacitor 
of the required value.

The magnitude characteristic and the offset occurring after the application of a 3 mVx 100 
ms rectangular pulse at the input of the third order filter are illustrated in Figure 8.5 for 3000 
iterations of the Monte Carlo simulation. It can be seen that the variability in both the 
frequency and time domain responses is quite limited and that none of the simulated mag
nitude characteristics presents a peak higher than 0.5 dB. On the other hand, the 100 pV 
limit set for the pulse response undershoot is exceeded by approximately 53% of the runs, 
with the maximum undershoot measured to be 103.3 pV. The values of the filter parameters 
for this worst case are presented in Table 8.7 and their difference with respect to both the
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Figure 8.5: (a) Magnitude characteristic of the 3000 iterations of the third order concave filter 
obtained by simulating a 1% uniformly distributed tolerance in the 11 passive circuit components 
and (b) displacement from the isoelectric line occurring after the application of a 3 mVx 100 
ms rectangular input pulse. The responses of the third order filter derived from the nominal 
component values are illustrated for comparison purposes.
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Table 8.7: Frequency and Q-factor of the poles and zeros of the simulated third order filter that 
presents the largest pulse response undershoot.

Values % difference with
theoretical values

% difference with 
practical values

Po (rad/s) 0.194 2.37 1.77
ijp (rad/s) 0.945 -0.41 -0.72
ujz (rad/s) 0.727 -1.28 -1.74
Qp 0.788 0.00 0.39
Qz 0.665 0.81 1.00

Table 8.8: Maximum and minimum values of the frequency and Q-factor of the poles and zeros 
measured from the 3000 simulations performed for the tolerance of the circuit components. 
The percentage difference with respect to the parameters derived from the nominal component 
values shown in the middle column of Table 8.6 is also calculated.

max min

Values % diff. Values % diff.

Po (rad/s) 0.194 2.00 0.187 -1.84
Up (rad/s) 0.967 1.60 0.937 -1.60
Uz (rad/s) 0.754 2.01 0.722 -2.43
Qp 0.794 1.18 0.776 -1.10
Qz 0.665 1.00 0.653 -0.90

theoretical and practical values shown in Table 8.6 is calculated. It can be seen that the 

frequencies of poles and zeros have been reduced by the component tolerances, Qp is ap

proximately equal to the theoretical value and marginally larger than the value derived from 

the realisable components, whereas Qz is larger than both of these values. This seems to 

partially agree with the sensitivity analysis performed in respect of the filter parameters in 

Section 8.2. and Qz are indeed smaller and larger than the nominal values, respectively. 

On the other hand, Up is expected to be larger and Qp smaller than the nominal values if the 

Monte Carlo simulation carried out on the circuit components is to fully mirror the one per

formed directly on the frequency and Q-factor of the poles and zeros of the filter. It should 

finally be noted that the largest change between the simulated parameter and the nominal 

value occurs for po, which has been shown in Section 8.2 to have the least influence on 

the amplitude of both the magnitude peak and the pulse response undershoot. The large 

simulated variation in po is due to the fact that the value of the real pole is linked only to Rq 

and Co and their manufacturing tolerances reflect directly in it.

Let us finally evaluate the maximum variation affecting independently each of the filter 

parameters as measured from the Monte Carlo simulation. The maximum and minimum 

values of po, oop, u)z, Qp and Qz assessed over the 3000 runs are shown in Table 8.8. As
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predictable from the above considerations, the variability of po is quite high, it can also 
be seen that the largest percentage change is measured for ui^, whereas the Q-factors 
of poles and zeros present the least variation. This result is in line with what is expected 
from the worst case variations calculated earlier from the sensitivities of Friend’s circuit to 
component tolerances. The theoretical maximum percentage change for Qp and Qz is, in 
fact, limited to less than 1.5%, but it can be as high as 3.5% for Uz- It is however important 
to notice that the maximum change measured from the Monte Carlo simulation is between 
20% and 30% lower than the theoretical worst case figure calculated from the sensitivities 
and shown in Table 8.4. Furthermore, since the amplitude of the peak occurring in the 
magnitude response has been shown to depend mainly on the variations in Qp and Qz (see 
Section 8.2), which are limited for the selected configuration of Friend's circuit, it is evident 
why none of the 3000 simulations leads to the 0.5 dB limit set for the passband ripple being 
exceeded.

8.6 Redesign of the third order highpass filter

In the previous section, it has been shown that the 100 pV limit allowed for the undershoot 
occurring in the response of the highpass filter to a 3 mVxlOO ms input rectangular pulse 
is exceeded by approximately half of the Monte Carlo simulations performed on the compo
nent tolerances. In order to account for the variability of the resistors and capacitors needed 
for the implementation of the system, the optimisation procedure aimed at maximising the 
3dB-cutoff frequency of the third order concave filter (see Section 6.5) is therefore repeated 
specifying a stricter condition for the pulse response undershoot. By setting the bound at 95 
pV instead of 100 pV, the optimisation process leads to the results shown in Appendix C.2, 
with the parameters characterising the third order filter being summarised in Table 8.9. By 
comparing these results with those presented in Table 8.1 for the initial design of the third 
order filter, it can be noticed that the frequency of the complex conjugate poles is reduced, 
while the Q-factors and the frequency of the zeros are increased. The frequency of the 
real pole is also approximately 10% larger than before. More importantly, the 3dB-cutoff 
point of the third order filter is reduced from 90.1 to 83.9 mFIz. In other words, decreas
ing the maximum allowable undershoot by 5% causes the frequency maximised during the 
optimisation procedure to be reduced by approximately 7%. This reduction can be visually 
appreciated in Figure 8.6, where the magnitude and pulse responses of the newly derived 
filter are compared to those of the original design.

The variability of the frequency and Q-factor of the poles and zeros with respect to the 
tolerance of the components in Friend’s circuit is calculated for the updated design. The
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Figure 8.6: (a) Magnitude characteristic of the third order concave fiiter designed to have a 
puise response undershoot of iess than 95 pV and (b) dispiacement from the isoeiectric iine 
occurring after the appiication of a 3 mVxlOO ms rectanguiar puise at its input. The responses 
of the reference 0.05 Hz singie-poie network and those of the originai third order fiiter derived 
when the maximum ampiitude aiiowed for the puise response undershoot is equai to 100 pV 
are iiiustrated for comparison purposes.

235



CHAPTER 8. CIRCUIT TOPOLOGY FOR THE THIRD ORDER HIGH PASS FILTER

Table 8.9: Parameters of the transfer function of the third order concave filter designed to have 
a pulse response undershoot of less than 95 pV.

PO

(rad/s)
ai

((rad/s)^)
ao

(rad/s)
h

((rad/s)^)
^0

(rad/s)
(jJp

(rad/s) (rad/s)
Qp Qz

0.209 1.063 0.565 1.130 0.852 0.923 0.752 0.817 0.707

maximum percentage changes in u)p, Qp and Qz assessed for 1 < C'2/C’i < 3 and 

Gb/Ga varying between approximately 0.01 and 0.1 are shown in Table 8.10 when the 
gain 712 is fixed to 0.91. It can be seen, once more, that the maximum changes in Qp 

and Qz are approximately equal for C'2/C'i = 2.13 when 0.009 < GbIGa < 0.041. The 
component values of Friend’s circuit corresponding to these ratios are listed in Table 8.11. In 

this case, the values derived for C'2/C'i = 2.13 and Gb/Ga = 0.019 seem to be the easiest 
to implement. Since the theoretical maximum percentage changes in the frequency and Q- 

factor of the poles and zeros are only marginally higher than the lowest values obtained for 

G2/G1 - 2.13 and Gb/Ga = 0.009, this choice does not significantly increase the chances 
of the magnitude peak and pulse response undershoot of the third order filter exceeding 
the limits specified by the EN 60601-2-51:2003 European standard [9] and the 1990 AHA 

recommendations [19] when the component tolerances are taken into consideration.
The practical values that can actually be employed in the hardware realisation of the 

third order concave filter designed to have a pulse response undershoot of less than 95 pV 
are presented in Table 8.12. It can be seen from Figure 8.7 that the time and frequency 
bounds set by the European standard and AHA recommendations are never exceeded 

when 3000 Monte Carlo simulations of the magnitude and pulse responses of this filter are 
performed for a 1% tolerance in the component values. The worst case value measured 

for the peak present in the amplitude characteristic is 0.43 dB and the pulse response 

undershoot is always less than 98 pV.

8.7 Conclusion

In the first section of this chapter, the sensitivity of the third order concave filter derived by 

maximising the 3dB-cutoff frequency has been evaluated with respect to changes in the 
frequency and Q-factor of its poles and zeros. Using a Monte Carlo simulation, it has been 

shown that that variations in the system parameters are more likely to cause significant dis
tortion in the filter response to a 3 mV x 100 ms rectangular input pulse than in its magnitude 

characteristic. It has also been pointed out that the maximum amplitude of the undershoot 

occurring in the pulse response is more sensitive to changes in the frequency of the com-
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Table 8.10: Theoretical maximum percentage changes that can affect the frequency and Q- 
factor of the complex conjugate poles and zeros of the third order filter designed to have a pulse 
response undershoot of less than 95 pV (n2 = 0.91, (72 = 100 nF and Rc = 1 MO).

GbIGa 0.009 0.013 0.019 0.028 0.041 0.061 0.091
Rb (MO) 100.0 68.0 47.0 33.0 22.0 15.0 10.0

C2/C1=1 (Cl =100nF)

^UJpjuJp (%) 2.06 2.09 2.13 2.18 2.27 2.39 2.56
Auziuz (%) 3.11 3.15 3.21 3.29 3.42 3.60 3.86
^Qp/Qp (%) 1.12 1.18 1.26 1.37 1.56 1.82 2.23
^Qz/Qz (%) 1.92 1.96 2.01 2.08 2.20 2.38 2.67

C2/C1 =1.47 (Ci=68nF)

Aupjojp (%) 2.06 2.09 2.13 2.18 2.27 2.39 2.56
AUzIuJz (%) 3.11 3.15 3.21 3.29 3.42 3.60 3.86
AQp/Qp (%) 1.30 1.36 1.43 1.54 1.71 1.96 2.34
^Qz/Qz (%) 1.66 1.69 1.74 1.80 1.91 2.07 2.32

C2/(7i=2.13 (Ci=37nF)

Aujp/up (%) 2.06 2.09 2.13 2.18 2.27 2.39 2.56
AuJz/uJz (%) 3.11 3.15 3.21 3.29 3.42 3.60 3.86
^Qp/Qp (%) 1.47 1.52 1.59 1.69 1.86 2.09 2.46
AQz/Qz (%) 1.44 1.47 1.52 1.58 1.68 1.85 2.13

C2/Ci=3.03 (Ci=33nF)

Aujpjup (%) 2.06 2.09 2.13 2.18 2.27 2.39 2.56
lAuJzl^z (%) 3.11 3.15 3.21 3.29 3.42 3.60 3.86
AQp/Qp (%) 1.61 1.66 1.73 1.82 1.99 2.21 2.56
^QzIQz (%) 1.41 1.45 1.50 1.57 1.69 1.86 2.13

Table 8.11: Values of Friend’s circuit components calculated for the third order filter designed
to have a pulse response undershoot of less than 95 pV (n2 = 0.91, C2/C1 = 2.13, when C2 =
100 nF and Rc = 1 MO),

GbIGa 0.009 0.013 0.019 0.028 0.041
Rb (MO) 100 68 47 33 22

Cl (nF) 47 47 47 47 47
C2 (nF) 100 100 100 100 100
i?2 (MO) 26.63 26.16 25.54 24.73 23.50
R4 (MO) 14.02 14.11 14.22 14.38 14.64
R5 (MO) 25.94 25.96 25.98 26.01 26.06
Ra (MO) 8.22 8.22 8.22 8.23 8.24
Rb (MO) 100 68 47 33 22
Rc (MO) 1 1 1 1 1
Rd (MO) 10 10 10 10 10
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Table 8.12: Values of resistors and capacitors that can be employed for the implementation of 
the third order filter designed to have a pulse response undershoot of less than 95 pV.

Co i?0 Cl C2 i?4 R5 Re Rb Rc Rd
(nF) (MH) (nF) (nF) (MO) (MO) (MO) (MO) (MO) (MO) (MO)

100 47.82 47 100 25.30 14.20 25.90 8.25 47 1 10

Figure 8.7: (a) Magnitude characteristic of the 3000 iterations of the third order filter designed 
to have a pulse response undershoot of less than 95 pV obtained by simulating a 1% toler
ance in the circuit components and (b) displacement from the isoelectric line occurring after the 
application of a 3 mVx 100 ms rectangular input pulse.
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plex conjugate poles and zeros than to variations in the Q-factors or in the frequency of the 

real pole.
Friend’s single-amplifier biquad was then proposed for the implementation of the com

plex conjugate poles and zeros of the third order filter and its sensitivity to the manufacturing 

tolerance of passive components analysed. The theoretical maximum change that can af

fect the frequency and Q-factor of the poles and zeros was calculated for a 1% tolerance in 

both resistors and capacitors. The component values for Friend’s circuit were selected to 

minimise the worst case theoretical variations in the location of poles and zeros. Obviously, 
some compromises needed to be made for the filter implementation to be feasible. For 

example, the maximum theoretical change that can affect the frequency of the poles and 

zeros and the poles’ Q-factor decreases as the high-frequency gain of the biquad structure 

is reduced. This gain is, however, constrained to be less than unity by the circuit topology 
and it cannot be excessively reduced if the amplitude of the input signal is to be preserved. 
For the component values chosen in the filter realisation, the theoretical maximum percent

age change in the poles’ frequency is approximately 2%, the change in the zeros’ frequency 
is about 3.5% and the maximum variation in the Q-factors is less than 1.5%.

A Monte Carlo simulation of the magnitude and pulse responses of the third order filter 
was later performed for a 1% tolerance in the component values. The amplitude character
istic was always lower than the 0.5 dB bound set for the filter passband ripple, whereas the 

100 pV limit specified for the pulse response was exceeded by approximately 50% of the 
3000 iterations. The maximum amplitude measured for the undershoot occurring after the 

application of a 3 mVx 100 ms rectangular input wave was limited to 103 pV. The maximum 
variations in the frequency and Q-factor of the complex conjugate poles and zeros evalu
ated over the 3000 runs were between 20% and 30% lower than their theoretical maximum 

values assessed from the sensitivities of Friend’s circuit.

In order to allow for component tolerances, the third order concave filter was redesigned 

by lowering the bound specified for the maximum pulse response undershoot from 100 pV to 
95 pV. The 3dB-cutoff frequency of the highpass filter derived by repeating the optimisation 

procedure is approximately 84 mFtz, that is, 7% lower than that of the original filter. It 

should, however, be pointed out that this value is still 68% higher than that of the reference 

first order highpass filter usually employed in electrocardiographic equipment.

CHAPTER 8. CIRCUIT TOPOLOGY FOR THE THIRD ORDER HIGHPASS FILTER
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Chapter 9

Conclusion

9.1 Overview

The main objective of this work was to design an analogue front-end filter for portable elec
trocardiographic equipment, providing the highest possible rejection of out-of-band noise 
and interference. In order to guarantee that the morphology of the input ECG signal is not 
distorted, the transfer function of the filter has been devised to fulfil the requirements set by 
the European and American standards and the AHA recommendations for diagnostic ECG 
measurement systems [9, 15, 19],

At first, attention was focused on the lowpass section of the filter and a thorough anal
ysis of the time and frequency domain responses of some classic all-pole filters was per
formed. It was concluded that linear phase with equiripple error and equiripple impulse 
overshoot characteristics represent a suitable alternative to the Bessel transfer function 
commonly employed for the implementation of the lowpass filter [20-22]. In fact, when 
the order of the system is larger than two, the passband flatness, in-band group delay 
variation and maximum amplitude of the step response overshoots of both Bessel and 
equiripple filters are well within the limits derived from the American standard ANSI/AAMI 
ECU :1991/(R)2001/(R)2007 [15] and the 1990 AHA recommendations [19]. The linear 
phase with equiripple error and equiripple impulse overshoot filters do however provide a 
larger attenuation than the Bessel in the transition region. This property of equiripple trans
fer functions appears to be particularly advantageous when considering that the lowpass 
filter is needed not only to eliminate high-frequency noise and interference from the input 
signal but also to prevent aliasing from occurring when the electrocardiographic record is 
digitised.

Since the requirements established by the EN 60601-2-51:2003 European standard [9] 
for the low-frequency time domain response of electrocardiographic recording systems are
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extremely stringent, the design of the highpass filter was, on the other hand, very chal
lenging. The possibility of compensating the characteristics of a highpass filter obtained 
thorough a lowpass-to-highpass transformation was initially explored. A fourth order filter 
satisfying both the magnitude and pulse response specifications set by the European stan
dard and the 1990 AHA recommendations was obtained by cascading a lag-lead network 
to a second order system derived using the 1-H(s) transformation. Unfortunately, this filter 
does not provide any substantial benefit in terms of noise and interference rejection when 
compared with the simple 0.05 Hz single-pole highpass network traditionally employed at 
the front-end of diagnostic electrocardiographs.

In order to find an analogue highpass filter characterised by a magnitude response 
more selective than that of the traditional 0.05 Hz first order system, the derivation of the 
filter transfer function directly from the time and frequency domain specifications detailed in 
the European standard and the 1990 AHA. report was attempted. A constrained optimisa
tion procedure aimed at maximising the low-frequency rejection of second and third order 
highpass filters was developed. This technique was employed to maximise the stopband 
limit, the 3dB-cutoff frequency and the area subtended by the magnitude response of the 
filters. The optimisation of the stopband limit led the highpass filters to have a 3dB-cutoff 
frequency lower than 0.05 Hz. On the other hand, the last two approaches produced very 
similar results, with the 3dB-cutoff frequency of the second and third order optimised filters 
being as high as 0.07 Hz and 0.12 Hz, respectively. It should be noted that the conditions 
imposed on the passband ripple and on the negative displacement occurring after the ap
plication of the input test pulse represent the limiting factors of the optimisation procedure 
and that the corresponding constraints are tightly matched by the optimised filters.

The distortion introduced into synthetic and real EGG signals and the noise reduction 
capabilities of the optimised filters were then evaluated and compared with those produced 
by the reference 0.05 Hz single-pole network. It emerged that the third order filter designed 
to have a concave magnitude response over the transition region and characterised by a 
0.09 Hz 3dB-cutoff frequency provides the best trade-off among all of the highpass filters. 
When evaluated on EGG records containing large low-frequency disturbances, this filter 
was able to provide a 50% input-output reduction of the noise power. It is also worthwhile 
noting that, in this case, the low-frequency out-of-band power measured in the output sig
nals is 23% lower for the third order concave filter than for the reference 0.05 Hz single-pole 
system. Furthermore, the amplitude error and the change in the ST segment slope intro
duced into synthetic EGG waveforms by the third order optimised filter is always lower than 
that of the 0.05 Hz first order network.

The focus was then shifted towards the implementation of this optimal highpass filter. 
The employment of Friend’s single-amplifier circuit [181 ] for the realisation of the biquadratic
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section of the third order system was investigated. The passive sensitivities of this topol
ogy were evaluated and the values of its circuit components derived in such a way that 
the variation in the frequency and Q-factor of the poles and zeros is minimised. A Monte 
Carlo simulation of the magnitude and pulse responses of the proposed implementation 
was performed for a 1% tolerance in the circuit passive elements. Based on the results of 
this analysis, the optimisation procedure of the third order concave filter was repeated by 
constraining the pulse response undershoot to be 5% less than the requirement set by the 
European standard. The 3dB-cutoff frequency of this newly designed filter is approximately 
7% lower than that of the original third order system, but it is still almost 70% higher than 
that of the reference single-pole network.

It should finally be noted that, even though the third order highpass filter proposed pro
vides better low-frequency attenuation than the 0.05 Hz single-pole system, it is not able to 
reject all of the out-of-band noise and interference which corrupts ECG recordings. There
fore, digital post-processing techniques, such as those described in Section 5.3, will still 
be needed to remove respiratory artifacts, which occur at frequencies just below the ECG 
spectrum. Moreover, as discussed in Section 2.4.3, in-band noise, e.g. power line interfer
ence, muscle and motion artifacts, cannot be eliminated using linear time-invariant filters 
like the ones described in this work and digital techniques must be employed in the attempt 
to reduce this [4, 76].

9.2 Contributions of this work

Undoubtedly, the main accomplishment of this thesis consists in the design of an analogue 
highpass filter of limited complexity which provides low-frequency noise and interference 
rejection superior to that of the traditionally employed 0.05 Hz first order network without 
degrading the quality of the electrocardiographic signal. The derivation, testing and imple
mentation of this filter have been extensively investigated. Attention is now drawn towards 
a few other contributions to the field of ECG filter design made by this work.

Even though over the years special relevance has been attributed to the phase response 
of the highpass filter [13, 18, 19, 24-26], in this thesis it has been proven that the phase 
linearity condition is not sufficient to guarantee that the morphology of the electrocardio
graphic signal is preserved by the recording system. It has been shown that a zero-phase 
bidirectional filter adhering to the magnitude response recommendations proposed in the 
1990 AHA report [19] does not satisfy the time domain specifications established in the 
same publication. It has also been illustrated that the phase shift introduced over the ECG 
spectrum by the second and third order filters designed through the optimisation procedure
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is negligible, despite no specific constraint being defined for their phase response. In other 
words, the requirement specified for the pulse response undershoot is much more stringent 
than the phase linearity condition and it limits both the phase shift and the low-frequency 
attenuation of the magnitude response of the highpass filter.

Furthermore, when the magnitude and pulse responses of a few digital FIR filters specif
ically designed to eliminate baseline wander were tested for compliance with the time and 
frequency domain specifications set by the EN 60601-2-51:2003 European standard [9] 
and the 1990 AHA recommendations, it emerged that only one of these systems satisfies 
the requirements. This surprising result highlights the difficulty of designing a highpass 
system suitable for diagnostic ECG applications and dispels the misconception that filters 
having linear or zero phase do not introduce significant time domain distortion in the elec
trocardiographic signal if their 3dB-cutoff point is located at frequencies lower than the ECG 
spectrum.

Another major achievement of his work was the proposal of a rigorous method for testing 
the time domain distortion and noise rejection ability of the highpass filter. The criteria 
employed to assess the distortion were derived from the European standard and applied 
to synthetic signals resembling as closely as possible the calibration waveforms defined 
in the same publication and to annotated ECG records available on PhysioNet [174]. It is 
important to note that the maximum error and change in the ST segment slope allowed are 
so small that they cannot actually be represented on the same scale as the ECG signal 
and therefore it is not possible to visually evaluate the distortion. As regards the noise 
rejection, it has been shown that baseline wander cannot be accurately simulated using 
a limited number of sinusoidal signals. A quantitative method based on the reduction of 
the power contained in electrocardiographic records at frequencies lower than the ECG 
spectrum has been employed to assess the ability of the highpass filters to eliminate out- 
of-band interference. This technique was applied to the three noise records and to some of 
the electrocardiographic recordings available on PhysioNet.

9.3 Recommendations for standards and test signals

From the review of the European and American standards and of the AHA recommenda
tions [9, 15, 19, 62, 63], it emerged that the pulse response specifications are not con
sistently defined across these publications. In particular, whereas a complete geometrical 
definition of the input waveform is sometimes provided, in other cases the test pulse is only 
described by its area. Since it has been verified that the displacement occurring after the 
application of the input pulse and the slope of the filter response do not depend only on the
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area of the test waveform, but also on its duration, it is essential that a rigorous description 
of the shape, amplitude and duration of the input test signal is provided by the standards. 
An alternative could be to define the time domain requirements of the highpass filter in 
terms of its impulse response. It has, in fact, been shown that both the offset and the slope 
of the response to a rectangular or triangular input wave can be reduced to those produced 
by a Dirac delta function of the same area when the duration of the test pulse is limited 
compared to the settling time of the highpass filter.

It has been proven that the requirement established by the current standards for the 
pulse response offset is based on the response of the 0.05 Hz single-pole highpass filter 
proposed in 1966 by Berson and Pipberger [16]. It is remarkable that, except for the work by 
Burri et al. [18], no other study evaluating the distortion introduced into electrocardiographic 
records by highpass filtering has been carried out in almost 50 years. It is advocated that an 
exhaustive analysis of the accuracy needed for both visual and automatic interpretation of 
the electrocardiogram be performed. It is hoped that, based on this study, the requirements 
imposed by the standards on the time domain response could be relaxed, allowing the 
highpass filter to provide a higher rejection of the low-frequency noise and interference.

When evaluating the most suitable transfer function for the lowpass section of the elec
trocardiographic filter, it emerged that no particular requirement is specified for either its 
phase or its step response. More importantly, besides its 3dB-cutoff frequency, no other 
condition is established for the attenuation of the lowpass filter in the transition region. It 
is therefore advocated that more detailed specifications are set in the standards for the 
high-frequency characteristic of the EGG filter.

The fundamental role of synthetic EGG waveforms in evaluating the amplitude error and 
the change in the ST segment slope caused by the highpass filter has been highlighted. In 
fact, even though it is possible to employ actual EGG recordings for this task, in-band noise 
and waveform distortion introduced by the measurement equipment can invalidate the anal
ysis. The author feels that an extended set of test EGG signals to be used as a benchmark 
for comparing the performance of different electrocardiographic filters should be specified. 
Ideally, these synthetic waveforms should resemble the morphology of the EGG signal as 
closely as possible and some of the test signals should reproduce the characteristics of the 
ECG wave when common cardiac abnormalities are present. It is suggested that the test 
waveforms are included in the international electrocardiographic standards and it is hoped 
that it will become common practice to quantify the distortion of EGG recording devices 
against them.

It is also thought it would be beneficial if more recordings of noise typically affecting 
ECG measurements were available for testing the rejection of the electrocardiographic fil
ter A selection of noise recordings could be gathered to allow the performance of various
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filters to be compared using a common framework. In the absence of such a set of test 
records, a database of ECG signals characterised by very large low-frequency noise power 
could be put together from the recordings already available on PhysioNet [174]. A more 
comprehensive testing of the noise reduction capability of the highpass filter could then be 
performed.

9.4 Further work

Even though the analysis performed in this thesis has been quite thorough and exhaus
tive, the process leading to the design of an optimal analogue filter for electrocardiographic 
applications cannot be deemed to be concluded. The main areas that warrant further re
search are the optimisation of the highpass filter, its implementation and the integration of 
the analogue filter into the front-end instrumentation amplifier.

Given the somewhat limited complexity of the analytical expressions of the magnitude 
and impulse responses of the second order highpass filter, it would be worthwhile to de
rive the solution space of the optimisation from the time and frequency domain constraints. 
It could then be verified, either analytically or graphically, if fhe solution obtained by max
imising the frequency of the 3dB-point of the system through the numerical optimisation 
actually represents a global optimum. A genetic algorithm or another stochastic optimisa
tion method should, on the other hand, be employed to check whether the results obtained 
for the 3dB-cutoff frequency and for the overall low-frequency rejection of the third order 
filter are local or global maxima. Moreover, the optimisation of a fifth order filter could also 
be attempted by employing these techniques.

It is also suggested that a study of the low-frequency noise content of the electrocar
diographic signals be carried out. In fact, only one analysis quantifying the low-frequency 
noise of ECG recordings was found in the literature and it is more than 40 years old [65]. 
The optimisation of the highpass filter could benefit from the availability of a good spectral 
estimate of the out-of-band noise and interference. If the features of the noise spectrum 
were known in more detail, a targeted optimisation procedure could be set up. In other 
words, instead of maximising the 3dB-cutoff frequency or the overall low-frequency rejec
tion of the highpass filter, the optimisation could aim at providing the largest attenuation at 
the frequencies where the noise power spectral density is highest.

As regards the implementation, the employment of the single-amplifier circuit proposed 
by Sedra et al. [182] for the realisation of the biquadratic section of the third order optimised 
filter should be investigated. In fact, even though the variations caused by component toler
ances on the frequency and Q-factor of the poles and zeros have been shown to be limited

246



CHAPTER 9. CONCLUSION

for Friend’s circuit, the topology proposed by Sedra et al. is supposed to have even lower 

sensitivities for the transmission zeros. The possibility of using a double-amplifier structure, 
such as the one based on the generalised impedance converter (GIC) presented in [159], 

could also be examined. Multiple-amplifier biquads are in fact characterised by lower sensi

tivities than single-amplifier circuits, they allow the range of values of passive components to 

be reduced and provide the opportunity to tune the filter parameters, i.e. the frequency and 

Q-factor of the poles and zeros and the gain, more easily [180]. Obviously, these benefits 

will come at the price of increased power consumption and hardware complexity.

The subsequent step in the design of the analogue front-end filter should be the integra

tion of both the highpass and the lowpass sections into the instrumentation amplifier. The 

time and frequency domain characteristics of the overall system should then be checked 

for compliance with the standards. Finally, if the structure is to be employed in electrocar
diographic applications involving dry electrodes, the effect that the high impedances as

sociated with these electrodes [35] have on the front-end magnitude and pulse responses 

should be evaluated. Since the impedance of the skin-electrode interface is at a maximum 
at zero frequency, the use of dry electrodes would mostly affect the low-frequency response 

of the front-end of the EGG recording system, which has already been shown to be of critical 
importance.

An analysis was performed by Assambo [57] to determine the minimum value of the 
input resistance of an AC-coupled front-end amplifier required for dry-electrode electrocar

diographic applications. It emerged that, for low-frequency skin-electrode impedances of 
up to 4 MO, the effects of the skin-electrode interface on the frequency and time domain 
responses of the amplifier can be considered negligible when the input resistance is greater 
than 2 GO. In other words, in order to guarantee undistorted recording of the EGG signal, 

the resistance of the DC-blocking network needs to be several orders of magnitude higher 

than the impedance measured for the skin-electrode interface at zero frequency. Since the 

sirgle-pole RC section of the third order filter designed in this work represents the DC- 
blccking network of the highpass system, similar considerations apply to it as well. For 

dry-electrode EGG measurements, it is therefore necessary to decrease the value of the 

caoacitance of the RG network (see Table 8.12), so that the value of the circuit resistance 

can be increased to counteract the effects of the high impedance associated with the elec
trodes. Since resistors with a 1% tolerance are available in values up to 5 GO [184] and 

caoacitors with a 1% tolerance are available in values in the region of 1 nF [185], the Monte 
Gcrio simulations performed in Sections 8.5 and 8.6 for the third order highpass filter are 

stil valid.
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Appendix A

A.1 Study of the first derivative of the magnitude response 

of the second order filter

The trend of the magnitude response of the second order filter and the presence of a peak 
in its amplitude characteristic can be easily determined by analysing the sign of its first 
derivative, which can be calculated from Eq. (6.11) to be:

d \H2{uj)\ {bi^ — — 26o) + 2bi^uP' + a\^b(^
duj \J+ ai^) \u}'^ + — 26o) + 6o^]

(A.i;

Since the denominator of Eq. (A.I) is always defined and positive, the analysis can be 
restricted to the numerator. That is.

d\H2{u)\
duj

> 0

reduces to;
(^bi^ — — 2feo) T 25o^^^ T O'l'^bo^ ^ 0.

The biquadratic inequality in the previous equation can be rewritten as:

(A.2)

(A.3)

Du)'^ + Euj^ + F > 0

D = 5i^-ai2

with < F = 26o^ > 0 
2?, 2

2b.

F = > 0.

(A.4)

The shape of the magnitude characteristic is, therefore, dependent on the sign of the pa
rameter D. For F > 0, the inequality in Eq. (A.4) is always satisfied, that is, the amplitude 
response of the filter is monotonically increasing at all frequencies. On the other hand, for
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D < 0, one real solution is obtained for the following equation:

+ Euj^ + F = 0. (A.5)

In fact,

=

E ± - ADF
’

where the denominator and the radicand are both positive and

(A.6)

E^ - ADF > E\ (A.7)

Since
E- \/E2 - ADF

< 0 (A.8)

and cannot be accepted as a solution to Eq. (A.5), the frequency at which the first derivative 
of the magnitude response is null is given by:

+ (2^0 ~ ~ ^1^)

25o — — bp
(A.9)

Thus,

and

d\H,iu)\
du

d\H2{u)\
d(jj

> 0 for 0 < tu < u>k

< 0 for cu > LUk,

(A.10)

(A.ii;

that is, |jy2(‘^)| is increasing for 0 < cu < and decreasing for oj > Therefore, for 
D < 0, the amplitude response of the second order filter presents a peak at frequency 

before decreasing to its high-frequency value of unity:

lim \H2{uj)\ = 1. (A.12)

Overall, it can be concluded that the magnitude response of the second order highpass 

filter is always monotonically increasing outside the passband.
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A.2 Chebyshev and Elliptic iowpass filters

A.2.1 Chebyshev filter

The all-pole Chebyshev transfer function is obtained when the ideal rectangular magnitude 

response is approximated in an equiripple manner over the passband. The normalised 

Chebyshev magnitude characteristic is equal to [84]:

\H{uj)\ =
1

(A. 13)

where the value of e determines the ripple height and Cn{uj) is the Chebyshev polynomial 

of the first kind of order n:

-
cos(ncos ^Co’) for a; < 1 

cosh(ncosh''^ cu) for cu > 1,
(A. 14)

which can alternatively be expressed using the recursive formula:

Cn{uj) = 2uCn-liu)) — Cn-2i^) With Co{u}) = 1 and <71(0;)= tv. (A.15)

The filter magnitude response at zero frequency is equal to unity for n odd ((^^(O) = 0). On 
the other hand, for n even, C„(0) = ±1 and

|i/(0)| =
x/TTT^’

(A. 16)

that is, the amplitude at 0 rad/s is equal to the maximum deviation from unity in the pass- 
band. For normalised Chevyshev filters, the frequency oj = 1 rad/s does not correspond to 

the 3dB-point, but to the edge of the equiripple approximation, as shown in Figure A.1. For 

frequencies lower than 1 rad/s, the magnitude oscillates between zero and the maximum al

lowed attenuation set by e. Outside the passband, the magnitude decreases monotonically, 

with a slope that is much steeper than the one associated with the Butterworth characteris
tic (see Section 4.3.1). The Chebyshev response is, indeed, the one delivering the fastest 

possible rate of attenuation near the cutoff frequency from the class of all-pole transfer func

tions. The steepness of the magnitude characteristic is dependent on both the order of the 

filter and the height of the passband ripple. Larger ripple determines higher attenuation 

for any specified out-of-band frequency [83]. Conversely, the responses of a Chebyshev 
filter reduce to their Butterworth counterparts when the maximum attenuation allowed in 

passband goes to zero.
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Figure A.1: Amplitude characteristic of normalised Chebyshev filters with passband ripple 
equal to 0.5 dB.

A.2.2 Elliptic filter

Elliptic filters, sometimes named Cauer filters, are non all-pole networks renowned for the 
fact that the slope of their magnitude response at the cutoff is the steepest attainable for a 
given order [98]. The amplitude of a normalised Elliptic filter is defined by:

\H{co)\ =
1

(A.17)

where e determines the height of the passband ripple and Zn{oo) is the Zolotarev function 
of order n. A reciprocal relationship exists between the poles and zeros of Z„(a;), which 
determines an equiripple behaviour for the magnitude of Elliptic filters in both the passband 
and the stopband. As for the Chebyshev filters, the attenuation at cu = 1 rad/s and the 
loss at zero frequency for even order filters correspond to the passband ripple, as can be 
seen from Figure A.2(a). Moreover, all the peaks in the stopband are equal to the minimum 
attenuation required for the stopband, as shown in Figure A.2(b).

272



APPENDIX A.

(a) Linear scale

Frequency (rad/s)
(b) Logarithmic scale

Figure A.2: Magnitude characteristic of normalised Elliptic filters having a passband ripple of 
0.5 dB and a minimum stopband attenuation of 40 dB.
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A.3 Complete results of the optimisation procedure

For each of the tables in this section, the set of parameters that yields the highest value 
for the objective function is reported as the optimum result in Chapter 6. Sometimes, more 
than one set of design variables lead to the same optimum result. In this case, the set that 
occurs more frequently in the table under consideration is selected. It all of the parameter 
sets that give the highest value for the objective function are different, the design variables 
used in Chapter 6 are highlighted. This set is chosen by considering more decimal places 
for the value of the objective function than shown in the table.

A.3.1 Optimisation of the 0.05 Hz second order filter

Table A.1: Results obtained by optimising the stopband limit of the 0.05 Hz second order filter 
when As = 40 dB for different starting points.

START fiOdB 01 bi 6o V z
/mb (mHz) (mHz) (rad/s) (rad/s) {(rad/s)^) (rad/s) (rad/s)

Butterworth

30 1,55 0.0038 0.3424 0.0097 -0.3111 0 sub-optimal
-0.0313 -0.0038

40 1.55 0.0038 0.3424 0.0097 -0.3111 0 sub-optimal
-0.0313 -0.0038

50 1.91 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0.1194

60 1.91 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0.1194

70 1.91 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0.1194

Chebyshev (Rp = 0.5dB)

30 1.55 0.0038 0.3424 0.0097 -0.3111 0 sub-optimal
-0.0313 -0.0038

40 1.91 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0.1194

50 1.91 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0.1194

60 1,91 0.1194 0.4532 0.1437 -0,2266 ±j 0.3039 0
-0.1194

70 1.91 0,1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0,1194
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Table A.2: Results obtained by optimising the stopband limit of the 0.05 Hz second order filter 
when As = 20 dB for different starting points.

START 
IsdB (mHz)

f20dB
(mHz)

Oi

(rad/s)
bi

(rad/s)
bo

((rad/s)^)
V

(rad/s)
z

(rad/s)

Butterworth

30 14.86 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0.1194

40 14.86 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0.1194

50 14.86 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0.1194

60 14.86 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0.1194

70 14.86 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0.1194

Chebyshev {Rp = 0.5 dB)

30 14.86 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0.1194

40 14.86 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0.1194

50 14.86 0.1194 0.4532 0.1437 -0.2266 ±i 0.3039 0
-0.1194

60 14.86 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0.1194

70 14.86 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0
-0.1194

Table A.3: Results obtained by optimising the stopband limit of the 0.05 Hz second order filter 
when As = 60 dB for different starting points.

START 
hdB (mHz)

feodB
(mHz)

0,1
(rad/s)

bi
(rad/s)

bo
((rad/s)^)

V
(rad/s)

z
(rad/s)

Butterworth

30 0.46 0.0004 0.3390 0.0085 -0.3118 0
-0.0271 -0.0004

40 0.46 0.0004 0.3390 0.0085 -0.3118 0
-0.0271 -0.0004

50 0.19 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0 sub-optimal
-0.1194

60 0.19 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0 sub-optimal
-0.1194

70 0.19 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0 sub-optimal
-0.1194

Chebyshev {Rp = 0.5dB)

30 0.46 0.0004 0.3390 0.0085 -0.3118 0
-0.0271 -0.0004

40 0.19 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0 sub-optimal
-0.1194

50 0.19 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0 sub-optimal
-0.1194

60 0.19 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0 sub-optimal
-0.1194

70 0.19 0.1194 0.4532 0.1437 -0.2266 ±j 0.3039 0 sub-optimal
-0.1194
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Table A.4: Results obtained by optimising the stopband limit of the 0.05 Hz second order filter 
when As = 40 dB and the maximum positive overshoot allowed for the pulse response is equal 
to 5 pV.

START 
hdB (mHz)

fiOdB

(mHz)
Qi

(rad/s)
6i

(rad/s)
bo

((rad/s)^)
P

(rad/s)
z

(rad/s)

Butterworth

30 1.55 0.0038 0.3424 0.0097 -0.3111 0
-0.0313 -0.0038

40 1.26 0.1538 0.4893 0.1215 -0.2447 ±j 0.2484 0 sub-optimal
-0.1538

50 1.26 0.1538 0.4893 0.1215 -0.2447 ±j 0.2484 0 sub-optimal
-0.1538

60 1.26 0.1538 0.4893 0.1215 -0.2447 ±j 0.2484 0 sub-optimal
-0.1538

70 1.26 0.1538 0.4893 0.1215 -0.2447 ±j 0.2484 0 sub-optimal
-0.1538

Chebyshev (Rp = 0.5dB)

30 1.55 0.0038 0.3424 0.0097 -0.3111 0
-0.0313 -0.0038

40 1.26 0.1538 0.4893 0.1215 -0.2447 ±j 0.2484 0 sub-optimal
-0.1538

50 1.26 0.1538 0.4893 0.1215 -0.2447 ±j 0.2484 0 sub-optimal
-0.1538

60 1.26 0.1538 0.4893 0.1215 -0.2447 ij 0.2484 0 sub-optimal
-0.1538

70 1.26 0.1538 0.4893 0.1215 0.2447 ±j 0.2484 0 sub-optimal
-0.1538

Table A.5: Results obtained by optimising the stopband limit of the 0.05 Hz second order filter 
when As = 40 dB and the maximum positive overshoot allowed for the pulse response is equal 
to 2 pV.

START fiOdB Qi bi bo P z
hdB (mHz) (mHz) (rad/s) (rad/s) ((rad/s)^) (rad/s) (rad/s)

Butterworth

30 1.55 0.0038 0.3424 0.0097 -0.3111 0
-0.0313 -0.0038

40 0.90 0.1626 0.4998 0.0917 -0.2499 ±j 0.1710 0 sub-optimal
-0.1626

50 0.90 0.1626 0.4998 0.0917 -0.2499 ±j 0.1710 0 sub-optimal
-0.1626

60 0.90 0.1626 0.4998 0.0917 -0.2499 ±j 0.1710 0 sub-optimal
-0.1626

70 0.90 0.1626 0.4998 0.0917 -0.2499 ±j 0.1710 0 sub-optimal
-0.1626

Chebyshev (Rp = 0.5dB)

30 1.55 0.0038 0.3424 0.0097 -0.3111 0
-0.0313 -0.0038

40 0.90 0.1626 0.4998 0.0917 -0.2499 ±j 0.1710 0 sub-optimal
-0.1626

50 0.90 0.1626 0.4998 0.0917 -0.2499 ±j 0.1710 0 sub-optimal
-0.1626

60 0.90 0.1626 0.4998 0.0917 -0.2499 ±j 0.1710 0 sub-optimal
-0.1626

70 0.90 0.1626 0.4998 0.0917 -0.2499 ±j 0.1710 0 sub-optimal
-0.1626
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A.3.2 Optimisation of the 0.05 Hz third order filter

Table A.6: Results obtained by optimising the stopband limit of the 0.05 Hz third order filter 
when As = 40 dB for different starting points.

START fwdB Qi ao bi ^0 PO P z
fsdB (mHz) (mHz) (rad/s) {(rad/s)^) (rad/s) ((rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

30 1.76 0.1706 0.0005 0.4335 0.0272 0.0760 sub-optimal

40 3.98 0.8995 0.0079 0.7356 0.1244 0.4722 sub-optimal

50 not converging

60 3.98 0.8995 0.0079 0.7356 0.1244 0.4722 sub-optimal

70 4.02 0.7050 0.0054 0.8127 0.2171 0.2126 •0.2126 0
-0.4064 ±j 0.2280 -0.6972

-0.0078

Chebyshev (i?p = 0.5 dB)

30 1.76 0.1706 0.0005 0.4335 0.0272 0.0760 sub-optimal

40 4.02 0.7047 0.0054 0.8125 0.2171 0.2125 -0.2125 0
-0.4063 ±j 0.2281 -0.6969

-0.0078
50 3.98 0.8995 0.0079 0.7356 0.1244 0.4721 sub-optimal

60 3.98 0.8995 0.0079 0.7356 0.1244 0.4722 sub-optimal

70 4.02 0.7049 0.0054 0.8127 0.2171 0.2126 -0.2126 0
-0.4063 ±j 0.2281 -0.6971

•0.0078

Elliptic (Rp = 0.5 dB, As = 40 dB)

30 0.10 0.2491 -0.0119 0.5499 0.0194 0.0397 sub-optimal

40 not converging

50 3.98 0.8995 0.0079 0.7356 0.1244 0.4722 sub-optimal

60 4.02 0.7046 0.0054 0.8125 0.2171 0.2125 -0.2125 0
-0.4063 ±j 0.2282 -0.6969

-0.0078
70 3.98 0.8995 0.0079 0.7356 0.1244 0.4722 sub-optimal
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Table A.7: Results obtained by optimising the stopband limit of the 0.05 Hz third order filter 
when Ag = 20 dB for different starting points.

START f20dB ai ao bi bo Po P z
fsdB (mHz) (mHz) (rad/s) ((rad/s)^ ) (rad/s) {(rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

30 12.28 0.0481 0.0037 0.1931 0 0.1931 poie-zero canceliation

40 15.60 1.5701 0.1299 0.4636 0.1354 1.4281 sub-optimal

50 15.60 1.5650 0.1294 0.4636 0.1354 1.4230 sub-optimal

60 23.64 0.0623 0.0149 0.3784 0.1238 0.0182 -0.0182 0
-0.1892 ±j 0.2967 -0.0312 ±j 0.1180

70 23.64 0.0623 0.0149 0.3784 0.1238 0.0181 -0.0181 0
-0.1892 ±j 0.2967 -0.0311 ±j 0.1180

Chebyshev {Rj, = 0.5 dB)

30 15.60 1.5680 0.1297 0.4636 0.1354 1.4260 sub-optimal

40 23.64 0.0623 0.0149 0.3784 0.1238 0.0181 -0.0181 0
-0.1892 ±j 0.2967 -0.0311 ±j 0.1180

50 23.64 0.0622 0.0149 0.3784 0.1239 0.0180 -0.0180 0
-0.1892 ±j 0.2967 -0.0311 ±j 0.1179

60 15.60 1.5530 0.1281 0.4639 0.1353 1.4108 sub-optimal

70 15.60 1.5650 0.1294 0.4636 0.1354 1.4230 sub-optimal

Elliptic {Rp = 0.5 dB, As = 20 dB)

30 23.64 0.0623 0.0149 0.3784 0.1238 0.0181 -0.0181 0
-0.1892 ±j 0.2967 -0.0311 0.1180

40 23.64 0.0622 0.0149 0.3784 0.1239 0.0180 -0.0180 0
-0.1892 ±j 0.2967 -0.0311 ±j 0.1179

50 23.64 0.0623 0.0149 0.3784 0.1238 0.0182 -0.0182 0
-0.1892 ±j 0.2967 -0.0312 ±j 0.1180

60 23.64 0.0623 0.0149 0.3784 0.1238 0.0181 -0.0181 0
-0.1892 ±j 0.2967 -0.0311 ±j 0.1180

70 15.60 1.5647 0.1293 0.4637 0.1353 1.4226 sub-optimal
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Table A.8: Results obtained by optimising the stopband limit of the 0.05 Hz third order filter 
when As = 60 dB for different starting points.

START fmdB ai ao bi bo Po P z
(/3dB mHz) (mHz) (rad/s) ((rad/s)^) (rad/s) ((rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

30 0.54 0.1712 0.0000 0.4359 0.0269 0.0743 sub-optimal

40 0.54 0.1712 0.0000 0.4359 0.0269 0.0743 sub-optimal

50 1.24 0.6960 0.0005 0.8315 0.2301 0.1842 -0.1842 0
-0.4158 ±ji'0.2393 -0.6953

-0.0007
60 1.24 0.6960 0.0005 0.8315 0.2301 0.1842 -0.1842 0

-0.4158 0.2393 -0.6953
-0.0007

70 1.24 0.6960 0.0005 0.8315 0.2301 0.1842 -0.1842 0
-0.4158 ±j 0.2393 -0.6953

-0.0007

Chebyshev(Bp = 0.5 dB)

30 0.54 0.1712 0.0000 0.4359 0.0269 0.0743 sub-optimal

40 not converging

50 not converging

60 1.24 0.6960 0.0005 0.8315 0.2301 0.1842 -0.1842 0
-0.4158 0.2393 -0.6953

-0.0007
70 0.06 0.2541 0.2823 0.1987 0.2751 0.3567 sub-optimal

Elliptic {Bp = 0.5 dB, As = 60 dB)

30 not converging

40 not converging

50 not converging

60 1.22 0.9421 0.0008 0.7258 0.1072 0.5194 sub-optimal

70 not converging
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Table A.9: Results obtained by optimising the stopband limit of the 0.05 Hz third order filter 
when As = 40 dB and the maximum positive overshoot allowed for the pulse response is equal 
to 5 pV.

START fmdB ai Qo bi bo PO P z
hdB (mHz) (mHz) {rad/s) ((rad/s)^) (rad/s) ((rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

30 3.86 1.1081 0.0051 0.5746 0.0796 0.8245 -0.8245 0
-0.3413 -1.1035
-0.2333 -0.0046

40 3.86 1.1081 0.0051 1.1658 0.2814 0.2333 -0.8245 0
-0.3413 -1.1035
-0.2333 -0.0046

50 3.86 1.1081 0.0051 1.0577 0.1923 0.3413 -0.8245 0
-0.3413 -1.1035
-0.2333 -0.0046

60 3.86 1.1081 0.0051 1.1658 0.2814 0.2333 -0.8245 0
-0.3413 -1.1034
-0.2333 -0.0046

70 3.86 1.1081 0.0051 1.1658 0.2814 0.2333 -0.8245 0
-0.3413 -1.1035
-0.2333 -0.0046

Chebyshev {Ft^ = 0.5 dB)

30 1.76 0.1706 0.0005 0.4335 0.0272 0.0760 sub-optimal

40 3.86 1.1081 0.0051 0.5746 0.0796 0.8245 -0.8245 0
-0.3413 -1.1035
-0.2333 -0.0046

50 3.86 1.1081 0.0051 0.5746 0.0796 0.8245 -0.8245 0
-0.3413 -1.1035
-0.2333 -0.0046

60 3.86 1.1081 0.0051 0.5746 0.0796 0.8245 -0.8245 0
-0.3413 -1.1035
-0.2333 -0.0046

70 0.55 3.5424 7.2820 3.5208 6.3593 0.3992 sub-optimal

Elliptic {Rp = 0.5 dB, As = 40 dB)

30 0.10 0.2384 -0.0119 0.5421 0.0199 0.0368 sub-optimal

40 not converging

50 3.86 1.1081 0.0051 1.1658 0.2814 0.2333 -0.8245 0
-0.3413 -1.1035
-0.2333 -0.0046

60 3.86 1.1081 0.0051 0.5746 0.0796 0.8245 -0.8245 0
-0.3413 -1.1035
-0.2333 -0.0046

70 3.86 1.1081 0.0051 1.1658 0.2814 0.2333 -0.8245 0
-0.3413 -1.1035
-0.2333 -0.0046
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Table A.10: Results obtained by optimising the stopband limit of the 0.05 Hz third order filter 
when As = 40 dB and the maximum positive overshoot aliowed for the pulse response is equal 
to 2 pV.

START fiOdB ai ao bi bo Po P z
f3dB (mHz) (mHz) (rad/s) ((rad/s)^ ) (rad/s) ((rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

30 2.80 3.3404 0.0106 0.4339 0.0335 3.0809 sub-optimal

40 2.81 1.7641 0.0053 1.5802 0.1404 0.3906 -1.4857 0
-0.3906 -1.7611
-0.0945 -0.0030

50 2.81 1.8050 0.0054 1.6214 0.1446 0.3880 -1.5267 0
-0.3880 -1.8020
-0.0947 -0.0030

60 2.81 1.7802 0.0053 1.8914 0.5850 0.0946 -1.5019 0
-0.3895 -1.7772
-0.0946 -0.0030

70 2.81 1.7831 0.0053 1.5993 0.1423 0.3893 -1.5047 0
-0.3893 -1.7801
-0.0946 -0.0030

Chebyshev {Rp = 0.5 dB)

30 1.76 0.1706 0.0005 0.4335 0.0272 0.0760 sub-optimal

40 1.76 0.1706 0.0005 0.4335 0.0272 0.0760 sub-optimal

50 2.81 1.7793 0.0053 0.4841 0.0368 1.5010 -1.5010 0
-0.3896 -1.7763
-0.0946 -0.0030

60 2.81 1.7842 0.0053 1.6005 0.1424 0.3893 -1.5059 0
-0.3893 -1.7812
-0.0946 -0.0030

70 0.90 855.75 138.44 0.4992 0.0913 855.53 sub-optimal

Elliptic {Rp = 0.5 dB, As = 40 dB)

30 0.10 0.2420 -0.0119 0.5447 0.0197 0.0379 sub-optimal

40 2.81 1.7843 0.0053 1.8952 0.5862 0.0946 -1.5060 0
-0.3893 -1.7813
-0.0946 -0.0030

50 2.81 1.7870 0.0053 1.8978 0.5870 0.0946 -1.5087 0
-0.3891 -1.7840
-0.0946 -0.0030

60 2.81 1.7917 0.0054 1.6080 0.1432 0.3888 -1.5134 0
-0.3888 -1.7887
-0.0946 -0.0030

70 2.81 1.8969 0.0057 1.7134 0.1540 0.3828 -1.6182 0
-0.3828 -1.8939
-0.0952 -0.0030
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A.3.3 Optimisation of the stopband limit

Table A.11: Outcome of the stopband optimisation procedure for the second order filter when 
As = 20 dB for different starting points.

START 
fsdB (mHz)

f20dB

(mHz)
ai

(rad/s)
bi

(rad/s)
bo

((rad/s)^)
P

(rad/s)
z

(rad/s)

Butterworth

10 15.47 0.0592 0.3935 0.1132 -0.1967 ±j 0.2729 0
-0.0592

20 15.47 0.0592 0.3935 0.1132 -0.1967 ±j 0.2729 0
-0.0592

30 15.47 0.0592 0.3935 0.1132 -0.1967 ±j 0.2729 0
-0.0592

40 15.47 0.0592 0.3935 0.1132 -0.1967 ±j 0.2729 0
-0.0592

50 15.47 0.0592 0.3935 0.1132 -0.1967 ±j 0.2729 0
-0.0592

Chebyshev {Rp = 0.5 dB)

10 15.47 0.0592 0.3935 0.1132 -0.1967 ±j 0.2729 0
-0.0592

20 15.47 0.0592 0.3935 0.1132 -0.1967 ±j 0.2729 0
-0.0592

30 15.47 0.0592 0.3935 0.1132 -0.1967 ±j 0.2729 0
-0.0592

40 15.47 0.0592 0.3935 0.1132 0.1967 0.2729 0
-0.0592

50 15.47 0.0592 0.3935 0.1132 -0.1967 ±j 0.2729 0
-0.0592
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Table A.12: Outcome of the stopband optimisation procedure for the second order filter when 
As = 40 dB for different starting points.

START 
/sdB (mHz)

hodB
(mHz)

ai
(rad/s)

bi
(rad/s)

^0
({rad/s)

P
(rad/s)

Z
(rad/s)

Butterworth

10 4.63 0,0050 0.3398 0.0861 -0.1699 ±j 0.2393 0
-0.0050

20 4.63 0.0050 0.3398 0.0861 -0.1699 ±j 0.2393 0
-0.0050

30 4.63 0.0050 0.3398 0.0861 -0.1699 ±j 0.2393 0
-0.0050

40 4.63 0.0050 0.3398 0.0861 -0.1699 ±j 0.2393 0
-0.0050

50 4.63 0.0050 0.3398 0.0861 -0.1699 ±j 0.2393 0
-0.0050

Chebyshev {Bp = 0.5 dB)

10 4.63 0.0050 0.3398 0.0861 -0.1699 ±j 0.2393 0
-0.0050

20 4.63 0.0050 0.3398 0.0861 -0.1699 ±j 0.2393 0
-0.0050

30 4.63 0.0050 0.3398 0.0861 -0.1699 ±j 0.2393 0
-0.0050

40 4.63 0.0050 0.3398 0.0861 -0.1699 ±j 0.2393 0
-0.0050

50 4.63 0.0050 0.3398 0.0861 -0.1699 ±j 0.2393 0
-0.0050

Table A.13: Outcome of the stopband optimisation procedure for the second order filter when 
As = 60 dB for different starting points.

START 
fsdB (mHz)

fmdB
(mHz)

ai
(rad/s)

hi
(rad/s)

^0
({rad/s)^)

P
(rad/s)

z
(rad/s)

Butterworth

10 1.46 0.0005 0.3353 0.0839 -0.1676 ±j 0.2361 0
-0.0005

20 1.46 0.0005 0.3353 0.0839 -0.1676 ±j 0.2361 0
-0.0005

30 1.46 0.0005 0.3353 0.0839 -0.1676 ±j 0.2361 0
-0.0005

40 1.46 0.0005 0.3353 0.0839 -0.1676 ±j 0.2361 0
-0.0005

50 1.46 0.0005 0.3353 0.0839 -0.1676 ±j 0.2361 0
-0.0005

Chebyshev {Rp = 0.5 dB)

10 1.46 0.0005 0.3353 0.0839 0.1676 ±j 0.2361 0
-0.0005

20 1.46 0.0005 0.3353 0.0839 ■0.1676 ±j 0.2361 0
-0.0005

30 1.46 0.0005 0.3353 0.0839 -0.1676 ±j 0.2361 0
-0.0005

40 1.46 0.0005 0.3353 0.0839 ■0.1676 ±j 0.2361 0
-0.0005

50 1.46 0.0005 0.3353 0.0839 ■0.1676 ±j 0.2361 0
-0.0005
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Table A.14: Outcome of the stopband optimisation procedure for the third order filter when .4s 
= 20 dB for different starting points.

START f20dB ai ao h ^0 Po P z
fidB (mHz) (mHz) (rad/s) {(rad/s)2;) (rad/s) ((rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

10 25.96 0.0247 0.0215 0.1404 0.0579 0.2204 sub-optimal

20 26.06 0.0303 0.0217 0.1641 0.0626 0.2020 -0.2020 0
-0.0820 ±j 0.2364 -0.0151 ±j 0.1465

30 15.91 2.0467 0.1079 0.4173 0.1183 1.9527 sub-optimal

40 15.91 2.0470 0.1080 0.4173 0.1183 1.9530 sub-optimal

50 15.91 2.0468 0.1080 0.4173 0.1183 1.9528 sub-optimal

Chebyshev {Bp = 0.5 dB)

10 26.06 0.0303 0.0217 0.1640 0.0626 0.2021 -0.2021 0
-0.0820 ±3 0.2364 -0.0151 ±j 0.1465

20 26.06 0.0302 0.0217 0.1633 0.0625 0.2027 -0.2027 0
-0.0816 0.2363 -0.0151 ±j 0.1466

30 26.06 0.0302 0.0217 0.1638 0.0626 0.2022 -0.2022 0
-0.0819 ±j 0.2363 -0.0151 ±j 0.1465

40 5.55 0.0624 0.8314 0.0557 0.8352 0.3456 sub-optimal

50 15.91 2.0452 0.1079 0.4173 0.1183 1.9511 sub-optimal

Elliptic {Rp = 0.5 dB, A,, = 20 dB)

10 not converging

20 15.91 2.0467 0.1079 0.4173 0.1183 1.9527 sub-optimal

30 26.06 0.0303 0.0217 0.1639 0.0626 0.2022 -0.2022 0
-0.0819 ±3 0.2364 -0.0151 ±j 0.1465

40 26.06 0.0303 0.0217 0.1644 0.0627 0.2016 -0.2016 0
-0.0822 ±j 0.2365 -0.0151 ±j 0.1465

50 15.91 2.0463 0.1083 0.4174 0.1183 1.9524 sub-optimal
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Table A.15: Outcome of the stopband optimisation procedure for the third order filter when Ag 
= 40 dB for different starting points.

START fiOdB ai 0,0 fei bo Po P z
fsdB (mHz) (mHz) (rad/s) ((rad/s)^) (rad/s) {(rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

10 10.43 0.0061 0.0033 0.1312 0.0350 0.2110 -0.2110 0
-0.0656 ±j 0.1753 -0.0030 ±j 0.0573

20 10.43 0.0067 0.0033 0.1304 0.0350 0.2123 -0.2123 0
-0.0652 ±j 0.1754 -0.0033±j 0.0574

30 10.43 0.0060 0.0033 0.1299 0.0348 0.2122 -0.2122 0
■0.0650 ±j 0.1750 -0.0030 ±j 0.0573

40 0.63 0.2098 0.2265 0.2325 0.2866 0.3131 sub-optimal

50 0.66 0.6029 0.4990 0.4673 0.4309 0.4770 sub-optimal

Chebyshev {Rp = 0.5 dB)

10 10.43 0.0060 0.0033 0.1310 0.0350 0.2111 -0.2111 0
-0.0655 ±j 0.1753 -0.0030 ±j 0.0573

20 10.43 0.0060 0.0033 0.1300 0.0349 0.2122 -0.2122 0
-0.0650 ±j 0.1750 -0.0030 ±j 0.0573

30 0.56 0.0685 0.4917 0.0617 0.5006 0.3454 sub-optimal

40 10.43 0.0060 0.0033 0.1299 0.0348 0.2121 -0.2121 0
-0.0650 ±j 0.1750 -0.0030 ±j 0.0573

50 10.43 0.0060 0.0033 0.1295 0.0348 0.2125 -0.2125 0
-0.0648 ±j 0.1749 -0.0030 ±j 0.0573

Elliptic [Rp = 0.5dB, As = 40 dB)

10 10.43 0.0060 0.0033 0.1299 0.0348 0.2122 -0.2122 0
-0.0649 ±j 0.1750 -0.0030 ±j 0.0573

20 10.43 0.0060 0.0033 0.1299 0.0348 0.2121 -0.2121 0
-0.0650 ±j 0.1750 -0.0030 ±j 0.0573

30 10.43 0.0060 0.0033 0.1297 0.0348 0.2123 -0.2123 0
-0.0649 ±j 0.1750 -0.0030 ±j 0.0573

40 10.43 0.0060 0.0033 0.1296 0.0348 0.2125 -0.2125 0
-0.0648 ±j 0.1749 -0.0030 ±j 0.0573

50 10.43 0.0060 0.0033 0.1299 0.0348 0.2122 -0.2122 0
-0.0650 ±j 0.1750 -0.0030 ±j 0.0573
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Table A.16: Outcome of the stopband optimisation procedure for the third order filter when Ag 

= 60 dB for different starting points.

START feOdB ai ao bi ^^0 PO P 2
/mb (mHz) (mHz) (rad/s) ((rad/s)^ ) (rad/s) {(rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

10 4.67 0.0017 0.0007 0.1019 0.0272 0.2363 sub-optimal

20 4.71 0.0013 0.0007 0.1249 0.0308 0.2125 -0.2125 0
-0.0625 ±j 0.1639 -0.0006 ±j 0.0257

30 0.35 12004 591.36 0.3829 0.1078 12004 sub-optimal

40 not converging

50 not converging

Chebyshev {Rp = 0.5 dB)

10 4.71 0.0013 0.0007 0.1252 0.0308 0.2122 -0.2122 0
-0.0626 ±j 0.1639 -0.0006 ±7 0.0257

20 4.71 0.0013 0.0007 0.1249 0.0308 0.2125 -0.2125 0
-0.0625 ±j 0.1639 -0.0006 ±7 0.0257

30 0.06 0.1026 0.4704 0.0941 0.4859 0.3469 sub-optimal

40 0.06 0.1102 0.7220 0.0980 0.7303 0.3509 sub-optimal

50 0.06 0.1235 0.5899 0.1057 0.5885 0.3571 sub-optimal

Elliptic (ftp = 0.5dB, As = 60 dB)

10 4.71 0.0013 0.0007 0.1249 0.0308 0.2125 -0.2125 0
-0.0625 ±j 0.1639 -0.0006 ±7 0.0257

20 4.71 0.0013 0.0007 0.1252 0.0308 0.2122 -0.2122 0
-0.0626 ±j 0.1639 -0.0006 ±7 0.0257

30 4.71 0.0013 0.0007 0.1252 0.0308 0.2122 -0.2122 0
-0.0626 ±j 0.1639 -0.0006 ±7 0.0257

40 4.71 0.0013 0.0007 0.1253 0.0308 0.2121 -0.2121 0
-0.0627 0.1640 -0.0006 ±7 0.0257

50 not converging
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A.3.4 Optimisation of the 3dB-cutoff frequency

Table A.17: Results derived by maximising the 3dB-cutoff frequency of the second order filter 
for different starting points.

START fsdB Ol h bo P z
fzdB (mHz) (mHz) (rad/s) (rad/s) ((rad/s)^) (rad/s) (rad/s)

Butterworth

10 77.95 0.3591 0.7043 0 pole-zero cancellation

30 77.95 0.3591 0.7043 0 pole-zero cancellation

50 77.95 0.3591 0.7043 0 pole-zero cancellation

70 67.71 1.0294 1.3140 0.5491 -0.6570 ±j 0.3426 0
-1.0294

90 67.71 1.0294 1.3140 0.5490 -0.6570 ±j 0.3426 0
-1.0294

110 67.71 1.0296 1.3142 0.5491 -0.6571 ±j 0.3425 0
-1.0296

130 67.71 1.0295 1.3141 0.5491 -0.6570 ±j 0.3426 0
-1.0295

150 67.71 1.0294 1.3141 0.5491 -0.6570 ±j 0.3426 0
-1.0294

Chebyshev (Rp = 0.5 dB)

10 77.95 0.3591 0.7043 0 pole-zero cancellation

30 67.71 1.0291 1.3138 0.5490 -0.6569 ±j 0.3427 0
-1.0291

50 67.71 1.0296 1.3142 0.5491 -0.6571 ±j 0.3425 0
-1.0296

70 67.71 1.0294 1.3141 0.5491 -0.6570 ±j 0.3426 0
-1.0294

90 67.71 1.0294 1.3140 0.5490 -0.6570 ±j 0.3426 0
-1.0294

110 67.71 1.0295 1.3141 0.5491 -0.6571 ±j 0.3426 0
-1.0295

130 67.71 1.0295 1.3141 0.5491 -0.6571 ±j 0.3426 0
-1.0295

150 67.71 1.0297 1.3143 0.5492 -0.6572 ±j 0.3425 0
-1.0297
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Table A.18: Results derived by maximising the 3dB-cutoff 
when As = 40 dB for different starting points. Constraints C7,

frequency of the third order filter 
eg, eg and cw are enforced.

START fsdB ai no hi ^>0 Po P Z
fsdB (mHz) (mHz) (rad/s) ((rad/s)^ ) (rad/s) ((rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

10 76.20 1.9892 0.5221 1.2037 0.1553 1.0563 sub-optimal

30 76.20 1.9892 0.5231 1.2038 0.1555 1.0566 sub-optimal

50 76.20 1.9893 0.5233 1.2038 0.1555 1.0567 sub-optimal

70 not converging

90 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

110 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 0.9289 -0.2374 ±j 0.8402

130 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

150 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

Chebyshev (Rp = 0.5 dB)

10 not converging

30 not converging

50 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 0.9289 -0.2374 ±j 0.8402

70 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

90 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

110 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±y 0.9289 -0.2374 ±j 0.8402

130 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

150 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

Elliptic [Rp = 0.5dB, As = 40 dB)

10 not converging

30 not converging

50 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

70 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

90 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

110 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±ji’ 0.8402

130 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

150 not converging
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Table A.19: Results derived by maximising the 3dB-cutoff 
when As = 60 dB for different starting points. Constraints cy,

frequency of the third order filter 
cs, cg and cio are enforced.

START hdB Ol ao bi ^0 Po P z
fsdB (mHz) (mHz) (rad/s) ((rad/s)^) (rad/s) {(rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

10 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

30 76.19 1.9893 0.5232 1.2039 0.1555 1.0566 sub-optimai

50 not converging

70 not converging

90 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

110 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

130 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
•0.2713 ±j 0.9289 -0.2374 ±j 0.8402

150 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±,7 0.9289 -0.2374 ±j 0.8402

Chebyshev {Rp = 0.5 dB)

10 not converging

30 not converging

50 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

70 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 0.8402

90 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

110 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

130 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

150 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

Eiliptic (Rp = 0.5dB, As = 60 dB)

10 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

30 not converging

50 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

70 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
0.2713 ±j 0.9289 -0.2374 ±j 0.8402

90 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

110 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

130 76.19 1.9893 0.5232 1.2038 0.1555 1.0566 sub-optimal

150 76.19 1.9893 0.5234 1.2039 0.1556 1.0567 sub-optimal
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Table A.20: Results derived by maximising the 3dB-cutoff 
when no amplitude ripple is allowed in the stopband {As - 

Constraints cg, Cg and '^'lO are enforced.

frequency of the third order filter 
> od) for different starting points.

START fsdB Ql 0,0 bi bo PO P z
fsdB (mHz) (mHz) (rad/s) ((rad/s)^) {rad/s) ((rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

10 not converging

30 76.19 1.9893 0.5232 1.2039 0.1555 1.0566 sub-optimal

50 76.19 1.9893 0.5232 1.2039 0.1555 1.0566 sub-optimal

70 not converging

90 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 0.9289 -0.2374 ±j 0.8402

110 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 0.9289 -0.2374 ±j 0.8402

130 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

150 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
■0.2713 ±j 0.9289 -0.2374 ±j 0.8402

Chebyshev (Up = 0.5 dB)

10 77.27 1.3482 0.2860 1.5385 0.7365 0.1220 sub-optimal

30 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

50 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
■0.2713 ±j 0.9289 -0.2374 ±j 0.8402

70 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

90 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

110 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

130 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

150 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

Elliptic (Rp = 0.5dB, As = 40 dB)

10 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

30 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

50 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

70 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

90 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

110 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

130 122.94 0.4747 0.7623 0.5426 0.9365 0.2557 -0.2557 0
-0.2713 ±j 0.9289 -0.2374 ±j 0.8402

150 76.19 1.9898 0.5240 1.2043 0.1558 1.0568 sub-optimal
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Table A.21; Results derived by maximising the 3dB-cutoff frequency of the third order filter hav
ing concave magnitude characteristic outside the passband for different starting points. Con
straints cs, Cg, c'lQ and cn are enforced.

START hdB ai QO bi bo Po P z
/sdB (mHz) (mHz) (rad/s) ((rad/s)^ ) (rad/s) {(rad/s) ^) (rad/s) (rad/s) (rad/s)

Butterworth

10 69.80 1.9039 0.1646 0.6150 0.0325 1.5914 sub-optimal

30 76.19 1.9893 0.5231 1.2038 0.1555 1.0566 sub-optimal

50 76.19 1.9893 0.5231 1.2038 0.1555 1.0566 sub-optimal

70 not converging

90 90.08 1.1148 0.5410 1.2053 0.9008 0.1887 -0.1887 0
-0.6027 ±j 0.7332 -0.5574 ±j 0.4799

110 70.46 0.7608 0.2789 0.8784 0.4004 0.2185 sub-optimal

130 not converging

150 90.08 1.1135 0.5393 1.2043 0.8990 0.1885 -0.1885 0
-0.6022 ±j 0.7324 -0.5568 ±j 0.4789

Chebyshev {Rp = 0.5 dB)

10 90.08 1.1145 0.5406 1.2051 0.9004 0.1886 -0.1886 0
-0.6025 ±j 0.7330 -0.5572 ±j 0.4797

30 76.19 1.9893 0.5232 1.2039 0.1556 1.0566 sub-optimal

50 90.08 1.1154 0.5415 1.2057 0.9016 0.1887 -0.1887 0
-0.6028 ±j 0.7336 -0.5577 ±j 0.4801

70 90.08 1.1146 0.5407 1.2052 0.9005 0.1886 -0.1886 0
-0.6026 ±j 0.7331 -0.5573 ±j 0.4798

90 90.08 1.1155 0.5416 1.2058 0.9017 0.1887 -0.1887 0
-0.6029 ±j 0.7336 -0.5578 ±j 0.4801

110 90.08 1.1168 0.5435 1.2068 0.9035 0.1890 -0.1890 0
-0.6034 ±j 0.7345 -0.5584 ±j 0.4813

130 89.54 1.1125 0.5065 1.2034 0.8776 0.1816 sub-optimal

150 90.08 1.1175 0.5440 1.2072 0.9043 0.1890 -0.1890 0
-0.6036 ±j 0.7348 -0.5587 ±j 0.4814

Elliptic {Ftp = 0.5dB, As = 40 dB)

10 not converging

30 90.08 1.1152 0.5412 1.2055 0.9012 0.1887 -0.1887 0
-0.6028 ±j 0.7334 -0.5576 ±j 0.4799

50 90.08 1.1159 0.5424 1.2061 0.9023 0.1889 -0.1889 0
-0.6031 ±j 0.7339 -0.5580 ±j 0.4808

70 90.08 1.1150 0.5411 1.2054 0.9010 0.1887 -0.1887 0
-0.6027 ±j 0.7333 -0.5575 ±j 0.4799

90 90.08 1.1148 0.5410 1.2053 0.9008 0.1887 -0.1887 0
-0.6027 ±j 0.7332 -0.5574 ±j 0.4799

110 90.08 1.1162 0.5425 1.2063 0.9026 0.1888 -0.1888 0
-0.6031 ±j 0.7340 -0.5581 ±j 0.4806

130 not converging

150 76.19 1.9920 0.5232 1.2054 0.1556 1.0566 sub-optimal
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A.3.5 Optimisation of selected points in the filter transition region

Table A.22: Results derived by maximising the frequency at which an attenuation of 1.5 dB is 
achieved by the second order filter for different starting points.

START Il.&dB Ql h ^0 p z

fidB (mHz) (mHz) (rad/s) (rad/s) ((rad/s)^) (rad/s) (rad/s)

Butterworth

10 162.52 0.9148 1.2697 0 pole-zero cancellation

30 162.52 0.9148 1.2697 0 pole-zero cancellation

50 162.52 0.9148 1.2697 0 pole-zero cancellation

70 162.52 0.9148 1.2697 0 poie-zero cancellation

90 162.52 0.9148 1.2697 0 pole-zero cancellation

110 162.52 0.9148 1.2697 0 pole-zero cancellation

130 162.52 0.9148 1.2697 0 pole-zero cancellation

150 93.52 2.3223 2.6284 0.9881 -2.1738 0
-0.4546 -2.3223

Chebyshev {Up = 0.5 dB)

10 162.52 0.9148 1.2697 0 pole-zero cancellation

30 162.52 0.9148 1.2697 0 pole-zero cancellation

50 162.52 0.9148 1.2697 0 pole-zero cancellation

70 93.52 2.3224 2.6285 0.9881 -2.1740 0
-0.4545 -2.3224

90 162.52 0.9148 1.2697 0 pole-zero cancellation

110 162.52 0.9148 1.2697 0 pole-zero cancellation

130 162.52 0.9148 1.2697 0 pole-zero cancellation

150 93.52 2.3220 2.6282 0.9880 -2.1736 0
-0.4545 -2.3220
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Table A.23: Results derived by maximising the frequency at which an attenuation of 4.5 dB is 
achieved by the second order filter for different starting points.

START fi.bdB 0.1 bi bo P 2
fsdB (mHz) (mHz) (rad/s) (rad/s) ((rad/s)^) (rad/s) (rad/s)

Butterworth

10 40.13 282.50 282.75 96.076 sub-optimal

30 55.49 0.7038 1.0023 0.4202 -0.5012 ±j 0.4111 0
-0.7038

50 55.49 0.7038 1.0023 0.4202 -0.5012 ±j 0.4111 0
-0.7038

70 55.49 0.7038 1.0024 0.4202 -0.5012 ij 0.4111 0
-0.7038

90 55.49 0.7038 1.0023 0.4202 -0.5012 ±j 0.4111 0
-0.7038

110 55.49 0.7038 1.0023 0.4202 -0.5012 ±j 0.4111 0
-0.7038

130 55.49 0.7038 1.0023 0.4202 -0.5012 ±j 0.4111 0
-0.7038

150 55.49 0.7038 1.0023 0.4202 -0.5012 ±j 0.4111 0
-0.7038

Chebyshev (Rp = 0.5 dB)

10 55.49 0.7038 1.0024 0.4202 -0.5012 ±j 0.4111 0
-0.7038

30 55.49 0.7038 1.0023 0.4202 -0.5012 ±j 0.4111 0
-0.7038

50 55.49 0.7038 1.0023 0.4202 -0.5012 ±ji' 0.4111 0
-0.7038

70 55.49 0.7038 1.0023 0.4202 -0.5012 ±j 0.4111 0
-0.7038

90 55.49 0.7038 1.0023 0.4202 -0.5012 ±j 0.4111 0
-0.7038

110 55.49 0.7038 1.0023 0.4202 -0.5012 ±j 0.4111 0
-0.7038

130 55.49 0.7038 1.0023 0.4202 -0.5012 ±j 0.4111 0
-0.7038

150 55.49 0.7038 1.0023 0.4202 -0.5012 0.4111 0
-0.7038
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Table A.24: Results derived by optimising the 6dB-point of the second order filter for different 
starting points.

START fedB ai bi bo P z

fsdB (mHz) (mHz) (rad/s) (rad/s) ((rad/s)^) (rad/s) (rad/s)

Butterworth

10 31.38 213.61 213.85 72.719 sub-optimal

30 46.95 0.5299 0.8428 0.3432 -0.4214 ±j 0.4069 0
•0.5299

50 46.95 0.5299 0.8428 0.3432 -0.4214 0.4069 0
-0.5299

70 46.95 0.5299 0.8428 0.3432 -0.4214 0.4069 0
-0.5299

90 46.95 0.5299 0.8428 0.3432 -0.4214 ±j 0.4069 0
-0.5299

110 46.95 0.5299 0.8428 0.3432 -0.4214 ±j 0.4069 0
-0.5299

130 46.95 0.5299 0.8428 0.3432 -0.4214 ±j 0.4069 0
-0.5299

150 46.95 0.5299 0.8428 0.3432 -0.4214 ±j 0.4069 0
-0.5299

Chebyshev {Bp = 0.5 dB)

10 46.95 0.5299 0.8428 0.3432 -0.4214 ±j 0.4069 0
-0.5299

30 46.95 0.5299 0.8428 0.3432 -0.4214 ±j 0.4069 0
-0.5299

50 46.95 0.5299 0.8428 0.3432 -0.4214 ±j 0.4069 0
-0.5299

70 46.95 0.5299 0.8428 0.3432 -0.4214 ±j 0.4069 0
-0.5299

90 46.95 0.5299 0.8428 0.3432 -0.4214 ±y 0.4069 0
-0.5299

110 46.95 0.5299 0.8428 0.3432 -0.4214 ±j 0.4069 0
-0.5299

130 46.95 0.5299 0.8428 0.3432 -0.4214 0.4069 0
-0.5299

150 46.95 0.5299 0.8428 0.3432 ■0.4214 ±j 0.4069 0
-0.5299

294



APPENDIX A.

Table A.25: Results derived by maximising the frequency at which an attenuation of 1.5 dB is 
achieved by the the third order filter oo) for different starting points.

START fl.bdB ai Oo bi bo Po P 2
hdB (mHz) (mHz) (rad/s) ({rad/sf ) (rad/s) ((rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

10 116.03 2.6691 1.3378 1.5897 0.3082 1.3637 sub-optimai

30 not converging

50 116.03 2.6694 1.3380 1.5898 0.3082 1.3638 sub-optimal

70 not converging

90 not converging

110 86.23 5396.1 2806.2 5396.2 3107.7 0.2837 sub-optimal

130 194.26 0.6308 2.0292 0.7040 2.2495 0.2834 -0.2834 0
-0.3520 ±j 1.4579 -0.3404 ±j 1.3832

150 194.26 0.6808 2.0292 0.7040 2.2495 0.2834 -0.2834 0
-0.3520 ±j 1.4579 -0.3404 ±:j 1.3832

Chebyshev {Rp = 0.5 dB)

10 not converging

30 194.26 0.6808 2.0292 0.7040 2.2495 0.2834 -0.2834 0
-0.3520 ±j 1.4579 -0.3404 ±j 1.3832

50 194.26 0.6808 2.0292 0.7040 2.2495 0.2834 -0.2834 0
-0.3520 ±j 1.4579 -0.3404 ±j 1.3832

70 194.26 0.6808 2.0292 0.7040 2.2495 0.2834 -0.2834 0
-0.3520 ±j 1.4579 -0.3404 ±j 1.3832

90 194.26 0.6808 2.0292 0.7040 2.2495 0.2834 -0.2834 0
-0.3520 ±j 1.4579 -0.3404 ±j 1.3832

110 194.26 0.6808 2.0292 0.7040 2.2495 0.2834 -0.2834 0
-0.3520 ±j 1.4579 -0.3404 ±j 1.3832

130 194.26 0.6808 2.0292 0.7040 2.2495 0.2834 -0.2834 0
-0.3520 ±j 1.4579 -0.3404 ±j 1.3832

150 194.26 0.6808 2.0292 0.7040 2.2495 0.2834 -0.2834 0
-0.3520 ±j 1.4579 -0.3404 ±j 1.3832

Elliptic {Bp = 0.5 dB, As = 40 dB)

10 not converging

30 194.26 0.6808 2.0292 0.7040 2.2495 0.2834 -0.2834 0
-0.3520 ±j 1.4579 -0.3404 ±j 1.3832

50 not converging

70 not converging

90 194.26 0.6808 2.0292 0.7040 2.2495 0.2834 -0.2834 0
-0.3520 ±j 1.4579 -0.3404 ±j 1.3832

110 116.03 2.6694 1.3380 1.5898 0.3082 1.3638 sub-optimal

130 194.26 0.6808 2.0292 0.7040 2.2495 0.2834 -0.2834 0
-0.3520 ±j 1.4579 -0.3404 ±j 1.3832

150 194.26 0.6808 2.0292 0.7040 2.2495 0.2834 -0.2834 0
-0.3520 ±j 1.4579 -0.3404 ±j 1.3832
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Table A.26: Results derived by maximising the frequency at which an attenuation of 4.5 dB is 
achieved by the the third order filter {Ag —> oo) for different starting points.

START h.bdB ai ao h bo Po P z
fsdB (mHz) (mHz) (rad/s) ((rad/s)^:I (rad/s) {(rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

10 45.52 5.2317 -0.0012 5.0666 0.0000 0.4049 sub-optimal

30 68.28 0.7252 0.5162 0.8182 0.7740 0.2095 -0.2095 0
-0.4091 ±j 0.7789i -0.3626 ±j 0.6202

50 64.80 0.7613 0.5339 0.8443 0.7918 0.2153 sub-optimal

70 68.28 0.7249 0.5162 0.8179 0.7740 0.2095 -0.2095 0
-0.4089 ±j 0.7789 -0.3624 ±j 0.6204

90 68.28 0.7253 0.5162 0.8183 0.7741 0.2095 -0.2095 0
-0.4091 ±j 0.7789 -0.3626 ±i 0.6202

110 68.28 0.7242 0.5162 0.8172 0.7738 0.2096 -0.2096 0
-0.4086 ±j 0.7790 -0.3621 ±j 0.6206

130 55.40 1.6660 0.2232 1.8861 0.8217 0.0854 sub-optimal

150 68.28 0.7254 0.5162 0.8185 0.7741 0.2095 -0.2095 0
-0.4092 ±y 0.7789 -0.3627 ±j 0.6202

Chebyshev (Rp = 0.5 dB)

10 54.74 1.7317 0.2056 0.7084 0.0486 1.3279 sub-optimal

30 68.28 0.7252 0.5162 0.8182 0.7740 0.2095 -0.2095 0
-0.4091 ±j 0.7789 -0.3626 ±j 0.6202

50 68.28 0.7252 0.5162 0.8182 0.7741 0.2095 -0.2095 0
-0.4091 ±j 0.7789 -0.3626 ±i 0.6202

70 68.28 0.7252 0.5162 0.8182 0.7741 0.2095 -0.2095 0
-0.4091 ±j 0.7789 -0.3626 ±j 0.6202

90 68.28 0.7250 0.5162 0.8181 0.7740 0.2095 -0.2095 0
-0.4090 ±j 0.7789 -0.3625 ±j 0.6203

110 68.28 0.7250 0.5162 0.8180 0.7740 0.2095 -0.2095 0
-0.4090 ±j 0.7789 -0.3625 ±j 0.6203

130 68.28 0.7253 0.5162 0.8183 0.7741 0.2095 -0.2095 0
-0.4092 ±j 0.7789 -0.3627 ±j 0.6202

150 68.28 0.7240 0.5163 0.8170 0.7738 0.2096 -0.2096 0
-0.4085 ±j 0.7790 -0.3620 ±j 0.6207

Elliptic (Rp = 0.5dB, A,; = 40 dB)

10 40.14 0.6658 0.0810 0.7919 0.1479 0.2124 sub-optimal

30 50.35 11.751 21.705 9.9944 4.4876 2.1295 sub-optimal

50 68.27 0.7141 0.5169 0.8071 0.7714 0.2105 -0.2105 0
-0.4035 ±j 0.7801 -0.3571 ±j 0.6241

70 68.28 0.7252 0.5162 0.8182 0.7740 0.2095 -0.2095 0
-0.4091 ±j 0.7789 -0.3626 ±j 0.6202

90 68.28 0.7251 0.5162 0.8181 0.7740 0.2095 -0.2095 0
-0.4091 ±j 0.7789 -0.3625 ±j 0.6203

110 68.28 0.7272 0.5161 0.8202 0.7745 0.2093 -0.2093 0
-0.4101 ±j 0.7787 -0.3636 ±j 0.6196

130 68.26 0.7413 0.5151 0.8344 0.7780 0.2080 -0.208 0
-0.4172 ±j 0.7771 -0.3707 ±j 0.6146

150 56.91 1.7735 0.3327 1.0850 0.1082 0.9657 sub-optimal
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Table A.27: Results derived by optimising the 6dB-point of the third order filter (Ag —)• oo) for 
different starting points.

START 
hdB (mHz

hdB

) (mHz)
ai

(rad/s)
QO

{(rad/s)^)
bi

(rad/s)
h

((rad/s)^)
Po

(rad/s)
V

(rad/s)
z

(rad/s)

Butterworth

10 43.71 1.7014 0.2922 0.9758 0.0904 1.0151 sub-optimal

30 44.75 1.2699 0.3427 1.4336 0.7594 0.1418 -0.1418 0
-0.7168 ±j 0.4956 -0.8809

-0.3890
50 43.64 1.6371 0.2536 0.8885 0.0759 1.0495 sub-optimal

70 43.66 1.7198 0.2970 1.1552 0.1095 0.8521 sub-optimal

90 42.96 1.9595 3.6982 1.7916 3.4871 0.5046 sub-optimal

110 41.55 2.5928 4.7078 2.4394 4.4218 0.4898 sub-optimal

130 43.69 1.7030 0.2904 1.1384 0.1068 0.8544 sub-optimal

150 42.98 1.8670 3.2620 1.7012 3.0934 0.5013 sub-optimal

Chebyshev (Rj, = 0.5 dB)

10 34.49 0.1318 0.0222 0.1766 0.0238 0.2938 sub-optimal

30 43.32 1.6771 0.2332 0.7876 0.0615 1.1920 sub-optimal

50 31.39 197.22 0.0008 0.3407 0.0000 197.13 sub-optimal

70 not converging

90 43.74 1.6750 0.2823 1.0841 0.1003 0.8839 sub-optimal

110 43.71 1.6834 0.2811 1.1296 0.1043 0.8465 sub-optimal

130 43.48 1.7534 0.2783 0.8463 0.0731 1.1964 sub-optimal

150 not converging

Elliptic {Rp = 0.5 dB, As = 40 dB)

10 33.44 0.7345 0.0138 1.0561 0.2647 0.0164 sub-optimal

30 34.78 13.209 5.5354 0.7930 0.1713 12.700 sub-optimal

50 42.45 0.1076 0.0699 0.1415 0.0721 0.3047 sub-optimal

70 44.72 1.3337 0.3305 1.5031 0.7730 0.1343 sub-optimal

90 44.51 1.1609 0.3804 1.3072 0.7566 0.1580 sub-optimal

110 43.48 1.6558 0.2425 0.8276 0.0674 1.1301 sub-optimal

130 43.68 1.7046 0.2890 1.1515 0.1077 0.8430 sub-optimal

150 43.62 1.6993 0.2744 1.2026 0.1092 0.7898 sub-optimal
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Table A.28: Results derived by maximising the frequency at which an attenuation of 1.5 dB 
is achieved by the the third order filter having concave magnitude characteristic outside the 
passband for different starting points.

START flAdB ai ao bi ho PO P z
hdB (mHz) (mHz) (rad/s) ((rad/s)^ ) (rad/s) {(rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

10 116.03 2.6694 1.3379 1.5898 0.3082 1.3638 sub-optimal

30 not converging

50 116.03 2.6694 1.3379 1.5898 0.3082 1.3638 sub-optimal

70 94.31 45.652 103.56 2.6958 1.0226 43.359 sub-optimal

90 not converging

110 not converging

130 135.49 1.5335 1.3650 1.5753 1.6975 0.2526 -0.2526 0
-0.7877 ±j 1.0378 -0.7668 ±j 0.8815

150 135.49 1.5364 1.3704 1.5778 1.7033 0.2527 -0.2527 0
-0.7889 ±j 1.0397 -0.7682 ±j 0.8833

Chebyshev {ftp = 0.5 dB)

10 not converging

30 135.49 1.5371 1.3735 1.5787 1.7058 0.2530 -0.2530 0
-0.7893 ±j 1.0406 -0.7685 ±j 0.8848

50 135.49 1.5373 1.3723 1.5786 1.7053 0.2528 -0.2528 0
-0.7893 1.0403 -0.7687 ±j 0.8840

70 135.49 1.5343 1.3667 1.5761 1.6992 0.2527 -0.2527 0
-0.7880 ±j 1.0384 -0.7672 ±j 0.8821

90 135.49 1.5383 1.3743 1.5795 1.7074 0.2529 -0.2529 0
-0.7897 ±j 1.0410 -0.7692 ±j 0.8847

110 135.49 1.5373 1.3724 1.5786 1.7053 0.2528 -0.2528 0
-0.7893 ±j 1.0404 -0.7686 ±j 0.8841

130 135.49 1.5369 1.3714 1.5783 1.7044 0.2528 -0.2528 0
-0.7891 ±j 1.0400 -0.7685 ±j 0.8837

150 135.49 1.5349 1.3681 1.5766 1.7006 0.2527 -0.2527 0
-0.7883 ±j 1.0388 -0.7675 ±j 0.8827

Eiiiptic [Rp = 0.5dB, As = 40 dB)

10 not converging

30 135.49 1.5364 1.3705 1.5778 1.7034 0.2528 -0.2528 0
-0.7889 ±j 1.0397 -0.7682 ±j 0.8834

50 135.49 1.5355 1.3690 1.5771 1.7017 0.2527 -0.2527 0
-0.7885 ±j 1.0392 -0.7678 ±j 0.8829

70 not converging

90 not converging

110 135.49 1.5358 1.3692 1.5773 1.7021 0.2527 -0.2527 0
-0.7886 ±j 1.0393 -0.7679 ±j 0.8829

130 not converging

150 135.49 1.5339 1.3660 1.5757 1.6984 0.2527 -0.2527 0
-0.7879 ±j 1.0381 -0.7670 ±j 0.8819
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Table A.29: Results derived by maximising the frequency at which an attenuation of 4.5 dB 
is achieved by the the third order filter having concave magnitude characteristic outside the 
passband for different starting points.

START f4.bdB Qi QO 6i bo PO P z
fidB (mHz) (mHz) (rad/s) {(rad/s)^) (rad/s) {(rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

10 not converging

30 64.93 1.0209 0.4474 1.1386 0.7831 0.1795 -0.1795 0
-0.5693 ±j 0.6775 -0.5104 ±j 0.4323

50 64.86 0.9996 0.4331 1.1233 0.7581 0.1795 sub-optimal

70 62.56 0.9366 0.4148 1.0652 0.6908 0.1915 sub-optimal

90 64.93 1.0208 0.4473 1.1385 0.7829 0.1795 -0.1795 0
-0.5692 ±j 0.6774 -0.5104 ±j 0.4322

110 64.93 1.0208 0.4474 1.1385 0.7830 0.1795 -0.1795 0
-0.5693 ±j 0.6774 -0.5104 ±j 0.4323

130 45.79 0.5443 0.1434 0.6556 0.1988 0.2267 sub-optimal

150 62.78 1.2207 0.4915 1.3176 0.8938 0.1727 sub-optimal

Chebyshev (Rp = 0.5 dB)

10 46.10 5.6233 2.4494 0.8683 0.1998 5.0344 sub-optimal

30 54.56 1.4039 2.0574 1.2588 2.0223 0.4789 sub-optimal

50 64.81 1.0223 0.4450 1.1413 0.7799 0.1793 sub-optimal

70 64.93 1.0221 0.4483 1.1394 0.7845 0.1795 -0.1795 0
-0.5697 ±j 0.6782 -0.5111 ±j 0.4325

90 64.92 1.0275 0.4521 1.1432 0.7909 0.1796 sub-optimal

110 64.93 1.0217 0.4480 1.1392 0.7841 0.1795 -0.1795 0
-0.5696 ±j 0.6780 -0.5109 ±j 0.4324

130 64.93 1.0219 0.4481 1.1393 0.7842 0.1795 -0.1795 0
-0.5697 ±j 0.6780 -0.5110 ±j 0.4325

150 54.79 0.9613 0.9070 0.9094 1.0524 0.3650 sub-optimal

Elliptic {Rp = 0.5dB, As = 40 dB)

10 43.40 0.6106 0.0439 0.8830 0.2098 0.0658 sub-optimal

30 64.93 1.0221 0.4483 1.1394 0.7845 0.1795 -0.1795 0
-0.5697 ±j 0.6782 -0.5110 ±j 0.4325

50 64.89 1.0370 0.4576 1.1502 0.8005 0.1796 sub-optimal

70 64.93 1.0225 0.4486 1.1397 0.7850 0.1795 -0.1795 0
-0.5699 ±j 0.6784 -0.5113 ±j 0.4326

90 64.90 1.0214 0.4478 1.1389 0.7834 0.1797 sub-optimal

110 64.93 1.0220 0.4482 1.1394 0.7844 0.1795 -0.1795 0
-0.5697 ±j 0.6781 -0.5110 ±j 0.4325

130 43.97 16.0903 11.3376 15.6926 6.5520 0.6655 sub-optimal

150 56.91 1.7641 0.3277 1.0661 0.1054 0.9767 sub-optimal

299



APPENDIX A.

Table A.30: Results derived by optimising the 6dB-point of the third order filter having concave 
magnitude characteristic outside the passband for different starting points.

START ledB ai do bi bo PO P z
hdB (mHz) (mHz) (rad/s) {(rad/s)2) (rad/s) ((rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

10 not converging

30 43.04 1.6576 0.2091 1.3041 0.0993 0.6616 sub-optimal

50 42.92 1.9961 3.6427 1.8283 3.4356 0.5040 sub-optimal

70 43.12 1.6598 2.6953 1.4987 2.5864 0.4957 sub-optimal

90 43.39 1.0196 0.4278 1.1455 0.7589 0.1771 sub-optimal

110 41.17 3.7559 7.9436 3.6054 7.3922 0.4908 sub-optimal

130 43.12 1.7222 2.8744 1.5588 2.7460 0.4984 sub-optimal

150 43.11 1.7214 2.8767 1.5581 2.7482 0.4983 sub-optimal

Chebyshev (i?p = 0.5 dB)

10 31.96 0.1191 0.0048 0.4165 0.0366 0.0412 sub-optimal

30 44.75 1.2757 0.3531 1.4346 0.7722 0.1437 -0.1437 0
-0.7173 ±J 0.5076 -0.8697

-0.4060
50 35.88 5.2347 0.0012 0.4091 0.0000 5.0409 sub-optimal

70 not converging

90 43.93 1.7520 2.8161 1.5992 2.7964 0.4827 sub-optimal

110 43.13 1.6975 2.8004 1.5347 2.6798 0.4976 sub-optimal

130 43.10 1.6034 2.5353 1.4450 2.4447 0.4925 sub-optimal

150 43.13 1.7050 2.8235 1.5414 2.7008 0.4977 sub-optimal

Elliptic (Ftp = 0.5 dB, As = 40 dB)

10 33.58 0.8891 0.0138 1.2134 0.3233 0.0135 sub-optimal

30 43.07 1.7406 2.8854 1.5774 2.7558 0.4981 sub-optimal

50 35.91 0.9568 0.1267 1.1839 0.3626 0.1098 sub-optimal

70 44.72 1.2387 0.3582 1.3951 0.7627 0.1476 sub-optimal

90 44.74 1.2487 0.3419 1.4125 0.7500 0.1432 sub-optimal

110 43.10 1.5891 2.5030 1.4315 2.4158 0.4919 sub-optimal

130 39.70 2.2023 0.6292 0.9857 0.1578 1.4686 sub-optimal

150 43.73 1.6832 0.2848 1.1006 0.1023 0.8746 sub-optimal
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A.3.6 Optimisation of the overall low-frequency attenuation

Table A.31; Results obtained by optimising the overall low-frequency rejection of the second 
order filter for different starting points.

START Area bi 6o P Z

hdB (mHz) (mHz) (rad/s) (rad/s) ((rad/s)^) (rad/s) (rad/s)

Butterworth

10 7.35 0.1427 0.4842 0 pole-zero cancellation

30 8.69 1.3918 1.6928 0.6660 -1.0709 0
-0.6219 -1.3918

50 8.69 1.3917 1.6927 0.6660 -1.0708 0
-0.6220 -1.3917

70 8.69 1.3918 1.6928 0.6660 -1.0709 0
-0.6219 -1.3918

90 7.35 0.1427 0.4842 0 pole-zero cancellation

110 8.69 1.3918 1.6928 0.6660 -1.0709 0
-0.6219 -1.3918

130 8.69 1.3919 1.6929 0.6661 -1.0710 0
-0.6219 -1.3919

150 8.69 1.3918 1.6928 0.6660 -1.0708 0
-0.6220 -1.3918

Chebyshev (Ftp = 0.5 dB)

10 7.35 0.1427 0.4842 0 pole-zero cancellation

30 7.35 0.1427 0.4842 0 pole-zero cancellation

50 8.69 1.3917 1.6927 0.6660 -1.0707 0
-0.6220 -1.3917

70 8.69 1.3918 1.6928 0.6660 -1.0709 0
-0.6219 -1.3918

90 7.35 0.1427 0.4842 0 pole-zero cancellation

110 8.69 1.3918 1.6928 0.6660 -1.0709 0
-0.6219 -1.3918

130 8.69 1.3919 1.6929 0.6661 -1.0710 0
-0.6219 -1.3919

150 8.69 1.3918 1.6928 0.6660 -1.0709 0
-0.6219 -1.3918
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Table A.32: Results obtained by optimising the overall low-frequency rejection of the third order 
filter {As oo) for different starting points.

START Area til ao bi bo Po p z
fsdB (mHz) (mHz) (rad/s) ({rad/s)2;I (rad/s) ((rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

10 7.38 3.1733 -0.0004 3.0340 0 0.4298 pole-zero cancellation

30 18.79 0.4338 0.5907 0.5147 0.7562 0.2454 -0.2454 0
-0.2573 ±j 0.8306 -0.2169 ±j 0.7373

50 not converging

70 11.91 1.8199 0.3925 1.1153 0.1247 0.9890 sub-optimal

90 3.35 128.85 4151.32 61.048 21.171 68.217 sub-optimal

110 4.35 14.453 4.3351 0.6710 0.1098 14.022 sub-optimal

130 8.57 16.272 33.034 16.154 30.742 0.4666 sub-optimal

150 18.79 0.4338 0.5907 0.5147 0.7562 0.2454 -0.2454 0
-0.2573 ±j 0.8307 -0.2169 ±j 0.7373

Chebyshev {Rp = 0.5 dB)

10 18.79 0.4338 0.5907 0.5147 0.7562 0.2454 -0.2454 0
-0.2573 ±j 0.8306 -0.2169 ±j 0.7373

30 3.54 67280 62093 67279 26047 0.8735 sub-optimal

50 not converging

70 2.54 368.07 1.1129 368.40 124.54 0.0037 sub-optimal

90 not converging

110 8.90 10.881 23.662 10.760 22.033 0.4708 sub-optimal

130 not converging

150 2.37 2437.9 -2.8478 2438.2 821.08 0.0011 sub-optimal

Elliptic {Rp = 0.5dB, As = 40 dB)

10 not converging

30 18.79 0.4339 0.5906 0.5147 0.7562 0.2454 -0.2454 0
-0.2574 ±j 0.8306 -0.2169 ±j 0.7373

50 18.79 0.4338 0.5907 0.5147 0.7562 0.2454 -0.2454 0
-0.2573 ±j 0.8307 -0.2169 ±j 0.7373

70 8.45 31.170 70.533 29.274 13.342 2.2842 sub-optimal

90 3.10 59.549 0.5053 59.792 20.539 0.0077 sub-optimal

110 8.44 36.243 82.192 36.179 76.674 0.4631 sub-optimal

130 7.94 7160.4 16384 7160.4 15357 0.4529 sub-optimal

150 18.79 0.4338 0.5907 0.5147 0.7562 0.2454 -0.2454 0
-0.2573 ±j 0.8306 -0.2169 ±j 0.7373
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Table A.33: Results obtained by optimising the overall low-frequency rejection of the third order 
filter having concave magnitude characteristic outside the passband for different starting points.

START Area ai Oo bi ^0 Po P z
fsdB (mHz) (mHz) (rad/s) {{rad/s)2 ) (rad/s) {(rad/s)^) (rad/s) (rad/s) (rad/s)

Butterworth

10 15.40 1.0606 0.4767 1.1653 0.8300 0.1804 -0.1804 0
-0.5826 ±j 0.7004 -0.5303 ±j 0.4421

30 not converging

50 6.59 6.5755 0.5777 0.4804 0.0285 6.3588 sub-optimal

70 not converging

90 not converging

110 not converging

130 8.07 151.98 338.03 151.93 316.18 0.4561 sub-optimal

150 not converging

Chebyshev - 0.5 dB)

10 not converging

30 not converging

50 not converging

70 5.98 18.736 25.357 17.669 7.2803 1.3870 sub-optimal

90 11.91 1.8226 0.3926 1.1160 0.1246 0.9901 sub-optimal

110 8.54 21.357 48.884 21.264 45.620 0.4642 sub-optimal

130 15.40 1.0604 0.4766 1.1652 0.8299 0.1804 -0.1804 0
-0.5826 ±j 0.7003 -0.5302 ±j 0.4421

150 8.29 9.3874 15.661 2.4734 0.9299 7.2490 sub-optimal

Elliptic {Rp = 0.5dB, A, = 40 dB)

10 not converging

30 11.91 1.8205 0.3928 1.1155 0.1247 0.9894 sub-optimal

50 15.40 1.0607 0.4768 1.1654 0.8302 0.1804 -0.1804 0
-0.5827 ±j 0.7005 -0.5303 ±j 0.4422

70 13.46 1.1129 0.4532 1.2232 0.7604 0.1983 sub-optimal

90 15.29 1.1273 0.5529 1.2134 0.9167 0.1895 sub-optimal

110 8.54 20.413 47.766 18.280 8.2626 2.5038 sub-optimal

130 15.40 1.0613 0.4773 1.1658 0.8310 0.1804 -0.1804 0
-0.5829 ±j 0.7008 -0.5307 ±j 0.4423

150 15.40 1.0610 0.4770 1.1656 0.8306 0.1804 -0.1804 0
-0.5828 ±j 0.7007 -0.5305 ±j 0.4423
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Appendix B

B.1 Synthetic ECG waveforms

Figure B.1: Test waveform obtained from the parameters of the CAL20002 signal when the 
QRS complex is modelied by a triangular wave.
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Figure B.2: Test waveforms obtained from the parameters of the CAL20100, CAL20110 and 
CAL20160 signals when the QRS complex is modelled by a triangular wave.
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Figure B.3: Test waveforms obtained from the parameters of the CAL20200 and CAL20500 
signals when the QRS complex is modelled by a triangular wave.
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B.2 Power spectrum of the bw record

The power contained in the bw record of the MIT-BIH Noise Stress Test database [17(] 
at frequencies lower than 0.5 Hz is calculated through the periodogram and the Bartlet 

and Welch methods [177]. When calculating the power spectral density using the Bartlet 

method, two different lengths are employed for the segments in which the bw record is d- 

vided, N/^0 and N/20, where N is the total length of the recorded signal. When employing 

the Welch method, the length of the window is fixed to N/10, but three different shapes an 
selected for it, rectangular, triangular and Hamming, which is the MATLAB® default [18(] 

and was used for electrocardiographic signals by Clifford [51]. An overlap of 50% betweei 
segments, which is the MATLAB® default employed by Clifford, is selected.

Table B.1: Power content of the bw record at frequencies lower than 0.5 Hz measured using 
different techniques.

Periodogram
Bartlett Welch {N/^ 0, 50% overlap)

7V/10 N/20 Rectang. Triang. Hamming

Lead A

power (10 ® V^) 213.7 213.6 213.0 211.0 196.7 197.7
% diff. with periodogram -0.0 -0.3 -1.3 -7.9 -7.5

Lead B

power (10'® V^) 30.0 30.0 29.9 29.4 29.6 29.5
% diff. with periodogram -0.1 -0.2 -2.0 -1.4 -1.7
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B.3 Error introduced by the highpass filters into selected 

records of the QT database

The average and maximum absolute errors and the percentage of samples for which the 
deviation of the output signal from the input one is larger than 25 pV or 5%, which is the 

limit specified by the 1990 AHA recommendations [19], are calculated for each channel of 

42 selected records of the QT database. Since the recordings are not performed on the 

same two leads for all of the QT records, average results for each lead are not calculated. 

The results of the two leads are instead averaged to obtain an overall figure for each record.

Table B.2: Error introduced when the reference 0.05 Hz single-pole system is applied to se
lected records of the QT database.

Record

Lead A Lead B Average leads

avg
(mV)

max
(mV)

% exc.
limit

avg
(mV)

max
(mV)

% exc.
limit

avg
(mV)

max
(mV)

% exc.
limit

sell 4172 7.4 31.1 0.4 8.0 47.2 1.5 7.7 39.2 1.0
seM6539 5.1 33.4 0.1 3.1 12.8 0 4.1 23.1 0.0
sen 6786 6.4 26.7 0.0 3.8 15.4 0 5.1 21.1 0.0
sell 6795 6.0 20.9 0 6.3 21.8 0 6.1 21.4 0
sel17152 4.4 20.8 0 4.1 19.1 0 4.2 19.9 0
sen 7453 4.7 24.6 0 3.3 11.2 0 4.0 17.9 0
sel223 7.8 88.1 1.9 6.1 37.1 0.7 7.0 62.6 1.3
sel301 4.4 29.8 0.0 6.8 73.1 2.1 5.6 51.5 1.0
sel30 4.5 41.7 0.6 5.3 43.7 1.3 4.9 42.7 0.9
sel31 5.7 50.4 3.5 6.7 47.1 1.2 6.2 48.8 2.3
sel32 6.2 119.8 3.3 5.4 168.4 1.5 5.8 144.1 2.4
sel33 8.2 44.6 2.4 7.2 35.2 0.6 7.7 39.9 1.5
sel34 11.4 107.0 6.9 4.5 38.7 0.3 8.0 72.8 3.6
sel38 8.3 36.8 0.7 5.0 23.7 0 6.6 30.2 0.4
sel39* 22.7 279.8 29.6 22.7 168.1 33.8 22.7 224.0 31.7
sel40 7.0 45.4 0.7 7.4 59.8 1.9 7.2 52.6 1.3
sel41 3.8 29.1 0.0 6.0 36.6 0.5 4.9 32.8 0.3
56142* 29.9 133.2 37.8 17.9 137.7 20.1 23.9 135.4 29.0
sel43 5.1 26.3 0.0 7.3 52.4 1.6 6.2 39.4 0.8
sel44 6.9 42.4 0.8 9.8 59.1 4.3 8.4 50.7 2.5
sel45 10.2 91.8 7.5 4.8 39.9 0.6 7.5 65.8 4.0
sel46 5.2 46.1 0.4 7.1 68.5 2.8 6.2 57.3 1.6
sel47* 40.3 346.3 56.2 25.2 246.2 39.0 32.8 296.3 47.6
sel48 4.9 63.9 0.4 4.5 62.0 0.9 4.7 62.9 0.7
sel49 6.9 117.8 3.5 5.3 33.8 0.4 6.1 75.8 2.0
sel50 7.2 103.4 2.2 9.5 134.1 5.6 8.3 118.7 3.9
sel51 1.7 17.5 0 2.2 27.0 0.0 2.0 22.3 0.0
sel52 5.2 101.4 3.0 3.8 74.2 1.0 4.5 87.8 2.0
sel821 3.2 18.6 0 3.6 13.2 0 3.4 15.9 0
sel840 3.4 30.9 0.1 3.2 39.9 0.3 3.3 35.4 0.2
sele0106 3.1 42.4 0.2 4.1 36.4 0.1 3.6 39.4 0.1
sele0114 3.4 30.3 0.0 5.3 25.8 0.0 4.4 28.0 0.0
sele0116 5.6 24.9 0 6.8 29.3 0.3 6.2 27.1 0.1
sele0124 3.1 19.0 0 3.2 21.9 0 3.2 20.5 0
sele0136 4.6 21.0 0 3.6 17.4 0 4.1 19.2 0
sele0166* 9.3 56.1 4.0 24.0 107.5 39.9 16.7 81.8 21.9
sele0210 3.3 19.7 0 3.5 24.4 0 3.4 22.0 0
sele0211 3.3 19.6 0 4.5 43.9 0.3 3.9 31.8 0.1
sele0303 2.0 22.1 0 3.9 29.1 0.0 2.9 25.6 0.0
sele0409 9.3 52.2 2.3 9.5 50.5 4.9 9.4 51.4 3.6
sele0609 4.3 34.2 0.0 6.9 39.4 0.6 5.6 36.8 0.3
sele0612 9.8 44.2 2.2 9.7 77.3 4.2 9.7 60.8 3.2

Average 
Average excl. •

7.3
5.6

58.4
45.1

4.1
1.1
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Table B.3; Error introduced when the second order filter characterised by reai poies is applied 
to selected records of the QT database.

Record

Lead A Lead B Average leads

avg
m

max
(mV)

% exc.
limit

avg
(mV)

max
(mV)

% exc.
limit

avg
(mV)

max
(mV)

% exc.
limit

sel14172 9.2 37.5 2.0 9.7 56.3 4.5 9.5 46.9 3.2
sell 6539 6.3 41.1 0.2 3.6 14.8 0 4.9 27.9 0.1
seM6786 6.7 30.3 0.0 4.4 17.6 0 5.6 23.9 0.0
sell 6795 6.4 22.8 0 6.9 24.6 0 6.6 23.7 0
sen 7152 5.8 25.9 0.0 4.5 22.4 0 5.2 24.1 0.0
sen 7453 5.8 28.6 0.0 3.6 12.5 0 4.7 20.5 0.0
sel223 8.6 112.2 2 7 6.8 39.6 1.2 7.7 75.9 2.0
se!301 4.6 31.4 0.0 8.4 83.5 3.9 6.5 57,4 1.9
sel30 5.8 53.6 1.7 6.9 55.9 2.9 6.3 54.7 2.3
sel31 7.4 68.4 5.6 7.8 60.0 2.6 7.6 64.2 4.1
sel32 7.9 153.6 4.7 7.0 213.0 2.3 7.5 183.3 3.5
sel33 10.0 59.2 5.5 8.7 41.7 2.3 9.3 50.5 3.9
sel34 14.7 139.7 13.9 6.0 50.4 1.3 10.4 95.1 7.6
sel38 9.5 44.6 2.5 6.3 30.6 0.1 7.9 37.6 1.3
sel39* 30.2 389.0 40.7 29.8 232.9 46.1 30.0 310.9 43.4
sel40 7.7 54.7 1.6 8.7 75.7 3.8 8.2 65.2 2.7
sel41 4.7 35.5 0.1 7.5 45.1 2.0 6.1 40.3 1.0
sel42* 30.0 144.9 36.8 21.3 175.6 26.5 25.7 160.3 31.7
sel43 6.6 33.4 0.6 9.5 70.0 5.0 8.1 51.7 2.8
sel44 8.1 52.1 1.8 11.7 66.6 8.2 9.9 59.3 5.0
sel45 13.8 127.3 14.4 6.4 53.8 1.8 10.1 90.5 8.1
sel46 6.5 53.1 1.6 8.7 76.4 5.1 7.6 64.8 3.3
sel47’ 52.5 459.6 64.9 33.6 327.3 51.6 43.1 393.5 58.2
sel48 5.7 78.7 0.6 5.8 82.7 1.6 5.8 80.7 1.1
sel49 8.7 143.2 6.5 6.8 45.1 1.8 7.8 94.1 4.2
sel50 8.4 126.1 3.9 11.4 165.9 9.2 9.9 146.0 6.6
sel51 2.0 20.8 0 2.7 35.5 0.2 2.3 28.1 0.1
sel52 6.5 127.4 4.7 5.0 92.6 1.5 5.7 110.0 3.1
sel821 3.9 22.5 0 3.8 14.8 0 3.9 18.7 0
sel840 4.2 37.5 0.3 4.0 47.3 0.5 4.1 42.4 0.4
sele0106 3.6 55.8 0.4 4.7 42.1 0.1 4.1 49.0 0.3
seleO114 3.8 36.9 0.1 5.7 30.5 0.0 4.8 33.7 0.1
seleO116 6.6 31.4 0.1 8.0 36.1 1.1 7.3 33.8 0.6
sele0124 3.5 24.3 0 4.2 29.3 0.1 3.8 26.8 0.0
sele0136 5.8 26.6 0 3.9 18.9 0 4.8 22.8 0
sele0166* 12.0 75.2 10.0 31.3 132.6 52.2 21.6 103.9 31.1
sele0210 4.1 25.0 0 4.5 32.2 0.1 4.3 28.6 0.1
sele0211 4.0 24.4 0 5.8 59.6 0.5 4.9 42.0 0.3
sele0303 2.2 21.9 0 4.0 31.4 0.0 3.1 26.7 0.0
sele0409 10.3 63.5 4.6 12.0 63.6 10.5 11.1 63.5 7.6
sele0609 4.8 34.6 0.1 8.3 49.5 2.1 6.5 42.0 1.1
sele0612 12.0 53.6 7.1 12.4 98.2 9.4 12.2 75.9 8.3

Average 9.0 73.6 6.0
Average excl. * 6.7 55.9 2.3
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Table B.4: Error introduced when the second order filter is applied to selected records of the 
QT database.

Record

Lead A Lead B Average leads

avg
(mV)

max
(mV)

% exc.
limit

avg
(mV)

max
(mV)

% exc.
limit

avg
(mV)

max
(mV)

% exc.
limit

sel14172 9.2 37.6 2.0 9.7 55.1 4.5 9.4 46.3 3.3
sell 6539 6.4 40.7 0.2 3.5 14.6 0 4.9 27.7 0.1
sell 6786 6.4 30.0 0.0 4.4 17.2 0 5.4 23.6 0.0
sen 6795 6.2 22.2 0 6.6 24.4 0 6.4 23.3 0
sen 7152 6.1 25.6 0.0 4.5 22.4 0 5.3 24.0 0.0
seM7453 5.9 28.4 0.0 3.5 12.3 0 4.7 20.4 0.0
sel223 8.3 113.0 2.5 6.6 39.5 0.9 7.5 76.3 1.7
sel301 4.4 30.0 0.0 8.5 78.2 4.0 6.5 54.1 2.0
sel30 5.9 52.9 1.9 7.0 55.4 3.0 6.4 54.2 2.5
sel31 7.7 72.9 6.3 7.8 62.8 2.9 7.8 67.9 4.6
sel32 8.0 156.4 4.8 7.1 209.2 2.4 7.6 182.8 3.6
sel33 10.0 63.3 6.0 8.7 40.4 2.2 9.3 51.9 4.1
sel34 14.7 140.7 13.9 6.1 51.5 1.4 10.4 96.1 7.7
sel38 9.2 44.0 2.1 6.4 30.7 0.1 7.8 37.3 1.1
sel39* 31.2 412.8 41.0 30.4 244.9 46.4 30.8 328.8 43.7
sel40 7.6 55.7 1.6 8.7 76.5 4.1 8.1 66.1 2.9
sel41 4.8 35.3 0.2 7.6 47.1 2.1 6.2 41.2 1.2
sel42’ 28.6 142.7 34.3 21.2 174.4 26.2 24.9 158.6 30.2
sel43 6.7 34.1 0.7 9.7 70.8 5.5 8.2 52.5 3.1
sel44 7.9 51.4 1.6 11.4 64.1 7.6 9.6 57.8 4.6
sel45 14.3 131.9 15.2 6.6 56.2 2.1 10.4 94.1 8.6
sel46 6.5 53.8 2.0 8.7 72.6 5.2 7.6 63.2 3.6
sel47’ 53.3 476.0 64.8 34.3 339.6 52.1 43.8 407.8 58.4
sel48 5.7 78.5 0.6 5.9 82.7 1.7 5.8 80.6 1.2
sel49 9.0 144.9 7.1 6.9 48.0 2.1 7.9 96.4 4.6
selSO 8.2 126.6 3.6 11.2 167.4 9.0 9.7 147.0 6.3
sel51 1.9 20.7 0 2.6 35.7 0.2 2.3 28.2 0.1
sel52 6.5 125.9 4.7 5.0 90.1 1.5 5.8 108.0 3.1
sel821 3.9 22.5 0 3.7 14.6 0 3.8 18.5 0
sel840 4.2 37.4 0.3 4.0 46.4 0.5 4.1 41.9 0.4
seleOIOS 3.5 56.3 0.5 4.5 41.3 0.1 4.0 48.8 0.3
seleO114 3.8 36.6 0.1 5.5 29.4 0.0 4.6 33.0 0.1
seleO116 6.5 31.6 0.1 7.9 36.2 1.1 7.2 33.9 0.6
sele0124 3.4 24.5 0 4.3 30.4 0.1 3.8 27.5 0.1
sele0136 5.8 26.8 0.0 3.8 18.4 0 4.8 22.6 0.0
seie0166’ 12.1 77.4 10.2 31.4 128.7 52.6 21.8 103.1 31.4
sele0210 4.1 25.9 0.0 4.6 32.8 0.1 4.3 29.3 0.1
se!e0211 4.1 25.0 0 5.9 60.1 0.7 5.0 42.5 0.3
sele0303 2.1 20.8 0 3.8 31.6 0.0 3.0 26.2 0.0
sele0409 10.1 62.8 4.5 12.1 65.6 10.8 11.1 64.2 7.7
sele0609 4.6 32.5 0.1 8.2 49.3 2.1 6.4 40.9 1.1
sele0612 11.7 52.3 6.5 12.5 101.2 9.2 12.1 76.7 7.8

Average 9.0 74.4 6.0
Average excl. * 6.7 56.0 2.3
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Table B.5: Error introduced when the third order filter is applied to selected records of the QT 
database.

Record

Lead A Lead B Average leads

avg
(mV)

max
m

% exc.
limit

avg
(mV)

max
(mV)

% exc.
limit

avg
(mV)

max
(mV)

% exc.
limit

sen 4172 10.5 43.1 4.4 11.0 63.4 7.5 10.8 53.2 5.9
sen 6539 7.1 45.2 0.5 3.8 15.6 0 5.4 30.4 0.2
sell 6786 7.1 29.7 0.1 4.7 19.2 0 5.9 24.5 0.0
sell 6795 6.8 25.6 0.0 7.4 27.0 0.1 7.1 26.3 0.0
sell 7152 6.4 28.0 0.0 4.9 24.0 0 5.7 26.0 0.0
sell 7453 6.3 29.2 0.0 3.8 13.4 0 5.1 21.3 0.0
sel223 9.2 128.5 3.5 7.2 43.0 1.5 8.2 85.8 2.5
sel301 5.0 33.1 0.0 9.6 91.2 6.0 7.3 62.2 3.0
sel30 6.5 58.8 2.6 8.0 63.0 3.9 7.3 60.9 3.3
sel31 7.7 66.1 6.5 8.6 62.1 3.5 8.1 64.1 5.0
sel32 9.4 159.5 6.2 8.1 234.3 2.7 8.7 196.9 4.5
sel33 10.7 57.3 7.6 9.5 44.3 4.1 10.1 50.8 5.8
sel34 16.7 150.2 18.8 7.1 54.2 2.1 11.9 102.2 10.5
sel38 10.1 50.8 3.8 7.2 35.3 0.3 8.6 43.0 2.1
sel39* 32.3 401.4 45.0 33.5 237.1 49.9 32.9 319.2 47.4
sel40 8.5 56.1 2.2 9.7 87.4 5.0 9.1 71.8 3.6
sel41 5.1 39.0 0.2 8.5 49.6 3.8 6.8 44.3 2.0
sel42’ 32.0 159.6 39.6 24.4 195.9 31.6 28.2 177.8 35.6
sel43 7.5 35.7 1.4 10.9 85.7 8.1 9.2 60.7 4.7
sel44 8.5 58.4 2.3 12.3 71.3 9.8 10.4 64.9 6.0
sel45 15.9 145.2 19.4 7.4 58.0 2.6 11.6 101.6 11.0
sel46 7.4 51.9 2.2 9.8 94.7 6.5 8.6 73.3 4.3
sel47’ 59.9 478.0 68.3 39.2 343.2 56.9 49.6 410.6 62.6
sel48 6.4 85.0 0.9 6.7 94.6 2.3 6.5 89.8 1.6
se!49 9.1 154.6 6.6 7.6 45.7 2.4 8.3 100.1 4.5
sel50 9.3 129.5 5.2 12.8 170.3 11.4 11.0 149.9 8.3
sel51 2.1 22.3 0 3.0 41.5 0.3 2.6 31.9 0.1
sel52 7.6 140.4 5.8 5.8 99.0 2.1 6.7 119.7 4.0
sel821 4.3 24.5 0 4.1 16.6 0 4.2 20.6 0
sel840 4.6 39.4 0.3 4.4 49.8 0.6 4.5 44.6 0.5
sele0106 3.9 62.1 0.7 4.9 40.2 0.2 4.4 51.2 0.4
seleO114 4.1 42.4 0.2 6.1 32.1 0.1 5.1 37.3 0.1
sele0116 7.2 36.2 0.3 8.7 38.1 2.2 8.0 37.1 1.3
sele0124 3.8 27.3 0.0 4.9 31.7 0.2 4.4 29.5 0.1
sele0136 6.4 31.0 0.1 4.2 21.4 0 5.3 26.2 0.0
sele0166‘ 13.7 85.6 14.7 35.5 156.9 57.4 24.6 121.2 36.1
sele0210 4.7 29.7 0.2 5.2 37.0 0.4 4.9 33.3 0.3
sele0211 4.6 27.3 0.0 6.6 66.6 1.3 5.6 46.9 0.7
sele0303 2.4 22.7 0 4.3 34.4 0.0 3.3 28.6 0.0
sete0409 11.5 74.8 7.1 14.0 73.3 14.6 12.7 74.0 10.9
sele0609 5.2 35.4 0.1 9.3 53.6 3.7 7.3 44.5 1.9
sele0612 12.5 56.9 9.6 14.2 106.2 13.5 13.4 81.6 11.6

Average 10.0 79.5 7.2
Average excl. * 7.5 60.8 3.2
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Table B.6: Error introduced when the third order concave filter is applied to selected records of 
the QT database.

Record

Lead A Lead B Average leads

avg
(mV)

max
(mV)

% exc.
limit

avg
(mV)

max
(mV)

% exc. 
limit

avg
(mV)

max
(mV)

% exc.
limit

sel14172 9.9 39.8 2.9 10.3 59.2 5.9 10.1 49.5 4.4
sell 6539 6.7 42.8 0.3 3.6 14.9 0 5.1 28.8 0.2
sell 6786 6.4 29.0 0.0 4.6 17.7 0 5.5 23.4 0.0
sel16795 6.2 22.9 0 6.8 25.1 0.0 6.5 24.0 0.0
sen 7152 6.3 27.3 0.0 4.6 22.8 0 5.4 25.1 0.0
sell 7453 6.1 28.7 0.0 3.6 12.4 0 4.8 20.6 0.0
sel223 8.5 121.5 2.6 6.8 41.1 1.1 7.7 81.3 1.9
sel301 4.5 30.0 0.0 9.0 84.0 4.9 6.7 57.0 2.4
sel30 6.2 56.8 2.3 7.4 59.5 3.4 6.8 58.1 2.9
sel31 7.6 69.7 6.3 7.9 59.9 3.0 7.8 64.8 4.6
sel32 8.6 157.6 5.3 7.6 226.9 2.6 8.1 192.2 4.0
sel33 10.2 58.9 6.4 9.1 42.7 3.1 9.7 50.8 4.7
sel34 16.0 147.6 17.0 6.7 53.6 1.7 11.3 100.6 9.4
sel38 9.6 46.9 2.8 6.8 33.1 0.2 8.2 40.0 1.5
sel39* 31.9 407.6 42.9 32.1 245.2 48.6 32.0 326.4 45.8
sel40 7.7 54.1 1.8 9.0 81.6 4.5 8.4 67.9 3.1
sel41 4.9 36.6 0.2 7.9 46.7 2.8 6.4 41.7 1.5
sel42’ 28.3 146.9 33.5 22.4 186.7 27.7 25.4 166.8 30.6
sel43 7.1 33.7 1.0 10.3 78.9 6.8 8.7 56.3 3.9
sel44 8.2 55.5 1.9 11.9 65.9 8.8 10.1 60.7 5.3
sel45 15.0 140.6 17.1 6.9 56.8 2.3 11.0 98.7 9.7
sel46 6.9 50.9 1.9 9.2 81.2 5.8 8.0 66.1 3.8
sel47’ 56.6 478.1 67.1 36.7 341.5 54.8 46.6 409.8 61.0
sel48 5.9 80.9 0.7 6.2 90.3 2.1 6.1 85.6 1.4
sel49 9.0 156.2 6.9 7.2 46.2 2.3 8.1 101.2 4.6
sel50 8.6 127.1 4.2 11.9 168.0 9.9 10.3 147.5 7.1
sel51 2.0 21.2 0 2.7 38.7 0.2 2.4 29.9 0.1
sel52 7.0 133.3 5.3 5.4 96.8 1.9 6.2 115.0 3.6
sel821 4.1 23.5 0 3.8 14.9 0 3.9 19.2 0
sel840 4.4 38.4 0.3 4.2 48.4 0.5 4.3 43.4 0.4
sele0106 3.7 59.8 0.6 4.7 40.4 0.2 4.2 50.1 0.4
sele0114 3.8 39.0 0.1 5.6 30.8 0.0 4.7 34.9 0.1
seleO116 6.8 33.3 0.1 8.2 37.2 1.4 7.5 35.3 0.8
sele0124 3.5 25.8 0.0 4.6 31.3 0.1 4.0 28.6 0.1
sele0136 6.2 28.5 0.1 3.8 19.2 0 5.0 23.9 0.0
sele0166' 13.0 81.2 12.6 34.1 142.8 56.3 23.6 112.0 34.4
sele0210 4.3 27.0 0.1 4.8 34.9 0.3 4.6 31.0 0.2
sele0211 4.2 25.1 0.0 6.2 64.9 0.8 5.2 45.0 0.4
sele0303 2.1 20.3 0 3.8 32.7 0.0 3.0 26.5 0.0
sele0409 10.4 67.1 5.3 12.9 67.8 12.3 11.7 67.5 8.8
sele0609 4.8 32.3 0.1 8.8 52.3 2.8 6.8 42.3 1.4
sele0612 12.4 55.0 8.6 13.5 101.3 11.6 13.0 78.1 10.1

Average 9.4 76.8 6.5
Average excl. * 7.0 58.2 2.7
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BA Change in the ST segment slope introduced by the 

highpass filters into the records of the QT database

The slope of each ST segment containing 3 or more data points is evaluated before and 

after the application of the highpass filters. For each channel, the largest slope change 

is identified and the average change calculated from the absolute difference between in

put and output slopes. The percentages of negative slope changes and of changes that 

exceed the 50 pV/s limit proposed by the EN 60601-2-51:2003 European standard [9] are 

computed.

Table B.7: Number and length of the annotated ST segments employed in the analysis of the 
change in slope introduced by the highpass filters into the records of the QT database.

length (samples)

Record # ST segments avg min max

sel14172 50 21.6 14 28
sen 6539 30 32.6 25 40
sell 6786 30 23.9 13 44
sell 6795 29 23.6 18 36
sel17152 30 16.5 6 24
sen 7453 30 22.9 12 31
sel223 31 41.9 31 53
sel301 30 31.8 22 38
sel30 30 34.1 26 41
sel31 30 46.1 21 61
sel32 30 31.2 24 40
sel33 30 79.0 72 86
sel34 30 27.9 20 37
sel38 30 11.6 6 21
sel39 30 28.8 25 32
sel40 27 6.3 3 10
sel41 29 7.4 3 13
sel42 30 14.7 11 19
sel43 30 13.8 7 19
sel44 22 22.5 16 30
sel45 30 20.9 15 26
sel46 30 27.8 10 42
sel47 29 9.0 3 16
sel48 30 27.3 22 35
sel49 30 9.1 4 14
sel50 30 25.5 12 42
sel51 30 60.6 54 68
sel52 30 23.8 16 30
sel821 30 24.2 16 35
sel840 70 22.9 13 38
sele0106 30 34.0 26 45
seleO114 30 18.7 12 26
sele0116 30 44.5 30 56
sele0124 50 20.0 9 27
sele0136 30 42.8 36 49
sele0166 36 32.5 22 43
sele0210 30 25.1 18 32
sele0211 30 16.3 7 32
sele0303 30 39.0 32 44
sele0409 30 16.0 12 20
sele0609 30 34.2 25 41
sele0612 30 26.9 17 42

Average 31.7 27.1 18.7 35.9
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Table B.8: Change in the ST segment slope produced when the reference 0.05 Hz single-pole 
filter is applied to the records of the QT database.

Record

Lead A Lead B Average leads

avg
(mV/s)

% neg
max

(mV/s)
% exc.

limit
avg

(mV/s) % neg
max

(mV/s)
% exc.

limit
avg

(gV/s)
% neg abs(max)

(gV/s)
% exc.

limit

sen 4172 25.7 2.0 46.9 0.0 13.8 86.0 -32.3 0.0 19.8 44.0 39.6 0.0
sell 6539 19.4 3.3 40.3 0.0 19.0 100.0 -33.9 0.0 19.2 51.7 37.1 0.0
sell 6786 47.4 0.0 59.3 33.3 21.6 100.0 -34.2 0.0 34.5 50.0 46.8 16.7
sen 6795 7.7 96.6 -17.8 0.0 40.3 100.0 -53.6 10.3 24.0 98.3 35.7 5.2
sell 7152 32.2 0.0 45.4 0.0 69.7 100.0 -86.6 100.0 51.0 50.0 66.0 50.0
sen 7453 39.9 0.0 56.4 13.3 10.6 100.0 -17.7 0.0 25.2 50.0 37.1 6.7
sel223 71.4 3.2 -117.1 100.0 15.1 87.1 -44.7 0.0 43.3 45.2 80.9 50.0
sel301 101.2 0.0 111.4 100.0 91.6 0.0 111.7 100.0 96.4 0.0 111.6 100.0
sel30 21.3 0.0 33.6 0.0 22.2 3.3 47.5 0.0 21.8 1.7 40.5 0.0
sel31 25.7 3.3 64.8 6.7 35.6 100.0 -49.4 0.0 30.6 51.7 57.1 3.3
sel32 9.6 26.7 29.0 0.0 14.2 93.3 -31.1 0.0 11.9 60.0 30.1 0.0
sel33 9.8 73.3 -21.2 0.0 10.6 53.3 -29.9 0.0 10.2 63.3 25.5 0.0
sel34 34.8 20.0 110.6 16.7 8.6 36.7 -31.5 0.0 21.7 28.3 71.1 8.3
sel38 20.8 83.3 -55.0 3.3 10.3 73.3 -27.2 0.0 15.6 78.3 41.1 1.7
sel39 72.6 26.7 229.4 60.0 61.3 20.0 227.9 56.7 66.9 23.3 228.6 58.3
sel40 26.9 100.0 -65.7 3.7 24.3 100.0 -56.0 3.7 25.6 100.0 60.8 3.7
sei41 12.0 96.6 -28.8 0.0 17.8 96.6 -48.4 0.0 14.9 96.6 38.6 0.0
sel42 198.3 0.0 235.7 100.0 20.5 30.0 51.9 3.3 109.4 15.0 143.8 51.7
sel43 6.8 93.3 -15.0 0.0 18.3 0.0 40.2 0.0 12.6 46.7 27.6 0.0
sel44 32.5 13.6 80.6 22.7 45.6 18.2 107.3 40.9 39.1 15.9 93.9 31.8
sel45 33.6 3.3 52.7 13.3 7.1 56.7 -26.3 0.0 20.3 30.0 39.5 6.7
sel46 12.5 23.3 -35.8 0.0 17.9 83.3 -42.0 0.0 15.2 53.3 38.9 0.0
sel47 78.1 27.6 261.3 55.2 49.8 31.0 102.5 51.7 63.9 29.3 181.9 53.4
sel48 62.5 0.0 85.1 86.7 23.8 100.0 -38.0 0.0 43.2 50.0 61.6 43.3
sel49 20.7 0.0 29.9 0.0 9.8 30.0 31.5 0.0 15.2 15.0 30.7 0.0
sel50 40.8 3.3 63.8 20.0 49.3 3.3 74.5 60.0 45.0 3.3 69.1 40.0
sel51 12.7 0.0 19.4 0.0 15.5 0.0 25.8 0.0 14.1 0.0 22.6 0.0
sel52 28.0 0.0 39.0 0.0 9.2 80.0 -22.3 0.0 18.6 40.0 30.6 0.0
sel821 3.7 40.0 9.8 0.0 13.8 3.3 -25.8 0.0 8.7 21.7 17.8 0.0
sel840 12.2 7.1 26.9 0.0 5.2 75.7 -16.5 0.0 8.7 41.4 21.7 0.0
sele0106 7.3 83.3 -20.2 0.0 33.1 0.0 45.0 0.0 20.2 41.7 32.6 0.0
seleO114 6.3 23.3 16.2 0.0 8.3 90.0 -23.6 0.0 7.3 56.7 19.9 0.0
seleO116 22.7 0.0 31.8 0.0 8.5 70.0 -15.7 0.0 15.6 35.0 23.7 0.0
sele0124 25.8 0.0 37.4 0.0 10.8 2.0 26.6 0.0 18.3 1.0 32.0 0.0
sele0136 18.9 6.7 33.3 0.0 24.3 0.0 38.4 0.0 21.6 3.3 35.9 0.0
sele0166 40.3 0.0 73.1 41.7 57.9 27.8 152.5 52.8 49.1 13.9 112.8 47.2
sele0210 20.6 0.0 29.2 0.0 29.3 0.0 42.0 0.0 24.9 0.0 35.6 0.0
sele0211 72.8 0.0 94.2 96.7 46.8 0.0 66.5 33.3 59.8 0.0 80.3 65.0
sele0303 37.2 0.0 44.1 0.0 80.7 0.0 87.6 100.0 59.0 0.0 65.9 50.0
sele0409 180.7 0.0 190.9 100.0 142.5 0.0 166.4 100.0 161.6 0.0 178.6 100.0
sele0609 61.2 0.0 72.6 86.7 61.6 0.0 99.8 70.0 61.4 0.0 86.2 78.3
sele0612 45.8 0.0 76.4 40.0 19.3 13.3 44.0 0.0 32.6 6.7 60.2 20.0

Average 35.2 33.6 61.7 21.2
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Table B.9: Change in the ST segment slope produced when the second order filter charac
terised by real poles is applied to the records of the QT database.

Record

Lead A Lead B Average leads

avg
(mV/s)

% neg
max

(mV/s)
% exc.

limit
avg

(mV/s)
% neg

max
(mV/s)

% exc.
limit

avg
(mV/s)

% neg
abs{max)

(mV/s)
% exc.

limit

sell 4172 32.3 0.0 60.1 2.0 9.7 58.0 29.2 0.0 21.0 29.0 44.6 1.0
sell 6539 19.4 3.3 44.7 0.0 14.1 100.0 -30.2 0.0 16.7 51.7 37.4 0.0
sen 6786 41.1 0.0 53.8 6.7 16.5 100.0 -30.9 0.0 28.8 50.0 42.3 3.3
sen 6795 5.3 75.9 -15.2 0.0 33.0 100.0 -50.2 3.4 19.1 87.9 32.7 1.7
sen 7152 28.3 0.0 44.1 0.0 61.6 100.0 -80.9 86.7 45.0 50.0 62.5 43.3
sen 7453 35.9 0.0 57.5 13.3 6.8 83.3 -13.8 0.0 21.4 41.7 35.7 6.7
se!223 63.7 3.2 -163.0 67.7 13.0 67.7 -47.4 0.0 38.4 35.5 105.2 33.9
sel30l 92.9 0.0 104.9 100.0 84.2 0.0 104.8 96.7 88.6 0.0 104.9 98.3
sel30 18.8 0.0 34.6 0.0 20.3 6.7 48.3 0.0 19.6 3.3 41.5 0.0
sel31 25.2 10.0 76.3 6.7 28.7 100.0 -45.9 0.0 27.0 55.0 61.1 3.3
sel32 10.1 36.7 30.0 0.0 12.5 90.0 -31.4 0.0 11.3 63.3 30.7 0.0
sel33 11.8 63.3 29.4 0.0 13.3 50.0 -35.7 0.0 12.5 56.7 32.6 0.0
sel34 37.9 30.0 115.0 26.7 11.0 36.7 -40.6 0.0 24.4 33.3 77.8 13.3
sel38 18.6 73.3 -49.0 0.0 10.6 66.7 -28.1 0.0 14.6 70.0 38.5 0.0
sel39 93.9 33.3 297.9 63.3 70.5 23.3 266.7 60.0 82.2 28.3 282.3 61.7
sel40 16.5 81.5 -61.0 3.7 15.3 88.9 -51.8 3.7 15.9 85.2 56.4 3.7
sel41 8.9 89.7 -25.3 0.0 13.5 79.3 -43.9 0.0 11.2 84.5 34.6 0.0
sel42 145.3 0.0 189.2 100.0 33.7 16.7 77.6 20.0 89.5 8.3 133.4 60.0
sel43 6.0 83.3 -14.4 0.0 15.6 13.3 42.3 0.0 10.8 48.3 28.3 0.0
sel44 29.5 22.7 82.8 27.3 43.5 22.7 107.2 36.4 36.5 22.7 95.0 31.8
se!45 33.0 6.7 61.1 13.3 8.3 50.0 -29.3 0.0 20.7 28.3 45.2 6.7
sel46 13.8 40.0 -44.5 0.0 16.6 83.3 -53.1 3.3 15.2 61.7 48.8 1.7
sel47 86.3 37.9 272.1 65.5 57.3 34.5 122.5 55.2 71.8 36.2 197.3 60.3
sel48 57.4 0.0 79.3 70.0 21.2 100.0 -37.0 0.0 39.3 50.0 58.2 35.0
sel49 12.9 0.0 24.1 0.0 13.1 33.3 40.3 0.0 13.0 16.7 32.2 0.0
sel50 33.6 3.3 55.4 10.0 41.0 6.7 67.0 43.3 37.3 5.0 61.2 26.7
seI51 10.7 0.0 18.5 0.0 13.0 0.0 25.8 0.0 11.8 0.0 22.1 0.0
sel52 24.5 0.0 38.3 0.0 9.5 76.7 -22.1 0.0 17.0 38.3 30.2 0.0
sel821 5.0 20.0 11.6 0.0 9.5 6.7 -24.0 0.0 7.2 13.3 17.8 0.0
sel840 14.0 4.3 29.2 0.0 4.9 55.7 -14.7 0.0 9.4 30.0 22.0 0.0
sele0106 5.8 60.0 -16.8 0.0 33.8 0.0 46.0 0.0 19.8 30.0 31.4 0.0
seleO114 9.5 6.7 22.0 0.0 9.4 90.0 -25.0 0.0 9.5 48.3 23.5 0.0
sele0116 19.8 3.3 30.8 0.0 9.4 73.3 -16.6 0.0 14.6 38.3 23.7 0.0
sele0124 25.4 0.0 35.1 0.0 11.4 4.0 31.9 0.0 18.4 2.0 33.5 0.0
sele0136 17.2 6.7 34.0 0.0 19.8 0.0 33.6 0.0 18.5 3.3 33.8 0.0
seleOI 66 40.4 8.3 82.1 41.7 68.6 27.8 172.6 47.2 54.5 18.1 127.4 44.4
sele0210 20.2 0.0 31.1 0.0 26.3 0.0 42.0 0.0 23.3 0.0 36.5 0.0
sele0211 68.8 0.0 92.8 93.3 43.0 0.0 64.7 23.3 55.9 0.0 78.8 58.3
se!e0303 34.2 0.0 40.2 0.0 74.0 0.0 80.6 100.0 54.1 0.0 60.4 50.0
se!e0409 170.2 0.0 181.8 100.0 131.9 0.0 161.7 100.0 151.0 0.0 171.8 100.0
sele0609 54.6 0.0 68.2 73.3 53.2 0.0 99.2 60.0 53.9 0.0 83.7 66.7
sele0612 37.2 0.0 73.7 40.0 19.1 16.7 41.4 0.0 28.2 8.3 57.6 20.0

Average 32.8 31.7 63.7 19.8
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Table B.10: Change in the ST segment slope produced when the second order filter is applied 
to the records of the QT database.

Record

Lead A Lead B Average leads

avg
(mV/s)

% neg
max

(MV/s)
% exc.

limit
avg

(mV/s)
% neg max

(mV/s)
% exc.

limit
avg

(pV/s) % neg
abs(max)

(pV/s)
% exc.

limit

sell 4172 31.3 0.0 60.0 2.0 9.3 52.0 29.8 0.0 20.3 26.0 44.9 1.0
sen 6539 18.6 3.3 43.6 0.0 12.8 100.0 -28.1 0.0 15.7 51.7 35.9 0.0
sell 6786 38.8 0.0 50.9 3.3 15.1 96.7 -29.1 0.0 26.9 48.3 40.0 1.7
sen 6795 4.6 72.4 -13.6 0.0 30.3 100.0 -47.2 0.0 17.4 86.2 30.4 0.0
sen 7152 26.5 0.0 42.3 0.0 57.7 100.0 -76.3 80 0 42.1 50.0 59.3 40.0
sell 7453 33.8 0.0 55.8 6.7 6.1 83.3 -12.4 0.0 20.0 41.7 34.1 3.3
sel223 59.8 3.2 158.9 61.3 12.3 67.7 -45.7 0.0 36.0 35.5 102.3 30.6
sel301 87.1 0.0 99.3 100.0 79.2 0.0 98.1 96.7 83.1 0.0 98.7 98.3
sel30 17.7 0.0 33.2 0.0 19.3 6.7 45.2 0.0 18.5 3.3 39.2 0.0
sel31 24.4 13.3 77.7 10.0 26.6 100.0 -44.0 0.0 25.5 56.7 60.9 5.0
sel32 9.9 33.3 28.7 0.0 12.0 80.0 -29.7 0.0 10.9 56.7 29.2 0.0
sel33 11.7 60.0 30.1 0.0 13.2 43.3 -35.3 0.0 12.5 51.7 32.7 0.0
sel34 36.4 30.0 108.7 26.7 11.0 40.0 -39.7 0.0 23.7 35.0 74.2 13.3
sel38 17.6 73.3 -47.3 0.0 10.4 63.3 -26.0 0.0 14.0 68.3 36.7 0.0
sel39 98.7 33.3 311.2 60.0 69.2 23.3 267.3 56.7 84.0 28.3 289.3 58.3
sel40 15.0 81.5 -58.1 3.7 13.9 81.5 -49.0 0.0 14.5 81.5 53.5 1.9
sel41 8.3 86.2 -24.5 0.0 12.5 79.3 -40.5 0.0 10.4 82.8 32.5 0.0
sel42 132.5 0.0 175.8 100.0 34.0 16.7 79.3 20.0 83.3 8.3 127.5 60.0
sel43 5.7 80.0 -13.2 0.0 14.8 13.3 40.2 0.0 10.3 46.7 26.7 0.0
sel44 27.6 22.7 79.7 22.7 40.5 22.7 102.8 31.8 34.1 22.7 91.3 27.3
sel45 31.3 6.7 60.9 13.3 8.2 50.0 -28.6 0.0 19.8 28.3 44.7 6.7
sel46 13.9 43.3 -43.3 0.0 15.5 76.7 -53.8 3.3 14.7 60.0 48.5 1.7
sel47 83.4 37.9 251.1 65.5 55.5 37.9 126.0 55.2 69.5 37.9 188.5 60.3
sel48 53.9 0.0 75.7 56.7 19.8 100.0 -34.8 0.0 36.9 50.0 55.3 28.3
sel49 11.5 0.0 22.8 0.0 13.0 30.0 39.6 0.0 12.3 15.0 31.2 0.0
sel50 30.7 3.3 51.5 3.3 37.7 6.7 63.2 26.7 34.2 5.0 57.4 15.0
sel51 9.9 0.0 17.7 0.0 12.1 0.0 24.9 0.0 11.0 0.0 21.3 0.0
sel52 22.9 0.0 36.9 0.0 9.2 76.7 -20.5 0.0 16.0 38.3 28.7 0.0
sel821 4.9 20.0 11.4 0.0 8.6 6.7 -22.1 0.0 6.8 13.3 16.8 0.0
sel840 13.6 4.3 28.0 0.0 4.7 54.3 -13.8 0.0 9.1 29.3 20.9 0.0
sele0106 5.4 56.7 -15.8 0.0 32.1 0.0 43.2 0.0 18.8 28.3 29.5 0.0
seleO114 9.4 6.7 21.9 0.0 8.6 90.0 -22.9 0.0 9.0 48.3 22.4 0.0
seleO116 18.8 3.3 29.6 0.0 9.3 73.3 -16.5 0.0 14.0 38.3 23.0 0.0
sele0124 24.3 0.0 32.7 0.0 11.0 4.0 31.1 0.0 17.6 2.0 31.9 0.0
sele0136 16.1 10.0 32.9 0.0 18.4 0.0 31.1 0.0 17.3 5.0 32.0 0.0
sele0166 39.0 11.1 81.3 38.9 67.1 25.0 163.1 47.2 53.0 18.1 122.2 43.1
sele0210 19.3 0.0 30.3 0.0 24.8 0.0 41.0 0.0 22.0 0.0 35.6 0.0
sele0211 65.0 0.0 87.7 90.0 40.6 0.0 60.8 16.7 52.8 0.0 74.3 53.3
sele0303 32.1 0.0 37.8 0.0 69.4 0.0 76.2 100.0 50.8 0.0 57.0 50.0
sele0409 160.5 0.0 172.3 100.0 124.2 0.0 153.2 100.0 142.4 0.0 162.8 100.0
sele0609 51.2 0.0 64.9 66.7 49.7 0.0 94.5 60.0 50.4 0.0 79.7 63.3
sele0612 34.7 0.0 69.6 36.7 18.7 16.7 37.7 0.0 26.7 8.3 53.7 18.3

Average 31.1 31.1 61.3 18.6
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Table B.11; Change in the ST segment slope produced when the third order filter is applied to 
the records of the QT database.

Record

Lead A Lead B Average leads

avg
(mV/s)

% neg
max

(gV/s)
% exc.

limit
avg

(mV/s)
% neg

max
(gV/s)

% exc.
limit

avg
(mV/s)

% neg
abs{max)

(gV/s)
% exc.

limit

sei14172 31.4 2.0 62.7 2.0 12.3 68.0 -29.7 0.0 21.9 35.0 46.2 1.0
sen 6539 20.8 3.3 45.9 0.0 16.8 100.0 -34.1 0.0 18.8 51.7 40.0 0.0
sell 6786 46.7 0.0 59.2 30.0 19.5 100.0 -34.3 0.0 33.1 50.0 46.7 15.0
sel16795 6.1 82.8 -16.1 0.0 37.6 100.0 -55.7 10.3 21.8 91.4 35.9 5.2
sen 7152 31.7 0.0 46.1 0.0 68.5 100.0 -88.1 100.0 50.1 50.0 67.1 50.0
sen 7453 39.9 0.0 65.7 16.7 8.5 93.3 -16.9 0.0 24.2 46.7 41.3 8.3
sel223 71.1 3.2 -168.3 87.1 14.8 74.2 -51.4 3.2 42.9 38.7 109.8 45.2
sel301 101.4 0.0 114.7 100.0 92.1 0.0 114.2 96.7 96.7 0.0 114.4 98.3
sel30 21.0 0.0 37.1 0.0 22.5 6.7 50.1 3.3 21.7 3.3 43.6 1.7
sel31 28.0 10.0 80.3 13.3 33.1 100.0 -50.8 3.3 30.6 55.0 65.6 8,3
sel32 11.7 33.3 32.8 0.0 14.4 86.7 -35.7 0.0 13.1 60.0 34.3 0.0
sel33 12.6 63.3 31.9 0.0 14.7 50.0 39.6 0.0 13.7 56.7 35.7 0.0
sel34 39.6 20.0 118.8 36.7 11.8 43.3 -43.4 0.0 25.7 31.7 81.1 18.3
sel38 20.7 76.7 -54.8 6.7 12.8 70.0 -30.8 0.0 16.8 73.3 42.8 3.3
se!39 105.7 30.0 -307.1 63.3 79.3 20.0 270.8 66.7 92.5 25.0 289.0 65.0
sel40 21.4 96.3 -70.1 3.7 19.7 92.6 -61.1 3.7 20.5 94.4 65.6 3.7
sel41 10.7 89.7 -27.7 0.0 15.9 86.2 -48.1 0.0 13.3 87.9 37.9 0.0
sel42 176.0 0.0 222.1 100.0 33.5 20.0 75.1 26.7 104.8 10.0 148.6 63.3
sel43 6.9 90.0 -15.4 0.0 17.7 13.3 48.0 0.0 12.3 51.7 31.7 0.0
sel44 31.8 18.2 87.9 27.3 46.4 18.2 114.5 31.8 39.1 18.2 101.2 29.5
sel45 35.5 6.7 63.9 26.7 9.2 50.0 -32.2 0.0 22.3 28.3 48.1 13.3
sel46 15.7 40.0 -48.7 0.0 18.7 83.3 -61.7 3.3 17.2 61.7 55.2 1.7
sel47 90.5 31.0 272.3 69.0 64.2 34.5 132.8 62.1 77.3 32.8 202.5 65.5
sel48 62.5 0.0 87.8 76.7 23.4 100.0 -40.5 0.0 43.0 50.0 64.1 38.3
sel49 17.1 0.0 29.4 0.0 13.7 33.3 41.3 0.0 15.4 16.7 35.4 0.0
sel50 38.0 3.3 61.9 20.0 46.3 6.7 77.5 50.0 42.1 5.0 69.7 35.0
sel51 12.0 0.0 20.5 0.0 14.7 0.0 28.8 0.0 13.4 0.0 24.7 0.0
sel52 27.4 0.0 43.4 0.0 10.5 76.7 -23.4 0.0 18.9 38.3 33.4 0.0
sel821 4.6 30.0 11.6 0.0 11.9 6.7 -25.3 0.0 8.3 18.3 18.5 0.0
sel840 14.1 4.3 29.4 0.0 5.5 62.9 -17.1 0.0 9.8 33.6 23.3 0.0
sele0106 6.5 70.0 -19.7 0.0 35.3 0.0 47.8 0.0 20.9 35.0 33.7 0.0
seleO114 8.5 6.7 22.2 0.0 9.1 86.7 -26.3 0.0 8.8 46.7 24.3 0.0
sele0116 22.5 3.3 35.5 0.0 10.4 73.3 19.6 0.0 16.5 38.3 27.6 0.0
sele0124 27.2 0.0 37.6 0.0 12.1 10.0 35.5 0.0 19.7 5.0 36.6 0.0
sele0136 19.0 6.7 38.2 0.0 22.9 0.0 38.0 0.0 21.0 3.3 38.1 0.0
sele0166 43.4 11.1 89.3 41.7 73.8 27.8 177.2 50.0 58.6 19.4 133.3 45.8
sele0210 21.6 0.0 32.5 0.0 29.1 0.0 47.1 0.0 25.4 0.0 39.8 0.0
sele0211 74.6 0.0 98.7 96.7 47.4 0.0 69.4 40.0 61.0 0.0 84.1 68.3
sele0303 37.3 0.0 43.4 0.0 80.8 0.0 87.8 100.0 59.1 0.0 65.6 50.0
sele0409 184.2 0.0 196.8 100.0 143.7 0.0 175.9 100.0 164.0 0.0 186.4 100.0
sele0609 60.4 0.0 75.4 80.0 59.7 0.0 111.4 66.7 60.1 0.0 93.4 73.3
sele0612 43.3 0.0 81.9 40.0 22.1 13.3 44.9 0.0 32.7 6.7 63.4 20.0

Average 36.4 32.6 68.6 22.1
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Table B.12: Change in the ST segment slope produced when the third order concave filter is 
applied to the records of the QT database.

Record

Lead A Lead B Average leads

avg
(mV/s) % neg

max
(^V/s)

% exc. 
limit

avg
(gV/s) % neg

max
(mV/s)

% exc.
limit

avg
(mV/s)

% neg abs(max)
(nV/s)

% exc.
limit

sell 4172 31.6 0.0 61.3 4.0 9.7 46.0 32.0 0.0 20.7 23.0 46.6 2.0
sell 6539 18.4 3.3 43.3 0.0 12.0 100.0 -27.8 0.0 15.2 51.7 35.5 0.0
sell 6786 37.5 0.0 49.6 0.0 14.3 96.7 -28.7 0.0 25.9 48.3 39.2 0.0
sell 6795 4.5 72.4 '13.0 0.0 28.9 100.0 -46.9 0.0 16.7 86.2 29.9 0.0
sen 7152 25.7 0.0 41.1 0.0 55.9 100.0 -74.9 70.0 40.8 50.0 58.0 35.0
sell 7453 32.9 0.0 56.5 10.0 5.9 83.3 -12.3 0.0 19.4 41.7 34.4 5.0
sel223 58.2 3.2 -172.0 58.1 12.6 67.7 -46.8 0.0 35.4 35.5 109.4 29.0
sel301 84.8 0.0 97.1 100.0 77.1 0.0 96.8 96.7 80.9 0.0 96.9 98.3
sel30 17.2 3.3 33.4 0.0 19.0 6.7 45.7 0.0 18.1 5.0 39.6 0.0
sel31 24.1 10.0 76.3 6.7 25.3 100.0 -42.9 0.0 24.7 55.0 59.6 3.3
sel32 10.5 36.7 -29.5 0.0 11.7 80.0 -30.6 0.0 11.1 58.3 30.1 0.0
sel33 12.5 63.3 32.5 0.0 14.3 46.7 38.2 0.0 13.4 55.0 35.3 0.0
sei34 37.6 30.0 108.7 26.7 11.6 40.0 -43.3 0.0 24.6 35.0 76.0 13.3
sel38 18.1 66.7 -49.7 0.0 10.9 63.3 -27.8 0.0 14.5 65.0 38.7 0.0
sel39 99.3 26.7 304.4 63.3 71.7 20.0 261.0 60.0 85.5 23.3 282.7 61.7
sel40 14.4 81.5 -58.0 3.7 13.6 77.8 -49.5 0.0 14.0 79.6 53.7 1.9
sel41 7.9 86.2 -23.7 0.0 12.2 72.4 -39.9 0.0 10.1 79.3 31.8 0.0
sel42 124.5 0.0 169.4 100.0 36.0 16.7 79.5 30.0 80.2 8.3 124.5 65.0
sel43 5.7 80.0 -13.4 0.0 14.9 23.3 42.6 0.0 10.3 51.7 28.0 0.0
sel44 27.6 36.4 80.6 22.7 40.3 27.3 105.1 36.4 33.9 31.8 92.8 29.5
sel45 31.1 6.7 60.7 10.0 8.6 50.0 -29.4 0.0 19.9 28.3 45.1 5.0
sel46 14.5 43.3 -46.4 0.0 15.9 76.7 -58.5 3.3 15.2 60.0 52.5 1.7
sel47 87.0 41.4 255.4 65.5 59.0 37.9 129.0 55.2 73.0 39.7 192.2 60.3
sel48 52.4 0.0 75.5 53.3 19.2 100.0 -35.0 0.0 35.8 50.0 55.3 26.7
sel49 10.5 3.3 22.0 0.0 13.8 30.0 41.3 0.0 12.2 16.7 31.7 0.0
sel50 29.4 3.3 49.7 0.0 36.5 6.7 62.0 20.0 32.9 5.0 55.8 10.0
sel51 9.5 3.3 17.2 0.0 11.6 6.7 24.5 0.0 10.6 5.0 20.9 0.0
sel52 22.2 3.3 37.6 0.0 9.3 76.7 -20.7 0.0 15.8 40.0 29.2 0.0
sel821 5.1 20.0 11.8 0.0 8.1 13.3 -21.6 0.0 6.6 16.7 16.7 0.0
sel840 13.6 4.3 27.8 0.0 5.0 51.4 -13.9 0.0 9.3 27.9 20.9 0.0
sele0106 5.6 53.3 -16.1 0.0 31.6 0.0 43.0 0.0 18.6 26.7 29.6 0.0
seleOIM 9.7 6.7 22.5 0.0 8.7 90.0 -23.6 0.0 9.2 48.3 23.1 0.0
seleO116 18.3 3.3 30.0 0.0 9.6 73.3 18.3 0.0 13.9 38.3 24.1 0.0
sele0124 23.9 0.0 32.3 0.0 11.0 10.0 33.0 0.0 17.4 5.0 32.6 0.0
sele0136 16.0 10.0 33.7 0.0 17.6 0.0 30.6 0.0 16.8 5.0 32.2 0.0
sele0166 38.9 11.1 83.1 38.9 70.1 27.8 171.5 47.2 54.5 19.4 127.3 43.1
sele0210 18.9 0.0 30.0 0.0 24.2 3.3 40.2 0.0 21.5 1.7 35.1 0.0
sele0211 63.6 0.0 86.6 90.0 39.6 0.0 60.2 16.7 51.6 0.0 73.4 53.3
sele0303 31.3 0.0 37.0 0.0 67.5 0.0 74.5 100.0 49.4 0.0 55.8 50.0
sele0409 156.8 0.0 169.5 100.0 121.0 0.0 152.0 100.0 138.9 0.0 160.8 100.0
seie0609 49.6 0.0 63.9 56.7 48.0 3.3 96.0 56.7 48.8 1.7 79.9 56.7
sele0612 33.2 0.0 70.6 36.7 19.2 20.0 39.1 0.0 26.2 10.0 54.8 18.3

Average 30.8 31.6 61.7 18.3
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B.5 Noise reduction achieved by the highpass filters for 

selected records of the QT database

The power contained in the records of the QT database at frequencies lower than 0.5 Hz, 

which is indicative of the out-of-band noise and interference occurring at low frequencies, is 
measured after applying the different highpass filters. The percentage difference between 

this output power and the low-frequency input power is also calculated.

Table B.13: Power measured for selected records of the QT database.

Record

Lead A Lead B Average leads

total 
power 

(10-® V^)

power 
f<0.5Hz 
{10-® V^)

% power 
t<0.5Hz

total 
power 

(10'® V^)

power
t<0.5Hz 
{10-® V^)

% power 
t<0.5Hz

total 
power 

{10-® V^)

power
f<0.5Hz 
(10 ® V®)

% power 
f<0.5Hz

sel14172 66.9 2.1 3.1 52.3 2.4 4.6 59.6 2.2 3.8
sen 6539 55.7 1.2 2.2 19.9 0.3 1.4 37.8 0.8 1.8
sell 6786 182.4 0.6 0.3 17.9 0.5 2.9 100.2 0.5 1.6
sen 6795 58.2 0.5 0.9 40.3 0.6 1.4 49.3 0.5 1.2
sen 7152 32.3 1.4 4.4 61.0 0.4 0.7 46.6 0.9 2.6
86117453 115.5 1.2 1.0 36.2 0.3 0.7 75.9 0.7 0.9
sel223 171.3 5.4 3.1 64.6 3.5 5.4 118.0 4.4 4.3
sel301 252.7 0.4 0.2 85.5 5.6 6.6 169.1 3.0 3.4
sel30 20.1 6.3 31.6 20.4 3.9 19.4 20.2 5.1 25.5
sel3r 48 9 38.3 78.4 41.7 6.9 16.6 45.3 22.6 47.5
sel32 18.4 4.4 23.8 16.7 4.3 25.9 17.6 4.4 24.9
sel33 35.2 19.8 56.1 16.1 2.8 17.3 25.7 11.3 36.7
sel34 54.5 7.9 14.5 2.7 1.4 51.9 28.6 4.6 33.2
sel38 80.7 2.8 3.5 12.4 1.5 11.9 46.6 2.1 7.7
sel39* 356.3 330.6 92.8 105.4 77.9 73.9 230.9 204.3 83.3
sel40 64.2 3.4 5.2 51.7 4.3 8.3 58.0 3.8 6.8
sel41 20.8 5.8 28.0 36.8 4.4 11.9 28.8 5.1 19.9
sel42 1440.2 5.9 0.4 214.5 19.0 8.8 827.3 12.4 4.6
sel43 9.7 4.5 46.0 22.3 5.2 23.3 16.0 4.8 34.7
sel44 58.0 3.0 5.2 114.4 6.2 5.4 86.2 4.6 5.3
sel45* 53.2 28.0 52.6 6.3 4.8 75.3 29.7 16.4 63.9
sel46 24.7 3.3 13.5 30.3 5.3 17.6 27.5 4.3 15.5
sel47- 547.8 435.9 79.6 144.0 121.9 84.7 345.9 278.9 82.1
sel48 50.4 3.5 7.0 18.6 3.8 20.6 34.5 3.7 13.8
sel49* 63.0 29.4 46.6 10.5 4.7 44.6 36.7 17.0 45.6
sel50 45.3 3.1 6.8 71.7 5.8 8.2 58.5 4.5 7.5
sel51 7.2 0.1 1.8 11.0 0.3 2.5 9.1 0.2 2.1
sel52 35.6 3.2 8.9 4.7 1.7 35.3 20.2 2.4 22.1
sel821 14.1 0.6 4.3 33.4 0.3 0.8 23.8 0.4 2.5
sel840 24.2 0.8 3.5 12.5 0.8 6.6 18.4 0.8 5.0
sele0106 11.0 1.1 10.3 59.9 0.7 1.2 35.5 0.9 5.8
seleO114 16.8 1.3 7.8 26.7 0.9 3.5 21.8 1.1 5.6
sele0116 41.6 1.5 3.6 16.7 2.8 16.8 29.2 2.2 10.2
sele0124 61.9 0.5 0.8 4.8 1.0 21.7 33.4 0.8 11.2
sele0136 24.4 4.2 17.2 59.2 0.5 0.8 41.8 2.3 9.0
sele0166 60.5 4.8 7.9 137.7 26.6 19.4 99.1 15.7 13.7
sele0210 14.4 1.0 6.8 29.9 1.4 4.8 22.2 1.2 5.8
sele0211 71.2 1.6 2.2 51.4 4.9 9.5 61.3 3.2 5.9
sele0303 38.3 0.1 0.4 88.2 0.4 0.5 63.3 0.3 0.4
sele0409 218.8 3.3 1.5 127.9 6.1 4.8 173.4 4.7 3.1
sele0609 63.9 0.5 0.8 63.9 2.0 3.1 63.9 1.2 1.9
sele0612 78.6 4.3 5.4 31.1 5.2 16.8 54.9 4.7 11.1

Average
Average * only

80.7
137.7

15.8
107.8

16.5
64.5
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Table B.14: Low-frequency power and noise reduction obtained for selected records of the QT 
database when they are filtered using the 0.05 Hz single-pole reference network.

Record

Lead A Lead B Average leads

power (10 '5 V^) % reduction power (10'9 V^) % reduction power (10 ® V®) % reduction

sel14172 1.9 -8.1 2.2 -8.6 2.0 -8.4
sell 6539 1.1 -10.9 0.2 ■16.1 0.7 ■13.5
sell 6786 0.5 -17.2 0.5 ■11.1 0.5 ■14.2
sell 6795 0.4 -18.6 0.5 ■11.1 0.5 ■14.8
sel17152 1.2 -16.9 0.4 ■18.1 0.8 -17.5
sen 7453 1.0 -13.2 0.2 ■17.4 0.6 -15.3
sel223 2.7 -50.5 1.6 -55.4 2.1 -52.9
sel301 0.3 -30.0 3.7 -33.3 2.0 -31.7
sel30 3.6 -43.6 3.0 -24.2 3.3 -33.9
sel3r 19.9 -48.0 4.5 -34.5 12.2 -41.2
sel32 4.0 ■8.3 4.0 -8.3 4.0 -8.3
sel33 11.7 -40.8 2.4 -13.0 7.1 ■26.9
sel34 7.5 -5.1 1.3 ■8.3 4.4 ■6.7
sel38 2.7 ■4.1 1.4 ■8.8 2.0 ■6.4
sei39* 184.6 ■44.2 57.8 ■25.8 121.2 -35.0
sel40 2.3 -30.1 3.5 ■18.2 2.9 ■24.2
sel41 3.3 -44.0 3.4 ■23.2 3.3 -33.6
sel42 5.5 -7.0 17.9 -5.9 11.7 -6.4
sel43 3.1 -29.9 4.3 -17.7 3.7 ■23.8
sel44 2.9 -3.7 5.9 -4.2 4.4 ■3.9
sel45* 17.2 -38.4 3.3 -31.2 10.2 ■34.8
sel46 2.6 -22.6 4.4 -17.6 3.5 ■20.1
sel47' 300.3 -31.1 89.8 ■26.3 195.1 ■28.7
sel48 2.4 -32.3 2.9 ■25.7 2.6 ■29.0
sel49* 16.3 -44.4 3.2 ■30.5 9.8 ■37.5
sel50 2.9 ■4.8 5.5 -5.4 4.2 ■5.1
sel51 0.1 -6.5 0.3 -6.8 0.2 ■6.7
sel52 3.0 -4.9 1.6 -6.0 2.3 ■5.4
sel821 0.5 ■14.8 0.2 -18.1 0.4 ■16.4
sel840 0.7 ■15.3 0.7 -10.4 0.7 ■12.9
sele0106 0.6 ■50.4 0.6 -16.1 0.6 ■33.2
sele0114 0.6 ■53.1 0.7 ■30.7 0.6 -41.9
sele0116 1.0 ■35.2 1.6 ■44.1 1.3 -39.7
sele0124 0.3 ■38.7 0.8 ■25.8 0.5 -32.3
sele0136 1.3 ■69.2 0.3 ■43.6 0.8 -56.4
sele0166 4.5 ■7.3 25.1 -5.7 14.8 -6.5
sele0210 0.7 ■24.1 1.0 -29.8 0.9 -27.0
sele0211 1.1 ■32.8 3.1 -36.4 2.1 -34.6
sele0303 0.1 ■27.4 0.2 -52.0 0.2 -39.7
sele0409 2.6 -20.8 5.3 -13.4 4.0 ■17.1
sele0609 0.5 -4.9 1.9 -5.1 1.2 ■5.0
sele0612 4.1 -4.1 4.8 -7.3 4.5 ■5.7

Average 
Average * only

10.7
69.7

■22.7
■35.4
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Table B.15: Low-frequency power and noise reduction obtained for selected records of the QT 
database when they are filtered using the second order filter having real poles.

Record

Lead A Lead B Average leads

power (10 ® V^) % reduction power (10' ® V®) % reduction power (10 ® V®) % reduction

sell 4172 2.0 -1.3 2.4 -2.2 2.2 -1.8
sell 6539 1.2 -5.4 0.3 -11.2 0.7 -8.3
sell 6786 0.5 -13.8 0.5 -5.0 0.5 -9.4
sell 6795 0.4 -15.5 0.5 -4.1 0.5 -9.8
sel17152 1.2 -13.7 0.4 -14.8 0.8 -14.3
sell 7453 1.1 -8.6 0.2 -13.0 0.7 -10.8
sel223 2.5 -53.0 1.5 -57.5 2.0 -55.3
sel301 0.3 -32.7 3.7 -34.8 2.0 -33.8
sel30 3.0 -52.7 2.9 -27.6 2.9 -40.2
sel31‘ 15.4 -59.7 4.0 -42.3 9.7 -51.0
sel32 4.3 -1.9 4.2 -2.9 4.3 -2.4
sel33 9.5 -52.1 2.5 -10.5 6.0 -31.3
sel34 8.1 2.9 1.4 -2.0 4.8 0.5
sel38 2.9 3.0 1.4 -3.6 2.2 -0.3
sel39* 158.2 -52.1 56.1 -28.0 107.2 -40.1
sel40 2.2 -35.8 3.5 -19.1 2.8 -27.4
sel41 2.6 -55.1 3.2 -26.4 2.9 40.8
sel42 5.8 -0.9 19.2 1.1 12.5 0.1
sel43 2.9 -35.7 4.3 -17.5 3.6 -26.6
sel44 3.1 2.7 6.3 2.0 4.7 2.4
sel45‘ 15.6 -44.3 3.1 -35.7 9.3 -40.0
sel46 2.5 -26.0 4.4 -18.5 3.4 -22.2
sel47' 265.0 -39.2 83.5 -31.6 174.2 -35.4
sel48 2.1 -41.0 2.7 -31.0 2.4 -36.0
sel49’ 13.5 -54.2 3.0 -34.7 8.3 -44.4
sel50 3.1 1.4 5.9 1.0 4.5 1.2
sel51 0.1 -0.9 0.3 -1.0 0.2 -1.0
sel52 3.2 2.4 1.7 0.8 2.5 1.6
sel821 0.5 -11.1 0.2 -13.7 0.4 -12.4
sel840 0.7 -11.8 0.8 -5.5 0.8 -8.7
sele0106 0.5 -51.9 0.6 -12.7 0.6 -32.3
seleO114 0.5 -59.3 0.7 -31.0 0.6 -45.2
seleO116 1.0 -36.2 1.5 -45.7 1.2 -40.9
sele0124 0.3 -39.5 0.8 -25.5 0.5 -32.5
sele0136 1.2 -71.2 0.3 -46.2 0.7 -58.7
sele0166 4.8 -0.4 27.3 2.5 16.0 1.1
sele0210 0.7 -25.6 0.9 -34.6 0.8 -30.1
sele0211 1.0 -39.0 2.7 -45.7 1.8 -42.3
sele0303 0.1 -29.3 0.2 -56.6 0.1 -43.0
sele0409 2.7 -17.4 5.5 -9.6 4.1 -13.5
sele0609 0.5 1.8 2.0 2.4 1.3 2.1
sele0612 4.4 4.0 5.2 -0.5 4.8 1.7

Average 
Average * only

9.8
61.7

-22.2
-42.2
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Table B.16: Low-frequency power and noise reduction obtained for selected records of the QT 
database when they are filtered using the second order filter.

Record

Lead A Lead B Average leads

power (10'® V^) % reduction power (10'® V^) % reduction power (10 ® V®) % reduction

sel14172 2.1 3.7 2.5 3.1 2.3 3.4
sen 6539 1.2 -0.2 0.3 -7.2 0.8 -3.7
sen 6786 0.5 -8.8 0.5 -0.9 0.5 -4.8
sell 6795 0.5 -10.0 0.6 0.8 0.5 -4.6
sen 7152 1.3 -7.3 0.4 -9.8 0.9 -8.5
sell 7453 1.1 -3.5 0.2 -8.7 0.7 -6.1
sel223 2.6 -52.1 1.5 -56.9 2.0 -54.5
sel301 0.3 -30.6 3.8 -32.7 2.0 -31.7
sel30 3.0 -52.8 2.9 -25.4 3.0 -39.1
sel3r 15.3 -60.2 4.1 -40.9 9.7 -50.5
sel32 4.5 3.5 4.4 1.6 4.5 2.5
sel33 9.4 -52.4 2.6 -7.1 6.0 -29.7
sel34 8.5 7.6 1.5 3.4 5.0 5.5
sel38 3.0 5.9 1.5 0.8 2.2 3.4
sel39* 161.6 -51.1 58.2 -25.2 109.9 -38.2
sel40 2.2 -34.7 3.7 -15.0 2.9 -24.8
sel41 2.6 -55.7 3.3 -24.2 2.9 -39.9
sel42 6.0 2.8 20.1 5.8 13.1 4.3
sel43 2.9 -34.5 4.5 -14.2 3.7 -24.3
sel44 3.1 5.2 6.5 4.7 4.8 4.9
sel45' 16.1 -42.5 3.2 -33.4 9.6 -38.0
sel46 2.5 -23.6 4.5 -15.8 3.5 -19.7
sel47* 269.7 -38.1 86.1 -29.4 177.9 -33.8
sel48 2.1 -40.6 2.7 -29.1 2.4 -34.9
sel49* 13.5 -53.9 3.2 -32.5 8.3 -43.2
sel50 3.2 4.7 6.1 4.7 4.7 4.7
sel51 0.1 2.6 0.3 3.0 0.2 2.8
sel52 3.4 6.5 1.7 5.1 2.6 5.8
sel821 0.6 -6.3 0.2 -10.0 0.4 -8.1
sel840 0.8 -7.5 0.8 -1.8 0.8 -4.7
sele0106 0.6 -50.4 0.7 -9.8 0.6 -30.1
sele0114 0.5 -59.0 0.7 -29.7 0.6 -44.4
sele0116 1.0 -33.7 1.6 -43.6 1.3 -38.7
sele0124 0.3 -37.7 0.8 -22.2 0.6 -29.9
sele0136 1.2 -70.6 0.3 -44.8 0.8 -57.7
sele0166 5.0 4.8 28.7 7.7 16.9 6.3
sele0210 0.8 -22.2 1.0 -32.5 0.9 -27.3
sele0211 1.0 -38.0 2.7 -45.6 1.8 -41.8
sele0303 0.1 -27.6 0.2 -56.1 0.1 -41.8
sele0409 2.8 -14.3 5.8 -5.3 4.3 -9.8
sele0609 0.6 5.4 2.1 6.7 1.3 6.1
sele0612 4.6 7.6 5.5 4.7 5.0 6.2

Average 
Average * only

10.0
63.1

-19.2
-40.7
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Table B.17: Low-frequency power and noise reduction obtained for selected records of the QT 
database when they are filtered using the third order filter.

Record

Lead A Lead B Average leads

power (10 ® V®) % reduction power (10'® V®) % reduction power (10 ® V®) % reduction

sell 4172 2.1 0.4 2.3 -4.7 2.2 -2.2
sell 6539 1.1 -14.3 0.2 -16.2 0.7 -15.3
sell 6786 0.4 -30.5 0.5 -7.4 0.4 -19.0
sell 6795 0.3 -37.8 0.5 -3.6 0.4 -20.7
sell 7152 0.8 -42.3 0.3 -31.7 0.6 -37.0
sell 7453 0.9 -24.1 0.2 -22.1 0.6 -23.1
sel223 2.5 -53.5 1.5 -56.8 2.0 -55.2
sel301 0.3 -36.4 3.4 -39.0 1.9 -37.7
sel30 3.0 ■53.0 2.6 -33.5 2.8 -43.2
sel3r 14.4 -62.5 3.3 -51.9 8.8 -57.2
sel32 4.1 -6.2 4.0 -8.2 4.0 -7.2
sel33 8.8 -55.3 2.3 -15.9 5.6 -35.6
sel34 8.2 4.3 1.3 -7.0 4.8 -1.4
sel38 2.9 3.2 1.4 -8.0 2.1 -2.4
sel39’ 133.4 -59.7 49.3 -36.7 91.3 -48.2
sel40 2.0 -39.7 2.8 -35.3 2.4 -37.5
sel41 2.5 -56.6 2.9 -32.9 2.7 -44.7
sel42 5.6 -4.0 18.7 -1.3 12.2 -2.7
sel43 2.7 -40.0 4.0 ■23.3 3.3 -31.6
sel44 3.1 2.0 6.2 0.3 4.6 1.2
sel45* 13.5 -51.8 2.6 -44.6 8.0 -48.2
sel46 2.2 -35.0 4.0 -25.5 3.1 -30.3
sel47* 234.3 -46.2 73.1 -40.0 153.7 -43.1
sel48 2.0 -44.2 2.4 -36.7 2.2 -40.4
sel49* 12.1 -58.7 2.6 -43.3 7.4 -51.0
sel50 3.1 -0.2 5.8 -1.2 4.4 -0.7
sel51 0.1 -5.1 0.3 -5.2 0.2 -5.2
sel52 3.2 1.6 1.6 -1.1 2.4 0.3
sel821 0.4 -25.8 0.2 -18.2 0.3 -22.0
sel840 0.6 -23.5 0.8 -9.5 0.7 ■16.5
seleOlOB 0.5 -54.3 0.6 -15.6 0.6 -35.0
seleO114 0.5 -59.9 0.7 -30.6 0.6 -45.2
seleO116 0.9 -37.0 1.5 -48.5 1.2 -42.8
sele0124 0.3 -40.9 0.7 -31.9 0.5 -36.4
sele0136 1.3 -69.8 0.3 -47.1 0.8 -58.4
sele0166 4.7 -3.0 27.7 3.8 16.2 0.4
sele0210 0.6 -35.1 0.9 -40.8 0.7 -38.0
sele0211 0.9 -42.7 2.6 -46.9 1.8 -44.8
sele0303 0.1 -32.8 0.2 -56.6 0.1 -44.7
sele0409 2.6 -19.4 5.1 -16.2 3.9 -17.8
sele0609 0.5 0.5 2.0 3.5 1.3 2.0
sele0612 4.5 5.4 5.0 -4.7 4.7 0.3

Average 8.8 -27.1
Average * only 53.9 ■49.5
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Table B.18: Low-frequency power and noise reduction obtained for selected records of the QT 
database when they are filtered using the third order concave filter.

Record

Lead A Lead B Average leads

power (10 ' % reduction power (10'® V^) % reduction power (10'® V^) % reduction

sen 4172 2.1 0.4 2.4 -2.4 2.2 -1.0
sell 6539 1.1 -7.5 0.3 -11.2 0.7 -9.4
sell 6786 0.4 -19.5 0.5 -3.8 0.5 -11.7
sell 6795 0.4 -23.1 0.6 -2.2 0.5 -12.6
sel17152 1.1 -23.6 0.3 -20.1 0.7 -21.9
sen 7453 1.0 -13.2 0.2 -14.7 0.6 -14.0
sel223 2.5 -53.6 1.5 -57.1 2.0 -55.3
sel301 0.3 -35.7 3.5 -37.9 1.9 -36.8
sel30 2.8 -56.0 2.6 -33.3 2.7 -44.6
seisr 13.2 -65.5 3.4 -50.8 8.3 -58.1
sel32 4.3 -2.7 4.1 -4.4 4.2 -3.6
sel33 8.2 -58.4 2.4 -13.1 5.3 -35.8
sel34 8.3 5.7 1.4 -3.0 4.9 1.4
sel38 3.0 5.7 1.4 -4.8 2.2 0.4
sel39' 136.2 -58.8 51.6 -33.8 93.9 -46.3
sel40 2.0 -40.7 3.1 -28.8 2.5 -34.8
sel41 2.3 -60.2 3.0 -32.0 2.6 -46.1
sel42 5.9 -0.4 19.3 1.9 12.6 0.7
sel43 2.6 -41.1 4.1 -21.5 3.4 -31.3
sel44 3.1 4.8 6.4 3.6 4.8 4.2
sel45* 13.9 -50.3 2.7 -42.7 8.3 -46.5
sel46 2.2 -33.3 4.1 -23.8 3.1 -28.6
sel47* 227.9 -47.7 74.0 -39.3 150.9 -43.5
sel48 1.9 -47.3 2.4 -37.8 2.1 -42.5
sel49* 11.7 -60.2 2.7 -41.3 7.2 -50.7
sel50 3.1 2.7 6.0 1.8 4.5 2.2
sel51 0.1 -1.0 0.3 -1.5 0.2 -1.2
sel52 3.3 4.2 1.7 1.8 2.5 3.0
sel821 0.5 -16.4 0.2 -13.8 0.4 -15.1
sel840 0.7 -15.7 0.8 -6.0 0.7 -10.9
sele0106 0.5 -53.4 0.6 -12.9 0.6 -33.2
seleO114 0.5 -61.4 0.7 -30.5 0.6 -46.0
sele0116 0.9 -36.7 1.5 -47.3 1.2 -42.0
sele0124 0.3 -39.7 0.7 -28.7 0.5 -34.2
sele0136 1.2 -70.3 0.3 -47.0 0.8 -58.7
sele0166 4.8 -0.1 28.0 5.1 16.4 2.5
sele0210 0.7 -31.6 0.9 -40.1 0.8 -35.9
sele0211 0.9 -43.5 2.4 -50.0 1.7 -46.7
sele0303 0.1 -32.0 0.2 -57.0 0.1 -44.5
sele0409 2.7 -17.5 5.4 -12.1 4.1 -14.8
sele0609 0.5 3.4 2.0 4.7 1.3 4.0
sele0612 4.6 7.6 5.2 -0.8 4.9 3.4

Average 
Average * only

8.8
53.7

-24.7
-49.0
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Appendix C

C.1 Sensitivity of Friend’s circuit

Table C.1: Sensitivities of the frequency and Q-factor of the poles and zeros of Friend’s circuit 
with respect to component tolerances for 112 = 0.82 {Rc/Rd = 2.2/10).

Gu/Ga=0.01 Gb/Ga^OA Gr/Ga- 1

Ci/C, 0.1 1 10 0.1 1 10 0.1 1 10

U}p

■0.50 ■0.50 -0.50 -0.50 -0.50 -0.50 -0.50 -0.50 -0.50
Sr, ■0.50 ■0.50 -0.50 -0.50 -0.50 ■0.50 ■0.50 -0.50 -0.50
Sgo 0.51 0.51 0.51 0.58 0.58 0.58 0.95 0.95 0.95
Sa, 0.39 0.30 0.21 0.37 0.29 0.21 0.30 0.24 0.19
Sc, 0.11 0.20 0.29 0.13 0.21 0.29 0.20 0.26 0.32
Sce -0.01 -0.01 -0.01 -0.08 -0.08 -0.08 -0.45 -0.45 -0.45
Sap -0.01 -0.01 •0.01 -0.08 -0.08 -0.08 -0.45 -0.45 -0.45
Scc 0.01 0.01 0.01 0.07 0.07 0.07 0.37 0.37 0.37
Sc„ 0.00 0.00 0.00 0.01 0.01 0.01 0.08 0.08 0.08

T.\s\ 2.04 2.04 2.04 2.33 2.33 2.33 3.82 3.82 3.82

OJz

Sci -0.50 -0.50 ■0.50 -0.50 -0.50 -0.50 -0.50 ■0.50 -0.50
Sr, -0.50 ■0.50 -0.50 -0.50 -0.50 -0.50 -0.50 -0.50 -0.50
Sc, 0.85 0.85 0.85 0.97 0.97 0.97 1.59 1.59 1.59
Sa, 0.39 0.30 0.21 0.37 0.29 0.21 0.30 0.24 0.19
Sa, 0.11 0.20 0.29 0.13 0.21 0.29 0.20 0.26 0.32
SCe -0.35 -0.35 -0.35 -0.47 ■0.47 -0.47 ■1.09 -1.09 -1.09
Scb -0.02 -0.02 -0.02 -0.17 -0.17 -0.17 -0.92 -0.92 -0.92
Sac 0.35 0.35 0.35 0.47 0.47 0.47 1.09 1.09 1.09
Sa, •0.33 -0.33 -0.33 ■0.30 -0.30 ■0.30 -0.17 ■0.17 -0.17

E\s\ 3.39 3.39 3.39 3.88 3.88 3.88 6.36 6.36 6.36

Qp

Sc, -0.40 0.01 0.42 ■0.37 0.06 0.47 -0.21 0.36 0.83
Sc^i 0.40 -0.01 -0.42 0.37 -0.06 -0.47 0.21 -0.36 -0.83
Sc, -0.57 -0.52 -0.52 ■1.13 -0.71 -0.66 -5.08 -2.33 -1.84
Sci 0.56 0.51 0.51 0.97 0.61 0.56 2.66 1.22 0.97
Sa, 0.44 0.31 0.22 0.71 0.35 0.23 1.58 0.58 0.36
Sci 0.13 0.20 0.29 0.25 0.26 0.33 1.08 0.65 0.61
Sa. 0.01 0.01 0.01 0.16 0.10 0.09 2.42 1.11 0.88
Sgb 0.07 0.02 0.02 0.63 0.21 0.16 4.58 1.83 1.34

-0.06 -0.02 -0.01 -0.51 -0.17 ■0.13 ■3.75 -1.50 -1.10
Sa, -0.01 0.00 0.00 -0.11 -0.04 -0.03 -0.83 -0.33 -0.24

^ |5| excl. Sc, 2.10 1.10 1.89 4.23 1.96 2.56 19.73 9.04 8.04

Q,

Sci -0.44 -0.17 0.09 ■0.41 -0.14 0.13 -0.31 0.06 0.36
Sr, 0.44 0.17 -0.09 0.41 0.14 -0.13 0.31 -0.06 -0.36
Sc, -0.32 -0.27 ■0.26 -0.88 ■0.43 -0.37 -4.93 -1.96 -1.43
Sc, 1.64 0.49 0.29 1.64 0.52 0.30 2.29 0.76 0.45
Sg^ -1.45 -0.33 -0.13 -1.19 -0.30 -0.11 -0.74 -0.15 0.00
Sc^ 0.13 0.11 0.11 0.42 0.21 0.18 3.38 1.34 0.98

0.07 0.02 0.01 0.60 0.16 0.10 4.55 1.59 1.06
Sgc -1.38 -0.29 -0.18 -1.69 -0.44 ■0.28 -5.37 -1.87 -1.25
Sg[} 1.31 0.28 0.17 1.09 0.29 0.18 0.82 0.29 0.19

El SI 7.17 2.12 1.33 8.34 2.63 1.78 22.72 8.08 6.10
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Table C.2: Sensitivities of the frequency and Q-factor of the poles and zeros of Friend's circuit 
with respect to component tolerances for n2 = 0.91 (Rc/Rd = 1/10).

Gb/G,4=0.01 Gb/G.,=0.1 G„/G.4= 1

C2/C1 0.1 1 10 0.1 1 10 0.1 1 10

U}p

Sc^ -0.50 -0.50 -0.50 -0.50 -0.50 -0.50 -0,50 -0,50 -0.50
Sc, -0.50 -0.50 -0.50 -0.50 -0.50 -0.50 -0,50 -0.50 -0.50

0.52 0.52 0.52 0.68 0.68 0.68 1.50 1.50 1.50
S(U 0.43 0.33 0.24 0.41 0.32 0.23 0.33 0.26 0.21
Sc, 0.07 0.17 0.26 0.09 0.18 0.27 0.17 0.24 0.29
Sce -0.02 -0.02 -0.02 -0.18 -0.18 -0.18 '1.00 -1.00 -1.00

-0.02 0.02 -0.02 -0.18 -0.18 -0.18 -1.00 -1.00 -1.00
Scc 0.02 0.02 0.02 0.17 0.17 0.17 0.91 0.91 0.91
Sgd 0.00 0.00 0.00 0.02 0.02 0.02 0.09 0.09 0.09

Eis| 2.08 2.08 2.08 2.73 2.73 2.73 6.00 6.00 6.00

Sr, -0.50 -0.50 -0.50 -0.50 -0.50 -0.50 -0.50 ■0.50 •0.50
■0.50 -0.50 -0.50 -0.50 -0.50 -0.50 -0,50 -0.50 -0.50

Sci 0.87 0.87 0.87 1.14 1.14 1.14 2.50 2.50 2.50
Sa, 0.43 0.33 0.24 0.41 0.32 0.23 0.33 0.26 0.21

0.07 0.17 0.26 0.09 0.18 0.27 0.17 0.24 0.29
SCe -0.37 -0.37 -0.37 -0.64 -0.64 -0.64 -2.00 -2.00 -2.00
Sc,, -0.04 -0.04 ■0.04 ■0.33 -0.33 -0.33 -1.83 -1.83 -1.83
Sca 0.37 0.37 0.37 0.64 0.64 0.64 2.00 2.00 2.00
Sco -0.33 -0.33 -0.33 -0.30 -0.30 ■0.30 ■0.17 ■0.17 -0.17

E|S| 3.46 3.46 3.46 4.54 4.54 4.54 9.99 9.99 9.99

Qp

Sc, -0.40 0.01 0.42 -0.37 0.06 0.47 -0.21 0.36 0.83
Sc2 0.40 -0.01 -0.42 0.37 -0.06 -0.47 0.21 -0.36 -0.83
•^G'2 -0.59 -0.53 -0.53 -1.32 -0.83 -0.77 ■7.97 ■3.66 -2.89
Sc, 0.56 0.51 0.51 0.97 0.61 0.56 2.66 1.22 0.97
Sc, 0.49 0.34 0.24 0.79 0.39 0.26 1.75 0.64 0.40
Sc, 0.08 0.17 0.27 0.18 0.22 0.31 0.91 0.58 0.57
Sc. 0.02 0.02 0.02 0.35 0.22 0.20 5.31 2.44 1.93
SGs 0.09 0.03 0.03 0.82 0.33 0.27 7.47 3.16 2.39
Scc ■0.08 -0.03 -0.02 -0.74 -0.30 -0.24 -6.79 -2.87 ■2.18
Sc„ -0.01 0.00 0.00 -0.07 -0.03 -0.02 -0.68 -0.29 -0.22

53 |6’| GXCl. 5g’i 2.15 1.14 1.94 5.00 2.45 3.01 31.32 14.36 12.24

Q,
^Ci -0.44 -0.17 0.09 -0.41 -0.14 0.13 -0.31 0.06 0.36
Sc, 0.44 0.17 ■0.09 0.41 0.14 -0.13 0.31 -0.06 ■0.36
Sg7 -0.33 -0.27 -0.27 -1.02 -0.50 -0.43 -7.74 -3.08 -2.25

1.09 0.43 0.28 1.27 0.48 0.30 2.18 0.75 0.45
Sci -0.90 -0.27 -0.12 -0.82 -0.26 -0.10 -0.63 -0.13 0.00
Sc, 0.14 0.11 0.11 0.57 0.28 0.24 6.19 2.46 1.80
Sc, 0.08 0.02 0.01 0.75 0.23 0.16 7.37 2.71 1.88
Scc -0.80 -0.21 -0.15 -1.44 -0.44 -0.31 -8.04 -2.95 -2.05
Sa, 0.72 0.19 0.14 0.68 0.21 0,15 0.67 0,25 0.17

E|S| 4.94 1.86 1.26 7.40 2.68 1.95 33.43 12.45 9.34
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Table C.3: Sensitivities of the frequency and Q-factor of the poles and zeros of Friend’s circuit 
with respect to component tolerances for n2 = 0.99 (Rc/Rd = 1/100).

Gb/G^=0.01 Gb/G^=0.1 GbJGa^'^
Cj/C, 0.1 1 10 0.1 1 10 0.1 1 10

UJp

-0.50 -0.50 -0.50 -0.50 -0.50 ■0.50 ■0.50 •0.50 ■0.50
Sci •0.50 ■0.50 -0.50 •0.50 ■0.50 ■0.50 -0,50 -0.50 ■0.50
So, 0.47 0.36 0.26 0.45 0.35 0.25 0.36 0.28 0.22
So, 0.70 0.70 0.70 2.32 2.32 2.32 10.49 10.49 10.49
So, -0.20 -0.20 -0.20 1.82 -1.82 -1.82 -9.99 -9.99 -9.99
Soe 0.03 0.14 0.24 0.05 0.15 0.25 0.14 0.22 0.28
^Gb -0.20 -0.20 -0.20 -1.82 -1.82 -1.82 ■9.99 -9.99 -9.99
Scc 0.20 0.20 0.20 1.80 1.80 1.80 9.89 9.89 9.89
Sco 0.00 0.00 0.00 0.02 0.02 0.02 0.10 0.10 0.10

Eis| 2,79 2.79 2.79 9.26 9.26 9.26 41.96 41.96 41.96

ijJz

-0.50 -0.50 -0.50 -0.50 -0.50 -0.50 -0.50 -0.50 -0.50
-0.50 -0.50 -0.50 -0.50 ■0.50 ■0.50 •0.50 •0.50 ■0.50

SC2 1.16 1.16 1.16 3.86 3.86 3.86 17.47 17.47 17.47
0.47 0.36 0.26 0.45 0.35 0.25 0.36 0.28 0.22

Sci 0.03 0.14 0.24 0.05 0.15 0.25 0.14 0.22 0.28
SCe •0.66 -0.66 -0.66 -3.36 -3.36 -3.36 -16.97 -16.97 -16.97
Sgb -0.33 -0.33 -0.33 ■3.05 ■3.05 -3.05 ■16.80 ■16.80 -16.80
Scc 0.66 0.66 0.66 3.36 3.36 3.36 16.97 16.97 16.97
So, -0.33 -0.33 -0.33 -0.30 -0.30 -0.30 -0.17 -0.17 -0.17

E\s\ 4.65 4.65 4.65 15.43 15.43 15.43 69.87 69.87 69.87

Qp

Sc, -0.40 0.01 0.42 -0.37 0.06 0.47 -0.21 0.36 0.83
Sr, 0.40 ■0.01 -0.42 0.37 -0.06 -0.47 0,21 -0.36 -0.83
Sa2 -0.79 ■0.71 -0.71 ■4.47 ■2.83 -2.61 -55.80 -25.62 ■20.26
So, 0.56 0.51 0.51 0.97 0.61 0.56 2.66 1.22 0.97

0.53 0.37 0.26 0.86 0.42 0.28 1.91 0.70 0.43
^Gi 0.04 0.14 0.25 0.10 0.19 0.28 0.75 0.53 0.53
Sc, 0.22 0.20 0.20 3.51 2.22 2.05 53,14 24.39 19.29
Sgb 0.29 0.21 0.21 3.97 2.33 2.11 55.30 25.12 19.76
Scc -0.28 -0.21 -0.21 ■3.93 -2.31 -2.09 -54.75 -24.87 ■19.56
Scb 0.00 0.00 0.00 -0.04 -0.02 -0.02 -0.55 -0.25 -0.20

|S| excl. Sc, 2.96 1.87 2.66 17.63 10.44 10.39 222.63 102.18 81.70

Q,

Sc, -0.44 -0.17 0.09 -0.41 ■0.14 0.13 ■0.31 0.06 0.36
Sc, 0.44 0.17 ■0.09 0.41 0.14 ■0.13 0.31 -0.06 •0.36
Sg2 -0.44 -0.36 -0.36 -3.48 -1.71 -1.47 -54.17 -21.55 -15.76
Sci 0.60 0.38 0.27 0.94 0.44 0.29 2.07 0.74 0.45
Sc, -0.41 -0.23 -0.11 -0.49 -0.22 -0.10 -0.52 -0.12 0.00
Sc<i 0.25 0.21 0.20 3.03 1.49 1.28 52.62 20.93 15.31
Scb 0.19 0.11 0.11 3.21 1.44 1.20 53.80 21.18 15.39
Soc -0.38 -0.23 -0.21 •3.53 -1.58 ■1.32 -54.33 -21.39 -15.54
Sgo 0.19 0.11 0.10 0.32 0.14 0.12 0.53 0.21 0.15

E|A1 3.34 1.98 1.55 15.83 7.29 6.02 218.67 86.23 63.33
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C.2 Results of the optimisation procedure

Table C.4: Results obtained by maximising the 3dB-cutoff frequency of the third order concave 
filter when the undershoot occurring after the application of a 3 mVxfOO ms rectangular input 
pulse is constrained to be less than 95 pV for different starting points.

START hdD rti no In 6ii P 2
hdii (mHz) (mHz) (rad/s) ((rad/s)^ ) (rad/s) ((rad/s)’) (rad/s) (rad/s) (rad/s)

Butterworlh

10 54.13 1.3031 0.1108 0.4409 0.0294 1.1828 sub-optimal

30 83.92 1.0618 0.5644 1.1293 0.8506 0.2085 -0.2085 0
■0.5647 ±j 0.7292 •0.5309 0.5316

50 71.32 1.8828 0.4893 1.1393 0.1529 1.0054 sub-optimal

70 not converging

90 83.92 1.0626 0.5651 1.1299 0.8516 0.2085 -0.2085 0
-0.5649 ±j 0.7297 -0.5313 ±j 0.5318

110 83.92 1.0613 0.5640 1.1290 0.8501 0.2084 -0.2084 0
-0.5645 ±j 0.7290 -0.5307 0.5314

130 not converging

150 83.92 1.0616 0.5643 1.1292 0.8504 0.2085 -0.2085 0
-0.5646 ±j 0.7291 -0.5308 ±j 0.5315

Chebyshev (7?^ = 0.5 dB)

10 not converging

30 83.92 1.0619 0.5645 1.1294 0.8508 0.2085 -0.2085 0
-0.5647 ±j 0.7293 -0.5310 0.5316

50 83.92 1.0623 0.5649 1.1297 0.8513 0.2085 -0.2085 0
-0.5648 ±J 0.7296 -0.5312 ±j 0.5317

70 83.92 1.0619 0.5645 1.1294 0.8507 0.2085 -0.2085 0
-0.5647 ±ji 0.7293 -0.5309 ±j 0.5316

90 59.98 1.0433 0.3506 1.1248 0.4627 0.2380 sub-optimal

110 83.92 1.0623 0.5648 1.1296 0.8512 0.2085 -0.2085 0
■0.5648 ±j 0.7295 -0.5311 ±j 0.5317

130 83.92 1.0626 0.5651 1.1298 0.8516 0.2085 ■0.2085 0
■0.5649 ±j 0.7297 -0.5313 ±j 0.5318

150 83.92 1.0626 0.5651 1.1299 0.8516 0.2085 ■0.2085 0
-0.5649 ±j 0.7297 -0.5313 ±j 0.5318

Elliptic (Rp = 0.5dB, As = 40 dB)

10 83.92 1.0617 0.5643 1.1292 0.8505 0.2085 -0.2085 0
■0.5646 ±j 0.7292 -0.5308 0.5315

30 83.92 1.0619 0.5645 1.1294 0.8508 0.2085 -0.2085 0
-0.5647 ±j 0.7293 ■0.5310 0.5316

50 not converging

70 83.92 1.0617 0.5644 1.1293 0.8506 0.2085 -0.2085 0
-0.5646 ±j 0.7292 -0.5309 ±j 0.5315

90 83.92 1.0628 0.5653 1.1300 0.8519 0.2085 -0.2085 0
-0.5650 ±j 0.7298 -0.5314 0.5319

110 83.92 1.0619 0.5645 1.1294 0.8508 0.2085 -0.2085 0
-0.5647 ±j 0.7293 -0.5310 ±j 0.5316

130 not converging

150 71.22 1.9553 0.5375 1.1777 0.1641 1.0290 sub-optimal
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