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Abstract

Many methods exist for the repair and strengthening of beams. With increasing traffic 

volumes and axle weights, the demand for performance of highway structures has 

increased. In new construction the demand optimised structural members is increasing. 

This research has examined a method of strengthening steel beams with a view to new 

construction rather than the repair of existing beams, however, the method researched 

could also be employed in retrospective repair.

A simply supported steel beam wdth a 6m simply supported span and a central 

concentrated load was used to used to explore a method of strengthening, which involves 

using external tendons to apply specific counter-moments (moment opposite to those 

induced by loading) at specific optimum locations along the length of the span to 

minimise the final bending moment diagram.

A steel beam was used to test two different tendon configurations. The first tendon 

configuration, which was contained within the overall depth of the beam, was not 

efficient and displayed slight improvement (that is 5%) in load capacity when compared 

to the same un-strengthened beam. The second tendon configuration tested increased the 

overall beam depth by 12% and was a more efficient tendon system. The load capacity 

of the beam with the second tendon configuration was 48% greater than the capacity of 

the un-strengthened beam.
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CHAPTER 1

INTRODUCTION

Many methods exist to strengthen structural members by retrofitting to facilitate 

increased loading or to repair deteriorated members. This research investigated a method 

of strengthening that could be used for structural upgrading or for employment in new 

construction, where there is an increasing demand for lighter, stronger and more efficient 

members. The principal objective of the research was to establish a method of 

strengthening a beam, of reduced depth, to carry the same loading as that which a deeper 

un-strengthened beam could carry, with the same span and support conditions. Providing 

a strengthened beam of less depth to do the work of a deeper beam would have 

significant cost implications, particularly now with multi-storey construction.

Many structures nowadays are constructed with a pre-fabricated facade fixed to a steel or 

concrete frame. Expensive finishes, such as polished natiaral stone, are often used with 

the facade pre-cast units and any design modification which reduces the building height 

will have a consequential benefit in reduced facade costs. Planning laws often impose 

height restrictions, particularly in urban areas, where living and business space is at a 

premium.

Previous research has been carried out, on which this current research is based, in an 

undergraduate project (Maher 1998). The project was primarily involved with proving 

the concept of using external tendons to apply “counter-moments”, or moments opposite 

to those induced by loading, for beam improvement. The tendons were attached to levers 

welded to the underside of a model beam and stressed to apply concentrated moments at 

specific locations and of a specific magnitude such that the loaded bending moment 

diagram is optimised (minimised).
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1.1 Objectives

The main objective of this research is to investigate the potential of using tensioned 

external tendons in steel beams to improve the efficiency of performance, specifically to 

use pre-applied moments and self-counter moments to enhance the capacity of the beam 

or to reduce the overall depth of the beam while maintaining the original (deeper) beam 

capacity. The beam depth reduction would serve to reduce construction cost in expensive 

facades. Alternatively, an additional story could be added without increasing the overall 

height o f the building, provided a sufficient number of storeys were proposed for a given 

structure (or the order of 10 storeys), by reducing the overall height from floor to floor by 

the beam depth reduction. Another objective was to establish equations that would allow 

design charts to be developed for the strengthening system.

1.2 Methodology

Equations for the optimum counter-moment (applied moments via pre-stressed tendons 

opposite to loading) for various loads and beam supports conditions were established. FE 

analyses were carried out for both configurations described earlier and laboratory testing 

was carried out to verify both configurations.

To verify the proposed design in this research, a structural configuration was derived to 

achieve overall beam depth minimisation. Two tendon configurations were tested; the 

first had a tendon and lever configuration contained within the flanges of the beam (that 

is, with levers attached to the underside of the upper flange); the second had tendons 

attached directly to the underside of the bottom flange. The first tendon configuration 

had at least the same capacity as a beam over twice as deep (for the same span and 

support conditions) with a significant improvement in deflection. The second 

configuration had a greater capacity and less deflection than the earlier configuration and 

proved to be a more efficient system.
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1.3 Layout of thesis

Chapter 2 examines the methods for the repair and strengthening of beams. Two main 

types of strengthening have been reviewed wath this research. External plates bonded to 

concrete members and steel plates welded or bonded to a steel member constitute the first 

main type of repair reviewed. Plate bonding is used to upgrade the ultimate capacity of 

an existing member to accommodate loading in excess of original design loading or to 

repair structural members. Secondly, applying internal and external tendons to beams 

are also investigated. Internal tendons are discussed and this application is primarily 

involved with new construction (that is, tendons inserted into ducts, which are pre-cast 

into members). External tendons are examined both for tendons fitted retrospectively to 

upgrade the ultimate strength of members and external tendons applied to new 

construction. External tendons are becoming increasingly popular due to ease o f access 

for long term maintenance and ease of fitting. .

The theory developed in the previous research by the author will also be presented in 

chapter 3. Equations for the magnitude and location of counter-moments applied to a 

simply supported beam with central concentrated load will be given. The equations will 

cover the cases for single or multiple pairs of counter-moments applied to a beam with 

simple supports. The theory was also expanded in to cover beams with counter-moments 

applied to fixed end beams with a central concentrated load. Multiple counter-moments 

applied to beams with a central concentrated load and asymmetrical loading and two span 

continuous beams with a central concentrated load on each span will also be covered. 

The resulting bending moment diagram in the un-strengthened two-span case has 

typically three peaks, one at each central concentrated load application and a peak over 

the mid support. One pair of counter moments were applied for each peak resulting in six 

counter moments being applied to the two-span continuous beam.

A parametric study will be discussed in chapter 3. Expressions will be developed for Pi, 

the initial tendon force, r , , the rate of tendon force increase due to applied beam load and 

W, the maximum load that can be applied. The study will established the influence of. P i ,
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and r, , on the maximum load that can be applied. The study examined the implicit 

nature of the expressions and established the sensitivity of a variable contained with the 

expressions with regard to member load bearing capacity.

A finite element model for the test beam with both tendon configurations is discussed in 

chapter 4. Tetrahedral elements were found to model the solid flange and web plate 

elements closely with predicted results being within 1% error of those recorded in the test 

laboratory. The elements used to model the tendons had a provision to specify an initial 

strain, which was used to model the applied tendon forces.

Chapter 5 examines the predictions of linear FE analyses for both the earlier and the 

revised tendon configurations. The FE predictions and the derived equations (chapter 3) 

will be shown to compare closely in chapter 5.

Chapter 6 will discuss the predictions of non-linear FE analyses of the revised tendon 

configuration together with other methods of strengthening for similar beams. The 

ultimate load and mode of failure will be established for the various methods.

Chapter 7 will present the results of laboratory testing of both tendon configurations 

considered in the FE analyses. The findings fi'om the laboratory testing of the beam with 

the revised horizontal tendon configuration will also be considered in chapter 7. The 

results of the testing compare closely to the predicted values from the finite element 

analyses (that is, no greater than 3% difference).

Chapter 8 covers the conclusions of the work on the test beam and recommendations.
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CHAPTER 2

CURRENT METHODS FOR BEAM STRENGTHENING AND REPAIR

As growth in commercial and domestic traffic increases, so too does the demand on the 

infrastructure to convey the traffic. With increasing traffic volumes and axle loadings it 

is often necessary to upgrade existing beam members with bridge construction. Inferior 

traffic bridge strength is a major problem in the U.S. Bridges built in the 1950’s during 

the construction of the U.S. interstate highway system are now approaching the end of 

their design life. A study carried out on the interstate system found that nearly 300,000 

bridges were sub-standard (Ritter 1990). Many methods exist either to repair weakened 

members to withstand existing loads or to strengthen members to accommodate 

additional loading.

Similarly, in this respect, the demand for city and large town premium office space and 

residential space has imposed a demand on many existing buildings to accommodate 

loads that are greater than the loads for which the buildings were initially designed. On 

change of ownership, it is not uncommon for additional load-carrying capacity to be 

sought, giving rise to a need for strengthening of structural elements. There are two 

principal methods of structural strengthening and/or repair, namely, steel or CFRP 

(Carbon Fibre Reinforced Polymers) plates externally bonded to the surfaces of members 

for flexural and shear strengthening, or external tendons retrofitted to increase member 

capacity. These two main areas of repair and/or strengthening will be reviewed.

In general, the external plate method is associated with the repair of deteriorated 

members but may also be used to upgrade the load capacity of members. Internal tendons 

are, in almost all cases, associated with new construction rather than retrospective repair 

or strengthening but will be discussed briefly. The external tendon application is used to 

increase the capacity of members due to increased working loads, deficiencies in design 

or structural deterioration.
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2.1 Plates Bonded to Structural Members

This method of repair involves the process of bonding plates of high tensile strength to 

locations on steel or concrete members where greater tensile or flexural resistance is 

required. This greater requirement for resistance may be due to, for example, 

deteriorated tensile reinforcement or greater applied loading. It may also be necessary to 

provide additional shear capacity for beams requiring flexural strengthening. The 

additional shear strength, provided via external plates bonded to the webs of beams, will 

also be discussed later in this chapter.

2.1.1 Steel plates fixed to steel members

Plate girders have been used for well over a century. The principle is to increase the 

second moment of area (‘T ’ value) to accommodate the increasing bending moment along 

the span. This, however, was usually a method of construction rather than for retrofitted 

strengthening plates. Fixing steel plates to steel members nowadays almost always 

involves a method to either upgrade existing sound members, as is often the case for 

bridge construction, or to increase the fatigue strength of members exposed to the cyclic 

loading of traffic. Strengthening steel bridge members, which are often composite steel 

beam/concrete slab members, involves fixing cover plates to the lower face of the bottom 

flange, partially along the spans in areas of higher stresses (that is, in the mid-third of 

spans and over supports on the top flange in continuous beams). However, cover plates 

bolted or welded to the flanges o f beams under cyclic loading have sometimes been 

found to fail prematurely. Research carried out (Miki et al. 1997) on the long-term 

flexural behaviour of cover plates under cyclic loading demonstrated that cracking 

typically appeared on welds at the ends o f the cover plates and then propagate into the 

web at a location above the ends of the cover plate.

Research has also been carried out (Albrecht 1988) into the behaviour of steel beam 

strengthened with steel plates epoxy bonded to their tension faces. A comparative study 

was carried out on plates bonded to the tension flange of steel beams (with high strength
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bolting at the plate ends to prevent de-bonding) as against welding the same plate to the 

tension flange with particular regard to the fatig;ue strength. Eighteen specimens of 

101x356x43kg/m universal beam (UB) with and without plates attached were fabricated.

This research demonstrated that epoxy adhesives typically have an ultimate strain about 

1/20 that of structural grade steel and, unlike steel, carmot deform plastically. The testing 

found that strengthening plates adhesively bonded to the tension flange of steel beams 

failed by de-bonding. If the strengthening plates were bolted at either end and adhesively 

bonded to the tension flange of a steel beam, the fatigue life could be increased by a 

factor o f at least 20 compared to that of conventionally welded plates. The failure 

mechanism in this case was not due to plate end de-bonding but by crack propagation 

from the bolt-holes at the plate ends.

Bolting on steel plates is becoming less popular due to the difficulty involved in placing 

large steel plates onto the underside of steel beams, which can require many personnel 

and expensive lifting gear. The problem of corrosion exists with steel plate strengthening 

particularly where the steel is exposed to chlorides, principally as is in the case of 

highway structures (due to de-icing salts) in the US and UK.

2.1.2 Carbon Fibre Reinforced Polymer (CFRP) plates bonded to steel beams

The use of CFRP plates has become an increasingly popular method of strengthening 

beams. Highway bridges will, as traffic loading increases, require upgrading or 

strengthening. Tight budgets within local authorities will often require that the bridge 

upgrading be carried out as quickly as possible and with minimum disruption to traffic. 

Consequently, CFRP plates are commonly used as a method of strengthening the lower 

flange of steel/concrete beams used in the construction of highway bridges. Research 

carried out by the Federal Highway Administration (Hooks and Cooper, 2003) found that 

the need for speed of repair and minimum disruption to traffic have necessitated the 

development of non-traditional rehabilitation schemes. These authors found that the use 

of externally bonded CFRP plates was an ideal solution and gave minimum traffic
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disruption. The method was also preferable for ease of fixing (that is, the light sheets 

could easily be placed on the beam soffit) and provided a quick method to improve 

flexural and fatigue strength of the bridge girders.

For example. Research carried on the rehabilitation of a bridge (Bridge 119) on behalf of 

the Delaware Department of Transport involved applying CFRP plates to the lower face 

of the bottom flange of steel girders along the length of the span (Chajes et al., 2002). 

The bridge was constructed of two approximately 650mm deep girders, which supported 

a concrete deck. The concrete decking was replaced with a new deck, which was made to 

act compositely with the strengthened beams. Non-destructive flexural tests were carried 

out on the original un-strengthened bridge, which were used as control tests for 

comparison with the strengthened test. The authors found that with the continued decline 

in the bridge infrastructure, the importance of advanced composites such as CFRP are 

increasingly being realised.

Research was carried out on a bridge strengthening project on behalf of the Iowa 

Department of Transpx)rtation wath CFRP bonded plates (Phares et al., 2000). The bridge 

was a continuous three-span structure approximately 50m long in total with a 20m central 

span. The deck width was approximately 10m and it was supported by 6 deep beams, 

two outer beams 270mm wide by 840mm deep, two inner beams 270mm by 910mm deep 

and two other beams 270mm wide by 980mm deep (see figure 2.1). The bridge was 

originally a non-composite structure. A continuous unidirectional carbon fibre was 

employed for this strengthening project. The Ultra High Modulus (UHM) plates were 

selected for their non-corrosive characteristics, ease of application and high tensile 

strength properties. The tensile properties are given in table 2.1, which is reproduced 

from the above publication. The plates were bonded to the underside of the lower flange 

of the beams using a high strength epoxy resin to transfer high forces to the carbon fibre 

plates. The plates were located in the sagging moment regions of every beam in all three 

spans. The surfaces of the beams to which the plates were to be bonded were prepared by 

sanding and shot-blasting and, finally, with a primer was applied.
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New deck cast to act compositely with the beams

fo>o

\
\  CFRP Plates

Cross-section of beam declc

Figure 2.1: A cross-section of the bridge decking with the CFRP plates bonded to the 

underside of the lower flange of the beams.

Ultimate tensile stress Modulus of elasticity Ultimate strain

1030M Pa 137.7G Pa 1.50%

Table 2.1: The properties of the CFRP used for the beam strengthening

When compared with an original un-strengthened control test, the bridge displayed an 

improvement in flexural performance with a reduction in working stresses. A 20 tonne 

truck was used to test the bridge and it was found that an improvement of 5-10% existed 

in the load carrying capacity of the bridge.

A railway bridge at North Harrow in London was assessed by London Underground LTD 

(Under-bridge assessment, 1984) and was found to be under the strength required to resist 

the loading of mainline trains, which the bridge carried in addition to underground trains. 

Originally, a method of welding steel cover plates was proposed. The final chosen 

method of strengthening was bonded CFRP plates attached to the underside of the lower 

flanges of the railway bridge. This method (Dodds, 2003) was chosen for the material’s 

high strength (lOSOMPa) and low self-weight (1660kg/m^), the ease of installation when
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compared to the heavier steel cover plates and the ability to carry out the refurbishment 

with little or no interruption to the rail traffic.

The bridge is constructed from two main edge beam girders of 2.45m depth, which are 

simply supported. Cross-beams of approximately 690mm depth run from each of the 

main beams at 2.25m centres and are fixed just above the lower flange of the main outer 

beams. Secondry beams supported by the 690mm deep cross-beams and running parallel 

to the main outer edge beams are 250mm deep and fixed at 760mm centres. The 250mm 

deep beams are cast into the concrete beam decking and provide horizontal restraint to 

the structure. Figure 2.2 shows the two different sets of CFRP plates applied to the 

bridge beams

2450mm deep edge girder

250mm deep 
beam —

UHM CFRP Plat 
bonded to beam UHM CFRP Plates 

bonded to beam
Protective galvanised ehieic; 
over CFRP.

Section X-X

Figure 2.2: The UHM CFRP plates bonded to the bridge beams with the protective 

galvanised plates in place (Dodds 2003).
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The problem of peeling associated with bonded CFRP plates was overcome by allowing 

the plates to run past the required length and to taper the end of the plate for the overrun 

length (3.5m for the main outer girders and 1.5m for the 690mm deep cross-beams). 

Given that the modulus of the CFRP is higher than that of the steel girders stress induced 

by flexure will give rise to stresses 1.7 times greater in the CFRP than the stresses in the 

beam. However, as is the case with most retrofitted plates, the dead load is already 

applied to the structure and it is only the additional live load stresses that need be 

considered for the above stress differential problem. The UHM CFRP has a 

characteristic tensile stress of lOSOMPa and a characteristic compressive strength of one- 

third this value. The design stresses were all kept to within 40% of these tensile and 

compressive values. The clearance imder the bridge, which is exposed to vehicular and 

pedestrian traffic, was reduced by 40mm with the strengthening process. This loss of 

head room was reclaimed by planing and resurfacing the road below. Galvanised metal 

sheet protection was provided for the CFRP along the underside of the main outer edge 

beams and the 690mm cross-beams to prevent damage against vehicle impact.

When members are strengthened with CFRP plates, the beneficial counter-moment is 

applied throughout the length of the plate either by pre-stressing and/or loading. The 

proposed method of strengthening in this thesis requires concentrated moments to be 

applied at specific locations (which was found to a more efficient method and is 

discussed in chapter 3) and is impossible to achieve with bonded plates due to their 

dispersive nature.

2.1.3 Steel Plates bonded to concrete members

This method of strengthening involves bonding plates to concrete members in localised 

areas to relieve stress. The method can be used to upgrade members to accommodate 

additional loading (or existing loading after fire damage), or to strengthen fatigued 

members to carry existing loading. The method of bonding steel plates to concrete 

members is preferred over fixing the steel plate with expanded bolts. When steel plates 

are bonded chemically, the plate/beam interface is a fully engaged mechanical bond. In
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the case of bolting steel plates to concrete R.C. beams, the plate/beam interface is only 

partially engaged and, thus, the bonding method provides the greater increase in strength 

and stiffness to the member.

Research has been carried out (Zamic et al., 1999) on the modes of failure of R.C. 

members with steel bonded plates. Four point bending test were carried out on RC 

beams with two different cross-sections. Figure 2.3 shows the four-point configuration 

together with the cross-sections of the beams tested. Section type A was a 200mm wide 

by 300mm deep RC beam with reinforcement of 0.56% of the total cross-sectional area 

of the section (more particularly, compressive reinforcement was 226mm^ and tensile 

reinforcement was 339mm^). Section type B was 800mm wide by 120mm deep with a 

total area of reinforcement of 0.4% (with compressive reinforcement of 256mm^ and 

tension reinforcement of 384mm^). Both beam types had the same span of 3.2m. Three 

beams of each group had steel plates bonded to their tension faces and a control specimen 

was tested for each beam type without plates attached. The steel plates were 4mm thick 

and 50mm and 100mm wide for section types A and B resfjectively. The plates were 

bonded to the surface of the beams with a 2mm layer of epoxy resin. The surfaces were 

prepared using sand-pap>er to provide a good key for the epoxy resin.

The testing showed that failure did not occur due to concrete crushing or steel plate 

rupture but, in all cases, was due to the loss of composite action due to de-bonding. Two 

distinct modes of failure due to de-bonding were identified as follows;

• Mode A de-bonding at some intermediate point between the applied load location 

and the steel plate end in a zone of cracked concrete.

• Mode B de-bonding at the plate end where the concrete was not cracked.
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Figure 2.3: The four-point loading configuration and the psections of the two steel plated 

beams tested (Zamic et al., 1999)

The researcher concluded that mode failure type A can be attributed to localized bond 

peak stresses that typically occur around cracks in tensile concrete areas with plates 

bonded to them. Mode failure type B occurs in the un-cracked zone of the concrete when 

the bond stress increases at the plate ends due to yielding and de-bonding of the steel 

plate from the mid-span outwards. The testing also demonstrated that RC beams 

strengthened with bonded steel plates have a ductile response, mainly due to plate and, 

subsequently, tension reinforcement, yielding. Improvements in ultimate load capacity 

with this application where of the order of between 25-35% to that of the control test 

beams.

A common problem with RC beams that are strengthened with bonded steel plates to 

increase flexural capacity is a deficiency in shear capacity to withstand the increased 

loading (that is, original design shear capacity is insufficient). Research carried out to 

investigate the shear strength of RC beams strengthened with bonded steel plates
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demonstrated that the desirable ductile performance of a strengthened RC member can be 

achieved by ensuring that the ultimate shear force capacity of the strengthened member 

exceeds the shear force induced by the maximum flexural capacity loading (Collotti and 

Spadea, 2001).

The authors investigated a truss analogy concept to model the shear behaviour of the 

strengthened beams, which can be described as follows;

• The compression zone was idealised as a chord carrying a force C and the 

tensile zone was idealised as a chord carrying a force T. The distance between 

the line of action of the two forces was d, the lever arm (as in the case for RC 

beam design).

• The beam shear reinforcement is provided by the vertical links closely spaced 

at the supports.

• A perfectly plastic behaviour of the materials is assumed.

• The externa] bonded plate on the beam soffit is treated as conventional bar 

reinforcement, assuming a perfect bond between the concrete and steel plate 

interface.

A model was developed that could predict the ultimate shear strength of an RC concrete 

beam with bonded steel plates, thus allowing an investigation into the increase in flexural 

capacity.

The mode of failure of shear peeling of steel plates bonded to RC beams for flexural 

strengthening has been researched (Mohamed et al., 2001) Test beams were fabricated 

without shear links as it was required to have test beams with low shear strength. Earlier 

research had demonstrated that the shear links do not affect the shear peeling resistance 

of steel plated beams and also that the shear peeling failure was due to the critical 

diagonal shear crack close to the supports (Zhang, 1997). Tests were carried out with the 

beam shown in figure 2.4. Figure 2.5 shows the shear peeling mechanism failure.
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The theoretical shear strength of the un-plated beam was found to be 88.9kN. The shear 

strength of the plated beam was 63% greater at 140kN. The research demonstrated that 

plate end p)eeling due to shear is rapid and is caused by the formation of diagonal 

cracking close to the plate end and that shear links have a negligible effect in preventing 

end plate de-bonding due to shear.

Research has been carried out on beams with shear strengthening as well as flexural 

strengthening (Oehlers et al., 1998). The research investigated steel plates bonded to 

continuous beams for flexural strengthening. The research proposed a method of 

increasing the shear capacity of an existing RC beam by bonding steel plates to the webs 

and to the tension faces. This shear capacity increase would then yield an overall flexural 

capacity increase greater than in the case where steel plates only were bonded to the 

tension face of the beam.

Equation 2.1, derived from the research, calculates the maximum moment that would 

induce a flexure to the beam such that it would not allow plate de-bonding to occur.

A  j t  ^Cp f  b  1  \

where,

Âpure The maximum moment 

EIcp= The flexural rigidity of the cracked section 
The splitting tensile strength of the concrete 

Ep= Young’s modulus of the steel plate

ttfp= The thickness of the steel plates on the tension face of the beam 

0.474 is a coefficient that was derived empirically.

Figure 2.6 shows the configuration of the beams tested . All the beams were 180mm 

deep by 130mm wide. The plates bonded to tHe lower tension face of the beams were 

5mm thick and the plates bonded to the webs of the beams were 4mm thick. The test 

beams had a constant steel bar reinforcement of two 16mm diameter high tensile bars for 

the tension reinforcement in the bottom of the section and two 10mm diameter high
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Figure 2.6; The configuration of beams tested with stee; shear and bending plates 

attached. (Oehlers et al 1998)

tensile bars for compressive reinforcement in the top of the section. The lengths of the 

shear plates bonded to the webs of the beam were varied in the tests. The Young’s 

moduli for the steel plates were 203GPa and 210GPa respectively for the 4mm and 5mm 

thick plates. The epoxy resin had a tensile strength of 30MPa and a bond strength of 

15N/mm^. The testing demonstrated that when the shear plates were increased in length 

from 90mm to 690mm, the shear capacity increased from 30.8kN to 60.6kN

The research demonstrated that plates bonded to the webs of beams increased the shear 

capacity, which improved their flexural capacity by preventing premature de-bonding of 

the flexural strengthening plates. The additional shear capacity that can be produced by 

the addition of the web shear plates is of the order of between 50-60% which gives rise 

to a flexural capacity increase of the order of (15-25%) and is a function of the plate 

length (that is, the bond length) and the plate thickness.

When compared to external tendons, bonded steel plates can significantly increase 

member self-weight (of the order of 40-60%) whereas a much lesser area of tendons can 

be used to withstand the same forces (due to higher working stresses); thus, overall self

weight is lower. Unlike the external tendon application examined with this thesis.
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existing deflections cannot be restored when using bonded steel plates as pre-stressing is 

not viable owing to the lower yield stress when compared to tendons.

2.1.4 Carbon flbre reinforced polymer plates (CFRP) bonded to concrete members:

This method of strengthening is now more often used in place of steel plates, to upgrade 

concrete structural members or to improve their fatigue strength. During the late 1980’s 

the method was researched and developed and in 1991 the first bridge in Switzerland was 

strengthened with CFRP plates (Meier et al., 1992).

Fibre reinforced polymers (FRP) are composite materials consisting of fibres and a 

polymer matrix. With civil engineering applications CFRP is mostly used, however, 

GFRP (Glass Fibre Reinforced Polymer) and AFRP (Aramid Fibre Reinforced Polymer) 

have been used to a lesser degree. The proportion of fibre and polymer together with the 

fibre orientation will determine the mechanical properties of the FRP. In general the 

more fibre present the better the constituent material will perform up to a maximum of 

70% (by volume) as too much fibre present will not allow the fibre to be fully covered 

and bonded by the polymer. With regard to fibre orientation, the best results for tensile 

strength is to have the fibres aligned in the same direction as the applied tensile force. 

The material displays poorer properties in directions perpendicular to the fibre direction. 

The more common polymeric matrixes are epoxy, vinyl ester and polyester.

With most FRP, creep is a common event at higher stress and/or temperatures and 

research has shown that, provided the working stresses are kept within prescribed 

manufacturer’s levels, creep will not be a significant factor (Busel, 2000). However, 

comparative research has shown that GFRP and AFRP display a significant decrease in 

tensile strength when subjected to long-term constant loading while CFRP displayed very 

little loss in tensile strength (Pisani 1998). In this regard, the CFRP has a great advantage 

over the other FRP in strengthening applications. The CFRP has very little reaction to 

the concrete alkaline environment. Previous studies have demonstrated that long-term 

exposure (more than 3 years) of FRP to concrete results in little ultimate capacity loss
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(less than 4%) (Sen et al., 1998). The resistance to the alkaline environment is also based 

on the polymer matrix used. The authors found that epoxy and vinyl ester matrices 

performed favourably while the polyester matrix did not provide protection as the 

ultimate strength was significantly reduced by the alkaline enviroimient (of the order of 

25%).

An epoxy resin is applied to the prepared surface of the member upon which carbon fibre 

reinforced plastic plates are attached and cured. This method has the advantage of using 

lightweight materials and is often a preferred method of repair, particularly in restricted 

working spaces. Carbon fibre reinforced plastic plates (CFRP) have a high tensile 

strength (of the order of SOOMPa) and remove the need for thick plates to be bonded on 

external surfaces. The mechanical properties and freedom from corrosion of carbon fibre 

reinforced plastic have resulted in its use for many applications.

For example, work has been published on the use of CFRP plates to strengthen RC beams 

in the refurbishment of the RC members of a swimming p>ool roof (Brosens et al., 2000). 

The swimming pool near Kalmthout, in Belgium was constructed in 1974. The roof 

construction consisted of pre-cast concrete “T” beams over which pre-cast concrete plates 

were placed and a 110mm thick cast in-situ concrete slab was then poured over the entire 

roof (see figure 2.7). An inspection of the concrete roof in 1996 showed that the 

concrete was severely damaged in several locations. The damage was extensive as the 

concrete roof was covered with a suspended false ceiling and had not come to the 

attention of the owners for many years. Concrete cover had spalled off and the steel 

reinforcement was severely corroded. Tests carried out indicated that chloride ingress 

and concrete carbonation had breached an insufficient cover and induced steel corrosion.

The authors stated that a good understanding of the force distribution is required when 

designing external plate bonding strengthening retrofits. It is important to fully 

understand the existing stress distributions in a member before designing an external 

plate bonding strengthening application. End anchorage must be considered when 

designing bonded plates as the plate end is a discontinuity where high shear stress

19



110mm In-situ concrete 
topping slab

Pre-Cast concrete 
plates

Pre-C ast'T" beams

Figure 2.7; The general arrangement of the swimming pool roof (Brosens et al., 2000)

concentrations can develop, which can give rise to plate end peeling. If provision for 

adequate anchorage length is not possible, it is suggested that mechanical anchorage 

should be provided, such as bolting.

Saadatmanesh and Malek (1998) carried out research to develop design guidelines for 

reinforced concrete beams strengthened with carbon fibre plates. The method employed 

was to first sandblast the tension face of the beam to be strengthened (in this case the 

lower face of the beam) to provide a good bond at the plate-concrete interface and then to 

fix the carbon fibre plate with epoxy resin. The carbon fibre plate improved the strength 

and stiffness of the RC beams. The strain in the concrete and in the plate at the interface 

was assumed to be equal and the strain throughout the section was assumed to be linear, 

as shown in figure 2.8.

With the beams in this research, enough cross-sectional area was provided by the carbon 

fibre plates to ensure a balanced design, whereby, simultaneous failure o f the 

compression block and the tension reinforcement would occur.

This research found that high local stresses occurred at the “cut o ff’ points at the plate 

ends close to the supports which needed to be considered in the overall capacity design.
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Figure 2.8: The assumed hnear strain of the section with the carbon fibre plate attached. 

(Saadatmanesh et al., 1998)

This problem can be avoided by using large enough dimensions for the bonded plate. The 

researcher showed that rupture of the plate and concrete crushing were the main modes of 

failure that needed to be considered in the ultimate strength design calculations. Local 

failure of the concrete at the plate ends and plate de-bonding due to shear should also be 

considered. The research demonstrated that the method can improve beam capacity in 

beams that need to be upgraded to allow for increased loads and for beams with 

insufficient tension reinforcement due to design errors, omission of reinforcement due to 

construction error or due to corrosion. The beams tested with the external CFRP flexural 

strengthening plates displayed a brittle response at failure with a sudden rupture and/or 

de-bonding of the CFRP plates. It is notable, therefore, that, unlike steel plates which 

have a ductile failure, the CFRP plates have an undesirable brittle failure.

The problem of possible shear strength deficiency must be also considered for RC beams 

that have flexural strengthening CFRP plates. Research into the behaviour of RC beams 

strengthened with both flexural and shear CFRP has been carried out (Li et al., 2001). A 

beam was tested with flexural and shear strengthening and loading was applied via a 

four-point bending system shown in figure 2.9. The beams were all 1350mm long by 

200mm deep by 130mm wide and reinforced with four 8mm diameter high yield bars (2
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top, 2 bottom) and had 6mm diameter hnks at 150mm centres. The soffit and web plates 

were attached using a resin.

In figure 2.9, dimension a between the two concentrated load is 300mm with the two 

loads applied symmetrically about the centre of the beams. The beam failed in shear in 

the typical regions near the supports with a total load, F, of 81kN. The mid-span 

deflection at failure was 3.1mm. The beam had an improvement in load capacity of the 

order of 10-20% compared to the un-strengthened beam. Two significant observations 

can be made with the tests results, as follows:

• RC beams with the same internal steel reinforcement and concrete strength and 

the same external CFRP plate flexural strengthening will display increasing 

flexural capacity with increasing external shear CFRP plate reinforcement.

F/2 F/2

\

a

/  \

1040mm
1100mm

Shear Reinforcement 
CFRP Plate

ij
2 no. 8mm dia. 
rebars

2no. 8mm dia 
rebars

Section X-X

6mm dia shear link 

Shear
Reinforcement

CFRP plate 
flexural reinforcement

Figure 2.9: The four-point loading system together with a typical test beam section. 

25mm minimum cover was provided for all reinforcement. (Li et al., 2001).
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• RC beams with the same internal reinforcement and external flexural 

strengthening will have less mid-span deflection with increasing external shear 

CFRP plate reinforcement.

However, the testing demonstrated that it is not necessary to cover the entire side faces of 

the RC beam with shear plating to achieve the maximum flexural strength. A similar 

beam was tested which had shear plating applied to the beam ends and over the zones of 

maximum shear force. The maximum loading and deflection were the same for this beam 

as for the beam with fijll web plating. The research concluded that, when considering an 

RC beam for externally bonded CFRP plating for strengthening, it is necessary to 

consider both flexural and shear strengthening.

Gangarao and Vijay (1998) investigated the bending behaviour of concrete beams with 

carbon fibre fabric wrapped around and bonded to three faces of the beam (that is, the 

soffit and two vertical sides). The objectives of the research were to;

• Increase the flexural strength of the beams

• Increase the member stiffriess for pre and post yielding stages

• Evaluate failure modes based on wrapping configuration

• Compare theoretical predications with experimental data

The 2.74m span RC beam shown in figure 2.10 was used with all the testing. Four-point 

loading was applied to the beam spaced sjonmetrically about the centre of the beam with

a distance of 0.61m between each load. Control tests were carried out on beams without

carbon fibre wrapping to compare with those with carbon fibre wrapping. The carbon 

sheeting had an elastic modulus of between 240-260GPa and had a minimum tensile

failure stress of 2823MPa. The concrete for the beams had a 37MPa characteristic

compressive strength and the Young’s modulus for the concrete was 35GPa. The yield 

strength for the internally bonded steel reinforcement was 460MPa.
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The testing demonstrated that, when compared with the control reinforced concrete beam 

tests, which had a typical ultimate load of 120.2kN, the load increased to a value of 

170.1kN, yielding a 41% increase in capacity. The mode of failure with all the carbon 

fibre wrapped beams was crushing of the concrete between the points of application of 

the loads. The deflection of the carbon fibre wrapped beams was also reduced. The 

control beam gave a maximum mid-span deflection of 22mm under a loading o f 120kN 

and the carbon fibre wrapped beams yielded typical defections of 11mm with the same 

loading, representing a 50% reduction.

With this application, however, wrapping CFRP about all the exposed faces may not be 

practical with regard to rettrofitting as members may have existing services, fixed or 

close to their webs.

Norris, et al. (1997) carried out research with RC beams wrapped on both vertical side 

faces and the lower face of the beam with regard to shear and flexural strengthening. 

Beams of two lengths were employed in this research, the longer length (2440mm) being 

used as flexural specimens (type A) and the shorter beams (1220mm) being used as shear

150mm

E
Eoo

CO

E

JL to

T20 T20

Figure 2.10: Section used with all tests with and without carbon fibre wrapping. 

(Gangarao et al., 1998).
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specimens (type B). Type A beams had four 10mm diameter high tensile reinforcing bars 

(2 top and 2 bottom) in the section with 6mm diameter links at 150mm spacing 

throughout the length of the beam. Type B beams had two 16mm diameter high tensile 

steel reinforcing bars in the bottom of the section and two 10mm diameter high tensile 

bars in the top with 6mm diameter links throughout the length of the beam. The concrete 

had an average cube compressive stress of 36.5MPa.

Test results for the flexural specimen type A demonstrated that a load of 138kN caused 

the tension steel to yield as compared with a yield load of 40kN in the control specimen. 

However, unlike steel, carbon fibre reinforced plastic plates demonstrate a totally elastic 

behaviour until failure. This resulted in sudden failure in concrete beams mostly due to 

de-bonding on the tension faces.

The type B shear specimens had carbon fibre bonded to the full height of the web to 

simulate the action of shear links. The shear specimens did not fail in shear but failed 

due to the yielding of the tension reinforcement. An ultimate load of 145kN was applied 

to the beam without shear failure as compared to the control shear specimen, which failed 

in shear at 1 OOkN.

The research concluded that carbon fibre sheet wrapping bonded to the webs and tension 

faces of existing RC beams can significantly increase their strength and stiffness. The 

magnitude of the strength and the mode of failure are related to the orientation of the 

fibres with respect to the beam longitudinal axis. When fibres were placed perpendicular 

to tension cracks in the beam at mid-span or shear cracks close to the supports, a large 

increase in stiffness and strength was observed and a sudden brittle failure occurred in 

both cases due to high stress concentrations at the ends of the carbon fibre sheets causing 

de-bonding.

Research has also been carried out on the problem of CFRP plate de-bonding causing 

premature flexural failure (Spadea et al., 1998). The fiinction of this research was to 

explore the possibility o f using externally bonded anchor plates at the ends of the CFRP
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flexural strengthening plates to increase the beam flexural capacity by preventing 

premature failure.

All the beams in this research had the same internal steel reinforcement, which was four 

16mm diameter high yield bars (2 top, 2 bottom,) and 4mm diameter shear links at 

150mm centres. The concrete grade and section size was the same for all specimens as 

was the loading arrangement, which was a four-point loading system. Figure 2,12 shows 

the four beams tested, together with the typical test beam cross-section.

The research showed that bonding CFRP plates without consideration for end anchorage 

results in a sudden and premature failure. The CFRP without such anchorage was unable 

to make full use of the composite action of CFRP plate with the beam.

With beam A3.2 and A3.3 in figure 2.12, the provision of end anchorage and transverse 

confinement to the CFRP flexural strengthening plate allowed 98.6% of the ultimate 

capacity of the CFRP flexural strengthening plate to be employed. The beams with the 

end plated flexural strengthening carried loading 70% greater that the loading of the un

strengthened beam. The ductility of the beam with the flexural strengthening and without 

the end anchorage was less than the beams with the end plate anchorage. The evidence 

of the research demonstrated that using external plate bonding to strengthen RC beams is 

essentially a structural engineering process and should be governed by structural design 

as well as by the mechanical bonding properties of the resin.

Another possible mid-span failure mechanism of CFRP flexural strengthening plates has 

been investigated (Sebastien, 2001). This research focuses on a failure mechanism 

whereby large shear forces are transmitted fi'om the CFRP plates through the bonding 

adhesive to the cover concrete of the internal beam reinforcement. The test beams had 

crack-inducers located at their mid-span as shown in figure 2.13. The crack-inducers 

were placed at mid-span to standardise the initial flexural crack as the exact location of 

the initial flexural crack is not entirely predictable. The author selected one of a typical 

batch of beams to illustrate the test results (Beam Bl).
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Figure 2.12: The beams tested with end anchorage provided in beams A3.2 and A3.3 

together with the typical beam section and internal reinforcement. (Spadea et al., 1998)
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When the beam B1 was gradually loaded to 25kN (at each loading point) the initial 

flexural crack formed. The loading was increased to 75kN, at which point the main 

tensile steel reinforcement yielded and CFRP flexural strengthening plates began to de

bond at mid-span. The author observed that the failure arises from plate de-bonding that 

starts at the toe of mid-span flexural cracking, as shown in figure 2.13.

Two main phases in the failure were noticed after mid-span flexural crack initiation.

• In the first phase, termed the initiation phase, inclined cracks form near the toes of 

the flexural cracks. As bending continues, the inclined cracks become wider and 

cause the CFRP plates to move downward locally. The CFRP plate applied a 

“dowel” action on the adhesive and cover concrete to one side of the inclined 

crack. This action continues along the plate/cover concrete interface and leads to 

horizontal crack propagation, as shown in figure 2.13.

The second phase, termed the de-bonding phase, initially displays steady and gradual 

horizontal crack propagation with each increment of loading. Eventually, the 

horizontal crack suddenly runs to the ends of the CFRP plate, resulting in complete 

“unzipping” on the plate from the beam soffit. The energy released

Crack propagates toward! 
plate endInclinded crack initiatini

Main steel ^  Qp^p pigte
Initial flexural crack

from flexural crack

Figure 2.13; The typical failure mode for mid-span de-bonding arising from flexural 

cracking. (Sebastien, 2001)
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• from the plate unzipping can be sufficient to tear portions of cover concrete from 

the beam soffit.

A publication by Arduini and Nanni (1997) describes such behaviour at the RC beam 

mid-span and stated “de-bonding started at one of the flexural cracks in the constant 

moment region (under 4 point loading) and propagated towards the CFRP sheet end until 

total delamination occurred”. A more recent publication by Rahimi, and Hutchinson 

(2001) concurred and stated “ Failure occurred within the constant moment zone. In 

contrast to the typical failure patterns reported for steel beams, plate end peeling was not 

a primary failure mechanism for CFRP plated RC beams”.

Sebastian (2001) states that CFRP plate de-bonding from end peel has been extensively 

researched, whereas little work has been carried out on mid-span de-bonding, which 

propagates from flexural cracking. The main conclusions from the research were:

• Mid-span de-bond initiates at flexural cracks in the central portion of the beam 

and propagates horizontally near the concrete adhesive layer.

• The concrete fracture is driven by high shear stresses transmitted to the concrete 

from the plate and adhesive.

• Soon after the initial mid-span de-bond, the process is self-propagating.

•  Mid-span de-bond failure mode is more likely to occur if large shear span loads 

are present (giving rise to large mid-span moments) and if the plates are curtailed 

close to the supports where the bond shear stresses are lower.

Applying externally bonded plates to beams for strengthening will improve their 

performance in the order of 10-35% depending on the material used. CFRP will have 

improvement percentages at the higher end of the range. The deflections are reduced in 

the order of 20-30%. In contrast, steel plates have percentage reductions in deflection at
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the higher end of the range owing not only to the interaction between the beam and plate, 

but also to the beam stiffness of the plate itself, particularly where thick plates (25- 

50mm) are employed.

2.1.5 Strengthening with pre-stressed CFRP

Two key advantages of employing pre-stressed bonded CFRP plates are a resultant higher 

reinforcing steel yielding load in concrete beams and a better use of the strengthening 

material. Other advantages are reductions in crack size and stress relief in the beam’s 

steel reinforcement.

Previous research has demonstrated that increases in yielding loads of 50% can be 

achieved with four-point loaded beams strengthened with pre-stressed CFRP, when 

compared to similar un-strengthened beams. When compared to similar beams 

strengthened with conventional non pre-stressed CFRP bonding improvements of 25% 

can be achieved (Wight et al., 1995 and Nordin et al., 2001).

Figure 2.14 shows a comparison of load versus mid-span deflection for the three types of 

beams tested; type A are un-strengthened beams, type B are similar beams strengthened 

with non-pre-stressed CFRP and type C are similar beams strengthened with pre-stressed 

CFRP. The chart plotted is based on results obtained from previous research (Nordin et 

al., 2001) and concur with results from other research (El-Hacha et al., 2001 and Wight et 

al., 1995). It shows three typical stages of deflection with regard to load increase for 

each type of beam. The end of stage one (between 10- 20kN) is where the concrete 

cracks, at the end of stage two (between 60-80kN) is where the steel yields and at the end 

of the third stage is loading to ultimate strength. It can be seen that a reduction in mid

span deflection of the order of 25-35% exists in the mid-span deflection when compared 

to the non pre-stressed CFRP plated beam and of the order of 50% when compared to the 

un-strengthened beam.
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The strain in the concrete/steel reinforcement is often the limiting condition when 

applying non pre-stressed CFRP plates for strengthening. This will lead to the CFRP 

material not being utilised to the full potential and, ultimately, results in higher 

fabrication cost to the client.

When applying non pre-stressed CFRP plates, in most cases, dead and service loading 

exist and are not always possible to remove. Pre-stressing can indirectly reverse the 

stresses and deflections due to these loadings and will allow a greater utilisation of the 

CFRP strengthening material. In this case, a higher initial cracking load and yield load 

can be achieved, as can be seen with case “c” in figure 2.14. However, the ductility of 

beams with pre-stresses CFRP plates are reduced as the initial strain on pre-stress will 

result in the ultimate strain being reached sooner.
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Figure 2.14: Plot of load versus mid-span deflection of (a) un-strengthened beams, (b) 

beams strengthened with non pre-stressed bonded CFRP plates and (c) beams 

strengthened with pre-stressed CFRP plates (Nordin, et al., 2001).
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The problem of end peeling arises also with pre-stresses CFRP plates and research has 

been carried out on the potential use of mechanical anchorage to prevent this problem 

(El-Hacha et al., 2003). Research into the mode of failure of pultruded CFRP plates 

found that significantly greater loading could be applied to the strengthened beam after 

the initial end peeling had occurred and that this provided a visual warning of imminent 

collapse (Garden et al., 1998).

Previous research has found that failure is most likely to occur on the CFRP/concrete 

interface or within the bottom layers of concrete close to it (Garden et al., 1998). 

Member surface preparation is more important when applying pre-stressed CFRP plates 

due to higher shear stresses present when compared to non pre-stressed plates. The shear 

stresses on the CFRP resin/beam soffit interface with pre-stressed plates can be so high as 

to cause failure of the internal concrete reinforcement whereas, in the case of non-pre- 

stressed plates, failure due to end peeling or de-bond will more readily occur (Quantrill et 

al., 1998). For the reasons discussed, mechanical end anchorage will allow the pre

stressed CFRP plates to be fully utilised.

Methods used in the laboratory to pre-stress CFRP plates are difficult to apply in a 

practical application on site. Provision must be made for both the pre-stressing method 

and an adequate anchoring system. Small cylinder hydraulic jacks are often used to pre

stress CFRP and this method was developed in Switzerland for research that investigated 

beams strengthened with pre-stressed CFRP strips (Andra et al. 1999). The method uses 

steel end-plates bolted to the member that provide a reaction for the jacking.

Plate end anchorage to prevent peeling or interface shear de-bond has been employed in 

research carried out on pre-stresses CFRP plates (Garden et al., 1998). The anchorage 

system employed was a steel plate that was bonded to each end of the CFRP strip. The 

steel end plates had holes drilled in then which allowed bolts to pass through and into the 

concrete beam’s soffit. These bolts were then anchored with epoxy resin.
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It must be borne in mind that in order for any CFRP plate strengthening method to be 

successful , and especially with pre-stressed CFRP plates, the surface of the concrete 

must be carefully prepared and inspected for quality (that is, voids, laitance layers etc.). 

In some instances concrete cover can be in too poor a condition to allow pre-stressing 

with laminates (Taljsten, 2002).

A main advantage of pre-stressing is the ability to reverse dead load deflection and thus 

increase serviceability loading. For example, Hythe Bridge in Oxford was strengthened 

with pre-stressed CFRP strips based on a feasibility study by Mouchel Consulting to 

increase the bridge capacity (Darby et al., 1999). The bridge consisted of cast iron beams 

with a concrete deck. The strips were bonded to the beam soffits and pre-tensioned to 18 

toimes each. The pre-stressing was designed to totally relieve the tensile stresses in the 

lower flange of the beams under a full capacity loading of 40 tormes. The pre-stress 

reversed the stresses and deflections induced by dead loading such that additional 

capacity was available for live loading.

The advantages and disadvantages of pre-stressing CFRP plate techniques have been 

outlined in a technical report (CEB-FIP ifib), 2006) and are as follows:

Advantages:

• Provides stiffer flexural and ultimate responses to loading.

• Delays crack formation in the shear span with eventual cracking smaller and well

distributed (which impacts on bond development).

• Closes existing cracks in concrete structures.

• Improves serviceability and durability of existing structures.

• Provided the concrete section remains un-cracked, will improve shear resistance.

• Smaller area of CFRP plating is required with pre-stressed application when 

compared to strips with no initial stress.

• If adequate anchorage lengths are provided, premature end peel is avoided thus

increasing overall capacity of members.
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• With regard to concrete beams, a greater compression zone results owing to the 

neutral axis being lowered with the presence of pre-stress, thus improving structural 

efficiency.

• It can significantly increase the load at which reinforcing steel yields when compared 

to non stressed member.

Disadvantages:

• A greater number of operations and equipment are required resulting in greater 

expense.

• More time required for pre-stressing methods. Pre-stressing and placing equipment 

must remain in place until adhesive has fiilly cured.

• The pre-stress is distributed over the length, not concentrated at the ends

Partially pre-stressed concrete beams with CFRP plates

Beams with CFRP plates bonded to portions of their clear span (generally the mid-third 

portion) have been employed as a retrofitted strengthening method. This approach is 

relatively more cost effective than plating the entire beam’s soffit with CFRP. 

Laboratory and analytical research has shown that the use of pre-stressed CFRP plates 

represents a significant contribution to the advancement of the FRP strengthening 

technique (Triantafillou et al., 1992 and Deuring, 1993). Recently methods have been 

developed for pre-stressing CFRP plates that have been used on site (Luke et al., 1998).

With pre-stressed CFRP plates the mode of failure differs from that of plates with no 

initial pre-stressing. Typically, plates attached to mid-third portions of a span (that is, 

with higher flexural stress) and with no initial pre-stress will de-bond at the plate ends 

provided the strain is not limited (Chan et al., 2001). With pre-stressed CFRP plates 

attached to partial portions of the span failure is more likely to occur by plate rupture due 

to initial plate strain and the problem of plate end de-bond allows relatively greater 

capacities in beam strength to be achieved (Nguyen et al., 2000). However, comparative 

tests between beams that had CFRP bonded along the entire soffit and beams with
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partially bonded plates showed that beam with full span strengthening achieved higher 

ultimate strength loads (of the order of 20-30% greater than partially strengthened beams) 

(Chan et al., 2001).

Owing to the low modulus of elasticity of CFRP (of the order of 12GPa) the reduction in 

the deflection of beams plated throughout their length must be limited. Futhermore, 

beams that are partially plated with pre-stressed CFRP plates have been found to have a 

greater flexural deformability (Abdelrahmen et al., 1999). The use of partial plates for 

pre-stressing deteriorated RC beams due to corroded steel reinforcement improved the 

flexural strength (of the order of 25%) and flexural defomability (of the order of 15- 

20%).

Design guidelines have been published to provide methods of analysis for beams 

retrofitted with CFRP plates, in which a section proposes an approach for pre-stressed 

partially plated beams, as shown in figure 2.15 (Oehlers et al., 2001). As mentioned 

earlier, beams partially plated with pre-stressed CFRP plates will fail at mid-span due to 

flexural stresses in the bonded concrete/plate interface, which gives rise to plate de

bonding that rapidly propagates outwards to the plate ends.

Owing to this it is suggested (Oehlers et al., 2001) that the “hinge approach” should be 

adopted. The authors find that with this approach, the shear de-bonding criteria is not the 

limiting criteria; excessive flexural cracking over a small hinge region at mid-span that 

gives rise to relatively higher bending stresses in the medium that results in initial mid

span de-bonding. As with pre-tensioned tendons, deflections are reduced with CFRP pre

stressing, of the order of 15-20%, due to initial pre-camber and flexural stiffening 

(Nguyen et al., 2000).

Partial pre-stressing of CFRP on steel members

Sebastian (2005) proposes a method of analysis for strengthening steel members with 

fully or partially pre-stressed CFRP bonded plates. He points out that some
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U ltim ate load  applied

Plate de-bonds due to 
excessive flexural stress Hinge forms at 

mid-span

Figure 2.15: “Hinge method” of failure assumed for pre-stressed CFRP plate (Oehlers et 

al.,2001).

considerations that apply to strengthened concrete structures do not apply when designing 

strengthened steel members.

De-bonding plate failure due to material flexural cracking and end peel plate failure due 

to shear cracking are not considered in the case of steel strengthened members. However, 

adhesive and plate material failure (rather than parent material failure) are more likely to 

occur with CFRP strengthened steel members. Figure 2.16 shows the fully plastic section 

considered.

The following assumptions are made with the proposed method of analysis;

• The steel is assumed to be elastic -perfectly plastic

• The CFRP plate is assumed to linear elastic to failure.

• The adhesive is assumed to be linear with a shear stress distribution that peaks at mid

span and decreases moving towards each CFRP plate end.

With the section assumed to be fully plastic, the following equation was developed;

(6o{a-l)+3-2a")y.X .

2ad^
(2 .2)
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Figure 2.16: Plastic section with CFRP plate considered by Sebastian (2005).

Muii= The ultimate moment capacity of the strengthened section 

0^= The yield stress of the steel beam

The cross-sectional area of the beam flange (6610mm ) 

d„= The depth of the web between the upper and lower flanges (251mm) 

b„= The width of the beam web 

tf = The thickness of the flanges (25 .3mm)

Ep = The elastic modulus of the CFRP plate (229GPa)

Ap= The cross sectional area of the CFRP plate (768mm^) 

ta= The thickness of the adhesive layer (1mm) 

tp= The thickness of the CFRP plate (3.2mm)

ta+ t / +  tp /2

Tj= ta +  tf 

T2= ta + t f +  2 tp /3

ad^= The dimension from the upper surface of the lower flange to the neutral axis 

The factor a  is calculated using equation 2.3, which is a quadratic equation that results 

from equating the horizontal tensile and compressive section forces.

where.

(2.3)
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Sebastion (2005) concluded that the suggested rigid bond method of analysis predicts a 

largely linear shear stress distribution between the plate/flange interface during the elastic 

response under loading. During the advanced elasto-plastic phase the shear stress 

distribution is largely non-linear vsathin the mid-span yield zone where the peak shear 

stresses result. The analysis was compared with results from a non-linear FE “bond slip” 

analysis that predicted results of the plate/flange interfacial bond stresses that were 

similar in distribution but had lower values (that is, 18% lower for peak yield zone 

stresses for a simply supported beam with a central concentrated load.). The use of a 

reduction factor was suggested for more accurate shear bond stress predictions and 

further investigation would be required to establish such factors for different load and 

beam support types.

Steel beams strengthened with pre-stressed CFRP plates have been investigated 

(Schnerch et al. 2005) with a view to establishing their response under ultimate loading. 

High modulus (457GPa) pre-stressed CFRP strips were bonded to the tension (lower) 

flanges of steel/concrete composite beams. Four point loading was applied to 6400mm 

span simply supported composite beams. A pre-stressing force produced an initial strain 

of 0.06% in the CFRP plate prior to bonding and curing of the adhesive. The work 

revealed that the load-deflection response was essentially bi-linear (that is, elastic and 

plastic linear) to ultimate loading and that most of the strength increase occurred at the 

stage after the steel had yielded but before CFRP plate rupture. The findings concurred 

with similar research carried out (Sen et al., 2001 and Tavakkolizadeh et al., 2003). 

Ultimate strength increases of the order of 18-20% were observed with no plate de

bonding.

Interfacial galvanic corrosion is an important consideration for both pre-stressed and 

passively engaged CFRP plates bonded to steel members. The Galvanic action resulting 

from CFRP in contact with steel has the potential to accelerate the corrosion of the steel 

and also the CFRP plate itself (Miriyala et al., 1992). The provision of a suitable bond 

layer that has the necessary properties (that is, not an electrolytic solution) can prevent 

Galvanic action taking place provided no electrical connection exists between the two
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materials (Francis, 2000). The type of adhesive selected can impact on the design life of 

a retrofit and neat resin is less permeable than a matrix resin, thus preventing moisture 

intake at the plate/beam interfaces (Choqueuse et a l, 1997). The use of barrier layers 

have been shown to be an effective method preventing the moisture ingress necessary for 

Galvanic action (Brown, 1974 and Tavakkolizadeh, et al., 2001). It has also been shown 

that, coupled with the problem of galvanic action, moistiu'e ingress at the beam/plate 

interface can cause plastification of the adhesive matrix (McBagonluri et al., 2000).

The end peel and de-bonding that occurs due to strengthened concrete member shear and 

flexural cracking respectively under ultimate loading is not a consideration with steel 

strengthened members and adhesive and/or CFRP plate rupture is the primary failure 

mechanism (Sebastion, 2005).

However, the problem of applying concentrated moments at specific locations cannot be 

solved with pre- stressed CFRP bonded plates. The beneficial moment increases from the 

plate ends to a maximum at the plate centre. If a prescribed moment is applied at the plate 

end, then too much is applied at the plate centre, or conversely, if the prescribed moment 

is applied at mid-span too little is applied at the plate ends.

CFRP plates can be applied to strengthen in situ members relatively quickly and with 

little disruption. The method of strengthening can improve member capacity with very 

little increase in self-weight (of the order of 15-25%) and reduce deflection (of the order 

of 10-15%) (Sebastion, 2005).

2.2 Structural Members Strengthened with Tendons

The two types of tendon application used to strengthen structural members are internal 

and external tendon configurations. Internal tendons generally are installed at the 

construction stage and external tendons are more often fitted retrospectively. However, 

external tendon applications are fast becoming the preferred option to internal tendons, 

particularly in box girder bridge spans. A publication on the comparison of the use of
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internal tendons to external tendons found that external tendons have attracted much 

attention in the past, while internal tendons have come into much criticism (Hewson, 

1993).

2.2.1 Internal tendons

Internal tendons are located within the cross-section of the member and can be either pre 

or post tensioned. In concrete, post tensioned members are inserted into ducts cast within 

the member along its length. As with all tendon applications the problem of tension loss 

due to creep exists, particularly with concrete. The problem of friction loss due to duct 

curvature also exists with internal tendons.

Tendon maintenance, when internal, can be costly. The ability to monitor and replace 

tendons that are grouted within ducts is severely problematic. Research carried out into 

the long-term maintenance of grouted post-tensioned tendons, examined the area of 

corrosion testing (Hamilton et al., 2000). The injection of cement grout within ducts can 

become “air-locked”, giving rise to voids. These voids can, in time, bring about the onset 

of corrosion to the tendons, particularly on or near expansion/construction joints. If, 

however, proper grouting methods and materials are used, the member should perform to 

its full life expectancy. The cement grout provides a high alkaline protective barrier to the 

tendons and bonds the tendon to the duct to allow higher tendon stresses to develop.

Large-scale field tests have demonstrated that cracking of grout in post-tensioned cable 

ducts vsall occur under service load conditions (Hamilton, 1995) and should be monitored 

regularly. Internal tendons have the advantage of greater protection from corrosion than 

external tendons or cable stays. Internal tendons, however, will usually have less 

eccentricity than those of external tendons in that internal tendons must lie within the 

cross-section of the member with a minimum cover while external tendons can be placed 

below the member cross-section and, thus, enhance eccentricity.
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A research publication by Canadian research consultants, outlines a protocol for the 

evaluation of structures with internal tendons (Rogowsky et al., 2002). The document 

reports that the major factors for influencing strand failure are the amount of moisture the 

building is exposed to, contaminates within the tendon sheathing and susceptibility o f the 

tendon to develop stress corrosion cracking. The report suggests the following procedure 

for investigation;

The authors concluded that post-tensioned structures are unlike ordinary reinforced 

concrete structures and the assessment of post-tensioned structures requires particular 

expertise. The assessment o f tendon metallurgy is a relatively new area and judgement 

must be used when assessing the tendon condition. It can be seen that long term 

monitoring and maintenance of internal tendons can be problematic and costly. 

Engineers are now looking at alternatives to internal tendons for post-stressing 

applications with particular regard to access, long term monitoring and maintenance. 

Beams strengthened with internal tendons typically have improvements of between 15- 

25% in capacity when compared to the same beams with no tendons applied. The 

f)ercentage improvements for beams with internal tendons are, in general, lower than 

beams with external tendons applied, as external tendons will have greater eccentricities.

2.2.2 External tendons

External tendon applications were initially retrofitted to structures for strengthening. The 

external tendons were often fixed to the underside of bridge decking beams to upgrade 

them for new traffic loadings. External tendon applications, however, are becoming 

more popular in new construction methods and are attracting much attention. (Hewson, 

1993). External steel tendons were first used in the 1950’s and initially some problems 

were encountered with corrosion before the introduction of protective sheaths and 

cathodic protective methods. When adopted as a strengthening method, external tendons 

have the advantage of adding little weight to the original structure with easy access and 

maintenance and with little disruption to the user (Nordin, 2005).
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Other materials have been researched for tendon use and originally glass FRP was used. 

However, owing to the comparatively higher modulus of elasticity, aramid and carbon 

FRP are more commonly used. Research was carried out into the behaviour of concrete 

beams externally strengthened with FRP and it was found that load-displacement 

responses, in the short term, were almost the same as in similar beams externally 

strengthened with steel tendons (Mutsuyoshi, 1991). FRP displays low, if any, ductility 

under high loading and it has been demonstrated that, owing to this, a greater ultimate 

load can be achieved with lower energy absorption when compared to steel tendons (Stoll 

et al., 2000). However, in respect of plastic design, it is necessary to predict the collapse 

load and mechanism and, were FRP tendons to be used, this can be problematic, in that 

sudden rupture is more likely to occur at ultimate loading. Table 2.2 shows the 

characteristics of the FRP materials and steel used for tendons (Pisani et al., 1998)

Extensive research in Canada has been carried out into the use of FRP tendons on 

concrete members (McKay et al., 1993 and Fam et al., 1997). One of the main 

advantages with FRP tendons is that of self-weight. FRP tendons have almost the same 

tensile strength as steel and are approximately five times lighter.

A de-merit of CFP tendons is that of end anchorage; owing to the anisotropy of the 

material, forces perpendicular to the longitudinal axis will more readily crush the 

polymer. The conical barrel and wedge mechanism used for tendon end anchorage relies 

on the radial compressive strength of the material for fixing. It is manufactured using a 

pultruded (that is, drawn through a die) method with epoxy impregnated carbon fibres. 

Both the potted anchor block and barrel and wedge anchorage systems can be employed 

with this tendon. If the barrel and wedge anchorage system is used, a dry lubricant must 

be applied to assist in wedge setting. The wedge mechanism is shown in figure 2.17.

When compared to steel, CFP tendons are more problematic with regard to end 

anchorage and, when large composite CFP cables are employed, the barrel and wedge
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Typical properties Steel
Euronorm

(Fe7S1860)

GFRP AFRP CFRP

Fibre vol. (%) n.a. 65 50 65

Density (g/cm^) 7.85 2.15 1.25 1.6

Tensile strength (MPa) 1250 1350 1400 1270

Tensile modulus (GPa) 195 50 62 147
Ultimate elongation (%) >3.5 3 2.4 1.3

Thermal expansion 
coefficient 

(axial 10-®/°C)

12 5.2 1.8 0.68

Thermal expansion 
coefficient 

(radial 10-6/oC)

12 35(approx.) 35(approx.) 20(approx.)

Strength decrease after 
100 years (%)

O(approx.) 30 >30 0(approx.)

Relaxation 20^C(%) 3 4 >30 3

Table 2.2: Characteristics of steel and FRP tendons (Pisani, 1998)

C F P  T endonC FP  Tendon

A nchor barrelAnchor barrel

A nchor polym er m atrixA nchor w edge

W ed g e  A nchor G rout po tted  A nchor

Figure 2.17: Typical CFP tendon end anchorage details (Benmokrane et al. 2000).
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mechanism cannot be used. The potted grout anchor method allows 90% of the CFP 

tendon ultimate strength to be developed before end anchorage failure. Table 2.3 shows 

the properties and manufacture data of the more popular CFP tendons used in 

construction (Bermiokrane et al., 2000).

Tendon Nominal
diameter

Cross-
section
(mm^)

Mean
tensile

strength
(MPa)

Elastic
modulus

(GPa)

Ultimate 
strain (%)

Density
(g/cm^)

Poissions
ratio

Arapree-8 7.5 44.2 1506 62.5 2.4 1.25 0.38

Technora 8 50.2 2140 54 3.7 1.3 0.35

Leadline 7.9 46.1 2550 150 1.3 1.67 n.a.

CFCC 7.5 30.4 2120 137.3 1.57 2.1 n.a.

Table 2.3: Properties of CFP tendons used in construction (Benmokrane et al., 2000).

As well as local radial crushing, a common problem with the barrel and wedge method of 

anchorage is slippage of the CFP tendon through the wedge which does not “bite” into 

the material as it would with a steel tendon. Some investigation has been carried out into 

this problem (Nanni et al., 1996) which showed that the tendons are still effective after 

local end anchorage crushing has taken place. A possible solution was forwarded (Al- 

Mayah et al., 2001) where the wedge surfaces were gritted to increase the grip and a 

noticeable improvement was achieved. Non metallic barrel and wedge mechanism have 

also been investigated and, while some slippage occurred, it was found to be a reasonable 

alternative to the stainless steel barrel and wedge (Harada et al., 1995).

Research has been carried out on the maximum recommended pre and post-stressed FRP 

tendons (Dolan et al., 2001). The authors state that stressing beyond the limits shown

44



here in Table 2.4 will significantly shorten the service of the FRP tendons {fpu = ultimate 

stress in pre-stressing tendon).

The relaxation in FRP tendons have three components (/?/, R2, and R3) which are by 

virtue of the manufacturing methods which are additive.

1. Upon initial stressing a portion of the load is carried by the polymer matrix and, after 

some 24-96 hours, matrix relaxation occurs. The modular ratio of the polymer matrix

Type of fibre Pre-tensioned Post-tensioned

Carbon 0 ,65/̂ 0.65/p,

Aramid 0.60 fp. 0.50f^

Glass Not recommended 0.45 fp.

Table 2.4: Recommended jacking stresses for FRP tendons (Dolan et al., 2001).

and fibre (ŵ ) and the proportion by volume of polymer resin (v̂ .) are the two factors 

considered in this component of FRP tendon relaxation {Rj), where 

Ri-= rirVr-

2. Not all fibres in FRP tendons are aligned longitudinally after the pultrusion 

manufacturing process and the relaxation resulting from fibre straightening {R2) is of 

the order of 2%.

3. The final component considered is the losses typically associated with steel tendon 

pre-stressing (that is, member axial compressive shortening and fi'iction losses), R3.

Steel tendons

Steel tendons have been used for several decades to strengthen structures for both new 

and retrofitted tendons applications. Three processes are employed to produce the high 

tensile and ductile stands used in pre or post tensioning, as follows:
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1 .Cold drawn or deformed carbon steel (tempered prefered)

2. High carbon hot rolled alloy steel

3. Hot rolled and heat treated carbon steel

These methods produce a type o f steel that is ideal for pre or post stressing as it remains 

in an elastic range for relatively high stresses (of the order o f 1200-1600MPa) and 

displays good ductility once the elastic limit is reached. The high tensile steel also has 

good bonding qualities to concrete with low relaxation over time and high resistance to 

fatigue and corrosion. The most common method of production is the cold drawn 

application. Circular wires are produced o f smaller diameters (of the order o f  4-8mm) 

and are wrapped helically around a central wire such that the tendon is produced with the 

same diameter as a larger solid bar but with greater flexibility and better quality control.

The yield stress o f pre-stressing steel is not as well defined as in the case o f conventional 

steel reinforcement. Depending on the manufacturing process o f the tendons and carbon 

content o f the steel, the yield point is defined as the point at which the stress-strain curve 

deviates fi-om the linear trend (that is, usually close to the point were the strain is 0.01%). 

The elastic modulus o f pre-stressing steel, again, will dep)end on the manufacturing 

process and is o f the order o f 195-205GPa.

With regard to relaxation o f high tensile steel tendons, if  the initial stress, fp i , is less than 

0.55fpy (where fpy is the tendon yield stress), then the resulting relaxation will be 

negligible (Collins et al., 1991). If the properties o f the material are known, relaxation 

with time can be accurately predicted.

Temperature will have an effect on the rate o f relaxation. The higher the ambient 

temperature the quicker will be the loss due to relaxation over a given time. It has been 

demonstrated that an increase from 20°C to 40°C will result in an increase o f  50% in 

relaxation over 100 hours (Collins et al., 1991). However, with regard to external 

tendons, losses due to creep and relaxation can be monitored and restored more readily 

than with internal tendons.
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Increase in temperatures of the order of 400°C will reduce the stiffness and strength of 

strands to the order of 50% of their original (Collins et al., 1991) It is for this reason that 

adequate fire protective coatings are provided, together with enough tendons such that 

their working stresses are well below their yield stresses.

If external tendons are employed outdoors, protected sheaths and/or anti-corrosive 

materials must be used to protect against corrosion. Tendons composed o f smaller 

strands are susceptible to corrosion due to the small cross sectional area and relatively 

high stresses (that is, a small reduction in cross-sectional area will result in a significant 

increase in working stress).

Research was carried out into the behaviour of concrete members originally designed 

with or strengthened by external post-tensioned tendons (Harajli et al., 1999). The 

behaviour of externally pre-stressed members is, in concept, similar to the behaviour of 

internally pre-stressed members. A major difference arises due to the fact that, for beams 

strengthened v^th internal tendons subjected to external loading, the position of the 

tendons relative to the beam neutral axis remain the same. When beams are strengthened 

with external tendons and subjected to external loading, the external tendons are fi"ee to 

move relative to the neutral axis of the beam and between anchor points. With increasing 

structural deformation, second-order effects become more prevalent. Harajli et al. 

investigated a method of analysis for second order effects using simply supported beams 

with mid-span deviators, shown in figure 2.18 for example. The test beam configuration 

illustrated in figure 2.18 was also used in earlier research to investigate the behaviour of 

beams strengthened with external tendons (Khairallah et al., 1997).

Harajli et al. (1997) developed an equation (equation 2.4) to predict the upward pre

camber in an existing beam strengthened with external tendons as shown in figure 2.18.
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Figure 2.18: Typical RC beam with external tendons and deviators (Harajli, et al., 1999).

where,

Ec= Young’s modulus of concrete.

7c= Section moment of inertia.

Ape= Area of external tendons

fpe= Initial pre-stress in external tendons

Kp = Moment multiplier whose value depends on the moment diagram produced by pre

stressing, which can be expressed as follows:

1 +  - - ^ - 1
2L

(2.5)

where,

es= The eccentricity of the tendon at the supports 

e ^ -  The eccentricity of the tendon at the mid-span 

L= Clear span

Lct The distance of the deviator from the support
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The research by Khairallah et al. (1997) was used to validate the mathematical model 

proposed by Haraji et al. (1999), as in equations 2.4 and 2.5. The research was carried out 

using test beams to the specifications as shown in figure 2.18. A total of 12 were tested, 

divided into four main series, each with different areas of internal bonded steel 

reinforcement and external tendon diameters. The test beam types are given in Table 2.5.

Earlier research had demonstrated that the load-deflection response and ultimate flexural 

strength of continuous beams strengthened with external tendons differed from beams 

strengthened with internal un-bonded tendons (Tan et al., 1997) and the results of the 

experimental work were used to validate equations 2.4 and 2.5.

The beams used for testing comprised the familiar simply supported span and four-point 

loading system. The typical beam section (with tendons) is shown in figure 2.19. Six 3m 

beams were tested with T16 internal steel reinforcement and six 3m beams with T12 

internal reinforcement. All beams had two 15.7mm external strands with the tendon 

configuration shown in figure 2.19.

The research found that the predicted load-deflection responses for the beams were 

within 4% of the test results for both cases examined. When external tendons are applied 

to new concrete members, the main difference between internal and external tendons is 

the change in eccentricity with deflection for external tendon applications (second-order 

effects), if deviators are not used.

Series Number Number and size of bars Number and size of tendons

1 2x112 2 X 7mm dia.

2 3x112 2 X 5mm dia.

3 2x116 2 X 7mm dia.

4 3xT16 2 X 7mm dia.

Table 2.5; Test beam types used in testing regime. (Haraji et al.,1997)
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Figure 2.19: The typical beam section in a testing regime used to verify the mathematical 

model (Tan et al. 1997).

The research showed that the beams had an elastic load-deflection response, but with a 

lower rate of deflection than would be the case for similar un-strengthened beams, for the 

initial pre-plastic deformation stage. The plastic deformation stage for the tests showed 

that, for central concentrated loads, the system produced less significant second-order 

effects because the loading produces greater plastic deformation and less tendon mid

span eccentricity at failure.

The research concluded that external pre-stressing is a very effective technique for 

strengthening concrete flexural members. Improvements in capacity of the order o f 25- 

30% were achieved when compared to the ultimate loads with the control specimens. 

Provision of a moderate amount of external pre-stressing will lead to significant 

deflection recovery, lower service load deflection, and a substantial increase in ultimate 

flexural capacity of the member.

Work has been carried out on the relative efficiency of external tendons as compared with 

traditional internal methods (Picard et al., 1995). The research compared an external 

tendon application on a continuous beam with an internal parabolic tendon profile more 

commonly used with post-tensioning application.

The research examined the advantages and disadvantages of external prestressing. The 

work found that the merits of external pre-stressing were;
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• Concreting of new structiires is improved as there are no internal or fewer internal 

(combined with external) tendons.

• Cross -  section dimensions of concrete members can be reduced due to the partial or

full elimination of internal tendons and, thus, ducting.

• Profiles of external tendons are easier to check during and after installation.

• Grouting is improved because of a better visual control of the operation and,

therefore, a better long-term protection of the prestressing steel is achieved.

Inspection is easier during the life of the structure.

• External tendons can be replaced if the corrosion protection allows the release of the 

prestressing force, (that is, tendons with lubricated sheathed strands).

• Friction losses are reduced, as external tendons are connected to the structure only at 

anchorage and deviation points.

The study also examined the de-merits of external prestressing which were found to be as

follows:

• Tendons located outside the box section would have greater exposure to weather 

conditions and have a shorter working life.

• External tendons are more accessable than internal tendons and as such are more 

prone to sabotage or fire.

• External tendons are subject to vibration and their free length, therefore, shoiild be 

limited.

• Deviation and anchorage zones required for external tendons should be designed to 

accommodate large longitudinal, transverse and shear forces and must be carefully 

designed and detailed.

• Anchor point failure in the case of internal tendons has limited consequences as the 

tendon force is normally transferred throughout the full length of the tendon by bond. 

In the case of external tendons, anchorage failure is critical as the tendon is rendered 

redundant. It is for this reason that anchor points for external tendons should be 

carefully protected against corrosion.
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• The actual eccentricities of external tendons are generally smaller compared to 

internal tendons.

It should be borne in mind that with respect to the last point, the authors were referring to 

box girder bridge spans, where the internal tendon would be positioned in a duct in the 

upper or lower slab and the webs of the box section, unlike the external tendon, which 

would be positioned below the upper slab or above the lower slab of the section.

The authors considered a statically indeterminate beam that had external “localized” 

tendons or tendons that do not run along the full length of the beam that were fixed to the 

beam at anchor points externally. The beam with localized tendons applied is shown in 

figure 2.20, together with the resulting bending moment diagram and the component 

bending moment diagrams. This tendon configuration demonstrated that it is possible to 

apply beneficial bending moment to sections, in this case over the central support, in a 

statically indeterminate beam without tendons at that section of the beam.

In the final resulting bending moment diagram shown, in figure 2.20, expressions for Mt 

and Mr are given by equations 2.6 and 2.7 respectively and the final bending moment at 

the central support, Mf_ is given by equation 2.8.

M , = P e 1 - 1 .5 ^ (2 .6)

M.  = l.SPel^
(2.7)

(2 .8)
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Figure 2.20: Localised tendons applied to a continuous beam, with the resulting bending 

moment diagrams.

It can be seen from the bending moment diagram in figure 2.20 that a beneficial moment 

arises over the central support even with the tendons extending only for a short portion 

over the two adjacent spans.

The authors also found that applying a combination of continuous linear tendons together 

with localised tendons at the interior supports could produce a more efficient tendon 

profile overall than with the local tendons only (that is, a 14% improvement in ultimate 

capacity). The linear tendons were more difficult to optimise than conventional internal 

parabolic tendons and further research was required in this regard. The research also
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concluded that the local external linear tendon profile was less efficient than the internal 

parabolic tendon profile, in that, per unit o f total tendon force applied, an internal 

parabolic tendon profile could apply more beneficial moment to the beam (of the order of 

8%).

The authors carried out further work on the analysis of continuous beams pre-stressed 

with inclined localised tendons (Picard et al., 2000). The end span of a continuous beam 

was considered first, with an inclined tendon as shown in figure 2.21. The tendon runs 

fi"om two points expressed at distances 3iL and 32L from the exterior support. The 

moment over the internal support Mp was calculated using the method of virtual work and 

is given by equation 2.9.

\ +0 ,5eJ-/? /(0  5c, +e,)'
Pi Pi

where;

e/= The eccentricity o f point 1 

ef= The eccentricity o f point 2 

Pi= The pre-stressing force in any given local tendon.

P, (2.9)

If the ratio e/ej was expressed as a dimensionless parameter, K, equation 2.9 becomes;

p  _ + P , ) - p , \ K  + 0 .5 )- p,\Q>.5K + 1)

Pi ~ P\
(2 . 10)

This allows a design chart to be plotted, where the left side o f the equation was plotted on 

the “Y” axis and the right side o f the equation was plotted on the “X” axis, as shown in 

figure 2.22. The plot shows the relationship for different K  values. For example, a value 

for AT = 1, which implies that e, = ey and the tendon is horizontal and below the section 

neutral axis, as shown in figure 2.23. Where the plot shows a value for K -0 ,  this 

implies that e, = 0  and that ej has a value below the section neutral axis.
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Figure 2.21: The end span of a continuous beam with a local external tendon with the left 

end above the beam neutral axis and the right end below (Picard et al., 2000).
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Figure 2.22: A plot of varied tendon length and eccentricity in the end span of a 

continuous beam (Picard et al., 2000).
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Figure 2.23: Horizontal tendon configuration (Picard et al., 2000).

The research found that in order to obtain a positive fixed end moment (that is, over the 

internal support), e j must have a positive eccentricity (that is, below the beam neutral 

axis). To maximise this positive fixed end moment, the maximum available space under 

the beam section neutral axis must be utilised for ej.

A localised tendon over the interior support was also considered in the research and is 

shown in figure 2.24. Similar equations were developed for this configuration as for the 

previous configurations and a similar design chart plotted. However, a combination of 

both tendon configurations shown in figures 2.23 and 2.24 gave the best results in terms 

of beneficial applied moment.

The research concluded that the effect o f varying the geometric parameters o f the tendon 

profiles had an effect on the fixed-end moments that were applied. However, it is not 

sufficient to only consider the fixed-end moments; the resulting pre-stressing moments 

throughout the entire structure should also be considered. With localised tendons, 

different pre-stressing forces may be used to obtain the most favourable effects.
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Figure 2.24: Horizontal tendon over the interior support (Picard et al., 2000).

With this local tendon application, the bending moment is being reduced due to the 

presence of a central support (which attracts moment). With regard to continuous beams, 

the locations and forces of external tendons are considered for each individual case such 

that the moments due to loading are reduced. No account is taken of the interaction 

between tendon force and load application and tendon forces are assumed to be constant. 

However, there are specific optimum locations and tendon forces with respect to the type 

of loading and supports for single and continuous beams. These locations and tendon 

forces can be expressed in terms of loading and span. Such tendon configurations are 

considered in this thesis and are discussed in chapter 3.

External post-stressing in segmental bridge box girder design is one of the major 

developments in bridge construction in recent years. The principle of segmental bridge 

construction is to hold together segments of the deck by external tendons within the box 

girder. A publication (Rombach, 2002) on segmental concrete box girder bridge 

construction found that, unlike classical monolithic bridge construction, little disruption 

takes place to traffic flow. Cost savings are possible, as the segments are pre-cast in 

workshop conditions. Figure 2.25 shows a typical segmental box girder span in which 

the span will have three types of segments, as follows:
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Figure 2.25: The different types of box girder segment required for external pre-stressing 

(Rombach, 2002).

• Pier segments, which will require thick webs and base slab to withstand the high 

stresses induced by tendon anchorage.

• Deviator segments, which form the required tendon profile along the length of 

the span.

• Standard segments, which will have thinner webs than the other segments.

The author discussed the advantages and disadvantages of using external pre-stressing in 

segmental box girder construction, which may be summarised as follows:

Advantages:

• Damaged tendons can easily be replaced.

• Less dead load with the structure as thinner webs are possible without tendons 

incorporated.

• Less finction loss with external tendons.

• Tendon forces can be adjusted after construction.

• Greater permissible pre-stress forces are allowed with external pre-stressing.
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• Inspection is facilitated and long-term maintenance is easier with external 

tendons.

Disadvantages:

• Additional internal bonded steel reinforcement is required within the segments

• Additional costs are incurred due to tendon deviators and large anchor block 

details to withstand the higher stresses associated with external tendons at end 

anchorage

• Only straight tendon configurations or configurations v/ith straight portions can be 

used with external tendons (that is, no parabolic configurations are possible, as in 

the case of internal tendons).

Access to external tendons is an important factor when designing external tendon 

highway structures either for structural retrofitting or for applying external tendons to 

new construction. A design manual publication for roads and bridges in the UK road 

authorities (DMRB, 2001) states that, “post-tensioned structures using external or un

bonded tendons shall be detailed such that inspection of all individual tendons and their 

eventual replacement is pwssible without restricting traffic on the highway”.

For example, work has been carried out on the conversion of an internally post-tensioned 

bridge box section construction to an external post-tensioned installation. A specialist 

sub-contractor published a report on the upgrading of the Kinston Bridge, Glasgow 

(Balvac Ltd., 2001). The Kingston Bridge carries the M8 traffic over the river Clyde and 

is reputed to be one of the busiest motorways in Europe. The bridge is constructed with 

pre-cast box girder concrete segments, which originally had internal tendons in the webs 

and floor of the box segments. The box girder segments were jacked up off the original 

piers and supported by temporary buttresses. The original piers were demolished and 

new piers were constructed.

Balvic Ltd, on behalf of Balfour Beatty Ltd., carried out the installation of 230 tonnes of 

external post-tension strands. The new strands required the installation of new deviator
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blocks and anchor blocks. The anchor blocks were fabricated with steel sections that 

were fastened to the original structure with high tensile fixings. The deviators were 

fabricated from circular steel sections that were anchored to the structure. The tendons 

ranged in length from 170m to 200m. The specification called for the facility to de-stress 

and replace an individual tendon while the remaining tendons remained fully tensioned 

(DMRB, 2001). With the external tendons in place, 88MN of tendon force was applied 

to the bridge decks, prior to being lowered onto the new bridge piers. The bridge 

remained open to the M8 traffic, for the most part, and during construction the bridge was 

constantly monitored to ensure safety. This preferred method of strengthening removed 

the future problems associated with internal tendons such as long-term monitoring and 

replacement.

An international post-stressing company issued a publication as a guide to engineers 

designing an external post-tension application (Aebehard, 1993). The guide considered 

the components of external post-tensioning and discussed the design considerations for 

each. The anchors used for external tendons were the same as those used for internally 

bonded tendons. However, more recently, as discussed earlier, a greater demand for 

external tendon replacement has driven the development of anchors specifically designed 

for external tendons. These end anchors allow tendons to be stressed, de-stressed and 

then removed if necessary. The deviators used for external post-tensioning applications 

are steel tube sections (bent to a minimum radius, never less than 2.5m) through which 

the tendon passes. A specified minimum radius ensures that no damage occurs to the 

tendon when tensioning and that the protective coating is not breached. The steel 

deviator tubes are cast into concrete for new applications or secured wath bolted 

fabricated steel sections in a retrofit. The publication outlines the importance of 

protection of tendons from corrosion and gives guidance on a number of possible 

methods of corrosion protection.

Research has been carried out in the area of external tendon monitoring by Japanese 

research consultants (Sumitro et al., 2003). For example, the Kamikazue viaduct in 

Tokyo is a box girder pre-cast segmental construction with external tendons contained
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within the box section. The viaduct is 630m long in total with 17 spans each of 34.2m 

with 14 pre-cast segments. The decking is 16m wide. The pier segments are 4.5m wide 

and have clearance to provide full time monitoring apparatus. The tendon deviator 

segments were located 10.9m from the centre of each pier. The height of the box girder 

construction was 2.6m.

Applying strain gauges to the tendons was not possible as the tendons had an epoxy 

coating. Electro-magnetic sensory technology was adopted for this application. The 

monitoring device measures the change in electro-magnetic properties of the tendons. 

The stress and temperature are factors that will effect the electro-magnetic properties of a 

tendon. Knowing the ambient temperature, the device can measure the stress present in a 

tendon. The stress monitors were also used on a full-scale test to verify the safety of the 

anchor blocks and to measure the friction loss at the tendon deviators. A stress monitor 

was placed at either side of the deviator block with the tendons tensioned to the working 

stresses. The difference in stress, and thus the force, could be calculated, which was the 

loss in force due to friction. A full-scale test allowed the jacking force losses, and long

term creep coefficient to be calculated.

External tendons will generally improve the capacity of beams at a higher percentage 

than internal tendons owing to the greater availability of tendon eccentricity (that is, of 

the order of 20-30%). The external tendon configurations reported in this research 

(Picard et al., 2000) are used to apply beneficial moments that serve to reduce the 

moments due to loading. Earlier research by this author had considered the use of 

tendons to reduce peak bending moments on loaded beams but with a more specific 

method of applying beneficial moments of specific magnitude at specific locations so as 

to not only reduce the peak bending moments but to minimise them.

A major problem with steel-concrete composite beam strengthened with external tendons 

is that of cracking in the upper concrete which causes problems with the durability and 

maintenance of the concrete (Brozzetti, 2000). However, in the case where a
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compressive tendon force is applied in the hogging moment zone, an increase in yield 

and ultimate load results, together with a decrease in cracking (Li et al, 1995).

Research was carried out on steel-concrete composite bridge beams with a view to crack 

prevention in the upper concrete decking (Ryu et al., 2004). The tendons were located on 

the webs of the steel box girder over the supports and as close to the decking as was 

practically possible (see Figure 2.26). Loading some 40% (lOOOkN) greater than the un

strengthened load that would cause excessive cracking (600kN) in the decking was 

measured without excessive cracking resulting.

With internal tendons long term monitoring and maintenance are problematic as is quality 

control during installation. When external tendons are employed the long term 

monitoring and maintenance can be carried out much more efficiently where tendons can 

be readily replaced if necessary. If one considers (as discussed in the next section) 

concentrated moments to strengthen beams, internal tendons are not viable as moment is 

applied along the length of the tendon to the beam. External tendons, however, will 

allow concentrated moments at specific optimum locations.

Concrete decking

Tendons located over support

Mid-span loading Mid-span loading

x1 Internal tendons

External tendons
Section X-X

Central support

Figure 2.26: Arrangement of tendons over supports (Ryu et al., 2004)
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2.3 Previous work on the use of tendons to apply counter-moments in steel 

beams

A final year undergraduate project, carried out by the author, investigated the use of 

external tendons in steel beams to apply specific moments at specific locations so as to 

minimise, the bending moment diagram (Maher, 1998). This was undertaken prior to the 

partial tendon in concrete work by Picard (2000) reported in section 2.2.

The work involved initially examining the case o f a simply supported beam o f span L, 

with a central concentrated load, W. This loading resulted in the typical triangular 

bending moment diagram yielding a maximum moment at mid-span (Mmax)of WL/4. If 

counter-moments (that is, moments opposite to those induced by loading) are applied to 

the beam, this will reduce Mmax at mid-span. If these counter-moments are applied at one- 

third the distance from the supports to the point load (where in this case, the loading is 

symmetrical) and if the magnitude o f the counter moments is two-thirds the un

strengthened maximum bending moment, this will result in the optimum bending 

diagram. The peak moment, Mmax, is now one third the original maximum moment (that 

is, WL/12 - see figure 2.27). The term “pair o f counter moments” refers to two counter 

moments applied to a beam, one each side o f a concentrated load and o f equal and 

opposite magnitude, induced via a tendon or tendons.

It should be noted that, while the bending stresses are reduced to one-third their original 

value, additional axial compressive stress will be present in the beam due to the tendon 

application. However, there normally is a net improvement, which is dependant on 

tendon eccentricity. The greater the tendon eccentricity, the lesser is the axial force that 

is required to apply the optimum 2/3Mniax counter moment and, thus, the greater the 

overall improvement.

2.3.1 Analysis

Initially a number o f different load cases were analysed; simply supported beams with a 

central concentrated load, simply supported beams with an asymmetrical concentrated
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load and fixed end beams with a central concentrated load.

-WL/12 W -WL/12

Counter moment ~ WL/6

+WL/12+WU12

L/6 L/6

Figure 2.27: The optimised bending moment diagram for a simply supported beam with 

a central concentrated load (Maher, 1998).

In the case of a simply supported beam with a central concentrated load, the areas o f the 

beam with lower flexural stresses (that is, the sections closer to the supports) were 

considered with a view to attracting stresses towards these sections and away from the 

areas of higher stress at and closer to the mid-span.

With many steel members, the areas of maximum bending and/or axial stresses only are 

considered in design when sizing. In all other areas, the member could be considered to 

be over-designed. Members with varying cross-sections are not financially viable with 

current manufacturing processes. The method of applying counter-moments at areas of 

lower stress “engages” the beam to attract higher stresses to such areas and reduce the 

stresses at mid-span. A number of different locations were considered and, by 

superposition, it was found that the optimum location was one-third the distance from 

the supports to the point load. Moving the location of the counter-moment to the left or 

to the right of this point will result in a higher maximum moment in the final bending 

moment diagram. Changing the magnitude of the counter-moment by a lesser or greater 

amount will also result in a higher maximum moment in the final bending moment. 

Thus, in this case, the minimum maximum moment arises by application of this pair of 

counter moments of this magnitude at this location.
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For the case of a simply supported span with a central concentrated load and m pairs of 

counter moments applied, it can be shown (Maher 1998) that the optimum locations of 

application of the counter-moments are:

(2 .11)
(4/w + 2)

where

Im = The location of the coimter moments from the supports towards the mid-span
thfor the n pair of counter moments 

L = The clear span

m = The number of pairs of counter moments applied

n = The pair of counter applied from 1 to w

The magnitude of these counter moments can be expressed as (see Appendix A):

(2 12)
2 m + 1

where;

Kico = Applied counter moments at each location

f^max = Maximum moment in the unstrengthened beam.

Note also that the maximum moment in the final bending moment diagram is half that of 

the applied counter moment (that is, M c/2).

The final maximum moment on the beam, in the case of a single pair of counter moments 

on a simply supported beam, is reduced by 66% from that of the original un-strengthened 

beam. However, of course, an axial force must be applied via tendons to generate the 

counter-moments to the beam. Therefore, while the bending stress reduction is 66%, the 

compressive axial stress which is present due to the tendon forces, reduces the overall 

improvement of 66% in load carrying capacity. The overall improvement will depend on 

the magnitude of the axial stress, which itself is dependant on the tendon eccentricity.
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2.3.2 Testing

A model was fabricated to test the proposed theory of the benefit of applying counter 

moments. The section size at this stage was not critical in that a practical constraint of 

construction (that is, the overall beam depth) was not a primary consideration. It was 

decided, therefore, to use a 4 m long R.S.J. (102 x 64 x 9.65Kg/m) together with 76 x 38 

X 6.7 Kg/m channels which were used as “down stands” or levers to apply the counter 

moments. The pre-stress forces were applied via 16mm diameter threaded bars, used 

instead of tendons, that were tensioned up by tightening nuts at one end. Two pairs of 

counter moments were applied to the test beam (see figure 2.28). This required two pairs 

of levers to be attached to the beam - two inner and two outer levers, the outer levers 

being longer to allow the outer lever tendon to pass the inner lever tendon without 

interference. Both tendons were centred on the vertical axis to prevent unfavourable 

secondary moments about the minor (y-y) axis. The optimum configuration o f the test 

beam was calculated using equations 2.11 and 2.12.

Monitoring apparatus

Half bridge strain gauges were fitted to the beam on the top flange upper face and the 

lower flange bottom face on either side of the location of the application of the counter 

moments to monitor the bending and axial stresses at each location. The portions of the 

beam between the inner and outer levers and the portion between the inner levers had 

strain gauges fixed at the neutral axis to monitor the axial strain and, thus, axial forces. 

Knowing the axial forces at the above locations allowed the forces in each tendon to be 

calculated using equilibriimi. As a secondary check, strain gauges were fixed to each 

tendon to retrieve direct readings.

A hydraulic jack was used to apply a 4kN load and a load cell was inserted between the 

jack and the beam, monitoring the load application.

66



4kN point load
Upper tendon 
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76.6x38.1x6.7kg/m channel
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Figure 2.28; The configuration of the test beam used in earlier research (Maher, 1998).

Testing regime and results 

Three types of tests were employed;

1. Neutral test -  No “tendons” fixed to the beam

2. Passive test -Bolts hand tightened and “passively engaged”

3. Active test -  “Tendons” tensioned to required pre-load tensile forces

Neutral test

This test was used as a control test and involved two types of test, the first being a 

straightforward point load test to check the unstrengthened and unstiffened flexural 

behaviour of the beam (by un-stiffened it is meant no levers or stiffeners were attached to 

the beam). With the 4kN central concentrated point load applied, the maximum stress 

recorded was 48.9MPa with a deflection of 10.4mm at mid-span.

The next neutral test involved testing the beam with levers and stiffeners attached to 

investigate whether these additions had any significant impact on the flexural behaviour 

of the beam. The results in this case matched closely with the previous test, giving
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results of 48.6MPa for the maximum stress and a maximum deflection of 10,2mm. The 

latter test demonstrated that no significant alteration to the flexural behaviour of the beam 

had occurred.

Passive test

When a central concentrated load was applied with the tendons passively in place, a 

subsequent tension arises in the tendons. The magnitude of this tension depends on the 

eccentricity of the tendons from the beam neutral axis. The function of this test was to 

better understand the interaction between the tendons and the beam. No pre-tension force 

was applied to the tendons so that the amount of force induced in the tendons could be 

measured independently upon application of the central concentrated point load. The 

nuts on the thread-bar were hand-tightened such that they were just engaged prior to load 

application.

The results of this test showed that, after application of the concentrated central load, the 

final forces in the tendon were too high which, in turn, applied too much counter 

moment. It was decided, at this stage, to carry out an analysis on an existing computer 

model of the test beam to establish the component of additional force in the inner tendon 

when a unit tensile force was induced in the outer tendon. Similarly, the component of 

additional force induced in the outer tendon when a unit tensile force was applied to the 

inner tendon was established. Using superposition and assuming linearity in both of the 

above tendon load cases, an equation was derived such that a pre-tension force could be 

prescribed for each tendon to give, after the application of the central concentrated load, a 

final tensile force that would apply the correct counter moment for the optimum bending 

moment diagram. The equations were as follows.

=0.8357’j~+0.112P^ (2.13)

= 0 .863 /^+ 0.037Pr (2.14)

where;
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N t  -  The final required force in the upper tendon to give the optimum applied

counter moment

N b  = The final required force in the lower tendon to give the optimum applied

counter moment 

P t = The initial pre-tension force in the upper tendon

P b = The initial pre-tension force in the lower tendon

The equations were used to calculate the required initial pre-tension force in each tendon 

to give the final optimum bending moment diagram (that is, a five peaked diagram with a 

maximum moment of O.SkNm).

Active test and results

This tests series was split into two types of testing; first a specific tensile force in the 

tendons was applied and then the central concentrated load was varied; the second test 

type involved applying varying initial pre-tension forces in the tendons and applying the 

same concentrated central load.

Type 1- Constant pre-tension force in tendons

This test was carried out to investigate the relationship between the concentrated load and 

the tensile forces in the tendons. It was found that the load application/tendon force 

interaction was linear and a concentrated load increment o f 5kN yielded a tensile force 

increment o f 4.2kN and 5. IkN in the inner outer tendons respectively. The difference in 

tensile force increase between the upper and lower tendons was attributed to the 

difference in tendon eccentricity from the neutral axis o f the beam, where the upper and 

lower tendon eccentricities were 275mm and 325mm respectively. It was confirmed 

from a number o f trial computer analyses that the greater the eccentricity, the greater the 

tensile force increase with respect to a concentrated central load increase (that is, the 

slope o f the plot o f point load vs. tendon force increased with increasing tendon 

eccentricity). The testing allowed a graph (figure 2.29) to be plotted showing the linear 

relationship between tendon load increase and concentrated load application.
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Figure 2.29; Linear relationship between load, increase and,tendon force increase for 

upper and lower tendons for a given pre-stressed load in each tendon.

Tvt>e 2 - Constant concentrated load applied

This type of test was carried out to investigate the behaviour of counter-moment 

application, via the tendon force, with varying initial pre-tension forces but for a 

concentrated load of the same magnitude applied (4kN). It was found that the rate of 

increase of counter-moment applied, with respect to an increase of central concentrated 

load, again, was linear.

The testing also showed that irrespective of the amount of initial pre-tensioning in the 

tendons, the rate of change of counter-moment, with respect to an increase in the central 

concentrated load, was constant (that is, the slope of the plot was the same at any “shift” 

along the horizontal pre-tension tendon force axis).
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A final test was carried out with the exact amount of pre-tension force required to dehver 

the optimum bending moment diagram. The required final applied counter moments 

were IkNm applied at the levers. It was found that applying a 41cN central concentrated 

load to the beam induced a 4.057kN force in the upper tendon and a 5.018kN force in the 

lower tendon. Subtracting these forces fi'om the required 7.272kN and the 6.15kN force 

(calculated from equations 2.13 and 2.14 ) in the upper and lower tendons respectively 

left the required pre-tension forces of 3.125kN and 1.132kN. With these initial tensile 

forces in the tendons, the application of the 4kN central concentrated load gave the 

optimum five-peaked bending moment diagram, which is shown in figure 2.30. The 

delivery of the stresses associated with this moment distribution was confirmed by the 

strain gauges.

The testing also found that, while the deflection increase was linear with load (figxire 

2.31), the rate of deflection was less than the case of the un-strengthened beam. A 4kN 

central concentrated load yielded a mid-span deflection of 5.8mm in the un-strengthened 

beam compared to 2.6mm in the strengthened case. This represented a 45% reduction in 

deflection.

In this configuration, the tendon eccentricities were large compared to the beam depth. 

When a load is applied, this results in significant tendon force increase, which applies 

(that is, very little pre-tension is required) relatively large counter-moments.

4 k N
S k N m S kN m-.S k N m - .  S k N m

+O.SkN m +0. S k N m +0. S k N m

Figure 2.30: The optimum bending moment diagram with the two pairs of counter

moments applied.
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Figure 2.31: Deflection versus beam with a central concentrated load for constant pre

stressed load.

2.4 Lateral torsional buckling of steel sections.

Over 60 years ago the Steel Structures Research Committee (U.K.) established that 

linear-elastic design is unlikely to predict an accurate representation of the structural 

response of members (Kemp, 2003). In the 1960’s, limits on serviceability and ultimate 

loading were the basis for a new approach to design that was based on inelastic 

behaviour.

2.4.1 Ductile approach to design

Most design codes are now based on ultimate and serviceability limits states wath regard 

to the steel ductility, which allows the structure to deform significantly beyond the elastic
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limit, while maintaining an ultimate resistance above or just at the design loading. The 

main benefits o f the ductile design are as follows (Kemp, 2003):

• Greater efficiency o f flexural strength and stiffness.

• Allowance for greater error in design assumptions with regard to load paths or 

structural responses.

• Greater margin o f safety with regard to unexpected or rare loads.

• Greater ductility is often achievable at little extra cost.

A limit-state criterion for a structure to be sufficiently ductile is as follows (Kemp, 2003);

(2.15)

where;

6 a  =  the available rotation in the structure. 

f a  = the load factor

O r = the rotation o f the member at full plastic moment resistance.

)>r = the load factor.

The structure must be geometrically free to rotate under loading such that full plastic 

moment resistance can be achieved (that is, sufficient deflection can occur).

2.4.2 Lateral torsional buckling load

For member selection with this research, it was necessary to consider torsional buckling 

strength as well as flexural strength about the major axis. When establishing the ultimate 

flexural loads for steel members, it is necessary to consider lateral torsional buckling 

about the minor axis o f the section. Design codes allow the maximum allowable load to 

be calculated (BS5950; 2000) based on lateral torsional buckling deformation o f the 

beam. This load will more often be the ultimate load o f the beam and will be lower than 

the local section capacity load. It has been shown (Hancock et al., 1997) that beams with 

very thin webs will distort laterally in a manner analogous to compressive column minor 

axis buckling rather than lateral torsional buckling.
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Research has been carried out on the ultimate strength of I sections based on inelastic 

lateral torsional buckling (Trahair et al., 2004). The work developed a method of 

designing steel members against out-of-plane failure by using a reduced elastic section 

modulus about the minor axis. The following expression was used to calculate the 

ultimate beam strength, Mb'.

where:

Myz = the elastic buckling moment of the section of a simply supported beam and is given 

by (Trahair et al., 2004):

where:

E  = the elastic modulus 

G = the shear modulus 

L = the span

ly = the major axis moment of inertia 

= the minor axis moment of inertia 

J  = the section torsional constant

The reduction factor, y/A/, is given by:

where:

M  = the applied moment about the major axis.

Mpx = the plastic moment capacity of the section.

For simply supported beam with restraints at mid-span that prevent lateral and rotational 

displacement, the ultimate flexural torsional buckling moment can be expressed as 

follows (Valentino et al., 1998):

=  Y ls M y z (2.16)

(2.17)
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The authors (Trahair et al., 1993) reported that the predicted lateral torsional buckling 

moments for simply supported beams with uniform moments applied were higher than 

the predictions resulting from the design codes (of the order of 5%). However, when 

considering simply supported members with bi-axial bending, the proposed approach 

yielded capacities less than the design codes (of the order of 5-10%) (AS4100, 1990).

If lateral restraint is provided between the supports of a beam (preferably at mid-span) 

this will increase the ultimate loading by effectively reducing the lateral buckling length 

imder consideration. The designer may take advantage of the presence of a brace 

provided there is sufficient information to predict the resulting increase in ultimate 

strength and provided that the brace is strong enough to withstand any actions induced by 

out-of-plane buckling (Yura, 1993 and Valentino, et al. 1997). When calculating the 

ultimate lateral torsional buckling load, the design codes (for example, BS5950) take into 

account the effect of yielding and imperfections, such as residual stresses, and initial 

crookedness and twist (Trahair, et al. 1993).

In chapter 3 a proposed method of strengthening will be discussed where axial 

compressive force and moment are applied to a steel “I” section. The beam-colurrm 

approach (Steel Designers’ Manual, 2005) for the capacity design checks was adopted for 

this application using an established design code (BS5950:2000).

2.5 Optimisation analysis for frames

An M.Sc. dissertation carried out by Me Bride (2001) investigated the possibility of 

applying counter moments to portal frames to reduce the bending moments induced by 

loading. The method is analogous to that of a continuous beams as discussed above with 

the exception that with portal frame analysis, the members were allowed to develop their



full plastic moment capacity and were not confined to elastic moments. The method 

employed in Me Bride’s work was the upper bound or unsafe theorem.

Having established the conventional upper bound optimum solution for a given structure. 

Me Bride then considered minimising the optimum solution with the introduction of 

counter moments so as further to reduce the section sizes. A way of expressing the 

application of the counter moments in terms of the plastic moment capacity, m*, was 

required. With the introduction of counter moments, it was necessary to apply a 

combination of the applied counter moments and the concentrated loads acting 

simultaneously such that, at each critical section under consideration throughout the 

structure, the effect of both the constant counter-moments and the variable concentrated 

loads were expressed. What resulted, for a pinned portal frame with a central 

concentrated load, was a 17 peaked bending moment diagram with three pairs o f counter 

moment, one for each of the critical regions in the portal frame. How practical such a 

solution might be remains to be seen.

2.6 Conclusions

A number of strengthening applications have been reviewed under two main headings; 

plates bonded to beams and tendons used to strengthen beams. The external plate 

bonding methods of strengthening are predominantly used for structural up-grading in 

retrofit. Of the two main types of tendon application, (that is, internal and external) the 

external tendon application is more associated with structural retrofitting. The external 

tendon applications reviewed were primarily concerned with improving member capacity 

and not have particular regard to the tendon location longitudinally (that is, mostly 

applied along the length of the beam, as with conventional pwst-stressing).

When external tendons are used to strengthen beams a relatively small amount o f work 

and disruption is caused when compared to plate bonding methods. Some problems have 

been discussed with regard to the use of CFP tendons for member strengthening.
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However, if the proper material is selected for a particular application, results can be 

achieved that are comparable with steel.

Pre-stressed CFRP bonded plates have been shown to be a viable option for member 

strengthening. However, the problem of end anchorage associated with this, and many 

other FRP applications, requires mechanical end anchorage details which accrue more 

cost.

With this current research, a system of beam strengthening was investigated where an 

external tendon application could be used for both existing steel beam strengthening and 

also with regard to prefabricated beams used in new construction. However, as the 

concept of using counter-moments to optimise maximum bending moments has not been 

tested in practice, it is timely to research more deeply the potential of this method and, in 

so domg, the practical constraint of keepmg the beam tendons within the beam depth will 

be explored.
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CHAPTER 3

ANALYSIS OF A BEAM STRENGTHENED WITH EXTERNAL TENDONS TO 

APPLY COUNTER-MOMENTS

Chapter 2 included a review of the theory developed in previous research of the use of 

counter-moments in simply supported beams, symmetrically loaded with concentrated 

loads. The theory in this current research encompasses both simply supported and fixed 

end beams loaded with concentrated and uniformly distributed forces and two span 

continuous beams with two concentrated loads located symmetrically and 

asymmetrically, one on each span.

3.1 Theory

In many structural applications, the design is primarily based on the maximum moment 

and a member size is selected based on that one moment. In regions of the beam other 

than that where the maximum moment arises, the member could be considered to be 

over-designed. This research investigates a method of more fully utilizing the section 

capacity along the length of the member by reducing peak bending moments using a pair 

of counter-moments placed strategically on the beam. One way in which this can be 

achieved in practice is by attaching a pair of plates to the side under the upper flange on 

both sides of the web close to both ends of the beam. Allowing the plates to extend down 

as far as possible towards the upper surface of the lower flange gives the maximum 

possible tendon eccentricity (measured from the beam section neutral axis) for a tendon 

which can then be attached to these plates via, for example, thick-wall tubing. Stressing 

up the tendons on both sides of the beam then induces a counter-moment on the beam at 

the location at which the plates are attached.

In this way, for example, in a simply supported beam with a central concentrated load, 

the method involves applying to the beam, at specific locations, pairs of equal and 

opposite couples or moments in a sense opposite to those induced by loading. These
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counter-moments would be symmetrically placed about the centre line and of a specific 

magnitude so as to optimise the beam capacity, that is, the maximum moment on the 

beam would be minimised. The net result of applying these specific counter-moments at 

these specific locations is to re-distribute the maximum moments along the length of the 

beam to such an extent that they can no longer be reduced further for this number of 

counter-moments. The resultant bending moment diagram will have a typical “saw 

tooth” shape (see Figure 3.1). It must be borne in mind that while bending stresses 

themselves can be reduced considerably (see section 3.2.1), there is a corresponding 

increase in the axial compressive force along the length of the beam between the 

locations of application of the counter-moments. This axial force is applied by the 

tendons and restricts the extent of improvement in beam capacity. The axial force 

required to deliver a particular counter moment will vary with tendon eccentricity and it 

is for this reason that overall beam improvement is directly related to the tendon 

eccentricity.
w

L.

w

W

applied
counter
moment

Figure 3.1; Tendon attached to the beam together with bending moment diagrams for the 

un-strengthened beam and the optimised bending moment diagram for the strengthened 

beam
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3.2 Counter-moments applied to a single span beam

In the following section, different load cases will be considered for a single span beam 

with simple supports or with fixed ends. The basic objective is the same in each case, 

that is, to minimise the maximum bending moment on the original bending m om ent by 

applying counter-moments to the beam. The development o f the equations for each o f  the 

cases discussed in this section is given in full in Appendix A.

3.2.1 Single pair of counter-moments on a simply supported beam

Consider more closely the case o f a central concentrated load, W, on a simply supported 

beam o f  span L. The resulting bending moment diagram is a typical symmetrical triangle 

with a maximum moment o f  WL/4 (=Mmax) at mid-span (see figure 3.1). I f  a  pair o f 

counter-moments, mi and m 2 , are applied to a simply supported span at distances xi and 

X2 respectively from the left support, either side o f  the load , the resulting bending 

moment diagram has a typical five peaked shape (with positive and negative peaks) 

where the maximum peak is denoted by |mmax| (see figure 3.2). It is easy to show that to 

achieve the optimum condition, all five peaks must be equal and have the value WL/12 

(that is, Mmax/3). The magnitude o f  the counter-moments which needs to be applied to 

achieved to ahieve this optimum, in this case, must be two-thirds the original maximum 

moment o f the unstrenghtend case.

To observe the specific advantages accruing for this, consider a case o f  a  simply 

supported beam spanning 6m with a second moment o f  area. I, o f 22530x10'* mm"*, a 

Young’s elastic modulus o f  208GPa and a central concentrated load o f lOOkN. W ith an 

imposed limiting stress o f  185MPa, the un-strengthened case hand calculation will show 

that the beam will have a maximum mid-span moment o f 150kNm and a maximum mid

span deflection o f  9.6mm. I f  one pair o f counter-moments o f  lOOkNm is applied at Im 

from each support and, again, a lOOkN central concentrated load is applied, the resulting 

maximum bending moment will be 50kNm and the mid-span deflection will be 5.4mm.
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Figure 3.2: Optimised bending moment diagram showing five equal peaks of one-third

M jn a x

This represents a 67% reduction in maximum bending moment and a 49% reduction in 

deflection.

In the case of a simply supported beam with a uniformly distributed load of intensity co 

(kN/m) acting along the full length of the span, a similar principle applies. Here, again, 

to achieve the optimum bending moment diagram, where two equal and opposite counter

moments, mi, are applied, it can be shown that the counter-moments must be equal to 

2Mmax/3, or (oL /12. By letting xj equal the distance from the left support to the point 

where the value on the original bending moment diagram is coL^/24 (that is, Mmax/3), it 

can be shown that xi=L(l/2-l/V6). Here, again, |mmax| = Mmax/3 at optimum mi and xi 

(see Appendix A).

3.2.2 C entral concentrated load with multiple counter-m onients

If one pair of counter-moments is applied, the maximum moment can be reduced by a 

factor o f  three. If multiple pairs o f counter-moments are applied to a simply supported

8 1



beam with a central concentrated load, as there is more beneficial counter-moment, there 

is a greater resulting reduction in the maximum bending moment.

From the optimum bending moment diagram (see figure 3.3), it can be deduced that, in 

general, mj = m2 = m i .... = m„, where i = 1 to n (n is the total number o f pairs o f  counter

moments, mi). It can be shown that (Maher 1998);

F m a x l  =
_ K

2n + \
(3.1)

where [Mmaxl is the maximum moment on the original bending moment diagram and 

[mmaxl is the resulting maximum moment on the optimised bending moment diagram. 

Note also that the moment just to the right o f  the applied counter-moment Imi"̂ ! is equal in 

magnitude to the moment just to the left, | mfl, and that immaxi = mi/2.

The optimum location, x^*, o f  the ith counter-moment pair, m„ on the left hand half o f  the 

span is given by the expression

. L
X = — 

2
2 / - 1  

2« + l
(3,2)

The corresponding location, jc,*', o f the equal and opposite moment, m,, on the other half 

o f the span is, by symmetry.

*  T
X .  = L “ (3.3)

Figure 3.3: The application o f  “n” pairs o f  counter moments
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For example, with three pairs o f counter-moments (that is, n=3) applied to a simply 

supported beam with a concentrated central load, from Eq. 3.1, |mmax| == Mmax/7 =  WL/28, 

and mi==m2= 2|mmax| ~ WL/14. From Eq. 3.2, x\*= L/14, and similarly X2 *~ 3L/14 and X3 * 

= 5L/14. The optimised bending moment diagram is given in Fig. 3.4, with |mnmx| = 

M m a x / 7 .

■mmax

WL/14

+mmax =  WL/28+m,̂max imax

Figure 3.4; Optimised bending moment diagram with three pairs o f  counter moments 

applied. All peaks are o f  magnitude o f +/-Mmax/7

3.2.3 Non-sym m etrical concentrated load

Consider the case o f  a non-symmetrical concentrated load on a simply supported beam. 

This loading yields a typical non-symmetrical triangular bending moment diagram with 

Mmax =Wab/L, where “a” and “b” are the distance from the left and right supports to the 

point load respectively (see figure 3.5). In the case o f  just one counter-moment pair, mj = 

2Mmax/3 = 2Wab/3L. This case differs from that o f  the symmetrical case in that the 

locations o f application o f  the mi pair are not placed symmetrically about the 

concentrated load, although the counter-moments themselves are equal in value.

The counter-moments are applied at the locations where the value o f  the moment on the 

original bending moment diagram is Mmax/3. Therefore, the locations o f  the counter

moment pair are x\=a/3 and X 2=L -b/3  from the left support.
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b

a/3 b/3

+ M m w / 3

Figure 3.5: Bending moment diagram for non-symmetrical concentrated load showing 

five equal peaks

In the case of multiple pairs o f applied counter-moments, the analysis is similar to that of 

the symmetrically loaded simply supported beam. The expression for the magnitude of 

|mmax| is the same as that for the symmetrically loaded beam with multiple pairs of 

counter-moments, namely

(3.4)

The location o f the optimum position, ;ci*, for the ith counter-moment, mi, on the left 

hand side of the concentrated load becomes:

a (2 i - 1)
(3.5)

Similarly, for the right hand side o f the concentrated load, measured from the left 

support, the location o f the optimum position x * , for the ith counter moment is given by 

Eq 3.6.
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(3.6)
' (2 « + l)

For example, if  two pairs o f counter-moments are applied (n=2), with, say, L=15m, 

a=5m, b=10m and W=250kN, then Mmax~833.34 kN.m. Letting mi=m 2 = 2Mmax/3 

=333.36 kN.m, then lmmaxhl66.67kN.m, xj* = Im, X2 * = 3m, X3 * = 9m and X4 * = 13m, 

giving the optimum bending moment diagram as in Fig. 3.6. This represents a reduction 

in maximum moment o f  80%. With an “I” value o f ,say, 50500x10“* and a Young’s 

modulus o f 208kN/mm^, the maximum un-strengthened mid-span deflection would be 

16.3mm. With the counter moments applied, the maximum mid-span deflection would 

be 8 .8 mm approximately and represents a 46% reduction compared to the unstrengthened 

case.

250kN

a=5m b=10m

333.3kNm
counter
moment

3m

Figure 3.6: The final bending moment diagram of the beam with the asymmetrical 

loading and two pairs o f optimum counter moments applied.
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3.2.4 Fixed-end beam with a central concentrated load

In the case of a fully fixed-end beam with a central concentrated load, the best that can be 

achieved, with one pair of counter-moments applied (n=l), is to reduce Mmax by a factor 

of 2, where Mmax is WL/8. If, in this case only, mmax is applied at L/4 and 3L/4 from the 

left support, as a pair of coimter-moments, the resulting bending moment diagram will be 

a typical 7 peaked shape with all peaks equal to WL/16. The reduction is less than in the 

case of the equivalent simply supported beam due to the beneficial moments that pre

exist at the supports which already serve to reduce the moment at midspan compared to 

the simply supported case (see figure 3.7).

-w ue

K

-H/L/8

v
V  

-WL/8 

L

A
-W L V ie

WU8

U4

WL/8
VWU16

3U4

Figure 3.7: Optimised bending moment diagram of a fixed end beam with a central 

concentrated load and one pair of counter moments applied.
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Considering the case for multiple pairs of counter-moments applied to a beam with fully 

fixed ends and a central concentrated load, it can similarly be shown that mi=m2=mi=mn 

and that maximum moment is given by:

F m a x  = n + 1
(3.7)

The point of application of each counter-moment to the left of the central concentrated 

load is given by the expression

iL
2{n +  \)

(3.8)

For example, if  one applies tw'O pairs of counter-moments (n = 2) to a fixed-end beam 

with a central concentrated load, W=200kN with say, L = 14.0m, for which 

Mmax=350kN.m, then mi = ±233.4kN.m (i = 1 to 2) and |mmaxhH6.67kN.m (note also 

that there are 11 peaks in the bending moment diagram), with optimum locations, x,*, as 

shown in Figure 3.8. This represents a maximum moment reduction of 66%, somewhat 

less than the simply supported counterpart (that is, lOOkNm, and represents a reduction of 

85.7%).

-116.7kNm

233.4k.Nm
counter
moments

2.333M

4667M
U .

9.333M

11.667M

Figure 3.8: A fixed end beam with a central concentrated load and two pairs of counter 

moments applied.
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3.3 Counter-moments applied to two-span continuous beams

Consider now the case of a two span continuous beam with a concentrated load on each 

span and a knife-edge support at the ends. This type of loading will yield a typical three 

peaked bending moment diagram with the possibility of Mmax being in one of three 

locations; either under one of the concentrated loads or over the central support. 

Introducing an additional counter-moment pair of reverse sign about the central support, 

in addition to the counter-moment pairs in each span, will reduce the peak support 

hogging moment, allowing an optimum to be achieved.

3.3.1 Two-span continuous beam with an equal central concentrated load on 

each span and with the two spans of equal length

In the case of a symmetrical two span continuous beam with an equal central 

concentrated load on each span, one pair of counter-moments is applied for each of the 

three peaks, with the direction of the counter-moment pair for the central support being 

reversed. Let the maximum sagging moments to the left and right of the central support, 

which will be equal in this case, be denoted by Mi and M̂ . Let the maximum moment 

over the central support be denoted by Me. Each of these peaks on the original bending 

moment diagram will have one associated pair of counter-moments (left and right) mu 

and mir, nici and m^, mri and mtr (see figure 3.9).

The resulting bending moment diagram has a fifteen-peaked shape. The locations of 

application of these counter-moments are X] to X6 respectively as shown. The location 

and magnitude of the counter-moments were calculated using software that was 

developed by the author specifically for this purpose and will be discussed later in this 

chapter. The solution to this problem has a maximum resulting moment of approximately 

3.4 times less than that of Mmax
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Mmax

pr

X2

Figure 3.9; The bending moment diagram for a two span continuous beam with central 

concentrated loads on each span and the bending moment diagram with counter moments 

applied.

3.3.2 Two- span continuous beam with non-central concentrated loads on unequal 

spans

Consider the case of a two span continuous beam in which the spans are of different 

lengths (Li and L 2) and the concentrated loads, Wi and W 2 , are applied at any location in 

either span at A i and A2 from their left hand support, as shown in figure 3.10. The 

original typical three peaked bending moment diagram may have a maximum moment, 

Mmax, in any one of three locations depending on the geometry and the loading.
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Figure 3.10; A two span continuous beam with asymmetrical concentrated load on each 

span.

To analyse this more general problem, equations were first developed for the application 

of only one counter-moment, mi, located at a distance, a, from the left hand support on the 

left hand span, with the applied concentrated loads removed fi-om each span (see figure 

3.11). It can be shown that the resulting moment over the central support, mr, is given by 

(Maher, 1998)

m .  =
2(A +Z ,) A '

- 1 (3.9)

If, as before, m f and mi^ are denoted as the value of the moment just to the left and right, 

respectively, of the point of application of m^ It can also be shown that (Maher, 1998)

w ,  =
arrij^

,2^2 (a ^2 ). A'
- 1 (3.10)

from which mj^ is calculated, thus;

(3.11)
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Figure 3.11; The bending moment diagram for a two span continuous beam with a single 

concentrated moment applied to one span and the resulting bending moment diagram.

Using superposition, when all six counter-moments were applied to the spans with 

concentrated loads, the resulting bending moment diagram is a fifteen-peaked shape 

(similar to Fig. 3.9). Fifteen equations were derived to establish the fifteen bending 

moments that arose along the length o f the continuous beam (that is, the moments just to 

the left and right o f  the application o f the six counter moments, giving twelve, and the 

three resulting moments at the location o f the three original peaks). The equations were 

expressed in terms o f mi-me, X]-X6, A] and A2, Li and L2 and W] and W2 (see Appendix 

B).

The location and magnitude o f the six counter moments to yield the optimum bending 

moment diagram, with a load in each span of the beam, proved to be very tedious to 

calculate by hand and, hence, software was written to solve the equations numerically 

(see Appendix C). The software uses an iterative process loosely based on a Newton- 

Raphson hybrid method with a weighted correction factor (Kreyszig, 1993). The 

weighted correction factor will change with each iteration such that the greater the 

difference from the current |mmax| for any given variable (namely, xi-x^ and mi-mg) in the
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ith step, the greater will be the correction to that variable in the i+1 th step. The bending 

moment diagram is adjusted in this way such that as many as possible o f the peaks will 

have the same value, |mmax|, and the remaining peaks will have values as close as possible 

to but no greater than |mmax|- With one pair o f counter-moments applied to each peak on 

the original bending moment diagram, typically the reduction factor is in the range 3.2 < 

|Mmax| ! llTlmaxI 3.45.

By way of example, let Li= 1 Im, L2 = 10m, Pi = 160kN, P2 = 190kN, ai= 5m, and a2 = 

4m (aa is measured from the left support o f the right span as in figure 3.10), then the 

resulting original bending moment diagram will have values of 281.8 kNm, -339.9 kNm 

and 252.1 kNm at the left point load, central support, and right point load respectively. If 

moments mi to me are applied at locations xi to X6 (see figure 3.12), the resulting bending 

moment diagram will be as shown in figure 3.12.

The locations and magnitude o f the counter moments are as follows 

X]=1.667m, X2=6.941m, X3=8.884m, X4=12.990m, X5=18.243m, X6=19.528m, mi to 

m6=198.34kNm, with a maximum resulting net moment of 98.47kNm. This represents a 

reduction in peak moment o f 70.9%.

160kN 190kN

-98.47kNm -98.47kNm -98.47kNm -98.47kNm -98.47kNm -98.47kNm

K K

98.47kNm 98.47kNm 98,47kNm 98,47kNm 98.47kNm 98.47kNm 98.47kNni

2̂ -,1
3̂

4̂ -.1
5̂

--------

Figure 3.12; The final bending moment diagram with the counter moments applied to the 

two span asymmetrically loaded beam example.
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3.4 Criteria for beam improvement

When a counter-moment is required at a specific location in a beam, this can be induced 

by attaching tendons to both sides of the beam web and tensioning them up. This could 

be achieved by pre-stressing the tendons prior to the application of the load. However, it 

should be noted that when loading is applied to a beam with tendons attached, a passive 

tendon force is also induced in the tendons which, in turn, will provide additional 

beneficial counter-moment.

The tendon will perform with increasing efficiency as its eccentricity from the section 

neutral axis increases. When the tendons are located nearer to the beam’s neutral axis, an 

initial pre-tension force is required to reach the required optimum counter-moment on 

loading. The optimum bending moments are achieved with a combination of P, (the 

initial pre-tension force) and a further tendon force component due to load application 

IVr, , where n is the rate o f passive tendon force increase due to load application.

However, note that whenever tendon forces are present, an axial force results in the 

beam. This imposes an additional axial compressive stress to complement the bending 

stresses due to loading and counter moment.

With no centrally concentrated load applied, when an initial tendon force is applied the 

critical portion of the beam for stress is at the lower flange between the point of 

application of the counter moments (that is, between the levers). There, the critical stress 

is the compressive axial stress due to the initial tendon force combined with the 

compressive bending stress induced via the counter moment. In the upper flange, the 

same axial compressive stress exists in combination with the tensile bending stress 

arising from the induced counter-moment. If the overall stress is to be kept to within a 

limiting stress of, say, +/-<j/, the limiting criteria before loading will be that the lower 

flange stress, between the levers, must not exceed this value. For the unloaded beam 

under the maximum pre-stress equal to this capacity, o) , at the lower flange, this flange 

will now have an effective capacity of +2cr/ on application of the concentrated load. This
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is because the lower flange can now be stressed from its pre-loaded state of -cx i to +o?, 

because applying the central concentrated load will induce positive tensile stress in the 

lower flange.

Consider now the upper flange of the portion of the beam between the points of 

application of the counter moments. The limiting criteria for applying as much counter 

moment as possible, prior to loading, is the resulting compressive stress at this stage in 

the lower flange. With the lower flange stressed to a maximum prior to loading (and 

given that the lower flange will, in this case, always be stressed to -o ? ,) the resulting 

stress in the upper flange will depend on the tendon eccentricity. If the tendon 

eccentricity is large enough to provide, in the upper flange, more positive tensile bending 

stress due to the counter moment, than negative compressive stress due to the axial force 

induced by the tendons, then the resulting stress will be a positive tensile stress. When 

the resulting stress in the upper flange is a (positive) tensile stress prior to loading (see 

figure 3.13), there will be an improved capacity of the beam on loading. In terms of 

stress, the improved capacity will be the original assumed stress limit o f-c j/, (that is, the 

allowable compressive capacity in the top flange) plus that amount of resulting tensile 

stress arising from pre-tension. If the tendon eccentricity is so low as to provide, in the 

upper flange, less (positive) tensile bending stress due to the counter-moments, than the 

(negative) compressive axial stress due to the axial force induced by the tendons, then the 

resulting stress will be a negative compressive stress. In this case, prior to loading, the 

beam will only have a loading capacity of the original un-strengthened capacity 

compressive stress o f -a ? , less that absolute amount of resulting compressive stress (that 

is, the beam will have a lower than original un-strengthened capacity). This is because 

loading will induce compressive stress in the upper flange and when a net compressive 

stress exists due to pre-tensioning, some portion of bending capacity has to be employed 

prior to loading. In this case, a reduction in overall beam capacity will always result, 

irrespective of how much counter-moment is applied.
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l̂ cml “  Po| > ^ implies beam improvement (sufficient tendon eccentricity)

-Oa "̂ Oc-ni -Ot

“Oa -Oo-m -Ob

\^cn\ ~ l̂ ôl < implies lower than original capacity (insufficient tendon eccentricity)

Figure 3.13; Stress component diagrams for tendon eccentricities adequate and 

inadequate for beam improvement respectively, where:

Oa = the axial compressive stress due to the tendon force {=P/A)

Oc-m = the bending compressive stress in the lower/upper flange due to the 

counter moment {=^Pe/Z)

Ot = the resulting stress in the upper flange of the pre-loaded beam between the 

application points of the counter moments 

Ob = the resulting stress in the lower flange of the pre-loaded beam between the 

application points of the counter moments

It can be seen, therefore, that the limiting criteria for overall beam improvement of a 

simply supported beam with a centrally concentrated load is that, prior to loading and 

with the counter-moments applied by initially stressing the tendons, the resulting upper 

flange stress must be a tensile stress. The degree to which the beam may be improved 

will depend on the magnitude of the resulting tensile stress in the upper flange after the 

application of the counter moments and prior to the application of the centrally 

concentrated load. The greater the tendon eccentricity, the greater the resulting tensile 

stress, and, thus the greater will be the overall improvement of the beam capacity. Also, 

a greater resulting tensile stress, implies greater self-counter moment capacity owing to 

the greater tendon eccentricity as described in section 2.3.2 (passive test). The stress 

diagrams in figure 3.14 illustrate the
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-P/A +Pie/Z -P/A + Pte/Z

-P/A -Pi6/Z -P/A - Pie/Z

Figure 3.14; The stress component diagrams for the beam with an initial pre-tension 

force applied and no central concentrated load where;

Pi = the maximum initial total tendon force 

e = the tendon eccentricity from the N. A. of the beam section 

Z = the section modulus 

A = the cross-sectional area of the section

relationship between the component stress diagrams at the pre-loaded stage (mid section 

stresses) which are critical at the lower flange.

3.4.1 Limit on initial tendon force

The limiting criteria for the maximum amount of initial tendon force, Pj, that can be 

applied is the compressive stress in the lower flange between the locations of application 

of the counter moments, which must not exceed o/. A minimum value for the tendon 

eccentricity (e) can be established with the above criteria and is derived as follows;

If

(312)
Then,

P Pe^  oi (3 .13)
Z

which gives an expression for the maximum allowable P„ the initial tendon force prior to 

loading, as
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P i ^ 1 e---- 1----
A Z )

(3 .14)

As explained earlier, for overall beam improvement, the top flange stress must be tensile 

under the initial total tendon force. That is.

P̂ e Pi
Z A

> 0

which gives;

Ze > — 
A

(3 .15)

(3.16)

This shows that the application of loading will apply further tendon force and, thus, 

additional counter-moment, and, provided the tendon eccentricity {e) is greater than Z/A, 

this additional counter-moment will provide net stress benefit. The beam can be 

considered to be partially self-regulating in that, while a pre-loading tendon force may be 

applied, further tendon force is induced as loading occurs. The pre-loaded tendon forces 

are necessary if the self-counter moment is less than that required for the optimum 

counter moment.

3.4.2 Limit on applied load, W, for a given initial tendon force, Pi

If the tendon eccentricity e is greater than Z/A, the upper flange will always reach the 

limiting stress before the lower flange at the end of loading stage and this becomes the 

limiting criteria for stress as the load W is applied. This applies for all cases of steel 

sections with tendon levers at optimum locations and with external tendons attached to 

them. With the maximum initial tendon force. Pi , applied to the pre-loaded beam, an 

expression for the maximum central concentrated load W that can be subsequently 

applied can be developed as follows:

If  r, is the rate at which tendon force is induced as the central concentrated load increases, 

then the final post-loaded tendon force, Pf, will be;
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Pf=P,+Wr, (3.17)

Equation 3.17 applies to tendon eccentricities greater than 7/A for tendon configurations 

that are above or below the lower beam flange. The value of r, depends on external 

factors, namely the tendons, beam and lever arm stiffness and the rigid body rotation of 

the lever arm as the beam rotates. The term r, be expressed as follows (see Appendix D 

for proof).

where;

Et= the tendon elastic modulus

At= the cross sectional area of the tendons

E r  the elastic modulus of the tendon lever steel

If= the section moment of area of the tendon levers

L r  the effective lever length (from the beam’s soffit to where the tendon is 

attached to the lever)

Equation 3.18 was derived using the force method of analysis to analyse a “released” 

beam structure (which was indeterminate to one degree of freedom) with an imaginary 

cut in the tendon. The displacement of the released structure horizontally at the cut 

tendons is divided into four components that resist the displacement in the real structure: 

The term 2L/2Et A, is the axial stiffness of the tendons; The axial stiffness of the beam 

(over the length of the tendons only) is 2L/3E A\ The rotation of the beam at the points of 

counter-moment application is expressed by the term esin(eL/3EI)', The component Z,/ /  

3Ei h  represents the cantilever deflection of the tendon lever. This term may be omitted 

when the lever length is so small as to have no significant effect on the overall horizontal 

displacement of the tendons.

r 9EI (3.18)
+ 2<esm
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-P/A -Pfc/Z + WL/4Z -Pf/A-Pfe/Z  + WU4Z

Figure 3.15; The post-loaded stress component diagrams for a beam with tendons.

The post-loaded stress diagrams are shown in figure 3.15 and include the bending stress 

diagram arising from the applied central concentrated load, W. Assuming for all cases, 

that e is greater than Z/A, then, as discussed earlier, the limiting criteria for the beam 

loading will be the compressive stress in the upper flange.

The maximum permissible applied load W is, therefore, defined by the limiting stress in 

the upper flange, thus;

Pl
A

WL
Z  4Z

And substituting equation 3.17 yields,

e 1

> -cr,

+ Wr, WL
4Z

(3.19)

Rearranging the above equation and using equation 3.14 for Pi gives equation 3.20, the 

maximum central concentrated W that can be applied to the beam.

<

1 +

^ z  
1 - ^  

eA

1 +
eAĴ

max /

V AZ A Z ,

(3.20)
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3.5 Deflection

An equation can be derived that expresses the final mid-span deflection of the 

strengthened beam for any given initial tendon force and any subsequent applied central 

concentrated load.

The component of upward (negative) deflection, c5,,, under the initial tendon force, P, , 

can be expressed as follows (see Appendix D):

8 - - E jL.  (3.21)
9E1

where El is the beam stiffness.

The component of additional imposed upward deflection, 5n , from passive engagement 

of the tendons due to the application of a central concentrated load, W, can be expressed 
as (see Appendix E):

eWrl^g = (3 22)
9£7  ̂ ’

The component of downward (positive) deflection, 5y, , due to the applied central 

concentrated load, W, can be expressed using the conventional expression for a central 

concentrated load on a simply supported beam (Steel Designers’ Manual, 2005)

WI}
48E7

The expression for the final deflection can then be expressed as follows:

(3.23)
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which gives.

WÎ  ,— e{R + Wr,)—  (3.24)
A%EI 9EJ

3.6 Parametric study

A parametric study was carried out to investigate the interaction between the variables 

contained within Equation 3.20. The study considered the effect o f each variable 

separately while keeping the remaining variables constant. All standard UC, UB and RSJ 

sections were examined in the parametric study. The purpose o f the study was to develop 

charts which would allow a designer to establish the best choice o f strengthened steel 

section, in the case of a new application and, in the case of a retrofit, the best tendon 

location and force so as to achieve the optimum result for a particular site restriction (that 

is, minimum member depth, loading, span, etc.). Analyses were carried out that varied 

the span, tendon eccentricity, central concentrated load, initial pre-tension, P, and the 

member section properties. I, Z, and A. The latter were dependant variables, in that a 

change in one section variable would result in a change in all.

3.6.1 Relationship of initial tendon force to tendon eccentricity

The study firstly examined the behaviour of UBs with initial pre-tension tendon force to 

establish r, for the various beams. The beams had the same imposed limiting stress, O/, 

and span. The beams had varying lever lengths (with adequate stiffness for every length) 

at the optimum counter moment locations. Figure 3.16 shows plots o f P, versus e for 

various sections. The plots demonstrate that as e increases less initial tendon force P, is 

required to induce a limiting stress. In general, the plot with all sections follow a non

linear trend line (as expected) of the approximate form ar*.
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Figure 3,16: Plot of maximum Pi (equation 3.14) versus e for various sections.

3.6.2 Tendon force increase rate, r , , with respect to differing section sizes

The rate o f tendon force increase was examined with different section sizes which had the 

tendon eccentricity shown in figure 3.17. A plot o f the relationship between the r, and 

section size (expressed as I/A) is shown in figure 3.18. It can be seen from the plot that 

members with lower flexural stiffness yield higher values of r,. The ratio o f I/'A is an 

expression of the flexural stiffness and axial stiffness which both impact on the ratio r,. 

In general, slender beams with relatively lower cross-sectional areas will have higher r, 

values for a given tendon eccentricity and the local buckling capacity will govern the 

maximum tendon force.

The plot demonstrated that over the range I/A values o f 300-1600cm“ the change in r, is 

relatively low (0.1 -0.6). When considering the I/A range from 20-300cm^ the change in 

r, is far greater (0.6- 9.3). This allows greater passive tendon forces to be developed due 

to the lower flexural stiffness and greater axial resistance.

1 0 2



Figure 3.17: Typical tendon configuration for beams.

It can also be seen in figure 3.18 that clusters o f  points occur along the trend-line. Each 

cluster o f  points represents sections with approximately the same tendon eccentricity. In 

figure 3.19 a cluster o f jX)ints were re-plotted on a larger scale which represented sections 

whose tendon eccentricity was approximately the same. It can be seen that the points can 

be fitted very closely to a linear plot.
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Figure 3.18: Plot o f equation 3.18 for r, (kN/kN) versus I/A values for universal beams
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Figure 3.19: Plot of varying I/A values with members with approximately the same 

tendon eccentricity. (186+/-5mm)

Figure 3 ,19 illustrates that as the ratio o f I/A increases for sections with approximately 

the same tendon eccentricity, r, decreases approximately linearly.

Tendon eccentricity yielding the optimum r, value

The value of the optimum tendon eccentricity (that is, the tendon eccentricity that gives 

the greatest r, value) was investigated for various sections. It was found that the optimum 

tendon eccentricity occurred just when the self counter-moment generates hogging 

moment at the tendon levers (see figure 3.20). The ratio r, increases with increasing 

tendon eccentricity when sagging moment (and, thus, downward deflection) is present 

under final loading but when the eccentricit>' is so great that hogging moment (and, thus, 

pre-camber) results under final loading (via self-counter moment), r, decreases. This is 

because the passively engaged tendons rely on downward flexural deflection o f the beam 

to induce tendon force. When the tendon eccentricity is greater than the optimum, the 

rate at which pmssively engaged tendon force is induced is less than the rate at which 

tendon force is lost due to beam hogging. Figure 3.21 shows the relationship between r, 

and tendon eccentricity, e. Further increase in load capacity will occur with tendon 

eccentricities greater than the optimum value, however, the increase in capacity will be at
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a reducing rate per unit increase o f eccentricity. This will result in increasingly lesser 

member capacity benefit with overall member depth increase. This is clearly evident in 

figure 3.21, where a peak r, value can be observed.

counter-nximents
applied

increases as beam has saggii^ moment throughout

W

counter-moment applied

VpCl 1 1 M  M  ' I

At optmuim tendai eccentricity, the self counter-moment is 
equal to the loading moment (at the location of the counter- 
mometi only) due to a central concentrated load

W

1/

r f decreases as tendcm eccentricity increases past of^irrum 
due to hogging momsnt

Figure 3.20: Three stages o f increasing tendon eccentricity (from top to bottom), before 

the optimum, at the optimum and eccentricities greater than the optimum.

105



1.4

0 6

0.4

0.2

0.8

200 400 600 800 

e (mm)

1000 1200 1400

Figure 3.21: The relationship between tendon force increase with respect to tendon 

eccentricity' for a 254x254x132 UC.

A number of sections were examined to establish the location o f the optimum tendon 

eccentricit>'. A sufficient lever bending stiffness was provided to remove significant 

cantilever deformation of the lever. The parametric analysis showed that the greater the 

flexural stiffness of the beam, the greater would be the optimum tendon eccentricity. The 

analysis also showed that the greater the cross-sectional area of the member the greater 

would be the optimum tendon eccentricity. In a practical setting where a specific self

counter moment is required and where overall member depth, and thus the tendon 

eccentricity, is restricted, it may be possible to achieve the required self counter-moment 

by providing additional tendons. In addition to applying a greater number o f tendons, 

lighter members with lower flexural stiffness will have optimum tendon eccentricities 

that are closer to the section neutral axis.

Figure 3.22 shows the relationship between curves o f r, versus e for various sections. 

The plots demonstrate that as the section size increases and, thus, the section stiffness 

increases, the resulting peak in the r, rate is lower than with the smaller flexible beams.
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Figure 3.22: Plots o f r, versus e for various sections.

 203x133x30U B
—  305x102x33U B  
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Tendon cross-sectional area

A plot o f the increase in with respect to cross-sectional tendon area increase yielded a 

predominantly linear plot and showed that twice the tendon area would approximately 

double the value on the same beam with all other parameters constant (see figure 3.23). 

The trend line equation in this plot is a very good fit for the points plotted

It was also found that, with all other parameters being constant and with the same 

member, a higher cross-sectional area o f tendons resulted in a lower optimum tendon 

eccentricity, that is, the optimum tendon eccentricity was closer to the beam’s neutral 

axis. Figure 3.24 shows the resulting optimum tendon eccentricity for various cross- 

sectional areas o f tendon provided for the same beam. It can be seen that as the area of 

tendon increases the optimum value for r, occurs at a lower tendon eccentricity and has a 

greater rate of tendon force increase when the same magnitude o f central concentrated 

load is applied. As discussed earlier, the provision o f a greater number of tendons can 

provide efficient counter moment where headroom restricts greater tendon eccentricity.
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Figure 3.23; Increasing with respect to increasing cross-sectional tendon area with 

constant eccentricity.
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Figure 3.24: The ratio r, plotted against tendon eccentricity for various cross-sectional 

areas o f tendon.
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Tendon lever flexural stiffness

The tendon configuration employed for this portion of the parametric study is shown in 

figure 3.25, Again, with all other parameters being constant and with the tendon 

eccentricity at the optimum (520mm) for the 252x254x132UC previously used, varying 

the lever flexural stiffness yielded a non linear response in the n  rate as shown in figure 

3.26 (that is, expressing the lever stiffness as a factor, a, of member stiffness EtJb )• The 

plot demonstrates that for a given tendon cross-sectional area (850mm ) and member (as 

for the previous case) the tendon lever flexibility will impact on the resulting rate. 

With relatively flexible levers the r, rate is somewhat lower (by approximately 16.5%) 

than with levers as stiff or stiffer than the member. It was also found that as the lever 

stiffness was greatly increased (2x10^^ cm' )̂ the r, rate converged to a limiting value (that 

is, 1.0025kN/kN in this case). It can be seen that adequate lever stiffness should be 

provided in order to achieve the maximum o rate.

__________ i__________

------------Lever fle,\ibility varied with constant optimiuii tendon eccentricity

Figure 3.25: Tendon configuration used for lever flexibility analysis.
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Figure 3.26: The ratio r, plotted against varying lever flexural stiffness expressed as a 

factor (a) of member flexural stiffness.
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It can be seen from figure 3.26 that over 90% of the potential r, rate can be achieved 

when the lever section is least as stiff as the beam section.

3.6.3 C entral concentrated loading.

Central concentrated load and initial pre-tension force

The amount of initial pre-tension force applied will govern the amount o f central 

concentrated load that can be applied. Figure 3.27 shows plots o f increasing initial pre

tension forces applied and their corresponding maximum possible (for the tendon 

configuration and eccentricity shown in figure 3.17) central concentrated loads for both a 

254x254x132 UC and a 533x210x122 UB. The plots confirm the linear relationship 

between P, and the corresponding maximum central concentrated load indicated in 

equation 3.20. The maximum Pi for the UC was 1125kN with a tendon eccentricity of 

170mm and 1670kN for the UB with a tendon eccentricity 290mm, If the maximum 

amount o f initial pre-tension force is applied (for any given limiting stress for a particular 

member with a constant tendon eccentricity) this will allow the maximum central 

concentrated load to be applied. If a value lower than the maximum possible pre-loaded 

P, is applied the resulting maximum possible load will be lower. This will apply in all 

cases where less than 100% of self counter-moment is provided with the strengthened 

beam (that is, where initial pre-stress must be applied for optimum counter-moment).
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W  ( k N  ) 
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3 0 0
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P i

Figure 3.27; Maximum central concentrated load with increasing initial tendon force 

under limiting stress o? and constant tendon eccentricity.
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Central concentrated load and member flexural stiffness

Figure 3.28 shows a plot of the percentage improvement in the maximum permissible 

load (expressed as a percentage over the un-strengthened load) for various sections. As 

discussed earlier, r, increases as the ratio L A decreases. This allows members whose I A  

ratio is relatively low to achieve greater percentage improvement when the strengthened 

load is compared to the un-strengthened load for a given limiting stress.

The upper trend-line represents the percentage improvement compared to the un- 

strengthened load when the maximum initial pre-tension tendon force is applied and the 

lower line represents the improvements when no pre-tension force is applied (for an 

imposed limiting stress). It can be seen in figure 3.28 that beams with relatively lower I/A 

values can achieve load carrying improvements o f the order of 30-50% and as the I/A 

ratio increases, the improvement in performance decreases. This compares to 0-20% if 

no initial pre-stress is applied. The percentage improvements are for the tendon 

configuration shown in figure 3.17 and would be greater if  the tendon eccentricities were 

closer to the optimum eccentricity. The plots demonstrate that the difference in load 

improvement between when no F, is applied and when it is, is of the order o f 20-30% for 

each section plotted.
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Figure 3.28: Percentage improvement (for the tendon configuration shown in figure 

3.17) in load versus I/A with and without initial pre-tension force.
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Figure 3.28 shows also the percentage improvement with the eccentricity at the optimum. 

It can be seen that the improvements are o f the order of 220-245% with the tendon 

eccentricity at the optimum. In this case, less P, is required to apply the maximum 

required counter-moments and, therefore, allows greater improved load carry ing capacity 

due to less axial capacity being required for tendon force.

Lever length

Figure 3.29 shows a chart with a plot o f central concentrated load, W(flex) (that is, the 

maximum load W that can be applied) versus increasing lever length (that is, not 

applying the configuration and eccentricity shown in figure 3.17) with a lever stiffness 

equal to the beam’s flexural stiffness (heretofore referred to as flexible levers (with 

I=22530cm'*)) and with no initial pre-stress. Pi, The chart also shows a plot of a similar 

beam under a central concentrated load, W(stiff), with levers o f very high stiffness 

(1=2x10“̂ cm''). That is, at any given lever length, a further increase in lever stiffness will 

result in a negligible change in r , . The plot shows that increasing tendon eccentricity is 

always beneficial to Wmax, provided the lever has sufficient flexural stiffness.
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Figure 3.29: Plot of load for similar beams with increasing lever length for both flexible 

and stiff levers.
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Considering the plots (with no initial pre-stress) for both flexible and stiff levers, it can be 

seen that with relatively short lever lengths (of the order of 150mm or less) very little 

difference can be observed in load carrying capacity. This can be attributed to the 

negligible difference in flexural stiffness between the stiff and flexible tendon levers over 

the shorter lengths which both yield approximately the same r, rate. Figure 3.29 

demonstrates that as the lever length is increased the load bearing capacity continues to 

increase with the stiff levers . This is due to the greater difference in the r, rate between 

the stiff and flexible tendon levers and concurs with figure 3.26.

Furthermore, with the flexible levers, it can be observed from figure 3.29 that at the 

optimum lever length (for r,) the rate of load improvement decreases as expected. With 

the flexible levers, as the levers are increased past the optimum value, which is lower 

than for the stiff levers, the load capacity is reduced. This is due to loss in self counter

moment as the flexible levers have insufficient stiffness to allow additional tension to be 

applied to the tendons under bending.

Figure 3.29 also shows a plot of W(flex-f’,) versus lever length with the full initial pre

stress, Pi , applied for the flexible tendon levers and a plot of W(stiff-P,) versus lever 

length with initial pre-stress applied for the stiff tendon levers.

For the case where Pi is applied with flexible tendon levers (W(flex-F/)) greater load 

capacity is achieved (as expected) compared to the case with flexible levers and no Pi is 

applied. The plot is similar in shape with, again, a loss in capacity past the optimum 

lever length.

The case where Pi is applied with stiff tendon levers (W(stiff-P,)) demonstrates that as the 

lever length increases load capacity increases. The optimum lever length (that is, with 

optimum eccentricity such that the greatest r, rate is achieved) will provide the greatest 

self counter-moment under loading. However, clearly, when initial pre-stress is applied, 

increasing the lever length past the optimum will, ultimately, increase member capacity.
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The extent to which the levers can be extended down may be governed by in-situ 

conditions.

Span length

Figure 3.30 shows a plot o f a factored central concentrated load (Wg) versus span increase 

for a strengthened 254x254xl32UC with the tendon configuration shown in figure 3.17. 

The figure also shows a plot for an un-strengthened beam with ultimate limit state load 

(Wu) with increasing span and a plot o f an un-strengthened beam with serviceability limit 

state load (Wsis) with increasing span. Serviceability requirements dictate the maximum 

load for the un-strengthened case. For the strengthened case the ultimate limit state load 

dictates with mid-span deflection always less than minimum serviceability deflection and 

is discussed in the next section.

It can be seen in figure 3.30 that as the span increases, for both cases, the difference 

between the strengthened and un-strengthened beam also increases.

3 30

3 00

2 5 0

200

150

! 00

2 18 200 4 6 8 10 12 14 16

Span (m)

Figure 3.30: Central concentrated load versus span for strengthened and un-strengthened 

beam.
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When the beam has a span o f 5m the strengthened beam has 29.% greater load capactiy 

than for the un-strengthened case but when the beam spans 18m, the strengthened load is 

66% greater, while remaining within the serviceability requirements (span/360). This is 

due to an increase in r, as the span increases (see figure 3.31), which provides greater self 

counter-moment and reduces the mid-span deflection.

The increasing load improvement with span can also be attributed to the initial pre-stress 

giving rise to pre-camber and, thus, allows further load to be applied without exceeding 

serviceability requirements. Figure 3.32 shows the mid-span deflection (pre-camber 

shown as positive) o f strengthened beams (6s) with full pre-stress, the mid-span 

deflection of un-strengthened beams with ultimate state loading (6u) and the mid-span 

deflection of beams with serviceability deflection (6sis) It can be seen from figure 3.32 

that for the strengthened beams ultimate limit state requirements will always govern 
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Figure 3.31: Relationship between span increase and rt .
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loading. It can also be seen that for spans in excess o f 8.4m (for the beam considered 

here) the beam remains in camber which, as explained earlier, will provide a greater rt 

rate than when the beam has sagging m^oment at mid-span. For the un-strengthened 

beams the maximum load will be limited by serviceability requirements and, as 

demonstrated in figure 3.30, will be lower.
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Figure 3.32: Mid-span deflection versus span length for strengthened beams, un

strengthened ultimate limit state beams and un-strengthened serviceability limit state 

beams.

3.6.4 Deflection

The serviceability limit state will often limit section capacity where deflection is limited 

to span/360. The method o f strengthening with tendons attached to the underside o f  the 

lower flange o f  section can not only improve flexural strength but can also reduce 

deflection and, thus, increase limit state loading.
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Figure 3.33 shows the mid-span deflection o f an initially unloaded 254x254x132 UC 

with a maximum initial tendon force (for an imposed limiting stress). The UC had a 6m 

span with a tendon force o f 1400kN and a tendon eccentricity o f  170mm which yielded a 

pre-camber o f  16.34mm (positive upward deflection). Subsequent central concentrated 

loading produces a downward linear deflection as can be seen in the plot.

It can be seen from figure 3.33 that, in addition to the initial pre-camber (which reduces 

the total deflection), the rate o f  deflection is smaller than with the un-strengthened beam. 

The lower rate is due to additional counter moment being induced with loading. In 

general, significant mid-span reduction is achieved with the strengthening application 

considered and can significantly improve loading to members with serviceability limiting 

criteria.

Figure 3.34 shows a plot o f the mid-span deflection o f  the beam with an increasing 

tendon eccentricity (assuming stiff tendon lever stiffness provided) with a constant 

central concentrated load applied and with the maximum initial pre-tension force applied. 

It can be seen in this plot that the deflection is non-linear with respect to increasing 

eccentricity. As the tendon eccentricity increases the mid-span deflection decreases.
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Figure 3.33: Deflection o f un-strengthened and strengthened beam with a 16.34mm 

initial pre-camber versus increased loading.
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Figure 3.34: Deflection versus increasing tendon eccentricity with a constant central 

concentrated load with maximum initial Pi and constant central concentrated load.

This is due a greater counter moment and, thus, greater pre-camber, and a greater self

counter moment capacity upon load application, with increasing tendon eccentricity. It 

can be seen from the plot that with eccentricities in excess of 320mm (for the section 

considered) the beam remains in pre-camber under a constant loading o f 260kN.

3.7 ConcIusioDS

The theory for optimising (minimising) the bending moment on beams with a variety of 

loading and support conditions and under the action o f a number of counter-moments has 

been examined in this chapter. The theory allows the location and magnitude of counter 

moments to be calculated.

Equations were developed to calculate the maximum initial pre-loaded tendon force, P, , 

the rate o f tendon force increase with respect to a central concentrated load application, 

r,, and the maximum load that can be applied, W, for any given imposed limiting stress.
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An expression for calculating the deflection has also been developed which allows the 

reduction in deflection due to counter-moment application (from both initial and self

counter moment) to be calculated.

A parametric study showed relationships between the key parameters including I/A, e, At, 

and L  It was also shown that the eccentricity giving rise to the optimum r, occurs just at 

the point where the bending in the beam moves from hogging to sagging. The greater the 

eccentricity from the optimum value , the lesser will be r,, that is, any further increase in 

overall member depth will result in less efficient benefit with regard to self counter 

moment. However, provided sufficient lever flexural stiffness exists, increasing the lever 

length and, thus, the tendon eccentricity, to a value greater than the optimum will result in 

significant member capacity( that is, of the order of 40-60% depending on lever length).

The study also demonstrated that when the number of tendons applied is limited due to 

having a light member (that is, relatively small cross-sectional area), increasing tendon 

eccentricity will reduce the required initial tendon force (thus, reducing the required 

number of tendons). An increase in tendon eccentricity will also result in self counter

moment due increase and a greater r,rate up to an optimum value as shown figure 3.21.

The cross-sectional area of the tendons has a significant contribution to the r, rate. With 

all other parameters constant, the rate of change of with respect to tendon area is 

approximately linear as shown in figure 3.23 (that is, provided twice the tendon cross- 

sectional area will approximately double the r, rate). A higher r, rate will provide greater 

self counter-moment and, thus, increase member capacity. It can be seen from figure 

3.24 that the greater the tendon area, the closer optimum tendon eccentricity, will be to 

the beam’s neutral axis. This is particularly relevant where overall member depth is 

constrained and providing longer levers is not possible to provide the required counter

moment for a particular case. The provision of an adequate cross sectional area of 

tendons could provide a sufficient r, so as to provide the required counter moment.
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The downward deflection of members with a constant eccentricity under an increasing 

central concentrated load is linear as is upward deflection under pre-camber but at a 

slower rate. Increasing tendon eccentricity will reduce final mid-span deflection by the 

provision of greater pre-camber and greater self counter-moment which “slows” the rate 

of downward deflection. If the serviceability limit state is the limiting criteria for design, 

greater loading can be achieved as the tendon eccentricity is increased due to this 

reduction in deflection under a given load. However, more often with counter-moment 

applied to strengthened beams, the limiting criteria is the ultimate limit state with mid

span deflection far less than the serviceability limits under loading well in excess o f the 

maximum serviceability loading.
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CHAPTER 4

FINITE ELEMENT MODEL SELECTION OF A BEAM WITH COUNTER
MOMENTS APPLIED BY TENDONS

4.1 Introduction

The objective of the previous research carried out (Maher, 1998), as described in section 

2.3, had primarily been to prove that it was possible, in principle, to apply specific 

counter moments at optimum locations along the span of a simply supported beam, so as 

to achieve a final optimum bending moment. The final optimum bending moment 

diagram will be the resulting bending moment diagram after the initial required pre

tension force in the tendons (inducing the initial counter moments) and the concentrated 

central load (which increased further the counter moments through increased tension in 

the tendons) has been applied to the beam. To achieve a minimum value, this optimum 

bending moment diagram must have all peaks equal (that is, in the case o f one pair of 

counter moments applied, five equal peaks of positive and negative bending moment). 

The practical constraints of construction were not a primary consideration with the earlier 

research.

With the current research, however, the limitations imposed by design criteria were 

considered (that is, the overall depth must be kept to a minimum) while still trying to 

achieve the optimum final bending moment diagram. It was decided to test a full-scale 

steel beam and, in the design, to minimise overall depth. Welding long down-standing 

levers to the underside of the lower flange, as in the case with the previous testing, is not 

considered to be practical in that this will increase the overall depth of the member 

considerably.

For simplicity, a case of a simply supported beam with a span of 6m and a central 

concentrated load of 200kN was considered. The design was based on a limiting stress 

(185MPa) that would ensure the beam would remain within the elastic range and was not
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stressed to the ultimate loading. This choice of parameter enabled a safe laboratory 

testing program, as described in the next chapter.

Hand calculations demonstrated that, with this span and loading, a 686x254x125 UB was 

required (see appendix F.l). This beam had a depth of 615mm, which was used as a 

benchmark comparison in terms of the percentage improvement in member depth 

reduction for the strengthened beams considered.

As in the original configuration, it was decided to investigate the possibility of welding 

levers to the underside of the upper flange and on both sides of the web at the optimum 

locations along the span (For weld design see appendix G). Tendons could then be 

attached to these levers to apply the optimum counter moment for the given loading (see 

figure 4.1). With this tendon configuration, higher tendon forces were required to apply 

counter-moments than with the previous tendon configuration due to the low 

eccentricity. However, the configuration had the advantage that the tendons and levers 

were contained wholly within the overall depth of the beam.

It was predicted that, with counter-moments applied, a significant increase in member 

capacity would result. It was expected that if the tendon lever was welded to the upper 

flange and extended down to within 15mm of the lower flange, it would provide the 

maximum possible tendon eccentricity and, thus, reduce the tendon forces required to 

apply a given counter moment.

It will be shown that FE analyses demonstrated that stiffening plates were required to 

engage the upper and lower flanges to transmit the counter moments into the beam. It 

was found that the tendon lever fixed to the upper flange generated high shear and 

bending stresses in the flange, when the tendon forces (600kN per tendon, as required to 

apply the necessary 200kNm counter moment) were applied to the lever. The beam- 

tendon interaction of this tendon and lever configuration and the stiffening plates used to 

engage the upper and lower flange will be discussed later in this chapter.
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4.2 Beam and tendon configuration

A number of trial finite element analyses were carried out using the “Encad” software 

package entitled “ENFELA”. The function of these analyses was to investigate the most 

suitable UC for the testing. All testing carried out with the test beam should be such that 

the maximum stress arising should not exceed +/- 185MPa (that is, safely within its 

elastic stress range). This would ensure that the beam could be repeatedly re-tested 

without having any plastic deformation and also ensured that the beam was safe against 

ultimate failure under a high tensile force in the tendons, which would be dangerous.
261.3
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Figure 4.1: The tendon lever detail employed for the strengthened beam
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Using “ENFELA 2-D” finite element analyses were carried out on a number of trial 

beams with tendons running horizontally from lever to lever (both tendons modelled as a 

2-D pinned end member). The levers are located at the optimum location along the span, 

which are, in this case of one pair of counter moments applied on a 6m span, 1.0m from 

the left and right supports (as calculated from the theory in the previous chapter), that is, 

one-third the distance from the supports to the application of the central concentrated 

load (see figure 4.2).

Local analyses of the lever-beam interaction were carried out to investigate where the 

lever should be located on the beam to apply the counter moment at the correct location. 

The local flexural and shear strength of the upper flange plate, where the levers were 

attached, were also investigated with regard to the possible need for stiffeners, which will 

be discussed later in this chapter. The assumption with regard to the location of the 

levers was, at this stage of the analysis, considered sufficient for the selection of a 

suitable UC member for further detailed analysis.

With the type of tendon and lever beam strengthening application shown in figure 4.2, the 

lever length, with its consequent tendon eccentricity, will govern the magnitude of tendon 

force required to apply a prescribed counter moment for a given loading on the beam.

200kN

3.0 3.0

1.0 1.0
counter moment counter moment

*

Hon'zontal tendon configuration

6.0
r*---------------------------------------------------------------------------------------------------------------------------------------------^

Figure 4.2: Tendon and lever configuration considered for the test beam analyses 

(Vertical scale exaggerated).
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When overall member depth in not a primary consideration, the tendon lever can be 

longer (that is, below the beam, as in Maher 1998), which results in a lower tendon force 

required to apply a particular counter moment. This lower tendon force results in a lower 

portion of the beam capacity being engaged to withstand the axial force induced by the 

tendon forces and a greater portion of the beam capacity being available to withstand the 

bending moments induced by loading. Hence, it is desirable to maximise tendon 

eccentricity. With particular regard to the beam and tendon configuration in figure 4.2, 

the tendons and levers are located wholly within the overall depth of the beam as a 

fundamental design requirement and, as such, the overall depth to which the tendon lever 

can extend is highly constrained.

A number of beams were analysed with the FE software and it was found that a 

substantial proportion of the stress capacity (40-50%) was taken by the axial force 

induced by the tendons. The universal beams analysed behaved more like slender 

columns and, with respect to the un-strengthened beam, did not give a large beam depth 

reduction (that is, of the order of 15-20%). The loads for the lighter beams strengthened 

with the tendon configuration in figure 4.1 were more likely to be limited by minor axis 

buckling (as in the case of slender columns) or premature lateral torsional buckling due to 

the substantial section capacity reduction owing to the high compressive axial forces. 

Thus, a universal column (254x254x132 kg/m UC) was selected, as it was considered 

that a more compact member would be more suitable for the combined axial and bending 

stresses induced by the tendons, due to the relatively high minor axis capacity when 

compared to beams of the same depth.

The beam was modelled in the 2-D FE analysis as three plates that were rigidly fixed 

together, the upper and lower flange plates and the web plate. The plates had in-plane 

bending and deflection with no out-of plane effects. The upper and lower flange plates 

were modelled with 25.4mm thick plate elonents and the web plate was modelled with 

15.3mm thick plate elements. Each element initially selected was approximately 

60mmx50mm (that is, 275.4/6 and 6000/120) in size so as to keep the aspect ratio o f the 

elements within a range that would yield accurate results. The stiffening plates fixed to
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the upper flange where the tendon levers are attached to the beam and the stiffening 

plates attached to the outer edges of the upper and lower flanges at the same location, 

were modelled with 25mm thick plate elements. The ENCAD finite element sub routine 

programme entitled ENFELA, uses a method of back substitution to solve the elastic 

stiffness equations for the quadrilateral elements. The programme firstly checks the 

nodal numbering, and re-numbers the nodes, where necessary, to ensure a minimum size 

stiffness matrix by keeping adjacent node numbers to a minimum difference.

4.3 Mesh verification

A preliminary trial analysis was carried out on the simply supported UC beam with no 

tendons or levers attached under a 200kN central concentrated load. The results of this 

analysis were used in a comparison with hand calculations on the same beam and 

loading. The mid-span deflection. The FE analysis gave a mid-span deflection of 

19.6mm and mid-span bending stresses of +/- 185.9MPa on the upper and lower flanges 

respectively (negative stress is tensile in the software sign convention). Navier’s 

equation (equation 4.1) for simple bending theory was used to calculate the beam stresses 

for comparison with the FE predictions (Steel Designers’ Manual, 2005):

4 - =  ^  (4M)
J y

where M  = the moment at the section under consideration, /=  the second moment o f area 

of the beam section, a  = the bending stress at the section and y  = the distance from the 

neutral axis to the beam fibre under consideration.

The maximum deflection, d, of a simply supported beam under a central concentrated 

load is approximately (Steel Designers’ Manual, 2005):

5  = (4.2)
48£-/

where W  is the central load, L is the clear span, E  is the material elastic modulus and 1 is 

the section second moment of area.
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The mid-span section stresses were calculated as +/- 184.5MPa in the outermost fibres of 

the upper and lower flanges. Equation 4.2 predicted a mid-span deflection of 19.1mm. 

These were within 0.75% and 2.55% of the FE results for the stress and deflection 

respectively.

A further beam was modelled with a finer mesh size (namely, 45x50mm quadrilateral 

elements). This beam, with the same loading and conditions as the previous analysis, 

yielded negligible differences in results compared to the previous coarser mesh (within 

0.5% for stress and 0.7% for deflection. Given that the results of this analysis compared 

well to those of the hand calculation predictions, it was considered that a further 

refinement in the mesh was not necessary.

In the next analysis, the tendons were added and modelled as single tensile members with 

a given cross-sectional area and Young’s modulus. The tendons were not constructed 

with separate beam elements, as in the case of some other FE software packages. This 

particular FE package had the advantage of allowing the incorporation of a pinned and/or 

rigid frame within a meshed model. Both tendons were modelled as a single 2-D beam 

element pinned to specific nodes on the meshed beam model.

Some difficulty was encountered, however, with the application of the pre-stressing 

forces to the tendons. A provision within the FE package allowed prescribed members to 

be pre-stressed. This provision was, however, with particular regard to pre-stressed 

concrete members and an overall tendon force and profile is required. The assumption 

was that an adequate number of tendons would be provided to accommodate the 

prescribed force. This force is applied to the concrete member, via tendons contained 

within, and will always be compressive. When a pre-stress force was applied to the 

tendons and analysed here, the results showed that the tendons behaved as members that 

offered resistance to the pre-stress forces (that is, treating the tendon itself as a concrete 

pre-stressed member) and not simply as tensile members, thus not allowing the tendon 

forces to be applied properly to the steel beam. This was overcome by applying an 

alternative device involving the application of a local positive axial displacement, (that is.
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stretching the tendons and then pinning them to the levers), and using their axial stiffness 

(PL/EA) to predict an appropriate initial approximate extension. However, if  the total 

tendon force is applied to the beam, as a compressive force, the steel beam would 

consequently shorten (by a smaller amount than the initial tendon displacement), thereby 

reducing the tendon pre-stressing force. An approximate linear equation was used to 

predict the pre-loaded total tendon force, and is as follows;

where,

A {=  Total cross-sectional area o f tendons 

The cross-sectional area o f the beam 

<5,= The displacement o f the tendons 

The axial shortening o f the beam

This equation assumes a linear relationship between the two displacements. Some non- 

linearity exists due to the levers themselves deflecting like cantilevers when the tendon 

forces are applied, as well as some rotation due to beam bending. It was considered, for 

the purposes o f the first estimation, that the above non-linear factors were not a 

considerable portion of the total final beam-tendon displacement and that, with just a few 

iterations of the above expression (Ghali et al., 1997) a good first approximation could be 

derived. This approximation could save many trial analyses to find the final exact 

required tendon extension. Further refined applied displacements were then applied to 

the tendons until the final required force resulted in the two tendons. Further trial 

analyses were carried out on the tendon/beam interaction and will be discussed later in 

the chapter.

4.4 Analysis of tendon configurations

FE analyses o f the universal column were carried out with different types o f  tendon 

configurations, which were as follows (see figure 4.3):
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Horizontal tendon configuration

Downward cross configuration

Upward cross configuration

(configmtion thus on both sides of web for all cases)

Figure 4.3: The three tendon configurations analysed and compared for overall beam 

improvement.

• Horizontal tendon configuration

• Downward cross configuration

• Upward cross configuration

For the tendon configuration comparison, the 2-D ENFELA software was used. Analyses 

were carried out on the simulated test beam model with the three tendon configurations 

that is, the horizontal, downward-cross and the upward-cross tendon configuration.

4.4.1 Analysis of beam with a horizontal tendon configuration with no central 

concentrated load applied

This configuration was used for a comparison with the other tendon configurations. The 

constraint, again, was to limit the maximum stress to vsathin 185MPa and apply as much
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counter moment as possible in order to establish the most efficient tendon configuration 

(that is, the configuration that will apply the maximum amount of counter moment to the 

beam per unit of tendon force). This would have the effect of maximising counter 

moment application while minimising tendon force.

The FE analysis of the horizontal tendon configuration with no central concentrated load 

applied predicted that the greatest total tendon force (and, thus, maximum axial force) 

that could be applied to the beam was 1494kN. This force was found to apply, via the 

down-stand levers, counter moments of 153kNm, delivering a maximum compressive 

stress of-183.8MPa (with a top flange stress of 4.8MPa). These counter-moments were 

less than those required for the intended test loading conditions (that is, 200kN central 

concentrated load on a 6m span, requiring 200kNm counter moments for optimum 

conditions). The mid-span section stresses were +4.8MPa in the upper flange and -  

183.8MPa in the lower flange, which was the maximum stress observed. The axial force 

was back calculated as 1494kN and the resulting counter-moment as 153kNm using the 

above stresses. The maximum resulting deflection with this FE analysis was -0.6mm (that 

is, an upward deflection of 0.6mm at mid-span).

4.4.2 Analysis of beam with a downward cross tendon configuration with no central 

concentrated load applied.

The beam was also analysed with the downward cross configuration of tendons (figure 

4.3). Each tendon was fixed to a lever at either side of the centrally concentrated load 

with the other end of the tendon fixed to the lower flange at a location beneath the 

opposite lever. This configuration had a total of four tendons, two on either side of the 

web. The maximum stress was, again, restricted to +/-185MPa.

The maximum stresses occur in the same location (mid-span) as in the previous 

horizontal tendon configuration and were -7.9MPa and -184.1 MPa in the upper and 

lower flange respectively under an axial force of 1625kN and a counter-moment of
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143kNm. The maximum deflection was -0.5mm at mid-span (that is, an upward 

deflection of 0.5mm).

The analysis demonstrated that, for practically the same maximum stress in the beam, 

with the downward cross configuration, it required a greater (8.7% increase) tendon force 

to apply approximately the same magnitude of counter moment. A further FE analysis of 

the same model but with a lower tendon force (equal to that of the horizontal 

configuration) demonstrated that, for a total tendon force of 1494kN, the maximum 

counter moment that could be applied was 129kNm as compared with 153kNm with the 

horizontal tendon counter moment. It was concluded that this tendon configuration was 

not as efficient as the previous horizontal tendon configuration discussed, in that, it has a 

lower amount of counter moment applied per unit of total tendon force applied to the 

beam. However, given that, in this configuration, four tendons are used as compared 

with two tendons in the previous tendon configuration, twice the overall tendon force can 

be applied for similar diameter strands, with a subsequent penalty in cost.

4.4.3 Analysis of beam with an upward cross coDfiguration with no central 

concentrated load applied

The third configuration considered was an upward cross tendon configuration (figure 

4.7). Each tendon had an end fixed to a lever while the other end of the tendon was fixed 

to the upper flange at a location over the support furthest away from the lever. This 

configuration also had a total of four tendons, two on either side of the web. The 

maximum predicted deflection from the analysis was -0.3mm at the mid-span with a 

maximum stress of -122.2MPa and -184.6MPa in the upper and lower flange 

respectively. The end anchorage for the tendons in this configuration were located 

above the beam neutral axis as can be seen in figure 4.3. This results in moment opposed 

to beneficial counter-moment being applied and, thus, yielding a lower beneficial 

counter-moment.

The analysis demonstrated that for this tendon configuration applied to the beam, with a 

total tensile tendon force of 2580kN, while keeping the maximum stress to within
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185MPa, the maximum counter moment that could be applied was 5 IkNm. This counter

moment, as compared to that of the horizontal tendon configuration, was approximately 

67% lower. The deflected shape displays predominantly axial compressive shortening 

owing to the high axial force and comparatively low applied counter-moment.

A further FE analysis of this configuration confirmed that for a tendon force o f 1494kN 

(that is, the force applied to yield the imposed limiting stress with the first configuration), 

the maximum amount of counter moment that could be applied to the beam was 29kNm, 

and was substantially less than the original horizontal tendon case.

4.4.4 Selection of tendon configuration

Of the three types of tendon configurations analysed, the horizontal tendon configuration 

produced the most efficient results. By “efficient” it is meant that the highest magnitude 

of counter moment applied per unit of compressive axial force is applied to the beam via 

the tendons. The total compressive force in the beam being induced is irrespective of the 

number of tendons that are used (that is, two or four). The horizontal tendon 

configuration gave a counter moment of magnitude of 0.102kNm per unit of compressive 

force in the beam whereas the downward and upward cross configuration, gave counter 

moments of 0.079Nm and 0.019kNm per unit force respectively. Hence, the former 

configuration was chosen for further investigation with the test beam.

4.5 Local lever and flange analysis

Typically with external tendons applied to beams, high concentrations of stress occur at 

the tendon anchor points and it is for this reason that local analyses were carried out, at 

the portions of the beam with the levers attached, to establish the magnitude and locations 

of the maximum stresses.

4.5.1 Analysis without additional flange stiffening

The local stresses at the point of application of the counter moments were now 

considered. The tendon loading, applied by the levers welded to the upper flange, gave
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rise to a large shear force and bending moment imposed on one flange only. It was 

necessary to firstly investigate whether the upper flange could withstand such a loading 

and, secondly, whether the lower flange should be engaged, with the use of stifFeners, in 

the resistance of this loading.

All previous FE analyses, with the exception of the local analysis of the lever, had been 

carried out in two dimensions using ENFELA. Owing to the vertical symmetry of the 

model, it was considered that two- dimensional analysis would suffice for the initial 

sizing o f the member and tendon configuration. To confirm the results of the 2-D 

analyses, and for completeness, three-dimensional analyses were carried out on the beam. 

To this end, the popular ANSYS FE analysis structural software package was used.

A FE model of a portion of the beam (that is, an analysis on half the beam) was 

constructed, using ANSYS, where the lever and plates were attached to the beam. An 

axial load of, say 800kN, was applied to both levers where the tendon would be attached, 

as a representation of the tendon tensile forces. The half beam was restrained in five 

degrees of freedom at the nodes on the continuity boundary being which was free to 

displace vertically only. The other end had only vertical displacements resfraints at the 

simple support at the bottom flange. The modelled beam was free to move axially at the 

simple support so as to facilitate the development of axial force between the points of 

application of the tendon levers only (as is the case with the complete beam).

An analysis with no additional stiffening was firstly carried out. By additional stiffening 

it is meant stiffening that would constrain the upper and lower flanges to act together to 

resist axial and bending stresses applied via the tendons. The results of the unstiffened 

local lever/ beam FE analysis (that is, without the additional flange stiffening) yielded a 

maximimi stress of +288.7MPa (compressive) in the upper flange where the web meets 

the upper flange. Figure 4.3 shows a view of the stress contours. The maximum stress 

exceeded the steel yield stress (265MPa) and demonstrated that additional stiffening 

would be necessary.
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It can be seen from figure 4.4 that the upper flange undergoes a substantial rotational 

distortion while trying to impart a counter-moment to the beam. The principal nodal 

stresses just to the left of the levers in the upper and lower flanges were +43.9MPa and -  

44.1 MPa respectively. The stresses are as expected for bending with no axial force 

present. The resulting stresses just to the right of the levers in the upper and lower 

flanges were both compressive and were l.lM Pa and 191.3MPa respectively. The 

analysis demonstrated that axial force and bending moment are present at this section. 

The moment just to the right of the levers was calculated as 156.8kNm and the axial force 

as 1600kN (as expected due the forces applied to the levers). The change in the sign of 

stress from left to right in the upper and lower flange confirmed the presence of counter

moment. The stress component diagram of the section to the right of the tendon levers is 

shown in figure 4.5. It can be seen that the axial component of stress is just lower in 

magnitude than the beneficial counter-moment (+/-l.lMPa). This can be attributed to a 

low tendon eccentricity which requires a very high tendon force to deliver a modest 

counter moment.

The maximum horizontal lever deflection was 5.85mm, with a mid-span beneficial pre

camber of 13.3mm and was within 0.5% of the calculated mid-span deflection yielded by 

equation 3.24. However, it can be seen from the deflected shape of the un-stiffened 

portion of the beam, that the upper flange undergoes a much greater distortion than the 

lower flange at the location of the tendon levers. A method of stiffening the beam locally 

was employed (and discussed in the next section) such that the upper and lower flange 

could act together to dissipate the high concentration. The effective transmission of 

counter-moment into the beam also relies on the upper and lower flange acting together. 

Hence it was concluded that stiffening plates were required.

4.5.2 Analysis with additional stiffening

Fixing plates to the outer vertical edges of the upper and lower flanges on both sides of 

the beam at the location of the levers will engage the upper and lower flanges to act
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Figure 4.4: Local stress contours of tendon and lever configuration
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Figure 4.5; The stress component diagram just to the right o f the levers in the un- 

stifFened beam.

135



together to resist the combined axial and bending stresses imposed by the tendons. A 

further analysis was carried out using the same half beam and with the outer flange plates 

attached at the lever location. Figure 4.6 shows a view of the local stress contours at the 

tendon levers with the upper and lower flange outer edge stiffeners in place. The results 

in this case demonstrated that, with the same 800kN horizontal load per tendon, the 

maximum resulting stress was -158.3MPa in the upper flange. The stress component 

diagrams to the left and right o f the location o f the tendon levers yielded almost the same 

bending moments and axial forces as in the case without stiffeners. The local analysis 

with the stifFeners attached demonstrated that the lower flange could be engaged to 

reduce the maximum overall local stress that resulted from applying the axial force and 

counter moments.

Figure 4.7 shows the deflected shape o f the portion o f the beam with the outer edge upper 

and lower flange stiffeners in place together with the upper flange stiffeners. The 

deflection at the free end o f the tendon lever was 2.1mm, which was considerably less 

than in the un-stiffened case (5.85mm). In the stiffened case, the vertical deflection at the 

right support (where there is no vertical restraint) was 13.3mm as in the previous 

analysis. One can conclude that no significant change global behaviour results from the 

additional stiffeners, although at the point of application of the counter-moments are 

significantly reduced,

4.6 3-D Modelling of beam using ANSYS

3-D analyses of the horizontal tendon configuration with local stiffeners were carried out 

using the ANSYS finite element software. The resulting predictions will be discussed in 

chapter 5. The beam model was constructed using three 6m long plates, two plates 25.4 

mm thick and one 15.3mm thick, the two thicker plates being the upper and lower flange 

and the thinner plate being the web. The plates were “glued” together, assuming full 

structural continuity of the plates along the interface o f the plate joints (figure 4.8). The 

levers were then modelled using rectangular and prismatic solid blocks. “Bar” elements 

were
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Figure 4.6; Half analysis with local lever stiffening plates attached.
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Figure 4.7. Deflected shape of half analysis of beam with stiffeners.
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Figure 4.8 Model of beam with solid elements

used to model the tendons. Bar elements are used in preference to “Beam” elements 

where the force in the member being modeled is axial only, while beam elements are 

preferred where bending, shear, and axial forces are present within the member. These 

bar elements allowed a prescribed strain, and thus stress, to be applied such that the 

required initial pre-stress force could be applied to the beam.

The selection o f the elements proved to be troublesome owing to the geometry o f the 

section (that is, relatively thin plates with respect to their length). Solid block or “brick” 

elements were firstly used to mesh the model and it was found that the program would 

abort owing to the large aspect ratio of the elements, which lay outside the required 

criteria for analysis. The program prompted a suggestion that 13 node tetrahedral 

elements would better model the thin solid plates o f the model. These tetrahedral 

elements consisted o f a node at the end of each edge and a node at the mid-point along 

each edge (see figure 4.9). The program allowed an automatic mesh generation facility to 

be employed such that the mesh was very fine at supports and at points o f load
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application and coarser at intermediate points. The mesh could be subsequently refined 

and results could be compared with each refinement until the change in the result was

Nodes at endpoints and 

mid-points

Figure 4.9: The tetrahedral element used to model the 3-D beam

25mm Flange 
plate

Tetrahedral elements fit together 
"one up, one down"

Figure 4.10: Configuration of solid elements
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within a prescribed tolerance, which in this case was chosen as 1%. Figure 4.10 shows 

the pattern of how the elements would fit together in the meshed solid plates.

The model was fixed at one end for the three translational displacements in the X, Y, and 

Z planes and at the other end in the X (vertical) and Z (lateral) planes only. The software 

required that both beam ends be laterally restrained. The beam was free to rotate at both 

ends (that is, no rotational stiffness was provided) so as to simulate simple supports.

The iterative Newton-Raphson technique for the solution of geometric non-linearity in 

structures (that is, the extent of deflection will effect the magnitude of axial force in the 

tendons and beam) was applied to this problem (Ghali and Neville, 1997). A provision 

for the solution of such problems was present in the ANSYS package and provided a 

suitable method of analysis for the modelled test beam.

4.7 Design calculations to BS5950

In addition to the deflection and local flexural and axial stress checks undertaken in the 

FE analysis, it was also necessary to undertake standard design calculations to BS5950 

(British Standards Institute, 2000). The un-strengthened beam was considered together 

with two different tendon configurations, the first being the horizontal tendon 

configuration already described. A subsequent configuration, with tendons passed 

through thick-wall tubes attached to the underside of the lower flange (the latter 

configuration will be discussed in a later chapter) was also checked.

The overall capacity, lateral torsional buckling load together with local web shear and 

local buckling capacities were investigated for the original 686x254x125 UB and for the

254x254x132 UC selected for strengthening (see appendices FI and F2). Table 4.1

shows the results of the capacity checks.

It can be seen from table 4.1 that the lateral torsional buckling load of the un

strengthened UC is greater (245kN) than for the case of the strengthened beam with
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W eb bearing (kN) W eb stiffness (kN)
LTB Load 

(kN)
Shear Capacity 

(kN) End Mid-span End Mid-span

686x254x125UB 202.7 1746 406 698 218 325

254x254x132UC (un 
strengthened) 245 1120 657 1119 581 1714

254x254x132UC 
(strengthened within 

flanges)
215 " " ■■ "

254x254x132UC 
(strengthened below 

lower flange)
284 ■■ "

tendons between the flanges (215.8kN). The strengthened beam with tendons below the 

lower flange, however, proved to be a viable option with a predicted ultimate load of 

284kN. However, for the more slender sections (such as a 686x254x12SUB), the lateral 

buckling may govern the design. In such cases, the tendon method for strengthening may 

not be appropriate, at the very least, the buckling capacity would need to be checked for 

adequacy.

The design checks were all sufficient to withstand the 200kN maximum central 

concentrated load to be applied in the planned laboratory testing with both tendon 

configurations.

4.8 Conclusions

The method of applying the counter-moments was investigated with particular regard to 

the local stresses induced by the tendon forces at the point of application of the counter

moments. Three types of tendon configuration were considered: the upward-cross, the 

downward-cross and the horizontal tendon configuration. Of the three types of 

configuration considered, the horizontal tendon configuration applied the greatest ratio of 

applied counter-moment per unit tendon force (that is, 0.102kNm/kN). The tendons with 

this configuration were fixed to the underside of the upper flange through levers, which 

induced high shear and bending stresses in the upper flange. It was found that fixing 

plates to the underside of the upper flange together with external stiffeners to the outside 

edges o f the upper and lower flanges engaged both the upper and lower flanges to 

transmit the counter-moment into the beam quickly and, thus, dissipate the high
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concentration of stresses in the upper flange. A suitable 3-D finite element model has 

been developed to allow full non-linear analysis of a beam subject to counter-moments 

through the use of tendons.
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CHAPTER 5

FINITE ELEMENT LINEAR ANALYSIS OF A BEAM WITH COUNTER- 

MOMENTS

5.1 3-D Analysis of the beam with the horizontal tendon configuration

The 3-D model described in section 4.7 was used for three types of linear analyses using 

the horizontal tendon configuration.

1 Un-strengthened beam analysis

2 Passive tendon analysis

3 Active tendon analysis

5.2 Un-strengthened beam analysis

The model in this 3-D analysis had no tendons, tendon levers or lever stiffeners attached. 

The purpose of this analysis was to compare the results of the beam with no levers or 

stifFeners attached to those of the stiffened beam to examine the effect, if any, of such 

levers and stifFeners. A function also of this analysis was to verify the modelled beam 

against hand calculations for mid-span deflection and mid-span section bending stresses.

A 200kN central concentrated load was applied to the model beam. The results of this 

analysis yielded a mid-span deflection of 19.4mm and mid-span section bending stresses 

of +/-184.8MPa. The peak bending moment was subsequently deduced as 301kNm and 

is within 0.3% of the expected value. Hand calculations had predicted a maximum 

bending stress at mid-span of 184.5MPa and a mid-span deflection of 19.1mm (see 

appendix H). The results of this 3-D FE analysis also confirmed the prediction of the 

earlier 2-D analysis (see chapter 4) carried out for the un-strengthened test beam which 

yielded mid-span section stresses of 183.6MPa and a mid-span deflection of 19.4mm.
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Neutral beam analysis with lever stiffeners attached

The levers and lever stiffeners were then attached to the model beam. The levers were 

fixed to the plates attached to the underside of the upper flange at the optimum location 

from each support. The lever stiffeners consisted of plates running from the top flange to 

the lower flange, fixed to the outer edges of the flanges, on both sides of the beam (see 

figure 5.1). Design calculations were carried out for plate sizing of the tendon lever and 

stiffening plates (see Appendix G).

The results of this analysis, with the same load, yielded a mid-span deflection of 18.8mm 

and a mid-span section bending stresses of +/-185MPa. The results demonstrated that it 

was acceptable to assume that the levers and lever stiffeners had no significant impact on 

the overall flexural behaviour of the beam.

25mm Plate

Figure 5.1: Part-view of the beam with 100mmx25mm stiffeners welded to the outside 

edges of the upper and lower flanges
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5.3 Passive analyses

The function of these analyses was to establish the relationship between the central 

concentrated load application and consequent tendon force increase. The analyses 

involved applying a central concentrated load to the beam with the tendons in place but 

without any pre-stress applied to the tendons and observing the increase in tendon force 

when the load was applied. From this, a ratio of tendon force increase compared to 

applied load increase was derived. The ratio was thought to be directly proportional and 

two tests were carried out with different loads to examine if this was so. The analyses 

were as follows,

• Passive analysis with a lOOkN central concentrated load

• Passive analysis with a 200kN central concentrated load.

5.3.1 Passive analysis with a lOGkN central concentrated load

This analysis involved applying, to the modelled test beam described above, a lOOkN 

central concentrated load. The tendons were fixed to the levers but had no initial pre

stress prior to loading (passively engaged). The analysis yielded a tendon force of 

ll.OkN when a central concentrated load of lOOkN was applied. This result agreed 

closely with the predicted tendon force increase to load increase ratio of 0.105kN/kN, as 

described earlier in the 2-D analysis.

The mid-span section stresses were -92.2MPa (compressive) in the upper flange and 

+91.0MPa (tensile) in the lower flange. Figure 5.2 shows the mid-span section stresses 

together with the component section stresses. These stresses are not symmetrical as there 

is an induced axial compressive force of l lkN present in the beam, which is equal and 

opposite to the tendon forces. It can be seen also in figure 5.2 that a small counter 

moment is applied due to this induced force of 11 kN. The self counter-moment in 

previous work carried out (Maher, 1998) was much greater than in this case due to the 

lever arms extending significantly below the beam, yielding a much larger eccentricity.
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-92,4MPa +0.8MPa -0.6MPa -92.2Pa
X -

+92.4MPa -O.SMPa -0.6MPa +91.0MPa

(Point load) (Counter-moment) (Axial force) (Total stress)

Figure 5.2: The mid-span section stress component diagrams with the tendons passively 

engaged and with alOOlcN central concentrated load applied.

5.3.2 Passive analysis with a 200kN central concentrated load

The primary function of this test was to establish the linearity of the relationship between 

central concentrated load application and tendon force increase for the tendon 

configuration under consideration despite using the non-linear analysis facility in the 

software. With the tendons passively engaged on the computer beam model, the FE 

analysis showed that an overall tensile force of 22.0kN was induced with a 200kN 

centrally concentrated load. The stress diagrams below show the axial force stress 

component, the bending stress component and the final combined stress diagram (see 

figure 5.3).

-184.9MPa +1.6MPa

+ 184.9MPa

(Point load)

-1.6MPa

(C-moment)

-l,2MPa

-1.2MPa 

(Axial force)

-184.5MPa

+ 182.1MPa

(Total stress)

Figure 5.3: The beam mid-section stresses with a 200kN central concentrated load 

applied and with the tendons passively engaged.
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The results of the lOOkN and 200kN passive tests were plotted on a chart shown in figure 

5.4. The chart confirmed the linearity o f the relationship o f tendon force with respect to 

central concentrated load over the range of load applied. However, the stiffness of the 

tendon lever itself will impact on the tendon force to load relationship. In general, the 

longer the lever is, the greater the flexibility of the lever and the more non-linear the 

tendon force/beam load relationship. The levers, in this case, are relatively stiff and 

behave more like stiff corbels than cantilevers and have negligible horizontal deflection 

in flexure. It is for this reason that the tendon force to beam load relationship in figure 

5.4 is linear.

The mid-span deflection was 9.35mm under a load of lOOkN. This deflection was 

slightly less than the case for the un-strengthened beam (that is, 9.4mm for a lOOkN 

load). This slightly lesser deflection was expected due to a small tendon force being 

present which induces a small counter-moment. The final mid-span deflection under a 

load o f 200kN was 18.6mm, again slightly less than in the un-strengthened case 

(19.4mm).

250

200

c
8E 100 o 
O

50

0 5 10 15 20 25
Tendon  force (kN)

Figure 5.4; Plot between tendon force increase and central concentrated load application 

under a 200kN load with tendons passively engaged.
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The equation for (3.18) predicted a rate o f 0.109kN/kN, thus, yielding a predicted 

tendon force increase of 21.8kN with a 200kN central concentrated load applied and was 

within 1% difference o f the FE predicted tendon force increase.

5.4 Active analyses

It had been decided to use two 15.7mm core diameter “super-strand” tendons on the 

laboratory test beam (that is, one each side o f the web). The characteristic breaking 

strength of these tendons is 265kN. It is common practice to keep the working tendon 

forces to within 80% of the characteristic breaking strength for a given tendon, (Allen, 

1986) which in this case is 192kN. It was decided, for safety reasons, to apply no more 

than 180kN per tendon on the laboratory test beam. The active analyses were thus 

carried out with tendons fully tensioned to 360kN (that is, 2x180). These analyses were 

used as a comparison with the passive analyses with particular regard to the tendon force 

increase with respect to central concentrated load increase. The beam model in the 

previous analyses was also used in this analysis. The cases to be considered are;

•  Active tendon with no central concentrated load applied

• Active tendon with a lOOkN central concentrated load applied

• Active tendon with a 200kN central concentrated load applied

5.4.1 Active analysis with no central concentrated load applied

This analysis involved applying a 360kN total tendon force to the beam and observing the 

resulting applied counter moment. The measured value o f the resulting counter moment 

was used to calculate the actual tendon eccentricity.

The maximum beam stresses were at the mid-span section and were +0.6MPa (tensile) in 

the upper flange and -43.2M Pa (compressive) in the lower flange. The total mid-span 

section stresses are shown in figure 5.5 together with the component section stresses. 

The maximum deflection was -2.08mm at the mid-span section.
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(C-moment) (Axial force) (Total stress)

Figure 5.5: Mid-span section stresses with 360kN tendon force applied and no loading

The resulting applied counter moment, as indicated by the reported stress, was 35.8kNm 

and the resulting axial force in the beam was calculated to be 360kN as expected. This 

allowed the tendon eccentricity of 0.098m to be calculated. It can be deduced from the 

figure that this tendon and lever configuration is not efficient, in that, a relatively large 

tendon force of 360kN yields a low counter-moment of 35.8kNm This arises specifically 

from the requirement that the tendon stays within the flange of the beam, which in this 

case is a shallow UC (276.3mm deep). Z/A for this arrangement is 96.0mm, just below 

the actual eccentricity.

5.4.2 Active analysis with a lOOkN central concentrated load

This analysis involved applying a lOOkN central concentrated load to the modelled test 

beam. The initial tendon force was first established with a preliminary FE analysis with 

no central concentrated load and with the initial required pre-strain in the tendon bar 

elements. The initial total tendon force was 350kN (i.e. I75kN in each tendon) and was 

over 97% of the final required tendon force. This high proportion of initial pre-loaded 

tendon force was necessary owing to the poor self-counter moment performance of the 

tendon configuration (that is, an expected tendon force increase of 10.2kN on application 

of the lOOkN load).

It was found fi'om the analysis that the final applied counter moment was 36kNm after 

the application of the lOOkN central concentrated load. The results of this analysis
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compared well with the results of the passive analysis, in that the calculated tendon force 

increase was 10.4kN. The results of this active analysis also indicated that the 

relationship between the tendon force increase due to a central concentrated applied load 

remained linear irrespective of the initial pre-loaded tendon force, provided the beam and 

tendon stresses were within the elastic range, for the given beam geometry.

The maximum resulting stresses were at the mid-span section and were -92.1 MPa 

(compressive) in the upper flange and +49.3MPa (tensile) in the lower flange. The mid

span section stresses are shown in figure 5.6 together with the component stresses. 

Figure 5.7 shows the resulting bending moment diagram corresponding to this analysis 

together with the optimum bending moment diagram for a lOOkN central concentrated 

load applied to the beam. The maximum moment in this analysis was 114kNm at the 

mid-span, which represents a 23.3% reduction in the un-strengthened beam bending 

moment. The optimum bending moment diagram for this loading would have a 

maximum bending moment of 50kNm, as shown in the said figure, which is a 66% 

reduction in moment, compared to the un-strengthened case. In order to achieve the 

optimum bending moment diagram it would be necessary to apply lOOkNm counter 

moments. The laboratory conditions limited the amount of counter moment that could be 

applied to 36kNm. This limitation is imposed because of the available tendon size (and, 

thus, capacity), as well as the inherent tendon eccentricit>'.

The results of this analysis indicated that while the bending moment is reduced, the 

resulting maximum stress is just below the maximum stress in the un-strengthened case 

(0.6MPa). This is due to the tendon force producing a relatively small counter moment, 

which resulted in a counter-moment stress component (beneficial component) being 

greater than the axial component (un-beneficial component) by only 0.6MPa. The 

resulting tendon force increase was within 0.2% difference of that predicted using 

equation 3.18 for /*,.

The maximum deflection was 7.6mm at the mid-span of the beam. Hand calculations had 

predicted a mid-span deflection of 9.7mm with lOOkN central concentrated load applied
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Figure 5.6: The mid-span section stresses with a lOOkN central concentrated load and the 

tendons actively engaged
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lOOkN

+50kNm +50kNm +50kNm

Figure 5.7; The bending moment diagram for a lOOkN central concentrated load with 

36kNm counter moments applied, together with the optimum bending moment diagram 

for the same loading.
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to the un-strengthened beam. The reduction in this case was relatively poor and yielded a 

21.6% reduction compared to the un-strengthened case.

5.4.3 Active analysis with a 200kN load applied

The analysis in this case had the same fixed tendon force as in the previous case with a 

200kN central concentrated load applied. Based on the predictions of the passive test 

with a 200kN load applied, a pre-loaded tendon force of 338kN was required (that is, 

360kN-22kN), which was 93.8% of the required post-loaded tendon force. Again, in this 

case a high proportion of the final tendon force had to be applied prior to loading, 

however it was slightly less than in the previous case as more self-counter moment was 

being employed due to the greater loading. Pre-loaded analyses established the initial 

strain required for the tendons.

The results of this analysis compared well to the predictions with the passive analysis. A 

post-loaded axial beam force of 360. IkN arose which represented an increase of 22.1kN 

and also indicated that the tendon force increase with respect to load application was 

linear up to this loading. Again, as in the previous analysis, this analysis indicated that a 

linear relationship was present irrespective of the loading, provided the loading induced 

stresses in the beam and tendons were within the elastic range.

The maximum resulting stresses were at mid-span and were -184.7Mpa (compressive) in 

the upper flange and +141.9MPa (tensile) in the lower flange (figure 5.8). Figure 5.9 

shows the resulting bending moment diagram together with the optimum bending 

moment diagram for this case. The maximum moment in this analysis was 264.8kNm at 

the mid-span, which represents an 11.8% reduction in the un-strengthened beam bending 

moment. The optimum bending moment diagram for this loading would have a 

maximum bending moment of lOOkNm, as shown in figure 5.9, which is a 66% reduction 

in bending moment compared to the un-strengthened case. In order to achieve the 

optimum bending moment diagram it would be necessary to apply 200kNm counter 

moments. The limitations outlined in the previous case with regard to tendon capacity 

and limited eccentricity also apply in this case.
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Figure 5.8: The Mid-span section stresses with a 200kN central concentrated load and 

tendons actively engaged.
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Figure 5.9; Bending moment diagram for 200kN central concentrated load with 

35.2kNm counter moments applied together with the optimum bending moment diagram 

for the same loading.
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The predictions of this analysis indicated that, again very little improvement could be 

achieved as the axial component stress was slightly lower than the beneficial counter 

moment stress component (that is, a benefit of 0.9MPa). The slightly greater difference 

in improvement, when compared to the previous case, is due to the greater load which 

allows greater self counter-moment to be induced. Again, as in the previous analysis, the 

predicted tendon force increase due to load application compared favourably with the 

calculated value using equation 3.18 (within 0.1%).

The maximum deflection was 18.6mm at the mid-span of the beam. FE Analyses of the 

un-strengthened beam predicted a mid-span deflection of 19.4 mm. The pre-loaded beam 

had a maximum mid-span pre-camber of 2.1mm.

5.5 Full capacity analysis of beam

The previous analyses have assumed a limitation in tendon size for practical reasons. 

Now consider the analyses where no such restriction exists.

Owing to symmetry of the tendon configuration and having investigated local stresses at 

the counter-moment locations, a single 2-D analysis was considered sufficient to predict 

the response of the beam under maximum loading. The resulting load would be 

compared to that of the original un-strengthened beam to examine the efficiency of the 

beam if  counter moments were to be introduced. It must be borne in mind that the 

objective is to achieve at least the same load capacity (that is, 200kN) as that o f the 

original beam with a minimum overall depth. Using equations 3.14 and 3.20 derived in 

consideration of the criteria for beam improvement to calculate P, and fV, respectively, 

the initial force and peak load that can subsequently be applied were found to be 1525kN 

and 203.5kN respectively.

A FE analysis was carried out with this pre-load tendon force and central concentrated 

load and resulting maximum mid-span stresses are shown in figure 5.10 together with the
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Figure 5.10; Figure shows the mid-span section stresses with maximum central concentrated 

load applied and the tendons actively engaged.

component stresses. The maximum resulting bending moment was at the mid-span 

section and was +145.3kNm (sagging). This moment represented a 49.7% reduction 

when compared to the un-strengthened case.

The maximum deflection was 13.8mm downward at the mid-span and represents a 26% 

reduction in deflection compared to that of the un-strengthened beam with the same 

central concentrated load (which was 19.1mm, in excess of a limiting criteria of 

span/360, that is, 16.4mm).

The analysis showed that the deflection was now within the required limit o f span/360. 

Figure 5.11 shows the beam stress contours with a 203.5kN central concentrated load 

applied and a final counter moment o f 154.7kNm applied under an axial beam force of 

1547kN. It can be seen that there is a concentration of compressive stress in the upper 

flange o f the mid-span section which is due to the axial tendon force and maximum 

compressive bending stress due to loading.

The improvement in the load capacity with the strengthened beam, with respect to central 

concentrated load capacity, was low (1.75%) because, as discussed earlier in this chapter, 

the tendon configuration did not produce as high a magnitude of counter-moment as was 

originally planned. However, the maximum serviceability limit state load of 173.9kNm
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Figure 5.11: The stress contours of the modelled test beam with maximum loading for the 

tendon configuration between the upper and lower flange.

is somewhat lower than the strengthened beam load of 203.5kN which, in this regard, 

represents a 14.4% increase in capacity.

With the calculated Pi and W applied to the beam the resulting tendon force increase 

compared favourably with the value predicted using equation 3.18, and, as in the previous 

cases, was within a 1% difference.

5.6 Analyses of effective tendon eccentricity

The results of these analyses demonstrated that the effective tendon eccentricity was 

98.0mm. The neutral axis of the section at the point of application of the counter moment 

shifts up from 138.1mm to 164.3mm (measuring from the bottom face of the lower 

flange) due to the addition of stiffening plates attached to the upper flange as shown 

earlier in figure 5.1. Given that the centre of each tendon is located 65.4mm (25.4mm 

lower flange thickness plus 15mm clearance plus half the 50mm diameter thick wall 

tube) from the lower face of the bottom flange, the difference between the two 

dimensions is very close to the predicted effective tendon eccentricity (that is, 98.9mm 

against 98.0mm predicted).



Further trial FE analyses were carried out to examine whether there was a benefit of 

extending tendon levers from the underside of the upper flange to as low as possible to 

the upper face o f the lower flange to maximise eccentricity, or, whether this tendon lever 

configuration resulted in a net eccentricity that was the distance firom the centre o f the 

tendon to the beam’s section neutral axis irrespective of how the tendon is attached to the 

beam. Two tendon configurations were considered, the first being the tendon

configuration as in the previous analysis and the second was a similar beam with tendons 

attached directly to the web at the same eccentricity as the first. The results of the 

analyses are discussed in the following two sections.

5.6.1 Tendon eccentricity analysis of existing horizontal tendon conllguration

The first tendon configuration analysed for was a tendon lever and horizontal tendon 

configuration, as in the previous analyses, with a 1200kN tendon force applied to the un

loaded beam. The analysis yielded mid-span secfion stresses o f -144.0MPa

(compressive) and 1.2MPa (tensile) in the lower and upper flanges respectively Figure 

5.12 shows the mid-span component section stresses together with the final section 

stresses. The maximum stress at the location o f the tendon levers was -143.3MPa and 

occurred in the upjDer flange. The maximum web stress at the tendon lever location was 

110.4MPa. Figure 5.13 shows the resulting stress contours together with the deflected 

shape o f  the beam. The maximum pre-camber was 2.7mm and occurred at the mid-span.

The resulting applied counter moment was calculated from the section stresses as 

117.6kNm as expected (that is, 1200kN tendon force by 0.098m tendon eccentricity).

+72.6MPa -71.4MPa +1.2MPa
----------- A------ . .  .

7" +
/ —

x :—

-------------
----------------- /

-72.6MPa -71.4MPa -144.0MPa

(C-moment) (Axial Force) (Total stress)

Figure 5.12: Mid-span section stresses with 1200kN tendon force and no loading
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Figure 5.13: Stress contours and deflected shape o f the beam with a 1200kN tendon 

force and no loading.

5.6.2 Tendon eccentricity analysis of beam with tendons attached directly to the 

web

A similar beam was analysed with tendons directly attached to the web such that their 

eccentricity was 98mm with a tendon force o f 1200kN and no loading. An initial analysis 

yielded a maximum local web stress, where the tendons were attached to the web, of 

277.2MPa which exceeds the maximum web stress in the previous analysis and also 

exceeds the local maximum stresses for the tendon and lever configuration with and 

without local stiffening. Figure 5 .14 shows the location o f the maximum web stress.

The mid-span pre-camber also compared closely to the previous case and was 2.65mm. 

The beam stress contours together with the deflected shape are shown in figure 5.15 and
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Figure 5.14: Local web stress with tendons attached directly to the beam web and no 

stiffening plates.

compared closely with figure 5.13 for the first arrangement. The principal difference is 

the distribution o f the stresses at the location where the tendons are attached to the beam.

These mid-span stresses confirmed that the tendon and lever configuration had the same 

net effect as attaching the levers directly to the web with the same eccentricity. A tendon 

force o f 1200kN yielded almost the same counter moment and pre-camber for both cases 

considered. The analyses predicted that the benefit of employing tendon levers is to 

directly impart moment to the flanges and, therefore, the web will not have to withstand 

excessively high local stresses to deliver moment to the flanges.

Deflected shape

Stress contours

Figure 5.15: Stress contours and deflected shape o f beam with tendons directly attached 

to the beam web.
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In both cases, it should be noted that, owing to the low tendon eccentricity, the additional 

axial force that must be applied and, thus, the additional axial stresses, to reduce the 

maximum moment (via the counter moments) engages a large proportion o f the beams’ 

stress capacity. This effective reduction in stress capacity regulates the benefit of 

reduction in bending stress due to counter moment. It is for this reason that a 49.7% 

reduction in maximum bending moment will only provide a small increase in load 

capacity (1.75%) and, also, prevents the optimum counter moments of 200kNm and, thus, 

the optimum bending moment from being achieved. The next section examines a revised 

tendon configuration designed to overcome the deficiency.

5.7 Analysis of the beam with a lower horizontai tendon configuration

It was found with the horizontal tendon configuration previously analysed, that there was 

little improvement in the central concentrated load that the un-strengthened beam could 

carry compared to that o f the strengthened beam. The tendons, located just above the 

upper face of the lower flange, required over 95% of the tendon force needed for the 

development o f the final counter moments to be applied as initial pre-loaded tendon 

force. The remaining 5% of the tendon force was induced by the central concentrated 

load application (that is, in self-counter moment). As discussed in chapter 4, the tendon 

eccentricity of 98mm was just above the value required to give beam improvement (that 

is, Z>i=96.2mm). This accounts for the low improvement in capacity o f the beam 

analysed to date.

A new tendon configuration was considered, while still bearing in mind the constraint of 

keeping the overall beam depth to a minimum. The new configuration was adopted, 

where thick-wall tendon tubes were attached to the underside of the lower flange o f the 

beam. The tubes were located at the optimum locations for counter moment application 

with respect to the longitudinal axis o f the beam (Im  in from each support - see figure 

5.16 and figure 5.17). Placing the tendon thick-wall tubes on the underside o f the lower 

flange meant that:
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Figure 5.16: The revised tendon configuration with the thick-wall tubes and tendons 

placed on the lower face of the lower flange.

• The loss of tendon eccentricity, in the previous configuration, due to the 

allowance of clearance between the thick-wall tube attached to the tendon lever 

and upper face of the lower flange (that is, 15mm), could be gained with the new 

tendon configuration, as no such clearance was necessary.

• Placing the tendons on the lower face of the lower flange gained an additional 

25.4mm, the lower flange thickness.

• The tendons centred on the 60mm diameter thick wall tube, adding a further 

30mm to the tendon eccentricity.

12mm fillet 
W elds

60mm

Figure 5.17: Cross-sectional view of the tendon thick-wall tubes welded to the underside 

of the lower flange.
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With this new tendon configuration, a theoretical tendon eccentricity of 170mm could be 

achieved, resulting in an overall beam depth of 335mm (that is, the section depth plus the 

thick-wall tendon tube diameter of 60mm). With the previous tendon configuration, a 

tendon eccentricity of 98mm resulted fi'om an overall beam depth of 276mm. For an 

increase of member depth of 60mm an increase of tendon eccentricity of 72mm could be 

achieved. The previous tendon configuration had a member depth to tendon eccentricity 

ratio o f 2.79 and the new tendon configuration had a ratio of 1.91. The lower the ratio, 

the more efficient the member.

5.8 Local analysis of thick-wall tubes placed on the underside of the beam lower 

flange

A 3-D FE analysis was carried out using ANSYS, where the thick-wall tubes are located 

on the underside of the lower flange, to examine the mechanism of stress distribution 

when high tensile forces are present in the tendons. The half beam analysis was modelled 

as in the previous local analysis without local stiffeners. The thick-wall tubes were 

modelled as 300mm long solid rectangular blocks with an equivalent cross sectional area 

as the thick-wall tubes, attached to the relevant portion of the beam, with horizontal point 

loads applied to simulate the tensile tendon forces. The plot m figure 5.18 shows the 

stress contours of the local beam with, say, 800kN horizontal force (as previously) 

applied to each of the thick-wall tubes. The resulting maximum local stress in this case 

was 148.5.MPa in the lower flange at the location of the levers.

It can be seen from figure 5.18 that no excessive distortion results at the location of the 

counter moments and that no additional stiffener plates are required with the lower 

horizontal tendon configuration. The mid-span (right support) deflection with the half 

model was 23.1mm and was close (less than 0.2%) to the value predicted by equation 

3.24. Figure 5.19 shows the deflection of the half beam.
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SOOkN per tube.
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Figure 5.18: Stress contours of half analysis of beam with tendons to underside of lower 

flange.

ANMid-span
deflection=23.1 mm

SOOkN per tube

Figure 5.19: Deflected shape of half beam analysis o f lower tendon configuration.
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The analysis established that, unlike the previous configuration, the new lower tendon 

configuration required no additional plate stiffening. Figure 5.20 shows the component 

actions o f bending moment and shear force of the earlier tendon lever applied to the 

upper flange, compared with the action o f the current tendon configuration under 

consideration, which applies a direct shear stress only to the lower flange.

The lower flange can distribute all of the applied force into the beam without the 

assistance of the upper flange, unlike the previous tendon configuration. This is due 

mainly to the method of application of the force with the lower tendon configuration. 

The force is applied by horizontal shearing action along the tube lower flange interface. 

This transmits mainly direct axial stresses into the lower flange.

Tendon force

'  ■ - / ■ ■ I/  J
/

applied to lever

Earlier tendon configuration

Tendon force 
applied directly to 
lower flange

Current tendon configuration under consideration

Figure 5.20: The component actions o f the two tendon configurations cons
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5.9 Analysis of the lower tendon conflguration

With the local analysis of the tendon counter moment application carried out, the test 

beam with the new tendon configuration was now ready for a global analysis. The 3-D 

beam was analysed using the ANSYS finite element software package which was also 

used with the earlier tendon configuration. The beam was modelled with the same 

tetrahedral elements used earlier. The tendons had the same bar elements that had a 

provision for the application of an initial strain. This allowed, for the case of active 

analysis, with pre-tension forces applied to the tendons.

Analyses were carried out on the beam with the new tendon configuration, the results for 

which were used in a comparison with those of the previous FE analyses. The loading 

applied in the lower tendon configuration was the same as that of the earlier horizontal 

tendon configuration. The results of the previous analyses had demonstrated that the 

relationship between central concentrated load increment and tendon force increase due 

to that loading was linear. This meant that, provided the beam stresses were kept within 

the elastic range and the geometry remained linear, tendon force increases could be 

predicted with reasonable accuracy without resorting to non-linear analysis. With the 

lower tendon configuration it was necessary to investigate if this also was the case. The 

analyses carried out on the modelled test beam were as follows:

• Neutral analysis

• Passive analysis

• General active analysis

• Optimum active analysis

5.10 Neutral analysis

This analysis was carried out to investigate whether the introduction of the thick-wall 

tubes (without tendons) to the underside of the lower flange would have any effect on the 

overall flexural behaviour of the beam. It was considered likely that the thick-wall tubes 

would have little, if any, effect based on the results o f the earlier neutral beam FE
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analysis. A lOOkN central concentrated load was applied to the modelled beam and the 

resuhing maximum mid-span section stresses were -92.4MPa (compressive) in the upper

flange and +92.4MPa (tensile) in the lower flange. The results of the analysis yielded a

maximum deflection of 9.35mm, recorded at the mid-span. As the resulting deflection 

without the tubes attached was 9.4mm, the difference in deflection was within 1% and 

was considered negUgible.

5.11 Passive analysis

The passive analyses (that is, with tendons passively engaged) served two main 

functions; firstly, to be used as a comparison with the future laboratory testing and, 

secondly, to better understand the relationship between tendon force and apphed central 

concentrated load and between tendon force and tendon eccentricity. The passive 

analyses undertaken were as follows:

• Passive analysis with a lOOkN central concentrated load

• Passive analysis with a 200kN central concentrated load

• Tendon eccentricity trial analyses

The purpose of applying two concentrated loads to the beam with the passive analysis 

was to achieve three points (that is, two results and the origin) on a plot of load versus 

tendon force increase so that it would be possible to confirm whether or not plot was 

strictly linear.

Passive analysis with a lOOkN central concentrated load

This FE analysis using ENFELA was carried out to model the future laboratory test. A 

lOOkN central concentrated load was applied to the beam with the tendons passively 

engaged.
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The stress component diagrams of the mid-span section of the beam are shown in figure 

5.20. In this case, there is zero stress at a distance of 130.1mm from the lower face of 

the lower flange (that is, 8.1mm below the neutral axis of the UC beam). The maximum 

stress was -90.3M Pa (compressive) in the upper flange and +83.7MPa (tensile) in the 

lower flange. The resulting maximum deflection was 8.7mm downwards at mid-span. A 

lOOkN central concentrated load in the neutral analysis produces a mid-span deflection of 

9.4mm. This indicated that the 54kN (total) tendon force, w^hich arises in this analysis, 

would produce an upward pre-camber of 0.68mm, The final deflection represents an 

8.5% reduction in deflection.

Figure 5.21 shows the plot of the stress contours on the modelled. The sections just to 

the left and right o f the left and right counter-moment locations respectively, have zero 

stress contours at the mid-height o f the beam section. It can also be seen that the portion 

o f the beam between the points o f application o f the counter-moments has almost 

symmetrical stress contours with the zero stress contour slightly below the mid-height of 

the beam section. This downward shift in the stress contours can be attributed to the 

presence of the axial force in the beam, applied by the tendons, which confirms the 

presence of the counter-moments. The resulting r, rate from this analysis was the same as 

for the calculated value using equation 3.18 and was 0.525kN/kN.

-92.5MPa +5.7MPa -3.3V[Pa -90 1 MPa

+92.5M Pa -5.7MPa -3.3MPa +83.5MPa

(Point load) (C-moment) (Axial Force) (Total stress)

Figure 5.20: The stress component diagrams at the mid span section with a lOOkN 

central concentrated load and the tendons passively engaged.
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Figure 5.21: The stress contours o f the revised beam with a lOOkN central concentrated load 

applied and tendons passively engaged.

Passive analysis with a 200kN central concentrated load

This analysis was carried out to establish the relationship between the central 

concentrated load and the increase in tendon force. A central concentrated load of 

200kN was applied to the modelled beam in which the tendons were fixed to the levers 

on the underside of the lower flange and were passively engaged. The analysis showed 

that a force o f 108kN developed in the tendon. This result gave the same tendon force 

increase to unit concentrated load as in the previous analysis, as expected. This ratio is 

over five times greater than in the previous tendon configuration. The more self-counter 

moment that can be applied, the greater will be the beam’s self regulating capacity and, 

thus, the greater the overall load bearing capacity.

The total stress diagram at mid-span is shown, together with the component stress 

diagrams, in figure 5.22. It may be noted that an axial tendon force o f 108kN applied a 

counter moment of 17.9kNm, which resulted in a bending stress of +/- 10.6MPa at the 

mid-span section and, indeed, throughout the length o f beam between the points of 

application o f the counter moments. The corresponding eccentricity is 168mm which 

compares favourably with the predicted value from geometry of 170mm.



-185MPa +10.6MPa -6.3MPa -180.8MPa

+185MPa -10,6MPa -6.3MPa +168.8MPa

(Point load) (C-moment) (Axial) (Total stress)

Figure 5.22: Mid-span section stresses of the beam with tendons passively engaged and 

with a 200kN central concentrated load applied.

The maximum resulting deflection in this analysis was 17.6mm downwards at the mid

span. FE analysis had predicted a deflection of 18.8mm with the un-strengthened beam. 

This implies that a total tendon force of 108kN would, in the pre-loaded beam, produced 

an upward camber of 1.2mm. The resulting overall post-loaded beam deflection of 

17.6mm was a reduction of 9.8% compared to that of the un-strengthened beam and was 

due to the presence of the self-counter -moment. The previous configuration had a 

tendon eccentricity of 98mm, which would produce a pre-camber of 0.24mm with a 

tendon force of 108kN (that is, the relationship between tendon force and pre-camber is 

linear for a given eccentricity). Thus, a 70% increase in tendon eccentricity produced 

almost a 500% increase in pre-camber.

Tendon eccentricity trial analvses

The results of the analysis in the passive test of the beam with the lower tendon 

configuration yielded a total tendon force increase of 108kN under a 200kN applied load. 

A series of trial analyses were carried out to better understand how the tendon force 

changes with respect to a change in tendon eccentricity (see figure 5.23). Using the 

modelled beam set up for the passive analysis, the thick-wall tubes were removed and 

replaced with stiff levers extending down from the lower face of the lower flange. The 

levers were at the optimum locations along the beam for counter moment application
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Figure 5.23; Beam and longer tendon levers positions modelled for the tendon 

eccentricity trial analysis.

(that is, Im from each support). These longer levers were modelled with a rectangular 

section and an equivalent section moment of inertia to that of the test beam (that is, 

150mm wide by 263mm, deep, giving 1=225.40x1 Ô mm'*). A node or “keypoint” was 

located on each lever at a distance of 62mm from the soffit of the bottom flange to give a 

distance of 200mm from the beam section neutral axis. Subsequent keypoints were then 

also located at 50mm intervals below this first keypoint, on each lever, so that the tendon 

could be fixed horizontally with varying eccentricity from 0.2m to 1.2m from the beam 

section neutral axis.

The behaviour in this trial analysis differs from that for the tendon configuration with the 

thick-wall tubes attached directly to the bottom flange. As the tendon eccentricity 

increases, a greater counter-moment is applied directly to the beam via the tendon lever 

(for a given tendon force), as well as the shear force applied to the lower flange. With the 

bottom flange thick-wall tube tendon configuration, the beneficial section stresses result 

solely from the shear force applied to the lower flange, via the thick-wall tubes.

The plot in figure 5.24 indicates that the relationship between tendon eccentricity and 

induced tendon force due to the application of a central concentrated load is not linear. 

The plot shows that an optimum value of approximately 171.3kN induced tendon force 

exists at a tendon eccentricity of 0.51m, when a 200kN central concentrated load is 

applied to the beam with the tendons passively engaged. This optimum exists because as 

the eccentricity increases, the flexibility of the lever interacts with the developing tendon 

force.
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Figure 5.24: The relationship between tendon force increase and tendon eccentricity 

upon loading in the passive case.

The optimum tendon eccentricity o f 0.51m was examined to investigate how the 

flexibility o f the lever itself had an effect on the passive induced tendon force. The 

section moment of inertia o f the down-stand levers was varied, while the length o f the 

levers was kept at the optimum length o f 0.51m. A plot of induced tendon force increase 

due to the application o f a 200kN central concentrated load and increasing tendon lever 

“I” value is presented in figure 5.25. The tendons throughout these analyses were 

passively engaged and at a constant eccentricity of 0.51m. The plot demonstrates that 

when the levers are more flexible, the induced tendon force is lower, while a higher lever 

down-stand I value yields a higher tendon force increase for the same tendon eccentricity.

The results o f these analyses helped to better understand the behaviour o f the beam in the 

plot in figure 5.24. As the tendon eccentricity increases, the passive tendon force
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Figure 5.25; The relationship between tendon force increase and tendon lever flexibility 

with a constant tendon eccentricity o f 0.51m from a base “I” value o f 225.40x10^ mm'*.

increases until a point is reached, in this case 0.51m, where further increase in tendon 

eccentricity' is not beneficial. Further increase past this optimum value (for this lever 

section size) results in an increasing overall member depth with a diminishing beneficial 

passive tendon force, and thus, a diminishing beneficial self-counter moment application.

As the tendon levers increase in length, they behave more like flexible cantilevers in 

flexure and less like corbels in shear. The increasing flexibility reduces the overall 

extension of the passively engaged tendons, thus reducing total tendon force increase 

with respect to the central concentrated load application. Therefore, the interaction 

between tendon force and lever flexibility is non-linear one, such that the delivery o f 

counter moment to the beam is not necessarily linear with respect to tendon eccentricity. 

The response o f beam to load is, therefore, geometrically non-linear by virtue o f the lever 

flexibility. The plot in figure 5.25 concurs with Equation 3.18 presented in the 

parametric study included in Chapter 3.
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5.12 Active analysis

These analyses were carried out on the same modelled beam as that in the passive 

analyses. The active analyses involved pre-tensioning the tendons to a prescribed tendon 

force such that, on application of a given loading, the final resulting total tendon force 

would be 360kN (that is, the maximum available pre-tension force for the two 15.7mm 

diameter super strands used in the laboratory test discussed in chapter 7). The active 

analyses carried out were as follows;

• Active analysis with no loading

• General active analysis with lOOkN and 200kN applied points loads

• Optimum active analysis

Active analysis with no central concentrated load applied

This analysis was carried out to compare with the results from the recorded data in the 

laboratory testing described in chapter 7. The tendons were pre-stressed in this analysis to 

the full available tendon capacity (that is, 360kN) in the absence of central concentrated 

load. Figure 5.26 shows a diagram of total stress at the mid-span section, together with 

the component stress diagrams.

+37,8MPa -21.4MPa + 16.2MPa

-37,8MPa

(C-moment)

-21.4MPa 

(Axial force)

-58.4MPa

(Total stress)

Figure 5.26: Mid-span section stresses with no point load and with a total tendon force 

of 360kN for the active case.
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The lower flange stress with the total stress diagram is greater than the upper flange, as 

expected, with counter moment applied and without loading present. The analysis 

yielded a final counter moment of 61.2kNm with a tendon force of 360kN applied to the 

beam. The maximum deflection was 4.2mm (upwards) at mid-span, which was a positive 

value o f (upward) deflection of 4.2mm. The results of this analysis allowed the tendon 

eccentricity to be calculated as 170mm (as expected).

Active analysis with a lOOkN central concentrated load

With this analysis, the initial pre-tension forces had to be calculated. The passive 

analysis predicted an increase in the total tendon force of 56kN due to the application of a 

lOOkN central concentrated load. This force was subtracted from the final allowable 

force o f 360kN to yield an initial total tendon force of 304kN.

The results of this analysis gave an applied counter moment of 60.3kNm with a final 

axial force in the beam of 358.9kN. The maximum resulting stresses in the upper and 

lower flange at the mid-span section of the beam were -76.2MPa and +33.4MPa 

respectively.

The final deflection at the mid-span was 5,4.mm. This was the expected downward 

deflection at mid-span given that a tendon force of 360kN produced an upward pre

camber of 4.2mm and a lOOkN central concentrated load applied to the beam with no 

tendons attached produced a downward mid-span deflection of 9.4mm. This deflection 

represented a 40% reduction compared to the neutral case.

Active analysis with a 200kN central concentrated load

This analysis was carried out to confirm the assumption made for the passive analysis 

that there is a linear relationship between the increase in total tendon force and the 

increase in central concentrated load for a particular tendon eccentricity. This analysis 

was carried out with a central concentrated load of 200kN applied to the beam. The
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tendon force, prior to loading, was 250kN, based on the earlier observation about r,. The 

analysis yielded a final tendon force of 360kN with a central concentrated load of 200kN 

applied. The tendon force increase under loading was 11 OkN. The maximum resulting 

stresses in the upper and lower flange at mid-span were -168.6.MPa and +125.8MPa 

respectively as shown in figure 5.27. The mid-span stresses in the passive analysis, with 

a 200kN load applied, were -ISO.SMPa in the upper flange and +168MPa in the lower 

flange. This implies that applying the tendon force of 360kN has provided an additional 

bending stress capacity of +/-10.4MPa at the critical mid-span section.

The downward mid-span deflection was 14.5mm which demonstrated again that the 

deflection can be calculated as the algebraic difference between the upward pre-camber 

arising from the final post-loaded total tendon force, and the downward deflection due to 

the application of a central concentrated load. For this tendon configuration, a 360kN 

tendon force produces an upward pre-camber of 4.2mm and a 200kN central concentrated 

load without tendons attached to the levers produces a downward deflection of 18.7mm, 

thus yielding a predicted mid-span deflection of 14.6mm, which is within 1% of the 

above deflection for this analysis.

The maximum mid-span stress of-168.6MPa represents a 9% reduction and the 14.5mm 

mid-span deflection represents a reduction of 22.5% in the un-strengthened beam 

maximum stress and deflection respectively under a 200kN central concentrated load.

-15.2MPa

-15.2MPa

Initial axial 
stress

+26.6MPa

+

-185.0MPa •^.2MPa +11.2MPa -168.8MPa

-26.6MPa

Initial bending 
stress due to 
counter-moment

+

+185.0MPa

+

-6.2MPa 1.2MPa

Bending stress due 
to point load

Additional axial Additional counter
stress due to point moment bending stress
load due to point load

+125.8MPa

Resulting final mid-span 
section stresses

Figure 5.27: Mid-span section stresses with active tendons and a 200kN central concentrated 

load.
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The resulting applied counter moment, calculated from the mid-span section stresses, was 

61.3kNm from which the eccentricity of 170mm was calculated (that is, counter moment 

divided by axial force).

The increase in tendon eccentricity yields a substantially higher ratio of induced tendon 

force to load {r, = 0.525kN/kN) than in the previous within-flanges tendon configuration. 

This implies that greater counter moment can be applied at the pre-loaded stage and 

greater self- counter moment will result under loading, thus, improving overall beam load 

bearing capacity. With all the active analyses, the predicted n  rate was exactly the same 

as the value calculated using equation 3.18. These calculations, therefore, provide 

independent confirmation of the accuracy of that equation.

5.13 Beam linear analysis with imposed limiting stress

Further analysis was carried out to establish the theoretical maximum load the modelled 

beam could withstand with the revised lower tendon configuration. In applying the 

theoretical maximum load it was assumed that an adequate number of tendons were 

attached to the beam to apply the full capacity counter-moment (that is, that the constraint 

of the two 15.9mm diameter tendons no longer existed). For the laboratory testing phase 

of this research, the tendon force (360kN) and the central concentrated load (200kN) 

were limited for the purposes o f re-testing (that is, tested within the elastic range) and 

safety. An assumed maximum allowable stress of +/-185MPa was used in this analysis.

A maximum pre-loaded counter moment was calculated such that the resulting maximum 

stress in the lower flange, in the portion of the beam between the application of the 

counter moments, was -185MPa. The pre-loaded coimter moment was calculated as 

191kNm with a pre-loaded tendon force, P , , of 1125kN. A central concentrated load of 

261kN can be applied to deliver peak stresses on loading, as calculated using the 

equations for beam improvement derived in chapter 3. The analysis yielded a final beam 

axial force of 1256.6kN with an applied counter moment of 213.3kNm.
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The subsequent application of this 261kN central concentrated load indeed yielded a 

maximum stress of-185M Pa in the upper flange of the mid-span beam section. The 

lower flange maximum stress at the same section was +34.8MPa. Figure 5.28 shows the 

total mid-span total section stresses together with the component section stresses. It was 

noted that, with the above configuration, a stress of +/-241.7MPa would result for the un

strengthened beam if the 261kN central concentrated load were applied.

The beam in this analysis yielded an improvement in capacity of 32.5% with a maximum 

applied counter-moment of 213.3kNm. The un-strengthened beam, when stressed to +/- 

185MPa, can carry a central concentrated load of 200kN, however, the mid-span 

deflection will be 28mm and in excess of the limiting criteria of span/360 (that is, 

16.7mm). The central concentrated load that will yield the maximum allowable 

deflection of 16.7mm is 175kN, which yields the stated percentage improvement.

Figure 5.29 shows the resulting bending moment diagram of the beam with the lower 

tendon arrangement and a central concentrated load of 261kN applied. The final moment 

at the mid-span was 178.6kNm (sagging) with the final axial beam force of 1256.6kN. 

Figure 5.30 shows the stress contours of the beam in which it can be seen that the stress 

distribution at the tendon anchor points is less concentrated than with the previous tendon 

configuration and the counter-moment is applied over a wider region, thus, removing the 

need for stiffening and as demonstrated by the local analyses of the earlier

-66.8MPa

-66.8MPa

Initial axial 
stress

+ll6.7M Pa -241.5MPa

+

- ll6 .7 M P a

Initial bending 
stress due to 
counter-moment

+24IM Pa

Bending stress due 
to point load ,

-8.3MPa +14,9MPa -185.0M Pa

-8.3MPa -14.9MPa

Additional axial Additional counter
stress due to point moment bending stress
load due to point load

+34.8MPa

Resulting final mid-span 
section stresses

Figure 5.28; Figure showing the mid-span stresses of the beam with a 1256kN total 

tendon force applied and a central concentrated load of 261kN.
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configuration in chapter 4 (see figure 4.3) and by the local analysis in this chapter (see 

figure 5.18).

The maximum deflection in this case was a downward deflection at mid-span of 9.8mm. 

This defection was expected and demonstrated that the relationship between applied 

tendon force and upward pre-camber was linear and that the relationship between applied 

central concentrated load and downward deflection (with a tendon force applied) was 

linear. The upward mid-span pre-camber (under the applied 1256kN tendon force) was 

14.7mm and is 3.5 times greater than the 4.2mm, which was the upward deflection with a 

360kN total tendon force. Similarly, for the downward mid-span deflection, the same 

proportional relationship existed.

The final mid-span deflection represented a 24% reduction when compared to the un

strengthened beam. This revised tendon configuration has allowed a load capacity 

improvement of 30.5% for a relatively low increase in overall beam depth (50mm). The 

improved capacity and deflection reduction implies that this method of strengthening has 

good potential for retrofitted strengthening methods or for section size reduction in new 

construction.

The analyses of the first configuration demonstrated that the concept was valid. 

However, owing to the low tendon eccentricity, relatively larger tendon forces are 

required to apply counter-moments and, as a consequence, flexural capacity is reduced.

-82.6kNm -82.6kNm

2 6 1  kN

+130.4kNm +178.6kNm +130.4kNm

Figure 5.29: Final bending moment diagram resulting from the full capacity analysis 

with the maximum 261kN load applied.
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Sx I Contour Interval 30 N/wi?  ̂ ^

Figure 5.30: Stress contours with a 261kN central concentrated load and with a tendon 

force o f 1256kN applied in the full capacity analysis. (Multiply contour factors by 

30MPa).

With the second configuration, a greater eccentricity resulted in a more efficient system 

where more counter-moment can be applied per unit tendon force. This implies that 

lower tendon forces are required, and, thus, greater flexural capacity' is available.

5.14 Conclusions

A tendon eccentricity o f 98mm was predicted from an FE analysis o f the first horizontal 

tendon and lever configuration. An analysis with the tendons attached directly to the web 

o f the beam wath the above eccentricity, yielded almost the same counter moment (within 

1% difference) and pre-camber (within 2% difference) as the tendon and lever 

configuration. The local web stress, however, with the tendons attached directly to the 

beam were far greater than in the case where the tendon levers were attached to the upper 

flange. Table 5.1 shows a summary o f all the predictions of the FE analyses for the 

tendon configuration contained within the overall depth of the beam.
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Type of analysis Mid-span deflection 
(mm)

Mid-span section stresses (N/mm )

All under 200kN load Top flange Bottom flange
Hand calculations for un

strengthened beam
19.1 -184.6 184.6

2-D FEA for un
strengthened beam

19.4 -183 6 183.6

3-D FEA for un
strengthened beam

19.4 -184.8 184.8

3-D FEA Beam with lever 
stiffeners attached only (no 

tendons)

18.8 -184.8 184.8

3-D FEA Beam with 
tendons passively 

engaged and no loading

18.6 -185.2 182.4

3-D FEA Beam with 
tendons actively engaged  

and no loading

-0.8 0.6 -43.2

3-D FEA Beam with 
tendons actively engaged  

and loading applied

pre-camber -0.8 and 
post loaded 17.8

-184.7 141.9

Table 5.1: Summary for all analyses under a 200kN load

It was found that the tendon eccentricity was only slightly greater than the minimum for 

improvement (that is, e>Z/A) for this case and the constraint of not exceeding the overall 

depth o f the beam yielded a poor overall improvement. A revised configuration was 

considered.

Revised tendon configuration

Further analyses were carried out on a revised configuration whereby the tendons ran 

under the lower flange and were fixed at the optimum location for counter-moment 

application with thick-wall tubes. The overall beam depth with this configuration 

increased by 60mm compared to that of the previous configuration (that is, the outer 

diameter of the thick-wall tube). For this increase o f depth o f 60mm an increase in 

tendon eccentricity was gained from 98 to 170mm. Table 5.2 shows a summary of the 

analyses for the revised configuration.
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Type of Analysis Load(kN) Deflection
(mm)

Upper flange mid
span section 
stress (MPa)

Lower flange mid
span section 
stress (MPa)

Tendon force 
(kN)

Neutral with 
thick wall tubes 

attached

200 18.7 -184.9 184.9 0

Neutral without 
thick wall tubes 

attached

200 18.8 -184.8 184.9 0

Passive 100 8.6 -90.3 83.7 54
Passive 200 17.6 -180.8 168.8 108
Active No Load -4.2 16.2 -58.4 360
Active 100 5.4 -76.2 33.4 358.9
Active 200 14.5 -170.4 125.8 360

Full elastic 
capacity 
analysis

261 9.8 -185 35.4 1256.6

Table 5.2: Summary of the results of FE analyses with thick wall tubes attached to the 

underside of the lower flange.

Owing to the increase in tendon eccentricity, the improvement in the rate of counter

moment application per unit tendon force (from 0.105kN/kN to 0.525kN/kN) was noted. 

The self-counter moment performance of the thick-wall tube configuration was therefore 

improved. Analysis predicted that a 200kN central concentrated load would induce a 

llOkN tendon force, which would give rise to an 18.7kNm self counter-moment. The 

previous configuration had a predicted self counter-moment of 2.2kNm vsdth the same 

loading.

With the revised tendon configuration an improvement in load carrying capacity of 

30.5% was predicted when considering ultimate limit state loads and an improvement of 

49% was predicted when considering serviceability limit state loads. A reduction in 

deflection of 24.3% was achieved when compared to the un-strengthened beam.
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CHAPTER 6 

NON-LINEAR ANALYSES

6.1 Non-linear plastic capacity analysis of beam with the tendon and thick-wall 

tubes

In order to establish the ultimate strength of the beam and tendon configuration with the 

thick-wall tubes attached to the beam soffit, a FE plastic analysis using ANSYS was 

undertaken. The plastic analysis was necessary to establish the interaction between beam 

and tendons when plastic deformations occurred. The analysis would also allow the 

typical mode of failure to be examined for steel beams with external tendons.

6.1.1 Modelling

The beam was modelled with the elements described in section 4.9, which are tetrahedral 

shaped elements that model solid body distortion under loading. The element had nodes 

with three translational degrees of freedom (dof) as discussed in section 4.8, and had 

provision for elastic and plastic material properties attributes (plastic yield at 265MPa). 

The tendons had “beam23” elements that require cross-sectional beam input data. These 

elements respond as would a beam under loading (that is, three translational dof), and 

also have provision for elastic and plastic deformation. The tendon steel was modelled 

with a yield stress of 1300N/mm^ (BS 3617, 2002). Figure 6.1 shows the stress versus 

strain model of the beam and tendon modelled steel.

For the configuration considered here, with the elastic analyses, the magnitude of 

deflections were such that the beam’s soffit and tendons did not come into contact. 

Plastic modelling, however, required that contact be made between the underside of the 

beam’s lower flange and the tendons, due to much greater mid-span deflections post 

yield. Some difficulty was encountered modelling this contact as no element selected for 

the tendons could accommodate (axial) plastic deformation, initial strain and with contact 

elements attached. The problem was overcome by providing “soft links” at mid-span
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between the underside o f the lower flange and the tendons. The soft links were elements 

that had a negligible elastic modulus (5MPa) that was sufficiently low to not effect the 

flexural behaviour of the beam up to a strain of 0.99 (that is, practically, the point were 

contact is made with the tendon under beam deflection). When a strain o f 0.99 was 

reached a modulus o f 200x1 O^GPa was prescribed so that at this point loading rigid 

contact could be modelled between the beam and tendons. Figure 6.2 shows the 

idealised stress versus strain plot for the material used with the soft links. Figure 6.3 

shows the modelled beam with the tendons just making contact with the beam’s lower 

flange. The clearance between the tendons and the lower flange prior to loading is 

22mm,

3 0 0

2 5 0

2 0 0

1 5 0

1 0 0

5 0

0
0 0 , 0 0 2 0 0 0 4 0 0 0 6 0 0 0 8 0 , 0  1 0 , 0 1 2

S t r a  in

(a)

1 4 0 0

1 2 0 0

1 0 0 0

8 0 0

6 0 0

4 0 0

2 0 0

0
0 . 0 0 80 0 . 0 0 2 0 . 0 0 4 0 . 0 0 6 0 . 0 1 0 . 0 1  2

(b)

Figure 6.1; Plots o f idealised stress versus strain for (a) beam steel and (b) tendon steel.
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When incremental loading is applied, the beam deflects (while the tendons remain 

straight) until the gap between the tendon and beam’s lower flange is almost entirely 

closed, at which point the soft link element’s elasticity greatly increases and contact is 

recognised.

2 5 E + 1 1  1

2E*11 -

5E+10 .....

S t r a i n

Figure 6.2: Idealised material model used with soft link.

AN S^S
Deflection 54.73 mm 

Load271kN

Figure 6.3: Under a plastic response, contact is recognised between tendon and beam’s 

lower flange using a “soft” link.
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6.2 IJn-strengthened beam plastic analysis

This analysis was carried out to compare the ultimate strength of the beam with that o f a 

similar beam strengthened with the tendon configuration as shown in figure 5.17. The 

beam was modelled, as in previous analyses, with “solid92” tetrahedral elements and 

with no tendons or levers attached. A plastic hinge formed at the beam’s mid-span when 

a central concentrated load of 231kN was applied. Figure 6.4 shows a 3D view of the 

stress contours of the beam under this load at which point the deflection was 32.3mm

with a fully developed plastic hinge at mid-span.

6.2.1 Unloaded beam pre-cam ber of strengthened beam

An elastic analysis with an initial pre-tension (initial strain) only was carried out and 

compared to the earlier analysis (Chapter 5) which had a similar loading but without the 

soft links attached. The tendons had a prescribed tendon force o f 1240kN, resulting in a 

counter moment of 210.8kNm. The analysis demonstrated that the addition of the soft 

links had no significant effect on the elastic flexural behaviour of the beam. A pre

camber o f 16.82mm resulted, which was within 0.1% of the resulting pre-camber in the 

earlier analysis, where no link connection existed between the underside o f the lower 

flange and the tendons. Figure 6.5 shows a magnified displacement plot of the pre

cambered beam which incorporated the soft link located at mid-span.

/ V NDeflection = 32.2tnm

Load = 231kN

Figure 6.4; Plastic hinge formed in un-strengthened beam, as shown by a contour plot, 

with a load of 231kN applied
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Def l ec t ion= 16 .8 2m m ANSYSl
Load=0

Figure 6.5: Exaggerated pre-cambered beam with soft links attached at mid-span 

6.3 Ultimate strength

This analysis was carried out to predict the loading at failure and the mode o f failure. 

The behaviour of the beam to failure under monotonic load can be divided into four 

stages, as follows:

(a) Elastic behaviour o f both beam and tendons up to plastic hinge development 

in beam.

(b) Plastic hinge at the beam’s mid-span with tendon stresses remaining within 

their elastic range.

(c) With further deflection, the tendons touch the underside o f beam which 

develops further resistance to loading due to the tendon axial deformation 

(while still elastic).

(d) Widened plastic zone propagating from the beam’s mid-span until tendon 

rupture.
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ANSYS
Deflection =  -0.98mm

L oad =  lOOkN

■
Figure 6.7: Stress contours with both the beam and tendons within their elastic stress 

range.

AND e f l e c t i o n ^  - 3 5 . 5 8 m m
10 : 2 4 : I S

L o a d  = 3 0 4 k N

5 8 . 8 8 9 1 1 7 . 7 7 8 1 7 6 . 6 6 7 2 3 5 . 5 5 6
2 9 . 4 4 4 8 8 . 3 3 3 1 4 7 . 2 2 2 2 0 6 . I l l 2 6 5

Figure 6.8: Development o f a plastic hinge at mid-span and with tendons in elastic stress 

range.
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In the first stage, both beam and tendon are in the elastic stress range. The mid-span 

stresses, deflection and the r, rate are as discussed in the previous elastic analysis 

(Chapter 5), up to just when a plastic hinge forms at mid-span.

Figure 6.6 shows the mid-span deflection of the beam over the four different stages to 

failure. The deflections in the first phase were as in the earlier analysis for both the beam 

and tendon elastic responses to loading

Figure 6.7 shows the stress diagrams with a central concentrated load of lOOkN applied 

giving rise to a mid-span deflection of -0.98mm (that is, beam is in stage 1 of deflection 

plot shown in figure 6.6). This was within 1% of the value resulting from the calculated 

deflection using equation 3.23 with the same loading, tendon force and span.

The rate of deflection is greater in the second stage than the first and can be attributed to 

the formation of a plastic hinge. The plastic hinge occurred under a central concentrated 

load of 304kN, which represents a 31.6% increase in the un-strengthened load, with a 

mid-span defection of -35.38mm and marks the beginning of the second stage of beam 

behaviour. At mid-span, plastic stresses develop firstly within the upper flange due to 

both compressive axial and maximum bending stresses at mid-span (see 3D view in 

figure 6.8).

4 0
P r e - c a m b c r c d  b e a m

20
S t a g e  1: B e a m  a n d  t t s ndon i t  e i a i i t i c

100 2 5 0 3 5 0  4 0 0
S ^ t a g e ' 2 :  P l a s t i c " " "  

h i n g e  f o r m a t i o n
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£ in c o n t a c t  w ith
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Q - 80
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wjjIl tendons__

- 1 0 0
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Figure 6.6: Deflection of beam over four stages to ultimate strength.
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The plastic stresses propagate down towards the lower flange under increased loading 

until a full plastic hinge develops whereupon a normal plastic rotation occurs. The 

tendon force at this stage is 1425kN. The mid-span deflection of 35.4mm at this stage is 

far in excess of the serviceability limit of span/360 (that is, 16.67mm for a 200kN load).

In the second phase, as further central concentrated is applied at 35.4mm deflection, the 

plastic region continues to propagate outward from the mid-span and the rate of 

deflection is greater in this phase than in the previous, as shown in figure 6.6. Under a 

central concentrated load of 394kN, resulting in a mid-span deflection of-139.0mm, now 

contact was made between the beam soffit and tendons and marked the beginning of the 

third stage of deflection. Now, the rate of tendon force increase with respect to central 

concentrated is greater than in the previous two phases and is due to the mechanism by 

which the tendon force is applied, as shown in figure 6.9.

The rate of deflection in this phase slows down slightly due to a stitTer system in load 

resistance. It can be seen from figure 6.9 that the mechanism is effectively a cable 

supported structure with a full developed plastic hinge at mid-span that has a resistence to 

rotation equal to the plastic moment capacity {Mp) of the section. The vertical load is 

now predominantly resisted by the tensile forces in the tendons and the residual 

compressive strength of the beam.

I
; __ - --  - ■

^  .j.

Plastic hinge formed 
at mid-span

Figure 6.9: Plot shows mechanism applies tendon force due to load application.
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The beam displayed a predominantly ductile response just to the point o f ultimate loading 

whereupon tendon rupture occurs. However, the strengthened beam must undergo 

substantial deflection (150.9mm) prior to failure, thus, giving abundant warning (see 

figure 6.10).

The stress contour plot o f the beam with a 394kN central concentrated load and a tendon 

force o f  167lkN (the tendon yield force) is shown m the figure. It can be seen that the 

plastic region has propagated outward from mid-span with increased loading. This 

outward propagation is due to axial compressive stress with increasing load as in the case 

with the elastic stress. However the rate rt predicted with the plastic analysis (0.97kN 

tendon force/ kN load) is almost twice that o f the elastic value. The ultimate failure load 

of 408kN was an improvement o f 43% when compared to ultimate load o f a similar un

strengthened beam. Further, the failure load is 35% greater than the maximum elastic 

load for the un-strengthened beam. It can also be seen that the beam undergoes 

substantial deflection prior to tendon rupture (145mm), thus, a yielding a predictable 

ductile response.

ANSYSi

Figure 6.10: Contour plot with ultimate load applied.
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6.4 Comparative analyses

An analytical study of three other methods of beam strengthening was carried out in order 

to make companson between them and the method proposed with this research. The two 

types o f strengthening methods were as follows;

1. Pulley and tendon method

2. Steel plates welded to the lower flange of the steel beam (Albrecht et al. 1988).

3. CFRP pre-stressed plates bonded to the lower side of the lower flange ( Sebatian 

2005).

6.4.1 Full capacity analysis of pulley and tendon method of strengthening for 

comparison

Pre-loaded analysis

The use of external tendons bent around pulleys to provide beneficial upward thrust to 

reduce the maximum moment was described in chapter 2. An analysis of a configuration 

considered by Khairallah et al. (1997) and as shown in figure 6.11, was compared with 

that of the tendon configuration shown in figure 5.17. Using the same beam, overall 

member

1m

Tendon passed around pulleysPulley

Figure 6.11; The tendon configuration used for comparison with the revised lower 

tendon configuration in this research.
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depth and limiting stress o f +/-185MPa, the pulley system configuration was analysed. 

The pulleys were located below the beam such that the tendon eccentricity was the same 

as that in the configuration shown in figure 5.17 (that is, 170mm below the neutral axis). 

In practice, the tendon pulleys would have to be located outside each side of the lower 

flange to allow the tendons to pass to a depth below the lower flange and anchorage for 

the tendons at each end of the beam would have to be provided on the outer faces o f the 

flanges to ensure the tendons were straight in the beam longitudinal direction (see figure 

6 . 12).

The beam and tendon forces were modelled, as in the previous FE analyses, with the 

same tetrahedral elements, making use of a provision with the tendon elements to 

prescribe an initial strain. In practice, the tendon forces at each side o f the pulley should 

be same. The pulleys were modelled by providing three separate members for each 

tendon (that is, two inclined members at each end of the tendon and a horizontal member 

between them). The three members were all pinned at their ends on the underside o f the 

lower flange at the location o f the tendon pulleys, which provided the required tendon 

eccentricity. This implied that the forces in the members modelled as tendons would not 

have balanced forces, as would be the case were tendons passed around pulleys which are 

fi’ee to rotate. A number o f trial analyses were carried out and the initial strains in the 

tendons were “tweaked” until the forces in each of the members were the same as would 

be the case with the continuous tendon passed around the (assumed fi'ictionless) pulleys.

Elastic analysis o f the pre-loaded beam demonstrated that an initial pre-tension force of 

1195kN applied a beneficial moment o f 184kNm with a maximum mid-span section 

stress of-185.0M Pa. (see figure 6.13). The tendon configuration shown in figure 5.17 

applied a pre-loaded counter moment of 191kNm with a pre-tension o f 1125kN. The 

effective eccentricity o f this former configuration is 170mm based on the above figures. 

The rate o f applied counter-moment per unit tendon force, r , , for the pulley configuration 

shown in figure 6.12 is 0.153kNm/kN.
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Plate welded to outside 
of flanges

Pulley

X

777777.

0

Tendons located outside 
flanges

Some stiffening may 
be required at location 
of pulleys

d

Steel block welded 
to underside of flange

Sectional Elevation X-X

Figure 6.12: How the tendon configiiration shown in figure 4.54 would pass outside the 

flanges of beam.
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Figure 6.13; The mid-span section stresses for the pulley configuration with the pre

tension force o f  1195kN applied and with no central concentrated load.

This 11% increase is not a considerable improvement in performance, however, as will 

be seen in the next section, the self counter-moment application was significantly greater 

for the configuration shown in figure 5.17. The low self counter-moment can be 

attributed to the pulley not allowing additional tendon forces to develop due to lower 

flange tensile strain under loading (that is, forces in tendon were balanced (T] =  T2) in 

analysis either side o f pulley to model actual response). The FE analysis predicted an 

upward pre-camber for the configuration, shown in figure 6.12, o f  12.4mm which 

represented a 15.6% reduction in the 14.7mm achieved with the configuration shown in 

figure 5.17.

Analysis with loading applied

With the 1195kN pre-tension force in place, a 230kN central concentrated load was 

applied to the beam. As in the first analysis the forces were balanced. This load resulted 

in a maximum mid-span section stress of-184.7M Pa in the upper flange. The final post 

loaded mid-span section stresses are shown in figure 6.14. The application o f  the 230kN  

central concentrated load resulted in a final tendon force o f  1250kN being induced. This 

was an increase o f  55kN, which, when compared to the increase o f  126kN in the 

configuration in figure 5.17, represents a 56% reduction in the induced tendon force. 

This represents a reduction in the self counter-moment application, that is, from 11.4kNm
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Figure 6.14: Figure showing the mid-span section stresses with the final central 

concentrated load of 230kN applied.

with this configuration compared to 22.7kNm with the configuration in figure 5.17. The 

mid-span deflection at failure was 37.8mm under a 272kN central concentrated load. I'he 

mode of failure was ductile with a mid-span plastic hinge and no tendon interaction as is 

the case for the configuration shown in figure 5.17 (that is, the tendons do not make 

contact with the beams’ soffit). Under a 200kN load (for comparison) the deflection was 

11.8mm. The former configuration (in figure 5.17) yields a significantly lower 

deflection of 1.2mm under a similar loading. The thick-wall tube application is in 

practice, a more straightforward method of application than the configuration proposed in 

figure 6.11, which would require greater expense to fabricate. In addition to the anchor 

points for the tendons, the tendon pulleys would also require plating to distribute the high 

concentrations of stress associated with external tendon applications.

The pulley configuration analysis yielded a maximum load that was 41% (272kN) lower 

than the tendon configuration shown in figure 5.17 (408kN). The counter moment 

application rate for the pulley configuration was 0.525kN/kNunit of tendon force and the 

rate for the configuration shown in figure 5.17 was 0.525kN/kN which is more efficient 

than with the pulley configuration by some 343%.
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6.4.2 Steel plate welded to the lower flange of a steel beam.

This method of strengthening has been in practice for many decades and involves 

welding or bolting steel plates to increase the flexural strength in areas of higher bending 

stresses. A 6m beam similar to that used with the tendon strengthening system was 

considered here. The beam had a 25mm thick steel plate, 250mm wide, fixed to the lower 

flanges as shown in Figure 6.15.

The plate was curtailed at 1000mm from each simple support and was assumed to act 

monolithically with the beam section (that is, adequately welded throughout its length so 

at to provide full stress development under flexure).

A lateral torsional buckling load of 253.2kN was found to be the maximum load that the 

strengthened plated beam could carry (see appendix H). This load represented an increase 

of 3.3% when compared to the un-strengthened beam. When compared to the ultimate 

strength of the beam with external tendons (394kN), the ultimate strength of the steel 

plated beam is 46% less.

The mid-span deflection for a central concentrated load of 200kN was calculated using 

equation 3.23 and was found to be 12.6mm. The load of 200kN was chosen for both

UZZZZ77ZZZZA

254x254x132 UC

25mm x250mm steel plate

Figure 6.15: Location of plate on member section.
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methods of strengthening as both methods respond elastically under such loading. When 

compared to the un-strengthened beam, this represents a 49% reduction in mid-span 

deflection. However, when compared to the external tendon strengthened beam (6.6mm), 

it represents a 92% increase for the same mid-span loading (excluding additional self

weight deflection).

With regard to the overall depth of the beam, the steel plated beam had an overall depth 

saving of 25mm when compared to the external tendon beam. However, the member 

self-weight increase of the steel plated beam is 49kg/m as compared to an increase of just 

6.2kg/m with the external tendon application. This represents a significant increase in 

self-weight bending stress and peak deflection (1.24mm).

6.4.3 Strengthening with pre-stressed CFRP plates.

The method of strengthening with pre-stressing CFRP plates involves bonding the plate 

in its stressed state to the member and allowing the adhesive to cure before releasing the 

applied tensile plate forces, as discussed in chapter 2. Figure 6.16 shows the layout of the 

strengthening CFRP bonded plate, which will be analysed for comparative purposes.

The CFRP plates used in the ultimate load capacity analysis were Diversified Composites 

custom high modulus pultruded strips (henceforth referred to as DC-1 strips) with an 

elastic modulus of 229kN/mm^ and a plate thickness of 3.2mm (Schnerch et al., 2005).

According to the technical report of the UK concrete society (EU Report No. 55(11)) the 

maximum material design stress for the CFRP plate is given by the following expression.

1 z
Pre-stressed 
CFRP plate

1000mm 4000mm 1000mm

Figure 6.16; Configuration of pre-stressed CFRP plate on beam
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where:

YfK= material characteristic failure stress (2800N/mm ).

yram"= safety factor which depends on the method of installation (in this case 1.4 for wet 

laid CFRP plates.

Ynif= safety factor dependant on the method of manufacture of the material (1.4 for CFRP 

plates).

Ymfe= partial safety factor (1.15) for CFRP plates (see table 2, EU report No. 55(11)).

Using equation 6.1, the maximum design stress is 1242N/mm . Adequate cross-sectional 

area was provided for the CFRP plate (576mm^) such that its ultimate strength was the 

same as for the steel tendon’s ultimate strength (that is, 1671kN).

As discussed in chapter 2, Sebastian (2005) proposes a method of analysis for 

strengthening steel members with CFRP bonded plates. The author points out that some 

considerations that apply to strengthened concrete structures do not apply when designing 

strengthened steel members. De-bonding plate failure due to material flexural cracking 

and end f>eel plate failure due to shear cracking are not considered in the case o f steel 

strengthened members. However, adhesive and plate material failure rather than parent 

material failure are more likely to occur with CFRP strengthened steel members.

The following assumptions are made with the proposed method of analysis;

• The steel is assumed to be elastic -perfectly plastic

• The CFRP plate is assumed to linear elastic to failure.

• The adhesive is assumed to be linear with a shear stress distribution that peaks at mid

span and decreases moving towards each CFRP plate end.

An expression to predict the bond shear stress distribution between the CFRP plate/lower 

flange interface within the yield zone at mid-span at a distance, x, from the mid-point of 

the beam was developed (see equation 2.4). It was suggested that further investigation
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was necessary to establish correction factors between the proposed method that assumed 

no interfacial slip and subsequent non-linear FE analysis that modelled interfacial slip. 

As a conservative value and as recommended by CFRP plate adhesive manufacturers 

(Sikadur Epoxy Adhesives 2001), the limiting adhesive bond shear stress was assumed to 

be 4MPa.

When calculating the ultimate moment capacity o f the plastic section (see equation 2.2) 

the yield stress must be increased to allow for additional capacity provided by pre

stressing. When pre-stressing is applied to the unloaded beam the resulting upper flange 

net beneficial stresses have less value than in the beneficial stresses in the lower flange. 

Thus, with increased central concentrated loading, the upper flange will reach yield stress 

first. It is for this reason that net beneficial stress resulting in the upper flange is taken as 

the increased yield stress in equation 2.2 when calculating the ultimate moment capacity.

With a pre-tension plate force o f 640kN applied to the bonded CFRP plate at the pre- 

loaded stage and assuming linear strain throughout the depth of the section, a beneficial 

bending moment of 88.4kNm is applied and the resulting theoretical mid-span section 

stresses are shown in figure 6.17.

It can be seen from the theoretical mid-span stresses that an upper flange net beneficial 

stress o f 16.1 MPa results thus giving an effective increase stress capacity o f 281.1 MPa 

(that is, 265+16.1 MPa). This value is used in equation 2.2 to calculate (M„/r) the ultimate 

moment value o f 38kNm which implies an ultimate central concentrated load o f 254.6kN.

-38.1 MPa +54.2MPa -16.1  MPa

+

-833.0MPa (CFRP) -3S.lM Pa -54.2MPa -833.OMPa (CFRP) -92.3MPa

Axial stress Counter-moment Total pre-loaded stress

Figure 6.17; Mid span section stresses o f pre-loaded beam with pre-stressed CFRP plate.
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6.4.4 FE plastic analysis of beam strengthened with pre-stressed CFRP plates

A non-linear FE analysis was carried out to verify the calculated ultimate load and to 

predict the bond shear stress distribution on the plate/flange interface. The beam and 

CFRP plate were also modelled with solid elements “solid92” and with bi-linear material 

properties (for plastic analysis). The plate was assumed to be glued to the modelled beam 

as in figure 6.16 and the pre-stressing force applied via a thermal (negative temperature) 

load. Figure 6.18 shows the unloaded beam with pre-stressing applied to the CFRP plate.

The analysis predicted a tensile stress of 833MPa at the plate centre and 774MPa at the 

plate ends. The stress in the lower and upper flanges were -90.6MPa and +15.2MPa

Deflection = -2.62mm

Load =  OkN

AN
3 EP 5 2 0 0 6  

Z Z : 4 1

- 8  2 . 6 6 7  1 3 . 3 3 3  2 4  3 4 . 6 6 7
- 2 . 6 6 7  8  1 8 - 6 6 7  2 9 . 3 3 3  4 0

Figure 6.18: Pre-cambered unloaded beam with CFRP pre-stressed.
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respectively and compared closely to the stresses calculated by hand (within 3% 

difference). The mid-span pre-camber was 2.62mm with a mid-span pre-stress force of 

640kN.

With pre-stressing applied to the CFRP, a full plastic hinge at mid-span formed under a 

central concentrated load of 244kN. The mid-span deflection under this loading was 

31.7mm. Figure 6.19 shows the stress contours o f the beam with a post loaded CFRP 

tensile force o f 816kN at mid-span and 736kN close to the plate ends under this ultimate 

load o f 244kN.

The FE plastic analysis demonstrated that when compared to the un-strengthened beam 

ultimate loading (220kN), the improvement in ultimate strength with the pre-stressed 

CFRP plate system was 10.9%, The analysis also demonstrated that, owing to the 

variation in bond shear stress on the CFRP/flange interface, the beneficial direct stress 

and applied beneficial moment (via the CFRP plate), varied along the length o f the plate

Deflection = 31 7mm

Load = 2441cN
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SEP 6 2 0 0 6  

1 3 : 1 9 : 4 1
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“ 2 1 0
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210
2 7 0

Figure 6.19: Development o f plastic hinge in CFRP plated beam.
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(that is, peak beneficial moment at mid-span of 130.5kNm reducing to 117.7kNm close 

to each plate end). The overall member depth was only increased by 4.2mm which is a 

45.2mm saving in overall member depth compared to the external tendon strengthening 

system. However, the ultimate strength gain of 10.9% is considerably less than the 32% 

gain when making comparisons between both of the predicted non-linear FE analysis 

ultimate loads for the two cases. It is not possible to apply concentrated counter moments 

with externally bonded pre-stressed CFRP plates (as in the case of external tendons) and, 

thus, it is impossible to optimise the bending moment diagram. If sufficient counter 

moment is applied at the optimum locations, too much is applied at mid-span or if 

sufficient counter moment is applied at mid-span, to little is applied at the optimum 

locations.

When a central concentrated load of, say, 200kN is applied to the pre-stressed CFRP 

plated beam (that is, a load at which the beam responds elastically) a mid-span deflection 

of 16.1mm was noted. This deflection was greater than in the case of the beam 

strengthened with external tendons which responded with a deflection of 9.3 mm at the 

mid-span under the same loading conditions. The deflection with the CFRP plated beam 

represents a 73% increase when compared to the external tendon strengthened beam.

6.5 ConclusioDS

Non-linear analyses were carried out on the revised configuration to establish the ultimate 

strength and mode of failure. The analyses demonstrated that the strengthened beam 

could bear a 43% greater ultimate load than with a similar un-strengthened beam. The 

analyses also highlighted the four phases of deflection up to ultimate loading. The first 

was an elastic response of both beam and tendons until the second phase where a plastic 

hinge forms at mid-span. Deflection continues (at a greater rate) under further loading 

until contact is made between the tendons and beam soffit which marks the beginning of 

the third phase of deflection (at a lower rate than the previous phase due to an increase in
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effective stiffness). The end of the third phase of deflection occurs with tendon failure 

and beam collapse.

In order for the beam to respond as described, an adequate cross-sectional area o f tendons 

must be provided to ensure that a plastic hinge develops prior to tendon failure. The 

designer must first establish the rate of tendon force increase with respect to load 

application, r/ , for the configuration under consideration. Knowing r, will allow the 

designer to ensure that the tendon stresses remain sufficiently below their characteristic 

breaking strength when a plastic hinge forms in the beam. This will allow a ductile 

response to occur with substantial deflection before tendon failure.

Comparative analyses were carried out for three methods of strengthening on a similar 

beam to that used with the external tendons (that is, steel plated beam and pre-stressed 

CFRP plated beam.). For both methods of strengthening examined, moment is applied, at 

varying amounts, to the member throughout the length of the plate/tendon. When 

applying counter moments it is essential that concentrated moments are applied at 

optimum locations in order to optimise the member being strengthened and, also, for 

efficient use of the pre-stressing method. Strengthening with external tendons is an 

efficient method, as moments of specific magnitude can be applied at specific locations 

so as to optimise the bending moment diagram and efficiently use pre-stressing forces. 

This creditable performance by the external tendon/counter-moment system proposed in 

this research can be justified by referring to table 6.2 which shows a summary of similar 

strengthening systems applied to a 254x254x132kG/m UC.

Method Ulimate load (kN) Mode of Failure Mid-span deflection under 
200kN load

Deflection at 
Failure

Self-weight/m

Steel plated beam 253,2 ductile 16.1mm 42.2mm 181kg/m

CFRP plated beam 244 ductile until plate rupture 16,6mm 31.7mm 132.2kg/m

Tendon and Pulley 
system

272 ductile 11.8mm 37.8mm 133.1kg/m

External tendons 
(thick-wall tubes)

394 ductile until tendon 
rupture

7.2mm 150.9mm I38kg/m

Table 6.2 Comparison of strengthening methods considered.
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The external tendon system has an ultimate load that was 44.8% higher than the next best 

alternative system (tendon and pulley system) with a maximum mid-span deflection that 

was 43% less in the elastic range.
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CHAPTER 7

LABORATORY TESTING OF A BEAM WITH COUNTER-MOMENTS 

APPLIED BY EXTERNAL TENDONS

The horizontal tendon configuration described in chapter 4 gave a rate o f counter moment 

applied per kN o f tendon force o f 0.019kNm. To verify the predicted behaviour, it is 

necessary to carry out laboratory testing on a 254x254xl32kg/m U.C. spanning 6m with 

simple supports. It can be shown, using the theory in section 3.1 that a counter-moment 

of 200kNm is required to produce the typical five equal peaked optimum bending 

moment diagram when a 200kN central concentrated load is applied to this beam. 

However, it was not possible to achieve the optimum bending moment diagram on 

application o f a 200kN central concentrated load as the capacity of the available tendons 

restricted the maximum applied counter moment to 35kNm. It was decided to proceed 

with the laboratory testing for the earlier configuration, firstly, to verify the FE analysis 

results and, secondly, to serve to gain a more complete understanding of the tendon, lever 

and beam interaction with a view to testing a revised lower tendon configuration. As it 

was required to carry out a number o f tests on the beam, the central concentrated was 

restricted to lOOkN such that the total stresses (that is, bending and axial) were kept well 

within the elastic range. The outcome of the laboratory testing for the revised lower 

tendon configuration is also discussed in this chapter.

7.1 Test beam design and fabrication

Levers and plates were welded to the underside o f the upper flange o f the beam, together 

with stiffening plates welded to the outside edge of the flanges as described in section 

4.2. Two cables o f super-strand 15.7mm core diameter, high tensile tendons were 

available for use. These tendons had a characteristic breaking strength o f 265kN for a 

single strand (PSC Freyssinet 1986). It was decided to use a working load of 70% 

(180kN) of the breaking strength per tendon, which is within the recommended 80% 

value. This meant that when the tendons were fully tensioned, the beam would have a 

total axial force o f 360kN, with 180kN being applied by each tendon lever either side of 

the web.
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7.2 Lever design

The tendon levers had a horizontal force capacit>' o f 600kN each (see Appendix G). The 

upper flange had been analysed locally, close to the optimum location for counter 

moment application (that is, 1 m in from each suppxjrt). Based on the results o f the local 

FE analyses of the stiffening upper flange plates and the outer edge flange plates 

discussed in chapter 4, it was considered that both the upper and lower flanges could be 

engaged to dissipate the high local concentration o f axial, shear, and bending stresses 

induced by the action o f the levers with the tensioned tendons attached. At least 500mm 

of 18mm fillet weld was used to weld the upper flange plate and the vertical lever plates. 

A 12mm fillet weld was used for the 300mm long 60mm diameter thick-wall tubes as 

shown in figure 7.1 (see Appendix G for weld design calculations).

Figure 7.1; The fabricated tendon and lever configuration with flange stiffeners.
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All the tendon lever welds were designed using B.S. 5950:part 1 (using grade 43 steel). 

The 12mm fillet weld, with a throat thickness of 8.4mm and 450mm long, provided a 

working shear transmission capacity of 436kN. The vertical plates welded to the thick- 

wall tube were checked for horizontal shear and with an assumed working stress of not 

more than 125MPa (BS 5950) on the principal plane, yielded a working capacity of 

975kN. The local tendon lever FE analyses predicted a maximum stress of 53MPa in the 

25mm thick vertical plates used as the tendon levers. Based on the hand calculations of 

local crushing and buckling of the 25mm thick plates, the plates were considered strong 

enough to safely transmit the maximum tendon forces arising during the laboratory 

testing, to the beam. With an assumed working stress of 185MPa (well below the 

recommended 250MPa in BS 5950 part 1) and an outside diameter of 60mm with a wall 

thickness of 20mm, the axial capacity of the thick-wall tube was 465kN per tube. The 

working stress, predicted by the FE local analyses, in the vertical stiffeners welded to the 

outside edges of the upper and lower flanges at both sides of the beam at the location of 

the application of the counter moment was 36MPa in axial stress, giving an axial force of 

87kN. Fillet welds 165mm long of 12mm depth were provided at each end of the vertical 

stiffeners, giving a shear capacity of 160kN (with a shear stress of 115MPa) per stiffener 

and an axial capacity of 640kN (using an axial stress of 155MPa from BS 5950 part 1). 

The two external stiffeners at each side of the lever locations provide an overall shear 

capacity of 640kN and an overall axial capacity of 2560kN. The axial stiffener capacity 

referred to here is the axial strength of the external stiffeners that transmit forces from the 

upper flange to the lower flange to assist in the dissipation of high local stresses by 

engaging both the upper and lower flange. The predicted maximum stress in the tendon 

levers occurred in the thick wall tube and was a compressive stress of 87.4MPa.

7.3 Tendon configuration and jacking

As mentioned earlier, it was decided to use the horizontal tendon configuration. The 

tendons were located as closely as possible to the upper face of the lower flange to 

maximise tendon eccentricity and as closely as possible to the web to minimise 

eccentricity about the vertical Y-Y axis. It was suggested that the tendon eccentricity be 

minimised in the Y-Y plane to avoid bending stresses (see figure 7.2), in the event o f the
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tendons being tensioned up separately or at different rates. The system of jacking used, 

however, did not give rise to differential tension in the tendons, a matter that will be 

discussed later in this chapter. Each tendon is locked off at one end and jacked to a 

prescribed force at the other end, and this is done at opposite ends of the beam either side 

of the web.

Two practical problems needed to be resolved with regard to applying the tension forces 

to the tendons, as follows:

1. The conventional hand held jacks employed in concrete post-stressing required a 

minimum clearance of 60mm measured from the centre of the tendon to the 

nearest surface. This clearance applies to the smallest hand-held hydraulic jack 

used in pre or post tensioning.

261.3

CO
lO
CNI

12mm fillet 
weld
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<6
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37.515.3

Figure 7.2; Cross section of the beam with the tendon and levers with the thick-wall 

tubes attached.
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2. As many tests were to be carried out on the beam, this required the tendons to be 

tensioned to varying forces and, sometimes, with no force. Consequently, a safe 

method of stressing and de-stressing the tendons had to be devised.

With regard to the first problem, it was decided to locate the centre of the thick-wall tube 

centre 40mm from the upper surface of the lower flange (that is, 15mm clearance from 

the outer surface of the tube to the upper surface of the lower flange). This meant that 

the conventional post stressing hand-held hydraulic jacks could not be used to stress the 

tendons at the location of the thick-wall tubes welded on the beam. It was decided to 

employ two lengths of the same thick-wall tube, 1100mm long, to allow jacking to take 

place outside the ends of the beam. This was achieved by transmitting the jack forces to 

the face of the thick-wall tube, thus, providing a reaction against which the tendons 

could be tensioned (see figure 7.3). It was suggested that these thick-wall sleeves could 

serve a dual purpose in that they could also be used, with adequate calibration and strain 

gauges fitted, as load cells as a check on the load cell readings of the tendon tensile 

forces. This proved to be an invaluable check on the tendon forces as some difficulty 

was encountered with the laboratory equipment, as discussed later in this chapter.

With regard to the second problem, one of de-stressing, it was found that no facility 

exists in conventional hand-held post-tensioning jacks to relieve or totally release 

stresses that have been locked in place by the barrel and wedge mechanism employed in 

tendon stressing.

J IL

JA CK

TEN D O N
SLEEV E LEVER

^TENDON

Additional thick-wall tul 1100mm

Figure 7.3: The jacking arrangement at one end of the test beam.
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A method was devised, therefore, that would allow the tendons to be repeatedly fully 

tensioned and incrementally and completely reduced back to zero stress. A free-standing 

hydraulic pump was used to power two reversible 50 tonne capacity hydraulic jacks, 

located at opposite ends of the beam, (as not enough clearance was available to operate 

both jacks at the same end of the beam) one on each tendon. This allowed the jacks to 

tension the tendons to the required force and, when reversed, to slacken the tendons to a 

lower force or to totally release the stress. The procedure for stressing and de-stressing 

is as follows (see figure 7.4):

1. The two tendons were cut to a length of 10m. This allowed enough length for 

the tendons to travel the length of the beam and allowed for an adequate 

additional length required for the reversible hydraulic jacks.

2. A locking barrel and wedge was fitted to one end of each tendon. The tendons 

were passed through the thick-wall tubes at either side of the web, each starting 

from an opposite end of the beam. When both tendons were pulled through the 

thick-wall tubes as far as the barrel and wedge, the additional length o f tendon 

for each lay at opposite ends of the beam.

3. The two 1100mm lengths of thick-wall tube were placed on the free end o f each 

tendon and moved down the tendon until the end of each sleeve butted against 

the face of the thick-wall tube welded to the down-stand levers.

TENDON
BARRi:y
kWEtXji

LOAD
CELL JACK

RAM JACK TENDON SLEEVE

ANNULUS
PLATE

Figure 7.4: The configuration for jacking and releasing the tendon forces
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4. The two reversible jacks were then placed on the free end o f each tendon and 

moved into position behind the thick-wall sleeves. The jack ram lies on the 

outside of the cable (see figure 7.3). Before the jacks were placed, the direction 

o f travel of each w'as checked to see if  they were both moving in the same 

direction.

5. Two 25 tonne load cells were then placed on each tendon in front of the 

hydraulic jacks. These load cells were used to calibrate the tendon thick-wall 

tubes.

6. 25mm thick circular annulus plates were then placed on the free end of each 

tendon. The outside diameter was large enough to receive the hydraulic jack 

ram (100mm) and the inside diameter was small enough to receive a barrel and 

wedge locking clamp (20mm).

7. Finally, a barrel and wedge clamp was then placed over the annulus plate on the 

free end of each tendon. The location o f the barrel and wedge clamps needed 

some consideration in view of the fact that there was a need to be remove them 

safely to further test and, ultimately, to dismantle the test beam. The barrel and 

wedge clamps needed to be located at mid-point of the travel o f the jack-rams to 

allow the barrel and wedges to be removed when the jacks were fully retracted.

Figure 7.5 shows a digital image o f the above configuration set up in the laboratory. The 

picture shows, moving inwards along the tendon, the barrel and wedge grip, an annulus 

plate, a load cell, the ram on the jack, a reversible 50 tonne bottle jack in front o f which is 

the tendon sleeve.

As mentioned earlier, the problem o f applying different tendon forces either side of the 

web, thus giving rise to bi-axial bending, did not arise with this jacking system. The two 

reversible jacks were pow'ered from the same hydraulic reservoir ensuring that at any
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Figure 7.5: The reversible tendon jacking configuration.

stage during the jacking procedure, the pressure, and thus the force, in both jacks was the 

same (see figure 7.6). The flow in the hydraulic pipes could be alternated in either 

direction to control the direction of travel in both o f the hydraulic jacks. As the barrel 

and wedge clamps were placed on the portion o f tendon outside the jacks (that is, not 

lying between the jack and the beam), as in the case for conventional jacking methods, 

this allowed the tendons to be safely de-stressed as the jacks were retracted.

E LECTRIC
M O TO R

P U M P

VALVE T O  C H A N G E  
F L O W  DIR EC TIO N

t r j  JA C K
JA C K

R E SE R V O IR

BEAM

Figure 7.6; Schematic plan view o f jacking system used to stress and de-stress tendons.
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7.4 C entral concentrated beam loading, beam supports and data logging

The simple supports were fabricated using 50mm diameter solid mild steel bars that were 

350mm long and welded to a 400mm square, 25mm thick plate. The simple supports 

were placed on the heavily reinforced concrete floor o f the test hall to give a clear span of 

5950mm. The beam placed on the simple supports gave a clearance from the under side 

of the lower flange to the laboratory floor of 75mm. This clearance was adequate as the 

results o f the FE analysis gave an expected maximum deflection of 10mm at mid-span.

The central concentrated load was applied via a hydraulic jack that was powered by a 

hydraulic pressure system independent of that for the tendon jacks. The jack that applied 

the central concentrated load was fixed to a loading frame located at the mid-span o f the 

beam. The loading frame consisted of a cross-beam bolted to two vertical struts at either 

side o f the beam, standing 1.2m apart from centre to centre. The vertical struts were 

1.4m high and were 254x254x73kg/m U.C.s. The cross beam consisted o f two deep 

channel sections that were 432xl02x65kg/m in size. The channels were welded “back to 

back” with a space between them of 60mm to allow two 50mm diameter high tensile 

solid threaded bar (Macalloy bars) to pass through at either end of the cross-beam. The 

high tensile bars were passed through the 900mm deep laboratory floor, via prefabricated 

holes, and anchored to the slab soffit. The load jack for the concentrated load was fixed 

to the cross-beam of the loading yoke which allowed the jack to apply the downward 

vertical load. Figures 7.7 and 7.8 show the configuration of the loading frame and the 

loading frame in operation in the laboratory respectively.

load ap p lied  
via hydraulic  
Jack

SEC TIO N  X-X

Figure 7.7: loading arrangement for central concentrated load (not to scale).
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Figure 7.8: Photograph o f the loading frame employed for the test beam 

7.4.1 Strain  and deflection m onitoring apparatus

Quarter bridge strain gauges were used to monitor the strains at prescribed locations on 

the beam. Figure 7.9 shows a diagram of the test beam with the location o f the strain 

gauges numbered 1 to 12. Strain gauges 13-16 were fitted to the tendon sleeves.

A pair of strain gauges w'as placed at either side of the location of application o f the 

counter moments, with one o f each pair on the upper surface o f the upper tlange (gauges 

1 and 3) and the other on the lower face o f each flange (gauges 2 and 4), These gauges 

were placed to monitor if the beam transmitted the counter moments to the beam. In 

theory, a finite point of application of counter moment is assumed when calculating the 

moment in the optimised beam, as discussed in chapter 3. Stress contours in the FE 

analysis suggested that, at the application of a counter moment, the transition from 

positive to negative bending occurred over a length o f the order o f 0.4m -  0.6m, 

depending on the magnitude of counter moment applied. Strain gauges were also placed 

on the web o f the beam at the neutral axis at mid-span (gauge 6) and between the central 

concentrated load and support. Four strain gauges (9-12) were located on the flnages at 

mid-span. Two each were located near the outer edge o f the lower face o f the lower and 

upper flanges.
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Figure 7.9: The location of the quarter-bridge strain gauges on the test beam

As a check for symmetry and consistency, two strain gauges were “mirrored” about the 

centre of the beam at the location of the opposite counter moment lever (gauges 7 and 8). 

It was necessary to place the latter strain gauges underneath the top flange because the 

hydraulic jack that applied the central concentrated load required a spreader plate to be 

placed on the upper face of the upper flange, to prevent high local stresses when the 

loading was applied. When plotting the stress diagrams at mid-span, the readings for the 

stram gauges located on the lower face of the upper flange were used to calculate the 

strains on the upper face of the upper flange (using similar triangles).

The tendon sleeves discussed earlier in this chapter also had strain gauges placed on 

them. These strain gauges (13-16) were used to monitor the force in each tendon and 

especially to detect tendon force “take-up” when the central concentrated load is applied. 

The term take-up here refers to the increase in tendon force, and thus counter-moment, 

when the central concentrated load is applied.
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The readings from the load cells placed at the end of each tendon were compared with the 

readings of the strain gauges located on the tendon sleeves. The strains were recorded 

using a data logging software (System 5000) which has provision for deflection recording 

also. An LVDT was used to measure the deflection at mid-span. The logging system can 

measure at prescribed time intervals and a setting of 10 readings per second was 

employed.

7.5 Laboratory Testing

A testing regime was set out for the test beam, with the horizontal tendon configuration 

discussed in chapter 4, as follows;

Neutral test

A central concentrated load is applied with no tendons attached to the beam.

• Passive test

A central concentrated load is applied to the beam with the tendons passively 

engaged

• Active test

A central concentrated load is applied to the beam with the tendons actively 

engaged.

7.5.1 Neutral beam test

The function of this control test was to provide a baseline of results to compare with 

subsequent testing. This test was carried out with no tendons in place and was also used 

to verify the results of the FE analysis for this configuration. Hand calculations of the 

deflection of the 6m span test beam (with a central concentrated load of lOOkN) predicted 

a deflection of 9.5mm at the mid-span of the beam. The results of the FE analysis 

predicted a deflection of 9.2mm at the mid-span, which suggested that the tendon levers 

and stiffeners might have a slight effect on the overall stiffness of the beam.
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The measured maximum deflection during the test was at the mid-span and was 9.5mm. 

The deflection in this test was used to estimate the value of the Young’s modulus of the 

beam (shear deformations were neglected) and was calculated as 208.5GPa (see appendix 

I). The deflection predicted from hand calculations and FE analysis were derived using a 

Young’s modulus value of 210.0GPa. The revised value of 208.5Gpa was used to carry 

out an FE analysis, which yielded a mid-span deflection of 9.5mm.

The Young’s modulus value of 208.5GPa extracted from this test was used to calculate 

the stresses from the measured strains in the beam for the laboratory testing outlined in 

this chapter.

7.5.2 Passive test

This test involved attaching the tendons to the beam with the barrel and wedge grips, the 

tendon sleeves, and the hydraulic jacks in place, as discussed earlier in this chapter. The 

purpose of this test was to establish the magnitude of force induced in the tendons upon 

the application of a lOOkN central concentrated load. It was necessary to first apply a 

“seating” force to the tendons (of the order of SOkJSl in each tendon) owing to the barrel 

and wedge mechanism. The barrel and wedge grips needed to be tightened onto the 

tendons to ensure that no slippage, and thus no loss of tension force, would occur when 

trying to determine the magnitude of force taken up by the tendons upon the application 

of the central concentrated load. With the barrel and wedge locking mechanism in place 

(that is, when, after some 10 minutes, no reduction in the tendon forces was noticed) the 

seating forces were removed.

With the slack taken up on the tendons, any further increment in tendon force would 

register on the load cells placed on each tendon. The beam axial forces were measured 

from the stress diagrams at the mid-span section. The total stress diagram was first 

calculated and then the component bending and axial stress diagrams were deduced. The 

mid-span stress diagrams were derived from the strain gauges located on the lower face 

of the lower flange and the lower face of the upper flange, as discussed earlier. Hence, an
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adjustment was made to calculate the stresses at the upper face of the upper flange. Table 

7.1 shows a table of measured strains at the locations of the gauges numbered in figure 

7.9

It can be seen in table 7.1 that the readings in strain gauges 1 and 2 have approximately 

the same absolute value of 76 microstrain, as expected, to give a stress of 15.4MPa. The 

stress is due to a 25kNm bending moment, with no axial force present outside the zone of 

application of the counter-moments. Little difference exists between the absolute value 

of the readings of the strain gauges 3 and 4 as only a small tendon force was induced wdth 

this tendon configuration. This will be discussed later in this chapter. Similarly, for 

strain gauge readings 7 and 8, the bending moment and small axial force present 

produced readings with little difference in the absolute values. There is good 

correspondence between gauges 3 and 8 and 4 and 7, as would be expected. The readings 

of strain gauges 5 and 6 were close to zero and again are what would be expected with a 

small axial force present (<llkN ), given both strain gauges are located on the neutral 

axis.

Figure 7.10 shows the mid-span stress diagrams as deduced from stresses measured in the 

passive test. The average measured strain from strain gauges 9 and 10 was 

(compressive strain) in the upper flange, to give a stress of -92.5MPa and the average 

strains from gauges 11 and 12 was +440^^ (tensile strain) in the lower flange to give a 

stress o f +91.2MPa.

The results of the testing showed that, when a lOOkN central concentrated load was 

applied, a tendon tensile force of approximately 1 IkN was induced in the tendons. A plot 

of the lOOkN central concentrated load against the tensile force induced in the tendons is 

shown in figure 7.11.

Strain gauge no. 1 2 3 4 5 6 7 8 9 10 11 12

Reading (microstrain) -76 75 -184 179 -3 -4 177 -183 -441 -446 438 442

Table 7.1; The measured strains on test 

tendons passively engaged.

5eam with a lOOkN central concentrated load and
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The results o f this test demonstrated that this particular tendon configuration was not 

efficient. When applying counter moments to improve beam performance, the more 

“self’ counter moment that can be applied (that is, counter moment induced due to an 

increase in tendon force upon application o f a given loading), the greater will be the 

efficiency of the beam in question. Nonetheless, it was decided to continue with the 

testing regime and to consider later a more efficient tendon configuration with overall 

member depth still a constraint.

Strain gauges 3 and 4 to the right of the tendon levers had recorded strains o f -184^^f' and 

+ 179^?£’,which yield stresses o f -38.5MPaand +37.3MPa respectively. Figure 7.12 shows 

the stress diagram at this section, together with the component stress diagrams. Strain 

gauge 8, which mirrored strain gauge 3 about the centre-line o f the beam in figure 7.9, 

had a recorded strain of -183^;£' giving a stress o f -38.5MPa and strain gauge 7, which 

mirrored strain 4, had a recorded strain o f + 177/i<r giving a stress o f 37.3MPa.

It can be seen from figure 7.12 that little tendon force is induced and, thus, very little 

counter moment is applied with the horizontal tendon configuration. The beam overall 

depth has been kept to a minimum (that is, the tendons and levers are kept within the

-92.4MPa -0 59MPa r0.61MPa -92.5MPa

+92.4MPa 

(lOOkN point load)

-0.59MPa 

(Axial force)

-0.61 MPa 

(counter-moment)

+91 2MPa 

(Total stresses)

Figure 7.10: The mid-span stresses due to a lOOkN central concentrated load with 

tendons passively engaged.
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Figure 7.11: A plot of tendon force increase with respect to central concentrated load 

application for passive test (3000 readings at 10 per second).

flanges), and the price being paid for this is that practically all of the tendon forcc 

required to apply the optimum counter moments will have to be applied prior to loading. 

The constraint to applying pre-loaded counter moment is the hogging capacity o f the 

beam.

-38 5MPa -0.6MPa +0.6MPa -38.5MPa

+38.5MPa -0.6MPa +0.6MPa +37.3MPa

(Point load) (Axial force) (Counter-moment) (Total stress)

Figure 7.12: Figure showing section stresses at the location of strain gages 3 and 4 in 

passive test.
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Figure 7.13 shows the deflection response o f the test beam in the passive test as the 

lOOkN central concentrated load was applied. There is a linear relationship between 

central concentrated load and deflection, as expected. The maximum deflection recorded 

at the mid-span of the beam in the passive test was 8.8mm. The FE analysis of this test 

yielded a mid-span deflection 9.2mm, which was within 4.5% of the predicted value.

If the increase in tendon force due to the application of the central concentrated load had 

been greater, the downward deflection would have been less, due to the hogging effect o f 

the induced counter-moments. Were a pre-loaded tendon force to be applied, it would 

cause an upward pre-camber in the beam but does not reduce the gross beam downward 

displacement due to a given loading. However, the net final deflection will be less in the 

active test.
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Figure 7.13; The linear relationship between load and deflection for the passive test, 

with a lOOkN central concentrated load applied.
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7.5.3 Active tests

The next type o f test involved actively engaging the tendons to a prescribed overall 

tendon force prior to applying a central concentrated load. The passive testing 

established that practically all o f the required counter moment, with the current tendon 

configuration, must be applied prior to loading the test-beam. As discussed earlier, the 

two super-strand tendons could only apply a total tendon force o f 360kN and this was 

the maximum active tendon force that could be applied throughout the active testing 

regime. There were two types o f active testing, namely, a general active test and an 

optimum active test.

Active test with no central concentrated load applied.

This laboratory test was carried out to investigate the magnitude o f the applied pre-loaded 

counter moment that arises from applying a total tendon force o f 300kN, The tendon 

force was restricted to this value so as allow ample additional tendon force capacity (the 

expected value was l l k N based on the passive test with a lOOkN load) when a lOOkN 

central concentrated load was applied. With the tendon jacking system set up as 

described earlier, the tendons were tensioned up to this tendon force and the resulting 

applied counter moment was deduced (from the strain readings) to be 29.8kNm. The 

maximum upward deflection was 2. Imm. The maximum resulting stress o f 32.6MPa was 

in the lower flange at mid-span o f the beam compared to the upper flange stress of 

0.6MPa. The upward deflection o f the beam was linear with respect to tendon force. 

Figure 7.14 shows the mid-span stress diagrams.

+ 18.4 MPa -17.8MPa +0.6MPa

-18.4MPa -17.8MPa -32.6MPa

(Counter-moment) (Axial stress) (Total stress)

Figure 7.14: The mid-span section component stresses with 300kN tendon force and no 

loading
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Active test with a lOQkN central concentrated load

This test involved applying a lOOkN central concentrated load to the beam while 

applying as much counter moment as possible within the allowed range of total tendon 

force (360kN). This test was carried out to observe the improvement that could be 

achieved in the bending moment diagram with the counter moments and central loading 

applied to the test beam, as compared with that o f the bending moment diagram of the 

original beam with the (same) central concentrated load only. The test was also carried 

out to examine the increase in tendon force due to the application o f the lOOkN central 

load following the application of a pre-tensioned tendon force of 300kN. It was also 

necessary to establish whether the increase in tendon force due to the loading observed in 

the passive test (that is, 1 IkN), was a function o f the initial pre-stressed tendon force or 

whether the process was linear.

The increase in tendon force during the test beam loading was carefully monitored in the 

unlikely event that the tendons would exceed the recommended safe working stresses 

(that is, 80% of characteristic breaking force of 265kN per tendon). The FE analysis had 

predicted that, for this test beam and tendon configuration, the deflection was linear (that 

is, an equal increment o f force produced an equal increment of deflection).

The plot in figure 7.15 shows the negative deflection, or upward pre-camber, of 2.1mm 

due to the application of the tendon force and also the deflection arising from the 

subsequent application o f a lOOkN central concentrated point load. The beam was 

confirmed to behave linear elastically.

Figure 7.16 shows a comparison o f the above plot (shifted along the x axis to the right for 

clarity) together with a plot o f the beam in the neutral test with no tendons attached. It 

can be seen from the plot that, while in both tests the beam behaves linearly elastically, 

the rate of deflection, and thus the overall deflection, is reduced by the presence o f the 

counter moments. In effect, the stiffness of the beam is enhanced by the tendons.
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Figure 7.15; The initial pre-camber of 2.1mm in the unloaded beam and the final 

deflection of 6.8mm, with a linear response.
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Figure 7.16; Figure shows the different rates o f deflection of the test beam with and 

without counter moments under a lOOkN central concentrated load.
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The mid-span section stress component diagrams for the active test with a 300kN axial 

force in the beam and no central concentrated load applied are shown in figure 7.16, as 

derived from the measured strains. The applied counter moment is calculated as 

29.8kNm. This was very close to the expected value, as the FE analysis o f this test 

predicted a counter moment o f 30.0kNm and the value recorded in the previous test with 

a tendon force of 300kN was also 29.8kN.

The stress component diagrams (also derived from the strain measurements) for the 

active test with a lOOkN central concentrated load and a final tendon force o f 311.4kN 

are shown in figure 7.17, for the mid-span section o f the beam.

The stress diagrams demonstrate that, with the application o f the concentrated load, the 

counter moment increases from 29.8kNm to 30.7kNm, which represents a 1.1% increase. 

The tendon configuration did not perform efficiently, in that, practically all (98.8%) of 

the required counter moment required would have to be applied at pre-loaded stage. The 

test demonstrated that the increase in tendon force of 11.4kN, when a lOOkN central 

concentrated load was applied in this active test, was close to the original tendon force 

increase in the passive test (that is, 11 .OkN).

The poor efficiency o f the beam is due to a small tendon eccentricity (98mm) and the 

implications o f this are as follows:

• When applying the pre-loaded counter moment, relatively large tendon forces 

must be applied, which give rise to high axial beam stresses between the points of 

application of the counter moments. The high compressive axial stresses reduce 

the available bending capacity which limit the maximum possible compressive 

bending stress (due to pre-loaded counter moment) that can be applied to the 

lower flange

• A low eccentricity implies that the beam will induce a small self-counter moment 

under loading. The greater the proportion o f self-counter moment that can be 

applied the lesser the pre-loaded tendon force that needs be applied to achieve a 

required final post-loaded counter moment.
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(Point load) (Counter moment) (Axial force) (Final stress)

Figure 7.17: The mid-span section component stresses with 300kN tendon force and a 

1 OOkN central concentrated load applied.

The ideal is not to have to apply any pre-loaded tendon forces (that is, for the tendons to 

be passively engaged only) and for the beam’s self-counter moment to be 100% of the 

required post-loaded optimum counter moment. This case would require a much greater 

tendon eccentricity (utilising levers) and is often not practical in building construction.

It was found that once the magnitude of the tendon force increase was established for a 

given loading, in this case 11.4kN for a lOOkN central concentrated load, this additional 

increase could be subtracted from the final required tendon forces to give the initial pre- 

loading tendon forces. Figure 7.18 shows a plot of how the tendon force varies as the 

subsequent lOOkN central concentrated load is applied to the beam.

1 2 0

1 0 0

8 0

6 0

4 0

2 0

0
2 9 8 3 0 0 3 0 6 3 0 8 3 1 0 3 1 23 0 2 3 0 4

Figure 7.18; Plot o f the tendon force increase in the active test when a lOOkN central 

concentrated load is applied.
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The slope o f the line in this plot is the same as the slope o f the line in the passive test case 

(that is, the rate o f tendon force increase due to load application). Given that the slopes 

of the lines in each of the above cases is the same, the two tests demonstrated that the 

amount of tendon force increase induced by a given loading is independent o f the initial 

pre-tension tendon forces, and the relationship is linear.

A tendon force of 300kN was recorded from the load cell readings on the hydraulic jacks. 

The tendon force o f 300kN was found, form the strain gauges, to apply a counter moment 

of 30.12kNm. If the counter-moment is a product o f Pe (where P is the tendon force and 

e is the tendon eccentricity), then, as P is known, e in this case must be 98mm. This 

calculation confirms exactly the predictions of the 3-D finite element study.

Figure 7.19 shows a plot o f how the total counter-moment is achieved. The initial tendon 

force is applied to the beam, inducing a counter moment o f 29.9kNm. Upon the 

application o f the central concentrated load, an increase in that counter moment (to 

31.8kNm) arises. The ideal path of counter-moment application with respect to central 

concentrated load has also been plotted on the above graph. Here 100% of the resulting

z Ideal target 
line

■o<0o
co

CL

Actual Hne

Applied counter-m om ent (kNm)

Figure 7.19: The actual and ideal paths for counter moment increase with respect to load 

increase.
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counter-moment has been produced as a result o f applying the central concentrated load 

and would remove the need for any pre-tension tendon forces. In this ideal case, the 

beam is totally self-regulating with regard to counter-moment.

Active test producing optimum shape bending moment diagram

The objective of this next test was not to investigate the maximum possible loading but, 

rather, to show, in principle, that it is possible to produce an optimised bending moment 

diagram shape (given the maximum available tendon force o f 360kN) and, thus, to 

achieve the maximum counter moment of approximately 35kNm, The rate o f increase of 

tendon force attributable to the central concentrated load application was found to be 

linear and this allowed the initial pre-loading tendon forces to be calculated. If 35kNm of 

counter moment is the maximum amount that can be applied to the beam, and if the 

counter moment (for one pair o f counter moments applied) must be two-thirds the value 

o f the original maximum bending moment for a simply supported beam with a central 

concentrated load, then the original maximum bending moment must have a value of 

52.5kNm (that is, 3/2x35kNm). This implies that, for a 6m simply supported span, the 

central concentrated load must be 35kN in order to achieve the optimum bending moment 

diagram, with a maximum positive or negative value of 17.5kNm.

The central concentrated load for this test was, therefore, selected as 35kN and the 

increase in total tendon force due to the application of that load was calculated as 4.0kN. 

The pre-loaded applied counter moment was to be 34.4kNm (that is, 98.8% of 35kNm) 

because, as discussed earlier, practically all o f the required counter moment had to be 

pre-applied to the beam, owing to the poor efficiency o f the tendon configuration. The 

remainder of the required counter moment was provided by self-counter moment under a 

35kN load.

In the test, the initial pre-loaded total tendon force was 355.4kN following which a 

central concentrated load of 35kN was applied. The total tendon force increased by 

4.6kN to 360kN, which applied a post-loaded counter-moment o f 35. IkNm. The section
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strains for this test are shown in Table 7.2, from which the section stresses and, thus, the 

final bending moment diagram were produced. The final mid-span deflection was 1.2mm 

(compared to an un-strengthened deflection of 3.2mm, representing an improvement of 

more than 265%).

The test demonstrated that the “post loaded” optimum bending moment diagram was 

achievable with this tendon configuration and is shown in figure 7.20. However, it is 

recognised that the optimum bending moment diagram referred to here is the typical five- 

peaked diagram, which was obtained with a reduced load, which was limited by the 

maximum amount of counter-moment that could be applied due to a limitation in the 

tendon capacity. Clearly if the tendon capacity was raised, it would be possible to apply 

much higher counter-moments and, hence, higher concentrated loads for this “optimum” 

bending moment diagram.

The maximum stress resulting in the beam was at the pre-loaded stage and was a 

compressive stress of -42.8MPa with the total tendon force of 351.8kN applying a 

counter-moment of 34.1kNm. The highest stress resulting in the post-loaded stage was -  

31.8MPa with a central concentrated load of 35kN applied.

FE analysis showed that the beam could only have a relatively low improvement in load 

capacity, of the order of less than 2%, due to the low effective tendon eccentricity. Large 

tendon forces must be applied in order to apply the counter moments required for beam 

improvement, which, with this tendon configuration, take up almost 50% of the beam 

stress capacity.

Strain gauge no. 1 2 3 4 5 6 7 8 9 10 11 12

Reading (microstrain) -53 51 -48 -156 -103 -101 -153 -47 -152 -156 -51 -49

Table 7.2; Strain gauge reading for the optimum shape bending moment diagram test. 

The locations of the strain gauges are given in figure 7.9.
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-18.1kNm 35kN -17.9kNm

35.9kNm35.9kNm

+17.8kNm +17.4kNm +18.0kNm

Figure 7.20; The optimum five-peaked shape bending moment diagram with a 35.kN 

central concentrated load applied.

The testing demonstrated that the counter-moments can be induced in the beam over a 

narrow range about the anchor points attached to the beam underside,

Greater tendon eccentricities will result in less P, being required to apply given pre- 

loaded counter moments, otherwise Pi uses up a large portion o f the beams’ capacity. 

The testing demonstrated that the concept o f using counter-moments to reduce bending 

moment is valid. A second configuration tested, which is more efficient than the first, 

will now be discussed.

7.6 L aboratory  testing with a revised lower horizontal tendon configuration

Analyses carried out on the beam with the lower tendon configuration have indicated that 

this beam is more efficient in applying self-counter moment. The beam tested earlier had 

a tendon force increase to applied central concentrated load ratio, r , , o f 0.102kN/kN. The 

theoretical analyses o f the beam with the revised lower tendon configuration yielded a 

tendon force increase to applied central concentrated load ratio o f 0.525kN/kN. With this 

improved efficiency, more loading could be applied, in theory. However, no previous 

laboratory testing has been carried out on the beam with the lower tendon configuration 

and it was decided, therefore, to carry out both passive and active tests in the laboratory 

with a maximum central concentrated load o f lOOkN. This maximum load was used to 

allow a large scope for additional tendon force without overstressing the test beam.
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7.6.1 Test beam and tendon design and fabrication

It was decided to use the beam that been tested previously in the laboratory, except with 

the tendons now attached to the underside of the lower flange via thick-wall tubes. The 

overall beam capacity had been checked previously with the earlier tendon configuration. 

It was established in the earlier neutral laboratory test that the levers had no significant 

effect on the flexural behaviour o f the beam. The tendon levers welded to the upper 

flange were, therefore, left in place. Local analyses of the thick-wall tubes, welded to the 

underside of the lower flange at the optimum counter moment location, had shown that 

no additional stiffening was required in this area (see chapter 4).

7.6.2 Thick-wall tube design

The axial capacity of the thick-wall tubes had been checked earlier and, as the same 

tendon forces were to be used in the second testing regime, it was decided to use the same 

length of tube with the lower tendon configuration (that is, 300mm long thick-wall tube). 

Two runs of 12mm fillet welds, 300mm long, were provided each side of each tube. 

Figure 7.21 shows the beam section with the tendon thick-wall tubes fixed to the lower 

flange. This provided a shear transmission capacity, between the tube and the lower face

Y

Y

Figure 7.21: The tendon eccentricities from the section “X-X “ and “Y-Y” axes.
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o f the lower flange, of 5 lOkN per tube assuming a shear weld strength of 115MPa (B.S. 

639). With the 60mm outside diameter tubes welded to the underside of the lower flange, 

a tendon eccentricity, e x ,  o f 170mm was achieved. The eccentricity, C y, from the vertical 

(Y-Y) axis of the beam was kept to a minimum distance of 50mm. This allowed a 12mm 

fillet weld to pass along the inside edge of the thick-wall tube. This distance was 

minimised as a precautionary measure against differential tendon force giving rise to 

undesirable bending moments about the Y-Y axis. It was considered unlikely that the 

method o f jacking would give rise to significant differential tendon forces.

7.6.3 Tendon conflguration and jacking

The same hydraulic system was employed with this tendon configuration as with the 

previous configuration (see figure 7.22). Therefore, as discussed in section 7.3 no 

differential tendon forces would arise.

BEAM

TENDON
JACK
RAM TUBE ^SLEEVE

LOAD
CELL JACK

ANHULUS
PLATE

Figure7.22: The hydraulic jacking arrangement for the revised tendon configuration.
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7.6.4 Monitoring apparatus

The strain gauges were located as in the earlier testing programme, numbered 1-12 (see 

figure 7.9). The tendon sleeves had two strain gauges fitted to each and were numbered 

13-16.

It was decided not to remove the external stiffeners welded to the outer edges o f the 

upper and lower flanges for the last test series, but to cut them at mid-height. A “tell

tale” gauge was place on one cut stiffener at each end of the test beam. The tell-tale 

gauges were used to monitor the displacement between the upper and lower halves o f the 

cut stiffeners. It was suggested that the measured displacement, if any, could be used to 

calculate the forces which would have been induced in the original uncut stiffeners, were 

the beam to have a counter moment and central concentrated load applied.

7.6.5 Beam supports and central concentrated loading

The 6m spanning beam was supported, as in the last testing regime, on a 50mm diameter 

solid bar welded to 400mm square 25mm thick plated placed on the laboratory floor at 

either end of the beam. These supports provided enough clearance for the expected beam 

deflection at mid-span and also for strain gauge cables to pass under the beam (that is, the 

10mm diameter cables could pass under the beam to the strain gauges fixed on the lower 

flange).

The central concentrated load was applied via the same hydraulic jack and loading rig 

described with the earlier tendon configuration testing. The beam loading hydraulic jack 

had an independent hydraulic system and could have no effect on the pressures present, if 

any, on the tendon jacking system.

7.7 Laboratory testing

A testing regime was set out for the revised beam with the lower tendon configuration. 

The results of this testing were used in a comparison with the FE analysis described in the 

last chapter. The testing regime was as follows:
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• Neutral beam test

• Passive test with a lOOkN central concentrated load

• Active test with a lOOkN central concentrated load

• Active test producing the optimum bending moment diagram

• Active test with optimum load for an applied counter moment of 61kNm

7.7.1 Neutral beam test

This test was carried out to establish whether the introduction of the thick wall tubes had 

any effect on the flexural behaviour of the beam. The data recorded from this test could 

also be compared with the results of the FE simulation of this test. A lOOkN central 

concentrated load was applied with the thick-wall tubes attached to the underside o f the 

lower flange and the tendons were not in place. The maximum deflection was 9.5mm 

and was recorded at the mid-span of the beam. This concurred with the previous passive 

test results reported in section 7.5.1. This test demonstrated that neither the addition of 

the thick-wall tubes nor the cutting of the outer stiffening plates had any reasonable effect 

on the beam deflection.

The two strain gauges placed on the top surface of the upper flange at mid-span (that is, 

strain gauges 9 and 10) yielded readings of -442/i6"and -441ywê  giving an average value 

of compressive stress of 92.1MPa. The lower flange strain gauges (strain gauges 11 and 

12) gave readings of 440//e and 443/ie’ giving an average value of tensile stress of

92.1 MPa.

7.7.2 Passive test with a lOOkN central concentrated load

This test involved placing the tendons on the beam, and passively engaging them and 

applying a centra! concentrated load of lOOkN. The function of this test was to observe 

the increase in total tendon force when the concentrated load was applied. The data 

extracted from this test could be compared with the results of the simulated FE analysis 

of this test. It would also confirm the actual eccentricity of the new configuration.
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A total tendon force increase of 52.8k N was observed with a lOOkN central concentrated 

load applied (that is, 26.4kN/tendon). The maximum recorded strains were at the mid

span and were -434̂ ^<̂  and -438/ir in strain gauges 9 and 10 respectively, in the upper 

flange. These gauges yielded an average value of strain of -436^£' to give a value of 

compressive stress of -91.1 MPa in the upper flange. Similarly, the resulting strains in the 

lower flange were +402^zf and + 29% jie  in strain gauges 11 and 12 respectively, to give 

an average strain of +400^^£', which yielded a tensile stress in the lower flange of 

+83.4MPa. The value of Young’s modulus assumed for this beam was, as discussed in 

chapter 4 ,208.5GPa.

The resulting maximum stresses at mid-span are shown in figure 7.23 together with the 

component stresses. These stresses showed that an axial force of 52.8kN acted at the 

mid-portion of the beam (that is, between the points of application of the self-counter 

moment). The recorded strains in the thick-wall tendon sleeves were 11 ,+/-3/ie.

Knowing the cross-sectional area of the tubes allowed the compressive forces to be 

calculated as 26.4kN. A counter moment of 8.9kNm was determined with the axial force 

of 52.8kN present. This allowed the actual tendon eccentricity to be calculated as 0 .17m, 

as predicted.

The maximum deflection was 8.9mm (that is, a downward deflection at the mid-span). 

When this deflection is compared with the neutral test beam deflection with the same 

lOOkN central concentrated load, by superposition, this would indicate that a total pre

tension force of 53kN would produce an upward pre-camber of 0.6mm. Further 

laboratory testing would confirm this by linear interpolation, as it was found that 

deflection was linear with respect to load application.

The simulated FE analysis for this laboratory test predicted a total tendon force increase 

of 56kN when a lOOkN central concentrated load was applied. The predicted deflection 

was an 8.6mm downward deflection at mid-span. The FE predictions compared closely 

to the actual results (8.9mm) achieved in the laboratory.
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+92.4MPa -5.6MPa -3.3MPa +83.4MPa

(Point load) (C-moment) (Axial force) (Total stress)

Figure 7.23; Mid-span stresses for the passive test with a lOOkN central concentrated 

load apphed on the new tendon configuration.

The resulting stresses at the mid-span section of the FE analysis were, again, good 

predictions of the stresses calculated from the strain gauge readings in the test. The mid

span section upper flange stress was predicted by the FE analysis as being -90.1 MPa 

(compressive) and the test results yielded an upper flange mid-span section stress 

of -90.1MPa also. The lower mid-span section stress was predicted as being +83.7MPa 

(tensile) by the FE analysis and the test results yielded a lower mid-span section stress of 

83.4MPa (that is, within 0.5%).

A plot o f the beam axial force versus central concentrated load application and a plot of 

the measured self-counter moment versus the central concentrated load application are 

shown in figures 7.24 and 7.25 respectively. The central concentrated load was applied 

over a period of approximately 2 minutes and strain gauge readings were taken at a rate 

of 5 per second, giving approximately 300 points which are plotted on the graphs of the 

these figures.

The plots show the linear relationship between the measured tendon force increase and 

applied central concentrated load and similarly the linear relationship between self

counter moment and applied central concentrated load. From these figures, the rate of 

tendon force increase with respect to central concentrated load increase is 0.528kN/kN
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Figure 7.24: The increase in beam axial force as central concentrated load is applied for 

the passive test with a lOOkN central concentrated load for the thick-wall tube tendon 

configuration.
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Figure 7.25; The increase in counter-moment application with respect to central 

concentrated load application for the passive test with a lOOkN central concentrated load 

for the thick-wall tube tendon configuration.
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and compares favourably with the predicted rate in section 5.12 (that is, 0.525kN/kN). 

This test confirmed that the rate o f increase o f tendon force with respect to central 

concentrated load increase is linear, irrespective o f the magnitude o f the tendon 

eccentricity from the beam section neutral axis.

7.7.3 Active testing

As with the active testing o f the beam with the previous tendon configuration, the 

greatest counter moment that the two 15.7mm core diameter super strands could apply 

was employed (that is, a post-loaded total tendon force o f 360kN). Having established 

the rate o f total tendon force increase with respect to central concentrated load increase, 

the initial pre-loaded tension forces could be applied to the beam, as appropriate.

Active test with no central concentrated load

The function of this test was to establish the magnitude of counter moment that could be 

applied with a total tendon force of 360kN. The resulting axial beam force was 360kN, 

and the tendons applied a counter moment o f 6lkNm  and the relationship was linear 

The maximum beam stresses predicted from the FE analysis were at the mid-span section 

and were -59.2M Pa in the lower flange and +l6.41V[Pa in the upper flange. The 

maximum stresses recorded in this test at the mid-span were +16.3MPa (tensile) in the 

upper flange and -58.6M Pa (compressive) in the lower flange, and were all within 1% 

error o f  the results yielded from the analysis. Figure 7.26 shows the total stress and 

component stress diagrams of the mid-span section.

The predicted values o f deflection from the FE analysis was 4.2mm upwards pre-camber 

comparing well with the 4 .1mm arising from this test.

In the previously discussed passive test, with a central concentrated load o f lOOkN 

applied, a downward deflection o f 8.8mm was observed with a tendon force increase of 

52.4kN.
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Figure 7.26: The mid-span section stresses of the active test with a tendon force of 

360kN applying counter-moments o f 61kNm for the lower tendon configuration.

Figure 7.27 shows plots o f the deflection of the beam at mid span with respect to tendon 

force increase induced by central concentrated load application, and mid span deflection 

with respect to tendon force increase induced by hydraulic jack. Note the difference in 

the rate of deflection with respect to tendon force in each. The rates o f deflection differ 

due to the loading patterns. The 8,8mm downward deflection is due to an applied point 

loading with some reduction due to the passively engaged tendons. The upward 

deflection is due solely to the tendon force increase applied by hydraulic jacking
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Figure 7.27; The rates of deflection for the passive and active test with a lOOkN central 

concentrated load applied in each.
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If equation 3.24 is applied to the beam with an applied load of lOOkN this gives a final 

deflection. A, of 8.83mm. This value is within 0.3% error of the deflection measured in 

this test. Equation 3.24 indicates what improvement in deflection will exist, and the final 

deflection will depend on components and r, (as determined by the tendon eccentricity, 

e) and f*/.

Active test with a lOOkN central concentrated load

The objectives of this laboratory test was to investigate the tendon force increase when a 

lOOkN central concentrated load was applied to the beam in conjunction with an initial 

pre-tension force applied to the tendons. The total tendon force increase, due to the 

application o f a lOOkN central concentrated load in the passive test, was measured to be 

52.4kN. The final required post-loaded, or “targef’, tendon force with this test, was 

conservatively, 300kN.

This test could also confirm the results o f the passive test with the lOOkN central 

concentrated load. The passive test yielded a total tendon force increase o f 53kN for the 

lOOkN load. This yielded 247kN as the initial pre-loaded total tendon force. With this 

pre-loaded tendon force and the lOOkN central concentrated load applied the final axial 

load present in the beam was, indeed, 300kN. The bending moment at mid-span was 

98.4kNm and the applied counter moment was 50.8kNm. The FE analysis predicted a 

counter-moment of 50.9kNm with a 300kN tendon force present and no beam loading, 

which compares well with the test pre-loaded counter-moment.

This test demonstrated that the rate o f change of tendon force with respect to an applied 

central concentrated load remains linear and proportional, irrespective o f the initial pre

tension tendon force when compared with the lOOkN passive test.

Figure 7.28 shows the initial total tendon force o f 247kN and the rate o f change of tendon 

force with respect to the central concentrated load of lOOkN. The FE analysis predicted a 

final downward deflection o f 8.1mm with a final tendon force o f 360kN. If a linear
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relationship is assumed between the tendon force and the upward pre-camber of the 

beam, and, if  a tendon force of 360kN produces an upward deflection of 4.1 mm, then 

one would expect an upward pre-camber o f 3.5mm for a tendon force o f 300kN. 

Applying equation 3.24 for final mid-span deflection for an initial tendon force of 247kN 

and a post-loaded tendon force of 300kN (with an applied central concentrated load o f 

lOOkN) gives a predicted value o f downward deflection o f 6.4mm at the mid-span 

section. A maximum downward deflection of 6.4mm was recorded at the mid-span 

section.

The plot in figure 7.29 shows the deflection at mid-span versus tendon force. This plot is 

an amalgamation of the two types o f deflection shown earlier. The first stage of 

deflection shows the upward pre-camber due to the initial pre-tension force o f 247kN and 

the second stage is the application o f the lOOkN central concentrated load. Again, here 

the two different rates of deflection with regard to total tendon force can be seen. This is 

due to the two different loading conditions, giving rise to two different bending moment 

diagrams experienced by the beam.
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Figure 7.28; Plot of an initial pre-loaded tendon force o f 247kN and a linear increase of 

tendon force to 304kN due to the application o f a lOOkN central concentrated load.
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Figure 7.29; A plot of the initial pre-camber due to the pre-stressing and the downward 

deflection due to the application o f the lOOkN load.

The test also demonstrated that the rate of deflection o f the beam with respect to tendon 

force increase is dependant on the method o f tendon force application (i.e. whether by 

jacking or by central concentrated load application). The self-induced counter moment is 

preferable as the beam response is stiffer. This test was the second occasion in which the 

tendon sleeves were used to record the tendon forces due to load cell inconsistencies. It 

was confirmed that the calculated forces arising from the tendon thick-wall mild steel 

tubes were the same as the resulting beam axial forces. The rate of strain per unit force 

applied to the thick-wall tubes was calculated and used to adjust the tendon jacks to 

achieve the required tendon forces. Subsequent testing with the load cells were used to 

calibrate and confirm the strains corresponding to the required tendon forces.

7.8 Conclusions

Initial configuration

The passive tests demonstrated that the ratio r, o f tendon force increase to applied central 

concentrated load was linear. The testing also demonstrated that the amount o f increase 

for a given applied central concentrated load was independent of the initial pre-loaded
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total tendon forces. The active tests proved that the deflection of the beam was also 

linear with respect to central concentrated load application and was dependent on the 

amount of initial pre-loaded tendon forces.

It was found that in the active test the gross downward displacement was the same for a 

given central concentrated load as it was in the passive test, however, the final net 

downward deflection was dependent on the initial upward deflection due to the pre- 

loaded tendon forces. The second order effects are negligible as the relative displacement 

between the anchor points and mid-span is very small (that is, the anchor points deflect 

with the beam and, also, beam rotation occurs at the anchor points which further reduces 

mid-span deflection).

The testing confirmed the accuracy of results of the FE analysis, principally that the 

actual tendon eccentricity was lower than had been originally plarmed. The testing 

demonstrated the actual eccentricity was 98mm. It had been thought that extending the 

lever from the underside of the upper flange to as close as possible to the upper face of 

the lower flange would result in a tendon eccentricity greater than the above value.

The overall efficiency of the beam with the first tendon and lever configuration was poor 

with an actual load improvement (for a comparative load of 200kN) of less than 2% to 

that of the un-strengthened case and it was decided that a more efficient tendon 

configuration was required. Table 7.4 shows a summary of the test results for the initial 

configuration.
Case Load Final Tendon 

Force
Laboratory

Testing
Laboratory

Testing
Deflection

(kN) (kN) Top Flange 
Stress (MPa) at 

mid-span

Lower Flange 
Stress (MPa) 
at mid-span

(mm)

Neutral 100 0 -92.8 92.8 9.5
Passive 100 11 -92.5 91.5 8.8
Active 0 300 0.6 -32.6 -2.1
Active 100 311.4 -91.6 54.8 6.8
Active

(optimum)
35 360 -31.8 -10.8 1.2

Table 7.4; Summary of the test results of the beam with the original tendon 

configuration.
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Revised tendon configxiration

The results of the neutral beam test for the revised lower tendon configuration yielded a 

mid-span deflection of 9.45mm, which compares favourably to the predicted FE value of 

9.4mm (that is, within 1%).

The passive test with a lOOkN central concentrated load applied yielded a tendon force 

increase of 52.8kN with a final mid-span deflection of 8.9mm. The FE analysis predicted 

a tendon force increase of 54kN, which gave a difference within 2.4% between the 

predicted and test values. The predicted mid-span deflection of 8.6mm compares well to 

the test result and is within a 4% difference. The passive test confirmed that the 

predicted eccentricity of 170mm was accurate. The passive testing also confirmed that 

the relationship between tendon force increase and central concentrated load increase is 

linear and that the rate is 0.525kN/kN. This represents a substantial improvement on the 

original configuration. The configuration delivers much improved proportion of self

counter moment on loading (that is, 17% greater than with the previous tendon 

configuration for the same tendon cross-sectional area).

The active test with a lOOkN central concentrated load and a 300kN tendon force yielded 

a final applied counter moment of 50.8kNm, which was within 0.5% of the predicted FE 

value of 50.9kNm. This prediction was interpolated from a linear chart o f tendon force 

increase to counter moment application based on the results of the FE analyses of the 

revised tendon configuration. The tendon force was restricted to 300kN to allow a 

margin of safety with the tendon force increase due to the application of the lOOkN 

central concentrated load. The test results demonstrated that the relationship between 

tendon force and applied counter moment was linear and that values could be interpolated 

with reasonable accuracy.

For the active test with a lOOkN central concentrated load and an initial pre-tension force 

of 247kN, equation 3.24 predicted a final mid-span deflection of 6.34mm. The test mid

span deflection was 6.3mm, which was within a 0.5% difference and confirmed that this 

expression could be used to predict the mid-span deflection with reasonable accuracy.
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Table 7.5 show a summary of the test results for the revised tendon configuration.

Case Load Final
Tendon
Force

Laboratory testing Laboratory testing Deflection

(kN) (kN) Top Flange Stress 
(MPa) at mid-span

Lower Flange Stress 
(MPa) at mid-span

(mm)

Neutral 100 0 -92.1 92.1 9.5
Passive 100 56 -91.1 83.4 8.9
Active 0 360 16.3 58.6 -4.1
Active 100 300 -78.9 43.3 6.4

Table 7.5: Summary of test results of the beam with the revised lower tendon 

configuration.

The results of the testing verified the FE analysis predictions and demonstrated that 

further FE analyses for similar strengthened beams would predict accurate deflection, 

stresses and maximum loading. The testing confirmed the accuracy of the FE predicted 

tendon force increase and, thus, the r, rate for both tendon eccentricities. The FE analysis 

also predicted a linear relationship between load and deflection which the testing also 

confirmed.

The revised tendon configuration had a significant increase in performance of self 

counter-moment application, with relatively little increase in overall member depth when 

compared to the previous tested configuration. The testing verified that counter

moments can be induced with pre-tensioned tendons and this method is a viable method 

for member strengthening with regard to both retrofit and new construction.
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CHAPTER 8

CONCLUSIONS

8.1 Review

Previous research carried out by the author investigated the concept of optimum counter 

moment application (Maher, 1998). The theory outlined in chapter 3 was principally 

concerned with establishing whether it was possible to achieve an optimum bending 

moment diagram for a pair or pairs of counter moments applied to a variety of beams.

A number of methods of beam repair and strengthening were reviewed in chapter 2. 

While methods of repair or retrofitted tendons were principally examined, this current 

research was carried out with a view to using the regime for new construction (that is, 

applying tendons in the workshop to pre-fabricated beams).

With the plate bonding methods of strengthening applied to concrete members, the 

member performance can be improved somewhat and the primary application is to 

reinstate the original member capacity. With steel plates bonded to steel members the 

capacity can be improved in the order of 10-20% of the original and, again, the primary 

application is structural repair. External tendons fitted retrospectively to steel beams can 

improve beam performance, however, most applications reviewed were primarily 

concerned with repair.

Equations were developed for the application of counter moments that considered simply 

supported and fixed end beams with central concentrated loads and with asymmetrical 

concentrated loads, and two-span beams with central and asymmetrical concentrated 

loads applied.

An arbitrary case of a 6m single span beam with a 200kN central concentrated load was 

selected. Hand calculations showed that a 686x254x125 UB with an overall depth of 

615mm, was required to carry a 200kN central concentrated load. A 254x254x132 UC, 

with an overall depth of 276.3mm, was selected as the beam to be strengthened for the
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above loading and span. Two types of tendon configuration were considered for 

strengthening.

With the first tendon and lever configuration, the tendon was contained within the beam 

flanges, the resulting tendon eccentricity was low (99mm) and slightly above the 

minimum required for beam improvement (96.4mm). A second configuration was 

considered with the tendon attached to the underside of the beams’ lower flange via 

thick-wall tubes. This configuration was considerably more efficient in performance 

(with an eccentricity of 170mm) and delivered greater pre and post-loaded counter

moment per unit tendon force than the first configuration tested.

Beam testing verified the strengthening method and demonstrated that initial pre-tension 

force gave rise to pre-camber and reduced final deflection un-loaded and loaded beam 

respectively. The testing also demonstrated that the increase in tendon force due to load 

application was independent of initial tendon force.

Independent finite element analyses confirmed the experimental findings.

8.2 Ultimate capacity analysis

The ultimate capacity analyses demonstrated that the strengthened beam could bear a 

48% greater ultimate load compared to a similar un-strengthened beam. The analyses 

also highlighted the four phases of deflection up to ultimate loading, as discussed in 

chapter 4.

In order to ensure the predominantly ductile response described, an adequate cross- 

sectional area of tendons must be provided to ensure that a plastic hinge develops prior to 

tendon failure. The designer must first establish the rate of tendon force increase with 

respect to load application, r , , for the configuration under consideration. Knowing r, 

will allow the designer to ensure that the tendon stresses remain sufficiently below their
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characteristic breaking strength when a plastic hinge forms in the beam. This will allow a 

ductile response to occur with substantial deflection before tendon failure.

8.3 Principal conclusions

The testing demonstrated that the tendon force increase and calculated section stresses 

due to load application was as predicted by the FE analyses (that is, not greater than 2% 

difference). This was also the case for all subsequent tests. With this testing, the tendon 

force increase due to load application was low and the tendon configuration did not 

perform efficiently with regard to self-counter moment application. The revised tendon 

configuration, however, yielded a substantial improvement in tendon force increase.

The series of active tests with horizontal tendon configuration within the overall depth of 

the beam demonstrated that the tendon force increase was independent o f the initial 

tendon force. As with the passive testing, the active testing demonstrated that the 

performance was poor and little counter moment was applied for a relatively high tendon 

force. The application of the subsequent tendon configuration, which resulted in a 12% 

increase in overall beam depth, yielded a strengthened beam that could withstand a 48% 

increase in ultimate capacity compared to the un-strengthened beam.

The principal objective of this research was to establish a method of strengthening that 

allows a substantial overall beam depth reduction and provides a member with at least the 

same flexural strength and deflection as the original deeper un-strengthened beam 

required for the same span and loading .

Tendon configuration employed with this research demonstrated that is possible to 

strengthen a member with applied counter-moments and to significantly increase ultimate 

capacity (up to 48%) and reduce deflection (up to 46%). Similar or better performances 

could be achieved for other beam arrangements, depending on the ability to achieve 

higher tendon eccentricities.
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Future work on this external tendon application could include considering different 

loading for simply supported beams (that is, static uniformly distributed load), or 

dynamic loading) and also the fatigue strength of the tendon configuration could be 

explored. Continuous beams could be examined with both static and dynamic loading 

applied. The effect of unloaded spans in continuous beams with regard to applied 

counter moments could be explored in three or more span beams.

The area of external tendons applied to portal frames could be explored further. Long 

spanning portals could be achieved, particularly where there is no restricted headroom 

and tendon levers could be longer than in the case of beams. Research into the static and 

dynamic responses of steel portal frames strengthened with external tendons could also 

be carried out.

It can be concluded that the tendon system employed is a viable method of strengthening 

and has the potential to substantially improve load-bearing capacity. Substantial increase 

in capacity and member depth can be achieved with the strengthening system. The use of 

external tendons is the only known viable and an efficient method applying specific 

concentrated moments at specific location to optimise the bending moment diagrams of 

loaded members. Deflection can be significantly reduced with this strengthening method 

and in cases where serviceability predominates, deflection can be controlled by 

prescribed initial tendon force.
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Appendix A
Derivation of expressions for counter-moment location and magnitude for various cases

A.l Symmetrical loading on simply supported beam

Consider the bending moment diagram of a simply supjwrted beam with a central 

concentrated load (moment diagram inverted for clarity) and the same beam with a pair 

of counter moments applied and no concentrated load.

max

U2
h

(a)

- a

(b)

Figure A.l; Bending moment diagram of (a) concentrated load applied to a simply 

supported beam (b) a pair of counter moments applied to a simply supported beam.
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Figure A.2 shows the combined bending moment diagram (BMD) of part (a) and (b) in 

figure A. 1. Considering the geometry o f the BMD the location o f the counter moment 

“jc/” on the left (and right, mirrored about the location o f the concentrated load) must 

equal the slope distance 1/3 projected onto the horizontal base, if  all net peaks mmax are 

equal.

Therefore, by similar triangles, xi can be expressed as follows;

X = ------ • -  = L I6
‘ I 3

( A l )

and it can be seen that the magnitude o f the applied pair o f counter moments must be:

=
2M.max _ (A.2)

max

max

2 tnmax

L/2

mmax

M ,max

Figure A.2: Net bending moment diagram (that is, moment due to concentrated load +ve 

and moment due to counter moments (-ve)).
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Similarly, if  two pairs o f counter moment are applied to the beam, the net bending 

moment diagram results as shown in figure A. 3. It can be seen by geometry that for all 

net peaks rrimax to be equal, the locations x j  and X2 for the two pairs o f counter moments 

must be as follows (the same dimensions apply, measured from the right support):

L /2  / L

I 10
(A-3)

and.

JC2 =
Z/ 2 ^3 / _ 3 Z  

I * 5 ~ 10
(A.4)

Again, by geometry the magnitude o f each pair of counter moments, nico , must be Irnmax, 

(if Snimax"  ̂M„ax) and can be expressed as follows:

2 M
2w„ax = — ^  = '"co (A. 5)

max

max
m c o = 2 m max

max

max

777

U2

Figure A.3: Net bending moment diagram with two pair o f counter moments applied.

wax
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Thus, for any number of pairs o f counter moments, m, the location of each pair o f counter

moments, x„ (Where i ranges from 1 to m) from the left support can be expressed as

follows (Maher 1998):

(A.6,
2{2m + 1) {Am + 2) 

and the location from the right support is:

x j = l - x *  (A. 7)

The magnitude o f each pair o f counter moments can be expressed as (Maher 1998):

K«i=m (a .8)2 m +  \

A.2 Asymmetrical loading on simply supported beam

In the case of an asymmetrical concentrated load on a simply supported beam, as shown 

in figure A.4, the dimension L/2 can be replaced in equation A.6 by the dimension “a ” 

when locating counter moments from the left support. Similarly, L/2 can be replaced by 

the dimension “b ” when locating moments from the right support . Equation A.7 \vill 

apply when calculating the magnitude o f the counter moments for an asymmetrical 

concentrated load on a simply supported beam.

W

\

L

Figure A.4: Asymmetrical concentrated load applied to simply supported beam.
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The following expressions will apply for asymmetrical loading on a simply supported 

beam with m number of pairs of counter moment located at each where i ranges from 

1 to m.

For counter moment locations, , to the left of the concentrated load measured from the 

left support,

V = (A 9)
' (2/w + l)

For counter moment locations, x*, to the right of the concentrated load measured from 

the right support.

Again, as in the previous case the maximum moment with counter-moments applied can 

be expressed using equation A. 8.

A.3 Uniformly distributed load on a simply supported beam

Consider the case o f one pair of counter moments applied to a simply supported beam 

with a uniformly distributed load as shown in figure A.5. The locations from the left 

support must be at the ordinates in the bending moment diagram where the values are 

M„ax/3 for the optimum bending moment diagram to be achieved. The magnitude of the 

pair of counter moments must also be for the optimum bending moment diagram

to be achieved.

max gIf = 

then,

3 24
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UDL

77Z

m
L

Figure A.5: UDL applied to simply supported beam.

The location of the counter moments can be derived by solving the moment quadratic

,  ̂ wL wx^ wl} . , ,equation M j { x )  = —̂ x — —  ~ to yield:

V 6 .
(A. 11)

If m number of pairs of counter moments are applied, their locations can be expressed as 

solutions to the quadratic bending moment equation where the values of the bending 

moment on the un-strengthened beam are MmaxQi-l)/2m+l) (where i ranges from 1 to m). 

That is, if m=2, location of counter moments on the beam shown in figure A.5 will be at 

the moment ordinates Mmax/5 and 3Mmax/5 for the inner and outer counter moments 

respectively at each side of the peak moment, Mmax ■ The expression for the location of 

counter moments is as follows (Maher 1998):

L
X .  =  —  

'  2

/

2 tw +  1
(A. 12)
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for the location of the counter moments to the right of the peak moment Mmax '■

x ] = L - x ]  (A. 13)

Equation A. 8 can then be used to calculate the magnitude of the counter moments.

A.4 Fixed end beam with central concentrated load

Consider the bending moment diagram for the fixed end beam with a central concentrated 

load shown in figure A.6. If one pair of counter moments are applied to the beam with 

no central concentrated load the bending moment diagram shown in figure A, 7 results.

+ WU8WL/8

+ WL/8

Figure A.6: Fixed end beam with central concentrated load.
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a% o f  span

a% o f  

l-a%  o f

Figure A.7: Pair of counter moments of magnitude nico applied to a fixed end beam.

Let the distance between the counter moments be cf/o of the span, L. Provided the 

counter-moments are applied symmetrically about the centre of the span. The percentage 

of each counter-moment carried to each support will be same percentage, a%. If one 

considers a concentrated moment applied to a fixed end beam as shown in figure A. 8 the 

fixed end moments can be expressed as follows (Ghali et al. 1997);

m a
m , =

L
3a

where,

mi = the fixed end moment at the left support

3b^
L

2 - -

(A.14)

(A. 15)

mi m

CO

Figure A.8: Concentrated moment applied to fixed end beam
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If, for example, a fixed end beam had a span of 10m and two such moments (lOOkNm) 

shown in figure A. 8 were applied with opposite sign and located 2m fi-om each support 

(that is, the distance between the counter-moments is 6m). The fixed end moment 

induced at the left support is due to a contribution fi'om both concentrated moments and 

can be calculated using equation A. 14 which yields a value of 60kNm ( that is, 60% of 

each counter-moment). It can be seen that 60% of the span is between the location of the 

counter-moments as shown in figure A. 9.

lOOkNm 
counter-momelht

2m 6m

ffii■lOOkNm 
counter-momenit

2m

l\

i\

60kNm

40kNm

10m

Figure A.9; Fixed end beam with lOOkNm counter-moments applied.

It can be seen by geometry that for one pair of counter moments the optimum location 

must be at the points of contra-flexure on the diagram in figure A.6 (that is, xj* = L/4 and 

X] = 3U4). Also, for optimality, the magnitude of the counter moments, nico must be 

WL/8, to yield the bending moment diagram. Similarly, for multiple counter moments 

applied, the maximum resulting moment on the optimised moment diagram will be 

(Maher 1998):

_ ^ m a x

« + 1
(A.7)

and the locations to the left of the concentrated load can be expressed by (Maher 1998):

iL
2{n + 1)

(A. 8)

and the locations to the right of the concentrated load can be expressed by (Maher 1998):

X- = L -  Xi* (A.9)
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APPENDIX B
Equations used in software to calculate moments on a two span continuous beam

Figure B l: Figure showing the variables Pj, P 2, Lj, L2 and a-f.

MTXlr MTX2i MTX3, M TC MTX4r MTXSi M TX61

MTXl M TP, MTX2r MTX3r MTX4i MTP: MTX5r M TX6r

- H

“H

Figure B2; Figure showing the location of the moments calculated in equations B1-B15 

together with the dimensions xi-x .̂
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As, discussed in chapter 3, if  a single counter-moment is applied to the two span 

continuous beam shown in figure B l, the bending moment diagram results as shown in 

figure 3.11 and reproduced in here in figure B.3. The moment just to the left and right o f 

the counter-moment, m i , and n ir  , can be expressed by equations B .l and B.2 

respectively.

a

Figure B.3; single counter-moment applied to two span continuous beam. 

a/n,Z,
11^(1̂  + Z/2) A '

- 1 [B.l]

m, 1 = h | - k ' [B.2]

A 2(A+4)
- 13X[ ^ 2̂ 1 , ,

A  2 ( A + Z , )

+
2 ( A + 4 )

m ^x^L2

A 2Z/, (L, + Z>2)

J
2 \

3-̂ 4 I

A

A y 2Z,(£,+i,)
3-̂ 5 1

V ^2

2 i,(A + 4 )

A
3^6 1
I 'V -̂ 2 y

[B.3]

269



MTX\^ = MTX\, -  n\ [B.4]
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Appendix C
Flow chart for program to solve counter moment application for two span continuous

beam.

Input two spans and location of 
concentrated load on each

______________ I________________
Calculate un-strengtbened beam 
bending moment diagram and locate 
the six points of contraflexure on 
tj^ical three-peaked bending momen 
diagram.

______________ I___________________
Calculate initial coimter moment 
magnitude and location (initially 
2/3 of respective peak and at location 
from each peak where absolute moment 
value is 1/3 that of the peak)

1
Apply weighted correction factor to 
location and magnitude of all six counte 
moments until less than IkN difference 
between the 15 peaks

\i

all 15 peaks within IkNm

Yes

1

print location and magnitude of six 
counter moments

End

Figure B.l: Flow chart for program to calculate optimum counter moments for a two- 

span continuous beam
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Appendix D

Expression for r?

It is required to develop an expression for the rate of tendon force increase with respect to 

central concentrated load application, r , .

Consider the strengthened beam as a statically indeterminate structure to one degree of 

indeterminacy, as shown in figure D. 1.

Figure D.l; Configuration of statically indeterminate strengthened beam.

By cutting the tendon, consider the “released” structure, as shown in figure D .l.

Di= the discontinuity of the cut tendon arising from the central concentrated load W 

Fi= the redundant force in the tendon.

Figure D.2: Configuration of the released structure.

W

W
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The discontinuity, Dj, will be due to the strain that exists when on a plane extending 

down to the eccentricity of the tendons.

Consider Navier’s equation (Morely, 1938),

(D.l)
J ^  >'max e

where:

M= the bending moment 

1= the section moment of inertia 

E= the material elastic modulus 

R= the radius of curvature of the beam 

(7=  the flexural bendmg stress

ymax = the outermost fibre from the beam’s neutral axis 
e = the tendon eccentricity from the beam’s neutral axis, 

or

CT = ^  (D.2)

But, from Hook’s law (Morley, 1938)

^ ^  (D-3)E

Where:

£ = the strain of the material (that is, change in length/original length)

combining equations D. 1 and D.3 gives

/ T - .  A \^  e = —  (D.4)
El

Consider the case of a simply supported beam under a central concentrated load shown in 

figure D.3.
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~ u   Vj
L/6

h -
L/6 y m ax

L/2
 -  -  ----------

Figure D.3; Dimension for strain calculation at tendon eccentricity between the tendon 

levers (Di).

As the configuration is symmetrical, the total strain at the beam soffit between the tendon 

levers can be expressed as twice the strain between L/6 and L/2 as shown in figure D.3:

In the following expression, use substitution from equation D.4.

2

D , = 2 j s  .dx = 2 I  .dx
L L
6 6

and,

W 
M  -  — jc 

2

Z) = ^ \ x . d x  
E l I

6

WeL ^
Z), = ----------  (D.5)

' 9 £ /   ̂ ^

Now calculate F ], the force required to “close” the gap on the released tendons, apply a 

unit force at the cut tendons (both redundant force directions are considered positive) as 

shown in figure D.4.
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Figure D.4: Unit force applied to released structure.

Considering, fn ,  the displacement at “c” due to a unit force. Four components are 

considered for this displacement, as follows:

1. Axial extension of tendons under a unit load

(D6)
EA
where Lt = length of tendons, Et = Elastic modulus of tendons and At = the cross- 

sectional area of tendons.

2. Axial shortening of the beam under a unit load (between the tendon levers 

only)

A (D.7)

where Eb = the elastic modulus of the beam and Ab = cross-sectional area of the 

beam.

3. Considering a rigid body at the levers, the horizontal lever displacement due 

to rotational displacement at “a” and as shown in figure D.4 are 6a and 9b 

respectively.

Using the general expression for the bending moment (Morely, 1938);

- M  ( f y  
El ~ dx^

where Mis a constant and equal to P .e.

dyIntegrating once for the slope, —  ,
dx



Let position “a” in figure D.4 be the origin, thus, at mid-span (L/3) the slope is 

zero which gives:

A = -----
3EI

at the origin, x=0, (that is, at the tendon lever) the slope is:

dy _ ML 
~dx~lEl

in this case, M=l.e, (that is, a unit force applied to the tendons), therefore.

The slope at a (and also equal and opposite at b) is:

6 ,  =  — ----- = -  e , (D.8)
2, E l ^

where the symbol, 6, is the slope of beam (subscript denotes the location along 

the beam)

considering both tendon lever ends where the tendon is attached, the total 

horizontal component of displacement (that is, the rigid body extension induced in 

the tendons), , is:

el
1 6 y, =  2esin  0 ^  = 2esin  ------------  (D-9)

1E1

where / is the lever length.

4. The cantilever displacement of the tendon levers for a unit force is given by,

2
 —  (D.IO)

where L r  the length of the tendon lever, Ei = the modulus of elasticity of the 

tendon lever steel and 7/ = the second moment of area of the tendon’s cross 

section.

By letting (in this case) Lt = 2L/3 and using equations D.5-D.9, fu  (that is, the 

displacement at ordinate 1 (Dl) due to a unit force (FI) as shown in figure D.2) can be 

expressed as follows:
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fn  =
2L 2L A  .■ +  t-2<esm

IE,A,
L]

2E,1,
(D .ll)

The general flexibility equation is (Ghali, et al. 1997)

\ / ¥ } = { d }

where:

[ /]  = the flexibility matrix

{f }= the force vector

{d } = the displacement vector

then

F,=\fnV{D}=/’,
where P/is the resulting tendon force arising from a central concentrated load, 

=> (in the case when the initial tendon force, P j , =0)

Pr =

WeU

2L
+ -

2L
3E,A, SEA

+ 2< esin eL
3E1

jj
and when W=\ (a unit force) this yields the expression for r, (the rate of tendon force 

increase with respect to central concentrated load application as follows:

r. =

eU

2L 2L .-̂--------- h2<̂ esm +  ■
L]

(D.12)

2>E,I
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Appendix E

Mid-span deflection due to counter-moments

In order to calculate the mid-span deflection with a central concentrated load and 

counter-moments applied, it is required that an expression be developed for the 

component of deflection due to counter-moments.

L/3 L/6L/6 L/3

Figure E .l: Notation used for pre-camber deflection calculations. 

Let b = origin;

=  \m  =  O\for ,a  < X  < b

^2 ~

dx '  

\ d^y
I dx ^

M = -  M \for ,b  < X  < c 

^  ( x)  ~ ,c  < X  <  d

-  M  
El

u  c  u

=  ^O.dx  +   ̂M  .dx + ^O.dx

.dx =
—  1 f  M  .dx
El J

dy I / 3 dy ML
dx EJ  ̂ ^  dx 3 El

which is, the slope of the beam at the tendon levers

y  =
M

E l
Lx L  / 3 -  ML 

9 E l

(E.l)

(E.2)

which is, the component of deflection at mid-span due to the counter-moments.
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Appendix F.l: Design checks for 686x254x125UB
Design calculations to BS 5950: parts 1 and 2

F.1.1 Lateral torsional buckling load of un-strengthened beam

Assume laboratory conditions: Beam rests on simple supports under a central 
concentrated load applied to the top flange with no bolted end connections and no lateral 
restraint between supports. All subsequent terms in square brackets are references 
extracted from the BS5950:parts 1 and 2 design codes for steel sections.

Destablizing load:

XlX

[table 13]

Classify section: Ftable 11]

Py = 265NI mm^ [table 9] [3,1.0]

b 120.65 
T ~  16.2 
d  615.1 
t ~ 11.7 '

= 52.6 < SOe

= 7.44 < 9e
[table 11]

Hence, section is plastic.

F.1.2 Lateral torsional buckling moment

[4.3.6.4]

where,
= 3994cw'

Pb= the permissible bending stress.
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and:

kr  = [4.3.6.7]

/?=1 (plastic section) [4.3.6,9]
^ L T  —

1  =
'  r, 52.4

u = 0.862 (section tables) 
V = 0.85 [table 19]

= 0.862x0. 85jc186.2;c1.0 18 = 138.8

Pî  = 76mm^ [table 17]

= 76x3994000 = 303kNm 

W J
If M  = - ^  => Ŵ „ = 2Q2.1kN

F.1,3 Section shear capactiy

< 0.6P^ [4.2.3]
where,
Fy= the maximum shear force due to loading 
Pv= the section shear capacity

= 0.6ptD = 0.6x265x16.2x677.9 = 1746ytÂ

202 7
= — — = 101.35 < 1746yt7V O.K. (low shear)

F.1.4 Local web bearing capacity 

At mid-span:

Fb. = Q>i+nk)t .p^  [4.5.2.1]
where, 

n = 5
yt = T+r =16.2+15.2 =31.4mm
Zj; = t+1.6r+2T = 68.4mm [4.5.1.3]
Pyw = 265N/mm^
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= (68 .4 + 5;c31 A ) x \ \ 1  x 265 = 698 kN > 202 . 7 kN  O.K.

No stiffeners required as web bearing capacity is greater than applied load (202.7kN).

At end supports:

Again,

P b .  = O’ I + n k) t .p^  

where,
n = 2 + 0.6b^/k and must be < or = 5 [4.5.2.1]
where,
be= 0 (that is, the length of the stiff bearing to the closest end of the beam)

point end 
bearing

Figure F.l; Detail of end support bearing.

Therefore, n =2.
= (68.4 + 2 + 2a:3 1 A)xl 1.7.x265 = 406.7;tA  ̂> llOyW 

No stiffeners required as bearing capacity is greater than W/2 (101.35kN).

F .l.5 Local buckling stiffness of web 

At end supports:

Figure F.2; Detail of end support distance, Oe.

< O.ld = \ 51.9mm

-P. = 218W  > 101.35tA' [4.5.3M]
1 Act + n k p

No stiffeners required local web bearing capacity is greater than W/2.
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At mid-span:

= 3000/ww > 0.1 d  = \ 51.9mm

• F,^=325kN>220kN [4.5.3.1]

No stiffeners required as local web bearing capacity at mid-span is greater than W.

Appendix F.2: Design checks for 254x254xl32UC

Design calculations to BS 5950: parts 1 and 2

F.2.1 Lateral torsional buckling load of un-strengthened beam

Assume laboratory conditions; Beam rests on simple supports under a central 
concentrated load applied to the top flange with no bolted end connections and no lateral 
restraint between supports. All subsequent terms in square brackets are references 
extracted from the BS5950:parts 1 and 2 design codes for steel sections.

Destablizing load;

Lle = + 2D = 8953/ww [table 13]
w here;
Lit  , is the laterally unrestrained span 
D , is the overall depth of the member

Classify section; [table 11]

Py = 265Nlmm^ [table 9] [3.1.0]
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-  = — = 4 . 86<9f  
T 25.3
d  225.7— = -------- = 14.75 < 80£-
T 15.3

Hence, section is plastic.

F.2.2 Lateral torsional buckling moment

H  = PbS,

where,
5, =1870cw^

PfT the permissable bending stress, 
and;

^LT   f t

p= \ (plastic section)
=  K v X y

; =^.=^ = ,33.8 
'  r, 669

w = 0.85 (section tables) 
v = 0.57 [table 19]

= 0.85x0.57jc133.8jc1 = 64.8

^\91Nlmm^

= 197;c1 870000 = 36%AkNm 

WI
If M  = —  => = 2A5kN

The maximum buckling load is 245kN for the un-strengthened beam 

F.2 J  Section shear capactiy

0.6P^

where.

[table 11]

[4.3.6.4J

[4.3.6.7]

[4.3.69]

[4.2.3]
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Fv= the maximum shear force due to loading 
Pv= the section shear capacity

P̂. = O.eptD = 0.6x265x153x2163 = \\20kN

220 7
F, = ------  = 110.35 <1120/W O.K. (low shear)

F.2.4 Local web bearing capacity 

At mid-span:
Pb. =  ib^+nk)t.p [4.5.2.1]

where.

n = 5
k = T+r = 25.3+12.7 = 38mm
bi = t+1.6r+2T= 86.2mm [4.5.1.3]
Pyyv = 265N/mni 

= (86.2 + 5x38).xl5.3x265 = \\\9 k N >  220kN O.K.

No stiffeners required web bearing capacity is greater than applied load (220kN).

At end supports:

Again,

Pin, =  +  nk y . p ^

where,
n = 2 + 0 .6 b jk  and must be < or = 5 [4.5.2.1]
where,
6e= 0 (that is, the length of the stiff bearing to the closest end of the beam)

point end
bearing

Figure F.3: Detail of end support bearing.

Therefore, n =2.
P,„ = (86.2 + 2jc38)x15.3jc265 = 651kN > 1 lÔ tÂ

No stiffeners required as bearing capacity is greater than W/2 (11 OkN).
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F.2.5 Local buckling stiffness of web 

At end supports:

a=25mm

P i , ^ = 5 S l k N > \ \ 0 k N

Figure F.4; Detail of end support distance, Og.

< 0.7c/ = \51.9mm

+ Q.ld ^ 25e.t
\A d

No stiffeners required local web bearing capacity is greater than W/2 

At mid-span:

a, = 3000mm > O ld  = \ 51,9mm

[4.5.3.1]

2 5s  tp^= -—f ^ ^ — .p^^ = \7 \4kN >  220kN [4.5.3.1]
7(̂ 1 +nky

No stiffeners required as local web bearing capacity at mid-span is greater than W.

F.2.6 Local section capacity:

Assume a tendon force of 1200kN (that is, the tendons are within their elastic stress 
range) with a maximum allowable load applied to the beam:

F M  M,i k  + ̂  + _ J L < i  [4.8.B.2]

Where,
Fc = the tendon force
Ag = the gross cross-sectional area of the section
Py = the yield stress
A/j:= the moment about the major axis
My = the moment about the minor axis
Mcx -  the major axis moment capacity
Mcy = the minor axis moment capacity
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Mcx= PySx^y^dMcy= PySy (low sheaf) [4.2.5.2]

and must be less than 1.2py Z =5\l>kNm about major axis and \ ̂ 32kNm about minor axis 

(simple supports) [4.2.5.1]

= 265^:1870000 = 495.5kNm < 5\3kNm

= 265;c7530000 = \99.5kNm>\^2>2kNm (use m .lkN rn).

..4-— + ----- -— ^<1 [4.8.S.2]
16800x265 495.5x10" 183.2x10"

=> (maximum net moment) = 362.MNm

The tendons will provide a beneficial moment of 205.3kNm (that is, llOOkN x  0.17m), 
thus, the available local section moment capacity about the major axis is:

362.8+ 205.3 = 569/tÂ /w

WI
M  = 37S.6kN

P,= n00-0 .525x378 .6kN  = m i . 2 k N  
where, r, = 0.525kN/kN

F.2.7 Member buckling resistance (exact method)

In plane buckling:

Considering firstly the section with moments about the major axis (that is, no tendon 
rupture which would induce a moment about the minor axis also.)

For major axis in plane buckling ;

P., M„
<1 [4.8.3.3.2]

cx V cx J

where.

Pcx = the member compression resistance considering buckling about the major axis only 
nix == the reduction factor for major axis flexural buckling

Calculate

Le = l.OL = 6000mm [table 22]

Tjc = 116mm
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= 235N / mm^ [table 24, curve a]

= 235;cl6800 = 3948^7^

m̂  = my = 0.9 [table26] [4.8.3.S.4]

425x10^
3948jc10

+
0.9xM J ^  1425;c10M
------------- ^  1 + ------------------ r-[ 3948x10^ j

< [4.S.3.3.2]

=:> < 25% AkNm (maximum net moment).

Available moment capacity for the tendons within the overall beam depth is (allowing for 
counter moment o f  139.6kNm):

258.4 +139.6 = 389/tA^m 

=:> = 2 6 5 M N

Available moment capacity for the thick-wall tube and tendon apphcation is (allowing for 

counter moment o f  242.3kNm):

258.4 +205.3 = 463.7ytA^w 

^  = 3>09.2kN

Out-of-plane buckling:
For out o f plane bucking the following equation must be satisfied:

*■ c _|_ "^LT^ LT ^  I 

cy o

[4.8.3.3.3]

Calculate :

 = 89.6
66.9

= \ 6\NImm^  (table 24, curve b)

=161x16800 = 2704yUV

m̂ j. = 0 .85  (table 18) [4.S.3.3.4]
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Therefore, moment capacity (net) about the major axis is;

1425jc10" 0.85M ,LT

2104x10^ 331jc10^

<\M.3kNm  (net moment capacity)

< 1 [4.8.3.3.3]

Available moment capacity for the tendons within the overall beam depth is (allowing for 
coimter moment of 139.6kNm);
184.2+ 139.6 = 323.8/fcMw

= 215.87^

and

P, = 1425 -  0.105x215 .8 = 1403 3kN

Available moment capacity for the thick-wall tube and tendon application is (allowing for 
counter moment of 242.3kNm):
184.2+ 242.3 = 389.

=> Ŵ i, = 2 U M N

and

P, = 1200 -  0.525 x284 .3 = 1050 .1 kN 

F.2.8 Tendon rupture:

The ultimate moment capacity of the two sections shown in figure H.3 were considered 
after tendon rupture. With both cases the beam has axial compressive force with 
moments about major and minor axes.

I
=55mm

X

=45mm

(a) Earlier configuration (b) Revised configuration

Figure F.5; The two tendon configurations considered.
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Lateral torsional buckling about minor axis with moment about both axes

The following equation must be satisfied when checking minor axis lateral torsional 
buckling capacity with compressive axial force and moments about both axes are present.

, ^ L T ^ LT ,

cy M .cy

F1 + 0 .5-^  
p\  J

< 1 [4.8.3.3.3]

= 265x878000 = 232.6kNmcy

For the tendon and lever within the overall beam depth application:

M.
1200x0.098

(tendon)x = 58.SkNm

M .

1200x0.055
{tendon) y = 33kNm

600x10^ 0,9x33x10® r, 0.5x600x10^^
+  ■

2704x10" 331x10'’ 232.6x10'=
1 + -

2704x10^
<1 [4.8.3.3.3]

J

=> Mj ĵ. = 248. \kNm (net)

Available moment capacity allowing for counter moment (69.8kNm) 

248.1 +68.9 = 306.9yfcÂ w

Ŵ „ = 204.6/W

For the revised tendon configuration: 

1200x0.17
M ,{tendon)x = \02kNm

M.
1200x0.045

{tendon)y = llkN m

600x10' 0.85M,. 0.9x27x0.045x10®- +  ^  + -
2704x10' 331x10'’ 232.6x10®

1 +
600x10

2704x10'

,3 A

<1 [4.8.3.3.3]
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=?• Mjjj. = 30\.\kNm (net)

Available moment capacity allowing for counter moment (121. IkNm)

301.1 + 102 = 403.

=> = 26%.lkN

In the event of a tendon rupture both configurations are adequate to withstand the loading 

to be applied in the laboratory testing (200kN maximum).
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Appendix G

Weld designs for stiffeners and tendon levers

Any reference in square brackets in this appendix, refer to BS5950:part 1: 2000 and 
references in parenthesis for this appendix refer to the Steel Designers’ Manual (2005).

Considering the lever weld design subjected to a moment and shear force applied. The 
design code for welding states that when considering weld design, the sum o f  all stresses 
due to forces and moments transmitted by welds must not exceed the design stress, p^,, 
[6.8.7.2], Figure G.l shows the tendon lever welds considered.

Joint "A" -

1 2 m m  fillet 
w e ld

Joint "B'

Joint "C

ey

Figure G .l: Weld joints A, B, and C considered in lever design.

Assume tendon force per lever o f  600kN (in excess o f  tendon strength). Figure G.2 
shows an elevation o f  the stiffening plate welded to the underside o f the upper flange at 
the levers.

Design strength for weld: = 220N/mm^ [table 37]

G .l: Upper flange stiffening plate.

Calculate shear stress:

600x 10' 2
t  = 7-----------------r------- = 39. I N  I mm

(500 + 2jc100)a:12.6

Calculate bending stress: (the moment imparted to the plate via the tendon lever about X- 
X, , 0 .19x600=114kNm)
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Modulus of weld about axis X-X; (Steel Designers’ Manual (2005): from appendix 
entitled "‘'capacities for fillet welds ” )

Z„ =630+  578 = 1208cm' (table: welds in plane of force)

a  = = 99ANImm^

500mm

100mm Web

18mm fillet weld 
(throat thickness 12.6mm)( ' / / / / / / / / / / / A

7̂7777777777

Plan view of upper flange stiffening 
plate (from underneath)

Figure G.2: Plan view of upper flange stiffening plate.

Therefore:

T + <j = \2)9.\N! mm^ <22QN! rnrn̂  (sum of stresses is less than/?„) [6.8.7.2]

G.2: Vertical plates connecting upper flange plate to thick-wall tubes.

Figure F.3 shows a plan sectional view through the vertical lever plates with 15mm fillet 
welds joining them to the upper flange plate.
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Web 25mm thick plate

425mm

50mm

15mm fillet weld 
(throat thickness 10.5mm)

25mm

Figure G.3: Section through vertical lever plates connected to the upper flange plate. 

Calculate shear stress in welds:

T  =
600;cl0^ = 60. \N  I mm

(2x425+ 4x25)xl0.5 

Calculate maximum bending stress: 

Z„ = 632.1 + 223.6 = 855.7c/w^ (table: welds not in plane o f force)

Moment imparted to upper flange plate from vertical levers (see figure G.4): 

Therefore:

= 0.165x600 = 99/tiVOT

a  = ^  = \\5.1Nlmm^
7̂x x

r  + cr = \15 .^N  I mm^ -< 220N/mm^  (OK, sum o f stresses is less than/?„,). [6.8.7.2]
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12ram fillet weld 
(throat thickness 
8.4mm) 2 runs 
per tube 165mm

rniiiiiiiiiiii/ff/ifnriiiiniirr,

350mm

Figure G.4: Side elevation of lever conflguration

G.4 Longitudinal welds joining thick-wall tube to vertical lever.

Calculate longitudinal weld capacity';

220N/mm^ [table 37]

Weld capacity = 2jc350jc220jc8.4 = 1293.6A;Â ^  600kN 

G.3 Outer edge flange stiffeners

Outer edge flange stiffeners required to engaged both flanges in counter moment 
distribution.

Figure G.5 shows a view of the distorted upper flange without the external stiffeners. 
The moment generated by the tendon lever is resisted by the couple shown acting on the 
upper flange. Consider the moment transferred to the upper flange plate (120kNm) due 
to the tendon lever acting on the elevated view shown in figure G.5. The resultant couple 
transferred to the plate is a couple of magnitude 480kNm acting at a lever arm of 250mm 
(that is, the pressure centroids lie above and below the elevated plate neutral axis as 
shown in figure G.6)

190mm

I
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Figure G.5: Couple acting on upper flange due to tendon lever moment.

Location o f  
cou p le

Figure G.6: View o f elevated upper flange plate showing the location o f the resulting 
couple acting on the plate due to the moment generated by the tendon lever.

Therefore: force to be resisted by each stiffener is 480kN 
Using 100mmx25mm outer plates:

Calculate axial capacity o f stiffener.

Py= 265N/mm^ [table 9]

150x25^:265 = 993kN >- 4S0kN (axial capacity o f stiffener OK)

297



Weld capacity for weld at stiffener ends

220N/mm^ [table 37]

Therefore, as shown in Figure G.7:

(150 + 18j c 2)j :220j c 12.6 = 515.6kN >- 4S0kN (weld at plate ends OK).

150mm

18mm fillet weld (throat thickness 12.6mm)

150mmx25mm plate

Figure G.7; Outer edge flange stiffening plate end weld details.
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Appendix H

H.l Calculate and ly of plated section:

;^e=the distance from the lowermost section fibre to the location of the elastic neutral axis.

Consider the section in figure X. 1,

254x254x132 UC

25mm x250mm steel plate

Figure H .l: Steel plated section with elastic neutral axis.

Using first moments of area it can be shown that >'e=99.8mm, (and ^=23050mm^) from 
which, the second moment of area, Ixx , can be calculated as 34153cm'* . Similarly the 
second moment of area about the minor axis, lyy , can be calculated as 10785cm'*.

Calculate (radius of gyration about minor axis)

(Steel Construction Institute-Designers’ manual)

= 6.84cot

(H.1)

H.2 Calculate plastic section modulus about major axis, Sx'.

The location of the plastic section neutral axis will be lower than the elastic (see figure
I.2).

Calculate, Yp the plastic neutral axis.

the gross cross-sectional area of the section 

the cross-sectional area of the plate
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= 16800 + (25;c250) = 23050/ww^
Calculate half the area less the area of the stiffening plate:

23050
—^------ 250^:25 = 5215mm^ (giving the area that lies beneath the plastic neutral axis in

the lower flange)
Therefore, the location of the neutral axis measuring from the bottom of the beams’ lower 
flange is,
5275 = 20.2mm (261.3=width of flange)
261.3

The axis that divides the sectional area into two equal amounts is 45.2mm from the 
strengthened beam soffit.

-  254x254x132 VC

5.1mm
45.2 mm

20.2mm

25mm x250mm steel plate

Figure H.2: Steel plated section with plastic neutral axis.

= A5.2mm (H.2)

Calculates^:



S ,  =  2 0 3 0 .6 5
2 5 7 . 17 ' '  2 3 0 . 8 '

+  7.65 2 3 0 . 8 '  4 . 5 '
+  130 .65

I

2 0 .8 ' ’’
+  125

2 2
- 2 0 .8 '  4 5 . 18 '

5 = 2 2 8 W (H.3)

H.3 Ultimate load for steel plated beam

As in the case of the un-strengthened beam the governing criteria for ultimate loading is 
lateral torsional buckling at mid-span (BS 5950;part 1:2000). Using a permissible stress 
ofpy = 265N/mm^ [table 9] this implies that the section is plastic [table 11] and also a de
stabilising load is applied [table 13].

Lg = 1 + 2D = 9003mm

K  = PtS.

where;

V = 0.64

For flanged sections symmetrical about minor axis only.

[table 13] 

[4.3.6.4J

[4.3.6.7]

[table 19]

(Steel construction institute- Designers’ manual)

where:

r = 0.684

//=  the warping constant from section tables is 1.19 dm 

Therefore,

u = 0.93
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1 = ^  = 131.6 . Hence = 77.5

= \66.5NImrn^ [table 16, rolled sections] and, = 379.SkNm

W L
^  ^uit -  253.2kN (maximum central concentrated load) 

r:> 14.7% increase in un-strengthened load (220kN).

[4.7.2]

[4.8.3.3.1]
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