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Abstract

Robust layer-resolving m ethods for various Prandtl
Problem s.

John Simon Butler

A b s tra c t In this thesis we deal with four Prandtl boundary layer problems for 
incompressible laminar flow. When the Reynolds and Prandtl numbers are large the 

solution of each problem has parabolic boundary layers. For each problem we 
construct a direct numerical method for computing approximations to the solution 
of the problem using a piecewise uniform fitted mesh technique appropriate to the 

parabolic boundary layer. We use the numerical method to approximate the 
self-similar solution of the Prandtl problem in a finite rectangle excluding the 

leading edge of the wedge, which is the source of an additional singularity caused by 
incompatibility of the problem data. We verify that the constructed numerical 

method is robust in the sense that the computed errors for the components and 
their derivatives in the discrete maximum norm are parameter uniform. For each 

problem we construct and apply a special numerical method related to the Blasius 
technique to compute a reference solution for the error analysis of the components 
and their derivatives. By means of extensive numerical experiments we show that 

the constructed direct numerical methods are parameter-uniform.



Summary

In this thesis we construct robust layer-resolving methods for various Prandtl 
problems. Chapter 1 introduces the P randtl problem and gives a brief history of the 

numerical methods for singularly perturbed equations.
In Chapter 2 we construct a uniform numerical method for the Prandtl problem for 

flow past a flat plate. We show the shortcomings of this method.
In Chapters 3-10 we construct four parameter-uniform numerical methods for four 
Prandtl boundary layer problems for incompressible laminar flow. The problems

are:

• the Prandtl problem for flow past a wedge (discussed in Chapters 3 and 4).

• the P randtl problem for flow past a three dimensional yawed wedge (discussed 
in Chapters 5 and 6).

• the P randtl problem for flow past a wedge with heat transfer (discussed in 
Chapters 7 and 8).

• the Prandtl problem for flow past a wedge with mass transfer (discussed in 
Chapters 9 and 10)

Each problem is dealt with in a similar fashion. We divide the problem into two
chapters.

In the first chapter we construct a semi-analytical reference solution for the 
components and their derivatives. In the second chapter we construct a direct 

numerical method for computing approximations to the solution of the problem 
using a piecewise uniform fitted mesh technique appropriate to the parabohc 

boundary layers. We use the numerical method to approximate the self-similar 
solution of the P randtl problem in a finite rectangle excluding the leading edge of 

the wedge, which is the source of an additional singularity caused by 
incompatibility of the problem data. We verify tha t the constructed numerical 

method is robust in the sense that the computed errors for the components and 
their derivatives in the discrete maximum norm are parameter uniform. We also use 
the reference solution for error analysis of the components and their derivatives. By 

means of extensive numerical experiments we show tha t the constructed direct 
numerical method is parameter-uniform.
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Chapter 1 

Introduction

As a barge glides down the canal it cuts the water like a wedge. The water glides 

past the bow, and for a brief period before turbulence, before separation, before 
transitional flow we have lam inar flow a t the bow of the barge.
In this thesis wc deal w ith lam inar flow.

1.1 Ludwig Prandtl

A century ago, in August 1904 at the Third International Congress of M athem ati
cians, Ludwig P rand tl presented a paper ‘On the m otion of fluids of very small 
viscosity’. W ith  the aid of theoretical considerations and several simple experiments, 
he proved th a t the flow about a solid body can be divided into two regions: a very 
th in  layer in the neighbourhood of the body {boundary layer) where friction plays 
an essential part, and the remaining region outside this layer, where friction can be 
neglected.
The boundary layer theory finds its application in the calculation of the skin-friction 
drag which acts on a body as it is moved through a fluid: for example, the drag 
experienced by a flat plate a t zero incidence, the drag of a ship, of an aeroplane wing 
or turbine blades. Boundary layer flow has the peculiar property th a t under certain 
conditions the flow in the imm ediate neighbourhood of a solid cell becomes reversed 
causing the boundary layer to separate from it. This is accompanied by a more or 
less pronounced form ation of eddies in the wake of the body (see Figure 1-1). 
Problems of heat transfer between a solid body and a fluid flowing past it also belong 
to the class of problems in which boundary layer phenom ena play a decisive part.

1
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E dge o f b o u n d a ry  la y e r

f777777f̂ (7777777?7n

Point o f  inflexion S e p a ra tio n  point

Figure 1-1: Point of separation

1.2 N avier Stokes

An incompressible fluid is a fluid whose density is not changed by external forces 
acting on the fluid. Most steady state incompressible fluid systems can be modelled 
using the Navier-Stokes equations.

(•fVs) <

momentum equation

+  ^ N S  • V u n s

continuity equation 

V.U/vs = 0

temperature (energy) equation 
—  =  0

where

• V is the kinematic viscosity,

• p is the density,

• A: is thermal conductivity,

• Cp is the specific heat for a constant pressure,

•  is the pressure field,

■ )yP N S

•  Ujvs =  V/vs, is the unknown velocity component,

•  Tats is the unknown temperature (energy) component.
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W ritten  out in full, the differential equations are

( P n s )

X-com ponent of the momentum  equation

ax 2 ^  8Y^ ^  az 2 ; -r qx +  +  î n s  az ^  p ex  ^
y-component of the momentum  equation

, , ( 9^V n s  I 9 ^V n s  I 9 ^V n s  )  I d V ^  , d V ^ s  4 .  I ^ E n s , _  Q
V 9 X 2  a v 2  +  g z 2  J +  “ AfS a v  +  ^  d Z  ^  o d V  ^9 X 2  g y 2  ^  gz2 J ' gx

z-com ponent of the momentum  equation
( d^W fJS  4 _  9^.W.NS 4 -  9 ^ ^ . N A )  4 _  u . , „ § E n 2. 4 -  4 -  4 .  j d pN S  _  Q

ax2 +  sy2 -t- a z ^  )  ^  a x  ^  g y  ^  g z  ^  p  d z  ^a x 2  I g y 2

continuity equation
9 U n s  I 9 V n s  I 9 W r / s    r>

d X  ^  d Y  ^  d Z  ^

tem perature (energy) equation

f c c p +  ^  +  +  K i V 5 ^  +

Using P ra n d tl’s approach the vertical momentum  equation is om itted and the hori
zontal momentum  equation is simplified, see [46] and [1], The dimensionless P rand tl 
Problem  is

1 d '^up
R e 9y2

1 d ^ v p
R e 9y2

1 d ^ w p
Re 9y'^

d u p
d x + d v

=  U f -d x

=  V  —
dy

I  =
d z

3 1 d w p  
< ^  d z  '=  0

1 a ^ t t

w ith boundary conditions

y =  0, Up = Wp = 0,  Vp =  Vo{x)  and tp — 1 

y  —y 00, Up  =  Wp  =  1 and tp =  0

where U  =  {U, V, W )  is the potential flow. Re = ^  is the Reynolds number, where 
Uo and L, represent velocity and length scales in the system. P r  =  ^  is the P rand tl

X J  and z  = J  are dimensionlessnum ber, where /x represents the viscosity, x  =  ^ ,  y  

coordinates.
Since there is only one second order derivative in the m om entum  equations in [Pp),  
th is is a parabolic equation, in contrast to  the elliptic equation in {Pn s )- From
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P rand tl’s work it is known that the solution of (Pp) is a good approximation to the 
solution of {Pn s ) in a subdomain excluding the leading edge region, provided that 
the flow remains laminar and that no separation occurs.
As the momentum equation is nonlinear it is difficult to calculate analytic solutions 
therefore we attack the problem using numerical methods.
The momentum equations are singularly perturbed with respect to the Reynolds num
ber {Re). The energy equation is singularly perturbed with respect to the Reynolds 
number {Re) and the Prandtl number {Pr).  It is well known tha t for flow problems 
with large Reynolds and Prandtl numbers boundary layers arise. Also, when clas
sical numerical methods are applied to these problems large errors occur, cspccially 
in approximations of the derivatives, which grow unboundedly as the Reynolds and 
Prandtl numbers increase. For this reason robust layer-resolving numerical meth
ods, in which the error is independent of the singular perturbation parameter, are 
required. We want to solve the Prandtl problem in a region including the parabolic 
boundary layer. We restrict our research to the Prandtl boundary layer equations 
and the energy equation.

1.3 Num erical m ethods for singularly perturbed  
equations

Linearization of {Pp) is typically of the fom

—eA u -1- b • V u -I- cu =  f ,

where b  is independent of u. This is a convection-diffusion problem. The convection 
diffusion problem is singularly perturbed with respect to e.
A review of some classical uniform methods for boundary and interior layers is given 
in [16] and [17]. In [44] H.-G. Roos, M. Stynes and L. Tobiska give a review of nu
merical methods for singularly perturbed equations.
The difficulty with standard numerical methods which employ uniform meshes is a 
lack of robustness with respect to the perturbation parameter e. Since the layer con
tracts as £ becomes smaller, the mesh needs to be refined substantially to capture the 
dynamics within the diminishing layer; this is illustrated in Chapter 2 of this thesis. 
An ingenious solution to this problem is a piece-wise mesh has been proposed by 
Shishkin [39]. This mesh, together with an appropriate difference scheme, gives so
lutions that are robust with respect to the perturbation parameter e. Proofs of
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theoretical results for linear singularly perturbed equations using Shishkin meshes 
are in [39] and [26]. Experimental results for non-linear singularly perturbed equa
tions using Shishkin meshes are in [39]. As the Prandtl boundary layer equations 
are non-hnear, theoretical results are difficult to prove. There have been promising 
computational results done for Prandtl’s problem for flow past a flat plate in the 
book [26] and in the papers [23], [24] and [25].
In his thesis [3] A. Ansari investigated the Prandtl problem for a two dimensional 
laminar jet. The numerical results shown in his thesis are parameter uniform. He 
also investigated a convection difl’usion problem with mixed boundary conditions in 
1-D.
In the paper [38] Miller et al present computational results for a Reynolds uniform 
numerical method for the Prandtl solution and its derivatives for stagnation line flow. 
These computational methods are the basis of the thesis.

1.4 Definitions

Numerical methods that converge uniformly for all values of the parameter, e in the 
range (0,1] and that require a parameter-uniform amount of computational work to 
compute each numerical solution are known as parameter-uniform or e-uniform. If 
a method is £-uniform the dfference between the exact solution and the numerical 
solution satisfies an estimate of the following form: for some positive integer N q, 
all integers N  > N q and all e G (0,1], we have

\\U  ̂-u, \ \^<CN-^,

where C, N q and p are positive constants independent of e and N.  Here denotes 
the piecewise linear interpolant on the whole domain Cl of the mesh function

 yy
defined on the mesh and ||.||f^ denotes the maximum norm on the whole domain
n .

D efin ition  Let {P^) be a family of mathematical problems parameterized by a singu
lar perturbation parameter e, where e satisfies 0 < e < 1. Assume that each problem 
in (P^) has a unique solution denoted by u^, and tha t each is approximated by a

 ^
sequence of numerical solutions }?/=i obtained using a monotone numerical
method {P^),  where is defined on the mesh and is a discretization param
eter. Let denote the piecewise linear interpolant over ft of the discrete solution 

. Then (P ^ )  is said to be a robust layer-resolving method if the numerical solu
tions are computable with an e-uniform amount of computational work and converge
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e-uniformly, in the sense that there exists a positive integer No, and positive numbers 
C  and p, where No, C and p are independent of N  and £, such tha t for all N  > No

sup \ \ W , - u , \ \ ^ < C N - P .
0 < e < l

1.5 Thesis outline

Chapter 2 describes a numerical method on a uniform mesh for the Prandtl problem 
for flow past a fiat plate. The chapter shows tha t a numerical method on a uniform 
mesh will not yield i?e-uniform results.
In Chapters 3-10 we construct four parameter-uniform numerical methods for four 
Prandtl problems. Each problem is dealt with in two chapters; the first chapter solv
ing the Blasius form and the second solving the Prandtl problem. We use Chapters 
11 and 12 in [26] as the blueprint for these four problems. While each problem can 
stand alone, it is better to view it as an organic progression. When constructing each 
method we use the knowledge gained from the previous numerical methods.
In Chapters 3 and 4 we construct a i?e-uniform numerical method for the Prandtl 
boundary layer problem for flow past a semi-infinite wedge (see [46], [1] and [20]). In 
Chapter 3 we numerically solve the Falkner-Skan problem [43] for /  and its deriva
tives, and then use a variant of the semi-analytic approach of Falkner-Skan to gener
ate numerical approximations of guaranteed pointwise accuracy to the velocity com
ponents and their scaled derivatives. In Chapter 4 we construct a direct numerical 
method for the Prandtl problem to generate numerical approximations of guaranteed 
accuracy to the velocity components and their scaled derivatives for all Reynolds and 
angles of the wedge considered.
In Chapters 5 and 6 we construct a i?e-uniform numerical method for the Prandtl 
boundary layer problem for flow past a three dimensional semi-infinite wedge (see 
[46] and [45]). Similarly to Chapter 3, in Chapter 5 we numerically solve the Blasius 
problem [45] for / ,  g and their derivatives, and then use a variant of the semi-analytic 
approach of Blasius to generate numerical approximations of guaranteed pointwise 
accuracy to the velocity components and their scaled derivatives. Similar to Chapter 
4, in Chapter 6 we construct a direct numerical method for the Prandtl problem 
to generate numerical approximations of guaranteed accuracy to the velocity compo
nents and their scaled derivatives for all Reynolds and angles of the wedge considered. 
In Chapters 7 and 8 we construct a Re and Pr  uniform numerical method for the 
Prandtl boundary layer problem for flow past a semi-infinite wedge with heat-transfer
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(see [18], [51], [20] and [36]). In Chapter 7 we numerically solve the Blasius problem 
for / ,  6 and their derivatives, and then use a variant of the semi-analytic approach 
of Blasius to generate numerical approximations of guaranteed pointwise accuracy 
to the velocity components, temperature component and their scaled derivatives. In 
Chapter 8 we use the knowledge gained in the previous chapters to construct a direct 
numerical method for the Prandtl problem to generate numerical approximations of 
guaranteed accuracy to the velocity components, the temperature component and 
their scaled derivatives for all Reynolds, all Prandtl and angles of the wedge consid
ered for a constant wall temperature and constant heat flux.
In Chapters 9 and 10 we construct a Re uniform numerical method for the Prandtl 
boundary layer problem for flow past a semi-infinite wedge with mass-transfer (see 
[46] and [43]). In Chapter 9 we numerically solve the Blasius problem for / ,  and 
its derivatives, and then use a variant of the semi-analytic approach of Blasius to 
generate numerical approximations of guaranteed pointwise accuracy to the velocity 
components and its scaled derivatives. In Chapter 10 wc use the knowledge gained 
in the previous chapters to construct a direct numerical method for the Prandtl 
problem to generate numerical approximations of guaranteed accuracy to the veloc
ity components and its scaled derivatives for all Reynolds, angles of the wedge and 
mass-transfer.
All the code in this thesis was written in C and run on the work-stations in the 
mathematics department in Trinity College DubUn.



Chapter 2 

Prandtl flow past a flat plate - 
uniform m esh

2.1 Introduction

In this chapter we investigate the use of a numerical m ethod on a uniform mesh for 
the P rand tl problem for flow past a flat plate.

We want to solve the P rand tl problem in a region th a t includes the parabolic 
boundary layer. Since the solution of the problem has a singularity a t the leading edge 
of the plate, we take as the com putational domain the finite rectangle Q =  (0.1,1.1) x 
(0,1) on the upper side of the plate, which is sufficiently far from the leading edge 
th a t the leading edge singularity does not cause problems for the  numerical method. 

We denote the boundary of by F =  F/, [J Px U U where P^, P r ,  Pb and P^ 
denote, respectively, the left-hand, top, bottom  and right-hand edges of fl.
The P rand tl boundary layer problem in Q is

Find Ue =  (ue, v )̂ such th a t for all {x,y)  E 
Ue satisfies the differential equation

w ith the boundary conditions
Ue =  0 on F b

Ue =  Up on F l U T t -
V  ^

8
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where up is the exact solution of (Pp). The goal of this chapter is to show tha t a 
numerical method on a uniform mesh will give error bounds for the solution compo
nents and their derivatives, that depend on the value of Re, for Re € [l,oo). The 
numerical method on a uniform mesh is n o t (/?e)-uniform.

2.2 Blasius solution

Using the transformation described in [43], (P„) can be simphfied to the well-known 
Blasius problem, involving a non-Hnear ordinary differential equation, which we now 
describe. Writing

I  Re 
V 2x

the velocity components have the form

uuB{x,y )  =  f ' i v )

where /  is the solution of the Blasius problem

For T] G (0, oo) find /  e C^(0, oo)

{ P u b ) <

/ " '  +  f f "  =  0

with boundary conditions

/(o) = no) = 0, hm„

To find the components uub{x, y), vub{x, y) of u u b , and their derivatives, we need 
to solve ( P u b ) numerically for f { r ] )  and its derivatives on the semi-infinite domain 
[0,oo) and then we apply post-processing to determine numerical approximations to 
Uu- This process is described in detail in Chapter 11 of [26] for flow past a flat plate. 
The method used is expanded upon in Chapter 3 of this thesis.
The purpose of finding this computed Blasius solution of the Prandtl problem is that 
we can use it as a reference solution for the unknown exact solution in the expression 
for the error and for the unknown boundary condtions, when we estimate the error 
in the numerical method on the uniform mesh of the next section. In this way, since 
the computed Blasius solution is known to converge Reynolds-uniformly to the so-
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lution of the Prandtl problem, we can estimate guaranteed error bounds for it. For 
this purpose we use the computed Blasius solution for { P u b )  when A^=8192, namely 

which provides the required accuracy for the velocity components and

VST-

2.3 The Prandtl Problem

The aim of this section is to construct a numerical method on a uniform to solve 
the Prandtl problem {Pu)- Because the computational domain is rectangular, the 
uniform mesh is a tensor product of two one-dimensional meshes. The mesh in 
the X direction is the uniform mesh

'■ — 0-1 +  0 <  i < ^x}-

The mesh in the y-direction is the uniform mesh

=  {Vi -yi = N ~ \ 0  < i <  Ny}.

The rectangular mesh is then the tensor product 'xO.u^, where N={Nx,  Ny).
For simplicity we take = Ny = N .
The problem (F„) is discretized by the following non-linear upwind finite difference 
method on the uniform mesh

iPu)

Find Uu == {Uu, Vu) such tha t for all {xi,yj) G 
U„ satisfies the finite difference equations

Vj) Vj )^x Vj)~^

Vj)^y Vj) 0

Dx Vj) “1“ Dy V^(xj, Uj) 0

with the boundary conditions
U„ =  0 on Fb

Uu =  U[/B on F i IJ rT.
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Sy is the standard second order centered difference operator in the y direction. D~ 
and D~ are the standard first order backward finite difference operators, respectively, 
in the x  and y directions.
Since the problem {P^)  is a nonlinear system, an iterative method is required for 
its solution. This is obtained by replacing the system of nonlinear equations with a 
sequence of systems of linear equations. The systems of linearized equations are

W ith the boundary condition on Fl ,
for each i , l  < i < N,  use the initial guess U °|x i =  
and for m  = 1 , . . . ,  Mi solve the following 
two point boundary value problem for U^{xi ,yj )

{-s5l +  U - " '  • D - )C /- (x „ y ,)  =  0, 1 <  i  <  iV -  1

with the boundary conditions C/™ =  [/ub on Fb U Ft , 
and the initial guess for |xi = 0 .
Also, solve the initial value problem for V^{x i , y j )

(D ■U"^){xi,yj) = 0, 

with initial condition =  0 on Fb-
Continue to iterate between the equations for UJJ* until m  = Mi, 
where Mi  is such that

 ̂ ma^(|[/„^- -  < tol or M, =  3001.

For notational simplicity, we suppress exphcit mention of the iteration superscript 
Mi  henceforth, and we write simply U„ for the solution generated by We take
tol = 10“® in the computations. The introduction of an upper-limit of iterations is 
needed as the iterative process might fail to converge. We note tha t there are no 
known theoretical results concerning the convergence of the solutions U„ of {P^)  to 
the solution u„ of (P„) and no theoretical estimate for the pointwise error (U„ —
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2.4 Error A nalysis

In this section we compute e-uniform maximum pointwise differences for the approx
imations generated by the numerical method on a uniform mesh described in Section 
2.3.
For this case, we compare the parameter uniform maximum pointwise differences for 
the approximations generated by the numerical method on a uniform mesh with the 
corresponding values of
Before we look at the maximum pointwise differences, it is im portant to investigate 
whether or not the numerical method on a uniform mesh converges. The experimen
tally determined results in Table 2.1 show the total number of one dimensional hnear 
solver iterations We see that the number of iterations required increases as
e decreases. In Table 2.1 the * entries indicate when the method failed to converge 
within the allotted number of iterations. The numerical method on a uniform mesh 
does not converge within the allotted iterations when ^/eN  < 1. For the numer
ical method on a uniform mesh to converge we require N  > y/e, which becomes 
computationally expensive for small e.

e \N 32 64 128 256 512
2-0 308 698 1489 2933 5323
2-2 552 1044 1967 3693 6844
2 - 4 707 1257 2310 4301 8030
2 - 6 917 1499 2619 4758 8776
2 - 8 1523 2058 3223 5500 9829
2-10 4846 3951 4832 7088 11674
2-12 * 11606 11310 12041 15998
2 - 1 4 * * 30747 35450 32516
2 - 1 6 * * * 90045 118888
2 - 1 8 * * * * 285956
2-20 * * * * *

Table 2.1: Number of one dimensional linear solver iterations required for convergence 
for method applied to problem (P^) for various values of e and N.

“~8192  ^^8192The scaled maximum pointwise differences \\Uu—U^Q and 
for various values of N  and e are given in Tables 2.2 and 2.3, respectively. In Tables 
2.2 and 2.3 the * entries indicate when the numerical method on a uniform mesh 
failed to converge. In Tables 2.2 and 2.3 when e decreases by 2“  ̂ the differences
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increase by at least a factor of 2. The entries in Tables 2.2 and 2.3 in italics are 
along the diagonal for 1 < y/eN  < 2. In Table 2.2 we read tha t the italic entries 
have differences of about 18% for y/eN  — 2 and of about 70% for ^/eN  = 1 for

 8192
\\Uu — Uyg  IUn. In Table 2.3 the entries in italics are tellingly large. Thus, Tables 
2.2 and 2.3 suggest tha t the numerical method on a uniform mesh is not e-uniform.

e \N 32 64 128 256 512
2-0 2.87C-03 1.66C-03 8.98e-04 4.50e-04 2.11C-04
2-2 1.24C-02 6.22e-03 3.12e-03 1.57e-03 7.92C-04
2 - 4 3.52e-02 1.67e-02 8.17e-03 4.04e-03 2.02C-03
2-6 7.25e-02 3.26C-02 1.56e-02 7.62e-03 3.78e-03
2-8 1.89e-01 6.96e-02 3.16e-02 1.51e-02 7.42C-03
2-10 7.49e-01 1.86e-01 6.84e-02 3.12e-02 1.50e-02
2-12 * 7.49e-01 1.86e-01 6.79C-02 3.10C-02
2 - 1 4 * * 7.49e-01 1.86e-01 6.76e-02
2 - 1 6 * * * 7.48e-01 1.86e-01
2 - 1 8 * * * * 7.48e-01
2-20 * * * * *

Table 2.2; Computed maximum pointwise difference \\Uu — generated by
for various values of e and N.

e\N 32 64 128 256 512
2-0 2.13e-01 1.08e-01 5.36e-02 2.68e-02 1.42C-02
2-2 3.71e-01 1.94e-01 l.Ole-01 5.31e-02 2.86e-02
2 - 4 7.63e-01 3.82C-01 1.97C-01 1.04e-01 5.62e-02
2-6 1.93e+00 8.49e-01 4.16e-01 2.15C-01 1.14e-01
2-8 9.49&-I-OO 2.51e+00 l.Ole-hOO 4.77e-01 2.41e-01
2-10 1.89e+02 1.63e+01 3.49e+00 1.24e-h00 5.52e-01
2-12 * 3.75e+02 2.98e+01 5.22e-l-00 1.57e+00
2 - 1 4 * * 7.4Se+02 5.68e+01 8.46e-t-00
2 - 1 6 * * * 1.48e+03 l.lle+02
2 - 1 8 * * * * 2.966-h03
2-20 * * * * *

Table 2.3: Computed maximum pointwise difference VuB^ I g e n e r a t e d
by ) for various values of e and N.
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Graphs of the scaled velocity components C/„ and of the Prandtl solutions 
are shown in Figure 2-1 for e =  2“ °̂ and N=32. The graph of [/„ has no non-physical 
jumps but it appears not to resolve the boundary layer. The graph of Vu has a non
physical jump from Fj;, to X i. The results of Vu on X i  dwarf all other results in the 
domain.

Figure 2-1: Graphs of Uu and -^Vu  for e =  2 and N=32.

Graphs of the differences C/„ — and — bet ween the scaled velocity 
components of the Prandtl and computed Blasius solutions are shown in Figure 2- 
2 for e =  2“ °̂ and N=32. In Figure 2-2 we see that, unsurprisingly, the largest 
differences occur along the plate for (7„. This is due to the numerical method on a 
uniform mesh diffusing the region of rapid change in the boundary layer. From the 
graph of we see the largest difference is along X i.

Figure 2-2: Graphs of and ^ ( V ;  -  for e -  and N=32.

Due to the severe nature of the differences of ■^{Vu -  Vu b '̂ ) along X i  we in

vestigate the differences in the subdomain (r2^\F£,) P)[0.2,1.1] x
 8192

[0,1]. The scaled maximum pointwise differences ~  ^ u b  H in the subdo-

main \F£,) P)[0.2,1.1] x [0,1] for various values of N  and e are given in Table 
2.4. The * entries indicate when the numerical method on a uniform mesh failed to 
converge. Notice that the differences increase as e decreases. The entries in Table
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2.4 in italics arc along the diagonal of the table for 1 < ^/eN  < 2. In Table 2.4 we 
read tha t the italic entries have differences of about 65% for y/eN  — 2 and of about 
150% for ^/eN  — 1 for These results are unacceptable.

e \N 32 64 128 256 512
2-0 1.08e-01 5.99C-02 3.14e-02 1.52e-02 7.16e-03
2-2 1.82e-01 9.93e-02 5.16e-02 2.53e-02 1.23e-02
2 - 4 3.44e-01 1.73C-01 8.62e-02 4.17e-02 2.02e-02
2-6 5.61e-01 2.79e-01 1.37e-01 6.60e-02 3.20e-02
2-8 7.76 e-01 4.86e-01 2.42C-01 1.15e-01 5.58e-02
2-10 1.42e+00 6.84e-01 4.44e-01 2.15e-01 1.04e-01
2-12 * 1.52e+00 6.31e-01 4.07C-01 2.01e-01
2 - 1 4 * * 1.57e+00 5.78e-01 3.89e-01
2 - 1 6 * * * 1.58e+00 5.52e-01
2 - 1 8 * * * * 1.58e+00
2-20 * * * * *

Table 2.4: Computed maximum pointwise difTerence 11 Ki — 11 in the subdomain

( f2^\r / , )  n [ 0 - 2 , 1-1] X [0,1] generated by for various values of e and N .

A graph of the differences between the scaled components of the
_

Prandtl and computed Blasius solutions in the subdomain \ r x )  n [0 -2 ,1-1] x [0,1] 
is shown in Figure 2-3 for e =  2“ °̂ and N=32. We see that the largest differences 
occur along the plate, where the boundary layer is located.

Figure 2-3; Graphs of in the subdomain P)[0.2,1.1] x [0,1]
for e =  2“ °̂ and N=32.
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2.5 Conclusion

We have shown tha t a numerical method on a uniform mesh will give error bounds 
for the solution components and their derivatives, which do depend on the value of 
Re, for Re € [l,oo). We have also shown tha t the iterative method fails to converge 
for ^/eN  < 1. The results suggest that if you wish to have accuracy better than 18% 
for Uu — and better than 50% for -^{Vu — Vu^b'̂ ) you need N  > ^ .  Thus the 
numerical method on a uniform mesh will not yield Reynolds uniform results.



Chapter 3

Prandtl flow past a wedge — 
Falkner—Skan m ethod

3.1 P randtl boundary layer equations

In this chaptcr and the next we use and adapt the numerical methods developed in 
[26] and apply them to the Prandtl boundary layer equations for flow past a semi
infinite wedge.
In the present chapter, we use a variant of the scmi-analytic approach of Falkner- 
Skan to generate numerical approximations of guaranteed pointwise accuracy to the 
flow velocities and their scaled derivatives. We use the approximate solution, which 
has known accuracy, to estimate the error to the approximates obtained later by the 
direct numerical method.
In the next chapter, we construct a direct numerical method to generate numerical ap
proximations of guaranteed accuracy to the flow variables and their scaled derivatives. 
Although there are, at present, no theoretical error estimates for the resulting numer
ical solutions, we determine accuracy by means of extensive numerical experiments 
and comparisons with the previously determined semi-analytic approximations. We 
show tha t the numerical approximations are pointwise accurate and tha t they satisfy 
pointwise error estimates that are uniform with respect to the Reynolds number and 
the angle of the wedge.
As we intend to solve the Prandtl boundary layer numerically we must compute the 
approximate solution on a finite domain 0 . The Prandtl boundary layer problem on

17
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a finite domain, Q, is

(^w)

Find U\v =  (uvv, Vw) such tha t for all (x,y)  E 
u\v satisfies the differential equation

V . U h  ̂ =  0

with boundary conditions 
u\v = 0 for all X > 0

_ uw  =  Up on Pi, [J F t

where {U{x) — x"*,0) is the solution of the reduced problem and m  — where /?7t 
is the angle in radians of the wedge and up is the exact solution of {Pp),  see Chapter 
1 .

It is well known (see [43]) tha t the problem {Pw)  has a self similar solution in the 
open subdomain {(x,j/) : x  > 0,\y\ > 0}. By symmetry, it suffices to study the 
problem in the open quarter plane {{x,y)  : x  > 0,y > 0}. To avoid the more 
complicated behaviour of the flow near the leading edge of the wedge, we compute 
numerical approximations to the solution (Pw)  on a finite rectangle, which does not 
contain the leading edge. More precisely, we take as the computational domain 
a finite rectangle, which is a fixed distance away from the leading edge along the 
wedge. We can take this domain to be as close to the leading edge and as large as 
desired, provided tha t its location and size are independent of the Reynolds number 
and the angle of the wedge. An appropriate domain is =  (a. A) x (0, B),  where a, 
A  and B  are fixed and independent of the Reynolds number. Re, and the angle of 
the wedge, p. In all of the numerical computations in this and the next chapter we 
use the specific values

a =  0.1 +  7(/?), A = 1.1 + 7(/3), B  = 1, Re E [1, oo) and /3 € [0.0,1.5].

We choose

l i P )  =  <

such tha t does not cross the line of symmetry.

0
_ s i n ( ^ ^
s i n ( l - ^ T r )

for (5 e  [0, 1.0] 

for P G (1.0,1.5]
(3.1)
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Let us illustrate several of these flows. For f3 =  0.0, the problem reduces to 
fluid flow over a flat plate with x =  0 at the leading edge, see Figure 3-1. This is 
extensively dealt with by Farrell et al. in [26]. When j3 =  0.5 the angle of the wedge 
is I  radians with a; =  0 at the leading edge of the wedge, see Figure 3-2.

Figure 3-1: Flow past a semi-infinite flat plate.

x=i jt/2

Figure 3-2: Flow past a semi-infinite wedge, of angle

For 13 — 1.0, we have the two dimensional stagnation point flow with x =  0 at the 
stagnation point of the flow, see Figure 3-3. When /3 =  1.5, we have an obtuse angled 
wedge with x =  0 tip, see Figure 3-4. While it is difficult to visualise or reproduce in 
experiment the flow for obtuse angles of the wedge, it is helpful to view the flow as 
being dragged along a conveyer belt represented by the line of symmetry.

Figure 3-3: Stagnation flow.
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,x=0

Figure 3-4: Flow past a semi-infinite wedge, of angle

Our goal in Chapters 3 and 4 is to model the flow for all Reynolds numbers, 
Re  € [1, oo), and angles of the wedge, (5 € [0.0,1.5], for which the flow remains lami
nar and no separation occurs on the wedge.

3.2 Falkner—Skan solution

Using the similarity transformation described in [1]

[m + \)Re U
2 X

the velocity components of the Falkner-Skan solution u/pg of {Pw) are given by

(3.2)

v f s {x , y)  =  -
m  + 1 U

2x Re V   ̂ "  ' m  + 1 

where /  is the solution of the non-linear ordinary differential equation

For r] e  (0, oo) find /  G (^^(0, oo)

{ P f s ) <
r+ff"+P{i~n = o
with boundary conditions 
/(O) =  /'(O) =  0, lim T } ~ * 0 0 f ' i v )  =  1.

(3.3)

(3.4)

The problem { P f s ) is known as the Falkner-Skan problem and in what follows we 
refer to Ufs  as the Falkner-Skan solution of { P w ) -
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The equation in { P f s ) is a third order non-hnear ordinary differential equation on 
the semi-infinite domain (0,oo). Note tha t the case for /? =  0 is dealt with in [26]. 
The existence and uniqueness of /  are discussed in [41] and [47]. The exact solution 
of { P f s ) can be obtained in the form of a series expansion [20]. It can also be 
solved numerically on any bounded domain 7 of (0, oo). In what follows we solve the 
Falkner-Skan problem { P f s ) numerically for the function /  and its derivatives. We 
then use the analytic relations (3.3) and (3.4) to construct Reynolds uniform analytic 
approximations with guaranteed accuracy, to the solution u w  of { P w )  for all relevant 
values of the Reynolds number and values of the angles of the wedge at all points of 
the domain 0.
To achieve this it is clear tha t we need Reynolds uniform pointwise accuracy of f{r]) ,  

f'{r])  and f  "{rj) for all rj G (0,oo). We know of no standard numerical method for 
computing approximations of f ,  f '  and f "  tha t fulfill these requirements. Therefore 
we construct a new numerical method using the techniques discussed in [26], which 
enables us to generate such {Re,  /3)-uniform approximations.

3.3 Singularly perturbed nature o f Falkner-Skan  
problem

Using similar arguments to [26] we show that { P f s ) has a singularly perturbed na
ture. In the next section we use this observation to motivate the construction of the 
numerical method for solving { P f s )-

We observe that, while we need the solution of { P f s ) on an infinite interval, in prac
tice we can find numerical solutions only on a finite interval. For this reason, we 
introduce a one-parameter family of problems related to { P f s ) on the finite interval 
(0, L)  where the length L  of the interval is taken as the parameter of the family. The 
typical problem in this family is defined for each value of L  in the range 1 < L <  oo

by
f r i v )  +  h { v ) m r i )  +  P{1 -  f 2 i v ) )  =  0 v e [ o , L )  

h { 0 )  =  f m  =  0, / ' (L) =  1.

When we reformulate (3.5) as a singularly perturbed problem, it transpires that 
is the singular perturbation parameter and so it is appropriate to introduce the 

temporary notation £ — j;- Then the problem (3.5) can be written in the form
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Putting Qs — this problem becomes

9e(^) +  fe{v)9eiv)  +  /?(1 -  g'^Av)) =  0, c/e(0) =  0, =  1.

Changing variables from r] to  ̂ — erj which is equivalent to  a mapping of the interval 

[0 , i] to the unit interval [0 , 1 ], and writing =  Qeiv) a-iid h{^) =  fe{ri)^ we obtain

ek ’’{ 0  +  h , { 0 K { 0  +  P { - ^ - k l { 0 )  =  ,̂ A:,(0) =  0, A:,(l) =  1 (3.6)

where /i(0) =  0 and h{^) =  O(^) for all  ̂ >  e. This is a singularly perturbed problem  

for ki: w ith a boundary layer at (̂  =  0. Consequently, to construct an e-uniform  

m ethod for problem (3.6), we need to choose the appropriate transition parameter 

(j{. The transition parameter in the piecewise uniform fitted mesh is defined 

as — a^{e ,N)  =  e ^ { N )  where ^(A'') oo as N  —* oo. From [26] we take 

$(iV) =  In Â , which in terms of the original variable rj gives ar, =  In Â .

In what follows it is natural to refer to L-uniform m ethods for (3.5). These are 

defined in an analogous way to e-uniform methods.

3.4 R obust layer resolving m ethod  for Falkner—
Skan problem

Our strategy for com puting L-uniform approximations to the solution of {Pf s ) is 

to obtain a numerical solution Fl for problem (3.5), on the interval [0,L], for an 

increasing sequence of values of the length L. Since for each L  we need the values 

of f ly  f'l f'[ at all points of the interval (0 ,oo ), we extend the domain of f i ,  

f'  ̂ and from [0, L] to the semi-infinite interval [0, oo) by defining the following 

extrapolations

f"{ri) =  0, for all 77 >  L (3.7)

/  {rj) =  1, for all 77 >  L (3.8)

f i v )  =  i v -  L n ) +  / { L n ), for all 7? >  L (3.9)

where (3.9) is obtained by integrating both sides of (3.8) from L  to r].

We now describe our numerical method for finding approximations to the solution 

and its derivatives of problem (Pf s )- For each fixed N we write L n  =  l n N  and we 

divide the interval into the two subintervals [0, L r̂] and [Lat,oo). We construct a
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uniform mesh

=  iVi ■ Vi = IniV, 0 <  i <  N } ^  

on the subinterval [0,L^r] and we determine numerical approxim ations F, D~^F and
/  / f  — N

F  to  / i ,  fi^ and /^ ,  respectively, a t the mesh points , using the nonlinear 
finite difference m ethod

Find F  on /^ su c h  th a t, for all ry €  2 <  z <  — 1

.  , 5 \ D - F i )  +  F,{D+{D-F,))  +  /3(1 -  {D~Fi){D-F{))  =  0
[Pf s )

with boundary conditions

F (0 ) =  D+F{Q) = 0, D^Fi-nN-i) =  I-

3.4.1 T he m onotone nature of the d iscrete Falkner-Skan equa
tion

The Falkner-Skan problem can be represented as a lower Hessenberg m atrix, we 
cannot easily deduce the nature  of Fj from the problem [PPg) To learn more about 
Fi we m ust investigate the discrete derivative D ~ F p  and their operator m atrix.
Let

r m    r m

c r  = D ~ F r =  - — (3.10)
X i  -  X j - i

Rewriting the Falkner-Skan equation with respect to  (3.10)

5 \ G T )  +  Fl^-^D+{GT) + P{1 -  G ^ - ^ G T )  =  0 (3.11)

with boundary conditions

G . = 0 ,  ?SL±°H.-}. =  1.

This system of equations is expressed in a tridiagonal m atrix, w ith a negative diagonal 
and two positive off diagonals which are defined as:
Upper diagonal

1 f :
7^ +

m —1

h

Diagonal
2 F]
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Lower diagonal
1

This system of equations is diagonally dominant but to ensure monotonicity we need 
it to be strictly diagonally dominant. Thus we introduce a new term in to the equation 
which tends to zero as m  gets larger. Equation (3.10) is now written as;

S^(G^) + + /3(1 -  G^-^G^)  -  (/? + \ ){G^ -  G^~^) = 0 (3.12)

with boundary conditions

G\ = 0,

The tridiagonal matrix is strictly diagonally dominant and it satisfies the conditions 
to be an M-matrix, which are:

1. The off diagonal elements of —A < 0 and the diagonal of —A > 0;

2. A is irreducible ie the directed graph for G(A) is strongly connected this is true 
for all non-negative tridiagonal matrices;

3. A is diagonally dominant for each row, which is true;

4. And is strict for at least one row, which is also true;

We know that this matrix is monotone - since M-matrices are a subset of monotone
matrices - therefore is always non-negative. We can also deduce F/" is always 
non-negative since its derivative is non-negative and the boundary conditions are all 
>  0 .

In practice, since (Pps) non-linear, we need a non-linear solver to compute its 
solution. Using a variation of the continuation algorithm defined in [26] we use the

G n  +  Gn-1  
2
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following continuation algorithm with the continuation parameter m

For each integer m, I < m  < M  find F '"  on 
such that, for all rj G , 2 < i < N  — 1

5 \ D - F ^ )  + Fp- \D +{D -Fr) )  + /?(1 -  [D-FI^-^){D-FJ")) 
^ 1  -{l + p){D~Fr-D-Fr')^0

\ ^ F S )  *

with boundary conditions 
F(0) =  D+F{0) =  0, D ^ F { x n - i ) =  1

and the initial guess F°{rii) =  rji.

To avoid cumbersome notation we suppress explicit mention of N  and M  and we 
denote the final output of {A^^) simply by F.  In what follows the finest mesh is 
taken to be , with N* choscn sufficiently large so tha t the asymptotic nature of 
the numerical solutions is observed on several meshes for which N  < N*. For our 
purpose N* — 65, 536 suffices and we use the numerical solution F  on the mesh 
to replace the unknown exact solution in the expression for the pointwise error.
We assign the values D'*'F{r]N) = 1 and D'^D^F{r]N) = D ~ ' ' F { t]i^_i ) =  0, so that

 ^
F,  D~^F and D~^F are defined at all points of the mesh /„  . We then use piecewise 
linear interpolation to interpolate from to each point of the subinterval [0,Lat]. 
We denote the corresponding interpolants by F , D + F  and D^D~^F. We extend these 
functions to the whole of the semi-infinite interval [0, oo) in an analogous way to the 
extensions (3.7)-(3.9) of their continuous counterparts, that is

We take the values of F , D + F  and D'^D'^F,  respectively, to be the required numerical 
approximations to the exact values / ,  f  and f "  of the Blasius solution and its 
derivatives on the semi-infinite interval [0 , c x d ).

D+D+F{t]) = 0, for all t] € [Lat,oo) (3.13)

(3.14)

(3.15)

D~^F{r}) = 1, for all rj € [L/v,oo) 

F(t?) =  ( t ?  -  L n ) - t -  F{Ln),  for all rj G  [L^, oo).
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3.5 N um erical solution  o f Falkner—Skan problem

The computed pointwise maximum errors with respect to the finest mesh N* = 
65, 536 are defined by

and the pointwise two mesh differences are defined by

for all N satisfying N ,2 N  < N*. From these values we find the two mesh orders of 
convergence by

DN
p"" =

For the sake of brevity we show the errors for only three typical values of the angle 
of the wedge (3 = 0.5,/? =  1.0 and (3 = 1.5. For /3 =  0.5,1.0 and 1.5 the computed 
maximum pointwise error , the computed two mesh difference and the com
puted order of convergence for F, D+F  and D+D'^F, are given by Tables 3.1, 3.2 
and 3.3, respectively. The main conclusion to be drawn from the numerical results 
in Tables 3.1-3.3 is that method {Pps)> ™ conjunction with algorithm {Apg),  is in 
practice a robust layer-resolving method for problem (3.5) for all admissible values of 
p. By this we mean that it is L-uniform and tha t the L-uniform order of convergence 
on [0, L/v] of the numerical solution F  to the exact f i  and of the discrete derivatives 
D + F  and D''~D''~F to the derivatives and f'[, respectively, is, in practice, better 
than 0.8 for all N  > 512 and all /? considered.
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0  =  0.5
N 128 256 512 1024 2048 4096 8192 16384
E N 0.019535 0.011099 0.006192 0.003397 0.001828 0.000957 0.000479 0.000217
D N 0.008438 0.004906 0.002795 0.001569 0.000871 0.000479 0.000261 0.000141

0.78 0.81 0.83 0.85 0.86 0.87 0.88 0.89qII

gJV 0.019455 0.011033 0.006152 0.003374 0.001815 0.000951 0.000475 0.000216
D N 0.008438 0.004906 0.002795 0.001569 0.000871 0.000479 0.000261 0.000141

0.78 0.81 0.83 0.85 0.86 0.87 0.88 0.89
0  =  1.5

E N 0.019404 0.010995 0.006128 0.003361 0.001808 0.000946 0.000473 0.000215
D N 0.008409 0.004866 0.002768 0.001553 0.000861 0.000473 0.000258 0.000140

0.79 0.81 0.83 0.85 0.86 0.88 0.88 0.89

Table 3.1: Computed maximum pointwise error , the computed two mesh differ

ence and the computed order of convergence for F  on generated by {A^g) 

w ith  M  =  8\n N  applied to problem { P f s )  for various values of N  and /?.

P =  0.5
N 128 256 512 1024 2048 4096 8192 16384
E N 0.000739 0.000422 0.000236 0.000130 0.000070 0.000037 0.000018 0.000008
D N 0.000317 0.000186 0.000106 0.000060 0.000033 0.000018 0.000010 0.000005

0.76 0.81 0.83 0.85 0.86 0.87 0.88 0.89qII

E N 0.000550 0.000311 0.000173 0.000095 0.000051 0.000027 0.000013 0.000006
D N 0.000256 0.000142 0.000079 0.000044 0.000024 0.000013 0.000007 0.000004

0.85 0.85 0.84 0.85 0.86 0.88 0.89 0.89

II

E N 0.000451 0.000253 0.000140 0.000077 0.000042 0.000022 0.000011 0.000005
q N 0.000249 0.000128 0.000069 0.000037 0.000020 0.000011 0.000006 0.000003

0.96 0.89 0.88 0.87 0.88 0.88 0.89 0.90

Table 3.2: Computed maximum pointwise error E ^ , the computed two mesh differ

ence and the computed order of convergence p^  for D + F  on generated

by { A p g )  w ith  M  =  8 In applied to problem { P f s ) for various values of N  and (3.
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g  =  0.5
N 128 256 512 1024 2048 4096 8192 16384
E N 0.009555 0.005437 0.003038 0.001668 0.000898 0.000470 0.000235 0.000107
D N 0.004125 0.002401 0.001371 0.000770 0.000428 0.000235 0.000128 0.000069

0.78 0.81 0,83 0.85 0.86 0.87 0.88 0.89

0II

e n 0.017131 0.009740 0.005440 0.002987 0.001608 0.000842 0.000421 0.000191
D N 0.007398 0.004301 0.002454 0.001379 0.000766 0.000421 0.000230 0.000124

0.78 0.81 0.83 0.85 0.86 0.87 0.88 0.89

II

r N 0.026508 0.015100 0.008442 0.004637 0.002497 0.001308 0.000654 0.000297
D N 0.011425 0.006661 0.003805 0.002140 0.001189 0.000654 0.000357 0.000193

P ^ 0.78 0.81 0.83 0.85 0.86 0.87 0.88 0.89

Table 3.3: Com puted maximum pointwise error , the  com puted two mesh differ
ence and the com puted order of convergence for D'^D'^F  on ?7iv}
generated by (A^g)  with M  — 8 n N  applied to  problem  (Pf s ) for various values of 
N  and (3.

It is im portant to observe th a t, when N  > 2048, the effect of rounding error 
is significant in the calculations of the com puted pointwise errors, the two mesh 
differences and the two mesh order of convergence. This is due, in part, to the 
fact th a t the discretization m atrix  is lower Hessenberg with two lower diagonals. In 
addition, we use a very fine mesh. Consequently, we need quadruple precision to 
achieve the L-uniform convergence in all the Tables in this chapter.
Com parison of the entries in the order of convergence p ^  rows of Tables 3.1, 3.2 and 
3.3 with the Table of theoretical behavior for N ~ ^ n N  and N ~ ^{n N ) ‘̂ of the order of 
convergence defined p ^  in Appendix B suggests strongly th a t the com puted order of 
L-uniform convergence p ^  corresponds to the theoretical behavior N ~ ^ n N .

G raphs of F  for =  8192 and various values of (3 on [0, Ljv] are given in Figure 3-5. 
These graphs show th a t there is a region of activity near 77 =  0.
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Figure 3-5: Solution F  generated by method {A^g)  applied to problem Ff s  with 
M  — 8nN,  N  =  8192 and various values of /?.

Graphs of D + F  and D + D + F  for N  =  8192 and various values of /? on [0, L^]  are 
given in Figures 3-6 and 3-7, respectively. In Figures 3-6 and 3-7 we can make out 
more clearly than in Figure 3-5 the region of rapid change near 77 =  0.
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Figure 3-6: Solution D + F  generated by method {Apg)  apphed to problem Pps  with 
M  =  8nN,  N  =  8192 and various values of (5.
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Figure 3-7: Solution D+D+F  generated by method {A^g)  applied to problem Pps  
with M  — 8nN,  N  — 8192 and various values of /?.

3.6 C om puted error estim ates for Falkner-Skan  
problem

Theoretical estimates in [26] indicate that, for all N  > N q, the approximations of F, 
D+F and D+D'^F, respectively, to the exact solution of the Falkner-Skan problem 
{Pps) and its derivatives satisfy error bounds of the form

l F - / | | [ 0 , o o ) < c ' p i v - p

l|I^-/ll[o.oo)<cvyv-'^
\\D+D+F-f\\[o,oc)<CpN-^

where the error parameters are unknown. We now use the experimental techniques 
to estimate the global error constant by modifying the technique touched upon in 
the previous section.
The computed two-mesh difference is defined by
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for all N  satisfying N, 2 N  <  N*.  From these values we com pute the computed order 

of convergence to be

- N  , D " "

and we take the computed global order of convergence to be

— *  • —Np =  m m p .
N

Corresponding to this value of p* we define

- N  D ^ N P '

p ’  ~  I -  2 - P *

and we take the computed global error constant to be

C y  — max C^. .
P N  P

We now use the experimental techniques to obtain com puted L-uniform global error 

parameters for the function F  on the semi-infinite interval [0, oo) for various /?. To
 N

determine the two mesh differences D  and hence the com puted order of convergence
_ M   ^p  and the constant of convergence Cp.  for a pair of meshes with N and 2N points 

respectively, we have to consider the 3 subintervals [0 ,Ln) ,  [L!^,L2n )  and [Z/2 at,oo)
__  27V

separately. For 77 €  [L^, L 2n)  the two mesh difference at 77 for F  is F  {rj)—F^{L n)  —
________   o  h j  _______________ ______________ 9 A7

(7? -  L n ) ,  for D + F  is D + F  {rf) -  1 and for D + D + F  is D + D + F  [rj). In the 

subinterval [L2 jv ,oo), the two mesh difference at 77 for F  is F  (L 2n )  — F^{L n)  — 

ln2 and for D + F  and D + D + F  it is zero. The resulting com puted global two-mesh  

difference D,  the com puted order of convergence p ^  and the constant of convergence 
     ________
Cp. for F , D + F  and D + D + F  for various values of N  and j3 are given in Tables 3.4, 

3.5 and 3.6.
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0 = 0.5
N 128 256 512 1024 2048 4096 8192 16384

0.008438 0.004906 0.002795 0.001569 0.000871 0.000479 0.000261 0.000141

r 0,78 0.81 0.83 0.85 0.86 0.87 0.88 0.89
1.235767 1.307253 1.354761 1.383781 1.397106 1.397106 1.385923 1.365481oII

0.008422 0.004881 0.002778 0.001559 0.000865 0.000475 0.000259 0.000140
p'v 0.79 0.81 0.83 0.85 0.86 0.88 0.88 0.89

1.234450 1.301607 1.347867 1.376316 1.389417 1.389417 1.378381 1.358180
0 = 1.5

5 " 0.008409 0.004866 0.002768 0.001553 0.000861 0.000473 0.000258 0.000140
0.79 0.81 0.83 0.85 0.86 0.88 0.88 0.89

C ase 1.233350 1.298834 1.344259 1.372281 1.385214 1.385214 1.374283 1,354252

 ^  — MTable 3.4: Computed two mesh difference D  , order of convergence p  and constant 
 ^ _

of convergence Cp. for F  on [0, oo) generated by (A^g) with M  — 8nN  applied to 
problem { P f s ) for various values of N  and (3.

0 = 0.5
N 128 256 512 1024 2048 4096 8192 16384

0.000317 0,000186 0.000106 0.000060 0.000033 0.000018 0.000010 0.000005

r 0.76 0.81 0.83 0.85 0.86 0.87 0.88 0.89

Co.se 0.046309 0,049604 0.051499 0.052652 0.053187 0.053187 0.052771 0.051989

OII

0.000256 0.000142 0.000079 0.000044 0.000024 0.000013 0.000007 0.000004
0.85 0.85 0.84 0.85 0.86 0.88 0.89 0.89

r 'N
^0.86 0,037595 0.037895 0.038284 0.038884 0.039246 0.039246 0,038945 0.038389

0  =  1.5
0,000249 0.000128 0.000069 0.000037 0.000020 0.000011 0,000006 0.000003

0,96 0.89 0.88 0.87 0.88 0.88 0.89 0.90

'-'0.88 0.038560 0.036424 0.036027 0.036023 0.036117 0.036117 0.035992 0.035718

 ^  — MTable 3.5: Computed two mesh difference D  , order of convergence p  and constant 
of convergence C^, for Z)+F on [0,oo) generated by {Apg)  with M  — 8nN  applied 

to problem { P f s ) for various values of N  and p .
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0  =  0.5
N 128 256 512 1024 2048 4096 8192 16384

0.004125 0.002401 0,001371 0.000770 0,000428 0,000235 0,000128 0,000069
0.78 0.81 0.83 0.85 0,86 0,87 0,88 0.89

0.603032 0.638212 0.662605 0,677204 0.683940 0.683940 0,678361 0.668200
0  =  1.0

5 " 0.007398 0.004301 0.002454 0,001379 0.000766 0.000421 0.000230 0.000124
0.78 0.81 0.83 0,85 0.86 0,87 0.88 0.89

^0.86 1.081445 1.143468 1.186393 1.212510 1.224457 1,224457 1.214482 1.196298
(3 =  1.5

0.011425 0.006661 0.003805 0.002140 0.001189 0,000654 0.000357 0.000193
0.78 0.81 0.83 0.85 0.86 0,87 0,88 0,89

c L e 1.668108 1.768405 1.836877 1.878426 1.897330 1,897330 1,881687 1.853234

 TV _ \ r
Table 3.6: Computed two mesh difference D  , order of convergence p  and constant 

 ________
of convergence Cp* for D+D~^F on [0, oo) generated by {Apg)  with M  =  8 n N  applied 

to problem (Pps)  for various values of N  and /?. 

The computed global error can be used to calculate the global error bounds for 

all values of >  256, but in the next chapter we need them only for the value 

N  — 8192. For this number of nodes, we use the Tables 3.4-3.6 and the experimental 
techniques to obtain the following error bounds for N  >  2048

P =  0.b | |F - / | | [o ,oo )  <  1.40iV-os6 
P = l . O  ||:F-/||[o,oo) <  1.38iV-o.86 

/ 3 = 1 . 5  | |F - / | |[ o ,o o )  <  1.38iV-o«e

(3 =  0.5 | | : ^ - / l l [ o , o o )  <0.057V-°««
^  =  1 .0  | | : ^ - / ' | | [ o , o o )  < 0 . 0 4 i V - o - 8 6

P =  l .b

P =  0.5 |p + D + F - /" | | [o ,o o )  <0.68iV-0'86

p = 1 . 0  WD+D+F ~  f"\\ ô,oo) <  1.22iV-°«6
P = 1 . 5  | |D +D +F-/" ||[o ,oo) <  1.90iV-°-«^

In the specific case of =  8192 we get the bounds

^  =  0.5 | | F - / I  I [0,00) <  6.034 X 10-4
p = l . O  ||:F-/||[o,oo) <  5.948 x lO-'*
P =  l .5 | |F -/l |[o ,oo)  <  5.948 X 10-4

P =  0.5 | | : ^ - / ' | | [ o , o c )  <2 .155  X 10-5
^ =  1.0 | | : ^ - / ' | | [ o , o o )  <  1.724 X 10-5
P =  l .5 1 1 : ^ - / ' I|[o,oo)< 1.724 x 10-5

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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/3 =  0.5 | |D+D+F-/"l | [o ,oo)  <2 .931  x
/3 =  1.0 l |Z )+ D + F -/" | |[o ,oc )  <  5.258 X 10-^ (3.21)

P =  1.5 | |D + D + F - /" | | [o .o o )  < 8 .1 8 9  X 1 0 -1

We observe from (3.3) and (3.4) that ups, Vfs,  "^Ufs and V v p s  involve the expres
sion rjf" and P f '  +  . Therefore, we compute the global error bounds for
rjD+D'^F  and (3D+F +  respectively, using the techniques described
at the beginning of the section and the data in Tables 3.7 and 3.8. The resulting 
computed global error bounds, which hold for all N  >  2048, are

/? =  0.5 11 / ? ^  +  ^ ,r iD + D + F  -  (3 f + \\[o,oo) < 0.3997V-°-8«
/3 =  1.0 Wf3D+F +  -  /? / '  +  ^^r,f"\\^o,oo) <  0.039A T-0-86 (3.22)
P  =  1.5 W P D + F  +  ^ ^ r j D + D + F  -  P f  +  ^ ^ r j f " \ \ [ o , o o )  <  0.472iV-°«6

p  -  0.5 \ \ v D + D + F  -  r ? / "  11 [0 ,0 0 ) <  0.804A^-°-86

P =  1.0 \ \r ]D+D+F -  r / / " | | [ o , o c )  <  (3.23)
P =  1.5 \\t) D + D + F  -  r?/"||[o,oo) <  0.952AT-0-86.

/? =  0.5
N 128 256 512 1024 2048 4096 8192 16384
p N 0.004785 0.002817 0.001622 0,000915 0.000509 0,000280 0,000153 0,000083

0.76 0.80 0.83 0,85 0,86 0,87 0,88 0,89
/^N
'^0.86 0.694194 0,742389 0.776245 0,795746 0,804352 0,804352 0,797310 0,784639qII

DN 0.005145 0.003028 0.001742 0,000983 0,000547 0,000301 0,000164 0,000089
0.76 0.80 0,83 0.85 0,86 0,87 0,88 0,89

CN
'-'0.86 0.746665 0.798205 0,834075 0,854937 0,864309 0,864309 0,856764 0,843187

0  =  1.5
DN 0.005629 0.003333 0.001921 0,001084 0.000604 0.000332 0,000181 0,000098

0.76 0.80 0,83 0.84 0,86 0,87 0,88 0,89
/~'N
'-'0.86 0.816612 0.878354 0,919281 0.942096 0,952838 0,952838 0,944518 0,929504

 ^  —MTable 3.7; Computed two mesh difference D  , order of convergence p  and constant 
of convergence C^. for r]D+D+F  on [0,oo) generated by (A^g) with M  =  8nN  

applied to problem (Pps)  for various values of N  and p.
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N 128 256 512 1024 2048 4096 8192 16384
D N 0.002380 0.001399 0.000803 0.000453 0.000252 0.000139 0.000076 0.000041

0.77 0.80 0.83 0.85 0.86 0.87 0.88 0.89

^0.86 0.345965 0.369496 0.385191 0.394629 0.398846 0,398846 0,395435 0.389253

OII

D N 0.000256 0.000142 0.000079 0.000044 0.000024 0,000013 0,000007 0,000004
0.85 0.85 0.84 0.85 0.86 0.88 0.89 0.89

(~.N
'-'0.86 0.037595 0.037895 0.038284 0.038884 0.039246 0.039246 0.038945 0.038389

/3 =  1.5
D N 0.002824 0.001655 0.000950 0.000535 0.000298 0.000164 0.000089 0.000048

0.77 0,80 0.83 0.85 0.86 0,87 0.88 0.89
r 'N
'-'0.86 0.410474 0.437191 0.455736 0,466901 0.472029 0,472029 0.467952 0.460620

 ^  —ATTable 3.8: Computed two mesh difference D , order of convergence p and constant 
of convergence Cp. for + ^^r]D+D'^F on [0, oo) generated by (A^g) with
M =  8nN  applied to problem (Pps) for various values of N  and /?.

In the specific case of =  8192 we get the bounds

0  -  0.5 \\r]D+D+F -  r]f”\\[o,oo) <  3.465 x 10"^
0  =  1.0 \\r)D+D+F -  77/"||[o,oo) <  3.724 x 10"  ̂ (3.24)
0  =  1.5 \\r]D+D+F -  7 ? /" ||[ o ,o o )  < 4.103 x lO"-*

0  =  0.5 \ \ 0 ~ ^  +  -  0 f  +  ^77/"||[o,oo) < 1.720 x 10~^
0  =  1.0 \ \ 0 W ^  +  ^ r ? D + D + F  -  0 f  +  ^t^/'H^o.oo) < 1-681 x 10"  ̂ (3.25)
0  =  1.5 W0D+F + ^^r^D+D+F -  0 f  +  ^r?/"|l[o,„o) < 2.034 x 10"!

3.7 Com puted global error estim ates for Falkner— 
Skan solution

We now obtain approximate expressions U fs  =  {Ufsj^fs) for the Falkner-Skan 
solution ups of {Pw) by substituting into the relations (3.3) and (3.4) the approxi
mations F  and D~^F for /  and f ,  computed by (Apg). Thus for each {x,y)  in the 
rectangle Q we define

Upsix, y) =  x^'WF{r)) =  U {x)D ^ {r ] )  (3.26)

where r] € [0,oo) is given by (3.2).
Preliminary analytical investigations in [26] indicate that for all N  > N q and some
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unknown constants pi , P2 , Cp^ and Cp^, the following theoretical bounds hold for the 

approxim ations {Ups, - ^ ^ f s )  to the scaled velocity {ups, ^ V p s )

P i > 0  (3.28)

IIVfs -  VFsWn < C p ,N - P \  P2 > 0 (3.29)

where U f s  is the computed Falkner-Skan solution of the P rand tl problem on given 
by (3.26) and (3.27) and (uf-g) is the exact solution of {Pw)- Here Nq and the error 
param eters p i, p 2 , Cp^ and Cp^ are independent of N  and M.  We have chosen

y  =  (3.30)
[ 1  f o r / ? €  (0,1.5].

this is discussed in Appendix A.
In w hat follows, wc use the experimental techniques from Section 3.6 to determ ine 
realistic error bounds of the form (3.28) and (3.29).
For the x-com ponent Ups  of the velocity we obtain from (3.26) and (3.21) the fol
lowing com puted error bound for all N  > 2048

/? =  0.5 | | t / f s - U F s | |n  <  l.l°-^“ (0.05AT-°«'5)

/ ? = 1 . 0  11 1 I n  <  l . l ' ( 0 . 0 4 A ^ - ° - « ® )

P = 1 . 5  |l?7 F S -U F 5 lb  <  2.l3(0.04iV-«-86).

In the specific case of A'" =  8192 we have

/? =  0.5 <  2.225 x 10-^

P ^ l . O  ||?7F S -tiF 5 |ln  <  1.896 x 10-5 (3.31)

P = 1.5 ||C /F s-^X fs||n  <  1.597 x 10-'*.

Similarly for the y-component ^ V p s  of the velocity we obtain from (3.27), (3.19) 
and (3.21) the following computed error bound for all N  > 2048 (also see Appendix

A)

l|V 'FS-»F5llfi =  ^ = e l ® | | F ( , )  +  s g l ,B + F ( , )

- ( / ( ^ )  +  ^ ^ / ) l l  .3 3 2 )
< ^ ^ ^ c/(x )(||:f (7? ) - / ( 77)||)

+ u { x ) ^ y \ \ m F { n ) - f ' \ \
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^  =  0.5 ||F F 5 -t^ F s |ln  <  y ^ i ^ ( 1 . 4 0 7 V - ° « ® )  +  [/(x )J ^y (0 .0 5 A r-o -8 6 )

P = 1 . 0  l l l^ F s -^ F s Ib  < y^ t/(a :)(1 .38 iV -« -86 ) +  U { x ) ^ y { O M N - ^ - ^ ^ )

P = 1 . 5  IIV V s-^F sIb  < ^ J ^ U { x ) { 1 .3 8 N - ^ - ^ ^ )  +  C/(x)^y(0.047V-o-86),

In the specific case of iV =  8192 we have

p  =  0.5 ||V fs-'i^Fslln < 2.885 x 10-4
P=l . O  II^Fs-^^Fslln < 5.948 x 10-'* (3.33)

^  =  1.5 llV p s -^ ^ F s Ib  <  2.869 x 10-3.

In a sim ilar manner, we calculate computed error bounds for approximations of the

scaled first derivatives by scaled discrete derivatives

dyUps =  - U { x ) D ^ F { t]) (3.34)
y

dxUps — —dyVps (3.36)

„  m — 1.0 f  /(m  +  l )U(x)  f  ^  “  1-0 /'-FTX7-. -F rrrrr r-> \\^
('" '■ " -  V  (2xRe) )  j  ^

(3.37)

For of the velocity we obtain from (3.34) and (3.18) the following com

puted error bound for all N  >  2048

^  i m  r r  dups,,  _  1  l { m + l ) R e U { x )  x i m + n + r  f"\\ to oo\^W d y U p s  Qy Ho 2 X D F f  l|[o,oo) (3.38)

/^ =  0.5 ^ J \ d y U F S - ^ \ \ n  <  1.1°-333(i.4o^-o.86)

^  =  1.0 ^J ld yU p s  -  ^ \ \ a  <  (3.39)

P =  1.5 < y f§ 2 .1 ^ (1 .9 0 iV -°« e ).

In  the specific case of =  8192 we have

/? =  0.5 7 f c l | 9 , t / F 5 - ^ | l n  <  4.773 x lO - ' *

/3 =  1.0 ^W dyU ps -  ^ -^ \ \n  <  5.258 x 10-4 (3.40)

/3 =  1.5 : ^ \ \ d y U F S - ^ \ \ u  <  2.432 x 10-3.

For DyVfs  of the velocity we obtain from (3.35) and (3.22) the following computed
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error bound for all N  > 2048

+  ̂ r ? D + I ? + F - /3 / '- ^ 7 7 /" | |[ o ,o o ) )
(3.41)

(3 ^ 0.5 | |a ,V ^ F s -^ |la  < i™ ^ (0 .3 9 9 7 V -» -8 6 )
/3 = 1 .0  \ \ d y V F s - ^ \ \ a  < « L ^ ( 0 .0 3 9 i V - o « 6 )  (3.42)
P = 1 .5  | | 5 , y ^ 5 - ^ l b  < (0.472A -̂o-86).

In the specific case oi N  = 8192 we have

(3 = 0.5 | | a , y ^ ^ s - ^ | | n  <  1.076 x 10-4
/3 =  1.0 <  1 .681x10-^  (3.43)

P = 1.5 \ \ d y V F s - ^ \ \ u  < 1.794 x 10-3.

For ^ D ^ V p s  of the velocity we obtain from (3.37), (3.19), (3.21) and (3.23) the 
following computed error bound for all N  > 2048

(D *P  + nD *D *F ))  

-Vfs + {vf + (/ +I?/ ) ) | | )
< ^^^^(||Vfs - 'yFslln

+ n ^ U { x ) P \ \ W ^  -  f\\[o,oo)
+  ̂ | | r ? D + D + F - 7 7 / " l | [ o , o o ) )

(3.44)

0 = 0.5 ^J\d,V^s -  -̂^Wu < ^{^^,U{x){l.AON-°-^^) + U{x)^y{0.05N-°-^^)
+ ̂ U { x ) (3 { 0 .m N -° - ^ ^ )
+  ̂ (0.804Af-°®®)

P = 1 .0  ^ J \ d , V j . s - ^ \ \ u  = 0
^ = 1 . 5  ^ | | a . K f 5 - ^ | | n  <  +  c/(^)n^y(0.04iV-°««)

+ ̂ U{x)P{0.472N-'^-^^)
+  ̂ ^^(0.952iV-^'®®).

(3.45)
In the specific case of =  8192 we have

0  = 0.5 ^ | | a . V > s - ^ l l n  < 2.114x10-'*
0  = 1.0 =  0 (3.46)
0 = 1 .5  ^ | | a , K F 5 - ^ | l n  <  1.973 x 10-3.



Chapter 4

A R eynolds—uniform num erical 
m ethod for the Prandtl boundary  
layer problem  for flow past a 
wedge — direct m ethod

4.1 Introduction

In this chapter we make use of the computed Falkner-Skan similarity solution of the 
Prandtl problem calculated in Chapter 3 in two ways. Firstly, we use it to provide the 
unknown boundary conditions that are required on the boundary of in the direct 
numerical method for the Prandtl problem. Secondly, we use the reference solution 
for the unknown exact solution in the expression for the error. It is convenient to 
introduce the notation e =  to emphasis the singularly perturbed nature of the

39
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problem. The problem (Pw) in Chapter 3 is now w ritten as

Find Ue =  («£, We) such th a t for all {x,y)  € f) 
Ue satisfies the differential equation

- e f f + u „ V « ,  = t / ( x ) ®

{ Pe ) <  V .U , =  0

with boundary conditions

Ue =  0 on Ffl

. Ue — Uf-5 on Fl [J Ft

where {U{x) = x ”*,0) is the solution of the reduccd problem and m  = where f3n 
is the angle in radians of the wedge.
Since the com puted Falkner-Skan solution in Chapter 3 is known to converge Reynolds 
uniformly to  the solution of the P rand tl problem, we can compute Reynolds uniform 
error bounds. For this purpose we use the com puted Falkner-Skan solution for {Pps) 
with N  =  8192; namely This provides the  required accuracy for the veloc
ity components and their sealed derivatives ^JeDyU^g'^, and
DyVPJ".

4.2 The Prandtl Problem  for flow past a wedge

The aim of this scction is to construct a robust numerical m ethod to solve the P randtl 
problem (Pg) for all values of /3 € [0.0,1.5] and Reynolds numbers Re  € [l,oo).

W hen constructing a mesh in the rectangle fi, it is im portan t to  note where 
the boundary layer occurs in order to define an appropriate transition  point from 

the coarse to the fine mesh. Because the com putational dom ain is rectangular the 
piecewise-uniform fitted mesh is a tensor product of two one-dim ensional meshes. 
The mesh in the x  direction is the uniform mesh (see Fig. 4-1)

=  { X i  : X i  = 0.1 + 7(/3) -I- i N ^ ^ , 0  < i <

where 7(/?) is (3.1). The mesh in the y-direction is a piecewise-uniform fitted mesh,
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which is defined by

=  {vj ■ Vi =  0 <  j  <  ^  ^  -  ŷ̂-

The transition point a is chosen so that there is a fine mesh in the boundary layer 
when required. The appropriate choice in this case is

a =  m in{-,C '-\/eln Â y}.

The factor ^/e may be motivated from from asymptotic analysis [46].
C  is an experimental constant to optimize the results the choice of C is discussed in 
Appendix C. We choose

1.2 fo r /? € [0,1.3]
\  0.75 for/3 € (1.3,1.5].

The rectangular mesh is then the tensor product where N=(A^i, Ny) .

For simplicity we take = Ny = N .

Figure 4-1: 2-d mesh constructed from a tensor product 

The problem (Fe) is discretized by the following non-linear upwind finite difference
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method on the piecewise uniform fitted mesh

{p D

Find — {Ue, Vg) such tha t for all {Xi,yj) € 
Ue satisfies the finite difference equations

-eSlU^{xi ,yj )  +  Ue{xi, yj)D~Ue{xi ,  y j )+  
V,{xi,yj)D^U,{xi,yj) = U{xi)j^{xi)

D; U, { x i , y j )  +  DyV^{xi ,yj)  =  0

with boundary conditions 
Ue =  0 on Ffl

= onTiUrr

where , D+ and , D+ are the standard first-ordered backward and forward 
finite difference operators, respectively, in the x  and y directions. For any continuous 
function V^{xi,yj) on the domain £>“ is defined by

V ( t V )DVJ (r v )  = i  ^e{xi,Vj)D;Ue{xi,yj)  if V,{xi,yj) > 0;
, , Vj )  y e[ ^ , y j ) j i f v , { x u y j ) < 0

5y is the standard second order centered difference operator in the y direction.
The need for changes between forward and backward differences is due to the fact 

that, at values of /? > 0.1, is initially negative and then becomes positive. W ithout 
these changes, the tridiagonal system would no longer be diagonally dominant and 
the continuation algorithm would fail to converge.
Since the problem ( P^ )  is a nonlinear system, an iterative method is required for 
its solution. This is obtained by replacing the system of nonlinear equations with a 
sequence of systems of hnear equations. The systems of hnearized equations are
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W ith the boundary condition = Upg®̂  on F l,
for each i , l  < i < N, use the initial guess U°|xi =  U°|xi_i
and for m  = 1 , . . . ,  M  solve the following
two point boundary value problem for Up{xi ,yj )

-s6lUp{xi ,  yj) +  U^-\xi ,yj )D~U^{xi ,  yj)+ 
V r \ x u y j ) D - ^ U r { x i , y j )  =  (x,)

with the boundary conditions Up = Ups on Fb U F t, 
and the initial guess for V^\xi = 0 .
Also, solve the initial value problem for VJ^{xi,yj)

(D - • V'p){x^,yj) = 0,

with initial condition =  0 on Fb -
Continue to iterate between the equations for until m  = M,  
where M  is such that

For notational simplicity we suppress explicit mention of the iteration superscript M  
henceforth, and we write simply for the solution generated by (A^). We take 
tol = 10“® in the computations. We note that there are no known theoretical results 
concerning the convergence of the solutions Ue of {P^)  to the solution of (P^) and 
no theoretical estimate for the pointwise error (Ue — Ue){xi,yj). It is for this reason 
that we are forced to apply controllable experimental techniques tha t are adapted to 
the problem under consideration. They are of crucial value to our understanding of 
the computational problems and are the topic of the next two sections. The scaling 
factor for , V*, is defined to be

V* =
y/e for /3 =  0
1 for /3 G (0,1.5].

(4.1)

This was motivated by the need to have a scaling factor that does not require to be 
recomputed for each new value of e and N  (see Appendix A). In the papers [5], [6]
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and [7] wc used the scahng factor

K id  =  max |Vfs|-

V*î  yields identical orders of convergence as V*, but had to be recalculated for each 
e when calculating the differences as in Section 4.6.

4.3 Convergence of the m ethod

Before investigating the results of the method we must look at the convergence of 
the iterative method. In Table 4.1 we see tha t the number of iterations tends to a 
fixed value as e decreases for all N  and /?.
Thus an e-uniform amount of computational work is required by (A^)  for the gener
ation of (We, Ve) for various /3.

e \N 32
0 = 

64

0.5

128 256 512 e \N 32
0  = 

64

1.0

128 256 512 e \N 32

II 1.5

128 256 512
2 - 0 8 10 11 11 11 2 - 0 12 14 15 16 16 2 - 0 14 15 17 18 19
2 - 2 12 12 12 12 11 2 - 2 13 14 15 16 16 2 - 2 14 15 17 18 18
2 - 4 12 12 12 11 11 2 - 4 13 14 15 15 16 2 - 4 13 16 17 18 18
2 - 6 12 12 11 11 10 2 - 6 13 14 15 15 15 2 - 6 13 15 18 18 18
2 - 8 11 11 11 10 10 2 - 8 12 14 15 15 15 2 - 8 13 15 17 17 18
2 - 1 0 10 10 10 9 9 2 - 1 0 12 13 14 14 14 2 - 1 0 13 14 16 16 17
2 - 1 2 9 9 9 8 8 2 - 1 2 11 12 13 13 13 2 - 1 2 13 14 15 15 16
2 - 1 4 9 8 8 8 8 2 “ 11 12 12 12 12 2 - 1 4 13 14 15 15 15
2 - 1 6 9 8 8 8 8 2 - 1 6 11 12 12 11 11 2 - 1 6 13 14 15 15 14
2 - 1 8 9 8 8 8 8 2 - 1 8 11 12 12 11 10 2 - 1 8 13 14 15 15 14
2 - 2 0 9 8 8 8 8 2 - 2 0 11 12 12 11 10 2 - 2 0 13 14 15 15 14

Table 4.1: Number of one dimensional linear solver iterations required for convergence 
for method applied to problem (Pg) for various values of e, N  and f3 = 0.5, 1.0 
and 1.5.

4.4 Error analysis based on the finest m esh solu
tion

In this section we estimate, computationally, the maximum pointwise error in the 
numerical solution and its discrete derivatives, generated by the algorithm of 
the previous section. Since the exact solution in the expression for the computed 
maximum pointwise error is unknown, we replace it by the solution generated 
by (>1^) on the finest mesh Thus, for Ue and -^14, we define the computed
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maximum pointwise errors

«r\rL
and

E ^{U ,) =  max, E ^{U ,) E ^ { ^ V ,)  =  max, E ^ { ^ V ,) .

As in the previous chapter, for the sake of brevity we show the errors for three typical 
values of the angle of the wedge; /? =  0.5, P =  1.0 and (3 =  1.5. Note that similar 
results are given for the flat plate {(5 =  0.0) in [26] and for the value of the angle of 
the wedge (3 =  0.6 in [5].
The values of the computed maximum pointwise errors generated by applied
to problem (P,) for i7, and are given in Tables 4.2 and 4.3, respectively, for 
various values of e, N  and f3.

0 =  1.0

e \ N 32 64 128 256 e \ N 32 64 128 25 6
8 .0 9 e -0 4 4 .3 2 e -0 4 2 .0 2 e -0 4 7 .0 6 e -0 5 2 ~ ^ 4 .0 4 e -0 4 1 .9 0 e -0 4 8 .1 8 e - 0 5 2 .7 3 e -0 5

2 - 2 5 .2 2 e - 0 3 2 .6 0 e -0 3 1 .1 5 e -0 3 3 .9 1 e -0 4 2 - 2 9 .7 5 e -0 4 4 .7 2 e -0 4 2 .0 6 e -0 4 6 .9 4 e -0 5
2 - 4 9 .7 5 e -0 3 4 .7 2 e - 0 3 2 .0 6 e -0 3 6 .9 4 e -0 4 2 " * 1 .9 5 e .0 3 8 .8 7 e -0 4 3 .7 5 e - 0 4 1 .24e< 04
2 - 6 1 .1 6 e -0 2 5 .5 8 e - 0 3 2 .4 1 e -0 3 8 .0 9 e -0 4 2 - 6 3 .5 4 e -0 3 l .8 4 e - 0 3 7 .6 7 e -0 4 2 .5 2 e -0 4
2 "® 1 .1 6 e -0 2 5 .6 1 e - 0 3 2 .4 5 e -0 3 8 .2 5 e -0 4 2 ” ® 3 .4 1 e -0 3 1 .7 8 e -0 3 8 .3 6 e -0 4 3 .3 6 e -0 4
2 - 1 0 1 .1 5 e -0 2 5 .6 1 e -0 3 2 .4 5 e -0 3 8 .2 5 e -0 4 2 - 1 0 3 .3 9 e -0 3 1 .7 8 e -0 3 8 .3 6 e -0 4 3 .3 6 e -0 4
2 - 1 2 1 .1 4 e -0 2 5 .6 0 e -0 3 2 .4 5 e -0 3 8 .2 5 e -0 4 2 - 1 2 3 .3 3 e -0 3 1 .7 8 e -0 3 8 .3 6 e -0 4 3 .3 6 e -0 4
2 - 1 4 1 .1 4 e -0 2 5 .6 0 e .0 3 2 .4 5 e -0 3 8 .2 5 e -0 4 2 - 1 4 3 .2 8 e -0 3 1 .7 7 e -0 3 8 .3 6 e -0 4 3 .3 6 e -0 4
2 * 1 6 1 .1 3 e -0 2 5 .6 0 e -0 3 2 .4 5 e -0 3 8 .2 5 e -0 4 2 - 1 6 3 .2 4 e -0 3 1 .7 7 e -0 3 8 .3 6 e -0 4 3 .3 6 e -0 4
2 - 1 8 1 .1 3 e -0 2 5 .6 0 e -0 3 2 .4 5 e -0 3 8 .2 5 e -0 4 2 - 1 8 3 .2 2 e -0 3 1 .7 7 e -0 3 8 .3 6 e -0 4 3 .3 6 e -0 4
2 - 2 0 1 .1 3 e -0 2 5 .6 0 e -0 3 2 .4 5 e -0 3 8 .2 5 e -0 4 2 - 2 0 3 .2 1 e -0 3 1 .7 7 e -0 3 8 .3 6 e -0 4 3 .3 6 e -0 4

1 .1 6 e -0 2 5 .6 1 e -0 3 2 .4 5 e -0 3 8 .2 5 e -0 4 e N 3 .5 4 e -0 3 1 .8 4 e -0 3 8 .3 6 e - 0 4 3 .3 6 e -0 4
0  =  1 .5

e \ N 32 64 128 2 5 6
2 “ ^ 3 .2 3 e -0 2 1 .5 8 e -0 2 6 .9 2 e - 0 3 2 .3 3 e -0 3
2 - 2 4 .2 3 e -0 2 2 .1 4 e -0 2 9 .6 6 e - 0 3 3 .3 2 e - 0 3
2 - 4 5 .7 6 e -0 2 2 .7 3 e -0 2 1 .3 5 e -0 2 4 .8 0 e - 0 3
2 - 6 6 .4 8 e -0 2 3 .2 1 e -0 2 1 .9 3 e -0 2 7 .2 2 e -0 3
2 -® 6 .7 3 e - 0 2 3 .2 4 e -0 2 1 .8 6 e -0 2 9 .2 1 e - 0 3
2 - 1 0 6 .7 9 e -0 2 3 .2 4 e -0 2 1 .8 6 e -0 2 9 .2 1 e -0 3
2 - 1 2 6 .8 0 e -0 2 3 .2 4 e -0 2 1 .8 6 e -0 2 9 .2 1 e -0 3
2 - 1 4 6 .8 1 e -0 2 3 .2 4 e -0 2 1 .8 6 e -0 2 9 .2 1 e -0 3
2 - 1 6 6 .8 1 e -0 2 3 .2 4 e -0 2 1 .8 6 e -0 2 9 .2 1 e -0 3
2 - 1 8 6 .8 1 e .0 2 3 .2 4 e -0 2 1 .8 6 e -0 2 9 .2 1 e -0 3
2 - 2 0 6 .8 1 e -0 2 3 .2 4 e -0 2 1 .8 6 e -0 2 9 .2 1 e - 0 3

6 .8 1 e -0 2 3 .2 4 e -0 2 1 .9 3 e -0 2 9 .2 1 e -0 3

Table 4.2: Computed maximum errors E^{Ue) generated by (^4^) applied to problem 
(P ,) for various values of e, N  and (3.

Examining the results in Table 4.2 we see that the computed maximum errors 
decrease as the number of mesh points, N, increases. The maximum errors increase 
as e decreases for 1 <  e <  2“ °̂ for all N  and (3. For each N the largest maximum 
errors, E ^ , occur when 2“® <  £ <  2“ °̂. When e <  the errors stabilise to a fixed 
value for any N or (3. This suggests that the method is independent of e for /? =  0.5,
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1.0 and 1.5. The maximum errors strongly suggest that the method is e-uniform for 
for all (3 considered.

In Table 4.3 we see that the computed maximum errors decrease as the number 
of mesh points, N, increase for all (3. The largest errors for -^Ve for all N and 
/? occur when e =  1 or e =  2“ .̂ We observe that the computed pointwise maximum 
errors for ^ 1 4  decrease as e decreases for all /3 considered. Table 4.3 indicates that 
maximum errors are independent of e for all (3. This suggests that the method is 
e-uniform for for all (5 considered.

0  =  0 .5 0 --

e \ N 32 64 128 256
2 - 0 3.73e-02 1.81e-02 8.15e-03 2.80e-03
2 “ ^ 4.29e-02 2.02e-02 8.76e-03 2.94e-03
2 - ‘» 3.80e-02 1.76e-02 7.55e-03 2.52e-03
2 - 6 3.55e-02 1.73e-02 7.39e-03 2.46e-03
2 - 8 2.87e-02 1.36e-02 5.99e-03 2.06e-03
2 - 1 0 2.60e-02 1.20e-02 5.21e-03 1.76e-03
2 - 1 2 2.46e-02 1.12e-02 4.83e-03 1.62e-03
2 - 1 4 2.40e-02 1.09e-02 4.65e-03 1.55e-03
2 - 1 6 2.37e-02 1.07e-02 4.55e-03 1.52e-03
2 - 1 8 2.35e-02 1.06e-02 4.51e-03 1.50e-03
2 - 2 0 2.34e-02 1.05e-02 4.49e-03 1.49e-03

4.29e-02 2.02e.Q2 8.76e-03 2.94e-03

c \ N

-1 0

- 1 2

- 2 0  

n—

0  =  1.5

32
1.0

64 128
1.23e-02
1.53e-02
1.43e-02
1.18e-02
5 .64e-03
2 .82e-03
1.41e-03
7.05e-04
3 .53e-04
1.76e-04
8.82e.Q5

07e-03
66e-03
32e-03
lOe-03
44e-03
72e-03
60e-04
30e-04
l5e-0 4
07e-04
37e-05

e \ N 32 64 128 256
2 - 0 1.25e-01 6.02e-02 2.62e-02 8.81e-03
2 - 2 1.37e-01 6.76e-02 2.97e-02 l.OOe-02
2 - ^ 1.33e-01 6.89e-02 3,10e-02 1.06e-02
2"® 7.79e-02 4 .95e-02 2.68e-02 1.06e-02
2 - » 9.28e-02 3.71e-02 1.37e-02 4.78e-03
2 - 1 0 1.13e-01 4.95e-02 2.00e-02 6 .35e-03
2 - 1 2 1.23e-01 5.56e-02 2.32e-02 7.57e-03
2 - 1 4 1.28e-01 5.87e-Q2 2.48e-02 8 .17e-03
2 - 1 6 1.31e-01 6.02e-02 2.56e-02 8.47e-03
2 - 1 8 1.32e-01 6.10e-02 2.60e-02 8 .63e-03
2 - 2 0 1.33e-01 6.14e-02 2.62e-02 8.70e-03

1.37e-01 6.89e-02 3.10e-02 1.06e-02

256
2 .84e-03
3 .64e-03
3 .56e-03
3 .51e-03
1.94e-03
9 .68e-04
4 .84e-04
2.42e-04
1.21e-04
6.05e-05
3.02e-05

1.06e-03
1.38e.03
1.39e-03
1.39e.Q3
8.54e-04
4.27e-04
2.13e-04
1.07e-04
5.34e-05
2.67e-05
1.33e-05

1.53e-02  7 .66e-03  3 .64e-03  1.39e-03

Table 4.3: Computed maximum errors E ^ {^ V ^ )  generated by applied to prob
lem (Pe) for various values of e, iV and (3.

Graphs of the velocity component of the solution generated by the direct 
method with N=32, and j3 =  0.5, 1.0 and 1.5 for e =  1.0 and 2“^̂ , are shown 
in Figures 4-2 and 4-3, respectively.
In Figure 4-2 we see that for e =  1.0 the graphs of have no boundary layer for 
various values of (3.
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Figure 4-2; Graphs of for e = 1.0, N=32  and 0  = 0.5,1.0,1.5.

In Figure 4-3 there is a very visible boundary layer in along the surface of the 
wedge for various values of /? for e =  The velocity component has no non
physical oscillations for all fi. The graphs in Figure 4-3 illustrate the importance 
of the transition point a. The fine mesh below the transition point contains the 
boundary layer, which would be neglected by a uniform mesh as shown in Chapter 
2 .

Figure 4-3: Graphs of for e =  2 N=32  and j3 = 0.5,1.0,1.5.

Graphs of the scaled component -^14 of the solution generated by the direct 
method with N=32, and (3 = 0.5, 1.0 and 1.5 are shown in Figures 4-4 and 4-5 
for e =  1.0 and 2“ ^̂ , respectively.

Figure 4-4: Graphs of for e = 1.0, N —32 and 0 = 0.5,1.0,1.5.

The graphs in Figures 4-4 and 4-5 show that the scaled velocity component 
has no non-physical oscillation for all 0  and e — 1.0 and 2“ ^̂ . Another property
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to note is that, unhke the case of the flat plate (^ =  0), we have negative values of 
Ve for the values of /? considered, has no visible boundary layer for all /3 and
6 =  1.0 and 2-12.

Figure 4-5: Graphs of for e =  2 N =32 and (3 = 0.5,1.0,1.5.

The computed orders of convergence and for and ^ 1 4  are defined by

PeiUe) = log2 P^{Ue) = logz
1 ■

z )

We take the computed e:-uniform orders of convergence to be

p*{Ue)  =  miriMP^iUe),  P * { ^ V ^ )  = m i n N P ^ i ^ V e ) .  

Corresponding to these values of p* we calculate the quantities

Ĉ îUe) = C^^W^e) =

and we take the computed e-uniform error constants to be

C;.{U,) = max;v C^.{Ue) C ; ,{ ^ V ,)  = maxjv

The computed orders of convergence and the error constants have analogous expres
sions for the scaled derivatives of the velocity components.
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/5 = 0.5 0 = 1.0 /9 = 1.5
e \N 32 64 128 e \N 32 64 128 e \N 32 64 128
2 - 0 0.77 0.87 0.87 2 -0 0.98 0.99 0.99 2 -0 0.90 0.95 0.97
2 -2 0.86 0.93 0.96 2 -2 0.92 0.96 0.98 2 -2 0.93 0.88 0.94
2 - 4 0,92 0.96 0.98 2 - 4 1.06 1.03 1.02 2 - 4 0.97 0.83 0.86
2 - 6 0.90 0.98 0.99 2 - 6 1.40 1.06 1.03 2 -6 1.14 1.13 1.48
2 - 8 0.92 0.96 0.98 2 - 8 1.10 0.97 0.96 2 -8 1.14 1.05 1.21
2 -1 0 0.90 0.96 0.98 2 -1 0 1.10 0.97 0.96 2 -1 0 1.14 1.05 1.21
2 -1 2 0.88 0.96 0.98 2 -1 2 1.10 0.97 0.96 2 -1 2 1.14 1.05 1.21
2 - m 0.87 0.96 0.98 2 - 1 4 1.11 0.97 0.96 2 - 1 4 1.14 1.05 1.21
2 - 1 6 0.87 0.96 0.98 2 - 1 6 1.11 0.97 0.96 2 - 1 6 1.14 1.05 1.21
2 - 1 8 0.87 0.96 0.98 2 - 1 8 1.11 0.97 0.96 2 - 1 8 1.14 1.05 1.21
2 -2 0 0.86 0.96 0.98 2 -2 0 1.11 0.97 0.96

01
1.14 1.05 1.21

p " ' 0.92 0.96 0.98 p " 1.15 0.97 0.96 p '^rcomr> 1.14 1.05 1.21

Co.9 2 0.31 0.31 0.30 Co. 9 6 0.16 0.14 0.14 C l . 0 5 7.17 6.72 6.72

Table 4.4: Computed orders of convergence p^{Ue), p^{Ue) and error constant 
generated by applied to problem (P^) for various values of e, N  and (5.

0 = 0.5 0 = 1.0 0 = 1.5
e \N 32 64 128 e \N 32 64 128 e \N 32 64 128
2 -0 0.93 0.91 0.94 2 - 0 0.90 0.89 0.89 2 - 0 0.93 0.97 0.98
2 - 2 0.98 0.98 0.99 2 - 2 0.88 0.87 0.87 2 - 2 0.88 0.94 0.97
2 - 4 1.04 1.00 1.00 2 - 4 0.84 0.83 0.82 2 - 4 0.77 0.89 0.95
2 - 6 0.90 1.01 1.00 2 - 6 0.38 0.80 0.80 2 - 6 0.81 0.49 0.61

2 -« 1.01 0.95 0.94 2 - * 0.49 0.54 0.58 2 - » 1.25 1.27 1.03
2 -1 0 1.04 0.98 0.97 2 -1 0 0.49 0.54 0.58 2 -1 0 1.11 1.11 1.11
2 -1 2 1.07 1.00 0.98 2 -1 2 0.49 0.54 0.58 2 -1 2 1.06 1.05 1.05
2 - 1 4 1.08 1.01 0.99 2 - 1 4 0.49 0.54 0.58 2 ~ 1 4 1.04 1.03 1.02
2 — 16 1.09 1.01 1.00 2 - 1 6 0.49 0.54 0.58 2 - 1 6 1.03 1.02 1.01
2 - 1 8 1.09 1.02 1.00 2 - 1 8 0.49 0.54 0.58 2 - 1 8 1.02 1.01 1.01
2 -2 0 1.10 1.02 1.00 2 -2 0 0.49 0.54 0.58 to

1 to o 1 .02 1.01 1.01

r c o m p 0.98 0.98 0.99 P c o m p 0.88 0.87 0.85 p '^r c o m p 0.91 0.89 0.94

Co. 9 8 1.36 1.36 1.36 Co.8 5 0.36 0.36 0.35 Co.8 9 3.40 3.35 3.35

Table 4.5: Computed orders of convergence p ^ {^ V e )  and error constants
Cp. generated by applied to problem (P^) for various values of e, N  and p.

The computed orders of convergence p^  and p^  and the constants of convergence 
Cp, for and are given in Tables 4.4 and 4.5, respectively, for various values 
of £, N  and /?. The results in Tables 4.2 - 4.5 suggest that (A^)  is an e-uniform  
numerical method of order at least 0.9 for Ue and 0.8 for for 0  =  0.5, 1.0 and 
1.5.
Reading from the bottom row of Tables 4.4 and 4.5 we obtain the computed error
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bounds for and

50

0 ^ 0 . 5  \\Ue-u,\\aN <0.317V-°-92
/ ? = 1 . 0  \ \ U e - u , \ \ n N  <0.16AT-o-96

/? = 1 .5  m - u , \ \ n N  <7.17A^-i-«5
(4.2)

P =  0.5 ^IIV; -  v,WnN\r, <
P  =  l . O  <0.36iV-o-«5 (4 3 )

/? =  1.5 <  3.40iV-o-8o.

The results shown in this chapter are all for Q =  (0.1 +  7(/?), 1.1 +  t(/3)) x (0 ,1). It 
is worth noting that as /3 tends to 1, the effect of the leading edge singularity lessens. 
Thus, we can shift closer to the leading edge. For stagnation flow (/? =  1) we can 
have fi =  (0 ,1) x (0 ,1), see Figure 4-9.
Graphs of the computed scaled discrete derivatives y/eD~Ui:, D~V^ and D~Ve gener
ated by (>1^) are given in Figures 4-6, 4-7 and 4-8, respectively, for N  — 32, e =  2“ ^̂  
and P—0.5, 1.0 and 1.5. Graphs of \/eD~U^, and D~V^ in Figures 4-6 and 4-7 show a 
region of rapid change along the wedge for various /?. Although there was no visible 
boundary layer for in Figure 4-5, there is a visible layer for DyV^ along the 
wedge.

Figure 4-6: Graphs of ^/eDy Ue for e =  2 N = 3 2  and 0  =  0 .5,1.0,1.5.

Figure 4-7: Graphs of Dy for e =  2 N = 3 2  and /? =  0.5,1.0,1.5.
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Figure 4-8 shows D~Ve to be a smooth function for both /5 =  0.5 and 1.5.

Figure 4-8: Graphs of Ve for e =  2 N=32  and P = 0.5,1.0,1.5.

-it-09
-Se-09

Figure 4-9: Graphs of U ,̂ and for e =  2 N=32  and /? =  1.0 on
J) =  ( 0 , l ) x ( 0 , l ) .

In the graph of for /? =  1.0 in Figure 4-8 we see a very non-physical jump
along the left hand edge of the region. This is a unique case as ^  =  0 for all x.
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e \ N 32 64 128 256 e \ N 32 64 128 256
2 “ ^ l ,2 1 e -0 2 5.98e-03 2.66e-03 9.07e-04 2 ~ ^ 1.75e-02 8 .l9 e -0 3 3 .5 1 e.0 3 1 .17e.03
2 - 2 2.10e-02 9.83e-03 4.22e-03 1.44e-03 2 - 2 3.50e-02 1.65e-02 7 .11e-03 2.37e-03
2 - 4 4.18e-02 1.96e-02 8.43e-03 2.82e-03 2 - 4 6.67e-02 3.24e-02 1.40e-02 4.70e-03
2 - 6 6.96e-02 3.90e-02 1.68e-02 5.61e-03 2 - 6 1.05e-01 6.23e-02 2 .78e-02 9.36e-03
2-® 6.66e-02 3.76e-02 1.84e-02 6.80e-03 2-® l.OOe-01 6 .00e-02 3.03e-02 1.13e-02
2 - 1 0 6.66e-02 3.76e-02 1.84e-02 6.80e-03 2 - 1 0 l.OOe-01 6.00e-02 3.03e-02 1.13e-02
2 -1 2 6.66e-02 3.76e-02 1.84e-02 6.80e-03 2 - ^ 2 l.OOe-01 6.00e-02 3.03e-02 1.13e-02
2 - 1 4 6.66e-02 3.76e-02 1.84e-02 6.80e-03 l.OOe-01 6.00e-02 3.03e-02 1.13e-02
2 - 1 6 6.66e-02 3.76e-02 1.84e-02 6 .80e-03 2 - 1 6 l.OOe-01 6.00e-02 3.03e«02 1.13e-02
2 - 1 8 6.66e-02 3.76e-02 1.84e.02 6.80e-03 2 - 1 8 l.OOe-01 6.00e-02 3.03e-02 1.13e-02
2 - 2 0 6.66e-02 3.76e-02 1.84e-02 6.80e-03 2 - 2 0 l.OOe-01 6.00e-02 3.03e-02 1.13e-02

6.96e-02 3.90e-02 1.84e-02 6.80e-03 1.05e-01 6.23e-02 3.03e-02 1.13e-02
0  =  1.5

e \ N 32 64 128 256
2 - u 1 .6 1 e+ 0 0 7.77e-01 3.37e-01 1.13e-01
2 - 2 2 .7 7 e+ 0 0 l .4 6 e + 0 0 6.47e-01 2 .1 8 e-0 l
2 - 4 3 .8 3 e+ 0 0 2 .5 3 e+ 0 0 1 .2 2 e+ 0 0 4.22e-01
2 - 6 3 .8 3 e+ 0 0 3 .1 4 e+ 0 0 1 .9 4 e+ 0 0 8.07e-01
2 -® 3 .7 8 e+ 0 0 3 .0 4 e+ 0 0 I .8 2 e + 0 0 7.30e-01
2 - 1 0 3 .7 8 e+ 0 0 3 .0 4 e+ 0 0 1 .8 2 e+ 0 0 7.30e-01
2 - 1 2 3 .7 8 e+ 0 0 3 .0 4 e+ 0 0 1 .8 2 e+ 0 0 7.30e-01
2 - 1 4 3 .7 8 e+ 0 0 3 .0 4 e+ 0 0 1 .8 2 e+ 0 0 7.30e-01
2 * 1 6 3 .7 8 e+ 0 0 3 .0 4 e+ 0 0 1 .8 2 e+ 0 0 7.30e-01
2 - 1 8 3 .7 8 e+ 0 0 3 .0 4 e+ 0 0 1 .8 2 e+ 0 0 7.30e-01
2 - 2 0 3 .7 8 e+ 0 0 3 .0 4 e+ 0 0 1 .8 2 e+ 0 0 7.30e-01

3 .8 3 e+ 0 0 3 .1 4 e+ 0 0 1 .9 4 e+ 0 0 8.07e-01

Table 4.6: Computed maximum errors E^{y/eDyUe)  generated by applied to 
problem (P^) for various values of e, N  and (3.

We also approximate the scaled partial derivatives \ / £ ^ ,  and ^  by
the corresponding scaled discrete derivatives D~Ue, \feD~Ue, ^ D ~ V e  and D~V^. 
From the definition of the algorithm we know that D~U^ =  —D~V^. Since
the scaled derivatives of the exact solution are unknown, we replace them in 
the expression for the error by the appropriate scaled derivatives of the computed 
solution generated by method on the finest available mesh. The resulting 
computed maximum pointwise errors of the computed scaled discrete derivatives 
y/eDyU^, DyVe and ^ D ~ V e  are given in the Tables 4.6, 4.7 and 4.8, respectively.
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0  =  0 .5 P =  1 .0
e \ N 32 64 128 256
2 “ ^ 1.07e-01 5.92e-02 2.79e-02 9.73e-03
2 - 2 1 .2 0 e-0 l 6.42e-02 2.96e-02 1.03e-02
2 - ^ 1.12e-01 6.05e-02 2.81e-02 9.75e-03
2 -® 1.35e-01 7.37e-02 3.16e-02 1.05e-02
2 - * 1.29e-01 7.08e-02 3.47e-02 1.28e-02
2 - 1 0 1.29e-01 7.08e-02 3.47e-02 1.28e-02
2 - 1 2 1.29e-01 7.08e-02 3.47e-02 1.28e-02
2 - 1 4 1.29e-01 7.08e-02 3.47e-02 1.28e-02
2 ~ 1 6 1.29e-01 7.08e-02 3 .47e-02 1.28e-02
2 - 1 8 1.29e-01 7.08e-02 3.476-02 1.28e-02
2 - 2 0 1.29e-01 7 .08e.02 3 .47e.02 1.28e.02

1.35e-01 7.37e-02 3.47e-02 l.2 8 e -0 2

e \ N 32 64 128 256
2 “ ° 1.84e-02 9.17e-03 4 .57e-03 1 96e-03
2 - 2 3.35e-02 1.65e-02 7.39e-03 2 73e-03
2 - “ 6.04e-02 3.10e-02 1.39e-02 4 72e-03
2 - 6 8 .92e-02 5.65e-02 2.66e-02 9 27e-03
2 - 8 8 .5 5 e.0 2 5.42e-02 2.86e-02 I lOe-02
2 - 1 0 8 .55e-02 5.42e-02 2.86e-02 I l0e.Q 2
2 - 1 2 8 .55e-02 5.42e-02 2.86e-02 1 lOe-02
2 - 1 4 8 .55e-02 5.42e-02 2.86e>02 1 lOe-02
2 - 1 6 8 .55e-02 5.42e-02 2 .86e-02 1

oo

2 - 1 8 8.55e-02 5.42e-02 2 .86e-02 1 10e-02
2 - 2 0 8.55e-02 5.42e-02 2 .86e-02 1 lOe-02

8.92e-02 5.65e-02 2 .86e-02 1 lOe-02

e \ N

2 - 2
2 - 4

2 - 6
2 - 8
2 - 1 0
2 - 1 2
2 - 1 4

2 - 1 6

2 - 1 8

: 1.5 
64 128 256

1.74e.
2.00e-
3.18e.
3.43e-
3.37e-
3.37e-
3.37e-
3.37e-
3.37e-
3.37e-
3.37e.

8.13e-
1.04e-
I.87e .
2.48e-
2.40e.
2.40e-
2.40e-
2.40e-
2.40e.
2.40e-
2.40e-

3.49e-02
4.68e-02
8 .9 3 e.0 2
1.45e-01
1.35e-01
1.35e-01
1.35e-01
1.35e-01
1.35e-01
1.35e-01
1.35e-01

1 .17e.02
1.60e-02
3.13e-02
5.98e-02
5.37e-02
5.37e-02
5.37e-02
5.37e-02
5.37e-02
5.37e-02
5.37e-02

3.43e-01  2.48e-01  1.45e-01 5 .98e-02

Table 4.7: Computed maximum errors E^{DyVs)  generated by (A^) applied to 
problem (P^) for various values of e, N  and p.

The computed maximum errors in Tables 4.6 and 4.7 for y/eD~Vs and DyV^, 
respectively, stabilise to a fixed value after e =  2“ °̂. This suggests that the method 
is independent of e for ^/eD~V^ and -Dy K  for all N and 0. Thus, Tables 4.6 and 4.7 
suggest that the method is e -uniform for s/eDyUe and D~Ve for /? =  0.5, 1.0 and 
1.5. The maximum error occurs when e =  and for all N and P for ^/sDyUe 
and DyV^.



4.4 Error analysis based on the finest mesh solution 54

e \ N 32 64 128 256 e \ N 32 64 128 256
2 ~ ^ 1 .3 0 e+ 0 0 6.99e-01 3.39e-01 1.26e-01 2 ~ ^ 4.68e-02 8 .21e.02 1.18e-01 1.07e-01
2 “ ^ 7.37e-01 4.80e-01 2.70e-01 1.19e-01 2 - 2 4.60e-02 7.98e-02 1.13e-01 1.06e-01
2 - '^ 6.36e-01 4.29e-01 2.37e-01 l.O le-0 1 2 “ ^ 3.72e-02 6.85e-02 9.92e-02 1.03e-01
2 - 6 5.89e-01 4.07e-01 2.30e-01 9.66e-02 2 - 6 2.67e-02 6.03e-02 9.12e-02 9.78e-02
2 “ ® 5.44e-01 3.64e-01 2.03e-01 8.60e-02 2 - 8 1.28e-02 2.98e-02 5.19e-02 6.32e-02
2 - 1 0 5.24e-01 3.44e-01 1.86e-01 7.71e-02 2 - 1 0 6.27e-03 1.46e-02 2.54e-02 3.09e-02
2 - 1 2 5 .1 5 e-0 l 3.35e-01 1.78e-01 7.28e-02 2 - 1 2 3.10e-03 7 .22e.03 1.26e-02 1.53e-02
2 - 1 4 5.10e-01 3.30e-01 1.73e-01 7.06e-02 2 - 1 4 1.54e-03 3,59e-03 6 .25e-03 7.62e-03
2 - 1 6 5.08e-01 3.28e-01 1.71e-01 6.96e-02 2 - 1 6 7.69e-04 1.79e-03 3 .12e-03 3.80e-03
2 - 1 8 5.07e-01 3.26e-01 1.70e-01 6.90e-02 2 - 1 8 3 .84e-04 8.95e-04 1.56e-03 1.90e-0301CN 5.06e-01 3.26e-01 1.70e-01 6.88e-02 2 - 2 0 1.92e-04 4 .47e-04 7.78e-04 9.48e-04

1 .3 0 e+ 0 0 6.99e-01 3.39e-01 1.26e-01 4.68e-02 8.21e-02 1.18e-01 1.07e-01
0  =  1.5

e \ N 32 64 128 256
2 ~ ^ 7.78e-02 7.76e-02 6 .83e-02 4 .64e-02
2 - 2 6.26e-02 6.31e-02 5.91e-02 4 .44e-02
2 ~* 5.48e-02 5.63e-02 5.48e-02 4 .36e-02
2 - 6 4.67e-02 4.59e-02 4.96e-02 4 .54e-02
2 “ ® 4.14e-02 3.27e-02 2.89e-02 2 .41e-02
2 - 1 0 3.88e-02 2.62e-02 1.90e-02 1.37e-02
2 - 1 2 3.75e-02 2.30e-02 1.42e-02 8 .45e-03
2 - 1 4 3.68e-02 2.14e-02 1.17e-02 5.86e-03
2 - 1 6 3.65e-02 2.06e-02 1.05e-02 4 .57e-03
2 - 1 8 3.63e-02 2.02e-02 9 .90e-03 3 .92e-03
2 - 2 0 3.63e-02 2.00e-02 9 .60e-03 3 .60e-03
E ^ 7.78e-02 7.76e-02 6.83e-02 4 .64e-02

Table 4.8: Computed maximum errors E ^ {^ D ^ V e )  generated by applied to 
problem {P^) for various values of e, N  and /3.

In Table 4.8 the computed maximum errors decrease as e decreases for ^D ~V e-  
The largest computed maximum error occurs at e =  1 for all N  and /?. For (3 =  0.5 
and 1.5 the computed maximum errors decrease as the number of mesh points, N, 
increases. For /? =  1.0 the computed maximum errors increase as the number of mesh 
points, N, increases. For /3 =  0.5 we observe that the errors stabilise to a fixed value 
as e decreases for some N.

The orders of convergence and the computed error constants for \feD~Ue, D~V^ 
and ^ D ~ V e  are given in Tables 4.9, 4.10 and 4.11, respectively, for various values of 
e, N  and (3.

The results in Tables 4.6-4.7 and 4.9-4.10 suggest that is an e-uniform
numerical method of order of at least 0.71 for \JsDyUe  and D~Ve for N  >  6A and 
/? =  0.5,/? =  1.0 a n d /3 =  1.5.
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/3 = 0.5 0 = 1.0 1.5

e \N 32 64 128 e\ N 32 64 128 e \N 32 64 128
2 - 0 0.88 0.92 0.96 2 - 0 1.00 1.00 1,00 2 - 0 0,95 0.99 0,99
2 - 2 1.00 0,98 0.94 2 - 2 0.99 1.00 1,00 2 - 2 0,85 0,95 0,99
2 - 4 0.99 1.00 0.98 2 - 4 0.95 0.98 1,00 2 - 4 0.57 0,85 0,95
2 - 6 0.50 0.99 1.00 2 - 6 0.42 0.95 0.98 2 - 6 0.12 0,36 0.58

2 - 8 0.63 0.73 0.78 2 - 8 0.56 0.69 0.76 2 - 8 0,12 0,43 0,65
2 -1 0 0.63 0.73 0.78 2 -1 0 0.56 0,69 0.76 2 -1 0 0,12 0.43 0,65
2 -1 2 0.63 0.73 0.78 2 -1 2 0.56 0.69 0,76 2 -1 2 0,12 0.43 0,65
2 - 1 4 0.63 0.73 0.78 2 - 1 4 0.56 0,69 0,76 2 - 1 4 0,12 0,43 0,65
2 - 1 6 0.63 0.73 0.78 2 - 1 6 0.56 0.69 0,76 2 * 1 6 0,12 0,43 0,65
2 - 1 8 0.63 0.73 0.78 2 - 1 8 0.56 0.69 0,76 2 - 1 8 0.12 0,43 0,65
2 -2 0 0.63 0.73 0.78

01

0.56 0,69 0.76 2 -2 0 0,12 0.43 0,65

p'^ 0.50 0.94 0.78 0.42 0,90 0.76 r c o m p 0.49 0.36 0,58

Co.50 0.61 0.61 0.45 Co.42 0.81 0,81 0,57 Co.36 34,33 31,33 31,33

Table 4.9: Computed orders of convergence {^/eD~Ue), {y/eD~U^) and error
constants C^, generated by (>1^) applied to problem (P^) for various values of e, 
and p.

/9 = 0,5 0 = 1,0 P = 1,5

e \N 32 64 128 e \N 32 64 128 e \N 32 64 128
2 - 0 0.81 0,90 0,95 2 -0 0.97 0,79 0,48 2 - 0 0.99 1,00 0,99
2 - 2 0.85 0.92 0.96 2 -2 0,95 0,97 0,79 2 -2 0.86 0,94 0,97
2 - 4 0,84 0.91 0.95 2 - 4 0,87 0.95 0,97 2 - 4 0,70 0,86 0,94
2 - 6 0,60 1.00 1.00 2 -6 0,30 0.87 0,95 2 - 6 0,30 0.45 0,58
2 - 8 0,81 0.73 0.77 2 -8 0,47 0.62 0.71 2 - 8 0,30 0.52 0,66
2 -1 0 0,81 0.73 0.77 2 -1 0 0,47 0.62 0.71 2 -1 0 0,30 0,52 0,66
2 -1 2 0,81 0.73 0.77 2 -1 2 0,47 0.62 0.71 2 -1 2 0,30 0,52 0,66
2 - 1 4 0.81 0.73 0.77 2 - 1 4 0,47 0.62 0,71 2 - 1 4 0,30 0,52 0,66
2 - 1 6 0.81 0,73 0,77 2 - 1 6 0,47 0,62 0,71 2 - 1 6 0.30 0,52 0,66
2 - 1 8 0.81 0,73 0,77 2 - 1 8 0,47 0,62 0,71 2 - 1 8 0.30 0,52 0,66
2 -2 0 0,81 0,73 0,77 2 -2 0 0.47 0,62 0,71 2 -2 0 0.30 0,52 0,66

p ^ 0,69 0,94 0,77 0,30 0,86 0,71 p'Vr c o m p 0,54 0,45 0,58

Co.69 1,96 1,96 1,64 Co. 30 0,61 0,61 0,41 Co.45 3,12 2,93 2,93

Table 4.10: Computed orders of convergence p^{Dy  Fe), p^{Dy V̂ ) and error constant 
Cp, generated by applied to problem (P^) for various values of e, N  and /?.

From the orders of convergence in Table 4.11 for we cannot say defini
tively that the method {A^) is e-uniform for for all /3; we must look at each
value of P separately. From Table 4.11 the computed order of convergence is at least 
0.69 for ^ D ~ V e  with (3 =  0.5. We do not need to consider the case when (3 =  1.0. 
For /? =  1.5 the stabilising nature of the orders of convergence is at least 0.14. In 
Table 4.11 for /3 we see very low orders of convergence for e between 1.0 and 2“ °̂.
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0.5 1.0 P  = 1.5
e \ N 32 64 128 e \ N 32 64 128 e \ N 32 64 128
2 - 0 0.75 0.77 0.76 2 - 0 - 0.73 - 0.43 - 0.07 2 - 0 - 0.03 0.06 0.18
2 - 2 0.57 0.59 0.66 2 - 2 - 0.70 - 0.44 - 0.14 2 - 2 - 0.08 - 0.02 0.06
2 - 4 0.52 0.65 0.70 2 - 4 - 0.76 - 0.49 - 0.29 2 - 4 - 0.14 - 0.08 - 0.00
2 - 6 0.46 0.64 0.71 2 - 6 - 1.05 - 0.56 - 0.33 2 - 6

- 0.13 - 0.26 - 0.21
2 - 8 0.53 0.66 0.68 2 - 8 - 1.07 - 0.76 - 0.53 2 - 8 0.16 - 0.03 - 0.11
2 - 1 0 0.57 0.72 0.70 2 - 1 0 - 1.08 - 0.76 - 0.53 2 - 1 0 0.40 0.22 0.06
2 - 1 2 0.58 0.74 0.71 2 - 1 2 - 1.08 - 0.76 - 0.53 2 - 1 2 0.56 0.45 0.27
2 - 1 4 0.59 0.76 0.72 2 - 1 4 - 1.08 - 0.76 - 0.53 2 - 1 4 0.65 0.62 0.49
2 - 1 6 0.60 0.77 0.72 2 - 1 6

- 1.08 - 0.76 - 0.53 2 - 1 6 0.71 0.73 0.66
2 - 1 8 0.60 0.77 0.72 2 - 1 8

- 1.08 - 0.76 - 0.53 2 - 1 8 0.73 0.79 0.78
2 - 2 0 0.60 0.77 0.72 2 - 2 0 - 1.08 - 0.76 - 0.53 2 - 2 0 0.75 0.82 0.85

rcomp 0.75 0.77 0.76 pNrcomp - 0.73 - 0.43 - 0.07 Pcomp - 0.03 0.06 0.18

C o . 7 5 20.26 20.26 19.99 C - 0 . 7 3 - 0.01 - 0.01 - 0.00 C - 0 . 0 3 - 2.09 - 2.09 - 1.96

Table 4.11: Com puted orders of convergence p ^ ( ^ D ~ V e ) ,  p ^ { ^ D ~ V ^ )  and error
constant C^. generated by applied to problem (P^) for various values of e, N
and p.

From the da ta  in Tables 4.9 and 4.10 we obtain the com puted error bounds for 
y/eD~Ue and D~V^

/? =  0.5 ^ \ \ D - U , - ^ \ \ n ^  <0.61iV-°'^o
P = l . O  V ^ \ \D -U ,  -  < 0 .81iV -o-« ( 4  4 )
P = 1.5 ^ \ \ D - U , - ^ \ \ n ^  <  34.337V-0-36

0  = 0.5 \ \ D - V , - ^ \ \ n p  <1.96iV-°-69
P = l.O \ \ D - V , - ^ \ \ a ^  <0.61iV-o-3« (4.5)

P = 1.5 \ \ D - V , - ^ \ \ a s  <3.12iV-°■4^

4.5 Error analysis based on the com puted Falkner- 
Skan solution

As there is no theory to say th a t the m ethod will be e-uniform  the error analysis
based on the  com puted Falkner-Skan solution in this section and the results from
the previous section will give two independently calculated bounds th a t suggest th a t 
the direct numerical m ethod (>i^) is e-uniform  for all f3.

In this section we com pute e-uniform  maximum pointwise differences in the approx
imations generated by the direct numerical m ethod described in Section 4.2.
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For this case, we compare the parameter uniform maximum pointwise differences in 
the approximations generated by the direct numerical method of the previous section, 
with the corresponding values of generated by the method defined in Chapter 3. 
The scaled maximum pointwise differences WUe—Ups IUn and ^ | | K — lln' v̂r

Sig V  i i g  \ 1  I ,

for various values of Â , e and /? are given in Tables 4.12 and 4.13, respectively.
In Tables 4.12 and 4.13 we see that the computed maximum differences for the ve
locity components decrease as the number of mesh points, N, increases.
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In Table 4.12 the largest maximum differences of \\Ue — Ups occur between
2~® <  £ <  2” *̂̂ for all N  and /?. The maximum differences stabilise to a fixed value 
when e <  2“ °̂ for any N or (3.
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In Table 4.13 the largest maximum differences of — Vps lln^\ri
£ >  2“® for all N  and (5. We see that the computed pointwise maximum errors for 
^ V e  decrease as e decreases for all e <  2“®, and /? considered.
Thus, Tables 4.12 and 4.13 indicate that the maximum differences arc independent 
of £ for all (5 and N .
In a similar fashion to Tables 4.2 and 4.3 of the maximum pointwise errors of velocity 
components. Tables 4.12 and 4.13 suggest that the method is e-uniform for [/g and 
■^Ve for all j3 considered.

^  =  0 .5  /9 =  1 .0
£ \ N 32 64 128 2 56 5 1 2 e \ N 32 64 128 25 6 5 12
2 " ® 8 .9 3 e - 0 4 5 .1 5 e -0 4 2 .8 6 e -0 4 1 .5 5 e -0 4 8 .4 9 e - 0 5 2 ~ ^ 4 .1 5 e - 0 4 2 .0 2 e -0 4 9 .3 9 e - 0 5 3 .9 5 e -0 5 1 .2 2 e -0 5
2 5 .6 l e - 0 3 3 .0 0 e .0 3 1 .5 5 e .0 3 7 .8 5 e -0 4 3 .9 4 e .0 4 2 “ ^ 1 .0 2 e -0 3 5 .2 2 e -0 4 2 .5 7 e - 0 4 1 .2 0 e .0 4 5 .0 3 e -0 5
2 ~ * 1 .0 4 e -0 2 5 .4 1 e - 0 3 2 .7 5 e -0 3 1 .3 8 e -0 3 6 .8 7 e - 0 4 2 ~ ^ 2 .0 6 e - 0 3 9 .9 3 e -0 4 4 .8 0 e - 0 4 2 .3 0 e -0 4 1 .0 6 e -0 4
2 - 6 1 .2 4 e -0 2 6 .3 7 e - 0 3 3 .2 1 e .0 3 1 .6 1 e -0 3 7 .9 8 e -0 4 2 - 6 3 .7 7 e - 0 3 2 .0 7 e .0 3 9 .9 7 e - 0 4 4 .8 2 e -0 4 2 .3 U - 0 4
2 “ ® 1 .2 4 e -0 2 6 .4 4 e -0 3 3 .2 8 e -0 3 1 .6 5 e -0 3 8 .2 9 e -0 4 2 " ® 3 .7 7 e - 0 3 2 .1 6 e - 0 3 1 .2 2 e -0 3 6 .7 9 e -0 4 3 .7 1 e -0 4
2 - 1 0 1 .2 3 e -0 2 6 .4 4 e - 0 3 3 .2 8 e -0 3 1 .6 5 e -0 3 8 .2 9 e -0 4 2 - 1 0 3 .7 4 e - 0 3 2 .1 6 e -0 3 1 .2 2 e -0 3 6 .7 9 e -0 4 3 .7 1 e -0 4
2 - 1 2 1 .2 2 e -0 2 6 .4 3 e - 0 3 3 .2 8 e -0 3 1 .6 5 e -0 3 8 .2 9 e -0 4 2 - 1 2 3 .7 1 e - 0 3 2 .1 6 e - 0 3 1 .2 2 e -0 3 6 .7 9 e -0 4 3 .7 1 e -0 4
2 - 1 4 1 .2 2 e -0 2 6 .4 3 e - 0 3 3 .2 8 e -0 3 1 .6 5 e -0 3 8 .2 9 e .0 4 2 - 1 4 3 .6 9 e - 0 3 2 .1 6 e - 0 3 1 .2 2 e -0 3 6 .7 9 e -0 4 3 .7 1 e -0 4
2 - 1 6 1 .2 2 e -0 2 6 .4 3 e - 0 3 3 .2 8 e -0 3 1 .6 5 e -0 3 8 .2 9 e -0 4 2 - 1 6 3 .6 8 e - 0 3 2 .1 6 e - 0 3 1 .2 2 e -0 3 6 .7 9 e -0 4 3 .7 1 e -0 4
2 - 1 8 1 .2 1 e -0 2 6 .4 3 e -0 3 3 .2 8 e -0 3 1 .6 5 e -0 3 8 .2 9 e -0 4 2 - 1 8 3 .6 8 e - 0 3 2 .1 5 e - 0 3 1 .2 2 e -0 3 6 .7 9 e -0 4 3 .7 U - 0 4
2 - 2 0 1 .2 1 e -0 2 6 .4 2 e -0 3 3 .2 8 e -0 3 1 .6 5 e -0 3 8 .2 9 e -0 4 2 - 2 0 3 .6 7 e - 0 3 2 .1 5 e - 0 3 1 .2 2 e -0 3 6 .7 9 e -0 4 3 .7 1 e -0 4

1 .24e> 02 6 .4 4 e -0 3 3 .2 8 e -0 3 l .6 5 e - 0 3 8 .2 9 e -0 4 3 .7 7 e - 0 3 2 .1 6 e - 0 3 1 .2 2 e -0 3 6 .7 9 e -0 4 3 .7 1 e -0 4
0  =  1 .5

e \ N 32 64 128 2 56 5 1 2
2 ” “ 3 .4 5 e -0 2 1 .8 0 e -0 2 9 .1 8 e -0 3 4 .6 0 e - 0 3 2 .2 7 e - 0 3
2 - 2 4 .5 2 e -0 2 2 .4 6 e -0 2 1 .3 0 e -0 2 6 .6 1 e - 0 3 3 .2 9 e - 0 3
2 - 4 6 .1 5 e -0 2 3 .1 9 e -0 2 1 .8 5 e -0 2 9 .8 3 e - 0 3 5 .0 3 e - 0 3
2 - 6 6 .9 2 e -0 2 3 .7 2 e -0 2 2 .5 0 e -0 2 I .5 5 e - 0 2 8 .2 8 e - 0 3
2 “ ® 7 . l8 e - 0 2 3 .7 3 e -0 2 2 .5 1 e -0 2 1 .5 8 e -0 2 9 .3 3 e - 0 3
2 - 1 0 7 .2 4 e -0 2 3 .7 3 e -0 2 2 .5 1 e -0 2 1 .5 8 e -0 2 9 .3 3 e - 0 3
2 - 1 2 7 .2 6 e -0 2 3 .7 3 e -0 2 2 .5 1 e -0 2 1 .5 8 e -0 2 9 .3 3 e - 0 3
2 - 1 4 7 .2 6 e -0 2 3 .7 3 e -0 2 2 .5 1 e -0 2 1 .5 8 e -0 2 9 .3 3 e - 0 3
2 - 1 6 7 .2 6 e -0 2 3 .7 3 e -0 2 2 .5 1 e -0 2 1 .5 8 e -0 2 9 .3 3 e - 0 3
2 - 1 8 7 .2 6 e -0 2 3 .7 3 e -0 2 2 .5 1 e -0 2 1 .5 8 e -0 2 9 .3 3 e - 0 3
2 - 2 0 7 .2 6 e -0 2 3 .7 3 e -0 2 2 .5 1 e -0 2 1 .5 8 e -0 2 9 .3 3 e - 0 3
E ^ 7 .2 6 e -0 2 3 .7 3 e -0 2 2 .5 1 e -0 2 1 .5 8 e -0 2 9 .3 3 e - 0 3
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Table 4.12: Computed maximum pointwise difference \\Ue — Ups ||o^ where is 
generated by (>1^) for various values of e, N  and /3.
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s \ N 32 64 128 2 56 51 2 e \ N 32 64 128 2 5 6 5 12
2 - “ 4 .0 9 e - 0 2 2 .1 8 e -0 2 l . l 8 e - 0 2 6 .4 5 e -0 3 3 .6 5 e -0 3 2 “ ^ 1 .3 5 e -0 2 7 .2 7 e - 0 3 4 .0 7 e - 0 3 2 .3 5 e - 0 3 1 .3 4 e -0 3
2 - ^ 4 .6 2 e - 0 2 2 .3 6 e -0 2 1 .2 1 e -0 2 6 .3 0 e -0 3 3 .3 6 e -0 3 2 “ 2 1 .6 5 e -0 2 8 .9 1 e - 0 3 4 .9 5 e - 0 3 2 .8 0 e - 0 3 1 .5 9 e -0 3
2 - 4 4 .0 6 e - 0 2 2 .0 3 e -0 2 1 .0 3 e -0 2 5 .2 7 e -0 3 2 .7 5 e -0 3 2 - ^ 1 .5 4 e -0 2 8 .4 0 e - 0 3 4 .7 1 e - 0 3 2 .7 0 e - 0 3 1 .5 5 e -0 3
2 - 6 3 .8 0 e - 0 2 1 .9 9 e -0 2 9 .9 7 e -0 3 5 .0 4 e -0 3 2 .5 8 e -0 3 2 “ ® 1 .2 8 e -0 2 8 .1 0 e - 0 3 4 .5 9 e - 0 3 2 .6 4 e - 0 3 1 .5 2 e -0 3
2 “ ® 3 .1 0 e -0 2 1 .5 9 e -0 2 8 .2 9 e -0 3 4 .3 5 e - 0 3 2 .3 0 e -0 3 2 “ ® 6 .3 9 e - 0 3 4 .2 0 e -0 3 2 .7 6 e - 0 3 1 .8 2 e -0 3 1 .1 8 e -0 3
2 - 1 0 2 .7 8 e -0 2 1 .3 9 e -0 2 7 .0 9 e -0 3 3 .6 4 e -0 3 l .8 8 e - 0 3 2 - 1 0 3 .I 9 e - 0 3 2 .1 0 e -0 3 1 .3 8 e -0 3 9 .0 8 e - 0 4 5 .8 8 e -0 4
2 - 1 2 2 .6 3 e - 0 2 1 .2 9 e -0 2 6 .5 1 e - 0 3 3 .3 0 e -0 3 1 .6 8 e -0 3 2 - ^ 2 1 .6 0 e -0 3 1 .0 5 e -0 3 6 .9 1 e -0 4 4 .5 4 e - 0 4 2 .9 4 e -0 4
2 - 1 4 2 .6 5 e - 0 2 1 .2 4 e -0 2 6 .2 3 e - 0 3 3 .1 3 e - 0 3 1 .5 8 e -0 3 2 - 1 4 7 .9 9 e -0 4 5 .2 5 e -0 4 3 .4 6 e -0 4 2 .2 7 e -0 4 1 .4 7 e -0 4
2 - 1 6 2 .5 2 e -0 2 1 .2 2 e -0 2 6 .0 8 e - 0 3 3 .0 5 e - 0 3 1 .5 3 e -0 3 2 - 1 6 3 .9 9 e - 0 4 2 .6 3 e -0 4 1 .7 3 e -0 4 1 .1 3 e -0 4 7 .3 5 e -0 5
2 - 1 8 2 .5 0 e -0 2 1 .2 1 e -0 2 6 .0 1 e -0 3 3 .0 1 e - 0 3 1 .5 1 e -0 3 2 - 1 8 2 .0 0 e - 0 4 1 .3 1 e -0 4 8 .6 4 e -0 5 5 .6 7 e -0 5 3 .6 8 e -0 5

to 1 o 2 .4 9 e -0 2 1 .2 0 e -0 2 5 .9 8 e -0 3 2 .9 9 e -0 3 1 .4 9 e -0 3 2 - 2 0 9 .9 8 e - 0 5 6 .5 6 e -0 5 4 .3 2 e - 0 5 2 .8 4 e - 0 5 1 .8 4 e -0 5
e ‘̂ 4 .6 2 e - 0 2 2 .3 6 e -0 2 1 .2 1 e -0 2 6 .4 5 e - 0 3 3 .6 5 e -0 3 1 .6 6 e -0 2 8 .9 1 e -0 3 4 .9 5 e -0 3 2 .8 0 e - 0 3 1 .5 9 e -0 3

0  =  1 .5
£ \ N 32 64 1 28 2 5 6 5 12
2 ~ ^ 1 .3 5 e -0 1 7 .0 3 e -0 2 3 .6 3 e -0 2 1 .8 9 e -0 2 l .O le - 0 2
2 - 2 1 .4 8 e -0 1 7 .8 4 e -0 2 4 .0 6 e -0 2 2 .0 9 e -0 2 1 .0 8 e -0 2
2 ~ * 1 .4 4 e -0 1 8 .0 1 e -0 2 4 .2 2 e .0 2 2 .1 8 e -0 2 I .1 2 e .0 2
2 - 6 8 .9 2 e -0 2 6 .0 7 e -0 2 3 .8 1 e -0 2 2 .1 9 e -0 2 1 .1 3 e -0 2
2 “ ® 9 .5 0 e -0 2 3 .9 3 e -0 2 1 .9 1 e -0 2 1 .1 4 e .0 2 6 .6 0 e -0 3
2 - 1 0 1 .1 9 e -0 1 5 .4 9 e* 0 2 2 .5 5 e -0 2 1 .1 8 e -0 2 5 .4 5 e -0 3
2 - 1 2 1 .3 0 e -0 1 6 .2 7 e -0 2 3 .0 3 e -0 2 1 .4 7 e -0 2 7 .1 1 e -0 3
2 - ^ 4 1 .3 6 e -0 1 6 .6 6 e -0 2 3 .2 7 e -0 2 1 .6 1 e -0 2 7 .9 3 e -0 3
2 - 1 6 1 .3 9 e -0 1 6.86e> 02 3 .3 9 e -0 2 1 .6 8 e -0 2 8 .3 5 e -0 3
2 - 1 8 1 .4 1 e -0 1 6 .9 6 e -0 2 3 .4 5 e -0 2 1 .7 2 e -0 2 8 .5 6 e -0 3
2 - 2 0 1 .4 1 e-0 1 7 .0 1 e -0 2 3 .4 8 e -0 2 1 .7 4 e -0 2 8 .6 6 e -0 3
£J/V 1 .4 8 e -0 1 8 .0 U - 0 2 4 .2 2 e -0 2 2 .1 9 e -0 2 1 .1 3 e -0 2
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Table 4.13: Computed maximum pointwise difference -r^llK — Vps lln'^vr where 

is generated by (>1^) for various values of e, N  and j3.

Figure 4-10: Graphs of Ue — for e =  2 N —32 and (3 — 0 .5 ,1 .0 ,1 .5 .

T he graphs of differences Ue — U ^ p  for e =  2“ ^̂ , N = 3 2  and P =  0 .5 ,1 .0 ,1 .5  

in Fig. 4-10 show that the largest differences occur in the boundary layer along the 

surface of the wedge, for all P considered. The graphs of differences for

e =  2~^^, N —32 and /? =  0 .5 ,1 .0 ,1 .5  in Figure 4-11 show that the largest differences 

are at the farthest point from the surface of the wedge. This is because is generated  

by an initial value problem with the initial condition along the wedge.
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Figure 4-11: G raphs of for e =  2 N = 3 2  and (3 =  0 .5,1.0,1.5.

We now estim ate the order of convergence of the numerical approxim ations U^, 
generated by the direct numerical m ethod (j4 ^ ), by introducing the com puted order 

of convergence p^comp which is defined by

P e ,c o m p ile )  =  loga

and is defined by

^  max,\\U,^ -
^ comp K^ e)  Og2 '

We take the com puted £-uniform  order of convergence to be

Pcomp '^^Pcom p'

Corresponding to  this value of p*o^p we calculate the quantities

P c o m p  2̂  __  2 ” ^ c o m p

and we take the com puted e-uniform  error constant to be

C l.  =  max C^,
r c o m p  ^  r c o m p

The com puted orders of convergence and the error constants have analogous expres
sions for and the scaled derivatives of the velocity components.
The orders of convergence and the error constants of the scaled velocity components 
Ue and are given in Tables 4.14 and 4.15, respectively.
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P =  0.5 p =  1.0 /3 =  1.5
e \ N 32 64 128 256 e \ N 32 64 128 256
2 -0 0.79 0,85 0,88 0.87 2 -0 1.04 1.11 1.25 1,69
2 -2 0.90 0.95 0,98 0.99 2 -2 0.97 1.03 1.10 1,25
2 -4 0.95 0.98 0,99 1.01 2 -4 1.05 1.05 1.06 1,12
2 -6 0.96 0.99 1,00 1.01 2 -6 0.87 1.05 1.05 1,06
2 -8 0.95 0.98 0.99 1.00 2 -8 0.80 0.82 0.85 0.87
2-10 0.93 0,97 0.99 1.00 2-10 0.79 0.82 0.85 0.87
2-12 0.92 0,97 0.99 1.00 2-12 0.78 0.82 0.85 0.87
2-14 0.92 0.97 0.99 1.00 2-14 0.78 0.82 0.85 0,87
2-16 0.92 0,97 0.99 1.00 2-16 0.77 0.82 0.85 0,87
2-18 0.92 0,97 0.99 1.00 2-18 0.77 0.82 0,85 0,87

to 1 to o 0.92 0,97 0.99 1.00 2-20 0.77 0.82 0,85 0,87

fcomp 0.95 0,98 0.99 1.00 rcoTnp 0.80 0.82 0,85 0,87
Co.95 0.69 0,69 0.67 0.66 Co. 80 0.14 0.14 0,14 0.14

e \ N 32 64 128 256
2 -0 0.94 0,97 1,00 1.02
2 -2 0.87 0,93 0,97 1.00
2 - 4 0,95 0,79 0,91 0.97
2 -6 0.89 0.57 0,69 0,90
2 -8 0.95 0.57 0,66 0.76
2-10 0.96 0.57 0.66 0.76
2-12 0.96 0.57 0.66 0.76
2 - 1 4 0.96 0.57 0,66 0.76
2 ~ 1 6 0.96 0.57 0.66 0.76
2 - 1 8 0.96 0.57 0.66 0.76
2-20 0.96 0.57 0.66 0.76
PNrcomp 0.96 0.57 0,66 0.76

Co.6 7 1.61 1.23 1.23 1.15

Table 4.14: Computed orders of convergence p^^com p^ P com p

rcomp

and the error constant 
for U e — where U s  is generated by for various values of e, N  and (3.

0  = 0.5 /3 =  1.0 P =  1.5
e \ N 32 64 128 256
2 ° 0,91 0,89 0,87 0.82
2 -2 0,97 0,96 0,94 0.90
2 1,00 0.98 0,97 0.94
2 -6 0,93 0.99 0,98 0.97
2 -8 0,97 0,94 0,93 0.92
2-10 1,01 0.97 0.96 0.95
2-12 1,03 0.99 0.98 0.98
2 - 1 4 1,04 1.00 0.99 0,99
2 - 1 6 1,04 1.00 1.00 0.99
2 - 1 8 1,05 1.01 1.00 1.00
2-20 1,05 1,01 1.00 1,00

Pcomp 0.97 0,96 0.91 0,82
SO 1.83 1,65 1.50 1,41

e \ N 32 64 128 256
2 -0 0.89 0.84 0,79 0,81
2 -2 0.89 0.85 0,82 0,82
2 - 4 0.87 0,83 0,80 0,80
2 - 6 0.66 0,82 0,80 0,80
2 - 8 0,60 0.60 0.61 0.63
2 - 1 0 0,60 0,60 0,61 0,63
2 - 1 2 0.60 0.60 0,61 0,63
2 - 1 4 0.60 0.60 0,61 0,63
2 - 1 6 0.60 0,60 0,61 0,63
2 - 1 8 0.60 0,60 0,61 0,63
2 - 2 0 0.60 0,60 0.61 0.63

Pcomp 0.89 0,85 0.82 0.82

P 00 to 0.65 0,62 0.61 0.61

Table 4.15: Computed orders of convergence p^

e \ N 32 64 128 256
2 ° 0.94 0,95 0,94 0,90
2 -2 0.92 0,95 0,96 0,95
2 - 4 0.85 0,92 0.95 0,96
2 - 6 0.56 0,67 0.80 0,96
2 - 8 1.27 1,04 0.74 0,79
2-10 1.11 1,11 1.11 1,11
2-12 1.06 1,05 1.05 1,05
2 - 1 4 1.03 1.03 1.02 1,02
2 - 1 6 1.02 1.02 1,01 1.01
2 - 1 8 1.02 1.01 1,01 1.0101 1,01 1.01 1,00 1,00

Pcomp 0,89 0.92 0,95 0,96

Co.8 9 6,98 6.98 6,81 6,54

e^comp' rc o m p and the error constant
P̂com ~  where is generated by for various values of e, N

and p.

From Tables 4.14 and 4.15 we see that the order of convergence for the approx
imations to the scaled velocity components is at least 0.79 for both and 
Tables 4.14-4.15 of the computed orders of convergence for the pointwise differences, 
and Tables 4.4-4.5 of the computed orders of convergence for the computed maximum 
errors, exhibit similar behaviour.
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Using Tables 4.14-4.15 we obtain the following error bounds

LOoIt

p  =  1.0 WUs-Ul^TWn^ <  0.14Af-°®o (4.6)
p  =  1.5 \ \U e-UPi^\\n^ <  1.61A^-°-^’’

P =  0.5 x ^ ||V ;-V ^ ^ T lk n r . <2.057V-0'«2 
^ = 1 . 0  <0.51AT-o«i
P ^ l . 5  < 2.34AT-°-9«.

(4.7)

From Tables 4.12-4.15 and Tables 4.2-4.5 we have shown that for the velocity 
components the method is e-uniform for /? =  0.5, 1.0 and 1.5. Further computations, 
not reported here, show that the errors for the velocity components for /? 6 [0.0,1.5] 
have similar behaviour. Therefore the method can be said to be (e, /3)-uniform for 
the scaled velocity components.

e \ N 32
0

64
=  0.5

128 256 512 e \ N 32
0

64
=  1.0

128 256 512
2 “ ^ 1.32e-02 7 .04e-03 3.75e-03 1.99e-03 1.31e-03 2 - u l.93e*02 9.92e<03 5 .24e-03 2.89e-03 1.72e-03
2 - 2 2.27e-02 l . l5 e .0 2 5.85e-03 3.10e-03 1.80e-03 2 - 2 3 .83e-02 1.95e-02 l.OOe-02 5.29e-03 2.91e-03
2 - 4 4 .51e-02 2 .27e.02 1.15e-02 5.85e-03 3.10e-03 2 - 4 7.47e-02 3.80e-02 1.93e-02 9.95e-03 5.25e-03

7 .78e-02 4 .51e-02 2.27e-02 1.15e-02 5.85e-03 2 - 6 1.27e-01 7.47e-02 3.80e-02 1.93e-02 9.95e-03
2 “ ® 7.78e-02 4 .69e-02 2.75e-02 1.58e-02 8.99e-03 2-® 1.27e-01 7.76e-02 4.59e-02 2.66e-02 1.52e-02
2 - 1 0 7.78e-02 4 .69e-02 2.75e-02 1.58e-02 8.99e-03 2 - 1 0 1.27e-01 7.76e-02 4.59e-02 2.66e-02 1.52e-02
2 - ^ 2 7.78e-02 4 .69e-02 2.75e-02 1.58e-02 8.99e-03 2 - 1 2 1.27e-01 7.76e-02 4.59e-02 2.66e-02 1.52e-02
2 - 1 4 7.78e-02 4 .69e-02 2.75e-02 1.58e-02 8.99e-03 2 - 1 4 1.27e-01 7.76e-02 4.59e-02 2.66e-02 1.52e-02
2 - 1 6 7.78e-02 4.69e-02 2.75e-02 1.58e>02 8.99e-03 2 - 1 6 1.27e-01 7.76e-02 4.59e-02 2.66e-02 1.52e-02
2 - 1 8 7.78e-02 4 .69e-02 2.75e-02 1.58e-02 8.99e-03 2 - 1 8 1.27e-01 7.76e-02 4 .59e-02 2.66e-02 1.52e-02
2 - 2 0 7.78e-02 4.69e-02 2,75e-02 1.58e-02 8.99e-03

01

1.27e-01 7.76e-02 4 .59e-02 2.66e-02 1.52e-02
7.78e-02 4.69e-02 2.75e-02 1.58e-02 8.99e-03 1.27e-01 7,76e-02 4 .59e-02 2.66e-02 1.52e-02

e \ N 32 64 128 256 512
2 “ ^ 1 .7 9 e+ 0 0 9.14e.01 4.67e-01 2.43e-01 1.30e-01
2 “ 2 3 .3 7 e+ 0 0 1 .7 4 e+ 0 0 8.89e-01 4 .55e-01 2.36e-Q l
2 - 4 6 .0 2 e+ 0 0 3 .3 0 e+ 0 0 1 .7 1 e+ 0 0 8.71e-01 4.46e-U l
2 - 6 7 .2 5 e+ 0 0 4 .8 7 e+ 0 0 2 .9 9 e+ 0 0 1 .6 9 e+ 0 0 8.61e-01
2 “ ® 7 .2 5 e+ 0 0 4 .8 7 e+ 0 0 2 .9 9 e+ 0 0 1 .7 5 e+ 0 0 l.O O e+00
2 - 1 0 7 .2 5 e+ 0 0 4 .8 7 e+ 0 0 2 .9 9 e+ 0 0 1 .7 5 e+ 0 0 l.O O e+00
2 - 1 2 7 .2 5 e+ 0 0 4 .8 7 e+ 0 0 2 .9 9 e+ 0 0 1 .7 5 e+ 0 0 l.OOe+OO
2 - 1 4 7 .2 5 e+ 0 0 4.87e4-00 2 .9 9 e+ 0 0 1 .7 5 e+ 0 0 l.O O e+00
2 - 1 6 7 .2 5 e+ 0 0 4 .8 7 e+ 0 0 2.99e+G 0 1 .7 5 e+ 0 0 l.OOe+OO
2 - 1 8 7 .2 5 e+ 0 0 4 .8 7 e+ 0 0 2 .9 9 e+ 0 0 1 .7 5 e+ 0 0 l.O O e+00
2 - 2 0 7 .2 5 e+ 0 0 4.87e +  D0 2 .9 9 e+ 0 0 1 .7 5 e+ 0 0 l.OOe+OO

7 .2 5 e+ 0 0 4 .8 7 e+ 0 0 2 .9 9 e+ 0 0 1 .7 5 e+ 0 0 l.OOe+OO

Table 4.16: Computed maximum pointwise scaled difference \/e\\DyUs —

where is generated by (>1^) for various values of e, N  and /3. 

In Tables 4.16-4.18 we display the computed maximum pointwise differences of 
the approximations to the scaled first order derivatives of the velocity components 
for various values of e, N  and p.
The maximum scaled differences for y/eD~U^ and in Tables 4.16 and 4.17
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stabilise to a fixed value after e =  2“ °̂, for all values of j3 and N  considered. In a 
similar fashion to Tables 4.6 and 4.7 of the maximum pointwise errors, Tables 4.16 
and 4.17 show that the method is independent of e for y/eD~Ue and D~Ve, for all 
values of P and N  considered.

e \ N 32
0

64
=  0 .5

128 256 5 12 £ \ N 32
0

64
=  1 .0

1 28 2 56 5 12
2~^ 1 .1 2 e -0 1 6 .6 5 e - 0 2 3 .6 3 e -0 2 l .8 8 e .0 2 9 .3 9 e -0 3 2~^ 1 .9 7 e -0 2 1 .0 5 e -0 2 5 .9 9 e - 0 3 3 .7 6 e -0 3 2 .9 2 e -0 3
2 - 2 1 .2 7 e - 0 l 7 .2 7 e -0 2 3 .9 1 e -0 2 2 .0 3 e -0 2 1 .0 3 e -0 2 2 " ^ 3 .7 9 e -0 2 1 .9 7 e -0 2 1 .0 5 e -0 2 5 .9 9 e -0 3 3 .7 6 e -0 3
2 - 4 1 .1 9 e -0 1 6 .8 5 e - 0 2 3 .7 0 e -0 2 1 .9 3 e -0 2 9 .8 6 e -0 3 2 - 4 7 .2 5 e -0 2 3 .7 9 e -0 2 1 .9 7 e -0 2 1 .0 5 e -0 2 5 .9 9 e -0 3
2~® 1 .4 6 e -0 1 8 .S 0 e -0 2 4 .3 1 e -0 2 2 .2 0 e -0 2 1 .1 5 e -0 2 2~® 1 .1 9 e -0 1 7 .2 5 e -0 2 3 .7 9 e -0 2 1 .9 7 e -0 2 1 .0 5 e -0 2
2 - 8 1 .4 6 e -0 1 8 .7 8 e -0 2 5 .2 0 e -0 2 3 .0 1 e -0 2 1 .7 4 e -0 2 2 - 8 1 .1 9 e -0 1 7 .5 2 e -0 2 4 .5 5 e -0 2 2 .6 8 e -0 2 1 .5 7 e .0 2
2 - 1 0 1 .4 6 e -0 1 8 .7 8 e -0 2 5 .2 0 e -0 2 3 .0 1 e -0 2 1 .7 4 e -0 2 2 - 1 0 1 .1 9 e -0 1 7 .5 2 e -0 2 4 .5 5 e -0 2 2 .6 8 e -0 2 1 .5 7 e -0 2
2 - 1 2 1 .4 6 e -0 1 8 .7 8 e -0 2 5 .2 0 e .0 2 3 .0 1 e .0 2 1 .7 4 e -0 2 2 - 1 2 1 .1 9 e -0 1 7 .5 2 e -0 2 4 .5 5 e -0 2 2 .6 8 e -0 2 1 .5 7 e -0 2
2 - 1 4 1 .4 6 e -0 1 8 .7 8 e -0 2 5 .2 0 e -0 2 3 .0 1 e -0 2 1 .7 4 e -0 2 2 - 1 4 1 .1 9 e -0 1 7 .5 2 e -0 2 4 .5 5 e -0 2 2 .6 8 e -0 2 1 .5 7 e -0 2
2 - 1 6 1 .4 6 e -0 1 8 .7 8 e -0 2 5 .2 0 e -0 2 3 .0 1 e -0 2 1 .7 4 e -0 2 2 - 1 6 l . l 9 e - 0 1 7 .5 2 e -0 2 4 .5 5 e - 0 2 2 .6 8 e -0 2 1 .5 7 e -0 2
2 - 1 8 1 .4 6 e -0 1 8 .7 8 e -0 2 5 .2 0 e -0 2 3 .O le - 02 1 .7 4 e -0 2 2 - 1 8 l . l 9 e - 0 1 7 .5 2 e-D 2 4 .5 5 e - 0 2 2 .6 8 e -0 2 I .5 7 e -0 2
2 - 2 0 1 .4 6 e -0 1 8 .7 8 e -0 2 5 .2 0 e -0 2 3 .0 1 e -0 2 1 .7 4 e -0 2

01

1 .1 9 e -0 1 7 .5 2 e -0 2 4 .5 5 e - 0 2 2 .6 8 e -0 2 1 .5 7 e -0 2

1 .4 6 e -0 1 8 .7 8 e -0 2 5 .2 0 e -0 2 3 .0 1 e -0 2 1 .7 4 e .0 2 l . l 9 e - 0 1 7 .5 2 e -0 2 4 .5 5 e - 0 2 2 .6 8 e -0 2 1 .5 7 e -0 2

e \ N 32 64 128 2 56 5 1 2

2~^ 1 .8 5 e - 0 l 9 .2 8 e -0 2 4 .6 4 e -0 2 2 .3 2 e - 0 2 1 .2 2 e -0 2
2 - 2 2 .4 3 e -0 1 1 .2 7 e * 0 l 6 .6 1 e - 0 2 3 .4 9 e - 0 2 1 .9 8 e .0 2
2 - 4 4 .4 6 e -0 1 2 .4 3 e -0 1 1 .2 7 e -0 1 6 .6 1 e - 0 2 3 .4 9 e .0 2
2 “ ® 5 .5 1 e -0 1 3 .6 2 e -0 1 2 .2 3 e -0 1 1 .2 7 e - 0 l 6 .6 1 e -0 2
2 ” ® 5 .5 le - 0 1 3 .6 2 e -0 1 2 .2 3 e -0 1 1 .3 2 e -0 1 7 .6 5 e -0 2
2 - 1 0 5 .5 1 e -0 1 3 .6 2 e -0 1 2 .2 3 e -0 1 1 .3 2 e -0 1 7 .6 5 e -0 2
2 - 1 2 5 .5 1 e -0 1 3 .6 2 e -0 1 2 .2 3 e -0 1 1 .3 2 e -0 1 7 .6 5 e -0 2
2 - 1 4 5 .5 1 e -0 1 3 .6 2 e -0 1 2 .2 3 e -0 1 1 .3 2 e -0 1 7 .6 5 e -0 2
2 - 1 6 5 .5 1 e -0 1 3 .6 2 e -0 1 2 .2 3 e -0 1 1 .3 2 e -0 1 7 .6 5 e -0 2
2 - 1 8 5 .5 1 e -0 1 3 .6 2 e -0 1 2 .2 3 e -0 1 1 .3 2 e -0 1 7 .6 5 e -0 201

5 .5 1 e -0 1 3 .6 2 e -0 1 2 .2 3 e -0 1 1 .3 2 e -0 1 7 .6 5 e -0 2

E ^ 5 .5 1 e -0 1 3 .6 2 e - 0 I 2 .2 3 e .0 1 1 .3 2 e -0 1 7 .6 5 e -0 2

Table 4.17: Computed maximum pointwise difference \ \Dy where
Ve is generated by (A^) for various values of e, N  and p.

Table 4.18 shows the maximum scaled difference for r^D~Ve for various values of 
e, N  and (3. Table 4.18 shows the maximum pointwise scaled differences decrease as 
£ decreases. In a similar fashion to Table 4.8 of the maximum errors, the maximum 
differences occur when e >  2“® for all /3 and N.
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e \ N 32 64 128 256 512 e \ N 32 64 128 256 512
2 ~ ^ 4.97e-01 2.86e-01 1.60e-01 8.71e-02 1.77e-01 2 “ ^ 2.15e-02 3.74e-02 5.58e-02 6 .11e-02 2.63e-02
2 - 2 6.56e-01 4.56e-01 2.83e-01 1.75e-01 7.59e-02 2 - 2 3 .l2 e -0 2 5.46e-02 8 .11e-02 9 .39e-02 8.40e-02
2 - 4 8.02e-01 5.76e-01 3.63e-01 2.22e-01 1.07e-01 2 - “ 3.10e-02 5.78e-02 8.86e-02 1.14e-01 1.24e-01
2 - 6 8.51e-01 6 .2 7 e-0 l 4.07e-01 2.50e-01 1.30e-01 2 “ ® 2.44e-02 5.58e-02 8 .96e-02 1.19e-01 1.37e-01
2-® 8.38e-01 6.00e-01 3.91e-01 2.45e-01 1.36e-01 2 “ ® 1.22e-02 2.89e-02 5.44e-02 8.40e-02 I.12e-01
2 - 1 0 8.32e-01 5.84e-01 3.70e-01 2.29e-01 1.27e-01 2 - 1 0 6 .10e-03 1.45e-02 2 .72e-02 4 .20e-02 5.58e-02
2 -1 2 8.28e-01 5.76e-01 3.59e-01 2.20e-01 l.2 3 e-0 1 2 - 1 2 3 .05e-03 7.23e-03 1.36e-02 2.10e-02 2.79e-02
2 - 1 4 8.27e-01 5.72e-01 3.54e-01 2.16e-01 1.20e-01 2 - 1 4 1.52e-03 3 .61e-03 6 .80e-03 1.05e-02 1.40e-02
2 - 1 6 8.26e-01 5.70e-01 3.51e-01 2.14e-01 1 .1 9 e-0 l 2 - 1 6 7 .6 le -0 4 1.81e-03 3 .40e-03 5.25e-03 6.98e-03
2 - 1 8 8.25e-01 5.69e-01 3.50e-01 2.13e-01 I.19e-01 2 - 1 8 3.81e-04 9.03e-04 1.70e-03 2 .63e-03 3.49e-03
2 - 2 0 8.25e-01 5.68e-01 3.49e-01 2 .l2 e -0 1 1.18e-01 2 - 2 0 1.90e-04 4.52e-04 8.49e-04 1.31e-03 1.74e-03

8.51e-01 6.27e-01 4 ,0 7 e-0 l 2.50e-01 1.77e-01 3.12e-02 5.78e-02 8.96e-02 1.19e-01 1.37e-01
0  =  1.5

e \ N 32 64 128 256 512
2 “ ^ 8.31e-01 8.71e-01 8.33e-01 7.36e-01 5.37e-01
2 - 2 7.26e-01 7.55e-01 7.66e-01 7.40e-01 6.34e-01
2 - * 6.59e-01 6.98e-01 7.31e-01 7.37e-01 6.92e-01
2 - 6 5.75e-01 5.85e-01 6.76e-01 7.62e-01 7.45e-01
2 - 8 5.19e-01 4.28e-01 4.12e-01 4.35e-01 4.66e-01
2 - 1 0 4 .9 U -0 1 3.50e-01 2.80e-01 2 .5 6 e-0 l 2.53e-01
2 - 1 2 4.77e-01 3 .11e.01 2.15e-01 1.67e-01 1.47e-01
2 - 1 4 4.70e-01 2.92e.01 1.82e-01 1.23e-01 9 .33e-02
2 - 1 6 4.67e-01 2.82e-01 1.65e-01 l.OOe-01 6 .67e-02
2 - 1 8 4.65e-01 2.77e-01 1.57e-01 8.92e-02 5 .33e-02
2 - 2 0 4.64e-01 2.75e-01 1.53e-01 8.36e-02 4.67e-02

8.31e-01 8.71e-01 8.33e-01 7.62e-01 7.45e-01

Table 4.18: Computed maximum pointwise scaled difference V* ^\\D^V^ -
where is generated by for various values of e, N  and

/?.

Graphs of the scaled differences y/e{DyUe — — DyVp^g'  ̂ and
^ {D ~ V e  — DxVPg'^) generated by (A^)  are given in Figures 4-12, 4-13 and 4-14.

D_xU_FS-D_yU

Figure 4-12: Graphs of y/£{Dy Ue — D y U ^ p )  for e =  2 N = 3 2  and 0  — 0 .5,1.0,1.5.

Figure 4-13: Graphs of Dy — DyVp^ '̂  ̂ for £ =  2 N = 3 2  and P =  0 .5,1.0,1.5.
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Graphs of •/e{D~Ue — and D~V^ — DyVp^g'^ in Figures 4-12 and 4-13
show the largest differences occur in the boundary layer, except for D~V^ — DyVPg^ 
for f3 = 0.5 where the largest difference is at the point furthest away from the wedge.

Figure 4-14; Graphs of for e =  2-^^ 7V=32 and (3 =  0.5,1.0,1.5.

Graphs of in Figure 4-14 are smooth, with the largest differ
ence occurring at the points farthest from the wedge for (3 = 0.5 and 1.5. The graph 
of ^{D~Ve: — for /? =  1.0 shows a non-physical jump along the left hand
edge of . This could be due to the leading edge singularity.
In Tables 4.19-4.21 we display the computed orders of convergence for the approx
imations of the first order scaled derivatives of the velocity components ^/eD~U^, 
DyVs and respectively.

3̂ =  0.5  /3 =  1.0  0  =  1.5
e \ N 32 64 128 256 e \ N 32 64 128 256 e \ N 32 64 128 256
2 - 0 0.91 0.91 0,91 0.60 2 - 0 0.96 0,92 0.86 0,75 2 - 0 0.97 0.97 0.95 0.90
2 - 2 0.98 0.97 0,92 0.78 2 - 2 0,98 0,96 0.92 0,86 2 -2 0.95 0.97 0.97 0.94
2 - 4 0.99 0.98 0.97 0.92 2 - 4 0.98 0.97 0.96 0.92 2 - 4 0.87 0.95 0.97 0.97
2 - 6 0.79 0,99 0.98 0,97 2 - 6 0.76 0.98 0.97 0.96 2 - 6 0.58 0.70 0.83 0.97
2 - 8 0.73 0.77 0.80 0,81 2 - « 0.70 0.76 0,79 0.80 2 - » 0,58 0.70 0.77 0.81
2 - 1 0 0.73 0.77 0.80 0,81 2 - 1 0 0.70 0.76 0.79 0.80 2 - 1 0 0,58 0.70 0.77 0.81
2 - 1 2 0.73 0.77 0.80 0.81 2 - 1 2 0.71 0.76 0.79 0.80 2 - 1 2 0,58 0,70 0,77 0.81
2 - 1 4 0.73 0.77 0,80 0.81 2 - 1 4 0.71 0.76 0.79 0.80 2 - 1 4 0,58 0,70 0,77 0.81
2 - 1 6 0.73 0.77 0,80 0.81 2 - 1 6 0.71 0,76 0.79 0,80 2 - 1 6 0.58 0,70 0,77 0.81
2 - 1 8 0.73 0.77 0,80 0.81 2 - 1 8 0.71 0,76 0.79 0,80 2 - 1 8 0.58 0,70 0,77 0.81
2 - 2 0 0.73 0.77 0,80 0.81 2 - 2 0 0.71 0.76 0.79 0,80 2 - 2 0 0.58 0.70 0.77 0,81

rcomp 0.73 0.77 0,80 0.81 Pcomp 0.71 0.76 0.79 0,80 rcomp 0.58 0.70 0.77 0,81

Co.73 2.46 2,46 2,39 2,28 Co.71 3.77 3.77 3.64 3,43 9 00 161,95 161.95 148.36 129,49

Table 4.19: Computed orders of convergence p̂ ĉompf Pcomp the error constant 
^Pcomp “  DyUps'^) where C4 is generated by for various values of
e, N  and /?.
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/3 =  0.5 /3 =  1.0 /3 =  1.5
£ \ N 32 64 128 256 e \ N 32 64 128 256 £ \ N 32 64 128 256
2 - 0 0.75 0.87 0.95 1.00 2 - 0 0.93 0.87 0.78 0.65 2 - 0 1.00 1.00 1.00 0.93
2 -2 0.81 0.90 0.95 0.97 2 -2 0.95 0.93 0.87 0.78 2 -2 0.93 0.95 0.92 0.82
2 - 4 0.79 0.89 0.94 0.97 2 - 4 0.94 0.95 0.93 0.87 2 - 4 0.88 0.93 0.95 0.92
2 - 6 0.78 0.98 0.97 0.94 2 - 6 0.71 0.94 0.95 0.93 2 - 6 0.61 0.70 0.81 0.95
2 - 8 0.74 0.75 0.79 0.80 2 -8 0.66 0.72 0.76 0.78 2 - 8 0.61 0.70 0.76 0.79
2 - 1 0 0.74 0.75 0.79 0.80 2 - 1 0 0.66 0.72 0.76 0.78 2 - 1 0 0.61 0.70 0.76 0.79
2 - 1 2 0.74 0.75 0.79 0.80 2 - 1 2 0.66 0.72 0.76 0.78 2 - 1 2 0.61 0.70 0.76 0.79
2 - 1 4 0.74 0.75 0.79 0.80 2 - 1 4 0.66 0.72 0.76 0.78 2 - 1 4 0.61 0.70 0.76 0.79
2 - 1 6 0.74 0.75 0.79 0.80 2 - 1 6 0.66 0.72 0.76 0.78 2 - 1 6 0.61 0.70 0.76 0.79
2 - 1 8 0.74 0.75 0.79 0.80 2 - 1 8 0.66 0.72 0.76 0.78 2 - 1 8 0.61 0.70 0.76 0.79
2 - 2 0 0.74 0.75 0.79 0.80

01 0.66 0.72 0.76 0.78 2 - 2 0 0.61 0.70 0.76 0.79

t 'comp 0.74 0.75 0.79 0.80 ycomp 0.66 0.72 0.76 0.78 Pcomp 0.61 0.70 0.76 0.79

C o .  74 4.70 4.70 4.64 4.48 C o .6 6 3.17 3.17 3.03 2.81 C o .61 13.13 13.13 12.34 11.13

Table 4.20: Computed orders of convergence p̂ ĉomp> Pcomp error constant
Cp, for DyV^ — DyVp^^ where is generated by (vl^) for various values of e, N  
and p.

The results in Tables 4.16-4.17 and 4.19-4.20 suggest that the method is an e- 
uniform numerical method with orders of convergence of at least 0.7 for y/eD~Us 
and D~Vc  ̂ for A'' >  64 for all j3.
Tables 4.16-4.20 and Tables 4.6-4.10 strongly indicate that the method is e-uniform  
for y/eDyUe  and D~Ve for /3 =  0.5, 1.0 and 1.5. Further computations, not reported 
here, show that the errors for y/eD~U^ and D~Vc: for f3 € [0.0,1.5] have similar 
behaviour. Therefore the method can be said to be (e, /3)-uniform.
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0  = 0.5 0  = 1.0
e \ N 32 64 128 256 e \ N 32 64 128 256
2 -0 0.80 0.83 0.88 -1.02 2 -0 -0.80 -0.58 -0.13 1.22
2 -2 0.53 0.69 0.69 1.21 2 -2 -0.81 -0.57 -0.21 0.16
2 - 4 0.48 0.67 0.70 1.05 2 - 4 -0.90 -0.62 -0.36 -0.12
2 -6 0.44 0.62 0.70 0.94 2 -6 -1.19 -0.68 -0.41 -0.20
2 -8 0.48 0.62 0.67 0.85 2 -8 -1.24 -0.91 -0.63 -0.41
2-10 0.51 0.66 0.70 0.85 2-10 -1.25 -0.91 -0.63 -0.41
2-12 0.52 0.68 0.71 0.84 2-12 -1.25 -0.91 -0.63 -0.41
2 - 1 4 0.53 0.69 0.71 0.84 2 - 1 4 -1.25 -0.91 -0.63 -0.41
2 - 1 6 0.54 0.70 0.72 0.84 2 - 1 6 -1.25 -0.91 -0.63 -0.41
2 - 1 8 0.54 0.70 0.72 0.84 2 - 1 8 -1.25 -0.91 -0.63 -0.41
2-20 0.54 0.70 0.72 0.84 2-20 -1.25 -0.91 -0.63 -0.41

ycomp 0.44 0.62 0.70 0.50 Pcomp -0.89 -0.63 -0.41 -0.20

CoA4 14.92 14.92 13.16 10.97 C-0.&9 -0.00 -0.00 -0.00 -0.00
0  =  1.5

e \ N 32 64 128 256
2 -0 -0.07 0.06 0.18 0.45
2 -2 -0.06 -0.02 0.05 0.22
2 - 4 -0.08 -0.07 -0.01 0.09
2 -6 -0.03 -0.21 -0.17 0.03
2 -» 0.28 0.06 -0.08 -0.10
2-10 0.49 0.32 0.13 0.02
2-12 0.62 0.54 0.36 0.19
2 - 1 4 0.69 0.68 0.57 0.39
2 - 1 6 0.73 0.77 0.72 0.59
2 - 1 8 0.75 0.82 0.82 0.74
2-20 0.76 0.84 0.87 0.84

rcomp -0.07 0.06 0.13 0.03

O - 0 .0 7 -13.44 -13.44 -12.26 -10.69

Table 4.21: Computed orders of convergence p̂ comp> Pcomp the error constant 
p̂'comp — DxVp^g' )̂ in the domain Q ^ \(X i(Jrj:,) where Ve is generated

by (A^) for various values of e, and p.

The results in Table 4.21 do not suggest that the numerical method is e -uniform 
for ^ {D ~ V e — for all (3 on the domain (J T l). Hence we investigate
computed orders of convergence for — DxVp^g' )̂ in the subdomain n[^o +
0.1, x ;v ]  X [0,1] in Table 4.22. The results suggest that the method is e-uniform for 
^D ~V ^  in the subdomain.
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0  = 0.5 0  = 1.0 /3 =  1,5
e \ N 32 64 128 256 e \N 32 64 128 256 e \ N 32 64 128 256
2 -0 0.77 0.88 1.01 0.80 2 -0 4.17 -0.70 1.05 1.23 2 -0 1.06 1.06 1.18 0.80
2 -2 0.88 0.93 1.01 0.98 2-2 0.68 1.12 0.25 1.00 2 -2 0.98 0.99 1.06 1.04
2 -4 0.86 0.92 1.01 1.00 2-4 0.85 0.99 1.19 1.19 2 -4 0.97 0.98 1.04 1.02
2 -6 0.85 0.93 1.02 1.00 2 -6 0.70 1.01 1.17 1.14 2-6 1.01 1.04 1.08 1.02
2 -» 0.86 0.92 1.01 0.99 2 -8 0.61 0.78 0.97 0.94 2 -8 0.96 0.99 1.04 1.04
2-10 0.87 0.93 1.01 1.00 2-10 0.59 0.77 0.97 0.94 2-10 0.94 0.97 1.02 1.02
2-12 0.88 0.93 1.02 1.01 2-12 0.59 0.77 0.97 0.94 2-12 0.93 0.96 1.01 1.01
2-14 0.88 0.93 1.02 1.01 2-14 0.60 0.77 0.97 0.94 2-14 0.92 0.96 1.01 1.00
2-16 0.88 0.93 1.02 1.01 2-16 0.60 0.77 0.97 0.94 2-16 0.92 0.96 1.00 1.00
2-18 0.88 0.93 1.02 1.01 2-18 0.60 0.77 0.97 0.94 2-18 0.92 0.96 1.00 1.00

to 1 o 0.88 0.93 1.02 1.01 2-20 0.60 0.77 0.97 0.94 2-20 0.92 0.96 1.00 1.00

yCOTTip 0.85 0.93 1.02 0.86 t'comp 0.76 1.01 1.17 1.14 p ^t'comp 0.92 0.96 1.00 1.00

Co.85 17.40 17.40 16.49 14.68 Co.76 0.12 0.12 0.10 0.08 Co.92 18.33 18.33 17.85 16.85

Table 4.22: Computed orders of convergence p̂ ĉomp̂  Pcomp the error constant 
Cp. for ~ {D ~ V ^ — DxVp^'^) in the subdomain fll^o +  0.1, x [0,1] where 
is generated by for various values of e, N  and /?.

In Appendix D we noted tha t the introduction of a second transition point

(72 =  min{0.5cr, ^  In N }
8

is beneficial to the computed values of the derivatives of the velocity components. 
Table 4.23 shows the maximum scaled difference for -^D ^Ve  values of e, N  and /?, 
using the double transition point mesh. Table 4.23 shows the maximum pointwise 
scaled differences decrease as e decreases. The maximum differences occur when 
e =  1 for all (3 and N .
In Table 4.24 we display the computed orders of convergence for the approximations 
of the first order scaled derivative of the y-velocity component, ^ D ~ V ^ ,  using the 
double transition point mesh. Comparing the orders of convergence for the approxi
mations of the first order scaled derivative of the y-velocity component generated by 
one transition point in Table 4.21 and Table 4.24 we see that the numerical method 
using two transition points yields superior results. While this is not a conclusive 
proof, it does suggest that a second transition point has merit.
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€\N 32
0

64
= 0.5

128 256 512 e\N 32
0

64
= 1.5

128 256 512
2““ 4.98e-01 2.92e-01 1.64e-Ql 8.99e-02 1.73e-01 2-“ 7.61e-01 7.39e-01 6.56e-01 5.75e-01 4.61e-01
2-2 6.58e-01 4.56e-01 2.83e-01 1.77e-Dl 7.79e-02 2- = 5.62e-01 5.17e-01 4.34e-01 3.43e-01 2.56e-01
2-4 8.11e-01 5.58e-01 3.42e-01 2.09e-01 1.04e-01 2-4 4.20e-01 4.06e-01 3.37e-01 2.36e-01 1.54e-01
2-6 8.54e-01 5.98e-01 3.64e-01 2.15e-01 l.lOe-01 2-« 3.54e-01 3.19e-01 3.08e-01 2.18e-01 1.20e-01
2"® 8.39e-01 5.84e-01 3.61e-01 2.15e-01 1.13e-01 2-® 4.09e-01 2.93e-01 2.40e-01 1.78e-01 l.OOe-01
2-10 8.32e-01 5.768-01 3.55e-01 2.13e-01 1.16e-01 2-10 4.36e-01 2.82e-01 1.94e-01 1.28e-01 6.99B-02
2-'2 8.29e-01 6.72e-01 3.52e-01 2.13e-01 1.17e-01 2-‘ = 4.50e-01 2.77e-01 1.72e-01 1.03e-01 5.49e-D2
2-1“ 8.27e-01 5.70e-01 3.50e-01 2.12e-0I 1.18e-01 2-1“ 4.56e-01 2.75e-01 1.60e-01 9.04e-02 4.74e-02
2-16 8.26e-01 5.69e-01 3.49e-01 2.12e-01 1.18e-01 2-16 4.60e-01 2.73e-01 1.55e-01 8.42e-02 4.37e-02
2-18 8.25e-01 5.68e-01 3.49e-01 2.12e-01 1.18e-01 2-18 4.62e-01 2.73e-01 1.52e-01 8.12e-02 4.18e-02
2-20 8.25e-01 5.68e-01 3.49e-01 2.12e-01 1.18e-01 2-20 4.62e-01 2.72e-01 1.50e-01 7.96e-02 4.09e-02
b '̂ 8.54e-01 5.98e-01 3.64e-01 2.15e-01 1.73e-01 7.61e-01 7.39e-01 6.56e-01 5.75e-01 4.61e-01

Table 4.23: Computed maximum pointwise scaled difference V* ^\\D^V^ —

where Ve is generated by (>1^) for various values of e, N  and

p.

0 =  0.5
e \N 32 64 128 256
2 - 0 0.77 0.83 0.87 -0.94
2 -2 0.53 0.69 0.68 1.18
2 - 4 0.54 0.71 0.71 1.01
2 - s 0.51 0.72 0.76 0.97
2 -« 0.52 0.70 0.75 0.92
2 10 0.53 0.70 0.73 0.88
2 - 1 2 0.53 0.70 0.73 0.86
2 - 1 4 0.54 0.70 0.72 0.85
2 - 1 6 0.54 0.70 0.72 0.85
2 - 1 8 0.54 0.70 0.72 0.84
2 - 2 0 0.54 0.70 0.72 0.84

P c o m p 0.51 0.72 0.76 0.32
Co.32 12.98 11.31 8.57 6.32

e \N 32 64 128 256
2 -0 0.04 0.17 0.19 0.32
2 -2 0.12 0.25 0.34 0.42
2 -4 0.05 0.27 0.51 0.61
2 - 6 0.15 0.05 0.50 0.86
2 -8 0.48 0.29 0.43 0.82
2 - 1 0 0.63 0.54 0.61 0.87
2 - 1 2 0.70 0.69 0.74 0.91
2 - 1 4 0.73 0.78 0.83 0.93
2 - 1 6 0.75 0.82 0.88 0.95
2 - 1 8 0.76 0.85 0.90 0.96
2 - 2 0 0.76 0.86 0.92 0.96

P c o m p 0.04 0.17 0.19 0.32
Co.04 30.45 30.45 27.87 25.16

Table 4.24: Computed orders of convergence p̂ ĉompt Vmmp the error constant
P̂comp ~  ^xVps"^) in the domain f2f^\(XilJrj:,) where Ve is generated

by for various values of e, N  and p.

Using Tables 4.19-4.20 we obtain the following error bounds

P =  0.5 ^ e \\D ;U , -  DyUPPWn^ <  2.46iV-0'^3

/3 =  1.0 V^\\D-Ue - DyUl^i^WnN <  3.77iV-o-^i (4 .8)
P =  1.5 ^ \ \ D - U ,  -  DyUPPWnN <  161.957V-0-58

p  =  0.5 \\D -V , -  i^ ,V p T lln -\r , <  4.70iV-o-74
P =  1.0 \\D -V , -  DyVPi^Wn^W, <  3.17iV-0'«6

p = l . b  \\D-Ve~DyVPs^^Wn^\T, <  13.13iV-°«i.

(4.9)
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4.6 C om putational error bounds

In this section we use the computed error estimates, obtained in Section 3.6 for the 
quantities and their scaled discrete derivatives, to estimate the error in
the numerical approximations (1/^, generated by the direct method (^ ^ ) . We
present an independent estimate of the maximum pointwise errors in the numerical 
solutions generated by the direct algorithm. The resulting estimates are independent 
of those obtained in Section 4.4.
First, we use the triangle inequahty to obtain

I I J / j: — u w l l n w  —  | | f / £  — ■ U F s l I n f

< 11̂ . -  -  «Fs||n- (4.10)

-^^Fs|ln~\rL =

<  ^ ( l | l ' = - V 'F “ l l s , v ,  +  l|V"Fr->^Fslln,») (4-11)

where Ug =  {U^,Ve) is the solution generated by the direct algorithm (^ ^ )  on 
the mesh 12  ̂ with N  =  {N, N)\ Ups =  (wfSj^fs) is the exact solution of the Prandtl 
problem constructed from the Falkner Skan formulae (3.3) and (3.4 ) and U|g®  ̂ =  
(J7ps®̂ , V̂ Fŝ )̂ is the computed Falkner Skan solution generated in the previous chapter 
on a mesh with 8192 intervals. We then observe that the first term on the right-hand 
side of (4.10) and (4.11) involves the computable quantities and
respectively. Furthermore, the second term on each right-hand side of (4.10) and 
(4.11) involves the scaled pointwise errors — Ufsj ^ ( ^ fs^̂  ~  '*̂fs), which have 
already been estimated in Section 3.7 of the previous chapter. This shows tha t we 
can estimate the errors in the scaled numerical solutions and their scaled discrete 
derivatives, generated by the numerical method (^ ^ )  applied to problem (P^), even 
though no theoretical error analysis is available for this numerical method.

We now compare the magnitudes of the two terms on the right-hand side of both 
(4.10) and (4.11). The first terms are the scaled maximum pointwise differences \\U  ̂— 

and -^\Ve — ^FS^^IIn^\rL' These quantities are found immediately from the 
solutions Ue of (>1^) and the solution respectively, computed in the previous
section and chapter. Their numerical bounds are given in Tables 4.14 and 4.15 for 
various values of e, N  and (5. The second terms on the right-hand side of (4.10) 
and (4.11) are the scaled maximum pointwise errors —i^Fslln^ —
■Ĵ Fslln̂  in the computed computed Falkner-Skan solution. The corresponding error 
bounds (3.31) and (3.33), respectively, show that the second terms are bounded above
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by 1.597 X 10“  ̂ and 2.869 x IQ-^ for all /?.
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/3 =  0.5 
/ 3 =  1.0 

/3 =  1.5

||J/e -  ■Uwlinf =  llt̂ e -  ■Ĵ Fslln̂
< \ \ U e - U i r \ \ n -  + \ \ U i r -U F s \ \ n ^
< 0.69N-°-^^ +  1.597 X IQ-'*

< 0.14iV-° ®® +  1.597 X 10-“̂
< 1.61iV-°-^  ̂+  1.597 X 10-'‘

(4.12)

V^IIH — Vwllf!^ = -  ^Fslln^
< V^IIK -  + V ÎI^FS^  ̂ -  t'Fslln^'

0.5 < 2.05N- + 2.869 X 10-3

p  = 1.0 < OM N- + 2.869 X 10-3

0  = 1.5 < 2 M N - ■° ®“ +  2.869 X 10-3

The computational error bounds for Ue and in (4.12), (4.13), (10.1) and (10.2) 
give two workable formulas for each velocity component to ensure the error is below a 
desired value for all e and (3. In a similar manner to the above we calculate computed 
error bounds for approximations of the scaled first derivatives \/eD~Us and D~V^ by 
the bounds (3.40), (3.43), (4.8) and (4.9)

V^WDy — V^WDy Ue -  9yUFs||n^\rB

< V^\\DyUe-DyUirWnp\rs +
y/e\\DyUps^^ -  ^yUpslln^vrB 

/3 =  0.5 <  2.46A^-°-^3 +  2.432 x 10"^
/? =  1.0 <  3.777V-°-^i +  2.432 x IQ-^
/? =  1.5 <  161.95A^-°®8 +  2.432 x 10-^

(4.14)

\ \ D y  V e  -  9yVw||n^'\rB -  ll-^y ~  5y^^Fslln \̂rB
< \ \D-Ve-DyV^^^^^n^\rs  + 

WDyVM^^-dyV^sWn^^r,
/? =  0.5 < 4.07A^-°'^^ +  1.794 x 10-^
/? =  1.0 < S.l7N-°-^^ +  1.794 x 10-3
/? =  1.5 < 13.13A^-°®^ +  1.794 x 10-^.

(4.15)

It is worth noting that, strictly speaking, the experimental error analysis technique 
is not known to be applicable to the numerical solutions generated by the algorithm
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(yl^) applied to the problem (Pe), because currently there is no theoretical error 
analysis known to be available. Nevertheless it is clear from the results in this chapter 
tha t the experimental error analysis technique provides a means to estimate the 
accuracy of the numerical approximations to the unknown continuous solution and 
its derivatives even when no theoretical error estimates are known.

4.7 Conclusion

In Chapters 3 and 4 we considered the Prandtl boundary layer equations for incom
pressible laminar flow past a wedge with angle /? 7t , € [0.0,1.5]. When the Reynolds
number is large the solution of this problem has a parabolic boundary layer. We 
constructed a direct numerical method for computing approximations to the solu
tion of this problem using a piecewise uniform fitted mesh technique appropriate to 
the parabolic boundary layer. We used the method to approximate the self-similar 
solution of the Prandtl problem in a finite rectangle excluding the leading edge of 
the wedge for various values of Re  and p. To analyse the efficiency of the numerical 
method, we constructed and applied a special numerical method related to the com
puted Falkner-Skan technique to compute reference solutions for the error analysis 
of the velocity components and their derivatives. By means of extensive numerical 
experiments we showed that the constructed direct numerical method is e and /3 
uniform.



Chapter 5

Prandtl flow past a three  
dim ensional sem i-infinite yawed  
wedge — Blasius m ethod

5.1 Introduction

In this chapter and the next we expand the numerical m ethod developed in Chapters 
3 and 4 by introducing the velocity component in the 2  direction. We investigate 
incompressible lam inar flow past a three dimensional semi-infinite yawed wedge W 
in the dom ain D =  R ^\W .
In this chapter we use a variant of the semi-analytic approach of Blasius to generate 
numerical approxim ations of guaranteed pointwise accuracy to the flow variables and 
their scaled derivatives. We use the approxim ate solution, which has known accu
racy, to estim ate the error to the approxim ates obtained later by the direct numerical 
method.
In the following chapter, we construct a direct numerical m ethod to  generate nu

merical approxim ations of guaranteed accuracy to  the flow variables and their scaled 
derivatives. A lthough there are a t present no theoretical error estim ates for the re

sulting numerical solutions, we determine accuracy by means of extensive numerical 
experiments and by comparisons with the previously determ ined sem i-analytic ap
proximations. We show th a t the numerical approxim ations are pointwise accurate 
and th a t they satisfy pointwise error estim ates th a t are uniform with respect to the 
Reynolds num ber and the angle of the wedge.

72
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Figure 5-1: Flow past a wedge.

We want to solve the P rand tl problem in a region including the parabolic bound
ary layer. Since the solution of the problem has another singularity a t the leading 
edge of the wedge [46], we take as the com putational domain the finite rectangle 
Q =  (0.1 -I- y(/3), 1.1 -I- 7(^)) X (0,1), defined in C hapter 3 on the upper side of the 
wedge in the x , y  plane, which is sufficiently far from the leading edge (see fig. 5-1) 
th a t the leading edge singularity does not cause problems for the numerical m ethod. 
As we intend to solve the P rand tl boundary layer numerically we m ust com pute the 
approxim ate solution on a finite domain Jl. The P rand tl boundary layer problem on 
a finite domain, Q, is

Find U3 W =  (u3 w , v 3w,y^3 w)  such th a t for all ( x ,y )  € fl  
U3 V1/ satisfies the differential equations

=  t / f

I dv3w __  f)
dx  dy ~

with boundary conditions

Usw = 0 , W3W = 0  and V3w =  0  on
U3vy = U p Fx, U Fx

where {/(x) =  x"*, m  =  and /Jtt is the angle of the wedge in radians and up is 

the exact solution of (Pp).
The m om entum  equation for the x-direction velocity component usw and the con
tinuity  equation for the y-direction velocity com ponent Vsw are analogous to the 
m omentum  and continuity equations from the problem (Pw)  in Chapter 3. The new
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momentum equation for the z-direction velocity com ponent Wsw is of the same form 

as the flat plate momentum equation in Chapter 2. Note that for the flat plate 

{(3 =  0) the two momentum equations are identical. Hencc the velocity components 

in the x  and z direction are equal: Usw =  w^w-

Our goal in Chapters 5 and 6 is to construct an {Re,  /?)-uniform numerical method  

for solving {P^w),  so that the method has error bounds for the solution and its 

derivatives, independent of Re  and j3 for all Re  G [ l,o o ) and all P  €  [0.0,1.5].

5.2 Blasius solution

Using the similarity transformation described in [45]

r] =  y
{m  +  l ) R e  U

2 X

the velocity com ponents of the Blasius solution U3 s  of {Psw)  arc given by

U3b {x , y) =  x^f '{ri )  -  Uf'{ri)

,  ̂ I m  +  l  U f   ̂ m - l
V 3 B [ x , y )  =  — — —  /  +

(5.1)

(5.2)

V f (5.3)

(5.4)

2x Re \  m  +  1 

W3B{x,y)  =  g

where /  and g are the solutions of the non-linear ordinary differential equations 

For rj S (0, oo) find g, f  €. C^(0, oo)

f"'+fr+P{i-n = o
{Ps b ) g ” +  /? '  =  0

with boundary conditions 

/(O ) =  /'(O) =  0, lim^^oo /'(??) =  1-

, 5 ( 0 )  =  0 ,  l i m ^ _ o o 5 ( ? ? )  =  1.

The problem in {P^b ) is known as the computed Blasius equations and in what follows 

we refer to U3 s  as the Blasius solution of {Psw)-

The two equations in (Pas) are semi-couplcd equations. The first equation is the third 

order non-linear ordinary differential equation on the semi-infinite domain (0, oo) for
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/ ,  which was dealt w ith in Chapter 3. The second equation is a second order ordinary 
differential equation on the semi-infinite domain (0, oo) for g and / .  The problem 
{Ps b ) can be solved numerically on any bounded dom ain I  of (0, oo). In w hat follows 
we solve the Blasius problem (Pss) numerically for the functions / ,  g and their 
derivatives. We then  use the analytic relations (5.2), (5.3) and (5.4) to  construct 
Reynolds uniform analytic approxim ations with guaranteed accuracy to the solution 
U3M/ of [P^w)  for all relevant values of the Reynolds num ber and angles of the wedge 
a t all points of the dom ain
To achieve this it is clear th a t we need Reynolds uniform pointwise accuracy of /(?y), 

f W ) i  f  div)  a-nd g'{r]) for all 77 6 (0,oo). We have constructed a m ethod for /  
and its derivatives in C hapter 3. We now adapt and extend this to include g and g ' .

5.3 Singularly perturbed nature o f B lasius prob
lem

We have shown the singularly perturbed nature of the first ordinary differential equa
tion of /  in Section 3.3. Using similar argum ents we show the singularly perturbed 
nature of the second ordinary differential equation of g and /  of {Ps b )- In the next 
section we use this observation to  m otivate the construction of the numerical m ethod 

for solving (Pw)-
We observe th a t while we need the solution of {P^b ) on an infinite interval, in prac
tice we can find numerical solutions only on a finite interval. For this reason we 
introduce a one-param eter family of problems related to  (Ps b ) on the finite interval 
(0, L)  where the length L  of the interval is taken as the param eter of the family. The
typical problem in this family is defined for each value of L  in the range 1 <  L <  00

by
a l i v )  +  f L { v ) g ' L { v )  =  0 e  [o, l )  (5.5)

5 l(0 ) =  0, gL{L) =  1 (5.6)

W hen we reformulate (5.5) as a singularly perturbed  problem, it tu rns out th a t 
Y is the singular perturbation  param eter and so it is appropriate to introduce the 
tem porary  notation £ = j;- Then the problem (5.5) can be w ritten in the form

9e(v) +  fe(v)9e(v) =  0 ffe(O) =  0 5^(^) =  1.
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Changing variables from rj to ^ = er], which is equivalent to a mapping of the interval 
[0, i] to the unit interval [0,1], and writing A:£(̂ ) =  9e{v ) and h{^) = fe{r]) we obtain

e K i O  + K i O K i O  = 0 k,{0) = 0 k,{l)  = l (5.7)

where h{0) = 0 and h{^) = 0{^)  for all ^ > e. This is a singularly perturbed problem 
for ks with a boundary layer at ^ =  0. In what follows it is natural to refer to 
L-uniform methods for (5.5). These are defined in an analogous way to e-uniform 
methods.

5.4 R obust layer resolving m ethod for Blasius prob
lem

Our strategy for computing L-uniform approximations to the solution of (Pas) is to 
obtain a numerical solution Fl and Gl for problem (5.5), on the interval [0, L], for an 
increasing sequence of values of the length L. Since, for each L, we need the values of 
f l ,  /^ , f  'l, and g'  ̂ a t all points of the interval (0, oo), we extend the domain of f i ,

and f'l from [0, L] to the semi-infinite interval [0, oo) by extrapolations defined in
3.7-3.9. We extend the domain of ql and from [0,L] to the semi-infinite interval 
[0, (X)) by defining the following extrapolation

g {t]) = 0, for all ry > L (5.8)

g{r]) = 1, for all r] > L. (5-9)

We now describe our numerical method for finding approximations to the solution 
and its derivatives of problem {Psb)- For each fixed N we write = InN  and we 
divide the interval into the two subintervals [0, L;v] and [L;v,oo)- We construct a 
uniform mesh

={Vi ■ Vi = i N - ^ n N , 0 < i < N } ^

on the subinterval [0,Ljv] and we determine numerical approximations F,  D~^F, 
D'^D'^F, G and D ^ G  to f i ,  f'^, g and g , respectively, at the mesh points
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using the nonlinear finite difference m ethod

Find F  and G  on /^ su c h  tha t, for all t] € , 2 <  i <  N  — 1

5 \ D - F , )  +  F,{D+{D-Fi ) )  +  f3{l -  { D-Fi ) {D-Fi ) )  =  0 

{P3b ) {  6^Gi +  F{ D+G, )  =  0

with boundary conditions 
F(0) =  D+F{0)  =  0, D°F{rjN^i) =  1

I G(0) =  0, G M  = 1.

In practice, since is non-linear we need a non-linear solver to com pute its
solution. Using a variation of the continuation algorithm  defined in Section 3.5 w ith 
the continuation param eter m

For each integer m, 1 <  m  <  M  find F ^  on 
such th a t, for all 77 S , 2 <  i <  N  ~  I

6^{D-Fr)  + F p - \ D + { D - F r ) ) + P { l  -  {D~Fp-^){D-F^))
- ( 1  + (i){D-F^ -  D~F^-^) =  0

with boundary conditions 
F (0) =  D + F(0) =  0,

with an initial guess of F^{r]i) =  77̂ . 
Finally, find G on
such th a t, for all rj € , I <  i <  N  — 1

5^Gi +  F^^{D+Gi) =  0

with boundary conditions

. G (0 ) =  0 , G { v n ) =  1.

We assign the value D'^G{r]N) =  0, so th a t D~^G is defined a t all points of the
—N  —Nmesh /„  . We then use piecewise linear interpolation to  interpolate from to each 

point of the subinterval [0, L;v]- We denote the corresponding interpolants by G and 
D'^G. We extend these functions to the whole of the semi-infinite interval [0,oo) in
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an analogous way to the extensions (5.8) and (5.9) of their continuous counterparts, 
tha t is

D~^G{r]) = 0, for all r] e  [Ljv, oo) (5.10)

G{rj) = 1, for all 77 G [Ln , oo).  (5-H)

We take the values of G and D'^G, respectively, to be the required numerical approx
imations to the exact values g and g of the Blasius solution and its derivatives on 
the semi-infinite interval [0 , 0 0 ).

5.5 Num erical solution of the Blasius problem

As the numerical results for F, D ^ F  and D'^D'^F have been extensively investigated 
in Section 3.6, we only need to investigate the numerical results of G and D'^G for 
various values of (3. The definitions of the computed pointwise maximum errors  ̂
the pointwise two mesh difference and the two mesh orders of convergence are 
given in Section 3.6. We choose (3 = 0.5,/3 =  1.0 and /? =  1.5 to be consistent with 
Chapters 3 and 4. For /3 =  0.5,1.0 and 1.5 the computed maximum pointwise error 
E ^ , computed two mesh difference and the computed order of convergence 
for G and D~^G, are given by Tables 5.1 and 5.2, respectively.

0 =  0.5
N 128 256 512 1024 2048 4096 8192 16384
gJV 0.008064 0.004623 0.002589 0.001424 0.000767 0.000402 0.000201 0,000091
D N 0.003432 0.002032 0,001166 0.000657 0,000365 0.000201 0.000110 0,000059

0.76 0.80 0,83 0.85 0.86 0.87 0.88 0.89

II b

0.008493 0.004860 0,002722 0.001497 0.000806 0.000422 0,000211 0.000096
D N 0.003632 0,002138 0.001225 0,000690 0.000384 0.000211 0,000115 0.000062

0.76 0,80 0.83 0.85 0,86 0.87 0,88 0.89

II

E N 0.008745 0,005001 0.002801 0.001540 0.000830 0.000435 0,000217 0.000099
D ’̂ 0.003738 0,002197 0.001260 0.000710 0.000395 0.000217 0,000119 0.000064

0.77 0.80 0.83 0.85 0.86 0.87 0.88 0.89

Table 5.1: Computed maximum pointwise error E ^ , computed two mesh difference 
and computed order of convergence p ^  for G on generated by ( ^ ^ )  with 

M  = 8nN  applied to problem (Psb) for various values of N  and /?.
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0  =  0.5
N 128 256 512 1024 2048 4096 8192 16384
gJV 0.008727 0.004998 0.002799 0.001539 0.000829 0.000434 0.000217 0.000099
D N 0.003729 0.002199 0.001260 0.000710 0.000395 0.000217 0.000118 0.000064

0.76 0.80 0.83 0.85 0.86 0.87 0.88 0.89
0  =  1.0

0.009891 0.005658 0.003168 0.001742 0.000938 0.000492 0.000246 0.000112
£)JV 0.004233 0.002490 0.001427 0.000804 0.000447 0.000246 0.000134 0.000073

0.77 0.80 0.83 0.85 0.86 0.87 0.88 0.89
0  =  1.5

E N 0.010665 0.006098 0.003414 0.001877 0.001011 0.000530 0.000265 0.000120
D N 0.004567 0.002683 0.001537 0.000866 0.000481 0.000265 0.000144 0.000078

P ^ 0.77 0.80 0.83 0.85 0.86 0.87 0.88 0.89

Table 5.2: Computed maximum pointwise error , computed two mesh difference 
and computed order of convergence for D+G on I ^ X I v n } generated by 

with M  =  8nN  applied to problem (Psb) for various values of N  and (3.

Comparison of the entries in the p ^  rows of Tables 5.1 and 5.2 with the Table of 
theoretical behaviour of the order of convergence defined p ^  in Appendix B, suggests 
strongly tha t the computed order of L-uniform convergence p ^  corresponds to the 
theoretical behaviour N ~ ^n N .
From Tables 5.1 and 5.2 we see that the L-uniform order of convergence on [0, L r̂] 
of the numerical solution G of the exact G l and of the discrete derivative D ^G  to 
the derivative is, in practice, better than 0.8 for all N  > 512 and /?.
Graphs of G for =  8192 and various values of (i on [0, L^]  are given in Figure 5-2. 
We can see that there is a region of rapid change near 77 =  0.

0.9 

0,8 

0.7 

0.6

o  0,5 

0.4 

0.3 

0.2 

0.1 

0
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Figure 5-2: Solution G generated by method {A^q ) applied to the problem P^b with 
M  — 8nN, N  = 8192 and various values of (3.
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Graphs of D+G for N  =  8192 and various values of (3 on [0, Ljv] are given in 
Figure 5-3. We see that there is an subtle difference for each value of (3.
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n

Figure 5-3: Solution D+G generated by method (A ^) applied to the problem P^b 
with M — 8nN, N  =  8192 and various values of /3.

5.6 C om puted error estim ates for B lasius problem

Theoretical estimates in [26] indicate that, for all N  > N q, the approximations of G 
and D+G, respectively, to the exact solution of the computed Blasius problem (P^b ) 
and its derivatives satisfy error bounds of the form

\\G -  g\\[o,oo) < CpN-P (5.12)

| |^ - 5 l l [ o ,o o ) < C ,iV - "  (5.13)

where the error parameters are unknown. The computed two-mesh difference, com
puted order of convergence, computed global order of convergence and the computed 
global constant error are defined in Section 3.6.

We now use the experimental techniques to obtain computed parameter uniform 
global error parameters for the function G on the semi-infinite interval [0, oo) for 
various (5. To determine the two mesh differences D and hence the computed order

—  M  ^of convergence p and the constant of convergence Cp. for a pair of meshes with 
N and 2N points respectively, we have to consider the three subintervals [0,Ljv), 
[Ln,L2n) and [L2Ar,oo) separately. For 77 6  [L]^,L2n) the two mesh difference at r)

  — 2iV    2N
for G  is G  (77) — 1 and for D~^G is D~^G ( r / ) .  In the subinterval [L 2 a t ,  o o )  the two

t
• • 0 ; 5 -

1 1 1 I ................ T ' ' '  ■ ■ r ■ I .................

i ; a
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-

• \

-

1 1 1

\

1 1 1 -- -------------------------------- 1__________



5.6 Computed error estimates for Blasius problem 81

mesh difference at 77 for G and D+G  is zero. The resulting computed global two-mesh 
difference D, the computed order of convergence and the constant of convergence 
     -------
Cp. for G, D+G  and rjD+G for various values of N  and (3 are given in Tables 5.3, 
5.4 and 5.5.

0  =  0.5

N 128 256 512 1024 2048 4096 8192 16384
D N 0.003432 0.002032 0.001166 0.000657 0.000365 0.000201 0.000110 0.000059

0.76 0.80 0.83 0.85 0.86 0.87 0.88 0.89
r>N
^ 0 .8 6 0.499628 0.537599 0.560498 0.573756 0.579885 0.579885 0.574990 0.566100

qII

q N 0.003632 0.002138 0.001225 0.000690 0.000384 0.000211 0.000115 0.000062

0.76 0.80 0.83 0.85 0.86 0.87 0.88 0.89
/^N
'^0.86 0.528981 0.566006 0.589314 0.603358 0.609859 0.609859 0.604763 0.595449

0  =  1.5
D N 0.003738 0.002197 0.001260 0.000710 0.000395 0.000217 0.000119 0.000064

P ^ 0.77 0.80 0.83 0.85 0.86 0.87 0.88 0.89

’^0.86 0.544352 0.581488 0.606184 0.620732 0.627382 0.627382 0.622128 0.612524

 ^  — NTable 5.3: Computed two mesh difference D , order of convergence p and the 
constant of convergence Cp. for G on [0,oo) generated by (A ^ ) with M  =  8nN 
applied to problem (Fas) for various values of N  and p.

0  =  0.5

N 128 256 512 1024 2048 4096 8192 16384
D N

p " '
r 'N
'-^0 .8 6

0.003729

0.76

0.543034

0.002199

0.80

0.582001

0.001260

0.83

0.606187

0.000710

0.85

0.620558

0.000395

0.86

0.627033

0.000217

0.87

0.627033

0.000118

0.88

0.621739

0.000064

0.89

0.612148
0 =  1.0

D N 0.004233 0.002490 0.001427 0.000804 0.000447 0.000246 0.000134 0.000073

P ^ 0.77 0.80 0.83 0.85 0.86 0.87 0.88 0.89
r>N
’^ 0 .8 6 0.616475 0.658970 0.686236 0.702504 0.709835 0.709835 0.703842 0.692985

p  =  1.5
D N 0.004567 0.002683 0.001537 0.000866 0.000481 0.000265 0.000144 0.000078

p ^ 0.77 0.80 0.83 0.85 0.86 0.87 0.88 0.89

^0.86 0.665188 0.710322 0.739632 0.757142 0.765034 0.765034 0.758581 0.746888

Table 5.4: Computed two mesh difference , order of convergence p^ and the
 ____

constant of convergence Cp. for D+G  on [0,oo) generated by (A 3 5 ) with M  — 8nN 
applied to problem {Psb) for various values of N  and (3.
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/9 =  0.5
N 128 256 512 1024 2048 4096 8192 16384
D N 0.003274 0.001947 0.001123 0.000634 0.000353 0.000195 0,000106 0,000058

0,75 0.79 0.82 0.84 0.86 0.87 0.88 0,89
/ ^N
^0.86 0.474384 0.512433 0.536410 0,550549 0.556825 0.556825 0.552032 0,543206qII

d N 0.003418 0.002030 0.001173 0,000664 0.000370 0.000204 0.000111 0.000060
0.75 0.79 0.82 0.84 0.86 0.87 0.88 0,89

^0.86 0.495212 0.533985 0.560548 0.575605 0.582181 0.582181 0,577162 0,567937

II

D N 0.003524 0.002085 0.001204 0.000681 0.000380 0.000209 0.000114 0.000062

P ^ 0.76 0.79 0.82 0.84 0,86 0,87 0,88 0.89

'^0.86 0.510290 0.548284 0,574944 0.590122 0.597267 0.597267 0.592041 0.582533

Table 5.5: Computed two mesh difference , order of convergence and the 
constant of convergence C^. for rjD+G on [0, oo) generated by with M  =  SnN
applied to problem {P^b ) for various values of N  and (3.

The computed global error can be used to calculate the global error bounds for 
all values of > 256, however in Chapter 6 we only need the value N  = 8192. For
this number of nodes we use Tables 5.3, 5.4 and 5.5 and the experimental technique
to obtain the following error bounds for N  > 2048

/? =  0.5 ||G -g||[o.oc) < 0.580iV-o«6
/?  =  1 . 0  | | G - 5 | | [ o,cx,) <  0 . 6 0 9 i V - « s 6

/? =  1.5 ||G-ff||[o,oc) < 0.6277V-o»6

/? =  0.5 | | 5 ^ - 9 ' | | [ o,oc) < 0.627iV-°-«6
/? = 1 .0  | | : ^ - 5 '||[o,oc) <0.710iV-o-86
/? = 1 .5  l | : ^ - 5 ' | | [ o .o o )  < 0.765iV-o-86

0  = 0.5 M D ^  -  5 ')||[o,oc) <  0.557iV-0'86 
P = 1.0 \ \ v ( ^  -  5 ')||[o,oc) <  0.5827V-O.86

P = 1.5 \ \ v ( ^  -  5 )  11 [0,00) < 0.597iV-o-«6.

5.7 Com puted global error estim ates for the com 
puted Blasius solution

Using the same techniques employed in Section 3.7, we obtain approximate expres
sions WsB for the Blasius solution w^b of (P^w) by substituting into the relation (5.4) 
the approximations G and D+G for g and g’, computed by ( j4 ^ ) .  Thus for each

(5.14)

(5.15)

(5.16)
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(x, y)  in the rectangle we define

W^B{x.y) =  G{r]) (5.17)

where rj E [0,oo) is given by (5.1).

For the z-com ponent W^b of the velocity we obtain, from (5.17) and (5.14), the 

following com puted error bound for all N  >  2048

(5.18)

/? — 0.5 ||Ŵ 3B “ 'J"3b||{T — ||G  — 5 ||[0 ,o o )

<  0.5807V-°®®

/ 3 =1 . 0  \ \W^B-W3B\\n <  0.609N-°-^^
0 = 1 . 5  \ \W3B-W3B\\n <  0.627iV-«-86.

In the specific case N  =  8192 the computed error bounds (5.18) become

/? =  0.5 WWs b - w s b Wq <  2.543 x  10-^
( 3 = 1 . 0  IIH/3 B <  2.625 x 10“  ̂ (5.19)

/ ? = 1 . 5  \ \W3B-W3B\\n <  2.702 x 10-4.

In a similar manner to the above we calculate com puted error bounds for approxi

m ations of the scaled first derivatives by scaled discrete derivatives

dyWsB =  (5.20)
y

m  — 1
d.W^B -  - ^ r j D + G i v ) .  (5.21)

7 ^ ll« .W '3 0  -  ^ l l n  =  -̂---------- s  |||„,„). (5.22)

For dyWsB we obtain, from (5.20) and (5.15), the following com puted error bound  

for all N  >  2048

P =  0.5 ^ J l d y W s B  -  2  - -  i . f  (0-6277V-°«^)

(3 =  1.0 ^ J l d y W ^ B  -  ^ \ \ n  <  (^-23)

0  =  1.5 - ^ ^ \ \ d y W 3 B - ^ - ^ \ \ n  <  y f 5 ( 0 .7 6 5 7 V - ° « « ) .
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In the specific case N  =  8192 the computed error bounds

0.5 T f e l l W B - dW3B 1 1 
dy  11 ̂ < 1.822 X 10“^

0  = 1.0 dw3B 11
dy  Nn < 2.060 X 10“^

1.5 d wj g  11 
dy  1 In < 2.223 X 10-^

For dxW^B we obtain, from (5.21) and (5.16), the following computed error 
for all N  >  2048

\ \ d . W ^ B - ^ \ \ n  =  ^ ■ ^ \ \ v ( ^ - g ' ) \ \ [ o , o c )

/? =  0.5 \ \ d , W s B - ^ \ \ ^  <  §fg(0.557iV-o-86)

1 3 = 1 . 0  \ \ d , W s B - ^ \ \ n  <  0
P = 1 . 5  \ \ d , W , B - ^ \ \ n  <  2 ^ (0 .5 9 7 A T -o .8 6 ).

In the specific case N  =  8192 the computed error bounds become

(5.24) 

bound

(5.25)

(5.26)

^ =  0.5 \ \ d ^ W 3 B - ^ \ \ n  <  7.275 x 10-5
^ =  1.0 \ \ d , W ^ B - ^ \ \ n  <  0
13 =  1.5 Wd^W^B -  <  1.608 x 10-1

(5.27)



Chapter 6

A R eynolds uniform numerical 
m ethod for the Prandtl boundary  
layer problem  for flow past a three  
dim ensional yawed wedge

6.1 Introduction

Using the same method as described in Chapter 4, we make use of the computed 
Blasius similarity solution of the Prandtl problem in Chapter 5 in two ways. Firstly, 
wc use it to provide the required artificial boundary conditions on the boundary of 
Q in the direct numerical method for the Prandtl problem.
Secondly, we use the computed Blasius similarity solution as a reference solution 
for the unknown exact solution in the expression for the error. Since the computed 
Blasius solution is known to converge {Re, /?)-uniformly to the solution of the Prandtl 
problem, we can compute {Re, /?)-uniform error bounds. For this purpose we use the 
computed Blasius solution for {Psb) when A^=8192, namely which provides the
required accuracy for the velocity components their derivatives
DxV^q '̂̂ , DyV;^g '̂ ,̂ and their scaled derivatives ^/eDyU^^'^ and y/eDyW^g^'^.
Again, it is convenient to introduce the notation e =  ^ ,  to emphasise the singularly

85
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perturbed nature of the problem. The problem (Psw) in C hapter 5 is now w ritten as

(Pse)

Find Use =  (u3 e,V3e,W3 e) such th a t for all (x ,y )  G 
Uj satisfies the differential equations

=  0

d U 3 e  I d V 3 e  

dx  dy 0

with boundary conditions
Use = 0, wse = 0 and ^3̂  =  0 on Tb
U3£ =  Ub F i IJ Ft

where (U(x) = x ^ , 0 )  is the solution of the reduced problem, m  == and Pn  is the 
angle in radians of the wedge.

6.2 D irect N um erical m ethod for th e  P randtl P rob
lem

The aim of this section is to construct a direct numerical m ethod to  solve the P rand tl 

problem {P^e) for all Re  G [l,oo) and all fi G [0,1.5]. We use the same piecewise 
uniform fitted mesh x in the rectangle Q, as defined in C hapter 4.

The problem {Pse) is discretised by the following non-hnear upwind finite differ-
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ence m ethod on the piecewise uniform fitted mesh

Find Use =  (Ua^, Vs ,̂ such th a t for all mesh points {x i,y j)  6 
Use satisfies the finite mesh difference equations

- e d ^ U s e i X i ,  V j )  +  U s e D ^  U s e i X i ,  V j )  +  V ^ e D y U z e i x u  V j )  =  U
£J_
dx

- e S ^ W s ^ i X i ,  V j )  +  W s e i X i ,  y j )  +  V 3 e D ^ W 3 e { X i , y j )  =  0

D ^ U 3 e { x i , y j )  +  D ~ V 3 , { x i , y j )  =  0

w ith boundary conditions

Use — 0 , Wse =  0 and =  0 on

U3e =  a n d  U

where , D t  and D„ , are the standard  first-order backward and forward finite
X   ̂ X  y  ’ y

difference operators, respectively, in the x  and y  directions and, for any continuous 
function on the dom ain DylJse is the upwind finite difference operator. 6^ is 
the standard  second order centered finite difference operator in the y  direction.
Since (^ 3̂ )  is a non-linear finite difference m ethod an iterative m ethod is required 
for its solution. This is obtained by replacing the system  of non-hnear equations by
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the following sequence of systems of linear equations

W ith  the boundary condition on F l,fo r  each i , l  < i < N ,

use the initial guess =  U g^lxi.jand for m  =  1 , . . . ,  M  solve the following
two point boundary value problem for U ^ { x i , y j )

-sSlurAxuVj) + ur,-^D-urAxi,yj) + V,T^D-U^^{xi,yj) =  c / f  1 < i  < iV -  1

with the boundary conditions =  U^b on Fb U F t ,  

and the initial guess for =  0.
Also, solve the initial value problem for VJ^{xi , y j )

 ̂ USi { x i , y j )  +  Dy  [ x i , y j )  =  0

w ith initial condition =  0 on F b -
Continue to iterate  between the equations for until m  =  M , 
where M  is such th a t

m ax(|t/3^ -  -  F a f“ 'I n f )  <
Finally, solve the two point boundary value problem for Wse{xi,yj)  

-eS lW3,{xi ,  yj) + 1/3̂ D~W3,{xi , yj) + V^^D^W^^ixi ,  yj) = 0, l < j < N

w ith the boundary conditions on F b U Ft -

V* is defined in Appendix A. For notational simplicity, we suppress explicit mention 
of the iteration superscript M , and henceforth we write simply Usg for the solution 
generated by (A ^). We take tol = 10“® in the com putations.

6.3 Error analysis based upon th e finest m esh

In this section we estim ate, computationally, the maximum pointwise error in the 
numerical solution and its discrete derivatives generated by the algorithm  of
the previous section. Since the exact solution in the expression for the computed 
maximum pointwise error is unknown, we replace it by the solution generated 

by on the finest mesh The results for 1/ 3^, and their derivatives have
been extensively investigated in Section 4.4. We need only investigate the results for 

and its derivatives.
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For Wsi: we define the computed maximum pointwise errors

Ê {w,,) = m .-w ip\y
and

=  maxEf (M/3.)

As in the previous chapter, we show the errors for only three values of the angle of 
the wedge /? =  0.5, /? =  1.0 and /3 =  1.5. Note that similar results for the flat plate 
(/? =  0.0) are in [26] and those for the value of (3 — 0.7 are in [7].
The values of the computed maximum pointwise errors generated by applied
to problem (Pse) for W3  ̂ are given in Table 6.1 for various values of e, N  and (3. 
The results in Table 6.1 stabilise to a fixed value for all N  and all (3 considered. The 
computed maximum error for 14̂ 3̂  decreases as the number of mesh points increase. 
For each N  the largest computed maximum error occurs when <  e <  2“ ^̂ . Table 
6.1 strongly suggests that the method is e-uniform for W^e for all (3 considered.

e \ N 32 64 128 256
2 “ U 4.28e-03 2 .34e-03 1.26e-03 6.68e-04
2 “ ^ 8 .01e-03 4 .1 8 e.0 3 2.19e-03 1.17e-03
2 ~ * 7.96e-03 4 .13e-03 2.15e-03 1.14e-03
2 - 6 9 .91e-03 5 .04e-03 2 .58e-03 1.35e-03
2 “ ® 1.03e-02 5 .57e-03 2 .99e-03 1.67e-03
2 - 1 0 l.0 3 e -0 2 5.57e-03 2 .99e-03 1.67e-03
2 -1 2 1.03e-02 5.57e-03 2.99e-03 1.67e-03
2 - 1 “ 1.03e-02 5 .57e-03 2.99e-03 1.67e-03
2 - 1 6 1.03e-02 5.57e*03 2.99e>03 1.67e-03
2 - 1 8 1.03e-02 5 .57e-03 2.99e-03 1.67e-03
2 - 2 0 1.03e-02 5 .57e-03 2.99e-03 1.67e-03

1.03e-02 5 .57e-03 2.99e-03 1.67e-03

t \ N

-14

- 1 6

- 1 8

- 2 0

= 1. 0  
64 128 256

4.90e-
2.83e-
4.95e-
1.07e-
l . l l e -
l . l l e -
l.lO e-
1.09e-
l.OSe-
1.07e-
l .0 7 e .

2.57e-04
1.50e-03
2.44e-03
5.36e-03
6 .69e-03
6.70e-03
6.70e-03
6 .69e.03
6.68e-03
6.68e-03
6.68e-03

1.38e-04
8 .12e-04
1.17e-03
2 .6 3 e.0 3
3 .86e-03
3 .86e-03
3 .86e-03
3 .86e-03
3 .86e-03
3 .86e-03
3 .86e-03

7 .87e.05
4 .60e.04
6.60e-04
1.24e-03
2.15e-03
2.15e-03
2.15e-03
2.15e-03
2.15e-03
2.15e-03
2.15e-03

6 .7 0 e.0 3  3 .86e-03  2 .15e-03
& -  1.5

e \ N 32 64 128 256
2 - 0 & .lle -0 3 2.52e-03 1.21e-03 5.54e-04
2 - 2 1.69e-02 8 .53e-03 4.23e-03 2 .04e-03
2 - 4 2.75e-02 1.41e-02 7.11e-03 3 .51e-03
2 “ ® 3.28e-02 1.97e-02 1.15e-02 6 .2 9 e.0 3
2-® 3.29e.02 1.96e-02 1.15e-02 6 .48e-03
2 - 1 0 3.30e-02 1.96e-02 l .l5 e -0 2 6 .48e-03
2 - 1 2 3.30e-02 1.97e-02 1.15e-02 6 .48e-03
2 - 1 4 3.30e-02 1.97e-02 1.15e-02 6 .48e-03
2 - 1 6 3.30e-02 1.97e-02 l .l5 e - 0 2 6 .48e-03
2 - 1 8 3.30e-02 1.97e-02 1.15e-02 6 .48e-03
2 - 2 0 3.30e-02 1.97e-02 1.15e-02 6 .48e-03

3.30e-02 1.97e.02 1.15e-02 6 .48e-03

Table 6.1: Computed maximum errors E^{W^e) generated by applied to prob
lem (Pse) for various values of e, and (3.

Graphs of the 2 : velocity component 14̂ 3̂  of the solution U s e  generated by the 
direct method with N=32, and (3 =  0.5, 1.0 and 1.5 for e — 1.0 and 2~^^
shown, are in Figures 6-1 and 6-2, respectively.
In Figure 6-1 we see the graphs of are smooth for various values of /?, with
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£ =  1.0 .

Figure 6-1: Graphs of for e = 1.0, N=32  and /? =  0.5,1.0,1.5.

Figure 6-2: Graphs of for e =  2 N=32  and j3 =  0.5,1.0,1.5.

In Figure 6-2 we see the boundary layer along the surface of the wedge for 1̂ 3̂  
for various values of f3 and e =  2~^^. In both Figures the z velocity component has 
no non-physical oscillations for all j3.
The computed orders of convcrgcnce , p ^  and the error constants for are 
defined in an analogous manner to the computed orders of convergence and error 
constants in Section 4.4. The computed orders of convergence p ^  and p ^  and the 
constant of convergence Cp. for are given in Table 6.2 for various values of e, N  
and /?. The results in Tables 6.1 and 6.2 suggest tha t (j4^) is an e-uniform numerical 
method of order at least 0.80 for W^e for all /3.
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/3 = 0,5 f) = 1,0 1,5
e \ N 32 64 128 e \ N 32 64 128 e \ N 32 64 128
2 -0 0.83 0,89 0.94 2 -0 0.98 0,99 0,99 2 -0 0.99 1.00 1,00
2 -2 0.95 0.97 0,99 2 -2 0,94 0,97 0,99 2 -2 0,96 0,98 0,99
2 - 4 0.96 0.97 0,98 2 - 4 0,96 0,98 0,99 2 - 4 0,94 0,96 0,98
2 -6 1.00 1,00 1,00 2 -6 0.96 0,98 0,99 2 -6 0.46 0,74 0.67
2 -8 0.97 0.99 0,96 2 -8 0.65 0,72 0,79 2 -8 0,47 0.76 0.78
2-10 0.97 0.99 0,96 2-10 0,65 0,72 0.79 2-10 0,48 0,76 0.78
2-12 0.97 0.99 0,96 2 12 0,61 0.72 0.79 2-12 0.48 0.76 0.78
2 - 1 4 0.97 0.99 0,96 2 - 1 4 0,57 0,72 0.79 2 - 1 4 0,48 0.76 0.78
2 - 1 6 0.97 0,99 0.96 2 - 1 6 0,54 0,71 0.79 2 - 1 6 0.48 0.77 0.78
2 - 1 8 0.97 0,99 0.96 2 - 1 8 0,52 0.71 0.79 2 - 1 8 0,48 0.77 0.78
2-20 0.97 0,99 0.96 2-20 0,51 0,71 0,79 2-20 0,48 0.77 0,78

r c o m p 0,93 0.91 0.94 y c o m p 0,90 0.89 0,89 r 'c o m v 0,93 0.97 0,80
Co.9 1 1.36 1.36 1,36 Co.8 9 0,36 0,36 0,35 9 bo 0 0,97 0.97 0,95

Table 6.2: Computed orders of convergence pf l lVs^) ,  p ^ ( W 3 e) and the error constants 

generated by (>1^) applied to problem (Pse) for various values of e, N  and /3.

From the data in Table 6.2 we obtain the com puted error bounds for

p  =  0.5 IIH/3.  -  <  1.367V-0-91

p  =  1.0 ||M̂ 3e -  <  0 .36iV -“ «9 (6.1)

P =  1.5 -  W3e||n,  ̂ <  0.97A^-o«°.

Graphs of the com puted scaled discrete derivatives \ZsD~  and D~ W 2,e generated  

by (A ^ ) are given in Figures 6-3 and 6-4, respectively, for N  =  2>2, e =  2 “ ^̂  and 

/3=0.5, 1.0 and 1.5. Graphs of \ / e D y W 3  ̂ in Figure 6-3 show a region of rapid change 

along the wedge for various p.  Graphs of D~W^e in Figure 6-4 show the region closest 
to the leading edge to be the most active.

Figure 6-3: Graphs of \ / e D  for £ =  2 N = 3 2  and P =  0 .5 ,1 .0 ,1 .5 .
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Figure 6-4: Graphs of for e =  2 N = 32  and P =  0.5,1.0,1.5.

We approximate the scaled partial derivatives and \ / s ^ ^  by the correspond
ing scaled discrete derivatives and ^/eD~W^e- Since the scaled derivatives
of the exact solution are unknown, we replace them in the expression for the 
error by the appropriate scaled derivatives of the computed solution generated
by method on the finest available mesh. The resulting computed maximum
pointwise errors of the computed scaled discrete derivatives y/sDyW^e and D~W^^ 
are given in the Tables 6.3 and 6.4, respectively.

0  =  0.5
e \ N 32 64 128 256
2 ~ ^ 1.33e-02 7.92e-03 4.64e-03 2.88e-03
2 - 2 2 .55e-02 l .l9 e - 0 2 5.14e-03 1.85e-03
2 ~ ^ 5.10e-02 2 .38e-02 1.02e-02 3.39e-03
2~® l.O le -O l 4 .76e-02 2.04e-02 6.81e-Q3
2 “ ® 9.96e-02 5.46e-02 2.69e-02 9.93e-03
2 - 1 0 9 .96e-02 5.46e-02 2.69e-02 9.93e-03
2 - 1 2 9.96e-02 5 .46e-02 2.69e-02 9.93e-03
2 - 1 4 9 .96e-02 5 .46e-02 2.69e-02 9.93e-03
2 - 1 6 9 .96e-02 5 .46e-02 2.69e-02 9.93e-03
2 - 1 8 9 .96e-02 5.46e-02 2.69e-02 9.93e-03
2 - 2 0 9 .96e-02 5 .46e-02 2.69e-02 9.93e.Q3

l.O le-0 1 5 .46e-02 2.69e-02 9 .93e.03

e \ N

2 - 2

- 1 0  

- 1 2  

-1 4  
16 

-18 
- 2 0  

77—

I =  1 .0  

64 128 256
3.l7e-
9.02e.
I .S l e -
3.59e-
3.51e-
3.51e-
3 .5U -
3.51e-
3.51e-
3.51e-
3 .5 le .

1.57e-03
4 .2 6 e '0 3
8.45e-03
1 .6 9 e '0 2
1.95e.02
1.95e-02
1.95e-02
1.95e-02
1.95e*02
1.95e-02
1.95e-02

7.36e-04
1.86e-03
3.63e-Q3
7.24e-03
9 .53e-03
9.53e-03
9.53e-03
9.53e-Q3
9 .53e-03
9 .53e-03
9.53e-03

e \ N 32 64 128 256
2 ~ ^ 4.07e-02 1.95e-02 8.84e-03 3 .54e-03
2 - 2 6.89e-02 3.40e-02 1.57e-02 6 .47e-03
2 - 4 1.20e-01 5.95e-02 2 .78e-02 1 .2 le -0 2
2 - 6 1.47e-01 8.50e-02 4 .55e-02 2 .44e-02
2 - 8 1.44e-01 8.33e-02 4.37e-02 2 .53e-02
2 - 1 0 1.44e-01 8.33e-02 4.37e-02 2 .53e-02
2 -1 2 1.44e-01 8.33e.02 4 .37e-02 2 .53e-02
2 - 1 4 1.44e-01 8.33e-02 4 .37e-02 2 .53e-02
2 - 1 6 1.44e-01 8.33e-02 4.37e-02 2.53e-02
2 - 1 8 1.44e-G l 8 .33e-02 4.37e-02 2 .53e-02
2 - 2 0 1.44e-01 8.33e-02 4.37e-02 2 .53e-02

1.47e-01 8.50e-02 4.55e-02 2 .53e-02

2.85e.Q4
8.58e-04
1.35e-03
2.46e-03
3.90e-03
3.90e-03
3 .90e-03
3.90e-03
3 .90e.03
3.90e-03
3 .90e-03

3 .59e-02  I .9 5 e -0 2  9 .53e-03  3.90e-03

Table 6.3; Computed maximum errors [y/eDy generated by (A^) applied to 
problem (Pse) for various values of e, N  and (3.
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€ \ N 32 64 128 256 e \ N 32 64 128 256
l . l l e - 0 1 6 .44e-02 3.17e-02 1.17e-02 2 “ ^ 1.65e-03 2.49e-03 3.66e-03 4.83e-03

2 - 2 6.82e-02 3 .36e-02 1.39e-02 1.49e-02 2 ~ 2 1.78e-02 1.91e-02 1.84e-02 1.58e-02
2 - “ 6.57e«02 3.37e.Q2 1.45e-02 1.86e.02 2 - 4 3 .22e-02 3.09e-02 3.31e-02 2.89e-02
2 - 6 6.17e-02 3 .22e-02 2.05e-02 2.63e-02 2 - 6 6 .60e-02 5.62e-02 6 .19e-02 5.47e-02
2 -® 6 .0 U -0 2 3.23e-02 3.13e-02 3.69e-02 2 - 8 6 .81e-02 7.02e-02 8.63e-02 8.78e-02
2 - 1 0 6.01e-02 3.23e-02 3.13e-02 3.69e-02 2 - 1 0 6 .79e-02 7.02e-02 8.63e-02 8.78e-02
2 -1 2 6 .01e-02 3.23e-02 3.13e-02 3.69e-02 2 - 1 2 6 .76e-02 7.02e-02 8.63e-02 8.78e-02
2 - U 6 .01e-02 3.23e-02 3.13e-02 3.69e-02 2 - 1 4 6 .74e-02 7.02e-02 8.63e-02 8.78e-02
2 - 1 6 6.01e-02 3.23e-02 3.13e-02 3.69e-02 2 - 1 6 6 .73e-02 7.02e-02 8.63e-02 8.78e-02
2 - 1 8 6.01e-02 3.23e-02 3.13e-02 3.69e-02 2 - 1 8 6 .73e-02 7.02e-02 8.63e-02 8.78e-02

to
1 o 6-01e-02 3 .23e-02 3.13e-02 3.69e-02 2 - 2 0 6.72e-02 7.02e-02 8.63e-02 8.78e-02

l . l l e - 0 1 6 .44e-02 3.17e-02 3.69e-02 6 .81e-02 7.02e-02 8 .63e-02 8.78e-02
P =  1.5

e \ N 32 64 128 256
2 ~ ^ 9.58e-03 8.34e-03 8 .30e-03 6 .43e-03
2 “ 2 3.02e-02 2.27e-02 1.89e-02 1.34e-02
2 ~* 5.73e-02 4.87e-02 3 .92e-02 2.72e-02
2 - 6 7.27e-02 7.44e-02 7 .05e-02 5 .44e-02
2 - 8 7.28e-02 7.44e-02 7 .05e-02 5.65e-02
2 - 1 0 7.27e-02 7.44e-02 7 .05e-02 5 .65e-02
2 - 1 2 7.27e-02 7.44e-02 7 .05e-02 5 .65e-02
2 - 1 4 7.27e-02 7.44e-02 7 .05e-02 5 .65e-02
2 - 1 6 7.27e-02 7.44e-02 7 .05e-02 5.65e-02
2 - 1 8 7.27e-02 7.44e-02 7 .05e-02 5 .65e-02
2 - 2 0 7.27e-02 7.44e-02 7 .05e-02 5 .65e-02
E ^ 7.28e-02 7.44e-02 7 .05e-02 5 .65e-02

Table 6.4: Computed maximum errors E ^lD ^W ss) generated by applied to
problem (Pse) for various values of e, N  and /3.

The computed maximum errors in Tables 6.3 and 6.4 for -^/eDyWs^ and D~W^^, 
respectively, stabilise to a fixed value after e =  2“ °̂ for all (5. The computed max
imum error for ^ D y W ^ e  decreases as the number of mesh points increase. The 
results in Table 6.3 suggest that the method is independent of e for yJeDyW^^ for 
/3 =  0.5, 1.0 and 1.5. The computed maximum error for D~Wze decreases as the 
number of mesh points increase for N  >  128. The orders of convergence and the 
compound error constants for and D~W^^ are given in Tables 6.5 and 6.6,
respectively, for various values of £, N  and /?.
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0 = 0.5 P = 1.0 /3 = 1.5
e \N 32 64 128 e \N 32 64 128 e \N 32 64 128
2 -0 1.01 0.88 0.91 2 -0 0.95 0.95 0.66 2 -0 0.98 0.99 1.00
2 - " 1.00 1.01 0.95 2 -2 0.99 0.98 0.90 2 -2 0.94 0.96 0.98
2 - 4 0.99 1.00 1.01 2 - 4 1.00 0.99 0.98 2 - 4 0.91 0.95 0.97
2 -6 0.96 0.99 1.00 2 -6 1.00 1.00 0.99 2 -6 0.61 0.61 0.66
2 - S 0.67 0.73 0.77 2-S 0.65 0.73 0.77 2 -8 0.61 0.68 0.74
2-10 0.67 0.73 0.77 2-10 0.65 0.73 0.77 2-10 0.61 0.68 0.74
2-12 0.67 0,73 0.77 2-12 0.65 0.73 0.77 2-12 0.61 0.68 0.74
2 - 1 4 0.67 0.73 0.77 2 - 1 4 0.65 0.73 0.77 2 - 1 4 0.60 0.68 0.74
2  1 6 0.67 0.73 0.77 2 - 1 6 0.65 0.73 0.77 2 - 1 6 0.60 0.68 0.74
2 - 1 8 0.67 0.73 0.77 2 - 1 8 0.65 0.73 0.77 2 - 1 8 0.60 0.68 0.74
2-20 0.67 0.73 0.77

01

0.65 0.73 0.77 2-20 0.60 0.68 0.74

r c o m p 0.91 0.73 0.77 p'Vr c o m p 0.95 0.73 0.77 P c o m p 0.66 0.61 0.66

C o .7 3 1.68 1.48 1.48 Co.73 0.61 0.53 0.53 C'o.ei 1.47 1.42 1.42

Table 6.5: Computed orders of convergence p ’̂ { \ /eD y  Ws^), p^{^/eDy  and 
generated by applied to problem {Pse) for various values of e, N  and fi.

0 = 0.5 0 = 1.0 0 = 1.5
e \N 32 64 128 e \N 32 64 128 e \N 32 64 128
2 -0 0.65 0.82 0.92 2 -0 -0.43 -0.26 0.05 2 -0 0.12 0.14 0.44
2 -2 0.81 0.87 0.93 2 -2 0.06 0.22 0.37 2 -2 0.20 0.31 0.53
2 - 4 0.78 0.88 0.93 2 - 4 0.00 0.07 0.30 2 - 4 0.10 0.32 0.54
2 -6 0.75 0.86 0.93 2 -6 0.14 -0.01 0.26 2 -6 -0.21 -0.04 0.24
2 - s 0.74 0.93 0.25 2 -8 -0.16 -0.21 0.04 2 -8 -0.21 0.03 0.29
2-10 0.74 0.93 0.25 2 -10 -0.17 -0.21 0.04 2-10 -0.21 0.03 0.29
2-12 0.74 0.93 0.25 2-12 -0.19 -0.21 0.04 2-12 -0.21 0.03 0.29
2 14 0.74 0.93 0.25 2 - 1 4 -0.19 -0.21 0.04 2 - 1 4 -0.21 0.03 0.29
2 - 1 6 0.74 0.93 0.25 2 - 1 6 -0.20 -0.21 0.04 2 - 1 6 -0.21 0.03 0.29
2 - 1 8 0.74 0.93 0.25 2 - 1 8 -0.20 -0.21 0.04 2 - 1 8 -0.21 0.03 0.29
2-20 0.74 0.93 0.25

01 -0.20 -0.21 0.04 2-20 -0.21 0.03 0.29

y c o m p 0.65 0.82 0.92 t ' c o m p 0.02 -0.21 0.04 r c o m p -0.21 -0.04 0.24

Co.65 1.55 1.55 1.38 C-0.21 -0.11 -0.09 -0.09 C-0.21 -0.08 -0.08 -0.07

Table 6.6: Computed orders of convergence p^{D^ p^[D^ W^e) and C^. gener
ated by applied to problem {P^e) for various values of e, N  and fi.

The results in Tables 6.3 and 6.5 suggest that is an e-uniform numerical
method of order of at least 0.61 for for >  64 and f3. We cannot draw
the same conclusion from Tables 6.4 and 6.6 for D~Wze as we have negative orders 
of convergence.

From the data in Table 6.5 we obtain the computed error bounds for ^/eDyW^^

P =  0.5 <  1.68N-°-^^

P =  1.0 ^ \ \ D - W ^ ,  -  ^ W a N  <  (6.2)
/? =  1.5 V^\\D-W 3, -  ^ W n N  <  l .47N-°-^\
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6.4 Error analysis based upon the com puted Bla
sius solution

In this section we com pute e-uniform  maximum pointwise differences in the approxi

m ations generated by the direct numerical method described in Section 6.2. For this 

case we compare the parameter uniform maximum pointwise differences in the ap

proximations generated by the direct numerical m ethod of the previous section with  

the corresponding values of generated by the m ethod defined in Chapter 5.
 8192

T he scaled maximum pointwise difference | |M̂ 3 £ — W^b \ of N , £ and /? are given 

in Table 6.7.

T he results in Table 6.7 stabilise to a fixed value for all N  and all (3 considered. 

The computed maximum difference for decreases as the number of mesh points 

increase. For each N  the largest computed maximum difference occurs when <  

e <  for all (3. T he results in Table 6.7 indicate that the method is independent 

of e for the z-velocity component for various (3. In a similar fashion to Table 6.1 of 

the pointwise errors of Table 6.7 strongly suggests that the m ethod is e-uniform  

for for all (3 considered.

0  = 0 .5  0  =  1.0
e \ N 32 64 128 256 512 e \ N 32 64 128 256 512
2 ~ ^ 4 .28e-03 2 .34e-03 1.26e-03 6.68e-04 3.60e-04 2 ' ^ 4 .90e-04 2.57e-04 1.38e-04 7.87e-05 4 .88e-05
2 - 2 8.01e-03 4 .1 8 e.0 3 2.19e-03 l .l7 e - 0 3 6.58e-04 2 - 2 2 .83e-03 1.50e-03 8.12e-04 4.60e-04 2.83e-04
2 “ ^ 7.96e-03 4.13e-03 2.15e-03 1.14e-03 6.33e-04 2 ~ * 4 .95e-03 2.44e-03 1.17e-03 6.60e-04 4.03e-04
2 - 6 9 .9 Ie -0 3 5 .04e-03 2.58e-03 1.35e-03 7.32e-04 2-® 1.07e-02 5.36e-03 2 .63e-03 1.24e-03 6.62e.Q4
2~® 1.02e-02 5 .54e-03 2.99e-03 1.63e-03 g.lO e-04 2-® l . l l e - 0 2 6 .72e-03 3 .88e-03 2.17e-03 1.16e-03
2 - 1 0 1.02e-02 5 .54e-03 2.99e-03 1.63e-03 9.10e-04 2 - 1 0 l . l l e - 0 2 6 .72e-03 3 .88e-03 2.17e-03 1.16e-03
2 - 1 2 1 .02e.02 5 .54e-03 2.99e-03 1.63e-03 9.10e-04 2 -1 2 l .lO e -0 2 6 .72e-03 3 .88e-03 2.17e-03 1.16e-03
2 - 1 4 1.02e-02 5 .54e-03 2.99e-03 1.63e-03 9.10e-04 2 - 1 4 1.09e-02 6 .71e-03 3 .88e-03 2.17e-03 1.16e-03
2 - 1 6 1.02e-02 5 .54e-03 2.99e-03 1.63e-03 9.10e-04 2 - 1 6 1.08e-02 6 .71e-03 3 .88e-03 2.17e-03 1.16e-03
2 - 1 8 1.02e-02 5 .54e-03 2.99e-03 1 .6 3 e -0 3 9.10e-04 2 - 1 8 1.07e-02 6 .70e-03 3 .8 8 e.0 3 2 .17e.03 1.16e-03
2 - 2 0 l ,0 2 e -0 2 5 .54e-03 2 .9 9 e -0 3 1.63e-03 9.10e-04 2 - 2 0 1.07e-02 6.70e-03 3 .88e-03 2.17e-03 1.16e-03

l .0 2 e -0 2 5 .54e-03 2 .9 9 C -0 3 1.63e-03 9.10e-04 l . l l e - 0 2 6.72e-03 3.88e-03 2 .17e.03 1.16e-03
0  =  1.5

e \ N 32 64 128 256 512
2~*^ 5.11e-03 2.52e-03 1 21e-03 5.54e-04 2.43e-04
2 - 2 1.69e-02 8.53e-03 4 23e-03 2 .04e-03 9.42e-04
2 ~ * 2.75e-02 1.41e-02 7 l le -0 3 3 .5 le -0 3 1.68e-03
2 “ ® 3.29e-02 1.97e-02 1 16e-02 6 .29e-03 3.10e-03
2 -® 3 .30e.02 l.97e.Q 2 1 16e-02 6 .51e-03 3 .57e-03
2 - 1 0 3.31e-02 1.97e-02 1 16e-02 6 .51e-03 3 .57e-03
2 - 1 2 3.31e-02 1.97e-02 1 16e-02 6 .61e-03 3 .57e-03
2-1-* 3.31e-02 1.97e-02 1 16e.02 6 .51e-03 3.57e-03
2 - 1 6 3.31e-02 1.97e-02 1 16e-02 6 .51e-03 3.57e.Q3
2 - 1 8 3.31e-02 1.97e-02 1 16e-02 6 .51e-03 3.57e-03
2 - 2 0 3.31e-02 1.97e-02 1 16e-02 6 .51e-03 3.57e-03

3.31e-02 1.97e-02 1 16e-02 6 .51e-03 3 .57e.03

 8192
Table 6.7: Computed maximum pointwise difference ||H^3£ — W^b ||q" where 

is generated by for various values of e, N  and p.
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Figure 6-5: Graphs of VKge -  for e =  2~^ ,̂ N = 32  and /? =  0.5,1.0,1.5.

The graphs of differences for e =  2~^ ,̂ N = 3 2  and /? =  0.5,1.0,1.5
in Figure 6-5 show that the largest difference is contained within the boundary layer 
along the surface of the wedge for all P considered.
We now estimate the order of convergence of the numerical approximation gen
erated by the direct numerical method (^ ^ ), by using the computed order of con
vergence defined in Section 4.5.

The orders of convergence and the error constants of the velocity component 
are given in Table 6.8.

/3 =  0.5 /3 =  1.0 0  =  1.5
e \ N 32 64 128 256 € \N 32 64 128 256 e \N 32 64 128 256
2 - 0 0.87 0.89 0.91 0.89 2 -0 0.93 0.89 0.81 0.69 2 -0 1,02 1,06 1,13 1,19
2 -2 0,94 0.93 0.90 0.83 2 -2 0.91 0.89 0.82 0.70 2-2 0,99 1,01 1,05 1,12
2 - 4 0.95 0.94 0.91 0.85 2 - 4 1.02 1.06 0.83 0.71 2 -* 0,97 0,98 1,02 1.06
2 - 6 0.98 0.97 0.94 0.88 2 -6 0.99 1.03 1.08 0.91 2 -6 0,74 0,77 0,88 1,02
2 -8 0.88 0.89 0.88 0.84 2 -8 0.73 0.79 0.84 0.91 2 -8 0,74 0,77 0,83 0,86
2-10 0.88 0.89 0.88 0.84 2-10 0.73 0.79 0.84 0.91 2-10 0,74 0,77 0,83 0,86
2-12 0.88 0.89 0.88 0.84 2-12 0.71 0.79 0.84 0.91 2-12 0,75 0,77 0,83 0,86
2 - 1 4 0.88 0.89 0.88 0.84 2 - 1 4 0.69 0.79 0.84 0.91 2 - 1 4 0,75 0,77 0,83 0,86
2 - 1 6 0.88 0.89 0.88 0.84 2 - 1 6 0.68 0.79 0.84 0.91 2 - 1 6 0,75 0,77 0,83 0,86
2 - 1 8 0.88 0.89 0.88 0.84 2 - 1 8 0.68 0.79 0.84 0.91 2 - 1 8 0,75 0,77 0,83 0,86
2-20 0.88 0.89 0.88 0.84 2-20 0.67 0.79 0.84 0.91 2-20 0,75 0,77 0.83 0,86

Pcomp 0.88 0.89 0.88 0,84 Pcomp 0.73 0.79 0.84 0,91 Pcomp 0,75 0,77 0,83 0,86
Co.8 4 0.43 0.41 0.40 0,39 Co.73 0.35 0.35 0.33 0,31 Co.75 1,09 1,09 1,07 1,01

Table 6.8: Computed orders of convergence p̂ ĉomp̂  Pcomp error constant
Cp, for Wii: — where is generated by for various values of e,
and /?.

From Table 6.8 we see that the order of convergence for the approximations to 
the scaled velocity component in each case is at least 0.75 for for /3 =  0.5, 1.0
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and 1.5. Using Table 6.8 we obtain the following error bounds

P =  0.5 <  0.43W -°«4
(3 =  1.0 ||l^3e -  <  0.35iV-o-^3 (6.3)

P =  1.5 ||H^3. -  <  1.09iV-o-^^

From Tables 6.7 and 6.8 we have shown that for the z-velocity component the 

m ethod is e-uniform  for 0  =  0.5, 1.0 and 1.5. Further com putations, not reported 

here, show that the errors for the z- velocity com ponent for /? €  [0.0,1.5] have similar 

behaviour, therefore the method can be said to  be (e, /3)-uniform for the scaled 

velocity components.

0  = 0.5  0  =  1.0
e \ N 32 64 128 256 512 e \ N 32 64 128 256 512
2 “ ^ 1.39e-02 7 .09e-03 3 .8 U -0 3 2.05e-03 l ,2 8 e -0 3 2 - 0 3 .55e-03 1.86e-03 l .O le -0 3 5.90e-04 3.77e-04

2.75e-02 1.39e-02 7.09e-03 3.70e-03 2,05e-03 2 “ ^ 9 .82e-03 5 .00e-03 2 .60e-03 1.42e-03 8.27e-04
2 ^ ^ 5.47e-02 2.75e-02 1.39e-02 7.09e-03 3.70e-03 2 ~ * 1.95e-02 9.82e-03 5 .00e-03 2.60e-03 1.42e-03
2 - 6 1.08e-01 5.47e-02 2.75e-02 1.39e-02 7.09e-03 2 - 6 3.84e-02 1.95e-02 9 .82e-03 5.00e-03 2.60e-03
2 “ ® l.l3 e -0 1 6 .73e-02 3.99e-02 2.30e-02 1.30e-02 2 - ® 3.98e-U2 2 .4 le -0 2 1.42e-02 8.20e-03 4.69e-03
2 - 1 0 1.13e-01 6 .7 3 e.0 2 3.99e-02 2.30e-02 1.30e-02 j - l O 3.98e-02 2.41e-02 1.42e-02 8.20e-03 4.69e-03
2 - 1 2 l .I3 e -0 1 6 .73e-02 3.99e-02 2.30e-02 1.30e-02 2 - 1 2 3 .98e.02 2.41e-02 1.42e-02 8.20e-03 4.69e-03
2 - 1 4 1.13e-01 6 .73e-02 3.99e-02 2.30e-02 1.30e-02 2 - 1 ^ 3.98e-02 2.41e-02 l.4 2 e .0 2 8.20e-03 4.69e-03
2 - 1 6 1.13e-01 6 .73e-02 3.99e-02 2.30e-02 1.30e-02 2 - 1 6 3.98e-02 2.41e-02 l.4 2 e -0 2 8 .2 0 e.0 3 4.69e-03
2 - 1 8 1.13e-01 6 .73e-02 3.99e-02 2.30e-02 1.30e-02 2 - 1 8 3.98e-02 2.41e-02 1.42e.02 8 .20e-03 4.69e-03
2 - 2 0 1 .1 3 e-0 l 6 .73e-02 3.99e-02 2.30e-02 1.30e-02 2 - 2 0 3.98e-02 2.41e-02 1.42e-02 8.20e-03 4.69e-03

1.13e-01 6 .73e-02 3.99e-02 2 .30e.02 1.30e-02 3.98e-02 2.41e-02 1.42e-02 8.20e-03 4.69e-03
0  =  1.5

e \ N 32 64 128 256 512
2 “ ^ 4.28e-02 2.15e-02 1.08e-02 5 .42e-03 2 .72e-03
2 - 2 7.24e-02 3.72e-02 1.89e-02 9 .46e-03 4 .70e-03
2 * 1.25e-01 6.60e-02 3.37e-02 1.70e-02 8 .52e-03
2 - 6 1.60e-01 9.63e-02 5.71e-02 3 .18e-02 1.60e-02
2 “ ® 1 .6 0 e-0 l 9.63e-02 5.71e-02 3 .29e-02 1.86e-02
2 - 1 0 1.60e.01 9.63e-02 5.71e-02 3 .29e-02 1.86e-02
2 - 1 2 1.60e-01 9.63e-02 5.71e-02 3 .29e-02 1.86e-02
2 - 1 4 1.60e-01 9.63e-02 5.71e-02 3 .29e-02 1.86e-02
2 - 1 6 1.60e-01 9.63e-02 5.71e-02 3 .29e-02 l.8 6 e -0 2
2 - 1 8 1.60e-01 9.63e-02 5.71e-02 3 .29e-02 1.86e-02
2 - 2 0 1.60e-01 9.63e-02 5.71e-02 3 .29e-02 1.86e-02
E ^ 1.60e-01 9.63e-02 5.71e-02 3 .29e-02 1.86e-02

Table 6.9: Computed maximum pointwise scaled difference y/e\\D yW i^  —

where W^e is generated by for various values of e, N  and /3.

In Tables 6.9 and 6.10 we display the com puted maximum pointwise differences of 

the approximations to the scaled first order derivatives of the 2-velocity component 

y/eD yW si: and for various values of e, and /?.

In Table 6.9 we see that the computed maximum pointwise differences of 

decrease as the number of mesh points increase. For each N  the largest computed  

maximum difference occurs when <  e <  2“ ^̂  for all /?. The maximum differences 

stabilise to a fixed value as e decreases for any e or /3. The results in Table 6.9 indicate 

that the method is independent of e for ^ /sD ~ W 3b  for various p . In a similar fashion
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to Table 6.3 of the pointwise errors of y/sD y  Table 6.9 strongly suggests that 

the m ethod is e-uniform  for ^/eDyWs^  for all /3 considered.

e \ N 32
0

64
=  0 .5

128 256 512 £ \ N 32
0

64
-  1.0

128 256 512
1.19e-01 7.37e-02 4.28e-02 2.34e-02 1.26e-02 2 “ '̂ 1.65e-03 2.49e-03 3.66e-03 4.83e-03 5.26e-03

2 - 2 7.54e-02 4.14e-02 2.16e-02 l.0 8 e -0 2 5.12e-03 2 “ ^ 1.78e-02 1.91e-02 1.84e-02 1.58e-02 1 .2 U -0 2
2 4 7.26e-02 4.06e-02 2.11e-02 1.06e-02 5.06e-03 3.22e-02 3.09e-02 3.31e-02 2.89e-02 2.18e-02
2 “ ® 6.69e-02 3.80e-02 2 .0 le -0 2 l.O le-0 2 7.46e-03 2 - 6 6 .60e-02 5.62e-02 6.19e-02 5.47e-02 4.12e-02
2 “ ® 6.S2e-02 3.74e-02 l.9 7 e -0 2 2.03e-02 1.58e-02 2 “ ® 6.81e-02 7.02e-02 8.63e-02 8.78e-02 7.45e-02
2 - 1 0 6.52e-02 3.74e-02 l ,9 7 e -0 2 2.03e-02 1.58e-02 2 - 1 0 6 .79e-02 7.02e-02 8.63e-02 8.78e-02 7.45e-02
2 - 1 2 6.52e-02 3.74e-02 l.9 7 e -0 2 2.03e-02 1.58e-02 2 - 1 2 6.76e-02 7.02e-02 8.63e-02 8.78e-02 7.45e-02

6.52e-02 3.74e-02 1.97e-02 2.03e-02 1.58e-02 2 - 1 4 6 .74e-02 7.02e-02 8.63e-02 8.78e-02 7.45e-02
2 - 1 6 6 .52e-02 3.74e-02 1.97e-02 2.03e-02 1.58e-02 2 - 1 6 6 .73e-02 7.02e-02 8.63e-02 8.78e-02 7.45e-02
2 ~ 1 8 6 .52e-02 3 .74e.02 1.97e-02 2.03e-02 1.58e-02 2 - 1 8 6 ,73e-02 7.02e-02 8.63e-02 8.78e-02 7.45e-02
2 - 2 0 6.52e-02 3.74e-02 1.97e-02 2.03e-02 1.58e-02 2 - 2 0 6.72e-02 7.02e-02 8 .63e-02 8.78e-02 7.45e-02

1.19e-01 7.37e-02 4.28e-02 2.34e-02 1.58e-02 6.81e-02 7.02e-02 8 .63e-02 8.78e-02 7.45e-02
=  1.5

e \ N 32 64 128 256 512
2 ~ ^ 1.04e-02 5.34e-03 2.80e-03 1.52e-03 7.88e-04
2 - 2 2.70e-02 1.43e-02 7.13e-03 3 .27e-03 1.28e>03

1.31e-02 9.59e-03 5.85e-03 3 .19e-03 l.8 1 e -0 3
2 - 6 1.74e-02 1.61e-02 1.22e-02 7 .4 4 e.0 3 4.08e-03
2 - » 1.74e-02 1.61e-02 1.22e-02 7 .77e-03 4.82e-03
2 - 1 0 l .7 4 e-0 2 1.61e-02 1.22e-02 7 .77e-03 4.82e-03
2 - 1 2 1.74e-02 1.61e-02 1.22e-02 7 .77e-03 4.82e-03
2 - 1 ^ 1.74e-02 1.61e-02 1.22e-02 7 .77e-03 4.82e.Q3
2 - 1 6 1.74e-02 1.61e-02 1.22e-02 7 .77e-03 4.82e-03
2 - 1 8 1.74e-02 1.61e-02 1.22e-02 7.77e-03 4.82e-03
2 - 2 0 1.74e-02 1.61e-02 1.22e-02 7.77e.Q3 4.82e-03

2.70e-02 1.61e-02 1.22e-02 7.77e-03 4 .82e.03

Table 6.10: Computed maximum pointwise difference \\D^ where
is generated by for various values of £, N  and /3.

Graphs of the computed pointwise maximum differences of the scaled discrete 

derivatives and DjW se generated by are given in Figures 6-6 and

6-7, respectively, for N  — 32, e =  2 “ ^̂  and /?=0.5, 1.0 and 1.5.

Figure 6-6: Graphs of \ / s {D y  for e =  2 N = 3 2  and /? =

0 .5 ,1 .0 ,1 .5 .

Graphs of the com puted pointwise maximum differences of ^ /eD yW 3  ̂ in Figure 

6-6 show the largest differences to be along the wedge.
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Figure 6-7: Graphs of for e =  2 N = 3 2  and (3 =  0 .5 ,1 .0 ,1 .5 .

Graphs of the computed pointwise maximum differences of D~W^e in Figure 6-7 

show the largest differences to be concentrated at the points in the domain nearest 
the leading edge.

In Tables 6.11 and 6.12 we display the computed orders of convergence for the approx

im ations of the first order scaled derivatives of the velocity com ponents \ZeD~W 3e 

and respectively. From Table 6.11 we see that the order of convergence for

the approximations to the scaled velocity com ponent is at least 0.72 for 

for all (3.

/3 =  0.5  /3 =  1.0 /3 =  1.5
e \N 32 64 128 256 e \ N 32 64 128 256 e \ N 32 64 128 256
2 - 0 0.97 0.89 0.90 0.67 2 - 0 0.93 0.85 0.74 0,60 2 - 0 0,99 0,99 1,00 1.00
2 - 2 0.99 0.97 0,94 0.85 2 - 2 0.97 0.93 0.84 0,75 2 - 2 0.96 0,98 0,99 1,01

0.99 0,99 0.97 0,94 2 - 4 0.99 0.97 0,93 0,84 2 - 4 0,93 0,97 0,98 1,00
2 - 6 0.98 0,99 0,99 0,97 2 - 6 0.78 0,99 0,97 0.93 2 - 6 0.73 0,75 0,85 0,99
2 - 8 0.74 0,75 0.80 0.82 2 - 8 0.73 0,76 0.79 0,79 2 - 8 0,73 0,75 0,79 0,83
2 -1 0 0,74 0,75 0.80 0.82 2 -1 0 0,73 0,76 0.79 0,79 2 -1 0 0,73 0.75 0,79 0,83
2 -1 2 0.74 0.75 0,80 0.82 2 -1 2 0.73 0,76 0,79 0,79 2 -1 2 0,73 0.75 0.79 0.83
2 - 1 4 0,74 0.75 0.80 0.82 2 * 1 4 0.73 0,76 0,79 0,79 2 - 1 4 0,73 0.75 0,79 0.83
2 - 1 6 0,74 0,75 0.80 0.82 2 - 1 6 0.73 0,76 0,79 0,79 2 - 1 6 0,73 0.75 0,79 0.83
2 - 1 8 0.74 0.75 0.80 0,82 2 - 1 8 0.73 0,76 0,79 0,79 2 - 1 8 0,73 0.75 0,79 0.83
2 -2 0 0,74 0,75 0.80 0.82 2 -2 0 0.73 0.76 0,79 0,79 2 -2 0 0,73 0.75 0,79 0.83

Pcomv 0,74 0,75 0.80 0.82 Pcomp 0.73 0.76 0,79 0,79 rcomp 0,73 0.75 0,79 0.83

C o . 74 3,67 3,67 3.64 3.50 C o . 7 3 1.05 1.05 1,02 0,98 Co.73 5,09 5.09 5,02 4.81

Table 6.11: Computed orders of convergence P^compi Vcomp the error constant 

p̂'comp ~  where is generated by (>1^) for various values
of e, N  and /?.
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/3 =  0.5 13 =  1.0 1 3 = 1 .5

e \N 32 64 128 256 e \N 32 64 128 256 e \N 32 64 128 256
2 -0 0.69 0,78 0.87 0.90 2 -0 -0.59 -0.56 -0.40 -0.12 2 -0 0.96 0.93 0.88 0.95
2 -2 0.87 0.94 1.00 1.08 2 -2 -0.11 0.05 0.22 0.39 2 -2 0.92 1.00 1.12 1.35
2 - 4 0.84 0.94 1.00 1.07 2 - 4 0.06 -0.10 0.20 0.41 2 - 4 0.45 0.71 0.88 0.81
2 -6 0.81 0.92 0.99 0.44 2 -6 0.23 -0.14 0.18 0.41 2 -6 0.12 0.40 0.71 0.87
2 -» 0.80 0.92 -0.04 0.36 2 -8 -0.04 -0.30 -0.02 0.24 2 -8 0.12 0.40 0.65 0.69
2-10 0.80 0.92 -0.04 0.36 2-10 -0.05 -0.30 -0.02 0.24 2-10 0.12 0.40 0.65 0.69
2-12 0.80 0.92 -0.04 0.36 2-12 -0.05 -0.30 -0.02 0.24 2-12 0.12 0.40 0.65 0.69
2 - 1 4 0.80 0.92 -0.04 0.36 2 - 1 4 -0.06 -0.30 -0.02 0.24 2 - 1 4 0.12 0.40 0.65 0.69
2 - 1 6 0.80 0.92 -0.04 0.36 2 - 1 6 -0.06 -0.30 -0.02 0.24 2 - 1 6 0.12 0.40 0.65 0.69
2 - 1 8 0.80 0.92 -0.04 0.36 2 - 1 8 -0.06 -0.30 -0.02 0.24 2 - 1 8 0.12 0.40 0.65 0.69
2-20 0.80 0.92 -0.04 0.36

01

-0.06 -0.30 -0.02 0.24 2-20 0.12 0.40 0.65 0.69

Pcomp 0.69 0.78 0.87 0.57 rcomp -0.04 -0.30 -0.02 0.24 rcomp 0.75 0.40 0.65 0.69

C o.57 2.60 2.39 2.06 1.67 C - 0 . 3 0 -0.11 -0.09 -0.09 -0.07 C o.4 0 0.45 0.35 0.35 0.29

Table 6.12: Computed orders of convergence p^̂ compi Pcomp .̂he error constant 

Cp* for D~W ze — where is generated by for various values of

£, N  and /?.

Similar to Section 4.5, we investigate the beneficial nature of a second transition  

point,
fe

0 2  — min{0.5cr, —  In A^},
8

to the computed values of the derivatives of the velocity components. 

In Table 6.13 we display the computed orders of convergence for the approximations 

of the first order scaled derivative of the z-velocity com ponent in the x  direction, 

D~W^, for various N , e and ,0, using the double transition point mesh. Comparing 

the orders of convergence for the approximations of the first order scaled derivative of 

the z-velocity com ponent generated by one transition point in Table 6.12 and Table 

6.13 we see that the numerical method using two transition points yields superior 

results (see Appendix D).
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/} =  0.5 /3 =  1,5
s \ N 32 64 128 256 e \ N 32 64 128 256
2 - 0 0.69 0.78 0.87 0.90 2 - 0 0.35 0.17 0.43 0.56
2 - 2 0.87 0.94 1.00 1.07 2 - 2 0.91 0.50 0.62 0.75
2 - 4 0.88 0.94 1.00 1.08 2 - 4 0.70 0.86 0.95 1.01
2 - 6 0.66 0.98 0.97 0.89 2 - 6 0.39 0.80 0.90 0.94
2 - 8 0.61 0.94 0.52 0.54 2 - 8 0.35 0,57 0.69 0.75
2 - 1 0 0.61 0.94 0.52 0.54 2 - 1 0 0.35 0.57 0.69 0.75
2 - 1 2 0.61 0.94 0.52 0.54 2 - 1 2 0.35 0.57 0.69 0.75
2 - 1 4 0.61 0.94 0.52 0.54 2 - 1 4 0.35 0.57 0.69 0.75
2 - 1 6 0.61 0.94 0.52 0.54 2 - 1 6 0.35 0.57 0.69 0.75
2 - 1 8 0.61 0.94 0.52 0.54 2 - 1 8 0.35 0.57 0.69 0.75

01

0 .61 0.94 0.52 0.54 2 - 2 0 0.35 0.57 0.69 0.75

ycom p 0.69 0.78 0.87 0.85 Vcomp 0.35 0.57 0.69 0.75

C'o.eg 3.40 3.40 3.18 2.80 Co.35 3.03 3.03 2.61 2.07

Table 6.13: Com puted orders of convergence p^comp> Vcomp the error constant 
Cp. for D ~W 3  ̂ — where is generated by for various values of
e, N  and /?.

From the d a ta  in Table 6.11 we obtain the following error bounds for the - ^ D y W ^

P =  0.5 ^TeWD-We -  <  2 .9 3 iV-°-^2

(3 =  1.0 ^ e \ \D ;W , -  < 1.05iV-«'^3 (5 .4 )

P =  1.5 V ^ \\D -W , -  < 5.097V-«-^3.

Further com putations, not reported here, show th a t the errors for y/eDyW^c; for 
(3 € [0.0,1.5] have similar behaviour. Therefore, the m ethod can be said to  be {e,P)-  
uniform for the scaled velocity component.

6.5 C om putational error bounds

Similar to Section 4.6, we use the computed error estim ates obtained in Section 7.9 
for the quantities and its scaled discrete derivatives to estim ate the error in the
numerical approxim ations W^e generated by the direct m ethod The resulting
estim ates are independent of those obtained in Section 6.3.
F irst, we use the triangle inequality to  obtain

||M^3e — 1 ^ 3 w ||n ^  =  —'fi'SBlInf

(6.5)
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where is the solution generated by the direct algorithm  on the mesh 
WsB is the exact solution of the P rand tl problem constructed from the Blasius formu
lae (5.4). is the com puted Blasius solution generated in the previous chapter on
a mesh with 8192 intervals. We then observe th a t the first term  on the righ t-hand  side 
of (6.5) involves the com putable quantities We and Furtherm ore, the second
term  on the righ t-hand  side involves the scaled pointwise errors — Wsb , which

have already been estim ated in Section 7.10 of the previous chapter. This shows th a t 
we can estim ate the  errors in the scaled numerical solutions and their scaled discrete 

derivatives, generated by the numerical m ethod (>1^) applied to problem (Pse), even 
though no theoretical error analysis is available for this numerical m ethod.

We now compare the m agnitudes of the two term s on the righ t-hand  side of (6.5). 
The first term  is the  scaled maximum pointwise differences These
quantities are found immediately from the solutions of (>1^) and the solution 

computed in the previous section and chapter. Their numerical values are 
given in Table 6.7 for various values of e, N  and (5. The second term  on the righ t- 
hand side of (6.5) is the sealed maximum pointwise errors — 1̂ 3 0 Unf in the
com puted Blasius solution. The corresponding error bound (5.19), shows th a t the 
second term  is bounded above by 2.702 x 10“ '* for all (5.

| |1 ^ 3 £  — u ;3 w ||n w = ||W^3e -

< I IH/3. - - -  ^ 3 B | | n -

/5 = 0.5 < 1.15iV--0.84 ^  2.702 X lO - '*

/3 = 1.0 < 0.517V--0.86 2.702 X lO - '*

13 = 1.5 < 1.09iV- +  2.702 X 0
1

The com putational error bounds for in (6.6) and (6.3) give two com putational 
formula such th a t we can ensure the error is below a desired value for all e and /?. In a 
similar m anner to  the  above, we calculate com puted error bounds for approxim ations 
of the scaled first derivative ^/eDyW■is by the bounds (5.24) and (6.4)

-  5 y 'W 3 w ||n f y/eWDy Wse -  dyW^BW^N

< V \̂\D-W^e -

/? =  0.5 <
+V^\\DyWi^^^-dyW,B\\a- 
2 .9 3 7 V- ° ' ^ 2  ^  2.223 x 10-^

/? =  1.0 < 1.05Af-°-^^ + 2.223 X 10"^
P =  1.5 < 5.09A^-°'^3 +  2.223 x 10"^

The com putational error bounds for Dy in (6.7) and (6.4) give two com putational
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formula to suggest the error is below a desired value for all s and /3.

6.6 Conclusion

In Chapters 5 and 6 we considered the Prandtl boundary layer equations for in
compressible laminar flow past a three dimensional yawed wedge with angle 
(5 € [0.0,1.5]. When the Reynolds number is large the solution of this problem has 
a parabohc boundary layer. We constructed a direct numerical method for comput
ing approximations to the solution of this problem using a piecewise uniform fitted 
mesh technique appropriate to the parabolic boundary layer. We used the method 
to approximate the self-similar solution of the Prandtl problem in a finite rectangle 
excluding the leading edge of the wedge for various values of Re and /?. We con
structed and applied a special numerical method, related to the Blasius technique, 
to compute reference solutions to the problem. These were used to obtain approxi
mate boundary conditions on the artificial boundaries of the computational domain 
and in the error analysis of the velocity components and their derivatives. Exten
sive numerical experiments indicated that the constructed direct numerical method 
is (/?e,/?)-uniform.



Chapter 7

Prandtl flow past a wedge w ith  
heat transfer — Blasius m ethod

7.1 P randtl B oundary layer equations

In this chapter and the next we use and adapt the numerical methods developed in 
Chapters 3, 4, 5 and 6 and apply them to the Prandtl boundary layer equations for 
flow past a semi-infinite wedge with heat transfer. The energy equation is singularly 
perturbed with respect to the product of the Prandtl and Reynolds number. This in
troduces a second layer, the thermal boundary layer, which also needs to be resolved 
(see Figure 7-1).

Free Stream u=l

u=0 X

Free Stream T=0

T=1 X

Figure 7-1: Boundary layer and thermal boundary layer.

In Figure 7-1 6 denotes the width of the boundary layer. St  denotes the width 
of the thermal boundary layer. For large Prandtl numbers, P r > 1, the width of the 
thermal layer is less than the width of the boundary layer, ~  5t  for small p.
For small Prandtl numbers, P r < 1, the width of the thermal layer is greater than 
the width of the boundary layer, ~  5t for small (3 (see [18]).
We use a variant of the semi-analytic approach of Blasius to generate numerical ap-

104
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proximations of guaranteed accuracy to the flow variables and their scaled derivatives. 
In the next chapter, we construct a direct numerical method to generate numerical 
approximations of guaranteed accuracy to the flow variables and their scaled deriva
tives. We show that the numerical approximations are pointwise accurate and that 
they satisfy pointwise error estimates that are uniform with respect to the Reynolds 
number, the Prandtl number, the heat transfer parameter and the angle of the wedge. 
Incompressible flow past a wedge with heat transfer on a finite domain is governed 
by the non-dimensional equations ([18])

Find Ut’ =  [ut , vt) and tr  such that for all (x, y) G 
Ut and tr  satisfies the differential equations

1 d'^UT(x,y)
Re 4- ur(x, y).Vur(x, y) U { x ) ^dx

V u t ( x ,2/) =  0

1 1 d^tT(x,y)
Re P r  dy"^ + UT{x,y) ( 9 t r  (x,y) 

d x

with the boundary conditions

Ur =  0 and =  1 on
Ut =  Up and t r  =  ip on F̂ , (J Ft

where {U{x) = x'” ,0) is the solution of the reduced problem, m  =  2̂  and jSix is 
the angle in radians of the wedge. Up and tp are the exact solution to {Pp) and n 
is the heat transfer parameter. When n =  0 we have a constant wall temperature. 
When n =  we have a constant heat flux (see [46]). In all of the numerical
computations in this and the next chapter we use the specific range of values

Re G [1,0 0 ) Pr  G [0.1,10000] and 13 G [0.0,0.3]

for constant wall temperature, n =  0 and for constant heat flux, n —
Our goal in Chapters 7 and 8 is to model the flow for all Reynolds numbers, i?e, 

angles of the wedge, (3 and all Prandtl numbers, Pr  for walls of constant temperature 
and constant heat flux for which the flow remains laminar and no separation occurs 
on the wedge.
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7.2 Blasius solution

Using the sim ilarity transform ation described in [18]

,  =  (7.1)

the velocity components of the Blasius solution ub and tem perature component of
the Blasius’ solution trB of (P r)  are given in term s of /  and 6 by

U T B { x , y )  = Uf'{r]) (7.2)

, , {m + l ) e U. ,  1 - m  , ,  .

tTB{x,y)  = 0{r]) (7.4)

where /  and 9 are the solutions of the coupled non-lincar problem

Find /  6  C^([0, oo)) such th a t for all 77 £ [0,0 0 )

f"' iv)  +  f i v ) f " { v )  +  /3(1 -  =  0
{Pt b ) 0"{ti) +  Prf{r])e' irj)  -  (2 -  P ) n P r f ' 6  =  0

 ̂ /(O) =  0, 0(0) =  1 , /'(O ) =  0, lim^^oo f ' i v )  = 1 9{t]) =  0 .

The problem in {Pt b ) is known as the Blasius problem and in w hat follows we refer 

to  Ut b  and t rB  as the Blasius solution of (Ft )-
The two equations in {Pt b ) are semi-coupled equations. The first equation is a third 
order non-linear ordinary differential equation on the semi-infinite dom ain (0 , 0 0 ) for 
/  which was dealt w ith in Chapter 3. The second equation is a second order ordinary 
differential equation on the semi-infinite dom ain (0 , 0 0 ) for 6 and / .
Note th a t the case for n  =  0 and P r  — 1 and all /? €  [0,1.5] of the Blasius problem 
was dealt with in C hapter 5 for /  and for 0 — 1 — g and their derivatives.
The problem {Pt b ) can be solved numerically on any bounded dom ain I  of (0 ,0 0 ). 
In w hat follows we solve the Blasius problem {Pt b ) numerically for the functions /  
and 6 and their derivatives. We then use the analytic relations (7.2), (7.3) and (7.4) 

to  construct Reynolds uniform analytic approxim ations w ith guaranteed accuracy to 
the  solution u t  and tT of {Pt ) for all relevant values of the Reynolds number, the 
P rand tl number, the heat param eter and angles of the wedge a t all points of the 
dom ain fl.
To achieve this it is clear th a t we need Reynolds uniform pointwise accuracy of /(ry),
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6{rj) and 6'{r]) for all r] G (0,oo). We have constructed a method for /  
and its derivatives in Chapter 5. We now adapt and extend this to include 9 and 6 .

7.3 Singularly perturbed nature of Blasius prob
lem

We have shown the singularly perturbed nature of the ordinary differential equation 
of /  in Section 3.3. Using similar arguments we will show the singularly perturbed 
nature of the ordinary differential equation for 6 and f  of (Ptb)-  In the next section 
we use this observation to motivate the construction of the numerical method for 
solving { P t b )-

We observe that while we need the solution of { P t b ) on an infinite interval, in practice 
we can find numerical solutions only on a finite interval. For this reason we introduce 
a one-parameter family of problems related to { P t b )  on the finite interval (0, L) 
where the length L  of the interval is taken as the parameter of the family. The 
typical problem in this family is defined for each value of L  in the range 1 < L < oo 

by
el(T]) + PrfL{v)dL{v) -  (2 -  0)nPrf'^{rj)9L{v) =  0 (7.5)

^l(O) =  0, 6l {L) = 1. (7.6)

When wc reformulate (7.5) as a singularly perturbed problem, transpires tha t ^ is the 
singular perturbation parameter and so it is appropriate to introduce the temporary 
notation s = j-  Then the problem (7.5) can be written in the form

e”{r]) + Prf^{r])e'^{r]) -  {2 -  f3)nPrf'^{r])ee{rj) = 0, 6'e(0) =  0, 6>^(j) =  1.

Changing variables from rj to ^ = er] which is equivalent to a mapping of the interval 
[0, i] to the unit interval [0,1], and writing 'de{0 =  ^e{v) ^'^d h{^) = fe{v) we obtain

^ £ < ( 0  + / . ( 0 < ( 0  -  (2 -  P ) n f ' , { O M O  =  0 i?,(0) =  0 z?e(l) =  1 (7.7)

where h{0) = 0 and h{^) — O(^) for all ^ > e. This is a singularly perturbed problem
for with a boundary layer at ^ =  0. The singularly perturbed parameters are s
and Pr.  In what follows it is natural to refer to L-uniform methods for (7.5).
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7.4 R obust layer resolving m ethod for Blasius prob
lem

Our strategy for computing L-uniform approximations to the solution of ( P t b ) is 
to obtain a numerical solution F i and ©x,, on the interval [0,1/], for an increasing 
sequence of values of the length L. Since, for each L, we need the values of f i ,  /^ , 
/^ , 9l and at all points of the interval (0,oo), we extend the domain of f i ,  f'l 
and from [0,L] to the semi-infinite interval [0, oo) by extrapolations (3.7)-(3.9). 
We extend the domain of 6l and 9'ĵ  from [0, L] to the semi-infinite interval [0, oo) by 
defining the following extrapolation

9 {rj) = 0, for all ry > L (7.8)

9{r}) = 0, for all rj > L. (7.9)

We now describe our numerical method for finding approximations to the solution 
and its derivatives of problem { P t b )-  For each fixed N we write L̂ v = \n N  and we 
divide the interval into the two subintervals [0,L;v] and [L;v,oo). We construct a 
uniform mesh

~iu =  ■■ V̂  = CpriN-^  In yv, 0 <  i < N ] ^

on the subinterval [0,L;v]- For values oi P r > I, N  > 2048 is sufficiently large to 
resolve the boundary layer. For values of P r  < 1 we need to extend the domain with 
respect to \fP r . We do this by defining

Cp, =  (  7K
[ I  P r > l .

We determine numerical approximations F,  D~^F, D ^ D ^ F ,  0  and to //,, /^ ,
/ /  t  — Nf ^ ,  9 and 9 , respectively, at the mesh points .
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Using a variation of the continuation algorithm defined in Section 7.8 we have

( ^ t b ) *

For each integer m, I < m  < M  find on 
such that, for all r] G 2 <  i — 1

5‘̂ {D-F^) + F l - ”̂ {D+{D-F^)) + 0{\ -  [D~Fl~^){D-F^))  
- (1  + !3){D-F^ -  D-Fl~^)  = 0

with boundary conditions 
F(0) =  D +F(0) =  0,

with an initial guess oiF^{rji) =  r]i.

D^F{r^N-i) = 1

Finally, find 0  on
such that, for all r] E , I < i < N  — I

+ PrF/^D+Qi  -  (2 -  p ) n P r D + F ^ e i  =  0

with boundary conditions

 ̂ 0 (0) =  0, eivN) = 1

We assign the value D~^Q{t]n ) = 0, so that D~^Q is defined at all points of the
—N  —Nmesh . We then use piecewise hnear interpolation to interpolate from /„  to each 

point of the subinterval [0, Lis/]. We denote the corresponding interpolants by 0  and 
D +0. We extend these functions to the whole of the semi-infinite interval [0,oo) in 
an analogous way to the extensions (7.8) and (7.9) of their continuous counterparts, 
that is

D+Q{r}) = 0, for all rj G [Ln , oo) (7-10)

0(rj) =  0, for all 77 G [ L at, o o ) .  ( 7 - H )

We take the values of 0  and D'^Q, respectively, to be the required numerical approx
imations to the exact values 6 and 9' of the Blasius solution and its derivatives on
the semi-infinite interval [0 , 00 ).



7.5 Numerical solution of the Blasius problem 110

7.5 Num erical solution of the Blasius problem

As the numerical results for F, D ^ F  and D^D~^F have been extensively investigate 
in Scction 3.6, we only need to investigate the numerical results for 0  and for 
various values of Pr, (3 and n. The definitions of the computed pointwise maximum 
errors,the pointwise two mesh difference and the two mesh orders of convergence 
are given in Section 3.6. For the sake of brevity we only look at the constant heat 
flux when n = and for P r = 0.2, 512 and 10,000 for 0  — 0.3. The computed 
maximum pointwise error , computed two mesh difference and the computed 
order of convergence for 0  and D+Q, are given in Tables 7.6 and 7.7, respectively. 
The main conclusion to be drawn from the numerical results in these tables is tha t 
the method [Pt b )i conjunction with the algorithm is, in practice a robust
layer-resolving method for problem (7.5) for all values of Pr, (3 and n in that it is 
L-uniform and that the L-uniform order of convergence on [0,L;v] of the numeri
cal solution 0  of the exact 0^, and of the discrete derivative D + 0  to the derivative 
6^, is, in practice, better than 0.79 for all N  > 2048 and P r  for (3 = 0.3 and n =

P r  =  0.2
N 128 256 512 1024 2048 4096 8192 16384
EN 0.009213 0.005232 0.002921 0.001603 0,000863 0.000452 0,000226 0,000103
j jN 0.003981 0.002311 0.001317 0.000740 0,000411 0.000226 0,000123 0,000067

0,78 0.81 0.83 0.85 0,86 0,87 0,88 0.89
P r  =  512

E'^ 0.065058 0.037326 0.020828 0.011457 0,006171 0.003234 0,001617 0,000735
q N 0.027983 0.016101 0.009371 0.005244 0,002934 0.001616 0,000882 0,000478
p'^ 0.80 0.78 0.84 0.84 0,86 0,87 0,88 0.89

P r  =  10000
E'^ 0.183302 0.102446 0.056976 0,031214 0.016807 0.008806 0,004406 0,002004
DN 0.081218 0,043540 0.025174 0,014177 0.007972 0.004378 0,002401 0.001301

0.90 0.79 0,83 0.83 0,86 0.87 0.88 0,89

Table 7.1: Computed maximum pointwise error , computed two mesh difference
 jV _ _
D  and the order of convergence p for 0  on generated by {A^^)  with M  = 8 l n N  
applied to problem {Pt b ) for various values of N  and P r  with P = 0.3 and n =
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P r  =  0.2
N 128 256 512 1024 2048 4096 8192 16384

0.011134 0.006502 0.003688 0.002042 0.001105 0.000580 0.000291 0.000132
q N 0.004722 0.002845 0.001656 0.000941 0.000526 0.000290 0.000158 0.000086

0.73 0.78 0.82 0.84 0.86 0.87 0.88 0.89
P r  =  512

E '^ 0.793622 0.525761 0.319183 0.183472 0.101298 0.053796 0.027100 0.012368
D N 0.303333 0.218680 0.139630 0.083386 0.047859 0.026793 0.014756 0.008034

0.47 0.65 0.74 0.80 0.84 0.86 0.88 0.89
P t =  10000

E N 2.640333 2.676810 1.942980 1.218800 0.704148 0.383096 0.195500 0.089844
D N 0.632685 0.965106 0.799971 0.538230 0.328013 0.189495 0.106121 0.058302

-0.61 0.27 0.57 0.71 0.79 0.84 0.86 0.88

Table 7.2: Computed maximum pointwise error E ^ ,  computed two mesh difference 
and the order of convergence for D + 0  on /^\{??jv} generated by {A^^)  with 

M  = 8nN  applied to problem { P t b ) for various values of N  and Pr  with (3 =  0.3 
and n =

Comparison of the entries for the order of convergence p ^  in Tables 7.6 and 7.7 
with the Table of theoretical behavior for N~^nN,  and 2A^~^(lny) of the order 
of convergence defined in Appendix B, suggests tha t the computed order of L- 
uniform convergence for 0  corresponds to the theoretical behavior N ~ ^ \ n N  and 
D + 0  corresponds to the theoretical behavior 2A^“ M n y  for N  > 2048 for all Pr  
considered.

7.6 Com puted error estim ates for Blasius problem

Theoretical estimates in [26] indicate that, for all N  > N q, the approximations of 0  
and D+Q, respectively, to the exact solution of the Blasius problem {Pt b ) and its 
derivatives satisfy error bounds of the form

||e-01|[o,cx>)<CpiV-^ (7.12)

\ \ ^ - 9 ' \ \ [ o , ^ ) < C p N - P  (7.13)

where the error parameters are unknown. The computed two-mesh difference, com
puted order of convergence, computed global order of convergence and the computed 
global constant error are defined in Section 3.6. We now use these experimental tech
niques to obtain computed parameter uniform global error parameters for the function 
0  on the semi-infinite interval [0,oo) for various Pr  for /3 = 0.3 and n =  To
determine the two mesh differences D  and hence the computed order of convergence
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\ r  —p  and the constant of convergence Cp. for a pair of meshes with N and 2N points, 

respectively, we have to consider the 3 subintervals [0,Ln) ,  \ L n , L 2n)  and [L2n , o o )
  __2iV

separately. For 77 6  [ L n , L 2n)  the two mesh difference at rj for 0  is 0  (77) and
----------   27V

for £ )+ 0  is £ )+ 0  (77). In the subinterval [L2jv,oo) the two mesh difference at rj

for 0  and £ )+ 0  is zero. The resulting computed global two-mesh difference D,  the
_ A 7   ^  ----  ------------com puted order of convergence p  and the constant of convergence Cp,  for 0 , D + 0  

and r]D+Q  are given in Tables 7.8, 7.9 and 7.10 for various values of N  and P r  for 

(3 =  0.3 and n =

P r  =  0.2
N 128 256 512 1024 2048 4096 8192 16384
DN 0.003981 0.002311 0.001317 0.000740 0.000411 0.000226 0.000123 0.000067

0.78 0.81 0.83 0.85 0.86 0.87 0.88 0.89
f^N
'^0.86 0.582252 0.614857 0.637175 0.651015 0.657630 0.657630 0.652279 0.642531

P r  =  512
D N 0.027983 0.016101 0.009371 0.005244 0.002934 0.001616 0.000882 0.000478

0.80 0.78 0.84 0.84 0.86 0.87 0.88 0.89

'-'0.86 4.056749 4.239105 4.480440 4.553639 4,626976 4.626976 4.585773 4,511894
P r  =  10000

q N 0.081218 0.043540 0.025174 0.014177 0.007972 0.004378 0,002401 0,001301
0.90 0.79 0.83 0.83 0.86 0.87 0.88 0,89

/^N
'^0.86 11.95620 11.67087 12.28674 12.59916 12.90103 12.90103 12.88301 12,71298

Table 7.3: Computed two mesh difference , the order of convergence p ^  and 

com puted global error constant Cp. for 0  on [0 ,00 ) generated by {A^q)  with M  =  

%nN applied to problem [ P t b ) for various values of N  and P r  with /? =  0.3 and

P r  =  0.2
N 128 256 512 1024 2048 4096 8192 16384
D N 0.004722 0.002845 0.001656 0,000941 0.000526 0.000290 0.000158 0.000086

p '^ 0,73 0.78 0.82 0.84 0.86 0.87 0.88 0.89

^ O .S 6 0.677075 0.739432 0.779930 0.803307 0.813477 0.813477 0.805625 0.791697
P r  =  512

q N 0,303333 0.218680 0.139630 0.083386 0.047859 0.026793 0.014756 0.008034

P ^ 0,47 0.65 0.74 0.80 0.84 0.86 0.88 0.89
/~^N
^ 0.84 39,982911 51.487505 58.723431 62.641831 64.220045 64.220045 63.175418 61.443988

P r  =  10000
pN
pN
/~ y N
^ 0.79

0.632685 0.965106
-0.61 0.27

69.762694 184.206073

0.799971 0.538230 0.328013 0.189495 0.106121 0.058302
0.57 0.71 0.79 0.84 0.86 0,88

264.299411 307.810267 324.712684 324.712684 314.770500 299.341216

Table 7.4: Computed two mesh difference D  , the order of convergence p  and
 psl ____

com puted global error constant Cp. for D + Q  on [0,oo) generated by {A^q ) with  

M  =  8 n N  applied to problem {Pt b ) for various values of N  and P r  w ith (3 =  0.3 

and n =
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P r  =  0.2
N 128 256 512 1024 2048 4096 8192 16384
D N 0.003865 0.002314 0,001345 0.000763 0.000426 0.000235 0.000128 0,000070

0.74 0.78 0,82 0.84 0,86 0.87 0.88 0,89
r i N
'^0.86 0.556262 0.604012 0.636861 0.654869 0,663397 0.663397 0.657177 0,646107

P r  =  512
D N 0.016925 0.012540 0.007870 0.004650 0.002665 0.001482 0,000816 0,000444

0.43 0.67 0.76 0.80 0.85 0.86 0,88 0,89
/~^N
'^ 0 . 8 5 2.320194 3.091701 3.489808 3.708389 3.823173 3.823173 3,783681 3,702956

P r  =  10000
D N 0.029011 0.019389 0.016228 0.011377 0.006808 0.003907 0.002176 0,001194

0.58 0.26 0,51 0.74 0.80 0.84 0,87 0,88
/ ^ N
'^ 0 . 8 0 3.320610 3.866961 5.639537 6.889689 7.184060 7.184060 6,971925 6,664989

Table 7.5; Computed two mesh difference D , the order of convergence p and
computed global error constant Cp. for r]D+Q on [0, oo) generated by {A^^)  with
M  =  8nN  applied to problem { P t b )  for various values of N  and P r  with /? =  0.3 
and n =

The computed global error can be used to calculate the global error bounds for all 
values of > 256, however in the next chapter we only need the value N  =  8192. For 
this number of nodes we use Tables 7.8, 7.9 and 7.10 and the experimental technique 
to obtain the following error bounds for N  > 2048

P r  =  0.2 | | 0 - 0 | | [ o , o c )  <  0.657AT-°®®
Pr  = 512 II© -  e\\[o,oo) < 4.626iV-o-86 
P r  =  10000 ||0-0 ||[o ,oo) < 12.90A^-“ ®®

Pr  = 0.2 ||:D ^ -0 '||[o ,o c )  < 0.627Af-° ®®
Pr  = 512 | | D ^  -  0 '||[o ,o o )  < 0.710Af-“ ®'*

Pr  = 10000 I\ D ^  - e 'W [o,oc) < 324.71iV-o-^3

P r  =  0.2 ||r? (:D ^  -  ^ ') ||[o ,o o )  < 0.663iV-°-8®
Pr  = 512 ||r?(^D ^ -  0 ') ||[ o ,o o )  <  3.823iV-°«^
P r  =  10000 | | r ? ( D ^ -  0')||[o,oo) <  7.184AT-°®°.

7.7 Com puted global error estim ates for Blasius 
solution

We now obtain approximate expressions Ttb for the Blasius solution ixB of {Pt ) 
by substituting into the relation (7.4) the approximations 0  and £)+0 for 6 and 9',

(7.14)

(7.15)

(7.16)
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computed by (A^) .  Thus for each (x , y )  in the rectangle Q, we define

TTB{x,y) = 0 (77) (7.17)

where 77 e  [0 , 0 0 )  is given by ( 7 . 1) .

The following theoretical bounds hold for the approximation Tt  to the temperature 

t r

where T^b is the computed Blasius solution of the Prandtl problem on given by 

(7.17) and t r s  is the exact solution of (Py). Here Nq and the error parameters pi ,  

P2, Cpi  and Cp2 are independent of N and M.

For the heat com ponent It b  we obtain, from (7.17), and (7.32), the following com

puted error bound for all N  >  2048

In a similar manner to the above we calculate com puted error bounds for approxi-

In terms of these quantities the com puted global error bounds for the scaled discrete 

derivative of the temperature components are

\\Tt b  -  i r s l ln  <  Cp^N  Pi >  0 (7.18)

P r  — 0.2 \\Tt b  — tTBWn — ll© “  l̂l[o,oo)
<  0.657A^-°®®

(7.19)
P r - 5 1 2  \ \T T B - tT B \ \n  <  4 .627iV -‘’ »«

Pr- =  10000 \ \T T B- tT B\ \n  <  12.90^-°®®.

In the specific case N  =  8192 the computed error bounds (7.37) become

P r  =  0.2 \ \T T B - tT B \ \n  <  2.832 x  10-'* 

P r  =  512 \ \T T B - tT B \ \n  <  1-995 x 10"^
P r  =  10000 \ \Tt b  -  tT B \ \ n  <  5.560 x 10~^

(7.20)

mations of the scaled first derivatives by scaled discrete derivatives

dyTTB =  ^ D + e { r j ) (7.21)

1 —  777  ____________

O .T t b  =  ^ ^ r ? D + 0 ( r ? ) . (7.22)

(m +  l ) P e  U{ x)  
2 ^
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where T* is defined to be

for P r  > 1
T* =  ^  ~ (7.24)

'  lyte i o r P r < l .

The choice of scahng factor T* is motivated by the width of the thermal boundary

[46].
For dyTxE we obtain, from (7.39), and (7.33), the following computed error bound 

for all N  > 2048

P r = i m O  < ^ y ! T ™ n : £ “ (324.7ijv-«’-).
(7.25)

In the specific case N  =  8192 the computed error bounds hold:

P r =  0.2 - ^ W d y T T B  -  <  5.778 x 10-4

P r  =  512 ^ | | a , T T B - ^ | | n  < 4.004 x lO '^ (7.26)
P r =  10000 < 9.002 x 10-3.

For d xT xB  wc obtain, from (7.40), and (7.34), the following computed error bound 
for all N  > 2048

W d .T r u -^ -^ W n  =  ^ | | r / ( : ^ - 0 ' ) | | [ o , o o )  (7.27)

P r  =  0.2 | | a , T T B - ^ | l n  <  §f§(0.654iV-0'86)

P r  =  512 < |f^(0.3.707V -°«^) (7.28)
P r  =  10000 l i a . T r B - ^ l l n  < |f§ (7 .18 iV -°«°).

In the specific case N  = 8192 the computed error bounds

P r  =  0.2 \ \ d , T T B - ^ \ \ n  < 6.063 x 10""
P r  =  512 < 3.754 x 10"^ (7.29)
P r  =  10000 \ \ d , T T B - ^ \ \ n  < 1 .143x10-3.

7.8 Num erical solution of the Blasius problem

As the numerical results for F , F  and D ^D '^F  have been extensively investigate 
in section 3.6, we only need to investigate the numerical results of 0  and for
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various values of /?. The definitions of the computed pointwise maximum errors,the 
pointwise two mesh difference and the two mesh orders of convergence are given in 
section 3.6. We choose (3 = 0.5,/^ =  1.0, and fi =  1.5 to be consistent with chapters 
3 and 4. For ^  =  0.5 ,1 .0  and 1.5 the computed maximum pointwise error , com
puted two mesh difference and the computed order of convergence for 0  and 
D+Q, are given by Tables 7.6 and 7.7, respectively. The main conclusion to be drawn 
from the numerical results in these Tables is tha t method {Ptb)i conjunction with 
algorithm is, in practice a robust layer-resolving method for problem 7.5 for
all values of j3 in the sense that it is L-uniform and tha t the L-uniform order of con
vergence on [0,Lat] of the numerical solution 0  of the exact 0 /, and of the discrete 
derivative D '^0 to the derivative 6' ,̂ is, in practice, better than 0.8 for all N  > 512 

and p.

0  =  0.5
N 128 256 512 1024 2048 4096 8192 16384
g JV 0.008064 0.004623 0.002589 0.001424 0.000767 0.000402 0.000201 0.000091

0.003432 0.002032 0.001166 0.000657 0.000365 0.000201 0.000110 0.000059
0.76 0.80 0.83 0.85 0.86 0.87 0.88 0.89

0  =  1.0
E N 0.008493 0.004860 0.002722 0.001497 0.000806 0.000422 0.000211 0.000096

0.003632 0.002138 0.001225 0.000690 0.000384 0.000211 0.000115 0.000062
0.76 0.80 0.83 0.85 0.86 0.87 0.88 0.89

0  =  1.5
E N 0.008745 0.005001 0.002801 0.001540 0.000830 0.000435 0.000217 0.000099
D N 0.003738 0.002197 0.001260 0.000710 0.000395 0.000217 0.000119 0.000064

0.77 0.80 0.83 0.85 0.86 0.87 0.88 0.89

Table 7.6: Computed maximum pointwise error for 0  on generated by (A^q) 
w'ith M =  8lnN  applied to problem ( P t b )  for various values of N and /?.
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N 128 256 512 1024 2048 4096 8192 16384
E N 0.008727 0.004998 0.002799 0.001539 0.000829 0.000434 0.000217 0.000099
D N 0.003729 0.002199 0.001260 0.000710 0.000395 0.000217 0.000118 0.000064

0.76 0.80 0.83 0.85 0.86 0.87 0.88 0.89

OIt

r N 0.009891 0.005658 0.003168 0.001742 0.000938 0.000492 0.000246 0.000112
D N 0.004233 0.002490 0.001427 0.000804 0.000447 0.000246 0.000134 0.000073

0.77 0.80 0.83 0.85 0.86 0.87 0.88 0.89
0  = 1.5

E N 0.010665 0.006098 0.003414 0.001877 0.001011 0.000530 0.000265 0.000120
D N 0.004567 0.002683 0.001537 0.000866 0.000481 0.000265 0.000144 0.000078

0.77 0.80 0.83 0.85 0.86 0.87 0.88 0.89

Table 7.7: Computed maximum pointwise error for £)+0 on \{^at} generated 
by {A^b ) with M  = 8lnN  applied to problem { P t b )  for various values of N and (3.

Comparison of the entries in the last rows of Tables 7.6 and 7.7 with the Table 
of theoretical behavior for N~^lnN,  and N~^{lnNY  of the order of convergence 
defined in Appendix ?? suggest strongly tha t the computed order of L-uniform 
convergence p ^  corresponds to the theoretical behavior N ^^lnN .
Graphs of © for =  8192 and various values of /3 on [0, L^]  are given in Figure 7-2. 
Wc can sec tha t there is a region of rapid change near rj — 0.

Figure 7-2: Solution 0  generated by method applied to the problem Ptb  with
M  =  8lnN, N  — 8192 and various values of /?.

Graphs of £)+0 for N  = 8192 and various values of (3 on [0,L;v] are given in 
Figure 7-3.

Figure 7-3: Solution D+Q generated by method {A^b ) applied to the problem Ptb 
with M  — 8lnN, N  =  8192 and various values of /3.

7.9 Com puted error estim ates for Blasius problem

Theoretical estimates indicate that, for all N  > N q, the approximations of 0  and 
D +0, respectively, to the exact solution of the Blasius problem { P t b )  and its deriva
tives satisfy error bounds of the form

| | 0 - ^ | | [ o , o c ) < C ' p A ^ - ^ (7.30)
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\\D+e-e'\\[0,oc)<CpN-P (7.31)

where the error parameters are unknown. The com puted tw o-m esh difference, com

puted order of convergence,computed global order of convergence and the computed  

global constant error are defined in section 3.6

We now use the experimental techniques to obtain computed parameter uniform  

global error parameters for the function 0  on the semi-infinite interval [0, oo) for 

various p.  To determine the two mesh differences D  and hence the com puted order
~ \ T  -------^of convergence and the constant of convergence Cp, for a pair of meshes with N 

and 2N points respectively, we have to consider the 3 subintervals [0, L^),  [Ln, L 2n)  

and [L2n ,o o )  separately. For r) S [ L n , L 2n)  the two mesh difference at r] for 0  is
 O J\J    9  f\J ___ ________
0  {rj) and for D + Q  is D + Q  (7 7 ). In the subinterval [L2N, 0 0 ) at 77 for 0  and D + Q  

it is zero. The resulting com puted global two-mesh difference D,  the computed order
_ --TV --  -------  -------

of convergence p  and the constant of convergence Cp. for 0 ,  D + 0  and r /D+Q  for 

various values of N  and (3 are given in Tables 7.8, 7.9 and 7.10.

/3 =  0.5
N 128 256 512 1024 2048 4096 8192 16384
q N 0.003432 0.002032 0,001166 0,000657 0,000365 0,000201 0,000110 0,000059

0.76 0.80 0.83 0,85 0,86 0,87 0.88 0,89

^O .S6 0.499628 0.537599 0,560498 0.573756 0,579885 0,579885 0,574990 0,566100

0II

0 .003632 0.002138 0,001225 0,000690 0.000384 0.000211 0,000115 0,000062

p"' 0,76 0.80 0,83 0,85 0.86 0,87 0,88 0,89
r>N
'^0 . 8 6 0.528981 0.566006 0,589314 0,603358 0.609859 0.609859 0.604763 0,595449

(3 -  1.5
D N 0.003738 0,002197 0,001260 0,000710 0.000395 0.000217 0,000119 0.000064

0.77 0.80 0,83 0,85 0,86 0.87 0.88 0.89
t - N
'^0.86 0.544352 0,581488 0.606184 0,620732 0,627382 0.627382 0,622128 0,612524

 ^  — MTable 7.8: Computed two mesh difference D  and the order of convergence p  for 0  

on [0, 0 0 ) generated by {A^g)  with M  — 8 l n N  applied to problem {Pt b ) for various 

values of N and /?.
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/3 =  0.50
N 128 256 512 1024 2048 4096 8192 16384
D N 0.003729 0.002199 0.001260 0.000710 0.000395 0.000217 0.000118 0.000064

0.76 0.80 0.83 0.85 0.86 0.87 0.88 0.89
n N
^^0.86 0.543034 0.582001 0.606187 0.620558 0.627033 0.627033 0.621739 0.612148

/? =  1.00
D N 0.004233 0.002490 0.001427 0.000804 0.000447 0.000246 0.000134 0.000073

0.77 0.80 0.83 0.85 0.86 0.87 0.88 0.89

'-'0.86 0.616475 0.658970 0.686236 0.702504 0.709835 0.709835 0.703842 0.692985
0  =  1.50

p N 0.004567 0.002683 0.001537 0.000866 0.000481 0.000265 0.000144 0.000078

P ^ 0.77 0.80 0.83 0.85 0.86 0.87 0.88 0.89
r ' N
'-^0.86 0.665188 0.710322 0.739632 0.757142 0.765034 0.765034 0.758581 0.746888

Table 7.9: Computed two mesh difference and the order of convergence for 
D +Q  on [0,oo) generated by (A^g) with M  — 8lnN  applied to problem (Pt b ) for 
various values of N and p.

0  =  0.50
N 128 256 512 1024 2048 4096 8192 16384
D N 0.003274 0.001947 0.001123 0.000634 0.000353 0.000195 0.000106 0.000058

P ^ 0.75 0.79 0.82 0.84 0.86 0.87 0.88 0.89

'^0.86 0.474384 0.512433 0.536410 0.550549 0.556825 0.556825 0.552032 0.543206
0  =  1.00

D N 0.003418 0.002030 0.001173 0.000664 0.000370 0.000204 0.000111 0.000060

p ^ 0.75 0.79 0.82 0.84 0.86 0.87 0.88 0.89
( ^ N
'-'0.86 0.495212 0.533985 0.560548 0.575605 0.582181 0.582181 0.577162 0.567937

0  =  1.50
D N 0.003524 0.002085 0.001204 0.000681 0.000380 0.000209 0.000114 0.000062

P ^ 0.76 0.79 0.82 0.84 0.86 0.87 0.88 0.89
r ' N
'“'0.86 0.510290 0.548284 0.574944 0.590122 0.597267 0.597267 0.592041 0.582533

Table 7.10: Computed two mesh difference and the order of convergence p^  for 

ryD+G on [0,oo) generated by {A^^) with M  =  8lnN  applied to problem ( P t b )  for 
various values of N and (5.

The computed global error can be used to calculate the global error bounds for 
all values oi N  >  256, but in the next chapter we only need the value N  =  8192. 
For this number of nodes we use the Tables 7.8, 7.9 and 7.10 and the experimental 
technique to obtain the following error bounds for N  >  2048

/? =  0.5 | |0 -^ | | [ o ,o o )  <  0.580A^-°«®

/3 =  1.0 | | 0 - 0 | | [ o , o c )  <  0.609A^-°«6

/ ? = 1 . 5  | | 0 - 0 | | [ o , o o )  <  0.627A^-°'86

(7.32)
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/3 =  0.5 | | : ^ - 0 ' l | [ o ,o o )  <  0.6277V-°«®
^ =  1.0 \ \D +e-e ' \ \ i o ,oo )< 0 .710N -^ -^^  (7.33)

/? =  1.5 1 1 ; D ^ - 0 ' | |[ o,oc) <  0.765A^-“ *®

0 = 0.5 | | 7 7 ( : ^  -  e')|l[o,oo) <  0.5577V-O-86

P = 1.0 \ \ v ( ^  -  0')ll[o,oo) <  0.582A^-o«6 (7 .34)

/? =  1.5 M D ^  -  0')||[o,oc) <  0.597iV-o-86

7.10 Com puted global error estim ates for Blasius
solution

We now obtain approximate expressions Tt b  for the Blasius solution It b  of (-Pr) 
by substituting into the relation (7.4) the approximations 0  and D + 0  for g and g , 

com puted by (A^) .  Thus for each { x, y)  in the rectangle Q we define

TTB{x,y) =  e { v )  (7.35)

where rj G [0,oo) is given by (7.1).

Preliminary analytical investigations also indicate that for all N  >  N q and some 

unknown constants pi ,  and Cp ,̂ the following theoretical bounds hold for the ap

proximation Tt  to the scaled velocity t r

\ \ T t d -  t r s  I I n  <  C-pi Pi >  0 (7.36)

where T t b  is the com puted Blasius solution of the Prandtl problem on given by 

(7.17) and t rB  is the exact solution of ( P t )-  Here Nq and the error parameters pi ,  

P2 , Cpi and Cp2 are independent of N and M.

In what follows, we use the experimental techniques to determine realistic error 

bounds of the form (7.36).

For the heat com ponent I t b  we obtain from (7.17), and (7.32) the following 

com puted error bound for all N  >  2048

/? =  0.5 ||T tb  -  =  I I ©  — f f | | [ o , o o )

< 0.580iV-°-««
/ 3 = 1 . 0  \\TTB-tTB\\n <  0.609iV-°-«6
^ = 1 . 5  \ \ T T B - t T B \ \ n  <  0.627iV-o-86
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In the specific case N  =  8192 the computed error bounds 5.18 become

^ =  0.5 \ \TTB-tTB\\n <  2 .5 4 3 e -0 4
0  =  1.0 \ \TTB-tTB\\n <  2 .6 2 5 e -0 4  (7.38)
/3 =  1.5 \\Ttb ~  trBWn — 2.702e — 04

In a similar manner to the above we calculate computed error bounds for approx
imations of the scaled first derivatives by scaled discrete derivatives

dyTTB =  ^ ^ ( 7 ? )  (7.39)

yri  —  1 ____________

O.Ttb =  ^ ^ 7 ? D + 0 (r ? ) . (7.40)

In terms of these quantities the computed global error bounds for the scaled discrete 
derivative of the velocity components.

1 dtTB,. 1 l { m + l ) R e U { x )  —  ,

For dyTrB we obtain, from (7.39), and (7.33) the following computed error bound for 
all N  >  2048

/ 3 - 0 . 5  - ^ J ld y T T B  -  ^ \ \ n  < y M l ^ ( 0 . 6 2 7 j V - o - 8 6 )

P = 1 . 0  :^ J\dyT T B  -  ^ \ \ n  <  / p 5 (0.710iV-o.86) (7,42)

/3 =  1.5 ^ J \ d y T T B - ^ \ \ a  <  y f ^ ( 0 .7 6 5 iV - ° « 6 )

In the specific case N  =  8192 the computed error bounds

0  =  0.5 ^ \ \ d y T r B - ^ \ \ n  <  1 .8 2 2 e -0 4
0 = 1 . 0  ^ J \ d y T T B - ^ \ \ n  <  2 .0 6 0 e -0 4  (7.43)

^ = 1 . 5  ^ \ \ d y T T B - ^ \ \ n  <  2.2236 - 0 4 .

For OxTtb we obtain, from (7.40), and (7.34) the following computed error bound for 
all N  >  2048

=  ^ | | r ? ( S ^ - 3 ' ) | | [ o , o c )  (7-44)

/3 =  0.5 <  §f^(0.5577V -“-««)

/3 =  1.0 < 0 (7.45)
0  =  l.b l i a . T T B - ^ I l n  < 5 ^ (0 .5 9 7 iV -“««)



Chapter 8

A R eynolds and Prandtl uniform  
num erical m ethod for the Prandtl 
boundary layer problem  for flow 
past a wedge w ith heat transfer

8.1 In troduction

Adapting the parameter-uniform methods described in Chapters 4 and 6 we construct 
a Reynolds and Prandtl uniform numerical method for the Prandtl boundary layer 
problem for flow past a wedge with heat transfer. The momentum equation and 
energy equation are parabolic and singularly perturbed. In the case of the momentum 
equation the parameter is the reciprocal of the Reynolds number Re. In the case of 
the energy equation the parameter is the reciprocal of the product of the Reynolds 
number and Prandtl number Pr.  For convenience we use the notation e — ^  andRe
c — J_^ P r  P j .  •

122
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The Prandtl boundary layer problem {Pt ) in Chapter 7 is rewritten as

Find Uxe =  {ut£,Vte) and txe such tha t for all [x,y)  6 
Ut’e and txe satisfy the differential equations

{Pt s )

d u '
dx +

d '^ tq
d^y

dv j

=  0

with boundary conditions 

u t e  =  0, t x e  =  1 and v t e  =  0 on Fb 

UTe =  and i r e  =  on F/, |J  F t

where U(x) = m _ _ J _  
2 - /3

and /?7T is the angle of the wedge in radians, n  is the
heat transfer parameter.
We make use of the computed Blasius similarity solution of the Prandtl problem, 
calculated in Chapter 7, in two ways. Firstly, we use it to provide the required arti
ficial boundary conditions on the boundary of in the direct numerical method for 
the Prandtl problem discussed in the next section. Secondly, we use it as a reference 
solution for the unknown exact solution in the expression for the error. Since the 
computed Blasius solution is known to converge {Re, Pr, (3, n)-uniformly to the so
lution of the Prandtl problem, we can compute {Re, Pr, (3, n)-uniform error bounds. 
For this purpose we use the computed Blasius solution for { P t b ) when A^=8192, 
namely and which provides the required accuracy for the velocity com
ponents t/®B  ̂ and V̂ B̂ ,̂ their derivatives their scaled derivatives

, the temperature component and its derivative and its
scaled derivative T * ^ D y T ^ '^ ‘̂ .
Our goal is to construct an {Re, Pr, (3, n)-uniform numerical method for solving {Pte), 
in the sense that the method has error bounds, for the solutions and their deriva
tives, independent of Re, P r  and (3, for all Re G [l,oo), P r  G [0.1,10000] and all 
(3 G [0,0.3], for constant heat flux and walls of constant temperature.
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8.2 D irect Num erical m ethod for the Prandtl Prob
lem

The aim of this section is to construct a direct numerical m ethod to solve the Prandtl 

problem (P ts)  for all Re  G [1, oo), P r  G [0.1,10000] and (3 €  [0, 0.3] for constant heat 

flux, n =  and walls of constant temperature, n =  0. We require a compound  

piecewise-uniform fitted mesh in the rectangle Q., where N = { N x ,  Ny) .  We define 

the mesh as the tensor product x where the one-dim ensional mesh

in the x  direction is the uniform mesh =  {xj : Xi =  0.1 +  <  i <  N^} and

the mesh in the y-direction is the compound piecewise-uniform fitted mesh

“ =  {Vj  ■ Vj =  0 <  j  <  ^ - , y j  — a 2  +  { a  — a 2 ) { j  -  ^  <  3 <

% =  ^ +  (1 “  ^ ) ( i  ~  ^  <  j  <  Ny)-

It is important to note that the transition points a  and ct2  are chosen so that there 

are fine meshes in the boundary layers whenever they are required. The appropriate 

choices for P r  >  1 are
(7 =  m i n { i ,  1 .2 \ /£ /n A fy }  (8 .1)

c72 =  m inj^cr ,  l . 2 \ f e - ^ / e ^ l n N y } .  (8 .2)

and for P r  <  1 are
a  =  m in { - ,  1.2y/e P r \ /e ln N y}  (8.3)

0 - 2  =  m in{^(7,1.2^/elnNy}. (8.4)

The factor ^/£ may be m otivated from asym ptotic analysis [18]. The factors 

and -s/epr may be motivated from a priori estim ates of the thermal layer or from 

asym ptotic analysis. For simphcity we take =  Ny =  N .

The problem {Pxe) is discretised by the following non-linear upwind finite difference
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method, on the piecewise uniform fitted mesh

Find U te  =  {Ute, Vte) and Tte such that for all mesh points (xi,yj)  6 
Ure and Tte satisfy the finite mesh difference equations

(P t e )

-e5lUTE{xi ,y j )  + UteD ^  UTE{xi ,yj )  +  VTED^UTE{xi ,yj )  =  U dU_
dx

—e e p r 6 y T T E { x i ,  y j )  + U t e { D ^  T x E i x i ,  y j )  + + V r E D y T r E i x i ,  y j )  — 0

D~UTE{xi , y j )  +  D~VTE{xi , y j )  =  0

with boundary conditions

Ute ~  0, TVe =  1 and Vxe ~  0 on
Ute  = and T t e  =  U Tt-

Since is a non-linear finite difference method an iterative method is required
for its solution. This is obtained by replacing the system of non-hnear equations by
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the following sequence of systems of linear equations

W ith the boundary condition on F l,fo r each i , l  < i < N,
use the initial guess =  U ^ ‘“^|xi_iand for m  — 1 , . . . ,  M
solve the following two point boundary value problem for U^^{xi,yj)

-s5lUJp,{x,,y,) +  U^-^D;U?,{x i ,yj )  + D^U?,{x„yj)  =  t / f  l < j < N

with the boundary conditions =  Utb on Fb U F t, 
and the initial guess for =  0.
Also solve the initial value problem for V’̂ { x i , y j )

(A?. U ^ , { x i , y j )  +  D y  V f l i x i ,  y j )  =  0
TeJ

with initial condition =  0 on Fb-
Continue to iterate between the equations for until m  = M, 
where M  is such that
m ax(|C/^ -  < tol.

Finally, solve the two point boundary value problem for TTe{xi,yj)

-£eprSlTTe{Xi,yj) +  U^^{D-TTe{Xi,yj) + ^TTe{Xi,yj)) + V^^D^TTe{Xi,yj) = 0,
l <  j  < N  - I

with the boundary conditions Txe =  7b on F b UF t U F ^ , .

For notational simplicity, we suppress explicit mention of the iteration superscript 
Mi, and henceforth we write simply and for the solution generated by 
We take tol = lO""® in the computations.

8.3 Error analysis based upon the finest mesh

In this section we estimate, computationally, the maximum pointwise error in the 
numerical solution and its discrete derivatives generated by the algorithm of
the previous section. Since the exact solution in the expression for the computed 
maximum pointwise error is unknown, we replace it by the solution and 
generated by on the finest mesh The results for Ute, - ^ V ts and their
derivatives are similar to the results in Chapter 4 (also see Appendix D). We need
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only investigate the results for T^e and its derivatives.
For Tte we define the computed maximum pointwise errors

and

E^iTre) =  maxE^iTre).
e

As in the previous chapter, we show the errors for only three values of the Prandtl 
number P r  =  0.2, 512 and 10000 with /? =  0.3 for constant heat flux n =
The values of the computed maximum pointwise errors generated by (^51:) applied 
to problem (Pts) for Tts are given in Tables 8.1 for various values of e, N  and P r,  
with (3 =  0.3 and constant heat flux n =  The results in Table 8.1 stabilise to a 
fixed value for all N  and all P r  considered. The computed maximum error for Tre 
decreases as the number of mesh points increase. For each N  the largest computed 
maximum error occurs when 2“  ̂ <  £ <  2” ®̂. Table 8.1 strongly suggests that the
method is e-uniform for for all P r  considered, with (3 =  0.3 and n __  1 —m

“  2 ‘
P r  =  0 .2 P r  =  512

e \ N 32 64 128 256 e \ N 32 64 128 256
9.99e-04 5.07e-04 2.35e-04 8.17e-05 2 - 0 1.57e-02 7.00e-03 2.93e.Q3 9.68e-04

2 - 2 2 .95e.03 1.50e-03 6.83e-04 2.35e-04 2 - 2 3 .S le -0 2 1.53e-02 6 .34e-03 2.08e-03
2 -4 2.82e-03 1.43e-03 6.47e-04 2.21e-04 2 3.64e.Q2 1 .84e.02 8 .55e-03 3.02e-03
2 “ 0 2.37e-03 l . l l e - 0 3 4.86e-04 1.64e-04 2 - 6 3 .66e-02 1.86e-02 8.62e-03 3.04e-03
2~® 3.95e-03 1.18e-03 4.76e-04 1.59e-04 2 -® 3 .64e-02 1.85e-02 8.66e-03 3.07e-03
2 - 1 0 4.48e«03 1.61e-03 6.03e-04 2.09e-04 2 - 1 0 3.64e-02 1.85e-02 8 .65e-03 3.06e-03
2 - 1 2 4.48e-03 1.61e-03 6.03e-04 2.09e-04 2 - 1 2 3.64e-02 1.85e-02 8 .65e-03 3.06e-03
2 - 1 4 4.48e-03 1.61e-03 6.03e-04 2.09e-04 2 - 1 4 3.64e-02 1.85e-02 8.65e-03 3.06e-03
2 - 1 6 4.48e-03 1.61e-03 6.03e-04 2.09e-04 2 - 1 6 3.64e-02 1.85e-02 8.65e-03 3.06e-03
2 - 1 8 4.48e-03 1.61e-03 6-03e-04 2.09e-04 2 - 1 8 3 .64e.02 1.85e-02 8.65e-03 3.06e-03
2 - 2 0 4 .48e.03 1 .6 le -0 3 6.03e-04 2.09e-04

01

1 3.64e-02 1.85e-02 8.65e-03 3.06e-03
4 .48e-03 1.61e-03 6.83e.Q4 2.35e-04 3.66e-02 1.86e-02 8.66e-03 3.07e-03

£ \ N
P r  =  10000 

64 128 256
3.62e-
3.69e-
3.92e-
4.02e-
4.06e-
4.06e-
4.06e.
4.06e-
4.06e-
4.06e-
4.06e-

1.90e-02
1.88e-02
1.96e-02
2.02e-02
2.07e-02
2 .06e.02
2.06e-02
2.06e-02
2.06e-02
2.06e-02
2.06e-02

8 .59e-03
8 .72e-03
9 .06e-03
g .29e-03
9 .69e-03
9 .56e-03
9 .56e-03
9 .56e-03
9 .56e-03
9 .56e-03
9 .56e-03

2.80e-03
3 .06e-03
3 .18e-03
3 .25e-03
3 .37e-03
3 .36e-03
3 .36e-03
3 .36e-03
3 .36e-03
3.36e-03
3.36e-03

2 .07e-02  9 .59e-03  3.37e-03

Table 8.1: Computed maximum errors E ^{T ts) generated by applied to prob
lem (Pte) for various values of e, P r  and N  with (3 =  0.3 and n =

Graphs of the temperature component Tte of the solution U te  generated by the 
direct method with N  =  32, 0  =  0.3 and P r  =  0.2, 512 and 10000 for e =  1.0 
and 2“ ^̂  are shown in Figures 8-1 and 8-2, respectively.
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In Figure 8-1 we see the graphs of Txs are smooth for various values of P r , for e =  1.0,

Figure 8-1: Graphs of Txe for s =  1.0, N=32, f3 = 0.3 and P r  =  0.2,512,10000.

In Figure 8-1 we see a region of rapid change along the wedge for P r  =  512 and 
10000, with (3 =  0.3 and e =  1.

Figure 8-2; Graphs of Tte for c =  2 N=32, P =  0.3 and Pr  =  0.2,512,10000.

In Figure 8-2 we see the boundary layer along the surface of the wedge for Txe for 
various values of P r, with j3 =  0.3 and e =  2~^^. In both Figures the temperature 
component has no non-physical oscillations for all Pr.
The computed orders of convergence and the error constants for Tte are
defined in an analogous manner to the computed orders of convergence and error 
constants in Section 4.4. The computed orders of convergence p ^  and p ^  and the 
constant of convergence Cp. for Tre are given in Table 8.2 for various values of e, 
and Pr, with (3 = 0.3 and n =  The results in Tables 8.1 and 8.2 suggest that 
{A^^) is an e-uniform numerical method of order at least 0.72 for Tt  ̂ for all P r  with

P — 0.3 and n =

P = 0.3 and n =



8.3 Error analysis based upon the finest mesh 129

P r  =  0.2 P r  =  512 P r  =  10000
e \ N 32 64 128 e \ N 32 64 128
2 - 0 0.80 0.88 0.92 2 - 0 1.10 1.05 1,02
2 " ^ 0.81 0.88 0.93 2 -2 1,18 1.08 1,03
2 - 4 0.84 0.90 0.94 2 - 4 1.05 0,70 0,87
2 - 6 1.08 0.96 0.97 2 -6 1.03 0,70 0,87
2 - 8 1.94 1.30 1,00 2 -8 1.02 0,68 0,86
2 -1 0 1.43 1.79 1.35 2 -1 0 1.02 0,68 0,86
2 12 1.43 1.79 1.35 2 -1 2 1.02 0,68 0,86
2 - 1 4 1.43 1.79 1.35 2 - 1 4 1.02 0,68 0,86
2 - 1 6 1.43 1.79 1,35 2 - 1 6 1.02 0,68 0,86
2 - 1 8 1.43 1.79 1.35 2 - 1 8 1.02 0,68 0,86
2 -2 0 1.43 1.79 1.35 2 -2 0 1.02 0,68 0,86

rcom p 0.96 0,95 0.94 ycom p 0.72 2,77 1,03

Co.gi 1.11 1.09 1.09 Co.72 1.34 1.17 1,06

e \ N 32 64 128
2 - 0 0.88 0.71 1.05
2 - 2 1.06 0.70 0,87
2 - 4 1.07 0.72 0,88
2 - 6 1.05 0.74 0.88
2 - 8 1.02 0.72 0,87
2 - 1 0 1,02 0.72 0,87
2 -1 2 1.02 0,72 0,87
2 - 1 4 1.02 0,72 0,87
2 - 1 6 1,02 0,72 0,87
2 - 1 8 1,02 0,72 0,87
2 - 2 0 1.02 0,72 0,87

Pcomp 1.17 2.73 1.03

C l,03 1.34 1.14 1.06

Table 8.2; Computed orders of convergence p^{T ts), p^iTxe)  and the error constants 
Cp. generated by applied to problem (Pte) for various values of e, P r  and N
with /? =  0.3 and n =

From the data in Table 8.2 we obtain the computed error bounds for Tre 

P r  =  0.2 WTre-tTeWnp <
P r  =  512 \\Tt , -  tTeWup < 1 . 3 4 7 V - o - ^ 2  (8 5 )

P r = 10000 WTre -  < 1.36iV-i °3.

Graphs of the computed scaled discrete derivatives T * ^ D y T r e  and D~Tre, gener
ated by given in Figures 8-3, and 8-4, respectively, for N  = 32, e — 2“ ^̂ ,
j3 = 0.3 and P r  = 0.2, 512 and 10000. Graphs of y/eDyTre, in Figure 8-3, show a 
region of rapid change along the wedge for all Pr. Graphs of D~Tts in Figure 8-4 
show the region closest to the leading edge to be the most active.

Figure 8-3: Graphs of T*y/sDyTTe for e =  2 N ^3 2 ,  j3 = 0.3 and P r  =
0.2,512,10000.
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Figure 8-4: Graphs of Tre for e =  2 N —32, P — 0.3 and P r  =  0.2,512,10000.

We approximate the scaled partial derivatives and by the correspond
ing scaled discrete derivatives D~Tte and ^ D y T x e -  Since the scaled derivatives of 
the exact solution tre are unknown, we replace them in the expression for the error 
by the appropriate scaled derivatives of the computed solution T^l^, generated by 
method on the finest available mesh. The resulting computed maximum point- 
wise errors of the computed sealed discrete derivatives T*y/eDyTTe and D~Tte are 
given in the Tables 8.3 and 8.4, respectively.

e \ N 32 64 128 256
2 " ^ 1.28e-02 6.04e-03 2 .75e-03 l.2 3 e -0 3
2 “ ^ 2.55e-02 1.19e-02 5.20e-03 l .9 1 e .0 3
2 ~ * 5.09e-02 2 .38e.02 1.02e-02 3.50e-03
2 -C l.O le-0 1 4.74e-02 2.03e-02 6 .84e-03
2 - 8 1.97e-01 9.43e-02 4.07e-02 1.36e-02
2 -1 0 1.95e-01 1.08e-01 5.36e-02 1.98e-02
2 -1 2 1.95e-01 1.08e-01 5.36e-02 1.98e-02
2 - 1 4 1.95e-01 1.08e-01 5.36e-02 1.98e.02
2 - 1 6 1.95e-01 1.08e-01 5.36e«02 1.98e-02
2 ~ 1 8 1.95e-01 1.08e-01 5.36e-02 1.98e-02
2 - 2 0 1.95e-01 1.08e-01 5.36e-02 1.98e-02

1.97e-01 1.08e-01 5.36e-02 1.98e-02

e \ N

- 8

- 1 0

=  512 
64 128 256

l.8 2 e-
3.18e.
3.04e-
3.04e-
3.04e-
3.04e-
3.04e-
3.04e-
3 .04e.
3.04e-
3.04e-

8.63e-
1.69e.
1.84e-
1.84e-
1.84e-
1.84e-
1.84e-
1.84e-
1.84e-
1.84e-
1.84e-

3.85e-02
7.20e-02
9 .5 U -0 2
9.51e-02
9.51e-02
9.51e-02
9.51e-02
9 .51e-02
9 .51e-02
9 .51e-02
9 .5 1 e.0 2

e \ N 32 64 128 256
2 - 0 3.15e-01 2.00e-01 9.25e-02 3.16e-02
2 - 2 3.08e-01 1.83e-01 9.45e-02 3.92e-02
2 - 4 3.08e-01 1.83e-01 9.45e-02 3.92e-02
2 - 6 3.08e-01 1.83e-01 9.45e-02 3.92e-02
2-® 3.08e-01 1.83e-01 9.45e-02 3.92e-02
2 - 1 0 3.08e-01 1.83e-01 9.45e-02 3.92e-02
2 - 1 2 3.08e-01 1.83e-01 9.45e-02 3.92e-02

3.08e-01 1.83e-01 9.45e-02 3.92e-02
2 - 1 6 3.08e.01 1.83e-01 9.45e-02 3.92e-02
2 - 1 8 3.08e-01 1.83e-01 9.45e-02 3.92e-02
2 - 2 0 3.08e-01 1.83e-01 9.45e-02 3.92e-02

3.15e-01 2.00e-01 9.45e-02 3.92e-02

1.43e-02
2.43e-02
3.56e-02
3.56e-02
3.56e-02
3.56e-02
3.56e-02
3.56e-02
3.56e-02
3.56e-02
3.56e-02

1.84e-01 9 .51e-02  3.56e-02

Table 8.3: Computed maximum errors {T*y/eDyTTe) generated by applied
to problem (Fre) for various values of £, P r  and N  with (3 =  0.3 and n =
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e \ N 32 64 128 256
2 - 0 1 39e-01 9.22e-02 4.84e-02 1.82e-02
2 - 2 1 23e-01 6.57e-02 2.90e-02 9.84e-03
2 - 4 1 20e-01 6.88e-02 3.13e-02 1.08e-02
2 - 6 1 lle -0 1 7.36e-02 3.93e-02 1.60e-02
2-® 6 15e.02 6 .3 le -0 2 5.12e-02 2.62e-02
2 - 1 0 6 13e-02 5.19e-02 5.48e-02 3.76e-02
2 - 1 2 6 13e-02 5.19e-02 5.48e-02 3.76e-02
2 - 1 4 6 13e-02 5.19e-02 5.48e-02 3.76e-02
2 - 1 6 6 13e-02 5 .I9 e -0 2 5.48e-02 3.76e-02
2 - 1 8 6 13e-02 5.19e-02 5.48e-02 3.76e-02
2 - 2 0 6 13e-02 5 .19e.02 5.48e-02 3 .76e.02

1 39e-01 9.22e-02 5.48e-02 3.76e-02

e \ N

2 - 2  
2 - 4  

2 - ®  
2 - 8  

2 
2
2 - 1 4

2 - 1 6

2 - 1 8

2 - 2 0

- 1 0

- 1 2

p r -

~  512 
64 128 256

2.13e-
3.05e-
3.14e-
3.08e.
2.98e-
2.98e-
2.98e-
2.98e-
2.98e-
2.98e-
2.98e-

1.49e-
2.32e-
2.68e-
2.63e-
2.48e.
2.48e-
2.48e-
2.48e-
2.48e-
2.48e-
2.48e-

7.92e-02
1.30e-01
1.65e-01
1.64e-01
l.6 0 e-0 1
1.60e-01
1.60e-01
1.60e-01
1.60e-01
1.60e-01
1.60e-01

c \ N 32 64 128 256
2 - “ 2.99e-01 2.73e-01 1.63e-01 6 .54e-02
2 - 2 3 .2 U .0 1 2 .7 7 e -0 l 1.68e-01 8.85e-02
2 - 4 3.24e-01 2.85e-01 1.73e-01 9.02e-02
2 “ ® 3.19e-01 2.96e-01 1.83e-01 9 .35e-02
2-® 2 .9 8 e-0 l 2 .9 4 e-0 l 1.94e-01 l.OOe-01
2 - 1 0 2.98e-01 2.94e.01 1.93e-01 9 .97e-02
2 - 1 2 2.98e-01 2.94e-01 1 .9 3 e-0 l 9 .97e-02
2 - 1 4 2.98e-01 2.94e-01 1.93e-01 9 .97e-02
2 - 1 6 2.98e-01 2.94e-01 1.93e-01 9 .97e-02
2 - 1 8 2.98e-01 2.94e-01 l,9 3 e -0 1 9 .97e-02
2 - 2 0 2.98e-01 2.94e-01 1.93e-01 9 .97e-02

3.24e-01 2.96e-01 1.94e-01 l.OOe-01

2.99e-02
5.08e.02
7.44e-02
7.44e-02
7.41e-02
7.41e-02
7.41e-02
7.41e-02
7.41e-02
7.41e-02
7.41e-02

1.65e-01 7.44e-02

Table 8.4: Computed maximum errors (D^Tts) generated by applied to
problem {Pte) for various values of e, P r  and N  with /? =  0.3 and n =

The computed maximum errors in Tables 8.3 and 8.4 for T*y/eD~Tre  and D~Tre, 
respectively, stabilise to a fixed value after e =  for all P r  and N  for P =  0.3 
and n =  The computed maximum error for T*s/eD~TTe decreases as the
number of mesh points increase. Table 8.3 suggests that the method is independent 
of e for Tyy/eDyTre for P r  =  0.2, 512, 10000 and (3 =  0.3 and n =  The
computed maximum error for D~Txe decreases as the number of mesh points increase 
for N  >  128.
The orders of convergence and the compound error constants for Ty^/eDyTre  and 
D~Tte, are given in Tables 8.5 and 8.6, respectively, for various values of £, P r  and 
N  with (3 =  0.3 and n =



8.3 Error analysis based upon the finest mesh 132

P r  = 0.2 P r  = 512 P r  = 10000

e \N 32 64 128 e \N 32 64 128 e \N 32 64 128
2 - 0 0.97 0.88 0.63 2 - 0 1.00 0.99 0.77 2 - 0 0.32 0.68 1.04
2 - 2 0.99 0.97 0.88 2 - 2 0.91 1.00 0.99 2 - 2 0.46 0.58 0.69
2 - 4 1.00 0.99 0.97 2 - 4 0.46 0.63 0.77 2 - 4 0.46 0.58 0.69
2 - 6 0.98 1.00 0.99 2 - 6 0.46 0.63 0.77 2 - 6 0.46 0.58 0.69
2 - 8 0.94 0.98 1.00 2 - 8 0.46 0.63 0.77 2 - 8 0.46 0.58 0.69
2 - 1 0 0.64 0.72 0.77 2 - 1 0 0.46 0.63 0.77 2 - 1 0 0.46 0.58 0.69
2 12 0.64 0.72 0.77 2 - 1 2 0.46 0.63 0.77 2 - 1 2 0.46 0.58 0.69
2 - 1 4 0.64 0.72 0.77 2 - 1 4 0.46 0.63 0.77 2 - 1 4 0.46 0.58 0.69
2 - 1 6 0.64 0.72 0.77 2 - 1 6 0.46 0.63 0.77 2 - 1 6 0.46 0.58 0.69
2 - 1 8 0.64 0.72 0.77 2 - 1 8 0.46 0.63 0.77 2 - 1 8 0.46 0.58 0.69
2 - 2 0 0.64 0.72 0.77 2 - 2 0 0.46 0.63 0.77 to 1 10 o 0.46 0.58 0.69

rcomp 0.89 0.72 0.77 PNrcomp 0.91 0.67 0.77 rcomp 0.32 0.68 0.73

Co.72 3.20 2.85 2.85 Co.67 4.99 4.20 4.20 Co.32 1.98 1.98 1.54

Table 8.5: Computed orders of convergence {T*s/eDy  T^e), and
C^. generated by applied to problem [Pte) for various values of e, P r  and N
with (3 =  0.3 and n =

P r  = 0.2 P r = 512 P r  = 10000
e \N 32 64 128 e \N 32 64 128 e \N 32 64 128
2 - 0 0.53 0.73 0.85 2 - 0 0.49 0.72 0.82 2 - 0 0.34 0.72 0.72
2 - 2 0.79 0.94 0.96 2 - 2 0.38 0.65 0.78 2 - 2 0.35 0.71 0.38
2 - 4 0.69 0.90 0.96 2 - 4 0.38 0.66 0.63 2 - 4 0.32 0.71 0.40
2 - 6 0.39 0.66 0.74 2 - 6 0.38 0.64 0.62 2 - 6 0.23 0.68 0.43
2 - 8

- 0.01 - 0.13 0.42 2 - 8 0.41 0.60 0.58 2 - 8 0.15 0.57 0.41
2 -1 0 0.43 - 0.34 0.01 2 -1 0 0.41 0.59 0.58 2 -1 0 0.15 0.58 0.41
2 -1 2 0.43 - 0.34 0.01 2 -1 2 0.41 0.59 0.58 2 -1 2 0.15 0.58 0.41
2 - 1 4 0.43 - 0.34 0.01 2 - 1 4 0.41 0.59 0.58 2 - 1 4 0.15 0.58 0.41
2 - 1 6 0.43 - 0.34 0.01 2 - 1 6 0.41 0.59 0.58 2 - 1 6 0.15 0.58 0.41
2 - 1 8 0.43 - 0.34 0.01 2 - 1 8 0.41 0.59 0.58 2 - 1 8 0.15 0.58 0.41
2 -2 0 0.43 - 0.34 0.01 2 -2 0 0.41 0.59 0.58 2 -2 0 0.15 0.58 0.41

Pcamp 0.53 0.51 0.01 Pcomp 0.38 0.66 0.63 rcomp 0.27 0.60 0.41

Co.01 8.60 6.01 4.26 Co.38 3.84 3.84 3.17 Co.27 3.63 3.63 2.88

Table 8.6; Computed orders of convergence [D~TTe), {D~TTe) and C^, gen
erated by applied to problem {Pte) for various values of e, P r  and N  with
/? =  0.3 and n =

The results in Tables 8.3 and 8.5 suggest that £-uniform numerical
method of order of at least 0.67 for T * ^ D ~ T T e  for all P r  for N  and P =  0.3. 
We cannot draw the same conclusion from Tables 8.4 and 8.6 for D~T te as we have 
negative orders of convergence for P r  < I.
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From the data in Table 8.5 we obtain the computed error bounds for T*\fsD y Tte

P r = 0.2 r;,/E \\D -TTe -  ^ \ \ n -  < 3 .2 0 iV- « - ^ 2

P r = 512 T ; ^ \ \ D - T t .  -  < 4.99Ar-°«^ (8.6)
P r = 10000 T;y/^\\D -TT , -

8.4 Error analysis based upon the Blasius solution

In this section we compute e-uniform maximum pointwise differences in the approxi
mations generated by the direct numerical method described in Section 8.2. For this 
case we compare the parameter uniform maximum pointwise differences in the ap
proximations generated by the direct numerical method of the previous section with 
the corresponding values of generated be the method defined in Chapter 7.

 8192
The scaled maximum pointwise difference WTxe — Ttb  of N , e and P r  for
/? =  0.3 and n =  arc given in Table 8.7.
The results in Table 8.7 stabilise to a fixed value for all N  and all P r  considered 
with j3 = 0.3. The computed maximum difference for Tre decreases as the number of 
mesh points increase. For each N  the largest computed maximum difference occurs 
when 2“® <  £ <  2“ ^̂  for /? =  0.3 and all Pr. The results in Table 8.7 indicate that 
the method is independent of e for the temperature component for various Pr. In a 
similar fashion to Table 8.1 of the pointwise errors of Ttei Table 8.7 strongly suggests 
tha t the method is e-uniform for Tte for j3 = 0.3 and all P r  considered.
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e \ N 32 64 128 256 512 e \ N 32 64 128 256 512
2 “ ^ 1.12e-03 6.25e-04 3 .60e-04 2.07e-04 1.26e-04 2 - u 1.54e-02 6 .70e-03 2 .73e-03 9.49e-04 1.12e-03
2 - 2 3 .26e-03 1.82e-03 l.OOe-03 5.54e-04 3.21e-04 2 - 2 3.59e-02 1.61e-02 7.09e-03 2.86e-03 9 .10e-04
2 “ “* 3 .14e-03 1.76e-03 9 .67e-04 5.42e-04 3.25e-04 2 - 4 3.89e-02 2.11e-02 1.12e-02 5.63e-03 2.55e-03
2 “ ® 2.63e-03 1.37e-03 7.46e-04 4.24e-04 2.64e-04 2 -® 3.91e-02 2.12e-02 1.13e-02 5.66e-03 2 .56e-03
2 “ ® 4.10e-03 1.26e-03 6 .04e-04 2.88e-04 1.73e-04 2 “ ® 3.89e-02 2.12e-02 1.13e-02 5.70e-03 2 .58e-03
2 - 1 0 4 .42e-03 2.D5e-03 1 .03e.03 5.83e-04 3.28e-04 2 - 1 0 3.89e-02 2.12e-02 1.13e-02 5.71e-03 2 .59e-03
2 - 1 2 4 .42e-03 2.05e-03 1.03e-03 5.83e-04 3.28e-04 2 - 1 2 3.89e-02 2.12e-02 1.13e-02 5.71e-03 2.59e-03
2 - 1 4 4.42e-03 2 .05e-03 1.03e-03 5.83e.Q4 3.28e-04 2 - 1 4 3 .89e.02 2.12e-02 1.13e-02 5.71e-03 2.59e-03
2 - 1 6 4.42e-03 2.05e-03 1.03e-03 5.83e-04 3.28e-04 2 - 1 6 3.89e-02 2.12e-02 1.13e-02 5.71e-03 2.59e-03
2 - 1 8 4 .42e-03 2 .05e-03 1.03e-03 5.83e-04 3.28e-Q4 2 - 1 8 3.89e-02 2.12e-02 1.13e-02 5.71e-03 2 .59e-03
2 - 2 0 4.42e-03 2 .05e.03 1.03e-03 5.83e-04 3 .28e.04 2 - 2 0 3.89e.Q2 2.12e-02 1.13e-02 5.71e-03 2 .59e-03

4.42e-03 2.05e-03 1.03e-03 5.83e-04 3.28e-04 3.91e-02 2.12e-02 1.13e-02 5 .71e.03 2.59e-03
P r  =  10000

c \ N 32 64 128 256 512
2 -U 3.58e-02 1.85e-02 8.17e-03 2 .66e-03 2 .80e-03
2 - 2 3.80e-02 1.98e-02 9 .72e-03 4 .12e-03 2.10e-03
2 - 4 4.01e-02 2.05e-02 l.OOe-02 4 .21e-03 1.98e-03
2 - 6 4 .12e.02 2.12e.Q2 1.03e-02 4 .34e-03 1.92e-03
2-® 4.15e-02 2.17e-02 1.07e-02 4 .56e-03 1.83e-03
2 - 1 0 4.15e-02 2.17e-02 1.07e-02 4 .58e-03 1.80e.Q3
2 - 1 2 4.15e-02 2 .17e.02 1.07e-02 4 .58e-03 1.80e-03
2 - 1 4 4.15e-02 2.17e-02 1.07e-02 4 .58e-03 1 .80e.03
2 - 1 6 4.15e-02 2.17e-02 1.07e-02 4 .58e-03 1.80e-03
2 - 1 8 4.15e-02 2.17e-02 1.07e-02 4 .58e-03 1.80e-03
2 - 2 0 4.15e-02 2.17e-02 1.07e-02 4 .58e-03 1.80e-03

4.15e-02 2 .l7 e -0 2 1.07e-02 4 .58e-03 2 .80e-03

 8 1 9 2 . ,

Table 8.7: Computed maximum pointwise difference \\Tte — Ttb where Txe is
generated by (j45>) for various values of e, P r  and N  with 0  — 0.3 and n =

Figure 8-5: Graphs of Tte — for e =  2 N = 32 , 0  =  0.3 and P r  =

0.2,512,10000.

The graphs of differences Ttc — for e =  2“^̂ , N = 32 , /? =  0.3 and P r  =  
0.2,512,10000 in Figure 8-5 show that the largest difference is contained within the 
boundary layer along the surface of the wedge for all P r  considered and 0  =  0.3.
We now estimate the order of convergence of the numerical approximation Ttc, gen
erated by the direct numerical method by using the computed order of con
vergence defined in Section 4.5. The orders of convergence and the error constants 
of the temperature component Txe are given in Table 8.8.
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P r  =  0.2  P r  =  512  P r  =  10000
e \ N 32 64 128 256 e \ N 32 64 128 256 e \ N 32 64 128 256
2 -0 0.84 0.80 0.79 0.71 2 - 0 1.20 1.30 1.53 - 0.24 2 - 0 0.95 1.18 1.62 - 0.07
2 " ^ 0.85 0.86 0.86 0.79 2 -2 1.16 1.18 1.31 1,65 2 - 2 0.94 1.03 1.24 0.98
2 - 4 0.84 0.86 0.83 0.74 2 - 4 0.88 0.92 0.99 1.14 2 - 4 0.97 1.04 1.25 1.09
2 -6 0.95 0.87 0.81 0.68 2 - 6 0.88 0.92 0.99 1.14 2 - 6 0.96 1.04 1.25 1.18
2 - 8 1.06 1.07 0.74 2 - 8 0.87 0.91 0.99 1.14 2 - 8 0.94 1.02 1.23 1.32
2 -1 0 0.99 0.82 0.83 2 -1 0 0.87 0.91 0.99 1.14 2 -1 0 0.94 1.02 1.22 1.34
2 '2 0.99 0.82 0.83 2 - 1 2 0.87 0.91 0.99 1.14 2 -1 2 0.94 1.02 1.22 1.34
2 - 1 4 0.99 0.82 0.83 2 - 1 4 0.87 0.91 0.99 1.14 2 ~ 1 4 0.94 1.02 1.22 1.34
2 - 1 6 0.99 0.82 0.83 2 - 1 6 0.87 0.91 0.99 1.14 2 - 1 6 0.94 1.02 1.22 1.34
2 - 1 8 0.99 0.82 0.83 2 - 1 8 0.87 0.91 0.99 1.14 2 - 1 8 0.94 1.02 1.22 1.34
2 -2 0 0.99 0.82 0.83 2 -2 0 0.87 0.91 0.99 1.14 2 -2 0 0.94 1.02 1.22 1.34

rcomp 0.99 0.82 0.83 pNrcomp 0.88 0.91 0.99 1.14 Pcomp 0.94 1.02 1.22 0.71

Co.82 0.17 0.14 0.13 0.13 Co.88 1.81 1.81 1.77 1.65 Co.7 1 1.25 1.07 0.86 0.60

Table 8.8: Computed orders of convergence P̂ ĉomp̂  Pcomp *'^6 error constant 
T t’e — where Tre is generated by for various values of e, P r  and 

N  with P =  0.3 and n =

From Table 8.8 we see the order of convergence for the approximations to the 
temperature component in each case is at least 0.71 for Tte for P r — 0.2, 512, 10000 
with (3 — 0.3 and n =  Using Table 8.8 we obtain the following error bounds

P r  =  0.2 lir r .  -  < 0.17iV-°s2
P r = 512 \\Tre ~  T^TW np < 1.81A -̂°®® (8.7)
P r = 10000 li r r ,  -  < 1.257V-°-^^

From Tables 8.7 and 8.8 we have shown that for the temperature component the 
method is e-uniform for P r = 0.2, 512 and 10000 with P = 0.3 and n = 
Further computations, not reported here, show tha t the errors for the temperature 
component for P r  € [0.1,10000] and (3 G [0.0,0.3] for constant heat flux and constant 
wall temperature have similar behaviour; therefore the method can be said to be 
(e, Pr, P, n)-uniform for the scaled temperature component.
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e \ N 32 64 128 256 512 e \ N 32 64 128 256 512
1.40e-02 7 .26e-03 3 .97e-03 2.47e-03 2.02e-03 2 ~ ^ 1.95e-01 9 .97e-02 5.19e-02 2.77e-02 1.77e-02

2 - 2 2.76e-02 1.40e-02 7 .26e-03 3.97e-03 2.47e-03 2 - 2 3.37e-01 1.95e-01 9.97e-02 5.19e-02 2.77e-02
2 ~ * 5.47e-02 2 .76e-02 1.40e-02 7.26e-03 3.97e-03 2 - 4 3.36e-01 2.33e-01 1.44e-01 8.41e-02 4.88e-02
2 - 6 1.08e-01 5 .47e-02 2.76e-02 1.40e.02 7.26e-03 2 -® 3.36e-01 2.33e-01 1.44e-01 8.41e-02 4.88e-02
2"® 2.11e-01 1.08e-01 5 .47e-02 2.76e-02 1.40e-02 2 “ ® 3.36e-01 2.33e-01 1.44e-01 8.41e-02 4.88e.Q2
2 - 1 0 2.21e-01 1.33e-01 7.93e.Q2 4.56e-02 2.586-02 2 “ 1 0 3 .3 6 e-0 l 2.33e-01 l.4 4 e .0 1 8 .4 le -0 2 4.88e-02
2 - 1 2 2.21e-01 1.33e-01 7.93e-02 4.56e-02 2.58e-02 2 - 1 2 3.36e-01 2.33e-01 1.44e-01 8.41e-02 4.88e-02
2 - 1 4 2 .2 1 e-0 l 1.33e-01 7.93e-02 4.56e-02 2.58e-02 2 - 1 4 3.36e-01 2.33e-01 1.44e-01 8.41e-02 4.88e-02
2 - 1 6 2.21e-01 1.33e-01 7.93e-02 4.56e-02 2.58e-02 2 - 1 6 3.36e-01 2.33e-01 1.44e-01 8.41e-02 4.88e-02
2 - 1 8 2.21e-O l 1.33e-01 7.93e-02 4.56e-02 2.58e-02 2 - 1 8 3.36e-01 2.33e-01 1.44e-01 8.41e-Q2 4.88e-02
2- 20 2.21e-01 1.33e-01 7.93e-02 4.56e-02 2.58e-02 2 - 2 0 3.36e-01 2.33e-01 1.44e-01 8.41e-02 4.88e-02

2.21e-01 1.33e-01 7.93e-02 4.56e-02 2.58e-02 3.37e-01 2.33e-01 1.44e-01 8.41e-02 4.88e-02
P r  =  10000

32 64 128 256 512
2 ~ ^ 3.41e-01 2.39e-01 1.40e-01 7 48e-02 4.74e-02
2 * 2 3.41e-Q l 2 .3 9 e-0 l 1.50e.01 9 13e-02 5.57e-02
2 - 4 3 .4 U -0 1 2.39e-01 1.50e-01 9 13e-02 5.57e-02
2 - 6 3.41e-01 2.39e-01 1.50e-01 9 13e-02 5.57e-02
2~® 3.41e-01 2.39e-01 1 .5 0 e-0 l 9 13e-02 5.57e-02
2 - 1 0 3.41e-01 2.39e-01 1.50e-01 9 13e-02 5.57e-02
2 - 1 2 3.41e-01 2.39e-01 1.50e.Q l 9 13e-02 5.57e-02
2 - 1 4 3.41e-01 2.39e-01 1.50e-01 9 13e-02 5.57e-02
2 - 1 6 3.41e-01 2.39e-01 1.50e-01 9 13e-02 5 .57e-02
2 - 1 8 3.41e-01 2.39e-01 1.50e-01 9 13e-02 5 .57e-02
2 - 2 0 3.41e-01 2.39e.01 1.50e-01 9 13e-02 5 .57e-02

3 .4 le -0 1 2.39e-01 1.50e-01 9 13e-02 5.57e-02

Table 8.9; Computed maximum pointwise scaled difference T*^/e\\DyTTe — 
where Tte is generated by for various values of e, P r  and N

with P =  0.3 and n —

In Tables 8.9 and 8.10 we display the computed maximum pointwise differences of 
the approximations to the scaled first order derivatives of the temperature component 
Ty\/eDyTTe  and Tte for various values of e, and P r  and /3 — 0.3.
In Table 8.9 we see that the computed maximum pointwise differences of T*y/eD~TTe 
decrease as the number of mesh points increase. For each N  the largest computed 
maximum difference occurs when < c <  for all P r  with P =  0.3 and 
n =  The maximum differences stabilise to a fixed value as e decreases for any 
e and Pr.  The results in Table 8.9 indicate that the method is independent of e 

for Ty^/eDyTrB  for various Pr.  In a similar fashion to Table 8.3 of the pointwise 
errors of Tyy/eDyTre,  Table 8.9 strongly suggests that the method is e-uniform for 

Tyy/eDyTre  for all P r  considered.
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e \ N 32 64 128 256 512 t \ N 32 64 128 256 512
2-U 1.48e-01 1.05e-01 6.44e-02 3.62e-02 1.99e-02 2 - u 2.21e-01 1.59e-01 8 .81e-02 4.07e-02 2.38e-02
2 - 2 1.32e-01 7.48e-02 3.80e-02 1.90e-02 9.23e-03 2 - 2 3.17e-01 2.54e-01 1.58e-01 8.25e-02 3.96e-02
2 - 4 1.27e-01 7.78e-02 3.98e-02 1.91e-02 9.01e-03 3.32e-01 3 .0 4 e-0 l 2-15e-01 1.38e-01 8.06e-02
2 - 6 1.19e-01 8 .3 le -0 2 4.96e-02 2.79e-02 1.52e-02 2^® 3.26e-01 3.Q0e-01 2.15e-01 1.38e-01 8.06e-02
2 - 8 6.64e-02 7.34e-02 6.49e-02 4.63e-02 2.95e-02 2-® 3.16e-01 2.84e-01 2.10e-01 1 .3 8 e-0 l 8.06e-02
2 - 1 0 6.57e-02 6.29e-02 7.22e-02 7.00e-02 5 .54e.02 2 - 1 0 3.16e-01 2.84e-01 2.10e-01 1.38e-01 8.05e-02
2 - 1 2 6.57e-02 6.29e-02 7.22e-02 7.00e-02 5.54e-02 2 - 1 2 3.16e-01 2.84e-01 2.10e-01 1.38e-Ql 8.05e-02
2 - 1 4 6.57e-02 6.29e-02 7.22e-02 7.00e-02 5.54e-02 2 - 1 4 3.16e-01 2.84e-01 2.10e«01 1.38e-01 8.05e-02
2 - 1 6 6.57e-02 6.29e-02 7.22e-02 7.00e-02 5.54e-02 2 - 1 6 3.16e-01 2.84e-01 2.10e-01 1.38e-01 8.05e-02
2 ~ 1 8 6.57e-02 6.29e-02 7.22e-02 7.00e-02 5.54e-02 2 - 1 8 3.16e-01 2.84e-01 2.10e-01 1.38e-01 8.05e-02
2 - 2 0 6.57e-02 6 .29e-02 7.22e-02 7.00e-02 5.54e-02

01

3.16e-01 2.84e-01 2.10e-01 1.38e-01 8.05e-02
1.48e-01 1.05e-01 7.22e-02 7.00e-02 5.54e-02 3.32e-01 3.04e-01 2.15e-01 1.38e-01 8.06e-02

P r  = 10000
e \ N 32 64 128 256 512
2 ~ ^ 3 .06e-01 2.85e-01 1.84e-01 9.48e-02 7.13e-02
2 - 2 3.37e-01 2.98e-01 2.02e-01 1.22e-01 7.21e-02
2 - 4 3.45e-01 3.07e-01 2.08e-01 1.25e-01 7.26e-02
2 - 6 3.41e-01 3.18e-01 2.19e-01 1.30e-01 7.37e-02
2 - 8 3.20e-01 3.18e-01 2.33e-01 1.41e-01 7.59e-02
2 - 1 0 3 .2 0 e -0 l 3.18e-01 2.33e-01 1.41e-01 7.67e-02
2 -1 2 3.20e-01 3.18e-01 2.33e-01 1.41e-01 7.67e-02
2 - 1 4 3.20e-01 3.18e-01 2.33e-01 1.41e-01 7.67e-02
2 - 1 6 3.20e-01 3 .1 8 e-0 l 2.33e-01 1.41e-01 7.67e-02
2 - 1 8 3.20e-01 3.18e-01 2.33e-01 1.41e-01 7.67e-0201

3 .20e-01 3 .l8 e -0 1 2.33e-01 1.41e-01 7.67e-02
3.45e-01 3.18e-01 2.33e-01 1 .4 le -0 1 7.67e-02

Table 8.10: Computed maximum pointwise difference \ \D ^T re  — D xTt b ' ^ W ^  where 

Tre is generated by (vlxe) various values of e, P r  and N  with (5 =  0.3 and n =

Graphs of the com puted pointwise maximum differences of the scaled discrete 

derivatives T*y/eD ~TTe  and D ~ T ts generated by are given in Figures 8-6, and 

8-7 respectively for N  =  32, e =  2“ ^̂ , f3 =  0.3 and P r = 0 .2 , 512 and 10000.

Figure 8-6: Graphs of T * ^ { D y T i e  — DyT^]g'^) for £ =  2 N = 3 2 , (5 =  0.3 and
P r  ^  0 .2 ,512,10000. 

Graphs of the com puted pointwise maximum differences of T y y /e D y T r e  in Figure 

8-6 show the largest differences to be along the wedge.
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Figure 8-7: Graphs of D^Txe -  for e =  2~'^'^,N=32, j3 =  0.3 and P r  =
0.2,512,10000.

Graphs of the computed pointwise maximum differences of in Figure 8-7
show the largest differences to be concentrated at the points in the domain nearest 
the leading edge.
In Tables 8.11 and 8.12 we display the computed orders of convergence for the 
approximations of the first order scaled derivatives of the temperature component 
Tyy/eDyTxe  and D~Txe, respectively. From Table 8.11 we see the order of conver
gence for the approximations to the scaled temperature component is at least 0.72 
for T*y/eD~TTe for all P r.

P t  =  0.2  P r  =  512 P r  =  10000
e \N 32 64 128 256 e \ N 32 64 128 256 e \ N 32 64 128 256
2 -0 0.95 0.87 0.68 0.29 2 -0 0.97 0.94 0.90 0.65 2 -0 0.51 0.77 0.90 0.66
2 -2 0.98 0.95 0.87 0.68 2 -2 0.79 0.97 0.94 0.90 2 -2 0.51 0.67 0.71 0.71
2 - “ 0.99 0.98 0.95 0.87 2 -4 0.53 0.69 0.77 0.78 2 -4 0.51 0.67 0.71 0.71
2 -6 0.99 0.99 0.98 0.95 2 -6 0.53 0.69 0.77 0.78 2 -6 0.51 0.67 0.71 0.71
2 -8 0.96 0.99 0.99 0.98 2 -8 0.53 0.69 0.77 0.78 2 -8 0.51 0.67 0.71 0.71
2-10 0.73 0.75 0.80 0.82 2-10 0.53 0.69 0.77 0.78 2-10 0.51 0.67 0.71 0.71
2-12 0,73 0.75 0.80 0.82 2-12 0.53 0.69 0.77 0.78 2-12 0.51 0.67 0.71 0.71
2-14 0.73 0.75 0.80 0.82 2-14 0.53 0.69 0.77 0.78 2-14 0.51 0.67 0.71 0.71
2-16 0.73 0.75 0.80 0.82 2-16 0.53 0.69 0.77 0.78 2-16 0.51 0.67 0.71 0.71
2-18 0.73 0.75 0.80 0.82 2-18 0.53 0.69 0.77 0.78 2-18 0.51 0.67 0.71 0.71
2-20 0.73 0.75 0.80 0.82 2-20 0.53 0.69 0.77 0.78 2-20 0.51 0.67 0.71 0.71

Pcomp 0.73 0.75 0.80 0.82 ycomp 0.53 0.69 0.77 0.78 rcomp 0.51 0.67 0.71 0.71
Co.73 6.92 6.92 6.82 6.48 Co.53 6.94 6.94 6.21 5.26 Co.51 6.75 6.75 6.05 5.28

Table 8.11: Computed orders of convergence P̂ ĉompi Pcomp the error constant 
for T ;V H D ;T r , — DyT^^ '̂ )̂ where Txe is generated by various values

of e, P r  and N  with /? =  0.3 and n =
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P r =  0 .2  P r  =  512  P r =  10000

e \N 32 64 128 256 e \N 32 64 128 256 e \N 32 64 128 256
2 - 0 0 .49 0 .71 0 .83 0 .8 6 2 - 0 0 .47 0 .85 1.11 0 .7 7 2 - 0 0 .11 0 .6 3 0 .9 6 0 .41

2 - 2 0 .81 0 .9 7 1 .00 1 .04 2 - 2 0 .32 0 .6 9 0 .94 1 .06 2 - 2 0 .1 8 0 .5 6 0 .7 2 0 .7 6
2 - 4 0 .71 0 .9 7 1 .06 1 .08 2 - 4 0 .13 0 .5 0 0 .64 0 .7 7 2 - 4 0 .1 7 0 .5 6 0 .7 4 0 .7 8
2 - 6 0 .51 0 .7 5 0 .8 3 0 .8 8 2 - 6 0 .12 0 .4 8 0 .6 4 0 .7 7 2 - 6 0 .1 0 0 .5 4 0 .75 0 .8 2

2 - 8 -0 .1 4 0 .1 8 0 .4 9 0 .6 5 2 - 8 0 .16 0 .44 0 .61 0 .7 7 2 - 8 0 .01 0 .4 5 0 .7 3 0 .89
2 - 1 0 0 .06 -0 .2 0 0 .0 4 0 .3 4 2 - 1 0 0 .1 6 0 .44 0 .61 0 .7 7 2 - 1 0 0 .01 0 .4 5 0 .7 2 0 .88
2 -1 2 0 .0 6 -0 .2 0 0 .0 4 0 .3 4 2 -1 2 0 .1 6 0 .44 0 .61 0 .7 7 2 -1 2 0 .01 0 .4 5 0 .7 2 0 .8 8
2 - 1 4 0 .06 -0 .2 0 0 .0 4 0 .3 4 2 - 1 4 0 .1 6 0 .44 0 .61 0 .7 7 2 - 1 4 0 .01 0 .4 5 0 .7 2 0 .8 8
2 ~ 1 6 0 .06 -0 .2 0 0 .04 0 .3 4 2 - 1 6 0 .1 6 0 .44 0 .61 0 .7 7 2 - 1 6 0 .01 0 .4 5 0 .7 2 0 .8 8
2 - 1 8 0 .06 -0 .2 0 0 .0 4 0 .3 4 2 - 1 8 0 .1 6 0 .44 0.61 0 .7 7 2 - 1 8 0 .01 0 .4 5 0 .7 2 0 .8 8
2 - 2 0 0 .06 -0 .2 0 0 .04 0 .3 4 2 - 2 0 0 .1 6 0 .44 0 .61 0 .7 7 2 - 2 0 0 .01 0 .4 5 0 .7 2 0 .8 8

Pcomp 0 .49 0 .5 4 0 .04 0 .3 4 p Nr 'com p 0 .1 3 0 .5 0 0 .64 0 .7 7 Pcomp 0 .1 2 0 .4 5 0 .72 0 .8 8

Co.oi 5 .63 4 .1 4 2 .93 2 .9 3 Co.ia 6 .1 5 6 .15 4 .75 3 .32 C o . 12 6 .6 8 6 .6 8 5 .31 3 .4 8

Table 8.12: Computed orders of convergence p̂ ĉomp> Pcomp ^^e error constant 
for D~Tte — where Tre is generated by for various values of e,

r c o m p  *  1 iJ \  1 c /

P r  and N  with (3 =  0.3 and n =

In Table 8.13 we display the computed orders of convergence for the approxima
tions of the first order scaled derivative of the y-velocity component in the x direction, 

for various values of e, P r  and N  with (3 =  0.3 and n =  As P r  increase 
the orders of convergence become more stable. This behaviour is discussed briefly in 
Appendix D.
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P r  =  0 . 2  P r =  5 1 2

e \N 3 2 6 4 1 2 8 2 5 6 e \N 3 2 6 4 1 2 8 2 5 6

2 - 0 0 . 6 8 0 . 8 6 0 .8 1 - 0 . 7 3 2 - 0 0 . 6 8 0 . 8 6 0 .8 1 - 0 . 7 3

2 - 2 0 . 6 8 0 . 5 5 0 . 0 5 - 0 . 6 2 2 - 2 0 . 6 8 0 . 5 5 0 . 0 5 - 0 . 6 2
2 - 4 0 . 3 5 0 . 4 1 0 . 0 2 - 0 . 2 2 2 - 4 0 .5 1 0 . 8 8 0 . 5 7 - 0 . 4 7
2 - 6 0 . 2 5 0 . 2 0 0 . 1 8 - 0 . 0 8 2 - 6 0 . 5 4 0 . 8 6 0 . 9 3 0 . 6 5

2 - 8 - 0 . 1 4 0 . 3 1 0 . 2 4 0 . 2 6 2 - 8 0 . 4 3 0 . 7 6 0 . 9 0 0 . 9 7
2 - 1 0 0 . 3 8 - 0 . 1 3 0 . 0 7 0 . 2 5 2 - 1 0 0 . 4 1 0 . 7 0 0 . 8 4 0 . 9 4
2 - 1 2 0 . 6 7 0 . 6 0 0 . 4 2 0 . 2 5 2 - 1 2 0 . 4 0 0 . 6 7 0 . 7 9 0 . 9 3
2 - 1 4 0 . 5 4 0 . 7 3 0 . 8 0 0 . 8 9 2 - 1 4 0 . 4 0 0 . 6 5 0 . 7 7 0 . 9 0
2 - 1 6 0 . 4 6 0 . 7 3 0 . 8 0 0 . 8 8 2 - 1 6 0 . 4 0 0 . 6 5 0 . 7 6 0 . 8 7
2 - 1 8 0 . 4 3 0 . 6 8 0 . 8 1 0 . 8 7 2 - 1 8 0 . 3 9 0 . 6 4 0 . 7 5 0 . 8 6
2 - 2 0 0 . 4 1 0 . 6 6 0 . 7 8 0 . 8 9

01

0 . 3 9 0 . 6 4 0 . 7 5 0 . 8 5

P c o m p 0 . 4 1 0 . 4 9 0 . 0 7 0 . 2 5 t'com 'p 0 . 4 7 0 . 6 4 0 . 7 5 - 0 . 0 1

Co.0 7 2 3 . 2 2 1 8 .3 2 1 3 .7 2 1 3 .7 2 C -o.oi - 8 3 . 9 2 - 5 9 . 8 5 - 3 7 . 9 4 - 2 2 . 3 3

P r  =  1 0 0 0 0
e\ N 3 2 6 4 1 2 8 2 5 6

2 - 0 0 . 6 7 0 . 8 2 0 .8 1 - 0 . 7 3

2 - 2 0 . 0 2 0 . 5 6 0 . 8 7 - 0 . 2 6
2 - 4 0 . 3 3 0 . 5 9 0 . 7 8 1 .0 0
2 - 6 0 . 6 3 0 . 6 4 0 . 6 6 0 . 8 9
2 - 8 0 . 4 9 0 . 6 6 0 . 6 6 0 . 7 9

2 - 1 0 0 . 4 4 0 . 6 5 0 . 7 0 0 . 8 2
2 - 1 2 0 . 4 2 0 . 6 4 0 . 7 3 0 . 8 3
2 - 1 4 0 .4 1 0 . 6 4 0 . 7 4 0 . 8 4
2 - 1 6 0 . 4 0 0 . 6 4 0 . 7 4 0 . 8 4
2 - 1 8 0 . 4 0 0 . 6 4 0 . 7 4 0 . 8 5
2 - 2 0 0 . 3 9 0 . 6 4 0 . 7 5 0 . 8 5

rco m p 0 . 5 3 0 . 6 5 0 . 6 7 0 . 3 6

Co.3 6 1 4 .9 1 1 3 .2 0 1 0 .7 8 8 . 6 6

Table 8.13: Computed orders of convergence VE,compi Pcomp the error constant 
Cp, for in the domain (J F l)  where is generated
by for various values of e, P r  and N  with /3 =  0.3 and n =

From the data in Table 8.11 we obtain the following error bounds for the T*y/eD~Ti:

P r  =  0.2 T ;^ e \\D -T , -  DyT^^^WnM <  6.92iV-°-^3

p t  =  512 T ; V i | |D - r ,  -
P r  =  10000 T ; ^ \ \ D - T ,  -

Further computations, not reported here, show that the errors for Ty^/eDyTre for 
P r  e  [0.1,10000] and /? € [0.0,0.3] for constant heat flux, n =  and a constant 
wall temperature n =  0 have similar behaviour therefore the method can be said to 
be {e, P r, /?, n)-uniform for the scaled temperature component.

(8.8)
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8.5 C om putational error bounds

Similar to Section 6.5, we use the computed error estimates, obtained in Section 7.6, 
for the quantities and its scaled discrete derivatives to estimate the error in the 
numerical approximations Txe generated by the direct method The resulting
estimates are independent of those obtained in Section 8.3.
First, we use the triangle inequality to obtain

II^Te — ^Txllnw =  | |7 t £ — txBlInN

< \\Tt .  -  -  trsWn- (8.9)

where Tte is the solution generated by the direct algorithm (^5^^) on the mesh 
ixB is the exact solution of the Prandtl problem constructed from the Blasius formula 
(7.4). is the computed Blasius solution generated in the previous chapter on a
mesh with 8192 intervals. We then observe tha t the first term on the right-hand side 
of (8.9) involves the computable quantities Tts and Furthermore, the second
term on the right-hand side involves the scaled pointwise errors — t̂b> which
have already been estimated in Section 7.10 of the previous chapter. This shows that 
wc can estimate the errors in the scaled numerical solutions and their scaled discrete 
derivatives, generated by the numerical method (^^e) applied to problem (Pve), even 
though no theoretical error analysis is available for this numerical method.

We now compare the magnitude of the terms on the right-hand side of (8.9). 
The first term is the scaled maximum pointwise difference ||Te — This
quantity is found immediately from the solutions Tts of (A5?J and the solution 
computed in Chapter 7. Their numerical values are given in Table 8.7 for various 
values oi e, N  and P r  for /? =  0.3 and n  =  The second term on the right-hand 
side of (8.9) is the scaled maximum pointwise error ||T |b^ — ^tbIIh^ in the computed 
Blasius solution. The corresponding error bound (7.38), shows tha t the second term 
is bounded above by 5.560 x 10“  ̂ for all P r  and (3.

IÎ Te — ^Txlln^ \\Tt6 — ^TBlIn^
■

P r = 0.2 < 1.15iV-° i° '‘ +  5.560 X 10-^
P r = 512 < 0.51iV-o io6 +  5.560 X 10“^
P r = 10000 < 1.09iV-“-̂  ̂+ 5.560 X 10-^

The computational error bounds for Tte in (8.10) and (8.7) give two computational 
formulae such that we can ensure the error is below a desired value for all e, P r  and
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/? G [0,3]. In a similar manner to the above we calculate computed error bounds for 
approximations of the scaled first derivative T*y/eD~TTe by the bounds (7.43) and 
(8.8)

'^yV^W^y ^Te ~  dyiTrWaN = Ty\/e\\DyTTe -  ^yiTslInf
< T;^e \\D ;TTe  -

+ T* ̂ W DyT^^'^  -  dytTnWQN
P r =  0.2 < 6.92A^-°-^3 +  9.002 X IQ-^
P r  =  512 < 6,94Ar-o.53 ^  9 992 x 10"^

P r  =  10000 < 6.75A^-o-5i ^  9 002 X 10“^

The computational error bounds for D~Ttc in (8.11) and (8.8) give two computational 
formula such tha t we can ensure the error is below a desired value for all e, P r  and 
/3, for constant heat flux and walls of constant temperature.

8.6 C onclusion

In Chapters 7 and 8 we considered the Prandtl boundary layer equations for incom
pressible laminar flow past a wedge with angle 07t, /? € [0,0.3] with heat transfer. 
When the Reynolds number and Prandtl number are large the solution of this prob
lem has two parabolic boundary layers. We constructed a direct numerical method for 
computing approximations to the solution of this problem using a compound piece- 
wise uniform fitted mesh technique appropriate to the parabolic boundary layers. We 
used the method to approximate the self-similar solution of the Prandtl problem in 
a finite rectangle excluding the leading edge of the wedge for various values of Re, 
Pr, P and n. We constructed and applied a special numerical method related to the 
Blasius technique, to compute reference solutions to the problem. These were used to 
obtain approximate boundary conditions on the artificial boundaries of the computa
tional domain and in the error analysis of the velocity components, their derivatives, 
the temperature component and its derivatives. Extensive numerical experiments 
indicated tha t the constructed direct numerical method is {Re, Pr, 0, n)-uniform.



Chapter 9

Prandtl flow past a wedge w ith  
mass transfer — B lasius’ m ethod.

9.1 Prandtl Boundary layer equations

In this chapter and the next, wc use and adapt the numerical methods developed in 
Chapters 3 and 4 and apply it to the Prandtl boundary layer equation for flow past 
a semi-infinite wedge with mass transfer. The introduction of mass transfer adds 
another layer of complexity to the equation.
In the present chapter we use a variant of the semi-analytic approach of Blasius’ to 
generate numerical approximations of guaranteed accuracy to the flow variables and 
their sealed derivatives.
In the next chapter,we construct a direct numerical method for solving the problem. 
We show that the numerical approximations are pointwise accurate and tha t they 
satisfy pointwise error estimates that are uniform with respect to the Reynolds num
ber, the mass transfer parameter and the angle of the wedge.
We choose the computational domain to be the finite rectangle =  (0.6,1.6) x (0,1) 
on the upper side of the wedge, sufficiently far from the leading edge (see Fig. 9-1) 
such that the leading edge singularity and mass transfer singularity do not cause 
excessive problems for the numerical method.

143
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(0,0)

Figure 9-1: Flow past a plate with suction/blowing.

In Figure 9-1 we see the constant flow to the left hand side of the plate. Along the 
plate d  denotes the width of the boundary layer and V q( x ) denotes the mass transfer. 
As we intend to solve the Prandtl boundary layer numerically we must compute the 
approximate solution on a finite domain f2. The Prandtl boundary layer problem on 
a finite domain, fi, is

(Pm )

Find um =  (um, vm) such tha t for all (x, y) € Q 
Ua/ satisfies the differential equation

dUj x)
dx

V . u m  =  0

with boundary conditions 

Um =  0 and vm =  '̂ 0(2̂ ) on Fb 
Uâ  =  Up on P i l J r T

where U{x) =  x”* is the solution of the reduced problem, m  = and /?7t is the 
angle in radians of the wedge, up  is the exact solution of {Pp). Vq{x ) is the velocity 
normal to the plate at which mass is transferred through its surface (see equation 
(9.4) in Section 9.2). The case for no mass transfer, vq{x) =  0, was dealt with in 
Chapters 3 and 4 and it was used as the starting point for this and the next chapter. 
Our goal in Chapters 9 and 10 is to model the flow for all Reynolds numbers 
i?e G [1, 00), all mass transfer Vi € [—0.6, 7.07] and angles of the wedge, P € [0.0,1.0], 
for which the flow remains laminar and no separation occurs on the wedge.
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9.2 B lasius’ solution

Using the similarity transformation described in [1]

(m + l ) R e [ /
’' =  " V  2 X

the velocity components of the Blasius solution u m b  of ( P m ) are given by

UMB{x,y) = uix ' ^ f i r j )  = Uf'{rf) (9.2)

=  ( M )

where /  is the solution of the non-linear ordinary differential equation

For rj 6 (0, oo) find /  G C ^ ( 0 ,  oo)

r+/r+/?(i-n = o
( P m b ) *

with boundary conditions
f{0) = Vi / '(0 )  =  0, /'(oo ) =  l.

The Blasius problem [ Pm b ) is solved numerically for the function / ,  and the relations 
are used to construct the Blasius solution Umb of Pm- From [43] we have

».(x) =

where v, is the mass transfer parameter. Negative values of Vi correspond to injection, 
positive values correspond to suction. Technically Vi can have (—0 0 , 0 0 ), but in 
practice when Vi < —0.87 the boundary layer is blown away from the surface. In 
addition to this there is an upper limit of 7.07 [46]. The Blasius equation with no 
mass transfer, Vi = 0, was dealt with in Chapter 3.
Note that the Blasius problem for flow past a flat plate with mass transfer was 
investigated in [28] and [29].
It is clear tha t we need Reynolds uniform pointwise accuracy of /(ry), f'{r]) and /"(r/) 
for all 77 € (0,oo). Therefore we construct a new numerical method, which enables 
us to generate such {Re, (3, Uj)-uniform approximations.
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Problem ( P m b ) is dealt with in exactly the same way as problem { P f s ) was in 
Chapter 3. The arguments used in Section 3.3 can be applied to the equation in 
{ P m b ) to show the singularly perturbed nature of the equation. The extrapolations 
(3.7)-(3.9) for /  of { P f s ) are identical for /  of { P m b )-

9.3 Robust layer resolving m ethod for B lasius’ prob
lem

We now describe our numerical method for finding approximations to the solution 
and its derivatives of problem {Pm b )- For each fixed N we write = InN  and we 
divide the interval into the two subintervals [0, Lat] and [L;v,oo). We construct a 
uniform mesh

l u  =  { Vi  ■ m  =  i N - ^ n N ,  Q < i < N } ^

on the subinterval [0,L;v] and we determine numerical approximations F , D'^F and 
D'^D~^F to f i ,  f  'l and /^ , respectively, at the mesh points , using a variation of 
the continuation algorithm defined in Section 3.4 with the continuation parameter m

N

For each integer m, 1 < m < M find F"* on 
such that, for all 77 € 2 < i — 1

S^{D-FJ^) + F ; ^ - \ D + { D - F ^ ) )  + (3{1 -  {D -F l" -^ ) {D -F r) )  
- ( 1  + P){D-F,^ -  D~Fl^-^) = 0

{■̂ m b ) *

with boundary conditions 
F{0) = Vi D+F{0) = 0,

and the initial guess F^{r]i) =  ?7j.

To avoid cumbersome notation we suppress explicit mention for N  and M  and we 
denote the final output of { A ^ q ) simply by F .
We assign the values D^F{riN) = 1 and D'^D^F{t}[̂ ) = F{rjN-i) =  0 so that

—NF, D~^F and D ^ D ^ F  are defined at all points of the mesh . We then use piecewise 
linear interpolation to interpolate from to each point of the subinterval [0,Ln ]. 
We denote the corresponding interpolants by F , D+F  and D'^D'^F. We extend 
these functions to the whole of the serni-infinite interval [0, oo) using the extensions 
(3.13)-(3.15). We take the values of F , D~'~F and D'^D'^F, respectively, to be the
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required numerical approximations to the exact values f ,  f  and f "  of the Blasius 
solution and its derivatives on the semi-infinite interval [0,oo).

9.4 Com puted error estim ates for B lasius’ prob
lem

For the sake of brevity we show the errors for only three values of the mass transfer 
parameter, Vi =  —0.6, Vi — 2.0 and Vi = 7.0 and one value of the angle of the wedge, 
P =  0 .8 .

We use the experimental formula defined in Section 3.6 to obtain computed pa
rameter uniform global error parameters for the function F. The computed two mesh 
differences , order of convergence and the constant of convergence C^. for F,

F  and F, are given in 9.1, 9.2 and 9.3, respectively, for various values of
N, Vi and (3 — 0.8.

V j  —  — 0.6
N 128 256 512 1024 2048 4096 8192 16384
D N 0.006577 0.003837 0.002186 0.001227 0.000681 0.000374 0.000204 0.000110

0.78 0.81 0.83 0.85 0.86 0.87 0.88 0.89
/~^N
'^0.86 0.963702 1.022864 1.060187 1.082739 1.093094 1.093094 1.084394 1.068444

V i  —  2.0
D N 0.012923 0.007518 0.004289 0.002411 0.001338 0.000736 0.000401 0.000217

0.78 0.81 0.83 0.85 0.86 0.87 0.88 0.89
/ ^N
'^0.86 1.889530 1.999248 2.074426 2.120231 2.141152 2.141152 2.123747 2.091972

V, =  7.0
D N 0.015586 0.009089 0.005193 0.002921 0.001623 0.000892 0.000487 0.000264

P ^ 0.78 0.81 0.83 0.85 0.86 0.87 0.88 0.89
r 'N
'-'0.86 2.275442 2.412786 2.506442 2.563224 2.589045 2.589045 2.567705 2.528843

 ^  — MTable 9.1: Computed two mesh difference D , order of convergence p and the 
constant of convergence Cp, for F  on [0,oo) generated by {A ^ ^ )  with M  — 8 ln N  
applied to problem [Pm b ] for various values of N and Vi with /3 =  0.8.

Comparison of the entries in the p ^  rows of Tables 9.1, 9.2 and 9.3 with the 
Table of theoretical behavior for N ~ ^nN  of the order of convergence defined p ^  in 
Appendix B suggests strongly that the computed order of L-uniform convergence p ^  
corresponds to the theoretical behavior N~^nN.
Graphs of F  for =  8192 and various values of Vi and P = 0.8 on [0, are given 
in Figure 9-2. Graphs of £)+F and D+D+F for N  = 8192 and various values of v, 
and P = 0.8 on [0,L^v] are given in Figures 9-3 and 9-4, respectively. In Figures 9-3 
and 9-4 we can make out the significant efTect of the mass transfer parameter on the
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derivatives of F.
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Figure 9-2: Solution F  generated by method (A ^^)  applied to the problem Pb with 
M =  8nN, N  =  8192 v, =  -0 .6 , 2.0, 7.0 and /? =  0.8.

Vj  =  — 0.6
N 128 256 512 1024 2048 4096 8192 16384
D N 0,001119 0,000650 0,000371 0,000208 0,000116 0.000064 0.000035 0,000019

0,78 0,81 0,83 0,85 0,86 0.87 0.88 0,89
( ^ N
'^0.86 0,163584 0,172656 0,179109 0,183045 0.184855 0.184855 0.183344 0,180593

Vi = 2.0
j j N 0,004741 0,002854 0,001647 0,000934 0,000522 0.000288 0.000157 0,000085

0,73 0,79 0,82 0,84 0.86 0.87 0.88 0,89

'^0.86 0,682728 0,745563 0,780566 0,803133 0,813238 0.813238 0.805734 0,792213
V i  =  7,0

D N 0,017325 0,010473 0,006348 0,003693 0,002082 0.001153 0,000632 0,000343
0,73 0,72 0,78 0,83 0,85 0.87 0,88 0,89

r ’N
'- ^ 0 ,8 5 2,426312 2,647697 2,897198 3,042078 3.096208 3.096208 3,065201 3,003570

 iV _ r ^ jTable 9.2: Computed two mesh difference D  , order of convergence p  and the 
constant of convergence Cp. for D + F  on [0, oo) generated by (A ^^)  with M  =  8nN  

applied to problem { P m b ) for various values of N and w, with /3 =  0.8.
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Figure 9-3: Solution D + F  generated by method (A ^ q ) apphed to the problem Pmb 
with M  — 8nN, N  =  8192 Vi =  —0.6, 2.0, 7.0 and (3 =  0.8.

=  — 0.6
N 128 256 512 1024 2048 4096 8192 16384
D N 0.003399 0.001977 0.001127 0.000633 0.000351 0.000193 0.000105 0.000057

0.78 0.81 0.83 0.85 0.86 0.87 0.88 0.89
C N
'-'0.86 0.497502 0.526218 0.545499 0.557475 0.562921 0.562921 0.558385 0.550102

V j  =  2.0
0.066178 0.042376 0.025598 0.014869 0.008412 0.004674 0.002564 0.001393

0.64 0.73 0.78 0.82 0.85 0.87 0.88 0.89
n N
' - ' 0 .8 5 9.110601 10.499888 11.415405 11.934206 12.152152 12.152152 11.996945 11.731630

V i =  7.0
0.394216 0.309139 0.212181 0.133040 0.078668 0.044812 0.024922 0.013644

0.35 0.54 0.67 0.76 0.81 0.85 0.87 0.88
/ - i S  
^ 0  81 47.070052 64.799507 78.078509 85.944035 89.215246 89.215246 87.103873 83.713079

 ^  — MTable 9.3: Computed two mesh difference D  , order of convergence p and the 
constant of convergence Cp, for D~^D~^F on [0, oo) generated by { A^g)  with M  — 
8nN  applied to problem { P m b )  for various values of N and Vi with /3 =  0.8.
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Figure 9-4: Solution D + D + F  generated by m ethod applied to  the problem
Pm b  with M  =  8nN,  N  =  8192, Vi =  —0.6, 2.0, 7.0 and (3 =  0.8.

We use the tables and the experimental technique to  obtain the following error 
bounds for N  >  2048

Vi =  - 0 . 6  IIF-Zllio.oo) <  1.093yV-o-«6

Vi =  2.0 | |F  -  /ll[o,oo) <  2.14yV-o-86 (9.5)
Ui =  7.0 | |F - / | |[o ,o o )  <2.60A^-o-«6

Vi =  - 0 . 6  l i : ^  -  / ' I I [0,00) <  0 .185iV -°-«6

;̂i =  2.0 l | : ^ - / ' | | [ o , o c )  <0.81Af-o-86 (9.6)

Vi =  7.0 \ \ D ^  -  / 'I I [0,00) <  3.09A^-°-8®

Vi =  - 0 .6  WD+D+F -  /" ||[o ,oo ) <  0.563iV-o-86
Vi =  2.0 WD+D+F -  f"\\[o,oo) <  12.157V-0-85 (9.7)
Vi =  7.0 WD+D+F -  /"||[o,oo) <  89.21iV-0'83.

We observe from (9.2) and (9.3) th a t u m b , ^m b , V um b and V v mb  involve the ex
pression T}f" and ( 3 f  +  Therefore, we compute the global error bounds for
r ]D + D +F  and (3D~^F -I- D'^F, respectively, using the techniques described
at the beginning of the section and the d a ta  in Tables 9.4-9.5.
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t i t  =  — 0 . 6

N 128 256 512 1024 2048 4096 8192 16384
D N 0.001674 0.000978 0,000559 0.000315 0.000175 0.000096 0.000052 0.000028

0.78 0.81 0.83 0.85 0.86 0.87 0.88 0.89
r ^ N'-'0.86 0.244230 0.259398 0.269625 0.275873 0.278688 0,278688 0,276383 0,272183q11

N 128 256 512 1024 2048 4096 8192 16384
D N 0.002511 0.001486 0.000854 0.000483 0.000269 0.000148 0.000081 0.000044

0.76 0.80 0.82 0.84 0.86 0,87 0.88 0,89

'-'0.86 0.363896 0.390904 0.408126 0.418704 0.423729 0,423729 0,420034 0,413296
Vi  = 7.0

D N 0.010764 0.006873 0.004041 0.002317 0,001305 0,000722 0,000395 0.000214
0.65 0.77 0.80 0.83 0.85 0.87 0,88 0.89

/ ^ N
'^ 0 .8 5 1.520247 1.754820 1.865228 1.933840 1.968400 1.968400 1.948069 1.911340

 T V  _ \ rTable 9.4: Computed two mesh difference D  , order of convergence p  and the 
constant of convergence C^. for PD'^F +  ^ ^ r )D + D + F  on [0, oo) generated by {A ^g)  
with M  =  8nN  applied to problem ( P m b ) for various values of N and Vi with /? =  0.8.

Vj  =  — 0.6
N 128 256 512 1024 2048 4096 8192 16384
DN 0,005204 0.003067 0,001759 0,000992 0.000552 0.000304 0,000166 0,000090

0.76 0.80 0,83 0,85 0.86 0,87 0,88 0.89

'^0.86 0.756593 0,810087 0,844375 0,864705 0.874095 0.874095 0.866600 0.853054
Vi =  2.0

DN 0,008157 0,004930 0,002881 0.001648 0.000924 0,000510 0.000279 0.000151
0,73 0,78 0.81 0.83 0.86 0,87 0,88 0,89

/~̂ N'^0.86 1,164691 1,274857 1.349271 1.397907 1.420003 1.420003 1.406448 1,381610

c; II b

DN 0,018083 0,012805 0,007827 0,004684 0.002683 0.001499 0.000825 0.000449
0.50 0,71 0,74 0,80 0.84 0.86 0.88 0.89

riN 2.415191 3,061948 3,350791 3.590001 3.682037 3,682037 3,628263 3,533041

 N  __/vr
Table 9.5; Computed two mesh difference D  , order of convergence p  and the 
constant of convergence for rjD'^D'^F on [0,oo) generated by {A^^)  with M  =  
8nN  applied to problem { P m b ) for various values of N and t;, with /? =  0.8 

The resulting computed global error bounds from Tables 9.4-9.5, which hold for 

all N  >  2048, are

Vi = -0 .6  WPD+F + ^^r^D+D+F  -  /?/' +  < 0.279iV-o-««
Vi =  2.0 WPD+F +  ^ ^ r jD + D + F  -  0 f  +  ^r?/"||[o,oo) <  0.423iV-°-«« (9.8)
V, =  7.0 W P D ^  +  ^ ^ r jD + D + F  -  P f  +  ^^rjf\\[o,oo) <  1.938iV-o«6
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Vi = -0 .6  \\t]{D+D+F -  / " ) l | [ o . o c )  <  0.874iV-°««
(9.9)

9.5 Com puted global error estim ates for B lasius’ 
solution

In a similar manner to Section 3.7 we obtain approximate expressions U mb  — 
{Um b i Vm b ) for the Blasius solution Umb  of {Pw) by substituting into the relations 
(9.2) and (9.3) the approximations F  and D~^F for /  and /  , computed by 
Thus for each (x, y) in the rectangle Vl we define

where r] 6 [0, oo) is given by (9.1).
For the x-component Umb  of the velocity we obtain from (9.10) and (9.6) the following 
computed error bound for all N  > 2048

U m b {x , y )  =  x ' " D + F ( r ? )  =  t / ( x ) D + F ( r ? ) (9.10)

VMB{x,y) =  -
m  + lU {x)  

2x Re Fiv) + "-^VD+Fin)  m  + 1
(9.11)

Vi =  -0 .6  WUm b - umbWu <  t/(1.6)(0.185iV-o-86)
Vi = 2.0 WUm b - U m b Wh < t/(1.6)(0.81iV-°-86)
Vi = 7.0 \\UMB-UMB\\n < C/(1.6)(3.09A^-o-86).

In the specific case of =  8192 we have

Vi = —0.6 |1J7mb ~  ■WMslln — 1-091 x 10 ^
Vi = 2.0 \\Umb  — y-MEWn — 4.776 x 10“ '*
Vi = 7.0 \\Um b ~ u m b \\u < 1.822 x 10“ .̂

(9.12)

Similarly, for the ?/-component - ^ V mb  of the velocity we obtain

m + l  U(x)  
2x Re (ll (̂ )̂ + ^iVD+nv)  -  ifiv) + ^rVf')\\) 

^ r ^ U { x ) m r } ) - f m )

+ U { x y - ^ y \ \ D + F { v )  -  f'W
(9.13)
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î =  - 0 . 6  W V m b - V m b W t i  <  ^ » C / ( 1 . 6 ) ) ( 1 . 0 9 3 i V - ° « 6 )  +  [ / ( 1 . 6 ) | f f  (0.185iV-°-«6) 

Vi = 2.Q WVm b - V m b Wti < ^ ^ ^ ( 1 .6 ) ) ( 2 .1 4 7 V - o - « 6 )  +  t / ( 1 . 6 ) | g f  (0.8iyV-°«6)

Vi =  l .Q  l l l ^ M B - ^ ^ M f i l l n  <  +  f /(1 .6 )« (3 .0 9 iV -° -« 6 ).

In the specific case of =  8192 we have

Vi = —0.6 ||Vmb — 'WMijlln — 4.090 x 10“^
Vi = 2.0 WVm b - v m b Wq < 8.283 x 10-'* (9.14)
Vi = 7.0 \\Vmb  — VMBWii — 1 .136x10“ .̂

In a similar manner to the above, we calculate computed error bounds for approxi
mations of the scaled first derivatives by scaled discrete derivatives

d y U M B  =  " h [ x ) D ^ F { r i )  (9.15)

9xUmb  =  —dyVj^B (9-17)

^  ( . 5 ^ ^  +  - 1 ^  + , 7 F I F f ) ) )  ,

(9.18)
In terms of these quantities, the computed global error bounds for the scaled discrete 
derivatives of the velocity components for all N  > 2048 are

1 Iifl rr duMB,,  1 / ( m  +  l ) Re U{ x )  »
^ W d y U M B  Qy l l n - ^ y  2 ^  U{x) \ \D D F  f  ||[o,oo) (9.19)

=  T f e l l ^ v ^ A ^ B - ^ l b  < y ^ ^ ^ t / ( 1 . 6 ) ( 0 . 2 7 9 i V - ° s 6 )

v, = 2.0 ^ J \ d y U M B - ^ \ \ n  < y ^ g ^ f / ( 1 .6 ) ( 1 2 .1 5 7 V - « « 6 )

Vi = 7.0 ^ J \ d y U M B - ^ \ \ T i  < y 5 « M [ / ( 1 . 6 ) ( 8 9 . 2 1 A r - ‘>'86).
(9.20)

In the specific case of =  8192 we have

Vi = 0.5 :^ \ \dyUMB -  < 3.078 x 10-'*
;̂, =  2.0 ^ J \ d y U M B - ^ \ \ n  < 7.493 x 10“  ̂ (9.21)

;̂, =  7.0 7 f e l | a , t / M B - ^ | l n  < 5.502 x 10-^
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»i =  -0 .6  | | 8 , V „ B - ^ | l n  < i^ 2 ^ (0 .2 7 9 J V -» “ )
Vi =  2.0 \ \ d y V M B - ^ \ \ n  <  ^^^^M(0.4237V-°-86) (9.23)
Vi = 7.0 \ \ d y V M B - ^ \ \ n  < i« i^ (1 .9 6 8 iV -o « 6 ).

In the specific case of =  8192 we have

;̂i =  -0 ,6  \ \ d y V M B - ^ \ \ n  <  7.196 x IQ-^
Vi =  2.0 \ \ d y V M B - ^ \ \ n  <  2.609 x 10-^ (9.24)
Vi =  7.0 \ \ d y V M B - ^ \ \ n  <  1 .2 1 4 x 1 0 -3 .

For ^ D xVmb  of the velocity we obtain from (9.18), (9.5), (9.6) and (9.9) the 
following computed error bound for all N  >  2048

l b  =  ^ { \ \ V M B - J ^ ^ { r i D ^ F  +  n ' ^ „ { D ^ F  + „ - D ^ F ) )

+ ’'S tT5 ( /  + f /  )) II)
-  ' 2̂x '̂ {\\'^MB — Vm b Wu

+ ^ [ / ( x ) / ? i i : ^ - / ' l l i o , o o )

+  ^ | | r , D + D + F - r 7 / " | | [ o , . o ) )

(9.25)

»< = -0 .6  U \ ^ . V M B - ^ \ h  < a = ^ ( y ig f C ^ ( 1 ^ 0 9 3 iV '" “ )
+?7(1.6)|gf(0.185iV-°-«® )

+ 2 ^ [ /(x ) /? (0 .1 8 5 A ^ -“ ®®)2x

+  ̂ (0 .8 7 4 iV -o ® ® )

V i =  2.0
m+1

. |g |( 0 .8 1 iV - » » )+ [ / (1 .6 ) |g |(0 .8 1 A r -o -8 6 )  

+  ^ U { x ) P { 0 . 8 1 N - ° - ^ ^ )

+  M ( 1 .4 2 iV -0 .8 6 )

^̂i = 7.0 < ^ ( y g |c 7 ^ ( 2 . 0 6 i V - o - « 6 )

+C /(1 .6 )^^(3 .09A ^-°® ® )

+  ̂ [ /(x ) /? (3 .0 9 A ^ -°« ® )  

+  ̂ ^(3.68Af-°-®®).
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In the specific case of =  8192 we have

^ . - - 0 . 6  v ^ ll^ x V ^M B -^ lla  < 5.282 x 10-^
V, =  2.0 ^ J \ d . V M B - ^ \ \ n  <  1.097 x 10-4
^̂i = 7.0 ^ J \ d . V M B - ^ \ \ n  < 1.703 x 10-1

(9.27)



Chapter 10

A R eynolds—uniform num erical 
m ethod for the Prandtl boundary  
layer problem  for flow past a 
wedge w ith  m ass transfer

10.1 Introduction

In this chapter, we make use of the Blasius similarity solution of the Prandtl problem 
calculated in Chapter 9 in two ways. Firstly, we use it to provide the unknown 
boundary conditions that arc required on the boundary of Q in the direct numerical 
method for Prandtl problem for flow past a wedge with mass transfer. Secondly, wc 
use the reference solution for the unknown exact solution in the expression for the 
error. It is convenient to introduce the notation £ =  ^ ,  to emphasise the singularly

156
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perturbed nature of the problem.

{■Pm c ) *

Find ume =  (^me, ’̂Me) such that for all (x, y)  €  D  

Ume satisfies the differential equation

- 6 ^  +  UMe.VuMe  =

V.UMe =  0

with boundary conditions 

ums =  0 and on 

ume =  umb on r ^ u r L

where L/(x) =  x'^ is the solution of the reduced problem, m  =  and Pn  is the 

angle in radians of the wedge and ^0 (2 ;) is the velocity normal to the wedge at which 

mass is transferred through its surface (sec eqn (9.4) in Section 9.2).
W hile the mass transfer parameter, Vi, is not a singularly perturbed parameter, it 

influences the width of the boundary layer in a more subversive way.

10.2 N onlinear direct fin ite difference m ethod

In this section, we begin to construct a robust numerical m ethod to solve the Prandtl 

problem {Pme) for all admissible values of Reynolds numbers Re  and Vi G [—0.6, 7.07].
We define the rectangular mesh (as in Chapter 4) on the rectangle Q to be the 

tensor product of two one-dim ensional meshes x  where ' N={ Nx ,  Ny) .

The mesh in the x-direction is the uniform mesh

The mesh in the y-direction is the compound piecewise-uniform  fitted mesh

^Me =  {Vj ■ yj =  0 < j <  ^ - , y j  =  (72 +  (o- -  CT2)(j ~  < j  <  ^ \

Vj  =  cr +  { I  ~  a ) { j  -  ^  < 3  <  N y ) .

It is important to note the position of the boundary layer in order to define appro

priate transition points a  and 0 2  from the coarse to  the fine mesh, so that there are
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two fine meshes in the boundary layer. The appropriate choices in this case are

a  =  m in { - ,  C  y / e l n N y } ,
2

and

(72 =  m in {^ , C2 \Ze/nA^y}.

The factor ^/e may be motivated from asym ptotic analysis [46]. The m otivation for 

a second transition point stem s from Chapter 8 and Appendix D in which we saw 

the benefit of a secondary transition point. The choice of C  and C 2 is m otivated by 

the mass transfer parameter Vi

2 for Vi €  [—0.6, —0.3)

C = { 1  for Vi 6  [-0 .3 ,2 .0 )  

for Vi e  [2.0, 7.07]2.
Vi

 ̂ for Vi e  [—0.6, - 0 .3 )

C 2 = {  I for Uj 6  [-0 .3 ,2 .0 )  

for €  [2.0,7.07].

For simplicity we take = Ny  = N .  Using the above piecewise uniform fitted mesh 

the problem {Pme) is discretised by a nonlinear system  of upwind finite diflference 

equations for the approximation velocity com ponents Ume =  {Ume, ^me)-

10.3 Iterative direct finite difference m ethod

Sincc the problem (Pm s )  ̂ nonlinear system , an iterative m ethod is required for 

its solution. This is obtained by replacing the system  of nonlinear equations with a 

sequence of system s of linear equations; this is an adaptation of the m ethod used in 

[26]. The system s of linearized equations are
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W ith the boundary condition on F/,,
for each i, 1 < i < N, use the initial guess =  U^Ui_i
and for m  — 1 , . . . ,  M,  solve the following
two point boundary value problem for UJ^^{xi,yj)

with the boundary conditions = Um b  o n r jg U rT ’, 
and the initial guess for V^^\xi — 0.
Also, solve the initial value problem for V^^{xi ,yj)

(D-.U^,)(x„y,) = 0,

with initial condition =  Vo(xi) on Fg.
Continue to iterate between the equations for until m  = M,
where M is such that

 ̂ -  V ^ : \ ; )  < tot.

For notational simplicity, we suppress explicit mention of the iteration superscript M  
henccforth, and we write simply for the solution generated by We take
tol = 10“® in the computations. V* is defined in Appendix C.

10.4 Error analysis based on the finest mesh solu
tion

In this section we estimate, computationally, the maximum pointwise error in the 
numerical solution and its discrete derivatives generated by the algorithm 
the previous section. Since the exact solution in the expression for the computed 
maximum pointwise error is unknown, we replace it by the solution generated 
by on the finest mesh Thus, for UMe and -^ V me, we define the computed
maximum pointwise errors
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and

E^([/Me) =  max, E^iUMe) E ^ i^ V M e )  =  max, E^{^VM e) .

As in the previous chapter, for the sake of brevity we show the errors for three typical 
values of mass transfer parameter Vi =  —0.6, 2.0 and 7.0 for /? =  0.8. Note that the 
results for the flat plate {(5 =  0.0) for Vi € [—0.3,0.3] are discussed in [6].
The values of the computed maximum pointwise errors generated by (^Me) applied 
to problem {Pme) for Umc and ^ V me are given in Tables 10.1 and 10.2 respectively 
for various values of e, N, Vi and (3 — 0.8.
In Table 10.1 we observe that the errors stabilise to a fixed value after 2~^° for (3 — 0.8, 
all N  and all Vi considered. We see that the computed maximum errors decrease as 
the number of mesh points, N^ increases. For each N  the largest maximum errors, 
E ^ , occur when 2“® <  e <  2“ ®̂. This suggests that the method is independent of 
e for Ume for /? =  0.8 and Vi =  —0.6, 2.0 and 7.0. The maximum errors strongly 
suggest that the method is e-uniform for Ume for /? =  0.8 and all Vi considered.

e \ N 32 64 128 256 € \ N 32 64 128 256
2~'^ l.3 4 e-0 4 6.40e-05 2 .77e-05 9 .28e-06 2 ~ ^ 6 .75e-03 3.20e.Q3 1.38e.Q3 4.63e-04
2 - 2 2.92e.Q4 1.47e-04 6 .52e-05 2 .20e-05 2 * 2 2 .06e-02 9.61e.Q3 4 .17e.03 1.40e-03
2 - 4 1.34e-03 6. l i e - 04 2.63e-04 8.81e-05 2 - * 4 .62e-02 2.11e-02 8 .58e-03 2.69e-03
2 - 6 4 .1 1 e.0 3 1.88e-03 7.89e.Q4 2.56e-04 2 - 6 6 .72e-02 3 .93e-02 1.71e-02 5 .48e-03
2 “ ® 4.85e-03 2.62e-03 1.26e-03 4.60e-04 2 “ ® 6.52e-02 3 .75e-02 1.82e-02 6.46e-03
2 - 1 0 4.76e-03 2.52e-03 1.17e-03 4.23e-04 2 - 1 0 6 .52e-02 3.75e-02 1.82e-02 6 .46e-03
2 -1 2 4.73e-03 2.52e-03 1.17e-03 4.23e-04 2 - 1 2 6 .52e-02 3.75e-02 1.82e-02 6 .46e-03
2 I-* 4.71e-03 2.52e-03 1.17e-03 4 .23e-04 2 - 1 4 6 .52e-02 3.75e-02 1.82e-02 6 .46e-03
2 - 1 6 4.70e-03 2 .52e-03 1.17e-03 4 .23e-04 2 - 1 6 6 .52e-02 3 .75e.02 1.82e-02 6 .46e-03
2 - 1 8 4.69e-03 2 .52e-03 1.17e-03 4.23e-04 2 - 1 8 6 .52e-02 3.75e-02 1.82e-02 6 .46e-0301

4 .69e-03 2.52e-03 1.17e-03 4.23e-04 2 - 2 0 6 .52e-02 3 .75e-02 1.82e-02 6.46e-03
2 -2 2 4.68e-03 2.52e-03 1.17e-03 4.23e-04 2 - 2 2 6.52e>02 3 .75e-02 1.82e>02 6.46e-03
2 - 2 4 4.68e-03 2.52e-03 1.17e-03 4.23e-04 2 - 2 4 6 .52e-02 3.75e.Q2 1.82e-02 6 .46e-03

4.85e-03 2.62e-03 1.26e-03 4.60e-04 6 .72e-02 3 .93e-02 1.82e-02 6 .46e-03
Vi  =  7.0

€ \ N 32 64 128 256
2 - 0 4 .6 4 e.0 2 2 .14e.02 8 .77e-03 2.79e-03
2 - 2 9 .03e-02 4 .65e-02 1.98e-02 6 .43e-03
2 - 4 S .82e-02 4.95e-02 2.41e-02 8 .76e-03
2 - 6 8 .99e-02 5.00e-02 2.43e-02 8 .80e-03
2 -® 9.05e.Q2 5.03e-02 2.43e-02 8 .82e-03
2 - 1 0 8 .97e-02 5.03e-02 2.44e-02 8 .83e-03
2 - 1 2 8 .77e-02 5.01e-02 2.44e-02 8.83e-03
2 - 1 4 8 .54e-02 4.96e-02 2.43e-02 8 .83e-03
2 - 1 6 8.36e.Q2 4.92e-02 2.42e-02 8 .81e-03
2 - 1 8 8 .25e-02 4.89e-02 2.41e-02 8.80e-03
2 - 2 0 8 .19e-02 4.86e-02 2.41e>02 8 .79e-03
2 - 2 2 8 .16e-02 4.85e-02 2.40e-02 8 .78e-03
2 - 2 4 8 .14e-02 4 .85e.02 2.40e-02 8 .77e-03
E ^ 9 .05e-02 5.03e-02 2.44e-02 8 .83e-03

Table 10.1: Computed maximum errors E ^{U me) generated by applied to
problem {Pme) for various values of e, N , Vi and /? =  0.8.

In Table 10.2 we see that the computed maximum errors decrease as the number 
of mesh points, N,  increase for all Vi. The largest errors E ’̂  for for all N  and
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P occur when e >  2“'*. We observe that the computed pointwise maximum errors 
for decrease and tend to a fixed value as e decreases, for /3 =  0.8 and all Vi 
considered. Table 10.2 indicates that maximum errors are independent of e for all 
Vi and p. This suggests that the method is e-uniform for -^Ve for all Vi and P 
considered.

e \ N 3 2 64 128 2 5 6

2 ~ ^ 7 .7 0 e -0 3 3 .6 6 e -0 3 1 .6 1 e -0 3 5 .4 3 e .0 4
2 - 2 1 .2 4 e -0 2 5 .7 9 e .0 3 2 .4 8 e -0 3 8 .2 8 e -0 4
2 “ '* 1 .3 7 e -0 2 6 .6 2 e -0 3 2 .8 3 e -0 3 9 .4 2 e -0 4
2 “ ® l .2 7 e - 0 2 5 .4 8 e -0 3 2 .2 7 e - 0 3 7 .4 9 e -0 4
2 “ ® 8 .3 8 e -0 3 4 .2 1 e -0 3 1 .9 0 e -0 3 6 .5 3 e -0 4
2 - 1 0 4 .9 6 e -0 3 2 .4 4 e -0 3 1 .0 8 e -0 3 3 .7 0 e -0 4
2 - 1 2 3 .3 7 e -0 3 1 .6 2 e -0 3 7 -1 5 e -0 4 2 .4 2 e -0 4
2 - 1 4 2 .5 9 e -0 3 1 .2 2 e -0 3 5 .3 2 e -0 4 1 .7 9 e .0 4
2 - 1 6 2 .2 0 e -0 3 1 .0 3 e -0 3 4 .4 2 e -0 4 1 .4 8 e -0 4
2 - 1 8 2 .0 0 e - 0 3 9 .2 6 e -0 4 3 .9 7 e -0 4 1 .3 2 e -0 4
2 - 2 0 1 .9 0 e -0 3 8 .7 7 e -0 4 3 .7 4 e -0 4 1 .2 5 e -0 4
2 - 2 2 1 .8 6 e -0 3 8 .5 2 e -0 4 3 .6 3 e -0 4 1 .2 1 e -0 4
2 - 2 4 1 .8 3 e -0 3 8 .4 0 e -0 4 3 .5 7 e -0 4 1 .1 9 e -0 4

1 .3 7 e -0 2 6 .6 2 e -0 3 2 .8 3 e - 0 3 9 .4 2 e - 0 4

e \ N 32 64 128 25 6
2 ~ ° 5 .0 1 e - 0 2 3 .9 6 e -0 2 2 .5 9 e - 0 2 1 .2 7 e -0 2
2 “ 2 6 .5 3 e - 0 2 4 .8 9 e -0 2 3 .0 9 e -0 2 1 .5 1 e -0 2
2 ~ * 5 .1 3 e - 0 2 3 .4 7 e -0 2 2 .U e > 0 2 1 .0 5 e -0 2
2 - 6 2 .9 6 e - 0 2 2 .2 8 e -0 2 1 .3 5 e -0 2 6 .2 0 e -0 3
2 “ ® 1 .4 4 e -0 2 l . l l e - 0 2 6 .8 7 e - 0 3 3 .2 4 e -0 3
2 - 1 0 7 .2 2 e - 0 3 5 .5 3 e - 0 3 3 .4 3 e - 0 3 1 .6 2 e -0 3
2 - 1 2 3 .6 1 e - 0 3 2 .7 7 e - 0 3 1 .7 2 e -0 3 8 .1 1 e -0 4
2 - 1 4 l .8 0 e - 0 3 1 .3 8 e -0 3 8 .5 9 e -0 4 4 .1 0 e -0 4
2 ~ 1 6 1 .8 0 e -0 3 8 .1 8 e -0 4 4 .2 9 e -0 4 2 .0 5 e -0 4
2 - 1 8 1 .8 0 e -0 3 8 .2 2 e -0 4 3 .4 8 e -0 4 1 .1 5 e -0 4
2 - 2 0 1 .8 0 e -0 3 8 .2 5 e - 0 4 3 .5 0 e -0 4 1 .1 6 e -0 4
2 - 2 2 1 .8 0 e -0 3 8 .2 6 e -0 4 3 .5 1 e -0 4 1 .1 6 e -0 4
2 - 2 4 1 .8 U - 0 3 8 .2 7 e -0 4 3 .5 1 e -0 4 1 .1 7 e -0 4

6 .5 3 e - 0 2 4 .8 9 e -0 2 3 .0 9 e .0 2 1 .5 1 e -0 2

e \ N

- 1 2

- 1 4

2 .2 7 e-
2 .0 2 e-
9 .9 0 e-
4 .9 3 e-
2 .4 4 e-
1 .21e-
5 .9 9 e-
2 .9 8 e-
1 .83e-
1 .82e-
1 .82e-
1 .81e-
1 .8 1 e .

l.TOe-
1 .62e-
8 .4 8 e-
4 .2 4 e-
2 .1 2 e-
1 .0 6 e .
5 .2 8 e-
2 .6 4 e-
1 .32e-
8.31e>
8 .3 0 e-
8 .2 9 e-
8 .2 8 e-

= 7 .0  
64  
01 
01 
02 
02 
02 
02 
0 3  
0 3
0 3
04 
0 4  
04 
0 4

128
0 8 e-0 1
8 4 e -0 2
6 9 e -0 2
8 4 e -0 2
4 2 e -0 2
l l e - 0 3
5 6 e -0 3
7 8 e -0 3
8 9 e .0 4
4 4 e -0 4
5 2 e -0 4
5 2 e-0 4
5 2 e-0 4

2 5 6
5 .2 3 e - 0 2
4 .2 8 e - 0 2
2 .6 3 e - 0 2
1 .3 2 e -0 2
6 .5 9 e - 0 3
3 .3 0 e -0 3
1 .6 5 e -0 3
8 .2 5 e -0 4
4 .1 2 e -0 4
2 .0 6 e -0 4
1 .1 7 e -0 4
1 .1 7 e -0 4
1 .1 7 e -0 4

5 .2 3 e -0 2

Table 10.2: Computed maximum errors { ^ V me) generated by applied to
problem {Pme) for various values of e, N,  Vi and P =  0.8.

Graphs of the velocity component Ume of the solution Ume generated by the 
direct method N  =  32, P — 0.8 and Vi — —0.6, 2.0 and 7.0 for e =  1.0
and 2“ ^̂  are shown in Figures 10-1 and 10-2, respectively.
In Figure 10-1 we see that, for e =  1.0, the graphs of Ume are smooth for various 
values of Vi. The effect of the mass transfer parameter on Umc is apparent in Figure 

10- 1 .
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Figure 10-1: Graphs of [/me for e = 1.0, N=S2, (3 = 0.8 and Vi = —0.6,2.0,7.0.

The graphs in Figure 10-2 show a boundary layer along the surface of the wedge 
for Ume for various values of Vi for e =  and p  =  0.8.

Figure 10-2: Graphs of Ume for e =  2 N —32, /3 =  0.8 and Vi =  —0.6, 2.0, 7.0.

Graphs of the scaled component -^V me of the solution Ume generated by the 
direct method with N  — 32, v, =  —0.6, 2.0 and 7.0 and (3 = 0.8 are shown in
Figures 10-3 and 10-4 for e = 1.0 and 2~^^, respectively.

Figure 10-3: Graphs of ^ V me for e = 1.0, N=32, (3 — 0.8 and Vi — —0.6,2.0,7.0.

The graphs in Figures 10-3 and 10-4 show that the scaled velocity component 
has no non-physical oscillations for all Vi and s = 1.0 and 2“ ^̂ . The graphs 

show that ^ V me is negative for Vi = 2.0 and 7.0 and ^ V me is positive for Vi = —0.6 
and e = 1.0. has no visible boundary layer for all Vi and e =  1.0 and 2~^^.
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Figure 10-4: Graphs of ^ V me for e =  2 N = 32 , (5 =  0.8 and Vi — —0.6,2.0,7.0.

The computed orders of convergence and and the constant of convergence 
Cp. for Ume and -^Vme are given in Tables 10.3 and 10.4, respectively, for various 
values of e, N , Vi and /? =  0.8.

Vi  = - 0 .6 Vi  = 2.0 Vi  = 7.0
e \JV 32 64 128 £ \ N 32 64 128 e \ N 32 64 128
2 - 0 0.96 0.98 0.99 2 - ° 0.96 0.98 0.99 2  ° 1.00 1.07 1.09
2 -2 0.82 0.92 0.96 2 - 2 1.01 0.97 0.99 2 -2 0.60 0.98 1.05
2 - 4 1.07 0.99 0.99 2 -" ' 0 .96 1.07 1.13 2 0.47 0.77 0.75
2 -6 1.01 0.97 1.05 2 - 6 0.21 0.91 1.03 2 -6 0.50 0.78 0.76
2 “ ® 1.18 1.10 0.65 2 - 8 0.34 0.77 0.80 2 -8 0.50 0.79 0.76
2 -1 0 1.18 1.15 0.72 2 -1 0 0.34 0.77 0.80 2 -1 0 0.47 0.79 0.76
2 -1 ^ 1.18 1.15 0.72 2 -1 2 0.34 0.77 0.80 2 -1 2 0.41 0.77 0.76
2 - U 1.19 1.15 0.72 2-1-1 0.34 0.77 0.80 2 - 1 4 0.35 0.76 0.75
2 - i f i 1.19 1.15 0.72 2 - 1 6 0.34 0.77 0.80 2 - 1 6 0.31 0.74 0.75

1.19 1.15 0.72 2 - 1 8 0.34 0.77 0.80 2 - 1 8 0.29 0.74 0.74
1.19 1.15 0.72

O1

0.34 0.77 0.80 2 -2 0 0.28 0.73 0.74
2 - 2 i 1.19 1.15 0.72 2 -2 2 0.34 0.77 0.80 2 -2 2 0.27 0.73 0.74
2 - 2 4 1.19 1.15 0.72 2 - 2 4 0.34 0.77 0.80 2 - 2 4 0.27 0.73 0.74

Pcontp 1.19 1.10 0.65 Pcomp 0.21 0.91 0.80 rcom p 0.60 0.81 0.76

Co.6 5 0.09 0.06 0.05 Co.80 0.92 1.38 1.29 Co.76 1.36 1.52 1.46

Table 10.3: Computed orders of convergence p^{U me), P^{Ume) and error constant 
Cp. generated by applied to problem {Pme) for various values of e, N,  Vi and
/3 =  0.8.
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Vi  = -0 .6 Vi  =  2.0 Vi  = 7.0
e \N 32 64 128 e \N 32 64 128 e \N 32 64 128
2 -0 1.00 0.94 0.98 2 -0 0.39 0.51 0.60 2 -0 0.45 0.56 0.62
2 -2 1.00 1.00 0.99 2 -2 0.37 0.53 0.61 2 -2 0.27 0.57 0.72
2 - 4 0.90 1.00 1.00 2 - 4 0.42 0.54 0.54 2 -4 0.21 0.39 0.55
2 -6 1.17 1.07 1.03 2 -6 -0.03 0.48 0.62 2 -6 0.20 0.39 0.55
2 -8 0.84 0.90 0.94 2 -8 0.08 0.39 0.54 2 -8 0.19 0.39 0.55
2 -1 0 0.90 0.92 0.95 2-10 0.08 0.39 0.54 2-10 0.17 0.38 0.55
2 -12 0.94 0.94 0.96 2-12 0.08 0.39 0.54 2-12 0.16 0.38 0.55
2 - 1 4 0.98 0.97 0.98 2-14 0.36 0,38 0.53 2-14 0.15 0.38 0.55
2 - 1 6 1.01 0.99 0.99 2 - 1 6 1.05 0.68 0.53 2-16 0.36 0.38 0.55
2 -1 8 1.02 1.00 1.00 2-18 1.05 1.03 1.02 2-18 1.05 0.67 0.55
2-20 1.03 1.01 1.00 2-20 1.04 1.02 1.01 2-20 1.05 1.02 1.01
2-22 1.04 1.01 1.01 2-22 1.04 1.02 1.01 2-22 1.04 1.02 1.01
2 - 2 4 1.04 1.02 1.01 2-24 1.04 1.02 1.01 2-24 1.04 1.02 1.01

P c o m p 0.93 1.00 1.00 Pcomp 0.37 0.53 0.61 r c o m p 0.45 0.56 0.62

Cl.OO 0.47 0.49 0.49 Co.53 0.88 0.99 0.99 Co.5 6 3.54 3.84 3.84

164

Table 10.4: Computed orders of convergence and error con
stants Cp. generated by applied to problem (Pme) for various values of e, N,
Vi and (3 =  0.8.

The results in Tables 10.1-10.4 suggest that {A^^) is an e-uniform numerical 
method of order at least 0.65 for Ume and 0.53 for for N  >  64, Vi =  —0.6,2.0
and 7.0 and (3 — 0.8.
From the data in Tables 10.1-10.4 we obtain the computed error bounds for Umc and 

for > 64 and (5 =  0.8

t;i =  -0 .6  \ \ U M e - U M e \ \ n ?  < 0.09iV-°'*^
Vi = 2.Q \\UMe-UMe\\n^ <  1.387V
Vi = 7.0 11 C/Me -  UMeWn^ < 1.52iV-0-^®

( 10 .1)

^̂ i =  - 0 . 6  ^J\VMe -  VMeWn^w, <  0A9N~^-^^
Vi =  2.0 ^\\VMe -  <0.99iV-o-53 (iq .2)
Vi = 7.0 ^ \ \ V m . -  < S.84N~^-^\

Graphs of the computed scaled discrete derivatives ^/iDyUMe, D~VMe and D^Vmc 
generated by (^me) are given in Figures 10-5, 10-6 and 10-7, respectively, for N  = 32, 
e =  Vi =  -0 .6 , 2.0 and 7.0 and /3=0.8. Graphs of y/eDyUMe  and D~VMe in 
Figures 10-5 and 10-6 show a region of rapid change along the wedge for various Vi.
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Figure 10-5: Graphs of y/eDy Umc e = 2 N=32, Vi = —0.6, 2.0 and 7.0 and
0 =  0 .8 .

In Figure 10-6, for graphs of D~VMe we see for Vi — 2.0 and 7.0 that there is a 
significant amount of activity at the points closest to the leading edge.

Figure 10-6: Graphs of DyVMe for e =  2 N=32, Vi =  —0.6, 2.0 and 7.0 and
^  =  0 .8.

Looking at the graphs of^D ~V M e  in Figure 10-7, we note there is a non-physical 
jump along the left hand boundary.

Figure 10-7: Graphs of for £ =  2 N —32, v, =  —0.6, 2.0 and 7.0 and
P =  0.8.

The computed maximum pointwise errors of the computed scaled discrete deriva
tives \ZeDyllMe, D~Vm£ and ^D ~ V M e  are given in the Tables 10.5, 10.6 and 10.7, 
respectively.
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€ \ N 32 64 128 256 e \ N 32 64 128 256
2 - ^ 5.78e-03 2.70e-03 1.16e-03 3.89e-04 2 - 0 5.48e-02 2 .65e.02 1.19e-02 5.27e-03
2 - 2 1.13e-02 5.26e-03 2.25e-03 7.51e-04 2 - 2 8.82e-02 5.13e-02 2.27e-02 7.87e-03
2 - 4 2 .53e.02 1.06e-02 4.56e-03 1.52e-03 1.72e-01 7.82e-02 3.24e-02 1.14e.02
2 - 6 6.84e-02 3.08e-02 1.31e-02 4.84e-03 2 - 6 2.61e-01 1.59e-01 7.52e-02 3.21e-02
2 - 8 9.42e.Q2 5.46e-02 3.02e-02 l.SO e-02 2 -® 2.62e-01 1.61e.01 8 .82e-02 4 .50e-02
2 - 1 0 9.43e-02 5.46e-02 3.02e-02 l.S 8 e-0 2 2 - 1 0 2.62e-01 1.61e-01 8 .82e-02 4 .50e-02
2 -1 2 9.43e-02 5.46e.Q2 3.02e-02 1.58e-02 2 - 1 2 2.62e-01 1.61e-01 8 .82e-02 4 .50e-02
2 - 1 4 9.43e-D2 5.46e-02 3.02e*02 1.58e-02 2 - 1 4 2.62e-01 1.61e-01 8.82e-02 4.50e-02
2 - 1 6 9.43e-02 5.46e-02 3 .02e-02 1.58e-02 2 - 1 6 2 .62e.Q l 1.61e-01 8.82e-02 4.50e-02
2 - 1 8 9.43e-02 5.46e-02 3 .02e-02 1.58e-02 2 - 1 8 2.62e-01 1.61e-01 8.82e-02 4.50e-02
2 - 2 0 9.43e-02 5.46e-02 3 .02e-02 1.58e-02 to 1 o 2 .62e-01 1.61e-01 8.82e-02 4 .5 0 e.0 2
2 - 2 2 9.43e-02 5.46e.Q2 3 .02e-02 1.58e-02 2 - 2 2 2.62e-01 1.61e-01 8.82e-02 4 .50e-02
2 - 2 4 9.43e-02 5.46e-02 3 .02e-02 1.58e-02 2 - 2 4 2 .62e.Q l 1.61e-01 8.82e>02 4 .50e-02

9.43e-D2 6.46e-02 3 .02e-02 1.58e-02 2.62e-01 1.61e-01 8.82e-02 4 .50e-02

e \N
2 “ °
2 “ ^
2 ” ^

2 “ ®

2 " ®
2 - 1 0
2 - 1 2

2 - 1 4

2 - 1 6

2 - 1 8

2 - 2 0

2 - “

2 - 2 4

= 7.0 
64 128 256

3.39e-
6.19e-
6.19e-
6.14e-
6.12e-
6.15e-
6.21e-
6.28e-
6.33e-
6.36e-
6.38e-
6.39e<
6.40e<

1.55e-
3.38e.
3.88e-
3.87e-
3.86e-
3.86e-
3.86e<
3.88e-
3.89e-
3.90e-
3.91e-
3.91c-
3.91e-

44e-02
59e-01
21e-01
21e-01
20e-01
20e.Q l
20e-01
20e-01
21e-01
21e-01
2 1 e-0 l
21e-01
21e-01

3 .12e-02
7 .05e-02
1.20e-01
1.20e-01
1.20e-01
1.20e-01
1.20e-01
1.20e-01
1.20e>01
1.20e-01
1.20e-01
1.20e-01
1.20e-01

6.40e-01 3.91e-01 1.20e-01

Table 10.5: Computed maximum errors {^/eDy Ume) generated by (^^e) applied 
to problem (Pa/e) for various values of e, N,  Vi and =  0.8.
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e \ N 32 64 128 256 e \ N 32 64 128 256
2 - ^ 7.12e-03 3.55e-03 1.85e-03 1.14e-03 2 ~ ^ 1.02e-01 7.64e-02 4.99e-02 2.56e-02
2 - 2 1.37e-02 6 .51e.03 3 .60e-03 2.20e-03 2 “ 2 1.96e-01 1.57e-01 1.04e-01 5.44e-02
2 - 4 2.30e-02 1.27e-02 7 .06e-03 4 .22e-03 2 - “ 2.71e-01 1.78e-01 1.23e-01 7.11e-02
2 - 6 6.01e-02 2.69e-02 l .lO e -0 2 5.43e-03 2 - 6 3.08e-01 2,32e-01 1.26e-01 7.12e-02
2 - 8 7.94e-02 4.62e-02 2 .50e-02 1.20e-02 2-® 3.04e-01 2.26e-01 1.33e-01 7.13e-02
2 - 1 0 7.94e-02 4.62e-02 2 .50e-02 1.26e-02 2 - 1 0 3.04e-01 2.26e-01 1.33e-01 7.13e-02
2 - 1 2 7.94e-02 4.62e-02 2 .50e-02 l.2 6 e -0 2 2 - 1 2 3.04e-01 2.26e-01 1.33e-01 7.13e-02
2 - 1 4 7.94e-02 4.62e-02 2 .50e-02 1.26e-02 2 - 1 4 3.04e-01 2.26e-01 l.3 3 e -0 1 7.18e-02
2 - 1 6 7.94e-02 4.62e-02 2 .50e-02 l.2 6 e -0 2 2 - 1 6 3.04e-01 2.26e-01 1.33e-01 7,18e-02
2 * 1 8 7.94e-02 4.62e-02 2 .50e-02 1.26e-02 2 - 1 8 3.04e-01 2 .2 6 e-0 l 1.33e-01 7.18e-02
2 - 2 0 7.94e-02 4.62e-02 2 .50e-02 1.26e-02 2 - 2 0 3.04e-01 2.26e-01 1.33e-01 7.18e-02
2 - 2 2 7.94e-02 4.62e-02 2 .50e-02 1.26e-02 2 - 2 2 3.04e-01 2.26e-01 1.33e-01 7.18e-02
2 - 2 4 7.94e-02 4.62e-02 2 .50e-02 1.26e-02 2 -2 '* 3.04e-01 2.26e-01 1.33e-01 7.18e-02

7.94e-02 4.62e.02 2 .50e-02 1.26e.02 3.08e-01 2.32e-01 1.33e-01 7.18e-02
V j  =  7.0

e \ N 32 64 128 256
2 “ 0 6.95e-01 5.20e-01 3.35e-01 l .S le -O l
2 - 2 1 .1 7 e+ 0 0 9.69e-01 5.92e-01 2.50e-01
2 ~ * 1 .1 5 e+ 0 0 1 .0 3 e+ 0 0 7.03e-01 3.27e-01
2 - 6 1 .1 5 e+ 0 0 l .0 3 e + 0 0 7.04e-01 3.28e-01
2 -® 1.15e +  00 1 .0 3 e+ 0 0 7.04e-01 3.28e-01
2 - 1 0 1 .1 4 e+ 0 0 1 .0 3 e+ 0 0 7.04e-01 3.28e-01
2 - 1 2 I .1 4 e + 0 0 1 .0 3 e+ 0 0 7.04e-01 3 .2 9 e .0 l
2 - 1 4 1 .1 4 e+ 0 0 1 .0 3 e+ 0 0 7.04e-01 3.29e-01
2 - 1 6 1 .1 4 e+ 0 0 1 .0 3 e+ 0 0 7.04e-01 3.29e-01
2 - 1 8 1 .1 4 e+ 0 0 1 .0 3 e+ 0 0 7.04e-01 3.29e-01
2 - 2 0 1 .1 4 e+ 0 0 1 .0 3 e+ 0 0 7.04e-01 3 .2 9 e -0 l
2 - 2 2 1 .1 4 e+ 0 0 1 .0 3 e+ 0 0 7.04e-01 3.29e-01
2 - 2 4 1 .1 4 e+ 0 0 1 .0 3 e+ 0 0 7.04e-01 3.29e-01

1 .1 7 e+ 0 0 1 .0 3 e+ 0 0 7.04e-01 3.29e.01

Table 10.6: Computed maximum errors E^{Dy Vme) generated by applied to
problem {Pme) for various values of e, N,  Vi and (3 =  0.8.

The computed maximum errors in Tables 10.5 and 10.6 for s/eDyVME and D~VMe, 
respectively, stabilise to a fixed value after e =  2“ °̂ for all Vi considered. We see that 
the computed maximum errors decrease as the number of mesh points, N,  increases. 
The largest computed maximum error occurs between e =  2“  ̂ and e =  2~® for all N,  

y/eDyUMe and D~Vme for all and /? =  0.8. Tables 10.5 and 10.6 suggest that the 
method is e-uniform for ^/eDyUMe and DyVMe for (5 =  0.8 and all Vi considered.
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e \ N 32 64 128 256 e \ N 32 64 128 256
2 - ^ 6.74e-02 1.04e-01 1.38e-01 1.50e-01 1 .3 2 e+ 0 0 1 .6 3 e+ 0 0 1 .8 0 e+ 0 0 1 .6 6 e+ 0 0
2 - 2 7.85e-02 1.33e-01 1.88e-01 2.28e-01 2 - 2 1 .2 2 e+ 0 0 1 .7 2 e+ 0 0 2 .0 3 e+ 0 0 2 .0 1 e+ 0 0
2 - 4 7.36e-02 1.46e-01 2.D3e-01 2 .4 0 e -0 l 2 - 4 6.72e-01 8.64e-01 1 .1 7 e+ 0 0 l .3 5 e + 0 0
2 - 6 2.88e-02 7.28e-02 1.20e-D l 1.60e-01 2 - 6 3.22e-01 4 .10e.01 5.48e-01 6.59e-01
2 -® l.lO e -0 2 3.59e-02 6.01e-02 7.74e-02 2-® 1.59e-01 2.05e-01 2.72e-01 3.27e-01
2 - 1 0 7 .0 Ie -0 3 1.79e-02 3.00e-02 3 .87e-02

o7

7.95e-02 1.03e-01 1.36e-01 1.63e-01
2 - 1 2 5.75e-03 8.93e-03 1.50e-02 1.94e-02 2 -1 2 3 .98e-02 5.14e-02 6 .79e-02 8.17e-02
2 - 1 4 5.23e-03 4.47e-03 7 .47e-03 9.71e.Q3 2 -1 4 1.99e-02 2.57e-02 3 .39e-02 4.22e-02
2 * 1 6 5.02e-D3 2.35e-03 3 .74e-03 4.88e-D3 2 - 1 6 9 .94e-03 1.28e-02 1.70e-02 2.11e-02
2 - 1 8 4 .93e-03 2.35e-03 1.87e-03 2 .47e-03 2 - 1 8 4 .97e-03 6 .42e-03 8 .48e-03 1.06e-02
2 - 2 0 4 .89e-03 2.40e-03 l . l l e - 0 3 1.26e-03 2 - 2 0 4 .55e-03 3 .21e-03 4 .24e-03 5 .32e-03
2 - 2 2 4.87e.Q3 2.43e-03 1.14e-03 6.56e-04 2 - 2 2 4.69e.Q3 2 .0 7 e.0 3 2.12e-03 2 .68e-03
2 - 2 4 4 .86e-03 2.46e-03 1.16e-03 4.06e-04 2 -2 4 4 .76e-03 2 .13e-03 1.06e-D3 1.37e-03

7.85e-02 1.46e-01 2.03e-01 2.40e-01 1 .3 2 e+ 0 0 1 .7 2 e+ 0 0 2 .0 3 e+ 0 0 2 .0 1 e+ 0 0

e \ N  
2 “ °  

2 - 2  

2 " ^  

2 ~ ®  

2 “ ® 

2 
2 
2 
2 
2 
2 
2 
2

10

12

-1 4
-1 6

18
2 0

22

24

32
= 7.0 

64 128 256
5 .2 9 e+ 0 0
4 .2 3 e+ 0 0
2 .0 8 e+ 0 0
l.D 3 e+ 0 0
5.15e-01
2.59e-01
1.30e-01
6 .54e-02
3 .28e-02
1.64e-02
8 .21e-03
4 .82e-03
4.83e.Q3

6 .8 0 e+ 0 0
5 .6 6 e+ 0 0
2 .9 6 e+ 0 0
1 .4 8 e+ 0 0
7.40e-01
3.70e-01
1.85e-01
9.27e-02
4.64e-02
2.32e-02
1.16e-D2
S.80e-03
2.90e.Q3

7 .4 7 e+ 0 0
5 .4 8 e+ 0 0
3 .0 3 e+ 0 0
1 .5 1 e+ 0 0
7.58e-01
3.79e-01
1.90e-01
9 .48e-02
4 .74e-02
2 .37e-02
1.18e-02
5 .92e-03
2 .96e-03

6 .9 1 e+ 0 0
3 .9 3 e+ 0 0
2 .0 4 e+ 0 0
1 .0 4 e+ 0 0
5 .19e.Q l
2.60e-01
1.31e-01
6.53e-02
3.27e-02
1.64e-02
8 .21e-03
4 .13e-03
2 .09e-03

5 .2 9 e+ 0 0  6 .8 0 e+ 0 0  7 .4 7 e+ 0 0  6 .9 1 e+ 0 0

Table 10.7: Computed maximum errors { ^ D ^ V me) generated by applied
to problem {Pue) for various values of e, N,  Vi and P =  0.8.

In Table 10.7 the computed maximum errors decrease as e decreases for ^D~VMe-  
The largest computed maximum error occurs at e >  2“  ̂ for all N , Vi and (3 =  0.8. 
The computed maximum errors do not decrease as the number of mesh points in
crease. From Table 10.7 we cannot say that the method is e for ^ D ~ V mc- 
The orders of convergence and the compound error constants for ^/eD~UMe, D~Vm  ̂
and are given in Tables 10.8, 10.9 and 10.10, respectively, for various values
of £, jV, Vi and /? =  0.8.
The results in Tables 10.5 and 10.8 suggest that {A^^) is an e-uniform numerical 
method of order at least 0.14 for ^/eDyUMe for all Vi, N  and P =  0.8.
The results in Tables 10.6 and 10.9 suggest that is an e-uniform numerical
method of order at least 0.19 for DyVMe for all Vi, N  and (3 =  0.8.
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Vi =  —0.6 Vi =  2 .0  Vi — 7.0

e \ N 32 64 128 s \ N 32 64 128 e \ N 32 64 128
2 - 0 0.99 1.00 0.99 2 - 0 0.93 0.99 0.58 2 - 0 0.50 1.26 0.80
2 - 2 1.00 1.00 1.00 2 - 2 0.55 0.93 0.99 2 - 2 0.63 0.21 1.11
2 - 4 1.27 1.00 1.00 2 - 4 0.52 1.19 1.30 2 - 4 0.45 0.10 0.37
2 - 6 0.59 1.13 1.24 2 - 6 0.31 0.43 0.93 2 - 6 0.43 0.10 0.37
2 - 8 0.43 0.14 0.82 2 - 8 0.50 0.23 0.45 2 - 8 0.43 0.09 0.37
2 -1 0 0.43 0.15 0.74 2 -1 0 0.50 0.23 0.45 2 -1 0 0.45 0.09 0.37
2 -1 2 0.43 0.15 0.74 2 -1 2 0.50 0.23 0.45 2 -1 2 0.48 0.10 0.37
2 - 1 4 0.43 0.15 0.74 2 - 1 4 0.50 0.23 0.45 2 - 1 4 0.50 0.11 0.37
2 - 1 6 0.43 0.15 0.74 2 - 1 6 0.50 0.23 0.45 2 - 1 6 0.52 0.11 0.37
2 - 1 8 0.43 0.15 0.74 2 - 1 8 0.50 0.23 0.45 2 - 1 8 0.53 0.12 0.37
2 -2 0 0.43 0.15 0.74

01

0 .50 0.23 0.45 2 -2 0 0.53 0.12 0.37
2 -2 2 0.43 0.15 0.74 2 -2 2 0.50 0.23 0.45 to

i to to 0.53 0.12 0.37
2 - 2 4 0.43 0.15 0.74 2 - 2 4 0.50 0.23 0.45 2 - 2 4 0.53 0.12 0.37

P c o m p 0.43 0.14 0.74 f c o m p 0.31 0.42 0.45 P c o m p 0.63 0.18 0.37

C o .14 0.68 0.56 0.56 C q a '2 1.74 1.87 1.87 C o . 18 4.32 3.16 3.16

Table 10.8: Computed orders of convergence {y/eD~UMe), iV^^yUMe)  and 
error constants Cp. generated by applied to problem {Pme) for various values
of e, N , Vi and (5 =  0.8.

V i = - 0 . 6 V i = 2.0 Vi = 7.0

e \ N 32 64 128 s \ N 32 64 128 e \ N 32 64 128
2 - 0 0.98 0.39 0.31 2 - 0 0.42 0.50 0.56 2 - 0 0.47 0.56 0.50
2 - 2 0.98 0.39 0.35 2 - 2 0.23 0.48 0.54 2 - 2 0.25 0.61 0.79
2 - 4 0.91 0.39 0.40 2 - 4 0.45 0.38 0.35 2 -4 0.17 0.40 0.59
2 - 6 0.60 1.19 0.82 2 - 6 0.13 0.57 0.39 2 - 6 0.17 0.40 0.59

2 - 8 0.42 0.19 0.87 2 - 8 0.27 0.42 0.39 2 - 8 0.17 0.40 0.59
2 -1 0 0.42 0.19 0.80 2 -1 0 0.27 0.42 0.39 2 -1 0 0.17 0.40 0.59
2 -1 2 0.42 0.19 0.80 2 -1 2 0.27 0.42 0.39 2 -1 2 0.16 0.40 0.59
2 - 1 4 0.42 0.19 0.80 2 - 1 4 0.27 0.42 0.38 2 - 1 4 0.16 0.40 0.59
2 - 1 6 0.42 0.19 0.80 2 - 1 6 0.27 0.42 0.38 2 - 1 6 0.16 0.40 0.59
2 - 1 8 0.42 0.19 0.80 2 - 1 8 0.27 0.42 0.38 2 - 1 8 0.16 0.40 0.59
2 -2 0 0.42 0.19 0.80 2 -2 0 0.27 0.42 0.38

01

0.16 0.40 0.59
2 -2 2 0.42 0.19 0.80 2 -2 2 0.27 0.42 0.38 2 -2 2 0.16 0.40 0.59
2 - 2 4 0.42 0.19 0.80 2 - 2 4 0.27 0.42 0.38 2 - 2 4 0.16 0.40 0.59

r c o m p 0.42 0.19 0.80 r c o m p 0.21 0.56 0.38 P c o m v 0.25 0.42 0.59

Co.1 9 0.52 0.45 0.45 Co.3 8 2.60 2.93 2.58 A. to 13.24 14.92 14.92

Table 10.9: Computed orders of convergence {DyVMe)^ {D~Vme) and error
constant generated by applied to problem (Pme) for various values of e,
N, Vi and /3 =  0.8. 

From the orders of convergence in Table 10.10 for ^D~VM e  we cannot say that 
the method {A^^)  is e-uniform for -^ D~V m6 for all Vi as the errors increase as N  
increases.
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e \ N
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Vi =  — 0.6

32  64  128  e \ N

isius solution

Vi =  1.0

32  64  128 £ \ N
Vi =
32

7.0

64

r

128
2 - 0 - 0.50 - 0.40 - 0.45 2 - 0 - 0.30 - 0.23 - 0.15 2 - 0 - 0.31 - 0.19 - 0.16
2 -2 - 0.65 - 0.52 - 0.48 2 -2 - 0.56 - 0.31 - 0.23 2 - 2 - 0,39 - 0.03 0,11
2 - 4

- 0.88 - 0.48 - 0,44 2 - 4
- 0.53 - 0.55 - 0.48 2 - 4

- 0,45 - 0.12 0,12
2 -6 - 1.18 - 0.73 - 0.61 2 - 6 - 0.70 - 0.58 - 0.52 2 - 6 - 0,45 - 0.12 0.10
2 - 8 - 1.43 - 0.75 - 0.58 2 - 8 - 0.70 - 0.58 - 0.51 2 - 8

- 0,45 - 0,13 0.10
2 -1 0

- 1.43 - 0.75 - 0.58 2 -1 0 - 0.70 - 0.58 - 0.51 2 -1 0 - 0.44 - 0.12 0,10
2- 12 - 1.24 - 0.76 - 0.58 2 -1 2 - 0.70 - 0.58 - 0.51 2 -1 2 - 0.44 - 0,12 0,09
2 - 1 4 - 0.39 - 0.76 - 0.57 2 - 1 4

- 0.70 - 0.58 - 0.56 2 - 1 4
- 0.43 - 0.12 0,09

2 - 1 6 0.55 - 0.77 - 0.57 2 - 1 6 - 0.70 - 0.59 - 0.55 2 - 1 6 - 0.43 - 0.12 0,09
2 - 1 8 1.07 - 0.35 - 0.56 2 - 1 8 - 0.70 - 0.59 - 0.55 2 - 1 8 - 0.43 - 0.13 0,09
2 -2 0 1.05 0.61 - 0.55 2 -2 0 0.09 - 0.60 - 0.55 2 -2 0

- 0.43 - 0.13 0,09
2 -2 2 1.01 0.85 0.19 2 -2 2 1.12 - 0.61 - 0.54 2 -2 2 - 0.43 - 0.14 0,09
2 - 2 4 0.99 0.84 0.91 2 - 2 4 1.12 0.37 - 0.53 2 - 2 4 0.43 - 0.16 0,09

p"y c o m p - 0.81 - 0.48 - 0.44 r c o m p - 0.41 - 0.31 - 0.23 r c o m p - 0.31 - 0.19 - 0,16

C - 0 . 4 8 - 0.04 - 0.04 - 0.04 C - 0 . 3 1 - 1.43 - 1.53 - 1.53 C - 0 . 1 9 - 16.06 - 17.49 - 17,49

Table 10.10: Computed orders of convergence { ^ D ~ V me), p ^ { ^ D ~ V me) and 
error constant generated by applied to problem [Pme) for various values
of £, N ,  Vi and (3 =  0.8. 

From the data in Tables 10.8 and 10.9 we obtain the computed error bounds for 
and D~VMe for A/' >  64

Vi =  - 0 .6  ^ e \ \ D - U M e - ^ - ^ \ \ n -  <  0.56iV-oi4
t;, =  2.0 ^ e \ \ D - U M e - ^ - ^ \ \ u ^  <  1.877V-0-42 (10.3)
;̂, =  7.0 ^ e \ \D - U M e - ^ - ^ \ \u ^  <  4.327V-° i«

v, =  - 0 . 6  \ \ D - V M e - ^ \ \ a ^  <0.527V-«i9

;̂, =  2.0 WD-Vms -  <2.93N-^-^^ (10.4)
Vi =  7.0 \ \D;Vms -  ^ l l n -  <  14.92iV-°-^2_

10.5 Error analysis based on the Blasius solution

In this section, we compute e-uniform maximum pointwise differences in the approx
imations generated by the direct numerical method described in Section 10.2. 
For this case, we compare the parameter uniform maximum pointwise differences in 
the approximations generated by the direct numerical method of the previous section 
with the corresponding values of generated be the method defined in Chapter 9.

 8192   8192
The scaled maximum pointwise differences WUmc—Umb  and ^WVMe—VuB \
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for various values of N , e, Vi and j3 =  0.8 are given in Tables 10.11 and 10.12, respec
tively.

V i  =  - 0 .6  V i  -  2.0
e \ N 32 64 128 256 512 e \ N 32 64 128 256 512
2 ~ ^ 1.68e-04 9 .7 8 e.0 5 6.21e-05 4 .38e-05 3.47e-05 2 - 0 6 .91e-03 3.37e-03 1.55e-03 6.31e-04 1.69e-04
2 - 2 3.75e-04 2.34e-04 1.56e-04 1.17e-04 9 .85e-05 2 - 2 2 .16e-02 1.06e.02 5 .13e-03 2.36e-03 9.57e-04
2 ~ * 1 .43e.03 7.00e-04 3.53e-04 1.78e-04 1.16e-04 2 ~ * 4 .83e-02 2.33e-02 1.07e-02 4.83e-03 2 .16e-03
2 - 6 4.33e-03 2 .10e-03 l .O le .0 3 4 .81e-04 2.25e-04 2 - 6 7.14e-02 4.34e-02 2 .11e-02 9.54e-03 4 .08e-03
2 “ ® 5.30e-03 3 .10e-03 1.76e-03 9 .61e-04 4.76e-04 2 - 8 7 .14e.02 4.34e-02 2 .40e-02 1.24e-02 6 .02e-03
2 - 1 0 5.28e-03 3 .10e-03 1.76e-03 9 .99e-04 5.62e-04 2 - 1 0 7.14e-02 4.34e-02 2 .40e-02 1.24e-02 6 .02e-03
2 - 1 2 5.25e-03 3 .10e-03 l.7 6 e -0 3 9 .99e-04 5.62e-04 2 -1 2 7.14e-02 4.34e-02 2 .40e-02 1.24e-02 6 .02e-03
2 - U 5.23e-03 3 .10e-03 1.76e-03 9 .99e-04 5.62e-04 2 - 1 4 7.14e-02 4.34e-02 2 .40e-02 1.24e-02 6.02e-03
2 - 1 6 5.22e-03 3 .10e-03 l .7 6 e -0 3 9 .99e-04 5.62e-04 2 - 1 6 7.14e-02 4.34e-02 2 .40e-02 1.24e-02 6.02e-03
2 - 1 8 5 .2 le -0 3 3 .10e-03 1.76e-03 9 .99e-04 5.62e-04 2 - 1 8 7.13e-02 4.34e-02 2.40e-02 1.24e.02 6.02e-03

to
1 o 5.20e-03 3 .10e-03 1.76e-03 9 .99e-04 5.62e-04 2 - 2 0 7.13e-02 4 .34e-02 2.40e-02 1.24e-02 6 .02e-03

2 - 2 2 5.20e-03 3 .10e-03 1.76e-03 9 .99e-04 5.62e-04 2 - 2 2 7.13e-02 4 .34e-02 2.40e-02 1.24e.Q2 6 .02e-03
2 - 2 4 5.20e-03 3 .10e-03 1.76e-03 9.99e-04 5.62e-04 2 - 2 4 7.13e-02 4 .34e-02 2.40e-02 1.24e-02 6 .02e-03

5.30e-Q3 3.10e.Q3 1.76e-03 9 .99e-04 5.62e-04 7.14e-02 4 .34e-02 2.40e-02 1.24e-02 6 .02e-03
Vi -  7 .0

e \ N 32 64 128 256 512
2 - 0 4 .73e-02 2.23e-02 9 .67e-03 3 .70e-03 9 .0 8 e.0 4
2 - 2 9 .42e-02 5.01e-02 2.37e-02 1.02e-02 3 .8 8 e.0 3
2 - 4 9 .60e-02 5.69e-02 3.18e>02 1.65e-02 7.91e-03
2 -6 9 .77e-02 5.75e-02 3 .20e-02 1.66e-02 7.95e-03
2 - 8 9 .84e-02 5 .78e-02 3 .21e-02 1 .67e.02 7.97e-03
2 - 1 0 9 .75e-02 5 .78e-02 3 .2 le -0 2 1.67e-02 7 .97e-03
2 -1 2 9 .55e-02 5.75e-02 3.21e-02 1.67e-02 7 .97e-03
2 - 1 4 9 .33e-02 5.71e-02 3.20e-02 1.67e-02 7 .98e-03
2 - 1 6 9 .15e-02 5.67e-02 3.19e-02 1.67e-02 7 .97e-03
2 - 1 8 9 .04e-02 5.63e-02 3.18e-02 1.66e-02 7 .97e-03
2 - 2 0 8 .98e-02 5.61e-02 3.18e-02 1.66e-02 7 .97e-03
2 - 2 2 8 .94e-02 5.60e-02 3.17e-02 1.66e-02 7.96e-03

10
I 8 .93e-02 5.59e-02 3.17e-02 1.66e-02 7.96e-03

9 .84e-02 5.78e-02 3.21e-02 1.67e-02 7.98e-03

 8192
Table 10.11: Computed maximum pointwise difference \\Ume — Umb  where
Ume is generated by various values of e, Â , Vi and /? =  0.8.

Ill Tables 10.11 and 10.12 we see that the computed maximum differences for the 
velocity components decrease as the number of mesh points, N , increases.

 8192
In Table 10.11 the largest maximum differences oi\\U m  ̂— Umb occur between

\ Ig

2“® <  e <  2“ °̂ for fi =  0.8 and all N  and Vi. The maximum differences stabihse to 
a fixed value when e <  2“ °̂.
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€ \ N 32 64 128 256 512 e \ N 32 64 128 256 512
2 - u 8 .55e-03 4 ,54e-03 2.49e-03 1.42e-03 1.22e-03 2 - 0 4.96e-02 4 .00e-02 2.75e-02 1.59e-02 6 .32e-03
2 - 2 1.34e-02 6 .73e-03 3.42e-03 1.78e-03 1.28e-03 2 “ ^ 6 .65e-02 5 .14e-02 3.53e-02 2.21e-02 1.23e-02
2 - “ 1.47e-02 7.61e-03 3.83e-03 1.94e-03 9.99e-04 2 ~* 5.30e-02 3 .76e-02 2.55e-02 l.7 3 e-0 2 1.14e-02
2 - 6 1.35e-02 6 .31e-03 3.10e-03 1.57e-03 8.24e.Q4 2 “ ® 3.13e-02 2.50e-02 l.6 5 e -0 2 1.03e-02 6.41e-03
2-® 8.97e-03 4 .8 1 e.0 3 2.51e-03 1.26e-03 6.10e-04 2 “ ® 1.56e-02 1.25e-02 8.67e-03 5.62e-03 3 .52e-03
2 - 1 0 5.35e-03 2.82e-03 1.47e-03 7.58e-04 3.89e-04 2 - 1 0 7 .82e-03 6 .25e-03 4 .33e-03 2.81e-03 1.76e-03
2 - 1 2 3.62e-03 1.88e-03 9.67e-04 4 .94e-04 2.52e-04 2 - 1 2 3 .91e-03 3.13e-03 2 .17e-03 1.41e-03 8 .80e-04
2 - 1 4 2.77e-03 1.41e-03 7.16e-04 3 .63e-04 1.84e-04 2 - 1 4 1.95e-03 1.56e-03 1.08e-03 7.07e-04 4.40e-04
2 - 1 6 2.35e-03 1.18e-03 5.92e-04 2.98e-04 1.50e-04 2 - 1 6 1.91e-03 9.33e-04 5.42e-04 3.54e-04 2.20e-04
2 - 1 8 2.13e-03 1.06e-03 5.30e-04 2.66e-04 1.33e-04 2 - 1 8 1.92e-03 9.38e-04 4.64e-04 2.31e-04 1.16e-04

to Q 2.03e-03 l.OOe-03 4 .99e.04 2.49e-04 1.25e-04 2 - 2 0 1.92e-03 9.40e-04 4.66e-04 2.32e-04 1.16e-04
2 - 2 2 1.98e-03 9 .73e-04 4.84e-04 2 .41e-04 1.21e-04 2 -2 2 I .9 2 e -0 3 9.42e-04 4 .67e-04 2.33e-04 1.16e-04
2 - 2 4 1 1.95e-03 9 .58e-04 4.76e-04 2.37e-04 1.19e-04 2 - 2 4 1.92e-03 9.43e-04 4.68e-04 2.33e-04 1.16e-04

\ 1.47e-02 7.61e-03 3.83e-03 1.94e-03 1.28e-03 6 .65e-02 5 .14e-02 3.53e-02 2.21e-02 1.23e-02
Vi  =  7.0

e \ N 32 64 128 256 512
2 - 0 2 .28e 01 1.74e-01 1.16e-01 6.72e-02 2.81e-02
2 ~ 2 2 .06e 01 1.71e-01 1.14e-01 6.34e-02 2.72e-02
2 ~ * 1.03e 01 9 .44e-02 7.22e-02 4.52e-02 2.21e-02
2 - 6 5 .15e 02 4 .72e-02 3.61e-02 2.27e-02 l . l l e - 0 2
2 - 8 2 .55e 02 2 .36e-02 1.80e-02 1.13e-02 5 .55e-03
2 - 1 0 1.26e 02 1.18e-02 9.02e-03 5 .66e-03 2 .78e-03
2 - 1 2 6 .26e 03 5 .88e-03 4.51e-03 2 .83e-03 1.39e-03
2 - 1 4 3 . l i e 03 2 .94e-03 2.25e-03 1.42e-03 6 .94e-04
2 - 1 6 1.95e 03 1.47e-G3 1.13e-03 7.08e-04 3.47e-04
2 ~ 1 8 1.94e 03 9 .48e-04 5.64e-04 3.54e-04 1.74e-04
2 - 2 0 1.93e 03 9 .46e-04 4.69e-04 2.34e-04 1.17e-04
2 - 2 2 l .9 3 e 03 9.45e>04 4.69e-04 2.33e-04 1.17e-04
2 - 2 4 1.92e 03 9 .45e-04 4.68e-04 2.33e-04 1.17e-04
E ^ 2.28e 01 1.74e-01 M 6 e -0 1 6.72e-02 2.81e-02
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Table 10.12: Computed maximum pointwise difference — Vmb

whercJ Vme is generated by for various values of e, N , Vi and /? =  0.8.

In Table 10.12 the largest maximum differences of ,^||Vm£ — occur 
for e > 2~‘̂ , for j3 =  0.8 and all N  and Vi. We see that the computed pointwise max- 
imum  ̂ errors for ^ V me tend to a fixed value as e decreases for all e <  2“ ®̂, N  >  256 
and Vi considered. For N  <  256 the computed pointwise maximum errors for ^ V me 
decrease as e decreases for all Vi considered. Thus, Tables 10.11 and 10.12 indicate 
that Ithe maximum differences for the velocity components are independent of s for 
all Vi and N.

In a similar fashion to Tables 10.1 and 10.2 of the the maximum pointwise errors of 
velocity components, Tables 10.11 and 10.12 suggest that the method is e-uniform  
for and -^Ve for all Vi considered.
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Figure 10-8: Graphs oi Ume ~  for e =  2 N —32, p  = 0.8 and Vi — —0.6, 2.0,
7.0.

The graphs of differences Ume — for e =  2~^^, N=32, 0  = 0.8 and ti,=-0.6,
2.0, 7.0 in Figure 10-8 show tha t the largest difference occurs contained within the 
boundary layer along the surface of the wedge for all /3 considered. The graphs of 
differences — ^ mb^) ^ =  2~^^, N=32, (i =  0.8 and Vi = —0.6, 2.0, 7.0
in Fig. 10-9 show tha t the largest difference occurs at the furthest point from the 
surface of the wedge and closest to the leading edge.

Figure 10-9: Graphs of ^ { V me ~  Vm b^) for e =  2 N=32, /? =  0.8 Vi =  —0.6, 2.0
and 7..0.

The orders of convergence and the error constants of the scaled velocity compo
nents Ume and ^ V me are given in Tables 10.13 and 10.14, respectively.
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e \ N 32 64 128 256
2 - 0 0.78 0.66 0,50 0,34
2 -2 0.68 0.59 0,42 0,25
2 - 4 1.03 0.99 0,99 0.62
2 - 6 1.04 1.05 1,08 1,09
2 8 0.77 0.82 0,87 1,01
2 -1 0 0.77 0.82 0,82 0,83
2 -1 2 0,76 0.82 0,82 0,83
2 ~ 1 4 0.76 0,82 0,82 0,83
2 - 1 6 0,75 0,82 0,82 0,83
2 - 1 8 0,75 0,82 0,82 0,83
2 - 2 0 0,75 0,81 0.82 0,83
2 - 2 2 0,75 0,81 0,82 0,83
2 - 2 - 4 0,75 0,81 0,82 0,83

r c o m x ) 0,77 0,82 0,82 0.83

Co.8:2 0.21 0.21 0,22 0,22

V i  =  2,0
e \ N 32 64 128 256
2 -0 1,04 1.12 1,30 1,90
2 -2 1,03 1,04 1,12 1,30
2 - 4 1.05 1.12 1,15 1.16
2 -6 0,72 1.04 1,15 1,22
2 -8 0,72 0,85 0,95 1.04
2-10 0,72 0.85 0.95 1.04
2-12 0,72 0,85 0.95 1.04
2 - 1 4 0,72 0,85 0,95 1,04
2 - 1 6 0,72 0,85 0.95 1.04
2 - 1 8 0,72 0,85 0.95 1,04
2-20 0,72 0,85 0.95 1,04
2-22 0.72 0.85 0,95 1.04
2 - 2 4 0.72 0,85 0.95 1.04

P c o m p 0,72 0,85 0.95 1.04
Co.95 4.04 4,76 5.10 5.10

V i  =  7.0
e \ N 32 64 128 256
2 -0 1.09 1,20 1,39 2,03
2 -2 0,91 1,08 1,21 1,40
2 - 4 0.75 0.84 0,94 1,06
2 -6 0,77 0.85 0,94 1.06
2 -8 0,77 0,85 0,94 1.06
2-10 0,76 0,85 0.95 1,06
2-12 0,73 0.84 0,94 1,06
2 - 1 4 0,71 0,83 0,94 1,06
2 - 1 6 0.69 0,83 0,94 1.06
2 - 1 8 0,68 0,82 0,94 1,06
2-20 0,68 0,82 0,93 1.06
2-22 0.68 0,82 0,93 1,06
2 - 2 4 0.67 0.82 0,93 1,06

P c o m p 0.77 0,85 0,94 1.06

Co. 9 4 5.41 6,12 6,54 6,54

Table 10.13: Computed orders of convergence P̂ ĉomp̂  Pcomp the error constant
where Uue is generated by for various values of e, N , Vi 

and l3 =  0.8.

e \ N 32 64 128 256
2 - 0 0,91 0,87 0,81 0,23
2 2 0,99 0.97 0,94 0,48
2 - 4 0,95 0,99 0,98 0,96
2 6 1,10 1,03 0,98 0,93
2 -8 0,90 0,94 0,99 1,05
2 - 1 0 ) 0,92 0,94 0,96 0,96
2 - 1 2 ! 0,95 0,96 0,97 0,97
2 - 1 4 1 0,98 0,97 0,98 0,98
2 - 1 6 1 1,00 0,99 0,99 0,99
2 - 1 8 1 1,01 1,00 1,00 0,99
2 - 2 0 1 1,02 1,00 1,00 1.00
2 - 2 2 ! 1,02 1,01 1.00 1,00
2 - 2 4 1,02 1.01 1,00 1,00

P c o m i p 0,95 0.99 0,98 0,60

Co,6lO 0,35 0,27 0,21 0,16

=  2.0
e \ N 32 64 128 256
2 -0 0,31 0,54 0,79 1,33
2 -2 0,37 0.54 0.67 0.85
2 - 4 0,50 0.56 0.56 0.60
2 -6 0,32 0,60 0.67 0.69
2 -8 0,32 0,53 0.62 0.68
2-10 0,32 0,53 0.62 0,68
2-12 0,32 0,53 0.62 0,68
2 - 1 4 0,32 0,53 0,62 0,69
2 - 1 6 1,04 0,78 0,62 0,69
2 - 1 8 1,03 1,02 1,01 1.00

01 1,03 1,01 1,01 1,00
2-22 1,03 1,01 1,01 1,00
2 - 2 4 1,03 1.01 1,01 1,00

P c o m p 0,37 0.54 0,67 0.85

Co.6 7 1.84 2.27 2.48 2.48

Vi =  7.0
e \ N 32 64 128 256
2 -0 0,39 0,58 0,79 1.26
2 -2 0,26 0.59 0,85 1,22
2 -4 0.13 0.39 0,67 1,03
2 -6 0.13 0.39 0,67 1.03
2 -» 0.11 0.39 0,67 1,03
2-10 0.10 0.38 0,67 1,03
2-12 0.09 0.38 0,67 1,03
2 - 1 4 0,08 0,38 0,67 1,03
2 - 1 6 0.41 0.38 0,67 1,03
2 - 1 8 1.03 0.75 0.67 1,03
2-20 1.03 1.01 1,01 1,00
2-22 1.03 1.01 1,01 1,00
2 - 2 4 1,03 1.01 1.01 1,00
p'vt ^ c o m p 0.39 0,58 0.79 1,26

Co, 7 9 8,29 10,91 12,57 12,57

Table 10.14: Computed orders of convergence p̂ ĉomp’ Pcomp error constant
Cp. for ^ { V me — where Vme is generated by {A^^) for various values of e,
N , Vi and /3 =  0.8.

From Tables 10.13 and 10.14 we see the order of convergence for the approxima
tions to the scaled velocity components Ume and ^ V me is at least 0.6 for N  >  128 
and all Vi considered. Using Tables 10.13-10.14 we obtain the following error bounds
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for Af >  128 and /3 =  0.8

Vi =  -0 .6 \ \UMe

Vi =  2.0 WUm s

Vi =  7.0 \ \UMe

<0.22iV-0'82

K ' b Ho-  <5.ioyv-0'^^
<6.54Ar-094

(10.5)

Vi =  - 0

Vi =  2.0
Vi =  7.0

L  —
< 0.35Ar-o“
<  2.48A -̂°-®  ̂

<  12.57A^-°-^^
(10 .6 )

From Tables 10.11-10.14 we have shown that for the velocity components the 
method is e-uniform for Vi =  —0.6, 2.0 and 7.0. Further computations, not reported 
here, show that the errors for the velocity components for Vi €  [—0.6, 7.0] and (3 € 
[0.0,1.0] have similar behaviour, therefore the method can be said to be ( e , V i , l 3 ) -  

uniform for the scaled velocity components.

e \ N 32 64 128 2 5 6 5 12 e \ N 32 64 128 2 5 6 5 12
2 “ ^ 6 .5 2 e - 0 3 3 .4 4 e - 0 3 1 .9 0 e -0 3 1 .1 3 e -0 3 7 .4 3 e -0 4 2 - 0 6 .5 1 e -0 2 3 .4 6 e - 0 2 1 .9 1 e -0 2 l . l l e - 0 2 8 .3 2 e -0 3
2 ” ^ 1 .2 3 e -0 2 6 .2 4 e - 0 3 3 .2 4 e -0 3 1 .7 4 e -0 3 l ,0 0 e - 0 3 2 “ ^ l .0 8 e - 0 1 6 .5 1 e - 0 2 3 .4 6 e -0 2 1 .9 1 e -0 2 l . l l e - 0 2
2 “ '* 2 .7 U - 0 2 1 .2 4 e -0 2 6 .2 8 e -0 3 3 .2 5 e - 0 3 1 .7 3 e -0 3 2 - “ l.S O e -O l 8 .5 7 e - 0 2 4 .1 2 e -0 2 2 .4 7 e -0 2 1 .5 3 e -0 2
2 - 6 7 .0 9 e -0 2 3 .3 3 e - 0 2 1 .5 6 e -0 2 7 .2 3 e -0 3 3 .3 5 e -0 3 2 "® 2 .7 1 e -0 1 1 .6 4 e -0 1 8 .0 1 e - 0 2 3 .6 8 e -0 2 1 .6 5 e -0 2
2 - 8 9 .6 5 e - 0 2 5 .6 9 e -0 2 3 .2 5 e -0 2 1 .7 2 e -0 2 8 .I 5 e - 0 3 2 - 8 2 .7 1 e -0 1 1 .6 4 e -0 1 9 .1 5 e - 0 2 4 .8 1 e -0 2 2 .4 2 e .0 2
2 - 1 0 9 .6 5 e - 0 2 6 .6 9 e - 0 2 3 .2 5 e -0 2 X .80e-02 9 .7 6 e -0 3 2 - 1 0 2 .7 1 e -0 1 1 .6 4 e -0 1 9 . l5 e - 0 2 4 .8 1 e> 0 2 2 .4 2 e -0 2
2 - 1 2 9 .6 5 e - 0 2 5 .6 9 e - 0 2 3 .2 5 e -0 2 1 .8 0 e -0 2 9 .7 6 e -0 3 2 - 1 2 2 .7 1 e -0 1 1 .6 4 e -0 1 9 .1 5 e - 0 2 4 .8 1 e -0 2 2 .4 2 e -0 2
2 - 1 4 9 .6 5 e - 0 2 5 .6 9 e - 0 2 3 .2 5 e -0 2 1 .8 0 e -0 2 9 .7 6 e -0 3 2 - 1 4 2 .7 1 e -0 1 1 .6 4 e -0 1 9 .1 5 e - 0 2 4 .8 1 e -0 2 2 .4 2 e -0 2
2 - 1 6 9 .6 5 e - 0 2 5 .6 9 e - 0 2 3 .2 5 e -0 2 1 .8 0 e -0 2 9 .7 6 e -0 3 2 - 1 6 2 .7 1 e -0 1 1 .6 4 e -0 1 9 .1 5 e - 0 2 4 .8 1 e -0 2 2 .4 2 e -0 2
2 - 1 8 9 .6 5 e - 0 2 5 .6 9 e - 0 2 3 .2 5 e -0 2 1 .80e> 02 9 .7 6 e -0 3 2 - 1 8 2 .7 1 e -0 1 1 .6 4 e -0 1 9 .1 5 e - 0 2 4 .8 1 e - 0 2 2 .4 2 e -0 2
2 - 2 0 9 .6 5 e - 0 2 5 .6 9 e - 0 2 3 .2 5 e -0 2 1 .8 0 e -0 2 9 .7 6 e -0 3 2 - 2 0 2 .7 1 e -0 1 1 .6 4 e -0 1 9 .1 5 e - 0 2 4 .8 1 e -0 2 2 .4 2 e -0 2
2 - 2 2 9 .6 5 e - 0 2 5 .6 9 e - 0 2 3 .2 5 e -0 2 l .8 0 e - 0 2 9 .7 6 e -0 3 2 - 2 2 2 .7 1 e -0 1 1 .6 4 e -0 1 9 .1 5 e - 0 2 4 .8 1 e -0 2 2 .4 2 e -0 2
2 - 2 4 9 .6 5 e - 0 2 5 .6 9 e -0 2 3 .2 5 e -0 2 1 .8 0 e -0 2 9 .7 6 e -0 3 2 - 2 4 2 .7 le - 0 1 1 .6 4 e -0 1 9 .1 5 e - 0 2 4 .8 1 e -0 2 2 .4 2 e -0 2

9 .6 5 e - 0 2 5 .6 9 e -0 2 3 .2 5 e -0 2 1 .8 0 e -0 2 9 .7 6 e -0 3 2 .7 1 e -0 1 1 .6 4 e -0 1 9 .1 5 e .0 2 4 .8 1 e -0 2 2 .4 2 e -0 2

e \ N 32 64 128 2 56 5 1 2
2 ~ ^ 3 .6 6 e -0 1 1 .8 0 e -0 1 1 .1 4 e-0 1 7 .5 8 e -0 2 6 .2 7 e - 0 2
2 “ 2 6 .4 8 e -0 1 3 .5 3 e -0 1 1 .7 5 e-0 1 8 .5 6 e -0 2 6 .2 0 e .0 2
2 ~ * 6 .4 3 e -0 1 3 .9 4 e -0 1 2 .2 7 e -0 1 1 .2 6 e -0 1 6 .7 5 e - 0 2
2 “ ® 6 .3 7 e -0 1 3 .9 2 e -0 1 2 .2 6 e -0 1 1 .2 5 e -0 1 6 .7 4 e - 0 2
2 “ ® 6 .3 5 e -0 1 3 .9 2 e -0 1 2 .2 6 e -0 1 1 .2 5 e -0 1 6 .7 4 e - 0 2
2 - 1 0 6 .3 8 e -0 1 3 .9 1 e -0 1 2 .2 6 e -0 1 1 .2 5 e -0 1 6 .7 4 e .0 2
2 - 1 2 6 .4 4 e -0 1 3 .9 2 e -0 1 2 .2 6 e -0 1 1 .2 5 e -0 1 6 .7 4 e - 0 2
2 - 1 4 6 .5 1 e -0 1 3 .9 4 e -0 1 2 .2 6 e -0 1 1 .2 5 e - 0 l 6 .7 4 e - 0 2
2 - 1 6 6 .5 6 e -0 1 3 .9 5 e - 0 l 2 .2 7 e -0 1 1 .2 5 e -0 1 6 .7 4 e - 0 2
2 - 1 8 6 .6 0 e -0 1 3 .9 6 e -0 1 2 .2 7 e -0 1 1 .2 5 e -0 1 6 .7 4 e - 0 2
2 - 2 0 6 .6 1 e -0 1 3 .9 7 e -0 1 2 .2 7 e -0 1 1 .2 5 e -0 1 6 .7 4 e - 0 2
2 - 2 2 6 .6 2 e -0 1 3 .9 7 e -0 1 2 .2 7 e -0 1 1 .2 5 e -0 1 6 .7 4 e - 0 2
2 - 2 4 6 .6 3 e -0 1 3 .9 7 e -0 1 2 .2 7 e -0 1 1 .2 5 e -0 1 6 .7 4 e - 0 2
E ^ 6 .6 3 e -0 1 3 .9 7 e -0 1 2 .2 7 e -0 1 1 .2 6 e -0 1 6 .7 5 e - 0 2

Table 10.15:
n  /■ /8192 ||-----

0 =  0 .8 .

Computed maximum pointwise scaled difference ^/e\\DyUMe ~  
where Ume is generated by {A^^) for various values of e, N, Vi and

In Tables 10.15-10.17, we display the computed maximum pointwise differences
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of the approximations to the scaled first order derivatives of the velocity components 
for various values of e, N , Vi and (3 =  0.8.
The maximum scaled differences for ^/eD~Ue and D~Ve in Tables 10.15 and 10.16 
stabilise to a fixed value after e =  2“ °̂ for all values of Vi and N  considered for 
P — 0.8. In a similar fashion to Tables 10.5 and 10.6 of the maximum pointwise 
errors, Tables 10.15 and 10.16 show that the method is independent of e for \/eD~Ue^ 
and DyV^, for all values of Vi and N  considered for 13 =  0.8.

e \ N 32
U j

64
=  - 0 .6

128 256 512 e \ N 32 64
=  2 .0

128 256 512
2 ~ ^ 7.87e-03 4 .21e-03 2.87e-03 2 .7 8 e.0 3 2 .73e-03 2~'^ 1.03e.01 7 .91e-02 5 .4 5 e.0 2 3.36e-02 1.59e-02
2 - 2 1.52e-02 7 .87e-03 4.86e-03 4 .3 5 e-0 3 3 .98e-03 2 - 2 2.01e-01 1.65e-01 1.19e-01 7.95e-02 4.78e-02
2 - 4 2 .58e-02 1.52e-02 8.79e-03 7 .36e-03 6 .15e-03 2 - * 2.82e-01 1.94e-01 1.49e-01 1.15e-01 8.44e-02
2"® 6.21e-02 2 .89e-02 1.30e-02 9 .80e-03 8 .70e-03 2 - 6 3.23e-01 2.51e-01 1.53e-01 1.16e-01 8 .44e.02
2"® 8.13e-02 4 .81e-02 2.69e-02 1.37e-02 8 .70e-03 2 - 8 3.23e-01 2.51e-01 1.59e-01 I.16e-01 8 .44e-02
2 -1 0 8.13e-02 4 .81e-02 2.69e-02 1.44e-02 8 .70e-03 2 - 1 0 3.23e-01 2.51e-01 1.59e-01 1.16e-01 8 .44e-02
2 - ^ 2 8.13e-02 4 .81e-02 2.69e-02 1.44e-02 8 .70e-03 2 - ^ 2 3.23e-01 2.51e-01 1.59e.01 I.16e-01 8 .44e-02
2 -1 4 8.13e-02 4 .8 U -0 2 2.69e-02 1.44e-02 8 .70e-03 2 - 1 4 3.23e-01 2.51e-01 l,5 9 e -0 1 1.16e-01 8.44e<02
2 -1 6 8.13e-02 4 .81e-02 2.69e-02 1.44e-02 8 .70e-03 2 - 1 6 3.23e-01 2.51e-01 1.59e-01 1.16e-01 8.44e-02
2 - 1 8 8.13e-02 4 .81e-02 2.69e-02 1.44e-02 8 .70e-03 2 - 1 8 3.23e-01 2.51e-01 1.59e-01 1.16e-01 8 .44e-02
2 - 2 0 8.13e-02 4 .81e-02 2.69e-02 1.44e-02 8 .70e-03 2 - 2 0 3.23e-01 2.51e-01 1.59e-01 1.16e-01 8.44e-02
2 -2 2 8.13e-02 4 .81e-02 2.69e-02 1.44e-U2 8 .70e-03 to 1 3.23e-01 2 .5 1 e-0 l 1.59e-01 1.16e-01 8.44e-02
2 - 2 4 8.13e-02 4 .81e-02 2.69e-02 1.44e-02 8 .70e-03 2 - 2 4 3.23e-01 2 .5 le -0 1 1.59e.01 1 .1 6 e-0 l 8.44e-02

8.13e-02 4 .81e-02 2 .69e.02 1.44e-02 8.70e-03 3.23e-01 2.51e-01 1.59e-01 1.16e-01 8.44e-02

£ \ N 32 64 128 256 512
2 - 0 6.99e-01 5.32e>01 3 .61e.01 2.30e-01 l .l4 e -0 1
2 " 2 1 .1 9 e+ 0 0 1 0 2 e + 0 0 6.74e-01 3.63e-01 1.52e-01
2 ~ * 1.19e +  00 1 1 2 e+ 0 0 8.60e-01 5.33e-01 2.71e-01
2 - 6 l . l 9 e + 0 0 1 1 2 e+ 0 0 8.60e-01 5.34e-01 2.72e-01
2 - 8 1 .1 9 e+ 0 0 1 1 2 e+ 0 0 8 .6 Ie -0 1 5.34e-01 2.72e-01
2 - 1 0 1 .1 9 e+ 0 0 1 1 2 e+ 0 0 8.61e-01 5.34e-01 2.72e-01
2 - 1 2 1 .1 8 e+ 0 0 1 1 2 e+ 0 0 8.61e-01 5.34e-01 2.72e-01
2 - 1 4 l . l 8 e + 0 0 1 1 2 e + 0 0 8.61e-01 5.34e-01 2.72e-01
2 - 1 6 1 .1 8 e+ 0 0 1 1 2 e + 0 0 8.61e-01 5.34e-01 2.72e-01
2 - 1 8 1 .1 8 e+ 0 0 1 1 2 e+ 0 0 8.61e-01 5 .3 4 e -0 l 2.72e-01
2 - 2 0 1 .1 8 e+ 0 0 1 1 2 e + 0 0 8.61e-01 5.34e-01 2.72e-01
2 - 2 2 1 .1 8 e+ 0 0 1 12e +  00 8.61e-01 5.34e-01 2.72e-01
2 - 2 4 1 .1 8 e+ 0 0 1 1 2 e+ 0 0 8.61e-01 5.34e-01 2.72e-01
E ^ l . l 9 e + 0 0 1 .1 2 e+ 0 0 8.61e-01 5.34e-01 2.72e-01

Table 10.16: Computed maximum pointwise difference \\DyVMe — ^ v^mb Ŵqn^ ^  
where Vme is generated by for various values of e, N , Vi and j3 =  0.8.

Table 10.17 shows the maximum scaled difference for -^D ~V me for various val
ues off e, N , Vi and j3. From Table 10.17 note that the maximum pointwise scaled 
differences decrease as e decreases.
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V i  =  - U

e \ N 32 64 128 256 512 e \ N 32 64 128 256 512
2 - 0 6 .35e-02 1.18e-01 l.74e-01 2.47e-01 3.73e-01 2 - u 1 .3 2 e+ 0 0 1 .6 7 e+ 0 0 1 .9 0 e+ 0 0 1 .96e+ 00 1 .6 1 e+ 0 0
2 - 2 8 .07e-02 1.41e-01 2.16e-01 3.19e-01 4.94e-01 2 - 2 l .2 4 e + 0 0 1 .7 7 e+ 0 0 2 .1 8 e+ 0 0 2 .5 1 e+ 0 0 2 .6 7 e+ 0 0
2 - 4 7.45e-02 1.52e-01 2.24e-01 3.17e-01 4.58e-01 2 - ^ 6.90e-01 9.10e-01 1 .3 0 e+ 0 0 1 .79e+ 00 2 .3 6 e+ 0 0
2 - 6 2 .91e-02 7.62e-02 1.35e-01 2.14e-01 3.29e-01 2 - 6 3.35e-01 4.33e-01 6.09e-01 8.73e-01 1.17e4-00
2 - 8 l .l2 e - 0 2 3 .77e-02 6.72e-02 1.04e-01 1.64e-01 2 -® 1.67e-01 2.16e-01 3.00e-01 4.32e-01 5.83e-01
2 - 1 0 7.30e-03 1.88e-02 3,35e-02 5 .21e-02 8.16e-02 2 - 1 0 8.36e-02 1.08e-01 1.50e-01 2.16e-01 2.92e-01
2 - 1 2 6 .04e-03 9 .40e-03 1.67e-02 2 .60e-02 4.08e-02 2 - 1 2 4.18e-02 5.41e-02 7.50e-02 1.08e-01 1.46e-01
2 - 1 4 5 .52e-03 4 .70e-03 8.36e-03 1.30e-02 2.04e-02 2 - 1 4 2.09e-02 2.70e-02 3.75e-02 5.52e-02 7.29e-02
2 - 1 6 5 .3 le -0 3 2 .68e-03 4.18e-03 6 .50e-03 1.02e-02 2 - 1 6 1.05e-02 l.3 5 e -0 2 1.88e-02 2.76e-02 3.64e-02
2 - 1 8 5 .22e-03 2 .69e-03 2.09e-03 3 .25e-03 5 .10e-03 2 - 1 8 5.23e-03 6 .76e-03 9 .38e-03 1.38e-02 1.82e-02
2 - 2 0 5 .18e-03 2 .75e-03 1.48e-03 1.63e-03 2.55e-03 2 - 2 0 4.82e-03 3 .38e-03 4.69e-03 6.90e-03 9.11e-03
2 - 2 2 5 .16e-03 2 .79e-03 1.52e-03 8 .13e-04 1.27e-03 2 - 2 2 4.97e-03 2 .36e-03 2.34e-03 3.45e-03 4 .55e-03
2 - 2 4 5 .15e-03 2 .84e-03 1.56e-03 8 .15e-04 6 .37e-04 2 - 2 4 5.04e-03 2 .46e-03 1.34e-03 1.73e-03 2.28e-03

8.07e-02 1.52e-01 2.24e-01 3.19e-01 4.94e-01 1 .3 2 e+ 0 0 1 .7 7 e+ 0 0 2 .1 8 e+ 0 0 2 .5 1 e+ 0 0 2 .6 7 e+ 0 0

e \ N 32 64 128 256 512
5 .3 1 e+ 0 0
4 .2 7 e+ 0 0
2 . l2 e + 0 0
1 .0 6 e+ 0 0
5.27e-01
2.65e-01
1.33e-01
6 .68e-02
3 .35e-02
1.68e-02
8 .39e-03
5 .11e-03
5 .12e-03

6 .9 0 e+ 0 0
5 .8 7 e+ 0 0
3 .1 7 e+ 0 0
1 .5 8 e+ 0 0
7.92e-01
3.96e-01
1.98e-01
9.92e-02
4.96e-02
2.48e-02
1.24e-02
6 .2 le -0 3
3 .10e-03

7 .8 5 e+ 0 0  
6-lOe+OO 
3.61e +  00 
1 .8 1 e+ 0 0  
9.04e-01 
4.52e-01 
2.26e-01 
1.13e-01 
5.65e-02 
2.82e-02 
1.41e-02 
7.06e-03 
3.53e-03

8 .1 4 e+ 0 0
5 .0 9 e+ 0 0
2 .9 7 e+ 0 0
1 .5 0 e+ 0 0
7 .5 2 e-0 l
3.76e-01
1.89e-01
9 .43e-02
4 .71e-02
2.36e-02
1.18e-02
5 .89e-03
2.95e-03

6 .8 0 e+ 0 0
3 .3 5 e+ 0 0
1 .6 3 e+ 0 0
8.34e-01
4.17e-01
2.09e-01
1.04e-01
5 .2 1 e.0 2
2.61e-02
1.30e-02
6.51e-03
3.26e-03
1.63e-03

5 .3 1 e + 0 0  6.90e-f-00 7 .8 5 e+ 0 0  8 .1 4 e+ 0 0  6 .8 0 e+ 0 0

Table 10.17: Computed maximum pointwise scaled difference V*~^\\D~Vm£ —

is generated by (^^e) various values of e, N,
Vi andi 0  =  0.8.

Graphs of the scaled differences s/e{D~UMe -  D~VMe ~  and
— D xVm ^ )  generated by {A ’̂ )  are given in Figures 10-10, 10-11 and 10-13 

for =  32 £ =  2“ ^̂ , (5 =  0.8 and Vi =  —0.6, 2.0 and 7.0.

Figure 10-10: Graphs of y/e{DyUMe ~  Dyll^^g) for e =  2 N =32, (3 =  0.8 and
Vi =  —0.6,2.0 and 7.0.
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Figure 10-11: Graphs of Dy Vme -  DyV^'^ for e =  2 N —32, /3 =  0.8 and Vi =
—0.6, 2.0 and 7.0.

Graphs of y/e{D~UM£ — D y lJ ^ ^ )  and D~VMe — D y V ^ ^  in Figures 10-10 and 
10-11 show the largest differences to be contained within the boundary layer. The 
largest differences D~Vm£ — D y V ^ ^  are at the points closest to the leading edge.

Figure 10-12: Graphs of ^ { D ^ V ms ~  -DxV^mT) for e =  N=32, (3 = 0.8 and
Vi =  —0.6, 2.0 and 7.0.

Graphs of ^ { D ~ V me ~  in Figure 10-13 show the largest difference to
be closest to the leading edge.

In Tables 10.18 -10.20 we display the computed orders of convergence for the ap
proximations of the first order scaled derivatives of the velocity components ^JeDyUMe, 
DyVMe and ^D ~ V M e,  respectively for various values of e, N , Vi and p — 0.8.
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Vi = —0.6 Vi = 2.0 Vi — 7.0
e \N 32 64 128 256 e \N 32 64 128 256 e \N 32 64 128 256
2-0 0.92 0.86 0.75 0.60 2-0 0.91 0.86 0.78 0.41 2-0 1.02 0.66 0.59 0.27
2-2 0.97 0.95 0.89 0.80 2-2 0.73 0.91 0.86 0.78 2-2 0.88 1.01 1.03 0.47
2 - 4 1.13 0.98 0.95 0.91 2 - 4 1.07 1.06 0.74 0.69 2 - 4 0.71 0.80 0.85 0.90
2-6 1.09 1.10 1.11 1.11 2-6 0.72 1.04 1.12 1.16 2-6 0.70 0.79 0.85 0.90
2-8 0.76 0.81 0.91 1.08 2-« 0.72 0.84 0.93 0.99 2-8 0.70 0.79 0,85 0.89
2 - 1 0 0.76 0.81 0.85 0.89 2-10 0.72 0.84 0.93 0.99 2-10 0.70 0.79 0.85 0.89
2 12 0.76 0,81 0.85 0.89 2 - 1 2 0.72 0.84 0.93 0.99 2-12 0.72 0.79 0.85 0.89
2 - 1 4 0.76 0.81 0.85 0.89 2 - 1 4 0.73 0.84 0.93 0.99 2 - 1 4 0.73 0.80 0.85 0.89
2 - 1 6 0.76 0.81 0.85 0,89 2 - 1 6 0.73 0.84 0.93 0.99 2 - 1 6 0.73 0.80 0.85 0.90
2 - 1 8 0.76 0.81 0.85 0.89 2 - 1 8 0.73 0.84 0.93 0.99 2 - 1 8 0.74 0.80 0.86 0.90
2-20 0.76 0.81 0.85 0.89 2-20 0.73 0.84 0.93 0.99

0M1cs 0,74 0.80 0.86 0.90
2 - 2 2 0.76 0.81 0.85 0.89 2 - 2 2 0.73 0.84 0.93 0.99 2 - 2 2 0.74 0.81 0.86 0.90
2 - 2 4 0.76 0.81 0.85 0.89 2 - 2 4 0.73 0.84 0.93 0.99 2 - 2 4 0.74 0.81 0,86 0.90
p ' vr c o m f p 0.76 0.81 0.85 0.89 p ’^r c o m p 0.73 0.84 0.93 0.99 P ^f c o m p 0.74 0.81 0.86 0.90

00 4.12 4.37 4.50 4.50 C o , 93 14.25 16.41 17.39 17.39 Co,86 28.72 31.11 32.19 32.19

Tabic 10.18: Computed orders of convergence p^^compi Pcomp the error constant 
P̂comp V^{Dy^M£ — D yU ^ ^ )  where Ume is generated by (^me) various values 

of e, N , Vi and (3 =  0.8.

Vi =  -0 .6 V =  2.0

oII

e\N 32 64 128 256 e \N 32 64 128 256 e \N 32 64 128 256
2 - 0 0.90 0.55 0.04 0.03 2-0 0.39 0.54 0.70 1.08 2 - 0 0.39 0.56 0.65 1.01
2 '2 0.95 0.70 0.16 0.13 2-2 0.28 0.47 0.58 0.73 2-2 0,23 0.59 0.89 1.26
2 - 4 0.76 0.79 0.26 0.26 2 - 4 0.54 0.38 0.37 0.45 2 - 4 0.09 0.38 0.69 0.98
2  6 1.10 1.16 0.40 0.17 2-6 0,37 0.71 0.40 0.45 2-6 0.09 0.38 0.69 0.97
2-8 0.76 0.84 0.97 0.66 2-8 0.37 0.66 0.46 0.46 2-8 0.09 0.38 0.69 0.97
2-10 0.76 0.84 0.90 0.72 2-10 0.37 0.66 0.46 0.46 2-10 0.08 0,38 0.69 0.97
2-12 0.76 0.84 0.90 0.72 2-12 0.37 0.66 0.46 0.46 2-12 0.08 0.38 0.69 0.98
2 - 1 4 0.76 0.84 0.90 0.72 2 - 1 4 0.37 0.66 0.45 0.46 2 - 1 4 0.08 0,38 0.69 0.98
2 - 1 6 0.76 0.84 0.90 0.72 2 - 1 6 0.37 0.66 0.45 0.46 2 - 1 6 0.08 0.38 0.69 0.98
2 18 0.76 0.84 0.90 0.72 2 - 1 8 0.37 0.66 0.45 0,46 2 - 1 8 0.08 0.38 0.69 0.98
2-20 0.76 0.84 0.90 0.72

01CS 0.37 0.66 0.45 0.46 2-20 0.08 0.38 0.69 0.98
2 22 0.76 0.84 0.90 0.72 2-22 0.37 0.66 0.45 0.46 2-22 0.08 0.38 0.69 0.98

to ' 
1 to 0.76 0.84 0.90 0.72 to
1 to 0.37 0.66 0.45 0.46 to
1 to •u 0.08 0.38 0.69 0.98

rcomj:> 0.76 0.84 0.90 0.72 P c o m p 0.37 0.66 0.45 0.46 p ^r c o m p 0.09 0.38 0.69 0.98

p to 2.52 2.47 2.27 2.00 Co.45 5.74 6.09 5.27 5.27 Co,69 34.02 51.57 63.92 63.92

Table 10.19: Computed orders of convergence p ĉompi Pcomp *he error constant 
Cp. for D yV ^e — DyV^Q^ where Vms is generated by (^^e) various values of 
£, N, Vi and (3 =  0.8.

The results in Tables 10.15 and 10.18 suggest that the method is an e-uniform 

numerical method and of order at least 0.68 for \/eDyUMe  for >  64 for all Vi and 
P =  0.8. 
The results in Tables 10.16 and 10.19 suggest that the method is an e-uniform numer
ical method and of order at least 0.45 for D~Vm£ for >  64 for all Vi and (3 — 0.8.
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Using Tables 10.18-10.19, we obtain the following error bounds

V, =  -0 .6  < 4.50iV-°«^
v, = 2.0 < 17.39iV-0'93 (10.7)
i;, =  7.0 < 32.19iV-o«6

V, =  - 0.6 WD^Vms -  < 2.52N~ -̂^^
v, = 2.0 \\D;VMe-DyV^^^^WnN\r, < 6.09N-^-^^ (10.8)
t;. =  7.0 \\D;VMe -  DyVi,^^-^WnN\r, < 63.927V-°-9«.

Further computations, not reported here, show that the errors for the velocity com
ponents for Vi € [—0.6,7.0] and (3 € [0.0,1.0] have similar behaviour, therefore the 
method can be said to be (e, Vj,/3)-uniform for y/eDyUMe and DyVMe- 
The results in Table 10.20 do not suggest that the numerical method is e-uniform for 
■^{D~VMe — DxVmb^) for all j3 on the domain n ^ \(X i  IJT l) . Hence we look at the 
results in Table 10.21 of the computed orders of convergence for ^{D ~ V M e~ D xV ^^^)  

 ^
in the subdomain \(-^ i ( JT l)  n[^o +  0.1, x^r] x [0,1]. These results suggest that 
the method is e-uniform for ^D ~ V M e  hi the subdomain for all e < 2“ ,̂ all Vi and (3.
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V i  =  -0 .6 Vi  =  2.0
e \ N 32 64 128 256 e \ N 32 64 128 256
2 -0 -0.89 -0.56 0.51 -0.59 2 -0 -0.33 -0.19 -0.05 0.29
2 -2 -0.81 -0.61 0.57 -0.63 2 -2 -0.52 -0.30 -0.20 -0.09
2 - 4 -1.03 -0.56 0.50 -0.53 2 - 4 -0.40 -0.51 -0.46 -0.40
2 -6 -1.39 -0.82 0.67 -0.62 2 -6 -0.37 -0.49 -0.52 -0.42
2 -8 -1.75 -0.83 0.63 -0.65 2 -8 -0.37 -0.47 -0.52 -0.43
2-10 -1.36 -0.83 0.64 -0.65 2-10 -0.37 -0.47 -0.52 -0.43
2-12 -0.64 -0.83 0.64 -0.65 2-12 -0.37 -0.47 -0.52 -0.43
2 - 1 4 0.23 -0.83 0.64 -0.65 2 - 1 4 -0.37 -0.47 -0.56 -0.40
2 - 1 6 0.99 -0.64 0.64 -0.65 2 - 1 6 -0.37 -0.47 -0.56 -0.40
2 - 1 8 0.95 0.37 0.64 -0.65 2 - 1 8 -0.37 -0.47 -0.56 -0.40
2-20 0.91 0.89 0.13 -0.65 2-20 0.51 -0.47 -0.56 -0.40
2-22 0.88 0.87 0.91 -0.65 2-22 1.08 0.01 -0.56 -0.40
2 - 2 4 0.86 0.87 0.93 0.36 2 - 2 4 1.04 0.88 -0.37 -0.40

rcomp -0.91 -0.56 0.51 -0.63 r'comp -0.42 -0.30 -0.20 -0.09

C - 0 . 6 3 -0.02 -0.02 0.02 -0.02 C - 0 .2 0 -4.53 -5.28 -5.68 -5.68
Vi =  7.0

£ \ N 32 64 128 256
2 -0 -0.38 -0.19 -0.05 0.26
2 -2 -0.46 -0.06 0.26 0.61
2 - 4 -0.58 -0.19 0.28 0.87
2 -6 -0.59 -0.19 0.26 0.85
2 -8 -0.59 -0.19 0.27 0.85
2-10 -0.58 -0.19 0.27 0.85
2-12 -0.57 -0.19 0.26 0.86
2 - 1 4 -0.57 -0.19 0.26 0.86
2 - 1 6 -0.57 -0.19 0.26 0.86
2 - 1 8 -0.57 -0.19 0.26 0.86
2 - 2 0 -0.57 -0.19 0.26 0.86
2-22 -0.28 -0.19 0.26 0.86
2 - 2 4 0.72 -0.19 0.26 0.86

r c o m p -0.38 -0.19 -0.05 0.26

C - 0 . 0 5 -119.15 -149.40 -163.85 -163.85

Table 10.20: Computed orders of convergence p^^compy Pcomp error constant
Cp.  ̂ for -^ {D ~V m £ — D xV^b )̂ in the domain (J ^z,) where Vmc is generated
by for various values of e, N  and j3.

Figure 10-13: Graphs of -^ {D ^V ms — for e =  2 N = 32 , j3 =  0.8 and
Vi =  —0.6, 2.0 and 7.0.
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Graphs of ^^{D^VMe — D xV ^ ^ )  in Figure 10-13 show the largest difference to 
be along the left hand edge of the subdomain.

Vi  =  — 0.6 V i  =  2.0 Vi =  7.0

e \ N 32 64 128 256
2 - 0 0.67 0.41 0.32 -1.48
2 - 2 1.03 1.02 0.64 -0.46
2 - 4 0.85 1.08 1.13 1.09
2 - 6 1.44 0.94 0.96 0.97
2 - « 1.03 1.33 1.13 1.15
2 -1 0 1.01 1.16 1.05 1.14
2 -1 2 1.01 1.04 1.00 1.07
2 - 1 4 1.04 0.97 0.97 1.01
2 - 1 6 1.07 0.92 0.95 0.98
2 - 1 8 1.08 0.92 0.95 0.97
2 -2 0 1.08 0.92 0.94 0.96
2 -2 2 1.08 0.92 0.94 0.96
2 - 2 4 1.08 0.92 0.94 0.96

P c o m  V 0.92 0.77 0.32 -1.48

e \ N 32 64 128 256
2 - 0 1.38 1.41 1.54 -1.36
2 - 2 1.12 1.08 1.23 1.34
2 - 4 0.96 1.09 1.24 1.24
2 - 6 0.56 0.92 1.18 1.26
2 - 8 0.56 0.77 0.99 1.09
2 -1 0 0.56 0.77 0.99 1.09
2 -1 2 0.56 0.77 0.99 1.09
2 - 1 4 0.56 0.77 0.99 1.09
2 - 1 6 0.72 0.77 0.99 1.09
2 - 1 8 1.07 1.04 1.02 1.01
2 -2 0 1.07 1.04 1.02 1.01
2 -2 2 1.08 1.04 1.00 0.93
2 - 2 4 1.07 1.01 0.93 0.95

r c o r m t 1.06 1.09 1.24 0.33

Co.33 3.27 1.96 1.16 0.62

e \ N 32 64 128 256
2 - 0 1.66 1.61 2.07 1.43
2 - 2 1.26 1.33 1.50 1.47
2 - 4 1.06 1.04 1.22 1.14
2 - 6 1.02 1.03 1.21 1.14
2 - 8 0.98 1.02 1.21 1.14
2 -1 0 0.96 1.01 1.21 1.15
2 -1 2 0.96 1.00 1.21 1.14
2 - 1 4 0.96 1.01 1.21 1.14
2 - 1 6 1.06 1.03 1.01 1.00
2 - 1 8 1.07 1.03 1.01 1.01
2 -2 0 1.07 1.03 1.02 0.94
2 -2 2 1.07 1.03 0.93 0.94
2 - 2 4 1.07 0.98 0.93 0.95

r c o m p 1.26 1.33 1.50 1.36

C l , 3 6 88.74 94.93 96.86 87.81

and the error constantTable 10.21: Computed orders of convergence Pe,compi Pcomp 
Cp. for ^h{D~VMe -  D:cV^b )̂ in the subdomain \(X i U ^ l)  fli^ ô +  O.ljXAr] x [0,1] 
where Kvfe is generated by for various values of e, N  and (3.

10.6 C om putational error bounds

In this section we use the computed error estimates, obtained in Section 9.5 for the 

quantities ^mb )̂ their scaled discrete derivatives, to estimate the error in
the numerical approximations {Ume, generated by the direct method
Also, we present an independent estimate of the maximum pointwise errors in the 
numerical solutions generated by the direct algorithm. The resulting estimates are 
independent of those obtained in Section 10.3.
First, we use the triangle inequality to obtain

<  llt^Me -  -  ^ mbIIh-  (10.9)

<  îWVMe -  +  II^Mb' -  ^MB|ln-)(10.10)

where Ua/£ =  {Ume, Vme) is the solution generated by the direct algorithm 
on the mesh with N  =  ( N, N) .  umb =  ('t̂ MB)̂ ^MB) is the exact solution of
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the P rand tl problem constructed from the Blasius formulae (9.2) and (9.3) and 
U mb  ̂ =  (̂ M̂ B̂ ) the computed Blasius solution generated in the previous
chapter on a mesh with 8192 intervals. We then observe tha t the first term on the 
right-hand side of (10.9) and (10.10) involves the computable quantities Ume^ U ^ ^  
and Vme,Kmb^> respectively. Furthermore, the second term on each right-hand side 
involves the scaled pointwise errors J/mb^ ^ ’̂ mbj ~'*^mb), which have already
been estim ated in Section 9.5 of the previous chapter. This shows tha t we can esti
mate the  errors in the scaled numerical solutions and their scaled discrete derivatives, 
generated by the numerical method (>1^^) applied to problem {Pme), even though 
no theoretical error analysis is available for this numerical method.

We now compare the magnitudes of the two terms on the right-hand side of both 
(10.9) and (10.10). The first terms are the scaled maximum pointwise differences 
\\Ums 8,nd These quantities are found immediately
from the  solutions U Me of (^Jt^^) and the solution respectively, computed in the
previous section and chapter. Their numerical bounds are given in Tables 10.13 and 
10.14 for various values of e, N ,  Vi and P = 0.8. The second terms on the right-hand 
side of (10.9) and (10.10) are the scaled maximum pointwise errors ||i7MB  ̂~'WmbIIo^ 
and -  vmbII QN in the computed Blasius solution. The corresponding error
bounds (9.12) and (9.14), respectively, show tha t the second terms are bounded above 
by 1.822 X 10~^ and 1.136 x 10~^ for all w,.

\\UMe — Uu\\n^ = \\UMe—UMB\\nN

-0 .6  < 0.22A^-o®2 +  1.822 x 10“  ̂ (10.11)
2.0 < +  1.822 x 10"^
7.0 < 6.54Af-o-9'‘ +  1.822 x 10“^

- 'WMBlIf!"
< ^\\VMe -  -  ^mbIIq-

= - 0 . 6  < 0.35A^-°®° + 1.136 X 10-3 (10.12)
Vi = 2.0 < 2.48A^-°®^ +  1.136 x 10“^
Vi =  7.0 < 12.57A^-°-^9 +  1.136 x 10"^

The com putational error bounds for Ume and in (10.11), (10.12), (10.1) and 
(10.2) give two workable formulas for each velocity component to ensure the error is 
below a desired value for all e Vi and (3. In a similar manner to the above we calculate 
computed error bounds for approximations of the scaled first derivatives y/iDyUMe

Vi  =  

Vi  =  

Vi  =



10.7 Conclusion 184

and Dy Vms by the bounds (9.21), (9.24), (10.7) and (10.8) 

\f^\\DyUM£ -  9yUM ||fiw\rB

V i  —  — 0.6 
Vi =  2.0
Vi =  7.0

\ \ D y V M s  -  9 y V M | | n ^ \ r B

Vi  =  —0 .6

Vi =  2.0
Vi ~  7.0

10.7 C onclusion

In Chapters 5 and 6 we considered the Prandtl boundary layer equations for in
compressible laminar flow past a wedge with suction/blowing of the flow rate density 
v q { x )  =  — wher e the Reynolds number Re  can be arbitrarily large, 
P is the angle of the wedge with arbitrary values in the segment [0,1] and Vi is the 
intensity of the mass transfer with arbitrary values in the segment [—0.6, 7.0]. When 
the Reynolds number is large the solution of this problem has a parabohc bound
ary layer a t the surface of the wedge excluding its leading edge. We constructed a 
direct numerical method for computing approximations to the solution of this prob
lem using a piecewise uniform fitted mesh technique appropriate to the parabolic 
boundary layer. To validate this numerical method the model Prandtl problem with 
self-similar solution was examined, for which a reference solution can be computed 
using the Blasius problem for a nonlinear ordinary differential equation. We con
sidered the Prandtl problem in a finite rectangle, excluding the leading edge of the 
wedge, for various values of Re which can be arbitrarily large and for some values 
of Vi and  /3, when meshes with a different number of mesh points were used. To 
find reference solutions for the the velocity components and their derivatives with 
required accuracy, we solved the Blasius problem using a semi-analytical numerical 
method. By extensive numerical experiments we showed tha t the direct numerical

—  y / e \ \ D y  U m e  -  5 y U M B | | n ? ' \ r M i 3

< ^e\\D ;U M e- DyU!ll^n^\r^B+

< 4.50AT-°-®5 -h 5.502 x 10"^
< 5.502 X 10-2
< 32.19iV-°®®+  5.502 X 10-2

—  \ \ D y  V m e  -  5 y W M e | | n ^ \ r M B

< \\D-VM e-DyV^^m n^\r,s+  
WDyVuB'̂  -

< 2.527V-°-^2 ^  214 X 10-^

<  6.09A^-°'^^-h 1.214 X 10-2
<  63.92A^-°-^® -f 1.214 x 10'^
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m ethod constructed in this chapter allows us to approxim ate both  the solution and 
its derivatives /2e-uniformly for different values of Vi  and /?.



Chapter 11 

Conclusion and future work

11.1 C onclusion

In this thesis, we have constructed four parameter-uniform numerical methods for 
four P ran d tl problems.
In Chapters 3 and 4, we constructed a new numerical method for the Prandtl problem 
for How past a wedge. In Chapter 3, we numerically solved the Falkner-Skan problem 
for /  and its derivatives, and then used a variant of the semi-analytic approach of 
Falkner- Skan to generate numerical approximations of guaranteed pointwise accuracy 
to the velocity components and their scaled derivatives. In Chapter 4, we constructed 
a direct numerical method for the Prandtl problem to generate numerical approxima
tions of guaranteed accuracy to the velocity components and their scaled derivatives 
for any given Reynolds number and angle of the wedge.
By means of extensive numerical experiments we showed tha t the constructed direct 
numerical method is {Re, /?)-uniform for the velocity components.
In Chapters 5 and 6, we constructed a (i?e,/3)-uniform numerical method for the 
P randtl boundary layer problem for flow past a three dimensional semi-infinite wedge 
using a similar approach to Chapters 3 and 4.
In Chapters 7 and 8, we constructed a {Re, Pr,  (5, n)-uniform numerical method for 
the P ran d tl boundary layer problem for flow past a semi-infinite wedge with heat- 
transfer.
Finally, in Chapters 9 and 10, we constructed a {Re, (5, Ui)-uniform numerical method 
for the P randtl boundary layer problem for flow past a semi-infinite wedge with mass- 
transfer.
It is worth noting tha t the experimental error analysis technique used to calculate 
the bounds in Chapters 4, 6, 8 and 10 is not known to be applicable to the numerical
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solutions generated by each algorithm applied to its problem. This is because there 
is no theoretical error analysis available currently. Nevertheless, it is clear from the 
results in this thesis that the experimental error analysis technique provides a means 
to estim ate the accuracy of the numerical approximations to the unknown continu
ous solution and its derivatives even when no theoretical error estimates are known. 
This suggests the methods constructed in Chapters 3-10 are robust layer-resolving 
methoids.

11.2 Future work

As an immediate consequence to work in this thesis these are some of the problems 
that h.ave come to light:

•  ad ap t the direct numerical method in Chapters 5 and 6 to construct a robust 
numerical method for more complex three dimensional shapes [46].

•  an\'estigate the use of a second transition point on linear equations.

• explore the complex nature of the thermal layer in Chapter 8 by looking at a 
iimear coupled equation with similar properties to the Prandtl problem for heat 
tra.nsfer.

• a ttack  the Prandtl problem with heat transfer with Neumann and Dirichlet 
boundary conditions [18] and the Prandtl problem with heat transfer including 
th e  effect of frictional heat [46].

• assault the Prandtl problem with heat transfer in natural flow [18].

• combine the methods in Chapters 8 and 10 to construct a numerical method 
for the Prandtl Problem with heat and mass transfer [43].

• construct a method for the Prandtl problem with heat and mass transfer in the 
boundary layers on an exponentially stretching continuous plate [37].

Our ulitimate goal is this: after deahng with laminar flow, after addressing transitional 
flow, we dream of constructing a parameter-uniform method for turbulence of the 
water around the barge.



Appendix A

The choice of V

In th is  ap p en d ix  we investigate th e  choice of th e  scahng facto r for 

Using th<e extensions

/  (77) =  0, for all 77 >  L

/  (77) =  1, for all 77 >  L

f(rj)  =  (77 -  Ljv)  +  f ( L ^ ) ,  for all rj >  L,

to  look a t  vps i ^i V)  for ^  L.  R ew riting  A .l we have

v f s (i , v ) = - \ / S r ^ ( > ) - i «  + / ( i» )  + Sttii)
= - \ / ^ ^ ( - i »  + /(M  + (i + SiW  >/>i 

= -VWW(-^» + /(M + /?>f) -(>i

— 0{\/£) + P0{1)

as a re su lt  o f these calcu lations we choose V*

y* =  /  ^  for /? =  0
1 1 for /? ^  0.

(A .l)

(A .2 )

(A .3 )

(A .4 )

r] > L 

(A .5)
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Using _______

\ / # W ( I I ^ M  -  /(^)ll) < ^ J ^ U { x ) { m r , )  -  f{rj )\ \ )  

we rea.rrange the inequahty such tha t it does not contain Re,

l|VFs-»Fslln = + Sii'/D^FW
-(/(■?) +  g j i i / ) ! ! )

S  y = g l ! M ( | | r ( , )  _  / ( , ) | |
+ I I S i ’ i o + ^ W  -  

< \/#W(linf) - /WII

S V ^ ^ ( l l ? ( i ) - / M I I )

-  / ' I D

+ ’̂ u i ^ i V \ \ D * F ( v )  -  f ' m  

+ U { ^ ) ^ y \ \ D ^ { r i )  -  f ' W)

We now investigate

^  -  m )

(A.6)
Using the same arguments we applied to vps  we look at d^Vps for rj > L

s . V fs  =  ( ‘ +  S n  (‘ +  ’> °») "  £  ^

= “Sir (1 + StM (1 + ’jo))) n > i
=  (/30(1) +  0{y/e))

As a resu lt we can use the scaling factor V* for dxVps-
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Rearranging the inequahty such that it is free from Re,

2x

+ r i D ^ F ) )  

-" r s  +  (n f  +  ’ 7S S S  ( / '  +  ’ ) / " ) )  I I )
-  -  VFslln

+ \ / ¥ ^ l l ( l  +  S t )’| 5 ^ +
- ( 1  +  S f i ) ' ) / +  S t t ' < V " ) I I io.=o ) )

< = ^ ^ ( | |V fs -  VFslIfY

+ ’7 V W W l l ( i  +  Stt) 5 ^  +

-(1 + S i )/' + STi’i/")ll[o.~)
< -  ^Fslln

+ rr^U{x)\\{l + ^ ,W F  +
- a  +  ^ ) / '  +  ^^/")ll[o ,oo)

^  -  ■^Fslb
+  I ^ f / ( x ) ( | | ( l  +  ^ ,W F  -  (1 +  ^ ) / ' l l [ 0 , o o )

+ | | ^ 7 7 D + Z ^ + F - ^ 7 7 / " | | [ 0 . oc))

< -  fFslln
+ ^ U { x ) l 3 \ \ D ^  -  
+ ^ ll r /D + D + F -r? /" | |[o ,o o )) .

(A.7)



A ppendix B 

Theoretical tables

/? =  0.5
N 128 256 512 1024 2048 4096 8192 16384
N~HnN 0.78 0.81 0.83 0.85 0.86 0.87 0.88 0.89
2N-Hn^ 0.74 0.78 0.81 0.83 0.85 0.86 0.87 0.88

Table B.l: Orders of local convergence corresponding to different theoretical 
bounds for various values of N .
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A ppendix C 

The choice of C

C .l  Introduction

In this Appendix we investigate the subtle choices of the constant C when defining 
the transition point. We use two simple examples to illustrate the choice of C.
Using the Prandtl problem for flow past a flat plate (see Chapter 2) we define the two 
approaches. When constructing a mesh in the rectangle f2, it is important to note 
where the boundary layer occurs in order to define an appropriate transition point 
from the coarse to the fine mesh. Because the computational domain is rectangular 
the piecewise-uniform fitted mesh is a tensor product of two one-dimensional 
meshes. The mesh in the x  direction is the uniform mesh

— {xi : Xi =  0.1 +  iN~^,0 <  i <  N^}.

The mesh in the y-direction is a piecewise-uniform fitted mesh, which is defined by 

=  {Vj ■ V j  =  <  j  <  =  a +  {1 -  a ) { j  -  ^  -  ^

The transition point a  is chosen so that there is a fine mesh in the boundary layer
when required. The appropriate choice in this case is

a  =  C y / e l n N y } .

The factor y/e may be motivated from a priori estimates of the derivatives of the
solution Uf or from asymptotic analysis [46].
The two case we choose are:

• C =  0.5, which will reduce the value of a;
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C  = 2.5, which will enlarge the value of a.

The rectangular mesh is then the tensor product ”, where N={ Nx,  Ny)

For simplicity we take = Ny = N .
The systems of hnearized equations are

W ith the boundary condition =  Uub^ on F l, 
for each i , l  <  i <  N,  use the initial guess 
and for m =  1 , . . . ,  M solve the following 
two point boundary value problem for U^{xi , yj )

- e 6 l  {xi ,yj) + Up~'^ (x,, y j) D~ {xi, )+
VJ^- \ x i , y j ) Dy U^{ x i , y j )  =  0

with the boundary conditions =  U\j b  on Fb U F t, 
and the initial guess for V^\xi = 0 .
Also solve the initial value problem for V ^{xi,  yj)

( D -  • V'^){xi,yj) =  0,

with initial condition =  0 on Fb-
Continue to iterate between the equations for until m  — M, 
where M  is such that 

 ̂ m a^(|C /f -  -  K ^ - % . )  < tol.

For notational simplicity, we suppress explicit mention of the iteration superscript 
M  henceforth, and we write simply Ug for the solution generated by (j4^). We take 
tol — 10“® in the computations.

C.2 Error Analysis

In this section we compute e-uniform maximum pointwise differences in the approxi
mations generated by the direct numerical method described in the previous section. 
For this case, we compare the parameter uniform maximum pointwise differences in 
the approximations generated by the direct numerical method with the correspond
ing values of .

— 8 192The maximum pointwise differences \\U  ̂ — Uub of N  and e for C =  0.5 and
C — 2.5 are given in Tables C .l and C.2, respectively. In Tables C .l and C.2 we
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see that the computed maximum differences decrease as the number of mesh points, 
N, increases. In Table C .l we see that the maximum pointwise differences do not 
stabiUse to a fixed value as e decrease for C  — 0.5. Thus we cannot say that the 
method is e-uniform when C =  0.5.

e \N 32
c

64
=0.5

128 256 512
2-0 2.87e-03 1.66e-03 8.98e-04 4.51e-04 2.12e-04
2-2 1.24e-02 6.22e-03 3.12e-03 1.57e-03 7.92e-04
2 - 4 3.21e-02 1.67e-02 8.17e-03 4.04e-03 2.02C-03
2 - 6 4.76e-02 2.10C-02 l.OOe-02 5.41e-03 3.00e-03
2-8 7.56e-02 3.35C-02 1.39C-02 6.14e-03 3.00e-03

O1CM 5.65e-02 4.93C-02 2.23e-02 8.88e-03 3.61e-03
2-12 1.19e-01 4.58e-02 3.42e-02 1.55e-02 5.72e-03
2 - 1 4 1.94e-01 1.12C-01 4.54C-02 2.46e-02 1.12e-02
2 - 1 6 2.38e-01 1.61e-01 8.89e-02 3.77e-02 1.73C-02
2 - 1 8 2.62e-01 1.89e-01 1.19C-01 6.45e-02 2.88C-02
2-20 2.74e-01 2.05e-01 1.37e-01 8.25e-02 4.52e-02
EN 2.74C-01 2.05e-01 1.37e-01 8.25e-02 4.52C-02

Table C.l: Computed maximum pointwise difference \\Uu — generated by
for various values of e and N.

In Table C.2 we see that the maximum pointwise diflferences tend to a fixed value 
as e decreases for C  =  2.5. Table C.2 indicates that maximum errors are independent 
of e, this suggests that the method is e-uniform for Ue for C  =  2.5.
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e \ N 32
C

64
=2.5

128 256 512
2-0 2.87e-03 1.66e-03 8.98e-04 4.51e-04 2.12e-04
2-2 1.24e-02 6.22e-03 3.12e-03 1.57e-03 7.92e-04
2 - 4 3.52e-02 1.67e-02 8.17e-03 4.04e-03 2.02e-03
2-6 7.25e-02 3.26e-02 1.56e-02 7.62e-03 3.78e-03
2 - 8 1.89e-01 6.96C-02 3.16e-02 1.518-02 7.43e-03
2-10 2.23e-01 9.64C-02 4.98C-02 2.68e-02 1.46e-02
2-12 2.23e-01 9.64e-02 4.98e-02 2.68e-02 1.46e-02
2 - 1 4 2.23C-01 9.64e-02 4.98C-02 2.68e-02 1.46e-02
2 - 1 6 2.23e-01 9.64e-02 4.98e-02 2.68e-02 1.46e-02
2 - 1 8 2.23e-01 9.64e-02 4.98e-02 2.68e-02 1.46e-02
2-20 2.23e-01 9.64e-02 4.98e-02 2.68e-02 1.46e-02

2.23e-01 9.64e-02 4.98e-02 2.68e-02 1.46e-02

Tabic C.2; Computed maximum pointwisc difference ||t/u — generated by
(yl^) for various values of e and N.

Graphs of the velocity component and of the difference with N  =  32
and e =  for C  =  0.5 and C  =  2.5 arc shown in Figures C-1 and C-2 respectively. 
In Figure C-1 we see that for C — 0.5 the fine mesh is contained within the boundary 
layer, which would lead to the erroneous results in Table C .l.

Figure C-1: Graphs of and — Uub for e =  2 N = 3 2  and C  =  0.5.

In Figure C-2 we see that for C =  2.5 the fine mesh contains the boundary layer 
but not optimising the fine mesh.
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Figure C-2: Graphs of and — Uub for e =  2 N —32 and C = 2.5.

C.3 T he choice o f C

From the two examples we have shown tha t the choice of C  is significant. It is prudent 
to choose it such tha t is larger than 1.



A ppendix D

A curious side effect of cro

D . l  Introduction

In this Appendix we investigate benefits of using a second transition point. The 

m otivation for this is from Chapter 8, were the seeond transition point was used to  

resolve the thermal layer.

Using the Prandtl problem for flow past a flat plate (see Chapter 2) we define the 

piecewise compound mesh. W hen constructing a mesh in the rectangle Jl, it is im

portant to note where the boundary layer occurs in order to define an appropriate 

transition point from the coarse to the fine mesh. Because the com putational do

main is rectangular the piecewise-uniform fitted mesh is a tensor product of two 

one-dim ensional meshes. The mesh in the x  direction is the uniform mesh

The mesh in the y-direction is a compound piecewise-uniform  fitted mesh, which is

The transition points a  and <72 are chosen so that there is a fine mesh in the boundary  

layer when required. T he appropriate choices in this case are

=  {x , : Xj =  0.1 -I- i N^  ^ , 0 < i  < N^} .

defined by

a  =  m in { - ,  1 . 2 y / e l n N y }  

G2 =  m in{^a, ^ y / e l n N y ] .

(D .l)

(D.2)
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The factor a/? may be motivated from a priori estimates of the derivatives of the 
solution Ue or from asymptotic analysis [46]. The choice of ^  is purely experimental.
The rectangular mesh is then the tensor product x f l^ ", where N = { N x ,  Ny)

For simpHcity we take Nx = Ny = N .

The systems of linearized equations are

W ith the boundary condition on Fl ,
for each i , l  < i < N, use the initial guess U °|xi =  U°|xj_i
and for m  = 1 , . . . ,  M  solve the following
two point boundary value problem for U^{xi ,yj )

-e6lUp{xi ,yj )  + Up- \xi , y j )D~U^{xi ,y j )+  
yj)D~up{Xi,yj) = 0

with the boundary conditions [7™ =  Uub on Fu U F t, 
and the initial guess for V^\xi =  0.
Also solve the initial value problem for V^{xi , y j )

with initial condition =  0 on Fb-
Continue to iterate between the equations for until m  = M,  
where M  is such tha t 

, max(|C/« -  < tol.

For notational simplicity, we suppress explicit mention of the iteration superscript 
M henceforth, and we write simply U j for the solution generated by (A^). We take 
tol — 10~® in the computations.

D .2 Error A nalysis

In this section we compute e-uniform maximum pointwise differences in the approxi
mations generated by the direct numerical method described in the previous section. 
For this case, we compare the parameter uniform maximum pointwise differences in 
the approximations generated by the direct numerical method with the correspond
ing values of .

 8192  8192
The maximum pointwise differences \\U  ̂— and \/i||V"£ — V ^ g  for var-
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ious values of N  and e are given in Tables D .l and D.2, respectively. In Tables D .l 
and D.2 wc sec that the computed maximum differences decrease as the number of 
mesh points, N, increases. In Tables D .l and D.2 we see that the maximum pointwise 

differences stabilise to a fixed value as e decreases.

e \ N 32 64 128 256 512
2-0 2.42e-03 1.49e-03 8.42e-04 4.38e-04 2.10e-04
2-2 1.78e-02 8.29e-03 3.95e-03 1.91e-03 9.35e-04
2 - 4 5.97e-02 2.69e-02 1.26e-02 6.05e-03 2.94e-03
2-6 1.39e-01 5.78e-02 2.63e-02 1.25e-02 6.03e-03
2-8 1.59e-01 8.15e-02 4.29e-02 2.30e-02 1.22e-02
2-10 1.59e-01 8.15e-02 4.29e-02 2.30e-02 1.24e-02

2-20 1.59e-01 8.15e-02 4.29e-02 2.30e-02 1.24e-02
E N 1.59e-01 8.15e-02 4.29e-02 2.30e-02 1.24e-02

Table D .l: Computed maximum pointwise difference \\Ue — Uf}S^\\^N generated by 
for various values of e and N .

e \ N 32 64 128 256 512
2-0 2.32e-01 1.15e-01 5.57e-02 2.74e-02 1.35e-02
2-2 5.15e-01 2.49e-01 1.17e-01 5.51e-02 2.64e-02
2 - 4 1.19e+00 5.11e-01 2.33e-01 1.07e-01 4.90e-02
2-6 3.40e+00 1.22e+00 5.05e-01 2.22e-01 9.78e-02
2-8 4.12e+00 1.87e+00 8.84e-01 4.33e-01 2.05e-01
2-10 4.12e+00 1.87e+00 8.84e-01 4.33e-01 2.08e-01

2-20 4.12e+00 1.87e+00 8.84e-01 4.33e-01 2.08e-01
E N 4.12e+00 1.87e+00 8.84e-01 4.33e-01 2.08e-01

Table D.2: Computed maximum pointwise difference ; |̂|V"e — generated by
(j4^) for various values of e and N . 

The orders of convergence and the error constants of the scaled velocity compo
nents are given in Tables D.3 and D.3, respectively.
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e \ N 32 64 128 256
2 - 0 0 .70 0.82 0.94 1.06

2 - 2 1.10 1.07 1.05 1.03
2 - 4 1.15 1.09 1.06 1.04
2 - 6 1.26 1.13 1.08 1.05
2 - 8 0,96 0.93 0.90 0.91
2 -10 0.96 0.93 0.90 0.89

2 -20 0.96 0.93 0 .90 0.89

rcomp 0.96 0.93 0.90 0.89

C o.89 7.60 7.23 7.06 7.02

Table D.3: Computed orders of convergence p^^comp’ Vcomp the error constant 
^Plo-mp ~  where is generated by (>1^) for various values of e, N  and (3.

e \ N 32 64 128 256
2 - 0 1.01 1.04 1.03 1.01
2 - 2 1.05 1,09 1.09 1.06
2 - 4 1.22 1.14 1.12 1.13
2 - 6 1.48 1,27 1.18 1.19
2 - 8 1.14 1.08 1.03 1.08
2 -10 1.14 1.08 1,03 1.06

2 -20 1.14 1.08 1.03 1.06

Pcomp 1.14 1.08 1.03 1.06

C l .03 286.33 265.98 256.13 256.13

Table D.4: Computed orders of convergence P^^compt Pcomp the error constant 
Cp. for where is generated by (-<4 )̂ for various values of e, Af and /?.

Tables D .l -D.4 show tha t the method is e-uniform for the scaled velocity com
ponents.
The maximum pointwise differences of the approximations to the scaled first order 
derivatives of the velocity components for various values of N  and e are given in 
Tables D.5-D.7, respectively. In Tables D.5-D.7 we see tha t the computed maximum 
differences decrease as the number of mesh points, N, increases. In Tables D.5 - 
D.7 we see tha t the maximum pointwise differences stabilise to a fixed value as e 
decreases.
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e \N 32 64 128 256 512
2 - 0 1.80e-02 9.14e-03 4.71e-03 2.50e-03 1.39e-03
2-2 7.22e-02 3.59e-02 1.78e-02 8.84e-03 4.40e-03
2 - 4 1.31e-01 6.64e-02 3.29e-02 1.65e-02 8.28e-03
2-6 2.64e-01 1.30e-01 6.77e-02 3.41e-02 1.71e-02
2-8 2.82e-01 1.77e-01 1.08e-01 6.25e-02 3.48e-02
2-10 2.82e-01 1.77e-01 1.08e-01 6.25e-02 3.53e-02

2-20 2.82e-01 1.77e-01 1.08e-01 6.25e-02 3.53e-02
E N 2.82e-01 1.77e-01 1.08e-01 6.25e-02 3.53e-02

Table D.5: Computed maximum pointwise difference ^/£\\Dy Ue — DyUfj^^^W^N gen
erated by (j4^) for various values of e and N .

e \N 32 64 128 256 512
2-0 2.70e-01 1.35e-01 6.84e-02 3.48e-02 1.79e-02
2-2 4.84e-01 2.48e-01 1.21e-01 5.87e-02 2.94e-02
2 - 4 9.91e-01 4.94e-01 2.39e-01 1.14e-01 5.46e-02
2-6 2.38e+00 l.lle + 0 0 5.09e-01 2.34e-01 1.08e-01
2-8 2.86e+00 1.70e+00 8.90e-01 4.54e-01 2.23e-01
2-10 2.86e+00 1.70e+00 8.90e-01 4.54e-01 2.27e-01

2-20 2.86e+00 1.70e+00 8.90e-01 4.54e-01 2.27e-01
E N 2.86e+00 1.70e+00 8.90e-01 4.54e-01 2.27e-01

Table D.6; Computed maximum pointwisc difference \\Dy Ve — DyV^^ '̂ \̂\-^N generated 
by (>1^) for various values of e and N .

e \N 32 64 128 256 512
2-0 3.28e+00 1.86e+00 1.03e+00 6.86e-01 7.09e-01
2-2 6.14e+00 3.60e+00 1.89e+00 9.48e-01 6.08e-01
2 - 4 1.43e+01 7.86e+00 4.00e+00 1.68e+00 7.36e-01
2-6 4.56e+01 2.12e+01 9.94e+00 3.87e+00 1.47e+00
2-8 5.37e+01 3.40e+01 1.94e+01 9.09e+00 3.37e+00
2-10 5.37e+01 3.40e+01 1.94e+01 9.09e+00 3.43e+00

2-20 5.37e+01 3.40e+01 1.94e+01 9.09e+00 3.43e+00
E N 5.37e+01 3.40e+01 1.94e+01 9.09e+00 3.43e+00

Table D.7: Computed maximum pointwise scaled difference -^WD^Ve —

■ x̂V^FS^ ÎInw\ri,U- î generated by for various values of e and N.
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The orders of convergence and the error constants of the scaled velocity compo
nents are given in Tables D.8-D.10, respectively.

e \N 32 64 128 256
2 - 0 0.98 0.96 0.92 0.84
2-2 1.01 1.01 1.01 1.01
2 - 4 0.98 1.01 1.00 0.99
2 - 6 1.02 0.95 0.99 0.99
2 - 8 0.67 0.72 0.79 0.84
2 - 1 0 0.67 0.72 0.79 0.82

2 - 2 0 0.67 0.72 0.79 0.82

r c o m p 0.67 0.72 0.79 0.82

(^0.67 7.80 7.80 7.56 6.99

Table D.8: Computed orders of convergence p̂ ĉomp’ P̂ omp the error constant 
P̂com where Ue is generated by (>1^) for various values of

e and N

e \N 32 64 128 256
2-0 1.00 0.98 0,98 0.96
2-2 0.96 1.03 1.05 1.00
2 - 4 1.00 1.05 1.07 1.06
2-6 1.10 1.12 1.12 1.12
2-8 0.75 0.93 0.97 1.02
2-10 0.75 0.93 0.97 1.00

2-20 0.75 0.93 0.97 1.00

ycomp 0.75 0.93 0.97 1.00

(^0 .75 95.96 95.96 84.91 73.01

Table D.9: Computed orders of convergence p ^ c o m p >  P c o m p  ^^e error constant 
for {DyVs — DyVp^'^) where C/e is generated by (A^) for various values of e 

and N
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e \ N 32 64 128 256
2 - 0 0.82 0.85 0.59 - 0.05
2 -2 0.77 0.93 0.99 0.64
2 - 4 0.87 0.98 1.25 1.19
2 - 6 1.10 1.09 1.36 1.39
2 - 8 0.66 0.81 1.09 1.43
2 - 1 0 0.66 0.81 1.09 1.41

2 - 2 0 0.66 0.81 1.09 1.41

Pcomp 0.66 0.81 1.09 1.41

C o .66 1437.66 1437.66 1294.98 958.35

Table D.IO: Computed orders of convergence p ĉompi Pcomp the error constant 
Cp, for — DxVp^" )̂ in the domain IJ F/,) where I4 is generated
by for various values of e and N

The results in Tables D.5-D.10 suggest that the method is e-uniform numerical 
method with orders of convergence of at least 0.66 for y/eDyU^,
It is important to note that without the second transition point, aa, the method does 
not give e-uniform results for -^D~Ve. The method is e-uniform for flow past a flat 
plate. We also have greatly improved orders of convergence for the D~Ve- We can 
only speculate why the introduction of a second transition point has the effect.
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