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Summary

Density-functional theory within its practical, widespread Kohn-Sham formalism

(KS-DFT), is an effective approach for providing the starting point for advanced

first-principles spectroscopy simulations of molecules and solids in the

linear-response regime. Within available approximations for the electronic

exchange-correlation energy, however, KS-DFT exhibits certain systematic errors

such as self-interaction error (SIE), which dominates the error in insulating and

optical gaps. Particularly, transition-metal systems in general have large SIE that

manifest as large delocalisation error of 3d states of such systems. Consequently,

spectroscopy simulations of these systems starting from KS-DFT are unreliable.

Here, we introduce computationally feasible and quantitatively accurate

corrective approaches to encounter such errors in first-principles spectroscopy

simulations, particularly with a view to enabling future high-throughput

spectroscopy for transition-metal systems.

Accurate spectra of selected noble-metal solids and their alloys were obtained

using the random-phase approximation (RPA) on top of G0W0

quasiparticle-corrected band-structures using the first-principle stretching

operators, which modify the electronic bands around the Fermi level to imitate

the non-local many-body effects. Quantitative accuracy is achieved while

preserving minimal additional costs. A number of promising candidate alloys are

predicted for plasmonic applications.

The time-domain extension of DFT+U , namely TDDFT+U , was developed and

implemented with a linear-scaling framework. This corrects SIE of particle-hole

pairs built from localised orbitals in the context of linear-response

time-dependent DFT (TDDFT) within adiabatic semi-local approximations for

transition-metal systems. It is demonstrated using representative three

coordination complexes that TDDFT+U can significantly improve the

descriptions of low-lying excitations accurately from first-principles.



Despite its great success, conventional DFT+U fails to predict the insulating gap

of TiO2 as its valance edge states are dominated by 2p states of O atoms. Hence,

a +U correction is required for both the 3d states of Ti and the 2p states of O,

giving DFT+Ud+Up. The insulating gaps of TiO2-rutile and TiO2-anatase were

calculated accurately within DFT+Ud+Up with Hubbard U and Hund’s J

parameters calculated from first-principles. Furthermore, the defect states of

neutral O vacancies in TiO2-rutile and TiO2-anatase were investigated within the

same approach. Our calculations provide a first-principles assessment of the

vacancy states in these important materials, and show that DFT+U can behave

well for closed-shell transition-metal systems if used with appropriate care.
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Motivation and Outline
Transition-metal systems from small molecules to nano-clusters and solids are the class of

condensed matter systems widely used in opto-electronic applications such as solar energy

harvesting, photo-assisted catalysis and water decontamination processes, photo-controlled

drug delivery nano-particles etc. because of their strong optical responses throughout the

infrared-visible-ultraviolet (IR-vis-UV) spectral ranges as well as their chemical and thermal

stabilities. Due to continuously growing demand for more efficient and cost effective

materials in such technologies, first-principles simulations of such materials are crucial.

Theoretical spectroscopy combines quantum theories of condensed matter, the classical

description of electro-magnetism and computational methods to study the response of matters

exposed to external electro-magnetic (EM) radiations. For low-energy EM radiations and low

temperatures, the light-matter interaction can be formulated as a purely electronic problem

that is perturbed from its ground-state by an external time-dependent potential within the

Born-Oppenheimer approximation and linear-response theory. Hence, a well-described

electronic ground-state is required as the starting point for practical theoretical spectroscopy

simulations.

Undoubtedly, density-functional theory (DFT) within its applicable Kohn-Sham DFT

(KS-DFT) scheme, is the most widely used tool to study ground-state properties of quantum

many-body system by means of reducing the order of the problem as well as its suitability for

efficient computational implementation. However, KS-DFT has inevitable limitations and

systematic errors caused by (semi-)local density approximation (LDA) to the electronic

exchange-correlation (xc-) functional responsible for quantum many-body interaction.

Naturally, theoretical spectroscopy simulations using approximate KS-DFT as starting points

inherit these drawbacks. Furthermore, the time-domain extension of DFT, namely

time-dependent density-functional theory (TDDFT), relies on analogous approximations for

the excitonic exchange-correlation interactions.

KS-DFT maps the interacting system of N electrons on an auxiliary non-interacting system

with the identical density, to reduce the problem into N coupled single-particle equations. KS-

DFT within local density approximation ignores any effects due to non-local quantum many-

body interactions. Such effects can be crucial particularly for systems, where large numbers of

electronic states are packed at narrow energy windows, such the noble metal solids, which have

fully-filled d-bands close to the Fermi level contributing strongly to the vis-UV spectral range.

A more non-local perspective can be partially achieved by mapping the interacting system on

a weakly interacting system of virtual composite particles of electrons and positively charged
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. Motivation and Outline

duals namely holes within so called the quasiparticle (QP) formalism. The QP formalism

improves the description of the under-lying KS band-structures used as staring points for linear-

response approaches such Fermi’s golden rule (FGR) and random phase approximation (RPA)

to obtain optical spectra of solids.

KS-DFT within local density approximations for the electronic xc-interaction lead to

inevitable systematic errors in the ground-state electronic structure. One such error is called

self-interaction error (SIE), which dominates the error in the insulating gap. SIE is particularly

large for electronic densities associating with highly localised states such as 3d and 4f

character electronic states. Thereupon, SIE leads to the delocalisation error as localised

features of such electronic states are underestimated with KS-DFT. The linear-response

formalism of TDDFT suffers such errors. Furthermore, approximate xc-kernels, which

include quantum many-body interactions of excitons, are limited to adiabatic local density

approximations (ALDA) derived from LDA at the adiabatic limit. The Hubbard U correction

to KS-DFT known as DFT+U provides a computationally feasible tool to encounter SIE.

Inevitably, the time-domain extension of DFT+U , namely TDDFT+U , offers a systematic

approach to correct SIE of excitons. Moreover, the Hubbard parameters can be determined

within first-principles methods providing a fully self-consistent scheme.

This dissertation aims to treat these problems in theoretical spectroscopy simulations of

transition-metal systems in the linear-response regime within feasible approaches. For these

reasons, this dissertation has two principle motivations. The first motivation is to determine

appropriate methods to include quantum-many body interactions beyond local density

approximations within high-throughput simulations starting form KS-DFT for extended

systems. The second motivation is to develop an approach to correct SIE of excitons within

linear-response TDDFT level self-consistently with KS-DFT for spatially more complex

systems.

Outline

Part I covers the general theoretical background for this work within the first four chapters. In

Chap. 1, the concepts of theoretical spectroscopy within the linear-response regime are

introduced by imposing experimental laboratory conditions of this study, the non-interacting

description of electronic transitions via Fermi’s golden rule, and its connections to commonly

used spectra in molecular spectroscopy and the macroscopic optical functions of solids. In
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Chap. 2, the fundamental basis of DFT, its widely-used KS-DFT formalism are constructed as

well as the most commonly used algorithms for the computational implementation using

plane-wave bases. The density-matrix formalism is introduced for linear-scaling

implementation of KS-DFT, particularly within the Order-N Electronic Total Energy Package

(ONETEP) in Chap. 3. Lastly, the conceptual limitations of DFT in the excited-state regime,

the systematic errors due to LDA and related approximations in KS-DFT, and the errors due to

practical implementations, as well as corrective approaches to these drawbacks, are discussed

in Chap. 4.

Part II focuses on developing feasible yet accurate approaches suitable for high-throughput

simulations of optical spectroscopy of alloys of the form AuxAgyCu1−x−y for engineered

plasmonic response. In Chap. 5, two main phenomena contributing to spectra of metallic

solids, the inter-band and the intra-band transitions, are introduced within the random phase

approximation (RPA) and the classical Drude-Lorentz model, respectively. Theoretical tools

to obtain quasiparticle energies are discussed within the context of the non-self-consistent,

one-shot GW approximation, namely G0W0 . In Chap. 6, the optical spectra of pure bulk Au,

Ag, and Cu are presented at various levels of theory as benchmark simulations to determine

the general work-flow for obtaining spectra of AuxAgyCu1−x−y accurately with minimum

computational effort. Stretching parameters for approximate KS band-structures are

calculated via quasiparticle eigen-energies, which are evaluated for chosen bands at chosen

Brillouin zone points. The inter-band contributions to spectra are determined with RPA on top

of stretched KS band-structures, giving G0W0+RPA. The intra-band contributions are added

with the Drude free electron model. While the Drude plasmon energies (ωp) are calculated

fully from first-principles by approximating the electronic effective masses via the average

Fermi velocities, the phenomenological inverse life-times (η) and the electric permittivities at

the infinite frequency limit (ε∞) are obtained via semi-empirical methods. The spectra of

AuxAgyCu1−x−y for chosen stoichiometric ratios are calculated through a standardised

work-flow. Three quality factors are used to discuss the strengths of the plasmonic responses

with respect to the stoichiometric ratios for the chosen solid-state lasers. Final spectra for

chosen stoichiometric ratios are used to predict the efficient plasmonic response under various

conditions.

Part III incorporates applications of TDDFT and beyond on coordination complexes and

nano-clusters of TiO2. In Chap. 7, the fundamental theoretical background of the

linear-response TDDFT within the Casida formalism and Tamm-Dancoff approximation

(TDA), as well as linear-scaling implementations within ONETEP, are discussed in detail.
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The time-domain extension of DFT+U , so called TDDFT+U , is developed and its effects on

the electron-excitation spectra (EES) are demonstrated with a four-level toy model. In the next

chapter, the newly-developed TDDFT+U approach is applied to two small closed-shell

Ni-centred coordination complexes, namely the planar tetracyanonickelate anion Ni(CN)4
2−

and the tetrahedral nickel tetracarbonyl Ni(CO)4, with a variable Hubbard U parameter. Then,

the first-principles Hubbard parameters for these systems, in addition to that the open-shell

Co-centred coordination complex CoL2Cl2(L= 2-aminopyrimidine: C4H5N3), are calculated

and the self-consistent EES and the dipole-dipole absorption spectra of these systems are

presented using various combinations of DFT+U and TDDFT+U alongside previous

experimental and first-principles results. Lastly, in Chap. 9, efficient self-consistent strategies

to obtain the band gaps of bulk TiO2-rutile and TiO2-anatase , by extending DFT+U to both

3d-states of Ti and 2p-states of O, symbolically DFT+Ud+Up , are discussed with various

approaches calculating the Hubbard parameters. Comprehensive approaches for bulk

TiO2-rutile and TiO2-anatase are deployed to study the lowest excitations of such

previously-studied small nano-clusters as (TiO2)12 and (TiO2)48. Furthermore, the same

methods are used to investigate single O vacancies in TiO2-rutile and TiO2-anatase .

The dissertation concluded with a the synopsis and some prospects for further research aligned

with this work in Part. IV.
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Chapter 1

A brief introduction to theoretical
spectroscopy
Theoretical spectroscopy combines quantum theories and computational methods to investigate

the dynamics of quantum many-body systems interacting with external radiation. In more strict

terms, it refers to the study of the response of condensed matter to external electro-magnetic

(EM) radiation. Theoretically, it is a quantum mechanical problem for the system of coupled

equations of light and matter expressed through the total Hamiltonian

Ĥ = ĤM + ĤL + ĤLM, (1.1)

where ĤM, ĤL, and ĤLM are the many-body Hamiltonian, the quantum field Hamiltonian of

light and the light-matter interaction Hamiltonian. There does not exist any analytical or

numerical solution for such a complex problem except in some very simple cases. Since

theoretical spectroscopy aims to produce observable spectra of realistic systems, this problem

can be reduced to a more feasible problem by imposing certain laboratory conditions on

experimental measurements.

In this chapter, the general framework of this work is constructed by imposing the set of

approximations deduced from the experimental laboratory conditions. First, the initial

problem is reduced to a purely electronic problem interacting with a time-dependent external

potential within the semi-classical definition of the light-matter interaction in the

linear-response regime. In the following section, the fundamental physical phenomena in

matter and the perturbative approaches to describe them within the linear-response regime are

introduced. Then, some typical spectra in molecular spectroscopy namely the electronic

excitation spectra (EES) and the dipole-dipole absorption spectra are represented

conceptually. Finally, the macroscopic complex dielectric function and its connections to

other optical functions in the study of solid-state spectroscopy are described within Maxwell’s

equations in the linear-response regime.

1.1 The semi-classical definition of the light-matter
interaction

Spectroscopic measurements in the IR-vis-UV spectral range are commonly performed with

high-intensity, monochromatic light sources. The average energy-loss of single EM radiation
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is negligible except in cases of annihilation and creation corresponding to absorption and

emission respectively. Hence, EM radiation can be assumed to be unaffected except in these

cases, which can be enforced by hand through quantisation of particles. Furthermore, EM

radiation can be described as classical waves at the large wavelength limit, where the

wavelengths are far larger than most molecular systems, nano-clusters, or unit-cells of solids.

Using a classical definition of EM radiation is also advantageous for natural connections to

experimental observations. On the other hand, such an approach is not capable of including

any field-spin coupling effect through the Bohr-van Leeuwen theorem [1–3]. Justifying this,

however, is the fact that the coupling of the spins and the magnetic field is expected be

negligible for non-magnetic materials for such EM radiations [4]. As the total light-matter

complex is reduced to an interacting quantum many-body system with some classical EM

waves, this picture is referred as the semi-classical definition of the light-matter

interaction.

1.1.1 The adiabatic approximation

In the semi-classical definition, dynamical evolution of photons are negligible except in the

cases of annihilation and creation, which correspond to absorption and emission, respectively.

These cases can be imposed explicitly through quantisation of matter. Hence, the original

coupled light-matter complex is reduced to the time-dependent many-body problem with the

non-relativistic Hamiltonian

Ĥ =
[
T̂n + V̂nn + V̂field−n

]
+
[
T̂e + V̂ee + V̂field−e

]
+ V̂ne, (1.2)

where the first set of terms comprise the nuclear Hamiltonian including the nuclear kinetic

energy, the nucleus-nucleus interaction and the nuclei-field interaction operators, whereas the

second parenthesis is the electronic Hamiltonian. The last term V̂ne includes the

nuclear-electron interaction.

At the low temperature limit, the nuclear motion is slow in closely packed matter.

Additionally, EM radiation in relevant spectral ranges is low-energy compared to bonds

between nuclei, so it is not strong enough to stimulate nuclear motions. Under these

conditions, the nuclear Hamiltonian and the electronic Hamiltonian can be partially uncoupled

by the well-known Born-Oppenheimer approximation [5]. The key idea is that electrons move

several orders of magnitude faster compared to nuclei, as they have much smaller masses and

8
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they re-configure themselves for a given nucleic configuration instantaneously.

Correspondingly, nuclei experience a time-averaged potential due to the electronic

configuration. Mathematically, the total wave-function is expressed as the product of the

nuclear and the electronic wave-functions as

Φ(R1, ...,RNn ; r1, ..., rNe , t) = Ψn(R1, ...,RNn)Ψe(R1, ...,RNn ; r1, ..., rNe , t), (1.3)

where Nn and Ne are the numbers of nuclei and electrons, respectively. It is assumed that

EM radiation in question are not able to stimulate any nuclear motion, the nuclear part of

the problem becomes time-independent and can be solved classically thanks to the Hellmann-

Feynman theorem [6–9]. Consequently, the problem becomes just an electronic problem for a

given nuclear configuration expressed as1

Ĥfield−eΨ(r1, ..., rN , t) = i
∂

∂t
Ψ(r1, ..., rN , t), (1.4)

where the field-electron Hamiltonian is given by

Ĥfield−e =
[
T̂e + V̂ee + V̂ext + V̂field−e

]

=

1

2

N∑
i

p̂2
i +

1

2

N∑
i,j

1

|̂ri − r̂j |
+

N∑
i

v̂ext(ri)

+ V̂field−e, (1.5)

where the first term and the second term are called the kinetic energy operator T̂e and the

electron-electron interaction operator V̂ee. The third term V̂ext is the external potential

operator due to positive ionic background. Finally, the last term V̂field−e is the field-electron

interaction operator.

1.1.2 The field-electron interaction operator

In classical electromagnetic theory, EM radiation is defined as classical transverse waves with

the electric field E(r, t) and the magnetic field B(r, t) components satisfying a set of

equations, namely Maxwell’s equations [10,11]. Alternatively, they are represented via the
1The sub-index of the many-body electronic wave-function is dropped for simplicity also for further parts by setting
Ψe = Ψ.
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vector potential A(r, t) and the scalar potential φ(r, t). In the radiation gauge, the general

solution for Maxwell’s equations is given by

E(r, t) = −∂A(r, t)

∂t
, B(r, t) = ∇×A(r, t)

A(r, t) =
1

2
A0

(
ei(k·r−ωt) + e−i(k·r−ωt)

)
, φ(r, t) = 0, (1.6)

where k is the wave vector perpendicular to E(r, t) and B(r, t), and ω is the angular frequency

of the EM radiation. The connection to the quantum picture is constructed through the quantum

energy of photons by using the correlation between the norm of the wave vector and the wave

length as

E = ω = |k|c. (1.7)

Due to particle nature of a photon, it also carries a momentum given by expression

p = k (1.8)

recalling that ~ = 1 in atomic units.

The field-electron interaction operator can be constructed by starting with the classical force

experienced by electron, namely the Lorentz force

F(r, t) = q (E(r, t) + v(t)× B(r, t)) . (1.9)

In the Lagrangian mechanics, the associating classical potential of the Lorentz force for

electrons can be expressed as

Vfield−e(r, t) = ṙ(t).A(r, t)− φ(r, t), (1.10)

where the generalized momentum becomes [12]

p = ṙ(t)−A(r, t). (1.11)

By using the canonical commutation relation, the generalised momentum operator for electron

10



1.2 Linear-response regime

in EM field can be expressed in the interacting picture as

p̂′(t) = p̂(t)− Â(r, t). (1.12)

Inserting this generalized momentum into Eq. (1.4) for the single electron, we have

Ĥfield−e =
1

2
p̂2 + vext(r, t)−

1

2

(
p̂ · Â + Â · p̂

)
+
∣∣∣Â∣∣∣2 . (1.13)

The quadratic term in Eq. (1.14) can be neglected for low-energy EM fields. Moreover, p̂ and

Â commute in the Coulomb gauge; hence the field-electron interaction operator in Eq. (1.9)

for N electron system can be expressed as

V̂field−e[t] = −
N∑
i

p̂i(t) · Â(ri, t). (1.14)

Having shown that the initial problem is reduced to a purely electronic many-body problem,

which is interacting with an external field, we now go on to discuss to its dynamics in the

linear-response regime.

1.2 Linear-response regime

In principle, our goal is to determine the time-dependent many-body wave-function in

Eq. (1.4), which contains complete information about the system of N electrons evolving

under the influence of an external EM field at any given time. Despite the substantially

reduced complexity, such a problem is far beyond any analytical or computational tool.

Recalling the laboratory conditions once again, this problem can be reduced to a more feasible

problem. Spectroscopic measurements are performed on the stationary state of systems,

where the external field is turned on at a certain time. At low energies, the system is expected

to return to its initial state if that external field is not strong enough to distort the system

permanently. From a theoretical perspective, this translates to a process such that the system,

which is initially at its ground-state, is exposed to a weak external field turned on adiabatically

at a given time. The change in the system is described as some perturbation from its

ground-state. For weak external fields, this perturbation can be introduced as the first-order

correction to the ground-state within the linear-response theory (LRT). In general terms, the

first-order correction to any ground-state observable of the system δ〈Ô〉 due to a weak

11



1. A brief introduction to theoretical spectroscopy

external field F is defined through the linear-response function as

δ〈Ô〉 = χF, (1.15)

where χ is the linear-response function. In the particular case in this work, the weak external

field is the time-dependent vector field in Eq. (1.6) perturbing a many-body electronic system

from its electronic ground-state to another electronic state with a higher energy level.

1.2.1 The time-dependent perturbation

In the linear-response regime, the perturbation of a system from its ground-state due to some

weak time-dependent external field is obtained using a first order correction with

time-dependent perturbation theory (TDPT) [12]. Within TDPT, the time-dependent

many-body electronic Hamiltonian is re-expressed conveniently in the interaction picture

as

Ĥfield−e(t) = Ĥ0 + Θ(t)V̂field−e(t), (1.16)

where Ĥ0 is the time-independent many-body electronic Hamiltonian, and Θ(t) is the

Heaviside step function for the switch-on of the field-electron interaction at t = 0. For t < 0,

the many-body electronic states are determined by solving the time-independent Schrödinger

equation given by

Ĥ0|Ψi〉 = Ei|Ψi〉, (1.17)

where Ψi(r1, .., rN ) is the many-body electronic function representing the electronic state of

the system with the energy level Ei. The time-evolution of any many-body electronic state

without any external field is

|Ψ̄〉 =
∑
i

cie
−iEit|Ψi〉 (1.18)

using the time-evolution operator. The time-dependent many-body electronic states of

Eq. (1.16) can be written as

|Ψ̄(t)〉 =
∑
i

ci(t)e
−iEit|Ψi〉, (1.19)

12



1.2 Linear-response regime

that is as expansions of the time-independent many-body electronic states with some time-

dependent expansion coefficients. Inserting Eq. (1.19) into the time-dependent Schrödinger

equation and multiplying with 〈Ψf | from left-hand-side, the differential equations for the time-

dependent expansion coefficients are obtained as

i
dcf (t)

dt
=
∑
i

ci(t)e
iωfit〈Ψf |V̂field−e(t)|Ψi〉, (1.20)

where ωfi = Ef − Ei. Within TDPT, the time-dependent coefficients can be expanded in the

case of some weak external field as

cf (t) = c
(0)
f (t) + c

(1)
f (t) + c

(2)
f (t) + ..., (1.21)

where the 0th order correction is nothing but δfi, and the first-order correction becomes

c
(1)
f (t) = −i

∫ t

−∞
dt′ eiωfit

′〈Ψf |V̂field−e(t′)|Ψi〉. (1.22)

The norm square of Eq. (1.22) is called the transition probability, which measures the

probability of transition from the initial state Ψi to the final state Ψf . For the particular case

of the field-electron operator in Eq. (1.14), the transition probability becomes

Pf←i(t) =
∣∣∣〈Ψf |p̂ ·A0e

ik·r|Ψi〉
∣∣∣2 ∣∣∣∣∫ t

−∞
dt′
(
ei(ωfi−ω)t′ + ei(ωfi+ω)t′

)∣∣∣∣2 , (1.23)

where the first and the second terms in the time-dependent integral are resonant phase and

anti-resonant phase. For t >> ω−1
fi , Eq. (1.23) becomes

Pf←i(t) = 2πt
∣∣∣〈Ψf |p̂ ·A0e

ik·r|Ψi〉
∣∣∣2 [δ (ωfi − ω) + δ (ωfi + ω)] , (1.24)

which obviously diverges as time tends to infinity. The transition probability per unit time, also

so called Fermi’s golden rule (FGR) [13], is a more useful quantity expressed as

Rf←i =
Pf←i(t)

t
= 2π

∣∣∣〈Ψf |p̂ ·A0e
ik·r|Ψi〉

∣∣∣2 [δ (ωfi − ω) + δ (ωfi + ω)] . (1.25)

For large wavelengths, where |k| = 2π/λ << 1, the higher terms of expansion

eik·r = 1 + ik · r− 1

2
(k · r)2 + ..., (1.26)
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1. A brief introduction to theoretical spectroscopy

becomes infinitely small; hence eik·r ≈ 1, which is called the electric dipole approximation

as it only includes the electric dipole term in multipole expansion of the EM radiation. Within

this approximation, the FGR of the electronic transition from i to f for an isotropic vector field

becomes

Rf←i = 2π
|E0|2

ω2
|〈Ψf |p̂|Ψi〉|2 [δ (ωfi − ω) + δ (ωfi + ω)] , (1.27)

where E0 = ωA0 by Eq. (1.6). Eq. (1.27) can be re-expressed in position space using the

canonical commutation relation of the time-independent electronic Hamiltonian and the

position operator [
Ĥ0, r̂

]
= −p̂, (1.28)

which results in

Rf←i = 2π|E0|2 |〈Ψf |̂r|Ψi〉|2 [δ (ωfi − ω) + δ (ωfi + ω)] , (1.29)

where µf←i = 〈Ψf |̂r|Ψi〉 is the transition dipole moment.

1.2.2 The selection rules and the oscillator strength

For perfectly centro-symmetric environments, where electronic wave-functions are expected to

have spatial parity with respect to the inversion center, the transition dipole moments follow

a set of rules namely selection rules, or Laporte’s selection rules [14]. The transition dipole

moment in the integral form is

µf←i =

∫ ∞
−∞

dr Ψ∗f (r)rΨi(r), (1.30)

where it becomes more clear that the product in the integral is required to have gerade (g)1

parity for non-zero value, whereas it becomes zero for an ungerade (u)2 parity. Since r itself

has u-parity, it is expected that the final and initial states should have opposite parities for a

non-zero transition dipole moment. These conditions can be summarized for atomic orbitals
1The German word for ‘even’.
2The German word for ‘odd’.
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1.2 Linear-response regime

as

∆l = ±1 and ∆m = 0, (1.31)

where l and m are angular momentum quantum number and magnetic moment quantum

number, respectively. For instance, the selection rules forbids the transitions between p → p,

d → d and also spin-flipping transitions. The electronic transition with the zero transition

dipole moments are called forbidden transitions, or parity conserving transitions, or optically

dark transitions, whereas electronic transitions with the non-zero transitions dipole moments

are called optically allowed transitions, or parity changing transitions. The relative strength

of an electronic transition is the oscillator strength defined as

ff←i =

(
µf←i
µ1

)2

, (1.32)

where µ1 is the transition dipole moment of a single electron under a 3-dimensional harmonic

potential.

1.2.3 Life-time broadening of electronic excitations

Electronic excitations occur where the system at its ground-state gains certain energy

transfered by EM radiation, and transitions to an excited-state with higher energy. In reality,

the excited system has the tendency to return to its ground-state either releasing excess energy

back as photons, dissipating thermally through nuclear motion, or utilising some other

scattering processes. Hence, excited states have finite life-times and go thorough either

radiative or non-radiative de-excitations. The finite life-time of the electronic transitions can

be introduced with an exponential decaying function as

e−
Γt
2 , (1.33)

with the phenomenological inverse life-time Γ = 1/τ . The resonant phase in Eq. 1.23 becomes

for t→∞ as

I(ω) =

∣∣∣∣∫ ∞
−∞

dt′ e−iΓt/2ei(ωfi−ω)t′)

∣∣∣∣2 =
Γ/2

(ω − ωfi)2 + (Γ/2)2 , (1.34)

where I(ω) is called the line-shape function with a full-width Γ.
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1. A brief introduction to theoretical spectroscopy

1.2.4 Linear-response function

Within LRT, the simplest approach to determine the imaginary part of the response function of

an electronic density to an external EM radiation is to sum over induced electric dipoles using

FGR with the life-time broadening for the all accessible states as [12],

χ2(ω) = 2πE0

∑
f,i

|〈Ψf |̂r|Ψi〉|2
Γfi/2

(ω − ωfi)2 + (Γfi/2)2 , (1.35)

where Ef > Ei to ensure that energy gained by the system. By the causality condition of the

linear-response function, the real part of the response function can be constructed by means of

the Kramers-Kronig relation [15–17] as

χ1(ω) =
2

π
P

∫ ∞
0

dω′
χ2(ω′)

ω′ − ω
, χ2(ω) = − 2

π
P

∫ ∞
0

dω′
χ1(ω′)

ω′ − ω
, (1.36)

where P is the Cauchy principal value. The total response function becomes, for the excitation

case,

χ(ω) = χ1(ω) + iχ2(ω) = 2πE0

∑
fi

|〈Ψf |̂r|Ψi〉|2

ω − ωfi + iΓfi
. (1.37)

Eq. (1.37) is basically the superposition of the individual excitations within a non-interacting

picture of excitations 1.

1.3 Molecular spectroscopy

Molecular spectroscopy refers to the measurement of spectra arising due to transitions

between molecular states. At low temperature, molecular orbitals are almost purely electronic

states, which are comprised of bonding, anti-bonding or non-bonding atomic orbitals.

Bonding molecular orbitals are the result of constructive superposition of atomic orbitals

commonly with lower energies than the constituting states, while anti-bonding molecular

orbitals are the result of destructive superposition of atomic orbitals with higher energies than
1It may be important to state prematurely the distinction between interacting and non-interacting pictures of
electrons and excitations (de-excitations). The many-body electronic wave-functions in Eq. (1.37) are quantum
states of fully interacting many-body systems. However, Eq. (1.37) is constructed using the transition probabilities
of induced electric dipoles, which are not interacting.
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1.3 Molecular spectroscopy

the constituting states. Non-bonding molecular orbitals are formed when some atomic orbitals

of parental atoms have mismatching symmetries and cannot form bonds. Bonding and

anti-bonding molecular orbitals in centro-symmetric environments have spatial symmetries

with respect to inversion center, similarly to atomic orbitals, namely σ, π, δ, φ, and

σ∗, π∗, δ∗, φ∗ respectively. Hence, the electronic transitions among such molecular orbitals

are subjected to selection rules similar to the atomic case discussed in Sec. 1.2.2 in

centro-symmetric environments. In ground-state, N electrons occupy molecular states starting

from the lowest energy one, consecutively by virtue of Pauli’s exclusion principle [18], up to

the N th lowest energy molecular orbital. Molecular orbitals highly localised on nuclei are

called bound states, of which is strongly bounded occupied ones with lowest energies are

particularly classified as core states. In the IR-vis-UV spectral range, electronic transitions

occur commonly between higher-energy occupied and lower-energy unoccupied molecular

orbitals.

Most spectroscopic measurements of molecules are performed in the gas phase, in solution,

or on some substrate matrix with well-known electro-chemical properties. In this work, the

first-principles simulations of molecular spectroscopy will be performed in the gas phase. In

gas phase measurements, the absorption (emission) peaks are averaged and smeared due to

molecular motions, introduced through life-time broadening in Subsec. 1.2.3. Two essential

molecular spectroscopies are now introduced to investigate excited-state properties and optical

responses of molecules.

1.3.1 Electronic excitation spectra

Electronic excitation spectra (EES) are constructed by including both optically allowed and

forbidden excitations with the unit oscillator strength given by

EES(ω) =
∑
ij

Γ/2

(ω − ωji)2 + (Γ/2)2 , (1.38)

where i and j denote occupied and the unoccupied molecular electronic states respectively.

EES is useful to investigate excited-states of molecular systems. Moreover, realistic systems

are not perfectly centro-symmetric due to distortions and some coupling with molecular

motions such as rotation or vibrations, which lead to some weak signals for optically

forbidden transitions mostly smeared out by optically allowed transitions. EES becomes

important to characterise such transitions.
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1. A brief introduction to theoretical spectroscopy

1.3.2 Dipole-dipole absorption spectra

Dipole-dipole absorption spectra are most common spectra to measure the optical response of

molecules at the low energy spectral range. Unlike EES, the contributions of the individual

excitations are weighted by the normalized oscillator strength, which is relates to transition

dipole moments of transitions. This results in

ABS(ω) =
∑
ij

fj←i
Γ/2

(ω − ωji)2 + (Γ/2)2 , (1.39)

and this spectra is main formula used for comparability with observations.

1.4 Solid-state spectroscopy

Solids are theoretically infinite objects of repeating cells of closely packed atoms. Electronic

states here may be thought of as overlapping molecular orbitals forming continuous functions,

namely electronic bands. Electronic bands with lower energy and strongly localised on nuclei

are called core states, where occupied bands with higher energies at the ground-state are called

valence bands and unoccupied bound states are called conduction bands. Also, valence bands

crossing the Fermi level in metals, or semiconductors are sometimes called metallic bands. In

the IR-vis-UV spectral range, two main mechanisms contribute to the spectra of solids. The

first mechanism is common for all solids, namely inter-band transitions, which are electronic

transitions between valence and conduction bands. The second mechanism is exclusive to

solids with metallic bands, namely intra-band transitions, which can be described as collective

oscillations of electrons in metallic bands in phase with the inducing EM radiation.

1.4.1 Macroscopic optical functions

As macroscopic objects, the spectra of solids can be described within classical EM theory.

In classical EM theory, EM waves are described through Maxwell’s equations [10,19], in the
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1.4 Solid-state spectroscopy

frequency domain in Gaussian units as

∇ · D(ω) = 4πρext (1.40)

∇× E(ω) = − iω

c
B(ω) (1.41)

∇ · B(ω) = 0 (1.42)

∇×H(ω) =
4π

c
jext +

iω

c
D(ω), (1.43)

where D, E, H and B are the displacement field, electric field, magnetic field, and magnetic

induction, respectively; ρext and jext are the external charge and current densities,

respectively. The relations between displacement and magnetic fields and their driving fields

are given as

D(ω) = E(ω) + 4πP(ω) (1.44)

H(ω) = B(ω)− 4πM(ω), (1.45)

where P and M are polarisation and magnetisation, respectively. Within LRT, P and M can be

defined through the linear-response functions,

P(ω) = χe(ω)E(ω) (1.46)

M(ω) = χm(ω)H(ω), (1.47)

where χe and χm are called electric susceptibility and magnetic permeability tensors. Inserting

Eq. (1.45) and Eq. (1.46) into Eq. (1.44) and Eq. (1.45) respectively, gives

D(ω) = (I + 4πχe(ω))E(ω) = E(ω)E(ω) (1.48)

B(ω) = (I + 4πχm(ω))H(ω) = M(ω)H(ω), (1.49)

where E(ω) and M(ω) are macroscopic dielectric and macroscopic permeability tensors. In

the most general definition, they are tensors with rank-2. However, for isotropic environments

and cubic crystal symmetries, they can be reduced to complex functions of frequency.

Substituting Eq. (1.44) and Eq. (1.45) into Eq. (1.43) without any external current density
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1. A brief introduction to theoretical spectroscopy

(jext = 0),

∇× B(ω) =
iω

c
E(ω) +

4π

c
iωP(ω) +

4π

c
∇×M(ω)

=
iω

c
E(ω) +

4π

c
jind(ω), (1.50)

is obtained, where jind is the induced current density. Similarly, Eq. (1.40) becomes without

any external charge density (ρext = 0) by using Eq. (1.44)

∇ · (E(ω) + 4πP(ω)) = 0

⇒ ∇ · E(ω) = −4π∇ · P(ω) = 4πρind(ω), (1.51)

where ρind is called induced charge density. Immediately, substituting these expressions into

of Eq. (1.41), the charge conservation can be derived as

i4πω

c
ρind(ω) +

4π

c
∇ · jind(ω) = 0. (1.52)

The induced current density consists of two parts induced by the electric and magnetic fields.

The magnetic field contributes to it due to spin of electrons; however, for non-magnetic

systems, the contribution due the magnetic fields is negligible. Omitting this part, and

recalling the definition in Eq. (1.51), we have

jind(ω) = iωP(ω) = iωχe(ω)E(ω) = σ(ω)E(ω), (1.53)

where σ is the electric conductivity, which can be related to the macroscopic dielectric function

through Eq. (1.46) and Eq. (1.48) as,

σ(ω) =
iω

4π
(E(ω)− 1). (1.54)

Using Eq. (1.43) for jext = 0 and ρext = 0, the wave equation for the electric field is obtained

via Eq. (1.41) as

∇2E(ω) =
ω2

c2
E(ω)E(ω). (1.55)

For the electric field described in Eq. (1.6), the following dispersion relation can be
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1.4 Solid-state spectroscopy

obtained

|k|2 =
ω2

c2
E(ω), (1.56)

where (c/ω)|k| is defined as complex refractive index

ñ(ω) = n(ω) + iκ(ω) (1.57)

where n and κ are called refractive index and extinction coefficient respectively, and they are

connected to the microscopic complex dielectric function with

n(ω) =

√
E1(ω) + |E(ω)|√

2
, κ(ω) =

√
−E1(ω) + |E(ω)|√

2
. (1.58)

Introducing the definition of complex refractive index, the electric field of a linearly polarized

wave propagating in ẑ-direction with the amplitude E0 is given by

E(z, ω) = E0e
−ω
c
κ(ω)zei(

ω
c
n(ω)z−ωt), (1.59)

where the first part describes attenuation and the second part describes propagations. We may

now state Lambert’s law, for the depth z dependence of the wave intensity I = |E|2,

namely

I = I0e
−α(ω)z = E2

0e
−2ω

c
κ(ω)z, (1.60)

where α(ω) is absorption coefficient expressed as

α(ω) = 2
ω

c
κ(ω) = 2

ω

c

√
−ε1(ω) + |ε(ω)|√

2
. (1.61)

When an electromagnetic wave strikes the surface of a medium with the complex refraction

index, ñ, some portion will be transmitted into the medium, while the remaining part will be

reflected. By using the boundary condition on the surface for the tangential components of the

electric and magnetic fields, the following relations can be established:

Ei + Er = Et,

ω

c
(Ei − Er) = ñ(ω)Et, (1.62)
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1. A brief introduction to theoretical spectroscopy

where Ei, Er, and Et are the amplitudes of the incident, the reflected and the transmitted

waves normal to surface. Normal incident reflectivity R, and normal incident transmission T

are defined as

R(ω) =

∣∣∣∣ErEi
∣∣∣∣2 =

(n(ω)− 1)2 + k(ω)2

(n(ω) + 1)2 + k(ω)2
, and T (ω) = 1−R(ω). (1.63)

These optical functions are used to describe various conditions for optical response of solids.

Above all, the cardinal quantity is the macroscopic dielectric function as all other optical

functions are defined in terms of it.

1.4.2 Optical absorption spectra

Optical absorption spectra (ABS) of metallic solids in the IR-vis-UV spectral range are the

result of inter-band transitions with significant oscillator strengths and collective oscillations

of nearly free electrons. In solid-state spectra, it is directly related to the macroscopic dielectric

function by the expression

ABS(ω) = Im [E(ω)] =
4π

ω
Re [σ(ω)] . (1.64)

1.4.3 Electron energy-loss spectroscopy

EELS [20–26] is constructed by examining the changes in kinetic energies and momenta of

accelerated electrons after interacting with solids. The de Broglie wavelength of the

accelerated electrons are approximately ∼ 103 larger than photons with the same energies.

Hence, plasmons, which are screened collective oscillations of free electrons resulting from

inter-band transitions, can be observed in EELS. EELS is also related to the macroscopic

dielectric function by [27]

EELS(ω) = −Im
[
E−1(ω)

]
. (1.65)
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1.5 Conclusion

In this chapter, some basic concepts of theoretical spectroscopy were introduced. The

laboratory conditions for the IR-vis-UV spectral range at low temperatures were invoked to

reduce the initial coupled quantum problem of light-matter to a purely electronic problem

perturbed by a weak external field from its ground-state. Moreover, the first-order

perturbation from the ground-state was derived for a time-dependent external field within

TDPT. Some constraints on spectra arising due to symmetry properties of under-lying

electronic states were discussed for centro-symmetric environments. The most widely used

spectra were conceptually described for molecular spectroscopy, and the most common

macroscopic optical functions within the classical EM theory were defined for solid-state

spectroscopy. For these to be used, however, a well-defined ground-state electronic structure

is required to predict spectra of condensed matter system in the linear-response regime. In the

following three chapters, the theoretical and computational tools used to determine

ground-state of a quantum many-body system will be discussed as well as their limitations

and systematic errors.
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Chapter 2

Ground-state theory
Perturbative approaches for first-principles simulation of spectra arising from electronic

transitions require well-defined ground-state electronic states, which are determined by

solving the time-independent Schrödinger equation with the electronic Hamiltonian

Ĥ = T̂ + V̂ee + V̂ext

=
1

2

N∑
i

p̂2
i +

1

2

N∑
i,j

1

|̂ri − r̂j |
+

N∑
i

v̂ext(ri) (2.1)

for a system of N electrons. Needless to say, tackling such a problem is implausible by any

analytical or numerical methods due to the 3N -variable dependence of the electronic wave-

function that are only plausible to be solved using Quantum Monte Carlo [1] or configuration

interaction methods [2,3] for relatively small systems.

In this chapter, an alternative formulation of ground-state many-body electronic problem,

namely density-functional theory (DFT), and its most common practical implementations will

be introduced. Two ground-breaking theorems, namely the Hohenberg-Kohn theorems, which

lay the theoretical foundations of DFT, will be proved. Then, the applicable scheme of DFT,

namely Kohn-Sham DFT (KS-DFT), and its computational implementation using plane-waves

will be introduced with some crucial additional approximations that are advantageous for

using efficient algorithms. Lastly, the extension of KS-DFT to the conduction band manifold

within a non-self-consistent scheme will be briefly mentioned.

2.1 Density-functional theory

Density-functional theory is an ingenious theory that formulates the ground-state many-body

problem in terms of the particle density, equivalently to the wave-function formalism. Besides

its well-established theoretical framework, DFT provides a suitable laboratory for simulating

many realistic many-body quantum systems within a self-consistent, parameter-free approach.

Particularly with rapidly progressing numerical techniques and computer hardware, DFT has

become one of the most commonly used methods both in academic and industrial scientific

communities.

The preliminary idea of describing the electronic configuration of a many-body system solely

in terms of the electronic density goes back to the works of Thomas and Fermi, in the
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2. Ground-state theory

Thomas-Fermi model [4,5]. The total interaction energy is there expressed as a functional of the

electronic density via semi-classical approximations. The kinetic energy is approximated via

the non-interacting electronic cloud around the nuclei, while the electron-electron interaction

is approximated as the classical Coulombic interaction energy of electron densities, namely

Hartree energy. The resulting universal Thomas-Fermi functional, which depends on only the

intrinsic properties of the system becomes

F [n] =
3

10

(
3π2
)2/3 ∫

dr |n(r)|5/3 +
1

2

∫∫
dr dr ′

n(r)n(r′)

|r− r′|
. (2.2)

Despite its significance as the precursor of DFT, it fails to include the exchange-correlation

(xc) interaction of electrons; hence, it fails to describe the electronic systems with any complex

density distribution quantitatively.

Similarly, the cardinal idea of DFT is to describe the many-body electronic problem through

a single-variable electronic density n(r) instead of the multi-variable electronic wave-function

ψ(r1, ..., rN ). Via the density operator, the relation of the density to the wave-function is

established as

n(ri) =

∫ N∏
j 6=i

drj |Ψ(r1, ..., rN )|2 . (2.3)

Recalling Eq. (2.1), for any given state Ψ with the corresponding density ρ(r), the eigenenergy

is expressed as

E = 〈Ψ|Ĥ|Ψ〉 = 〈Ψ|T̂ + V̂ee|Ψ〉+

N∑
i

∫
vext(ri)

N∏
j 6=i

drj |Ψ(r1, ..., rN )|2

= 〈Ψ|F̂|Ψ〉+

N∑
i

vext(ri)n(ri). (2.4)

Rewriting the expression above for the continuous density by replacing the sum with the

integral over the electronic density leads to

E[n] = F [n] +

∫
dr vext(r)n(r). (2.5)

Assuming that the relation in Eq. (2.3) can be inverted, Ψ can be constructed from n, which

means in principle that n carries all information carried by the wave-function. As a result, any
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2.1 Density-functional theory

ground-state observable of a system can be expressed as the functional of n.

2.1.1 The Hohenberg-Kohn theorems

The formal basis of DFT has been established by the ground-breaking work of Kohn and

Hohenberg [6] in 1964 by proving two pivotal theorems, namely the Hohenberg-Kohn (HK)

theorems, which enable us to reformulate the quantum many-body electronic problem in

terms of the electronic density only.

First Hohenberg-Kohn theorem: The ground-state density of an N electron system n0(r)

and the external potential vext(r), within an additive constant, determine each other uniquely.

This theorem can be proved by proof via contradiction. Let us assume that there are two

external potentials, vext(r) and v′ext(r), differing by more than an additive constant with the

corresponding Hamiltonians Ĥ and Ĥ′ and the ground-state wave-functions |Ψ0〉 and |Ψ′0〉,
respectively, produce the same ground-state density of N electron system n0(r). By the

variational principle, one can write

E0 < 〈Ψ′0|Ĥ|Ψ′0〉 = 〈Ψ′0|Ĥ′|Ψ′0〉+ 〈Ψ′0|Ĥ − Ĥ′|Ψ′0〉

= E′0 +

∫
dr
(
vext(r)− v′ext(r)

)
n0(r)

E′0 < 〈Ψ0|Ĥ′|Ψ0〉 = 〈Ψ0|Ĥ|Ψ0〉+ 〈Ψ0|Ĥ′ − Ĥ|Ψ0〉

= E0 +

∫
dr
(
v′ext(r)− vext(r)

)
n0(r). (2.6)

By summing the inequalities side by side, the contradictory inequality is achieved as

E0 + E′0 < E′0 + E0, (2.7)

which shows that two different external potential cannot result in the same ground-state of the

system. The first theorem ensures a one-to-one mapping between an v-representable density,

which arise from some potential v[n] [7], and the corresponding external potentials.
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2. Ground-state theory

Second Hohenberg-Kohn theorem: The total energy functional of the system, E[n], takes

its global minimum at the ground density, n0(r). It can be summarised as

E[n] = F [n] +

∫
dr vext(r)n(r) ≥ E[n0], (2.8)

where F is the universal functional of density consisting of all internal interactions and kinetic

energy, and n(r) is the any density.

The original HK theorems were stated for any ground-state density; however, it was

discovered by Levy [8] and Lieb [9] that they can be applied only to a certain class of densities

namely the non-degenerate v-representable densities. They have been modified to include

also the degenerate ground-state case by Kohn later in 1985 [10]. The v-representable densities

are constructed from the ground-state wave-functions, which are the formal solutions of the

Schödinger equation with a non-zero external potential and given electron number N . Levy

and Lieb’s work showed that some other anti-symmetric wave-functions, which are not

necessarily the ground-state wave-functions, can produce the ground-state density. These

types of density are called N-representable densities. The second HK theorem ensures that in

principle the ground-state wave-function can be constructed through the ground-state density

and offers a search scheme for the ground-state density. In N -representable densities, the

second HK theorem becomes invalid, since wave-functions other than the ground-state

wave-function producing the ground-state density will not minimize the total energy.

Fortunately, it was shown that an energy functional variational principle can be formulated for

the N -representable densities and deployed as a practical method by enforcing some

constraints [8,9,11,12]. In the Levy constrained search approach, the ground-state wave-function

can be determined among all anti-symmetric wave-functions producing the ground-state

density by checking the minimization of the internal energy function

F [n0] = min
ψ→n0

〈ψ|T̂ + V̂ee|ψ〉, (2.9)

instead of the minimization scheme for E[n]. Trivially, the v-representable densities already

include this condition.
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2.1 Density-functional theory

2.1.2 The Kohn-Sham equations

Even though the HK theorems construct a completely abstract foundation, they do not provide

an applicable scheme. Fortunately, an approximate and applicable scheme has been introduced

by Kohn and Sham in 1965 [13], namely the Kohn-Sham DFT (KS-DFT). The inspiration for the

development of KS-DFT can be seen in the most commonly used quantum chemistry method,

namely the Hartree-Fock method [14–16]. Hartree proposed to express the ground-state wave-

function in terms of the single-electron wave-function constructed by solving and updating the

effective potential in iterative steps. However, this method cannot satisfy the anti-symmetry

condition of the fermionic wave-function; it lacks the electron exchange interaction. Fock

expanded the idea by expressing the multi-variable wave-function as the Slater determinant of

the single-particle wave-functions to include the exact exchange interaction. Due to absence of

electron correlations in such approach, such wave-function is just an approximation rather than

the exact wave-function.

The approach taken in KS-DFT is to map theN -electrons interacting system to anN -electrons

non-interacting auxiliary system with the same density, thus the density is expressed the sum

over the norm square of the single-particle functions,

n(r) =
N∑
i

|ψi(r)|2 , (2.10)

where ψi are called KS wave-functions with the normalization condition∫
dr n(r) = N

to ensure the conservation of the particle number. By using KS wave-functions, the kinetic

energy functional in Eq. (2.5) can be expressed as

T [n] =

(
− 1

2m

N∑
i

∫
dr ψi(r)∇2ψi(r) + ∆T [n]

)
= TKS[n] + ∆T [n], (2.11)

where TKS[n] is the single particle kinetic energy functional and ∆T [n] is the correction to it

to achieve the kinetic energy functional of the interacting system. The next step is to determine

the electron-electron interaction energy functional. This term can be approximated with the

31



2. Ground-state theory

Hartree energy as in the Thomas-Fermi model in Eq. (2.2) with an additive correction as

Vee[n] =
1

2

∫∫
dr dr ′

n(r)n(r′)

|r− r′|
+ ∆Vee[n]. (2.12)

Combining the functional terms, the energy functional can be written as

E[n] =− 1

2

N∑
i

∫
dr ψi(r)∇2ψi(r) +

1

2

∫∫
dr dr ′

n(r)n(r′)

|r− r′|

+

∫
dr vext(r)n(r) + Exc[n], (2.13)

where Exc[n] = ∆T [n] + ∆Vee[n] is called the xc-functional and includes all many-body

quantum interactions of the system.

The second HK theorem imposes a stationary principle to the ground-state energy functional,

with the constraint that the integrated density should be equal the number particle, as

δ

[
E[n]− µ

(∫
dr n(r)−N

)]
= 0, (2.14)

gives the following Euler-Lagrange equation

δE[n]

δn(r)
=
δF [n]

δn(r)
+ vext(r) = µ, (2.15)

where µ is referred to as the chemical potential.

Taking the functional derivative of the total-energy functional in Eq. (2.13) with respect to

ψ∗i (r), a set of equations, namely the KS equation, is obtained as[
−1

2
∇2
i +

∫
dr′

n(r)

|r− r′|
+ vext(r) +

δExc[n]

δn(r)

]
ψi(r) = εiψi(r), (2.16)

where the second term is called the Hartree potential. The compact form is expressed in the

atomic units as [
−1

2
∇2
i + vKS(r)

]
ψi(r) = εiψi(r), (2.17)
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2.1 Density-functional theory

where vKS(r) = vH(r) + vext(r) + vxc(r) is called the KS potential, and

vxc(r) =
δExc[n]

δn(r)

.

Within the KS scheme, the original electronic eigenvalue problem of N -variable

wave-function is reduced to N eigenvalue problems with single variables. However, a

practical DFT application is still not possible due to fact that the xc-energy functional is yet

unknown.

2.1.3 Exchange-correlation functional

The exchange-correlation energy functional Exc[n] includes all omitted many-body effects in

Eq. (2.11) in the kinetic energy functional and Eq. (2.12) the electron-electron interaction

energy functional. The very-first and most commonly used approximation for Exc[n] is the so

called local density approximation (LDA), which was suggested by Kohn and Sham [13]. LDA

approximates Exc[n] by means of a homogeneous electron gas, with the density n in unit

volume dV , as

ELDA
xc [n] =

∫
dV
dr n(r)εhegxc [n(r)], (2.18)

where εheg
xc [n(r)] can be determined exactly for any homogeneous electron gas with any given

density using Quantum Monte Carlo simulation at the high density limit [17–19]. Since LDA is

modelled based on the homogeneous electron gas, it is expected to work mostly for systems

with spatially slowly varying densities. In modern practical DFT applications, the most

commonly used ELDA
xc [n] is the Perdew-Zunger parametrization [20].

Even though LDA is based on the homogeneous electronic gas, it is also quantitatively effective

for many other systems with inhomogeneous densities as well. The reasoning behind its good

performance can be explained by examining the general form of Exc[n] as

Exc[n] =
1

2

∫
dr n(r)

∫
dr′

nxc(r, r
′ − r)

|r− r′|
, (2.19)

where nxc(r, r
′ − r) is called the exchange-correlation hole, normalized to -1 since the

depletion of the charge in the exchange process leads to unit charge. Considering the isotropic
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2. Ground-state theory

character of the Coulomb interaction, it was shown that Exc[n] depends on the spherical

averaging of nxc(r, r
′ − r) [21]. Hence, despite the failure of LDA to describe the

exchange-correlation holes for the inhomogeneous densities, it succeeds in determining the

spherical average of the exchange-correlation holes of equivalent homogeneous

densities.

Some technical improvements to LDA are suggested by a more accurate description of the

exchange-correlation holes such as the local spin-density approximation (LSDA) [22].

Furthermore, introducing various degrees of gradients of the density additional to the density,

to fulfil the normalization of the exchange-correlation hole to the unit charge namely in the

generalized gradient approximation (GGA) [23–25], shows improvements over LDA.

Alternatively, a mixing scheme of the HF exact exchange energy and LDA-based functional

are developed, namely the hybrid functionals [26,27]

Exc[n] = αEHFx [n] + (1− α)ELDA
xc [n], (2.20)

where α is a mixing parameter either tuned to experimental results or determined by schemes

such as in optimally-tuned hybrid functionals [28].

2.2 The plane-wave implementation of KS-DFT

The KS-DFT scheme provides an applicable approach for the first-principles simulation of

ground-state properties of realistic systems. Fundamentally, the problem is an eigenvalue

problem to be solved , with the Hamiltonian matrix

Hij = 〈ψi|ĥKS|ψj〉, (2.21)

which is constructed by multiplying Eq/ (2.17) by ψj from left-hand side. In the spin-polarized

case1, the Hamiltonian matrix is N ×N . In spin degenerate cases, each spin-up-down electron

pair is represented by a single KS wave-function; hence the dimension of the problem becomes
1The KS equation in Eq. (2.17) can re-written including the spin number as

ĥσKSψi,σ(r) =

[
−1

2
∇2
i,σ + vσKS(r)

]
ψi,σ(r) = εi,σψi,σ(r),

where vσKS is carries the spin-polarization through the exchange-correlation function approximated with the spin-
polarized extension of LDA, namely the local spin density approximation (LSDA) [29].
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2.2 The plane-wave implementation of KS-DFT

N/2 × N/2. Such a self-consistent eigenvalue problem cannot be solved directly for most

cases. However, the ground-state density can be determined by the self-consistent field (SCF)

procedure by the virtue of the variational principle. The problem can be solved iteratively

by improving the accuracy in KS wave-functions leading to the minimisation of the total KS

energy of a system. However, such an iterative approach requires many operations, which are

computationally expensive in each iteration. Thus, the problem is mapped to more practical

methods through many well-studied algorithms and numerical approximations.

2.2.1 KS-DFT for periodic systems

Idealised solids can be described as repeating identical units, namely the unit cell, for which

the smallest possible unit cell is called the primitive unit cell. Any unit cell contains integer

multiples of the primitive unit cell; hence, any conditions applying to the primitive unit cell

can be easily expanded to any unit cell of the solid. Taking advantage of this translational

invariance, the single-particle electronic wave-function can be written via Bloch’s theorem [30],

as

ψi,k(r) = eik·rui,k(r), (2.22)

where the reciprocal wave-vector k is the crystal momentum vector lying in the first Brillouin

zone, which is the unit cell in the reciprocal space corresponding to the real-space unit cell.

The so called Bloch function ψi,k(r) has the same periodicity of the crystal periodicity defined

by the unit cell vectors R = {a1,a2,a3} as

ψi,k(r) = eik·Rψi,k(r + R). (2.23)

For a periodic system with Ni cells in i = 1, 2, 3 directions, the Born-van Kármán boundary

conditions becomes

ψi,k(r) = ψi,k

(
r +

3∑
i

Niai

)
, (2.24)

where ni < Ni is an integer. By this boundary condition, the following relation arises to satisfy

Bloch’s theorem:

eik·
∑3
i Niai = 1 =⇒ k · ai = 2πl, (2.25)
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2. Ground-state theory

for some integer l. Hence, the -wave vector k can be written as

k =

3∑
i

ni
Ni

bi, (2.26)

where ai · bj = 2πδij and bj are called the reciprocal space unit vectors. For ni = Ni, this

region spanned by wave-vector in Eq. (2.26) is called the first Brillouin zone containing all

information about the system. Hence, KS wave-functions can be written as

ψi,k(r) = ψi,k+G(r) (2.27)

for any arbitrary vector G = m1b1 + m2b2 + m3b3 of the reciprocal space, namely the first

Brillouin zone. The first Brillouin zone is a continuous region for Ni → ∞. In practical

applications, a carefully chosen set of points in the Brillouin zone are used for discretisation

of the problem in numerical simulations. This is called Brillouin zone sampling. The KS

Hamiltonian is written in reciprocal space for a given point k as [31]

ĥk = −1

2
(ik +∇)2 + vKS(r), (2.28)

for the full local KS potential.

Mapping the problem onto the reciprocal space has certain advantages in terms of the

computational efficiency by taking advantage of the fast Fourier transform (FFT) [32]

algorithms. The long-ranged terms like vH and the ionic potential producing vext become

local in reciprocal space, for example.

2.2.2 The pseudo-potential approximation

During the formation of molecules or crystals, the core states of parent atoms are expected to

be modified only slightly, as they are tightly bound to nuclei, whereas the valence states are

modified significantly as they are less strongly bounded to nuclei due to Coulombic screening

by the core states. Hence, the KS equation may be solved for the pseudo-valence states with a
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2.2 The plane-wave implementation of KS-DFT

first-order correction to the KS potential

[
hKS(r) + vnl(r, r

′)
]
ψpseudo
v (r) = εvψ

pseudo
v (r),

vnl(r, r
′) =

core∑
j

(εv − εj)ψpseudo
v (r)ϕj(r)ϕj(r

′)ψpseudo
v (r′), (2.29)

where εv is the KS energy of the valence state, ϕj and εj are the atomic core state and the

corresponding eigenenergy. This method is known as the pseudo-potential

approximation [33–36], reduces the computational cost drastically by means of ignoring the

explicit treatment of the core states. The accuracy in determining the true KS energy of the

valence state depends on the construction of the potential in Eq. (2.23), namely the

pseudo-potential. The pseudo-potentials used throughout this thesis are the norm-conserving

pseudo-potentials [37–39] produced by the pseudo-potential generator OPIUM [40].

2.2.3 The plane-wave basis

Widely used KS-DFT-based software such as Quantum Espresso (QE) [41,42], Abinit [43–45] etc.

use complex plane-waves as the basis functions, to express the KS wave-functions in Eq (2.21)

as

ψi,k(r) = eik·r
∑
G

ci,Ge
iG·r =

∑
G

ci,k+Ge
i(k+G)·r, (2.30)

where the G are the reciprocal vectors. A complete basis set of plane-waves is required to

produce KS wave-functions exactly, though it is not possible in numerical simulations. Instead,

a subset of plane-waves is chosen at suitably chosen grid points in reciprocal space, with a

truncation scheme. There, the kinetic energy cut-off energy Ecut−off is expressed as

1

2
|k + G|2 < Ecut−off . (2.31)

The total KS energy converges monotonically with an increasing value of Ecut−off as the

variational principle holds.

Despite the restricted number of plane-waves, such an expansion is still a burden in terms of

the computational cost for a system with a reasonable electron number. Hence, the pseudo-

potential approximation is still essential to reduce of number of the KS wave-functions used in
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2. Ground-state theory

routine simulations. With these two crucial approximations, the number of plane-waves going

into numerical simulations is substantially reduced. The plane-wave basis is also a reasonable

choice for working in reciprocal space; FFT algorithms are quite efficient due the appropriate

forms of plane-waves.

2.2.4 Iterative solution of KS equations

Despite the substantial reduction of the size of problem using the pseudo-potential

approximations and FFT algorithms with an appropriate basis set, the direct solution of the

KS equations with the conventional linear algebra methods is both impractical and

unnecessary due to fact that the number of basis functions Nbasis >> Nocc. Fortunately,

computational methods for the eigenvalue problem with the large matrix sizes are well-studied

and optimized. The most commonly applied methods in condensed matter are the Davidson

diagonalisation [46] and the conjugate gradient diagonalisation [47] that are based on the

inverse iteration of the generalised Rayleigh quotient [48]. The generalised Rayleigh quotient

for the KS Hamiltonian in the plane-wave basis {φ} for the trivial vector xi, given by

ψi(r) = min
xi

x†ih
φ
KSxi

x†iS
φxi

, (2.32)

is minimized iteratively until an accuracy threshold achieved under the constraint

x†iS
φxj = δij . (2.33)

While Davidson algorithms are faster, the conjugate gradient algorithm is generally more

robust.

2.2.5 Assignments of occupancies and Fermi levels

In principle, the minimum number of KS states needed is N/2 for the non-spin-polarized case.

However, the SCF cycle is not informed beforehand about the occupancies of KS states; hence,

occupancies are assigned once the KS states are evaluated and Eq. (2.10) becomes

n(r) =

Nb∑
i

fi |ψi(r)|2 , (2.34)
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2.2 The plane-wave implementation of KS-DFT

where Nb is the number of bands and the fi are occupancies. In the ideal case, Nb = N/2 and

fi = 2; since spin-up-down pairs are degenerate in non-spin-polarized cases at zero

temperature. By construction, DFT is an absolute zero temperature theory due to the second

HK theorem, whereas real systems are at some finite temperature. For systems with insulating

band-gaps, the finite temperature effects can be neglected as, at low temperatures, the highest

occupied states and lowest unoccupied states are distinguishable in terms of their energies.

The Fermi levels of such systems are generally aligned at the midpoint of their insulating

band-gaps.

In metallic cases, occupancies are discontinuous at finite temperatures due to the discrete

sampling of the Brillouin zone as the low-energy unoccupied states are close to the high

energy occupied states. Commonly, this discontinuity is patched by introducing a smearing

scheme for the states around the Fermi level; hence, one needs to include certain number of an

additional KS states Nb > N/2 both to ensure KS states’ orthogonality and to have sufficient

number of KS states for the description of the occupancies around the Fermi level. The

smearing scheme is a mathematical tool rather than a physical condition to mimic finite

temperature effects in metals. Various smearing schemes in common usage are the

Fermi-Dirac occupation function [49], Methfessel-Paxton smearing [50], Marzari-Vanderbilt

cold smearing [51]. Within these schemes, the Fermi level is commonly defined as the

half-occupancy point.

2.2.6 The conduction states of KS-DFT

The self-consistent procedure to determine the single-particle KS orbitals can be applied only

to the valence states as DFT relies on the variational principle by construction. Moreover, any

property of the system beyond the ground-state requires a time-dependent theory such as

time-dependent DFT (TDDFT) or many-body perturbation methods such as Green’s function

based approximations. However, a non-self-consistent field (NSCF) approach can be used to

obtain approximate conduction electronic states by using the ground-state density from the

self-consistent field calculations. Direct diagonalisation of the Hamiltonian constructed from

the calculated valence KS states and some sufficient additional conduction KS states is

required with the ground-state density. Such an approach relies on the orthogonality

conditions of the KS states. However, the conduction states evaluated through the NSCF

approach are representations of non-interacting excited states rather than exact excited

states.
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2.3 Conclusion

In this chapter, DFT and its applicable formulation KS-DFT were introduced starting from the

foundations of the formalism, the HK theorems. Furthermore, some essential approximations

for efficient computational implementations, particularly for solids, were discussed. Using the

NSCF procedure, an approximate approach for the conduction manifold from the KS-DFT

ground-state was briefly mentioned. The series of approximations deployed through this

chapter will be important for us to understand the limitations and possible failures of

conventional KS-DFT as a starting point in later parts of this work. Despite its success,

KS-DFT within plane-wave implementations is still limited in terms of sizes of systems as it

scales with O(N3). In the next chapter, an alternative formulation of KS-DFT suitable for

linear-scaling, with appropriate approximations, will be introduced for future reference.
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[37] D. R. Hamann, M. Schlüter, and C. Chiang, Phys. Rev. Lett., 43, pp. 1494–1497 (1979), URL https:

//link.aps.org/doi/10.1103/PhysRevLett.43.1494.

[38] G. P. Kerker, Journal of Physics C: Solid State Physics, 13(9), p. L189 (1980), URL http://stacks.

iop.org/0022-3719/13/i=9/a=004.

[39] D. R. Hamann, Phys. Rev. B, 40, pp. 2980–2987 (1989), URL https://link.aps.org/doi/10.

1103/PhysRevB.40.2980.

[40] Opium:the optimized pseudopotential interface unification module, http://opium.sourceforge.

net/, accessed: 2017-11-30.

[41] P. Giannozzi, S. Baroni, N. Bonini, et al., Journal of Physics: Condensed Matter, 21(39), p. 395502 (2009),

URL http://stacks.iop.org/0953-8984/21/i=39/a=395502.

[42] P. Giannozzi, O. Andreussi, T. Brumme, et al., Journal of Physics: Condensed Matter, 29(46), p. 465901

(2017), URL http://stacks.iop.org/0953-8984/29/i=46/a=465901.

[43] X. Gonze, B. Amadon, P.-M. Anglade, et al., Computer Physics Communications, 180(12),

pp. 2582 – 2615 (2009), URL http://www.sciencedirect.com/science/article/pii/

S0010465509002276, 40 {YEARS} {OF} CPC: A celebratory issue focused on quality software for

high performance, grid and novel computing architectures.

[44] X. Gonze, G. Rignanese, M. Verstraete, et al., Zeitschrift für Kristallographie.(Special issue on Computational

Crystallography., 220, pp. 558–562 (2005).

[45] X. Gonze, J.-M. Beuken, R. Caracas, et al., Computational Materials Science, 25(3), pp. 478 – 492 (2002),

URL http://www.sciencedirect.com/science/article/pii/S0927025602003257.

[46] E. R. Davidson, Journal of Computational Physics, 17(1), pp. 87 – 94 (1975), URL http://www.

sciencedirect.com/science/article/pii/0021999175900650.

[47] M. C. Payne, M. P. Teter, D. C. Allan, et al., Rev. Mod. Phys., 64, pp. 1045–1097 (1992), URL https:

//link.aps.org/doi/10.1103/RevModPhys.64.1045.

[48] B. N. Parlett, Mathematics of Computation, 28(127), pp. 679–693 (1974), URL http:

//www.ams.org/journals/mcom/1974-28-127/S0025-5718-1974-0405823-3/

S0025-5718-1974-0405823-3.pdf.

[49] N. D. Mermin, Phys. Rev., 137, pp. A1441–A1443 (1965), URL https://link.aps.org/doi/10.

1103/PhysRev.137.A1441.

43

https://link.aps.org/doi/10.1103/PhysRev.116.287
https://link.aps.org/doi/10.1103/PhysRev.116.287
https://link.aps.org/doi/10.1103/PhysRevB.41.1227
https://link.aps.org/doi/10.1103/PhysRevB.41.1227
https://link.aps.org/doi/10.1103/PhysRevLett.43.1494
https://link.aps.org/doi/10.1103/PhysRevLett.43.1494
http://stacks.iop.org/0022-3719/13/i=9/a=004
http://stacks.iop.org/0022-3719/13/i=9/a=004
https://link.aps.org/doi/10.1103/PhysRevB.40.2980
https://link.aps.org/doi/10.1103/PhysRevB.40.2980
http://opium.sourceforge.net/
http://opium.sourceforge.net/
http://stacks.iop.org/0953-8984/21/i=39/a=395502
http://stacks.iop.org/0953-8984/29/i=46/a=465901
http://www.sciencedirect.com/science/article/pii/S0010465509002276
http://www.sciencedirect.com/science/article/pii/S0010465509002276
http://www.sciencedirect.com/science/article/pii/S0927025602003257
http://www.sciencedirect.com/science/article/pii/0021999175900650
http://www.sciencedirect.com/science/article/pii/0021999175900650
https://link.aps.org/doi/10.1103/RevModPhys.64.1045
https://link.aps.org/doi/10.1103/RevModPhys.64.1045
http://www.ams.org/journals/mcom/1974-28-127/S0025-5718-1974-0405823-3/S0025-5718-1974-0405823-3.pdf
http://www.ams.org/journals/mcom/1974-28-127/S0025-5718-1974-0405823-3/S0025-5718-1974-0405823-3.pdf
http://www.ams.org/journals/mcom/1974-28-127/S0025-5718-1974-0405823-3/S0025-5718-1974-0405823-3.pdf
https://link.aps.org/doi/10.1103/PhysRev.137.A1441
https://link.aps.org/doi/10.1103/PhysRev.137.A1441


REFERENCES

[50] M. Methfessel and A. T. Paxton, Phys. Rev. B, 40, pp. 3616–3621 (1989), URL https://link.aps.

org/doi/10.1103/PhysRevB.40.3616.

[51] N. Marzari, D. Vanderbilt, A. De Vita, et al., Phys. Rev. Lett., 82, pp. 3296–3299 (1999), URL https:

//link.aps.org/doi/10.1103/PhysRevLett.82.3296.

44

https://link.aps.org/doi/10.1103/PhysRevB.40.3616
https://link.aps.org/doi/10.1103/PhysRevB.40.3616
https://link.aps.org/doi/10.1103/PhysRevLett.82.3296
https://link.aps.org/doi/10.1103/PhysRevLett.82.3296


Chapter 3

Linear-scaling density-functional theory
By construction, plane-wave based KS-DFT scales as O(N3) in terms of the central

processing unit (CPU) hours and as O(N2) in terms of the random-access memory (RAM).

Despite growing high performing computing technologies, plane-wave KS-DFT

implementations are currently limited to the moderate system sizes as FFT algorithms are not

suitable for the heavy parallelisation due to their requirements for instantaneous

communication throughout all processors [1] and the orthogonality conditions of the KS states.

These technical constraints limit plane-wave KS-DFT implementations to small molecular

systems, small nano-clusters, or ideal periodic systems with small number of atoms in their

unit cells.

Linear-scaling KS-DFT (LS-KS-DFT) [1–3] provides an approach to perform realistic

first-principles simulations of spatially more complex large systems such as biological

systems [4–6], and systems with point defects [7–9] with O(N) computational scaling with

respect to electron number N and comparable accuracy to conventional KS-DFT

implementations. Any LS-KS-DFT implementation is based on using a spatially localized

basis set in real space to exploit the near-sightedness [10,11] of quantum many-particle

systems.

In this chapter, a brief overview of LS-KS-DFT will be given particularly in reference to the

Order-N Electronic total-energy Package (ONETEP) [12–18], as it is primary software used for

a linear-scaling simulations and further implementations in this work. However, the core ideas

are common for any LS-KS-DFT implementations. As the basis of any linear-scaling

implementation, the density-matrix formalism and its spatial localisation will be introduced.

The particular basis, support basis functions, and the general outline of the SCF algorithm

adopted in ONETEP, will be discussed. Lastly, some methods used to construct unoccupied

manifolds suitable for the linear-scaling formalism will be briefly mentioned.

3.1 The density-matrix formalism

The daunting constraint of orthogonality of the individual KS wave-functions representing each

state can be replaced with an equivalent condition by formulating the problem in terms of the
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3. Linear-scaling density-functional theory

density-matrix expressed as

ρ(r, r′) =

N∑
i

fiψi(r)ψ∗i (r
′), (3.1)

with two conditions that ensure particle number conservation and Pauli’s exclusion

principle [19]. The former condition is expressed as

Tr[ρ̂] = N, (3.2)

where the latter one known as the idempotency is

ρ̂2 = ρ̂ =⇒ ρ(r, r′) =

∫
dr′′ ρ(r, r′′)ρ(r′′, r′). (3.3)

The diagonal elements of density-matrix recovers the electronic density as

n(r) = ρ(r, r). (3.4)

Within these formulations, the mutual orthogonality conditions for each pair of KS

wave-functions are bypassed by avoiding constructing KS wave-functions explicitly in each

iteration of SCF. However, the idempotency and the particle number conservation conditions

are still challenging in terms of efficient implementation. ONETEP employs advanced

methods to maintain and improve the density-matrix throughout the energy minimisation

process. We would like to refer the reader for more details to Refs. 15,20–23.

3.2 Localisation of the density-matrix

Wannier proposed that electronic wave-functions can be expressed as spatially localized

functions on unit cells with the corresponding vector R1, namely as Wannier functions [24].

The Wannier functions are the Fourier transform of the single-particle electronic

wave-functions in Eq. (2.23) over the first Brillouin zone with

wi,R(r) =

(
1

VFBZ

)1/2 ∫
dk e−ik·Rψi,k(r), (3.5)

1In the case of finite systems, the simulation cell serves as the unit cell.

46



3.3 Support functions and basis functions

where VFBZ is volume of the first Brillouin zone. The density-matrix for an insulating system 1

becomes in terms of Wannier functions,

ρ(r, r′) =
∑
i,R

fi wi,R(r)w∗i,R(r′). (3.6)

Wannier functions for insulating systems are exponentially decaying with distance r̃ = |r −
r′| [25–27]. Hence, the elements of density-matrix in Eq. (3.6) becomes exponentially decreasing

with increasing distance. Consequently, local potentials and local observables are negligibly

dependent on spatially long-distance elements of density-matrix. By this corollary, a truncation

scheme for the density-matrix can be suggested as

ρ(r, r′) ≈ 0 for |r− r′| > rcut, (3.7)

where rcut is a cut-off radius. By making an appropriate choice of spatially highly localized

basis set with this truncation scheme, the density-matrix and its corresponding Hamiltonian

can be constructed as highly sparse matrices, which can be evaluated with linear-scaling effort

using appropriate algorithms.

3.3 Support functions and basis functions

As discussed in Chap. 2, KS wave-functions are expressed in terms of a finite set of functions

truncated with some conditions, in practical applications. For the sake of maintaining

linear-scaling effort, non-orthogonal and spatially well localized basis sets are desired for an

optimum localisation of the density-matrix. For such a basis set, the density-matrix can be

written as [28] 2

ρ(r, r′) =
∑
α,β

φα(r)Kαβφ∗β(r′), (3.8)

1Occupancies of KS wave-functions close to the Fermi level are k-dependent for non-insulating systems as briefly
mentioned in Subsec. 2.2.5; hence,the Fourier transform in Eq. (2.23) is not well-defined.
2In the case of a non-orthogonal set of functions, a dual set of functions with contravariant and covariant tensorial
properties are required to be able to define tensor products [29,30] such as

〈ψα|φβ〉 = δβα, |φβ〉 = |φα〉Sαβ , where Sαβ = 〈φα|φβ〉 and Sαβ = (Sαβ)−1 .

Hence, Greek alphabet indices are for non-orthogonal function sets with the correct tensorial properties; while Latin
alphabet indices are used for orthogonal function sets as before.
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3. Linear-scaling density-functional theory

where {φα} are called the support functions, and Kαβ is the density kernel, which is given

by

Kαβ =
∑
i

〈φα|ψi〉fi〈ψi|φβ〉 =
∑
i

Mα
i fiM

β†
i . (3.9)

The total energy of the independent particle system EIP [ρ̂] and the particle number

conservation in these dual function basis set can be re-expressed, respectively

EIP [ρ̂] = 2KαβHβα and N = 2KαβSβα, (3.10)

where Hαβ is

Hαβ = 〈φα|ĥKS|φβ〉. (3.11)

ONETEP uses the non-orthogonal generalized Wannier functions (NGWFs) as the support

functions. NGWFs are real valued functions spatially highly localized on the atomic centres;

hence, they provide an appropriate function set for the linear-scaling implementation. Using

an orthonormal variational function set namely the psinc functions to expand NGWFs also

provides an efficient scheme to apply the density-matrix formalism to the extended periodic

system, in an equivalent way to plane-wave implementations.

3.4 The psinc basis

ONETEP code uses the periodic cardinal sine (psinc) function set as the variational basis to

expand the NGWFs. The psinc function is expressed for the grid point n as

D{n}(r) = D(r− r{n}) =
3∏
i

1

Ni

Ji∑
pi=−Ji

eipibi·(r−r{n}), (3.12)

where {bi} are the reciprocal unit vectors; Ni is the total number of the grid point in ith

direction, which satisfies Ni = 2Ji + 1, where Ji ∈ N to ensure maximisation at r{n} and

vanishing amplitude at finite size borders of simulation box. The delta-like center r{n} of the
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psinc functions defined as

r{n} =

3∑
i

ni
Ni

ai. (3.13)

NGWFs are expressed in the basis of the psinc functions for a given localisation center as

φDα (r) =

N1−1∑
n1

N2−1∑
n2

N3−1∑
n3

C{n},αD{n}(r), (3.14)

where C{n},α are expansion coefficients, which are nothing but the overlap integrals of the

psinc functions and NGWFs

C{n},α =

∫
dr D{n}(r)φα(r) =

Vcell

Ncell
φDα (r{n}), (3.15)

where Ncell = N1 ×N2 ×N3.

The choice of psinc functions to express NGWFs has some advantages as discussed in more

detail in Refs. 31,32. The direct relation between the grid spacing of the psinc functions to the

number of the plane-wave provides that the kinetic energy cut-off in Eq. (2.31) in plane-wave

KS-DFT implementations remains applicable. Furthermore, the psinc functions are

advantageous for efficient FFT, which is more suitable to evaluate the kinetic energy operator

in reciprocal space without losing the linear-scaling feature by limiting the Fourier transform

box to local unit regions centred on NGWFs [12].

3.5 Energy minimisation with nested loops

The energy functional becomes a functional of the density kernel and the NGWFs through the

density-matrix in Eq. (3.8) as

E[ρ] = E[Kαβ, {φα}] = E[Kαβ, C{n},α]. (3.16)

The ground-state energy can be obtained by minimising this energy functional in two steps

simultaneously updated in each iteration. Starting from an initial guess for Kαβ , the functional
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of the expansion coefficient is optimised as

E0 = min
C{n},α

L[C{n},α], (3.17)

where

L[C{n},α] = min
Kαβ

E[Kαβ, C{n},α]. (3.18)

The outer loop minimises the functional E for the fixed Kαβ , while the inner loop minimized

the functional L for the updated C{n},α with respect to Kαβ [31].

3.6 The unoccupied bound states within LS-KS-DFT

ONETEP minimises the total energy with respect to the density-matrix and NGWFs, whereas

the KS wave-functions are not constructed explicitly during the minimisation procedure. The

final KS states can be recovered by directly diagonalising the KS Hamiltonian in the optimised

NGWF basis at the very end of the SCF procedure. Hence, ONETEP only optimises the set of

NGWFs for the occupied manifold, and a separate set of NGWFs are required to represent the

unoccupied manifold. Since the orthogonality condition is hidden in the idempotency for the

sake of linear-scaling effort, any NSCF procedure needs some special approaches suitable for

linear-scaling.

Various methods to optimise NGWFs for the unoccupied manifold are presented and discussed

in great detail in terms of their accuracy, computational cost and suitability for linear-scaling

in Refs. 33–37. ONETEP uses the projection method [36,37] in practice to optimise the second

set of NGWFs to represent unoccupied manifold.

In the projection method, the core idea is inspired by the fact that eigenvalues of the projected

Hamiltonian, which is constructed by projecting the density-matrix operator

ρ̂ =
N∑
i

|ψi〉〈ψi|, (3.19)

on the KS Hamiltonian, are 1 for the occupied manifold. Similarly, eigenvalues of the projected

Hamiltonian, which is constructed by projecting
(
Î − ρ̂

)
on the KS Hamiltonian, are expected

to be 1 for unoccupied manifold. However, such projection may lead to some non-Hermitian
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matrix as both the density-matrix and the KS Hamiltonian are sparse matrices in a localised

basis. Solution of eigenvalue problems with a non-Hermitian matrix are more challenging

computationally [38]. Such an issue can be avoided by double projections such as(
Î − ρ̂

)
ĥKS

(
Î − ρ̂

)
= ĥKS − ρ̂ ĥKS ρ̂. (3.20)

Within such a projection, eigenvalues of occupied states are 0, which is not an issue when

the Fermi level is somewhere in the bound manifold, whereas unoccupied states have negative

energies. However, a more robust protocol would be to shift all energies of occupied states

until the lowest-energy occupied state exceeds the highest-energy unoccupied state in terms

of energy. Such a correction is introduced by a shift to the KS Hamiltonian, which yields the

effective projected Hamiltonian

ĥKS − ρ̂
(
ĥKS − σ

)
ρ̂, (3.21)

where the shift σ is set higher than the highest-energy unoccupied state; hence, it mostly stays

as constant. It can also be updated, if necessary, by considering the change in the energy of

the highest unoccupied state during the minimisation process. Such a shift practically moves

the energy of highest occupied state below zero. The shifted and projected Hamiltonian is

expressed in ONETEP implementation as

(
Hproj
χ

)
αβ

=〈χα|ĥKS − ρ̂
(
ĥKS − σ

)
ρ̂|χβ〉

(Hχ)αβ −
(
T †KHφKT

)
αβ
− σ

(
T †KSφKT

)
αβ
, (3.22)

where {φα} and {χα} are NGWFs basis sets for occupied and unoccupied manifolds

respectively. The cross occupied-unoccupied overlap matrix is defined as Tαβ = 〈φα|χβ〉.
The resolution of identity for occupied states are already present in the basis of {φα} priorly

from ground-state calculation. Hence, similar energy minimisation process can be performed

for the {χα} basis, and its corresponding density kernel, to obtain non-interacting unoccupied

states. As expected, such an approach is not as robust as its plane-wave implementation

counterpart due to its bypassing of the orthogonality conditions of KS states during the

minimisation for the sake of the linear-scaling effort; hence, it requires very careful use in

practical simulations.
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3.7 Conclusion

In this chapter, a concise overview of the linear-scaling KS-DFT and its implementation within

ONETEP were provided. While the scaling of the problem is reduced drastically, it is not

suitable for metallic systems as it requires constant occupancies throughout system. Also,

it is less robust for constructing the unoccupied manifold by due to the lack of the explicit

orthogonality condition on KS wave-functions during simulation. However, it is a potent tool

for certain classes of system such as spatially complex and large insulating systems. Within this

overview, the main methods for obtaining ground-state electronic structures for perturbative

approaches to spectra were introduced. In the next chapter, some limitations and systematic

errors of KS-DFT, which become drastic in spectral simulations of transition-metal systems,

will be discussed for a complete picture of our starting point.
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Chapter 4

Limitations and systematic errors of
KS-DFT
KS-DFT provides an effective tool for ground-state electronic structure as well as an

affordable starting point for perturbative approaches to spectra within LRT. However,

KS-DFT has its limitations as it is a ground-state theory. It has also systematic errors due to

(semi-) local approximations to xc-functionals. While such drawbacks can be negligible for

some systems, they may become catastrophic for certain systems, such as many

transition-metal systems.

In this chapter, these drawbacks will be addressed in order to attain well-controlled

simulations starting from KS-DFT. First, some conceptual limitations of KS-DFT and KS

wave-functions will be briefly discussed. Then, the major and well-known systematic errors in

approximate KS-DFT, namely self-interaction error (SIE) and its consequences in many-body

cases, i.e. the delocalisation error, will be described. The most effective and feasible

approach to correct SIE using a Hubbard type model, namely DFT+U , will be outlined in

detail. Lastly, an essential correction to the canonical relation in Eq. (1.28) in the case of the

pseudo-potential approximation will be explained.

4.1 The conceptual limitations of KS-DFT

By construction, DFT is principally restricted to ground-state properties by means of the

second Hohenberg-Kohn theorem, which relies on the variational principles of quantum

systems. Thus, any properties beyond the ground-state are not accessible even if the exact

DFT were hypothetically possible in realistic applications. Moreover, KS-DFT maps an

interacting many-body system to a non-interacting auxiliary many-body system with an

identical density, where this auxiliary system is a mathematical tool rather an actual physical

system. KS wave-functions are mathematical constructions rather than physical electronic

states [1], unlike in Hartree-Fock theory [2–4] by virtue of the absence of a generalised

Koopmans’ theorem [5,6] except the highest occupied KS wave-function, which corresponds to

the first ionisation energy (or chemical potential in metallic cases) by Janak’s theorem [7].

Consequently, connections of KS wave-functions and energies to physical observables such as

single-particle transitions are not well established, even for simple cases. For instance, it is

well established that the linear-response starting from KS-DFT with xc-functionals such as

LDA overestimates the electric dipole polarisation of standard small molecules such as (H2)n
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chains [8–12] for increasing chain-length.

4.2 Systematic errors in KS-DFT

Beside the conceptual limitations of KS-DFT, LDA and GGA-based xc-functionals give rise

to certain systematic errors leading to inaccurate descriptions of ground-state electronic

structures and, consequently, of excited-state properties within the linear-response. Formally,

such systematic errors can be illustrated by recalling the approximation to the two-particle

density term in the Hartree interaction term in Eq. (2.12) in terms of the product of the

single-particle densities with a corrective term encapsulated by the xc-functional. The

single-particle density-density interaction term allows self-interaction of electron density with

itself, whereas such an unphysical interaction is expected to be cancelled by the xc-hole term

in Eq. (2.19), in principle. However, approximate xc-functionals fail to cancel out such errors

particularly for inhomogeneous densities due to highly localised features in density as

discussed in Subsec. 2.1.3. Infamously, this cancellation error namely the single-particle SIE

has been demonstrated extensively in the single-electron cases such as the molecule H+
2

[13–16].

Despite straightforward observation of SIE in the single electron case, it is more complicated

in the many-body case; hence, the concept of the many-body self-interaction error, or the

delocalisation error [12,17–21] is developed to understand the consequences of the

single-particle SIE in many-body systems.1

4.2.1 Fractional charges

In principle, SIE occurs for any system; however, it becomes significant for certain systems

such as the ones with fractional electron charges [16,22,23]. The total energy curve with respect

to the total occupation of an open quantum system has been demonstrated to be piece-wise

linear for the exact xc-functionals [22] as

E(N + q) = (1− q)E(N) + qE(N + 1), (4.1)

where 0 < q < 1. For exact xc-functionals producing this feature, the highest occupied

molecular orbital (HOMO) and the lowest unoccupied molecular orbital (LUMO) energies are
1For avoiding any complication, the term ‘SIE’ will be used exclusively for the single-particle SIE, whereas ‘the
delocalisation error’ will be used for the many-body SIE in this work.
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equal to the first ionization energy [22,24] and the electron affinity [25] as

εHOMO = −I, and εLUMO = −A, (4.2)

where I and A are connected to the hardness in molecules [26,27], or the fundamental band-gap

in solids with the help of Janak’s theorem [7] as [25]1

Egap = I −A = εLUMO − εHOMO, (4.3)

and the chemical potential as

µ =

−I(N0) = E(N0)− E(N0 − 1), if N − 1 < N0 < N

−A(N0) = E(N0 + 1)− E(N0), if N < N0 < N + 1.
(4.4)

N-1 N N+1
Number of electron

T
o
ta
l
e
n
e
rg
y

Figure 4.1: The total energy as a function of the electron count of an open quantum system
within approximate DFT. Difference between two curves is approximately the +U correction to
approximate DFT provided by DFT+U . This illustration is replicated from the Ph.D. dissertation
of Cococcioni in Ref. 28.

The piece-wise linear feature of the total energy curve described in Eq. (4.1) is crucial to obtain
1For approximate xc-functionals, Eq.(4.3) requires an additional terms to include the derivative discontinuity of the
exact energy curve such as

Egap = I −A = εLUMO − εHOMO + ∆xc,

where ∆xc is defined as

∆xc = lim
q→0

(
δE

δN

∣∣∣∣
N0+q

− δE

δN

∣∣∣∣
N0−q

)
.
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the hardness of molecules, and the fundamental band-gap of solids, which play critical roles in

determination of the response to EM radiation [29]. LDA-based xc-functionals produce convex

quadratic energy curves with respect to the occupancy rather than the piece-wise linear curves

in Fig. 4.1. The difference between the energy curves produced by the exact xc-functional and

LDA is here termed the delocalisation error.

4.2.2 The delocalisation error

The deviation from the piece-wise linear behaviour of the total energy curve with respect to the

occupation number for the fractional charge in approximate KS-DFT becomes more significant

with the increasing localisation of the electron density [12]. This behaviour is expected for LDA

as it favours fractional and delocalised charge distributions over integer and localised charge

distributions by construction. Consequently, the delocalisation error is expected to be large for

systems with the partially filled states of localised nature due to spatial confinement of charge

density such as in transition-metal oxides (TMOs) and coordination complexes. However,

delocalisation errors can be observed even for systems with less localised charge densities such

the metallic solids [12] and closed-shell organic molecules [30,31].

4.3 The Hubbard U correction of SIE

The most widely used approach to correct SIE and delocalisation error for systems with

highly localised orbitals is the computationally expedient Hubbard U correction (DFT+U )

method [32–40]1. The fundamental idea behind DFT+U , within its modern interpretation, is to

account the overestimated Coulomb interaction on the highly localised subspace by

LDA-based functionals explicitly. The total energy is expressed in DFT+U as

EDFT+U = ELDA + EHub − Edc, (4.5)

whereEHub is the on-site energy known as the Hubbard energy andEdc is the double-counting

term, which cancels the LDA contribution for the target subspace to avoid double-counting. A
1Despite the general consensus of the terminology, +U correction is indeed applied to the approximate KS-DFT
with rather than DFT itself. It should be stressed that DFT is a complete theory itself; hence some literature prefer
to use LDA+U , GGA+U , etc. depending on the approximate functional.
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rotationally-invariant form is expressed as [37,41,42]

EU [{nIσ}] = EHub

[
{nIσ}

]
− Edc

[
{nIσ}

]
=

1

2

∑
Iσ

∑
m,m′

{(
U I − JI

) [
nIσmm′δmm′ − nIσmm′nIσm′m

]
+ JInIσmm′n

Iσ′
m′m

}
(4.6)

where I is the correlated site index, σ is the spin quantum number and {nmm′} is the KS

density-matrix with the averaged on-site like-spin interaction U I and unlike-spin interaction

JI . The KS density-matrix for the on-site localised subspace is represented as

nIσmm′ = 〈ϕIm|ρ̂σ|ϕIm′〉, (4.7)

where ρσ =
∑occ

i |ψσi 〉〈ψσi | is the KS density operator for σ-spin channel and {ϕm} is the

set of some localised orbitals spanning the correlated site I . The full-form in Eq. (4.6) is

called DFT+U + J ; however the unlike-spin interaction corrections are commonly ignored, or

partially introduced via the single effective Hubbard parameter U Ieff = U I − JI . Ignoring the

unlike-spin interaction correction, the Hubbard functional is simplified to

EU [{nIσ} =
1

2

∑
Iσ

∑
m,m′

U I
[
nIσmm′δmm′ − nIσmm′nIσm′m

]
. (4.8)

DFT+U provides an effective approach to correct SIE and delocalisation error within

first-principles methods, particularly by means of the direct calculation of the Hubbard U (+J)

parameters, for which a number of methods have been proposed [38–40,43–45]. Moreover, it is

compatible with linear-scaling methods [46,47] for spatially complex systems.

4.3.1 The Hubbard U and J parameters

The efficiency and robustness of the DFT+U (+J) method is essentially dependent on the

determination of the Hubbard parameters self-consistently within the KS-DFT scheme. A

common approach is to use linear-response to determine the Hubbard parameters [38,39], later

also adopted for the +J parameter [48]. In this work, we employ the recently-introduced

minimum-tracking variant of linear-response as implemented in the ONETEP code [49], and in

particular, its spin-specific extension introduced in Ref. 50. In this approach, each

spin-channel in the selected-localised subspace is perturbed with some weak external potential

one at a time and responses of each spin-channel are measured to determine linear-response
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functions. Within LRT, responses of the up- and spin-down channels to applied external fields

are expressed as1

δnσ(r) =

∫
dr′ χσσ

′
(r, r′)δvσ

′
ext(r

′) =⇒ χσσ
′
(r, r′) =

δnσ(r)

δvσ
′

ext(r
′)
, (4.9)

where {σ, σ′} = {↓, ↑}. Similarly, another response function due to total change in KS

potential can be defined as

δnσ(r) =

∫
dr′ χσσ

′
KS (r, r′)δvσ

′
KS(r′) =⇒ χσσ

′
KS (r, r′) =

δnσ(r)

δvσ
′

KS(r′)
, (4.10)

where δvσKS = δvσHxc + δvσext. Using these two definitions of perturbation to the density,∫
dr′′′ χσσ

′
(r, r′′′)δvσ

′
ext(r

′′′) =

∫
dr′′′ χσσ

′
KS (r, r′′′)δvσ

′
KS(r′)

=

∫
dr′′′ χσσ

′
KS (r, r′′′)

[
δvσ

′
Hxc(r

′′′) + δvσ
′

ext(r
′′′)
]

=

∫∫
dr′′′ dr′′ χσσ

′
KS (r, r′′′)F σ

′σ
Hxc(r

′′′, r′′)δnσ(r′′)

+

∫
dr′′′ χσσ

′
KS (r, r′′′)δvσ

′
ext(r

′′′), (4.11)

where the Hartree+xc (Hxc) interaction kernel F σ
′σ

Hxc is defined as

F σ
′σ

Hxc(r
′′′, r′′) =

δvσ
′

Hxc(r
′′′)

δnσ(r′′)
. (4.12)

Taking functional derivative of both sides in Eq. (4.11) with respect to δvσ
′

ext(r
′) and using the

Eq. (4.9)

χσσ
′
(r, r′) = χσσ

′
KS (r, r′) +

∫∫
dr′′ dr′′′ χσσ

′
KS (r, r′′′)F σ

′σ
Hxc(r

′′′, r′′)χσσ
′
(r′′, r′), (4.13)

which is Dyson’s equation. Re-writing Eq. (4.13) in matrix form

χ = χKS + χKS FHxc χ =⇒ FHxc = χ−1
KS − χ

−1 (4.14)

1Dropping the site label I for the notational simplicity.
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where the explicit form by recalling Eq. (4.9) and Eq. (4.10) becomes

FHxc =

(
f↑↑ f↑↓

f↓↑ f↓↓

)
=

 δn↑

δv↑KS

δn↑

δv↓KS

δn↓

δv↑KS

δn↓

δv↓KS

−1

−

 δn↑

δv↑ext

δn↑

δv↓ext

δn↓

δv↑ext

δn↓

δv↓ext

−1

. (4.15)

where the averaged Hubbard parameters are expressed as [51]

U =
1

4

(
f↑↑ + f↑↓ + f↓↑ + f↓↓

)
, (4.16)

J = −1

4

(
f↑↑ − f↑↓ − f↓↑ + f↓↓

)
, (4.17)

Ueff = U − J =
1

2

(
f↑↑ + f↓↓

)
, (4.18)

and we note that Ueff concerns only like-spin interactions, much like the DFT+U functional

itself.

4.3.1.1 Uncoupled-spin response

The simplest approach to determine the Hubbard parameters can be proposed by ignoring the

coupling of the unlike spins. In such case, the Hubbard J becomes zero, and the Hubbard U

parameter is simply the averaging of like-spin terms as

U
��↑↓

=
1

2

(
f↑↑

��↑↓
+ f↓↓

��↑↓

)
, (4.19)

where fσσ
��↑↓

are the uncoupled screened interactions for each spin, which simply becomes

reciprocals of scalar quantities rather than being calculated by matrix inversion. This

effectively decouples the spin populations into distinct sites, reflecting the DFT+U functional.

Each spin channel, for a given localised subspace, then forms part of the screening both for

the other channel. In practical attempts to determine the Hubbard U parameters, the

perturbative external potential δvσext is the input parameter to measure response of a system;
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hence, any response should be expressed as direct response to this potential as

fσσ
��↑↓

=

(
δnσ

δvσKS

)−1

−
(
δnσ

δvσext

)−1

=

(
δnσ

δvσext

)−1(δvσext

δvσKS

)−1

−
(
δnσ

δvσext

)−1

=

(
δnσ

δvσext

)−1 [(δvσKS

δvσext

)
− 1

]
. (4.20)

Furthermore, responses of spin-channels are de facto identical for closed-shell systems; hence,

the Hubbard U parameter can be calculated by just perturbing one of spin-channels as

U
l

��↑↓
= f↑↑

��↑↓
= f↓↓

��↑↓
. (4.21)

4.3.1.2 Coupled-spin response for closed-shell systems

For the closed shell systems, where nIσmm′ ≈ nIσ
′

mm′ , the effective Hubbard U parameter can be

approximated in a more accurate manner by employing this approximation to the DFT+U + J

functional of Eq. (4.6), yields

EU [{nIσ} =
1

2

∑
Iσ

∑
m,m′

{(
U I − JI

) [
nIσmm′δmm′ − nIσmm′nIσm′m

]
+ JInIσmm′n

Iσ′
m′m

}

=
1

2

∑
Iσ

∑
m,m′

{(
U I − 2JI

) [
nIσmm′δmm′ − nIσmm′nIσm′m

]}
, (4.22)

where the effective U parameter becomes more accurately as

U ′eff = U − 2J =
1

4

(
3f↑↑ − f↑↓ − f↓↑ + 3f↓↓

)
. (4.23)

4.4 The non-local velocity commutator term

The pseudo-potential approximation is essential for routine applications of KS-DFT as

discussed in Subsec. 2.2.2. In this approximation, the KS Hamiltonian acquires an explicit

non-local contribution, as shown in Eq. (2.29). Hence, transition dipole moments in
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momentum space cannot be expressed in position space with just a phase factor. The

canonical commutation relation becomes [52]

〈ψf |p̂|ψi〉 ∝ 〈ψf |̂r|ψi〉+ 〈ψf |
[
r̂, vnl(r, r

′)
]
|ψi〉, (4.24)

where vnl(r, r
′) is the non-local contribution to the pseudo-potential. The effects of the non-

local commutator term in Eq. (4.24) highly depend on the construction of the pseudo-potential,

and particularly on the choice of angular momentum selected for the pseudo-potential’s local

part. For instance, in the case of this work, this term contributes significantly, as shown in

Fig. 4.2, to the optical spectra of noble metals such as Au1.

0 1 2 3 4 5 6
0

2.0

4.0

6.0

8.0

Energy (eV)

ℰ
2

Figure 4.2: Effect of the non-local velocity commutator term in the optical spectrum of bulk Au
from FGR.

As seen in Fig. 4.2, the non-local velocity term can be crucial for spectral simulations,

depending on the particular construction of the pseudo-potential.

4.5 Conclusion

DFT and the approximate KS-DFT formalism have certain limitations and unavoidable

systematic errors in currently available approximations, which lead to inaccurate descriptions

of ground-state electronic structures. Such ill-definition of starting points is inevitably

expected to cause inaccurate first-principles spectra, particularly of transition-metal systems.

However, the most relevant systematic error namely, SIE, and its manifestation in many-body

quantum systems, the delocalisation error, are well studied errors, which can be corrected with
1See Subsec. 6.1.1 and App. A for details on the pseudo-potential for Au.
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a feasible, self-consistent approach, namely DFT+U (+J). In Part III, SIE and DFT+U will be

extensively demonstrated both in the static limit and the time-domain. Also, the non-local

velocity commutator term due to non-local potentials in canonical relations is shown to be

crucial in spectral simulations.
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Chapter 5

The optical spectra of metallic solids
First-principles simulations of optical spectra of metallic solids are relatively challenging due

to their requirement for very accurate descriptions of dense electronic states close to the Fermi

level, which strongly contribute at the IR-vis-UV spectral range, as well as the presence of high

density nearly-free electrons. The macroscopic dielectric function, which is the most central

function here due to its direct connections to other optical function as well observable spectra,

is constituted by two main parts

E(ω) = Einter(ω) + Eintra(ω), (5.1)

where Einter(ω) and Eintra(ω) are due inter-band transitions and intra-band transitions, or the

so-called the Drude plasmon, respectively.

In this chapter, the fundamental phenomena contributing to optical spectra of solids,

particularly metallic solids will be discussed within classical theories and LRT. First, an

averaging process for vanishing momentum transfer conditions will be derived to connect the

microscopic dielectric function, due to inter-band transitions, to its macroscopic dual. Then,

the most commonly used approach, namely the random-phase approximation (RPA), to obtain

the microscopic dielectric function will be discussed. The second contribution to the

macroscopic dielectric function, which is due to intra-band transitions, will also be

investigated within classical models. Lastly, some corrective methods to RPA to include

partially non-local quantum many-body effects will be formulated.

5.1 Inter-band transitions

Inter-band transitions are electronic transitions between valence and conduction bands

contributing to optical spectra. As solids are treated as infinite objects, such transitions occur

throughout solids simultaneously for a given energy of EM radiation. Observable spectra are

spatial averages of these transitions, whereas electronic transitions are microscopic events.

Naturally, an averaging process is needed that is starting from microscopic quantities to

observable macroscopic quantities.
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5. The optical spectra of metallic solids

5.1.1 The micro-macro connection

The inverse microscopic dielectric function is defined as [1]

ε(r, r′, t, t′)−1 =
δVtot(r, t)

δVext(r′, t′)
,=⇒ ε(r, r′, t, t′) =

δVext(r, t)

δVtot(r′, t′)
, (5.2)

where Vext is the external potential due to the applied field, and Vtot is the sum of Vext and the

potential due to the induced charge density, given by

Vtot(r, t) = Vext(r, t) + Vind(r, t), (5.3)

where Vind can be expressed, by solving Poisson’s equation, as

Vind(r, t) =

∫
dt′
∫
dr′ v(r, r′)ρind(r′, t′), (5.4)

where v(r, r′) = 1/|r − r′| is just the bare Coulomb interaction. By these relations, the

microscopic dielectric functions and its inverse can be expressed as

ε(r, r′, t, t′) = 1− v(r, r′)
ρind(r, t)

Vtot(r′, t′)
= 1− v(r, r′)χ̃(r, r′, t, t′)

ε−1(r, r′, t, t′) = 1 + v(r, r′)
ρind(r, t)

Vext(r′, t′)
= 1 + v(r, r′)χ(r, r′, t, t′), (5.5)

where χ̃ and χ are called the irreducible polarization and the reducible polarization,

respectively1. While Vext varies with respect to position slowly for the large wavelength limit,

Vind in Eq. (5.3), so Vtot vary rapidly. Hence, an averaging process through the inverse

dielectric function is the appropriate route to obtain the macroscopic dielectric function

appropriately in momentum space for the vanishing momentum transfer [2,3]

Einter(ω) =
1

limq→0

[
ε−1
G,G′(q, ω)

]
G,G′=0

, (5.6)

1χ is connected to χ̃ through Dyson’s equation with the bare Coulomb interaction v as

χ = χ̃+ χ̃vχ.
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5.1 Inter-band transitions

where

ε−1
G,G′(q, ω) =

∫
dτeiωτ

∑
q,G,G′

ei(q+G)·rε−1(r, r′, τ)ei(q
′+G′)·r′ (5.7)

where τ = t − t′. G and G′ are the reciprocal lattice vectors, and q is the transferred

momentum. As the limit in Eq. (5.6) implies, the transferred momentum from the incoming

photon to excited electron is assumed to be negligible; thus, the only vertical excitations

occurring at the same point of the reciprocal space are accounted. In such an averaging

process, non-local effects are assumed to be negligible.

5.1.2 Random-phase approximation

For a non-interacting system, the independent-particle microscopic function is given by within

FGR, or the so-called independent-particle random phase approximation (IP-RPA) [4],

as

ε0
G,G′(q, ω) = 1 + vG,G′(q)

δ [ρind(ω)]G
δ [Vtot(ω)]G′+q

= 1− vG,G′(q)χ0
G,G′(q, ω), (5.8)

where the bare Coulomb interaction in the reciprocal space takes the approximate form

vG,G′(q) =
4π

|q + G||q + G′|
. (5.9)

Within LRT [5], the non-interacting response function due to inter-band excitations is expressed

in terms of KS wave-functions in momentum space as [2,3]

χ0
GG′(q, ω) = 2

∑
c,v,k

(fv,k − fc,k−q)
〈ψc,k−q|ei(q+G)·r|ψv,k〉〈ψv,k|e−i(q+G′)·r|ψc,k−q〉

ω − ωcv,k + iΓ
,

(5.10)

where ωcv = (εc,k−q − εv,k) and q is the transferred momentum vector, which is in the first

Brillouin zone, and the factor 2 is for accounting the spin degeneracy. The interacting-particle
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5. The optical spectra of metallic solids

response function is, by definition,

χGG′(q, ω) =
δ [ρind(ω)]G

δ [Vext(ω)]G′+q

=
δ [ρind(ω)]G
δ [Vtot(ω)]G′+q

δ [Vtot(ω)]G
δ [Vext(ω)]G′+q

= χ0
GG′(q, ω)

(
1 + vG,G′(q)χGG′(q, ω)

)
, (5.11)

which is Dyson’s equation to obtain the interacting response-function. This approach is called

the random-phase approximation (RPA) [6–9]. Rearranging Eq. (5.11), a compact form emerges,

given by

χ−1 = χ−1
0 − v, (5.12)

for the interacting response function. Finally, the inverse macroscopic dielectric function is

expressed as

ε−1
G,G′(q, ω) = δG,G′ + vG,G′(q)χGG′(q, ω). (5.13)

5.2 Intra-band transition

In metallic solids, intra-band transitions, which give rise to the Drude plasmon, is described

as the collective oscillations of the free electrons. The Drude plasmon can be illustrated as

the electrons in the metallic bands oscillating back and forth at the Fermi level in phase with

the longitudinal parts of the EM radiations. The Drude plasmon generally occurs at ∼10 eV,

and it can be directly excited by accelerated electrons with kinetic energies in 1-20 keV or

using laser beams to achieve the desired large wavelength at smaller energies. Drude plasmons

contribute significantly at the near-infra-red part of the spectra of metals. Description of Drude

plasmons starting from the KS band-structure are extremely computationally costly due to the

requirement of extremely dense Brillouin zone sampling containing the Fermi surface such

of up to ∼ 16000 grid points [10]. Commonly, the Drude plasmon is discussed in terms of a

classical model of the oscillating free electrons under the external field obtained, by solving

equation of motion

meẍ+meηpẋ = −Ee−iωt, (5.14)
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5.2 Intra-band transition

where the displacement is then

x =
E0

me(ω2 + iηpω)
. (5.15)

The polarization of the free electron gas is defined as

P = −ncx = − nc
me(ω2 + iηpω)

E, (5.16)

where nc is the charge carrier density. In linear-response regime, the intra-band part of the

macroscopic dielectric function becomes as

Eintra(ω) = ε∞ −
4πnc

me(ω2 + iηpω)
= ε∞ −

ω2
p

ω2 − iηpω
, (5.17)

where ωp , ηp, and ε∞ are the Drude plasmon energy, the phenomenological inverse life-time,

and the electric permittivity at the infinite frequency limit due to positive ionic background,

respectively. This model to describe oscillations of free electrons in the metals is called the

Drude-Lorentz model [11–14].

5.2.1 The Drude parameters

The set {ωp, ηp, ε∞} contains the Drude parameters. Experimentally, common practice is to

perform optical measurements at the infrared and the far infrared spectral range corresponding

≈ 0-2.0 eV and to determine these parameters by fitting the Drude-Lorentz model to the

spectra [15–21]. In such a procedure, the contribution of Einter(ω) in these range is expected to

be negligible. Unfortunately, the determination of the Drude parameters is not possible solely

from KS-DFT directly; however a step-by-step semi-empirical approach can be used to

approximate them.

We start from the Drude plasmon energy in Eq. (5.17), which can be expressed in atomic unit

as [11,12,22]

ω2
p =

4πN(EF)

meff
, (5.18)

whereN(EF) is the density of states (DOS) at the Fermi level andmeff is the effective electron

mass at the metallic bands. The effective mass is approximated for parabolic band dispersion
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relations as [23]

m−1
eff ∝∼ 〈v

2(EF)〉 =

∑
i

∫
SF
dS v2

i (k)∫
SF
dS

, v2
i (k) =

∣∣∣∣∂Ei(k)

∂k

∣∣∣∣2 , (5.19)

where SF is the Fermi surface, and i is index running over bands. Consequently, the Drude

plasmon energy can be expressed within so called the one-band theory using the KS-DFT

band-structure as [23],

ω2
p =

4π

3
N(EF)〈v2(EF)〉, (5.20)

where 1/3 factor is due to the averaging over the three reciprocal unit vectors.

Unlike the Drude plasmon energy, the phenomenological inverse life-time for Drude plasmon

is beyond the realm of KS-DFT, since electron-phonon and electron-impurity scattering

contribute dominantly to the DC conductivity σ0, whereas the contribution due to

electron-electron scattering is relatively small [22].

A semi-empirical scheme can be employed regarding linear dependence of σ0 to
√
〈v2(EF )〉;

hence, ηp can be written with some arbitrary scaling factor as

ηp =
N(EF)

σ0meff
= cηN(EF)〈v2(EF)〉1/2, (5.21)

where cη is the scaling coefficient. Expressing the real and imaginary part of Eintra(ω) from

Eq. (5.17), we arrive at

Re
[
Eintra

]
= Eintra

1 (ω, ωp, ηp, ε∞) = ε∞ −
ω2

p

ω2 + η2
p

,

Im
[
Eintra

]
= Eintra

2 (ω, ωp, ηp) =
ηpω

2
p

ω3 + η2
pω
. (5.22)

For the first-principles ωp, the imaginary part is parametrized only by ηp. The scaling factor

for ηp in Eq. (5.21) can be determined by fitting Eintra
2 to the experimental spectra at the near

infra-red spectral range (≈ 0.8-1.2 eV) . Consecutively, ε∞ is determined by fitting Eintra
1

to the experimental spectra with ωp and ηp obtained in previous steps at the same spectral

range.
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5.3 Quantum many-body effects on the spectra

5.3 Quantum many-body effects on the spectra

RPA starting from the approximate KS-DFT band-structure is a computationally moderate

approach to study the optical spectra of a wide range of condensed matter systems. As it is

built upon an auxiliary non-interacting system, RPA is unable to build any non-local quantum

many-body effects into the single-particle states. The absence of such effects leads to

inaccurate descriptions of the electronic bands in solids, which are required to construct

optical spectra of solids, for which screening and correlation play significant roles. Such cases

are well reported in the literature for various material classes such as insulators and

semi-conductors [24–28], transition-metal oxides [29–31] and metallic solids [32,33]. As pertains to

this work, such quantum-many effects become crucial for the low-energy spectral ranges for

noble metals, since there the electronic bands dominantly contributing to the spectra are the

fully-filled d10 bands tightly packed in a narrow energy window close to the Fermi level.

These electronic bands are poorly described within approximate KS-DFT for noble metals,

and then such error become more pronounced in spectral simulations with RPA [34–39].

However, as stressed throughout this work, this leads to a dilemma as the non-interacting

picture is only partially successful even for properties at the static limit, while a fully

interacting picture is not feasible within any current analytic or computational methods.

Hence, an intermediate approach is needed to include the quantum-many effects

approximately at a minimum additional computational cost with respect to the FGR or RPA

methods built upon the approximate KS-DFT eigen-spectrum.

5.3.1 The quasiparticle formalism

The concept of the quasiparticle (QP) dates back to the works of Landau on the Fermi

liquids [40–42]. The fundamental idea in this formalism is a mapping of the interacting

many-body systems of particles to a weakly interacting quantum many-body system of virtual

particles, namely the quasiparticles1 [43,44]. QP wave-functions and corresponding energy

levels are determined by solving the QP equation[
− 1

2mQP
∇2
i + vext(r) + vH(r) +

∫
dr′ Σ(r, r′, ω)

]
ψQP
i (r, ω) = εQP

i ψQP
i (r, ω), (5.23)

1The term quasiparticle is used as a general term for virtual, composite particles in condensed matter theory. In
this work, this term is used for electron quasiparticles, which are electrons surrounded with their positive screening
clouds and hole quasiparticles, which are holes surrounded with negative screening clouds.
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5. The optical spectra of metallic solids

where Σ(r, r′, ω) is the self-energy, which is energy-dependent and spatially non-local.

ΨQP
i (r) and EQPi are the ith QP wave-function and the corresponding QP energy. As seen in

Eq. (5.23), the QP equations only differs from the KS equation in Eq. (2.17) by the

self-energy term instead of locally defined xc-potential, where KS equation can be recovered

by defining the xc-potential as the local part of the self-energy at the static limit as

vxc(r) = lim
ω→0

Σ(r, r′, ω)δ(r− r′). (5.24)

In common practice, QP energies are calculated using many-body perturbation theory

(MBPT) [45] methods with Green’s functions instead of explicit solution of Eq. (5.22).

5.3.2 The GW approximation

Formally, the self-energy is obtained in common practice by solving the set of the five closed,

coupled integrable and differentiable equations namely the Hedin equations [46,47]

Σ(1, 2) = i

∫
d(3, 4)G(1, 3)W (4, 1+)Γ(3, 4, 2) (5.25)

G(1, 2) = G0(1, 2) +

∫
d(3, 4)G0(1, 3)Σ(3, 4)G(4, 2) (5.26)

Γ(1, 2, 3) = δ(1, 2)δ(2, 3) +

∫
d(4, 5, 6, 7)

δΣ(1, 2)

δG(4, 5)
G(4, 5)G(7, 5)Γ(6, 7, 3) (5.27)

χ̃(1, 2) = −i
∫
d(3, 4)G(1, 3)Γ(3, 4, 2)G(4, 1+) (5.28)

W (1, 2) = v(1, 2) +

∫
d(3, 4)v(1, 3)χ̃(3, 4)W (4, 2), (5.29)

where the coordinates represent for non-spin polarized case i = {ri, ti} and i+ = {ri, ti+δt}.
Here, Σ, G, Γ, χ̃ and W are the self-energy, the single-particle Green function, the vertex

function, the irreducible polarization and the screened Coulomb interaction, respectively, and v

is the bare Coulomb interaction. The exact self-energy can be determined by solving the Hedin

equations self-consistently as illustrated in Fig. 5.1. In practical applications, the self-energy is

approximated by setting the vertex function to Γ(1, 2, 3) = δ(1, 2)δ(2, 3), which yields the GW

approximation (GWA). In the GWA, the vertex function is bypassed as illustrated in Fig. 5.1;
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Figure 5.1: The Hedin pentagon.

hence the set of equations are reduced to

Σ(1, 2) = iG(1, 2)W (2, 1+) (5.30)

G(1, 2) = G0(1, 2) +

∫
d(3, 4)G0(1, 3)Σ(3, 4)G(4, 2) (5.31)

χ̃(1, 2) = −iG(1, 2)G(2, 1+) (5.32)

W (1, 2) = v(1, 2) +

∫
d(3, 4)v(1, 3)χ̃(3, 4)W (4, 2). (5.33)

To solve this, we should ideally start from the independent-particle Green’s function G0

constructed using the HF wave-functions. In practice, the G0 = GKS of approximate KS-DFT

is most widely used.

5.3.3 The one-shot, non-self-consistent GW: G0W0

The self-consistent GW method is a computationally expensive approach as it requires to

solving Dyson’s equations in Eq. (5.32) and Eq. (5.34) multiple times, which includes matrix

inversion of large, complex matrices. Furthermore, it has been shown that it fails for systems
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with over half-filled 3d bands [48]. A more plausible, successful approximation is so called the

one-shot, non-self-consistent GW, or G0W0, which depends explicitly upon the input G0. In

G0W0 , the self-energy is calculated in one-shot with

Σ = iG0W 0, (5.34)

where the product here is in real space and time. Formally, starting from G0, W 0 can be

evaluated in the first iteration of the self-consistent GW. Naturally, determining QP energies

perturbatively in KS wave-function basis is advantageous for realistic and high-throughput

simulations, due to its relatively moderate computational cost, and since the approximate DFT

density is usually reasonable, even if the KS-DFT eigen-spectrum is unphysical. Modifying

the QP equation in Eq. (5.23) by adding and subtracting the xc-functional as[
− 1

2me
∇2
i + vKS(r)

]
ψQP
i (r, ω)

+

[∫
dr′ Σ(r, r′, ω)− δ(r− r′)vxc(r, r

′)

]
ψQP
i (r, ω) = εQP

i ψQP
i (r, ω), (5.35)

we find that Σ̂′ = Σ̂ − v̂xc is the correct self-energy, ensuring that any double-counting of

the local part is cancelled. Assuming that 〈ψi|ψQP
i 〉 ≈ 1, next, QP energies can be expressed

as

εQP
i = εi + 〈ψi|Σ̂′(εQP

i )|ψi〉. (5.36)

Expanding the self-energy operator as a function of the QP energies using its Taylor series

around the KS energies, explicitly as

Σ̂′(εQP
i ) = Σ̂′ (εi) + (εQP

i − εi)
∂Σ̂(ω)

∂ω

∣∣∣∣∣
ω=εi

+O[(εQP
i − εi)2] + ..., (5.37)

the QP energies can be finally approximated as a first-order correction to the KS eigen-energies

as

εQP
i = εi + Zi〈ψi|Σ̂ (εi)− v̂xc|ψi〉, (5.38a)

Zi =

[
1− ∂Σ̂′(ω)

∂ω

∣∣∣∣∣
ω=εi

]−1

, (5.38b)
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where Zi is called the QP re-normalisation factor. This factor can be thought of as the absolute

value of the charge of the QP (e.g., of the electron and its screening cloud).

5.3.3.1 The independent-particle Green function: G0

As QP energies are evaluated with first-order perturbation theory in the KS wave-functions

basis, G0 should be also expressed with KS wave-functions. The general form of the single-

particle Green function is expressed in the second quantization as [45,49]

G(r, t; r′, t′) =

−i
〈
N
∣∣∣Ψ̂(r, t)Ψ̂†(r′, t′)

∣∣∣N〉 for t > t′

i
〈
N
∣∣∣Ψ̂†(r′, t′)Ψ̂(r, t)

∣∣∣N〉 for t < t′,
(5.39)

where |N〉 is the representation of the N -electron state in the configuration space, and where

Ψ̂† and Ψ̂† are the creation and the annihilation field operators. For t > t′, G0(r, t; r′, t′) is

the probability of the annihilation of an electron at (r, t), while an electron is created at (r′, t′).

For t < t′, it is the same procedure for the hole. We may expand the field operators in terms of

the KS wave-functions as

Ψ̂†(r, t) =
∑
i,k

eiεKSt/ψi,k(r)ĉ†i,k

Ψ̂(r, t) =
∑
i,k

e−iεKStψi,k(r)ĉi,k (5.40)

where ĉ†i,k and ĉi,k are creation and annihilation operators. In the KS wave-function basis, the

non-interacting single-particle Green function becomes, for t′ > t ,

G0(r, t; r′, t′) = 2i
∑
i,k

ψi,k(r)ψi,k(r′)
(
fi,ke

−iεi,k(t′−t) + (1− fi,k)eiεi,k(t′−t)
)
, (5.41)

This becomes, in the frequency domain, by the Fourier transform [10]

G0(r, r′, ω) = 2i
∑
i,k

ψi,k(r)ψi,k(r′)

(
fi,k

ω − εi,k + iδ
+

1− fi,k
ω − εi,k − iδ

)
. (5.42)
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5.3.3.2 The screened Coulomb interaction: W0

Once G0 is obtained, Σ can be achieved by calculating W 0 by using Eq. (5.5) in Eq. (5.33)

with

W 0 = v + vχ̃W 0 ⇒ 1 = v(W 0)−1 + vχ̃⇒ (1− vχ̃) = v(W 0)−1 ⇒

1 = (1− vχ̃)−1v(W 0)−1 ⇒W 0 = (1− vχ̃)−1v ⇒

W 0 = ε−1v (5.43)

where W 0 is a function of ω through the inverse dynamic dielectric function ε−1. In reciprocal

space, W0 is expressed by Eq. (5.9) and Eq. (5.13) as the direct product

W 0
G,G(q, ω) = ε−1

G,G′(q, ω)
4π

|q + G||q + G′|
. (5.44)

Computationally, the inversion of the dielectric function, which is a large matrix with

frequency-dependent complex entities, is troublesome. Hence, the frequency-dependent

complex entities are approximated by Lorentzian peaks within the so-called plasmon-pole

approximation (PPA) [50,51]. The idea behind the PPA is to replace the single-particle

transitions making up ε−1
G,G′(q, ω), which increase in number with the square of system size,

with a smaller number of effective plasmon modes. Thus ε−1 is approximated in practice

via

ε−1
G,G′(q, ω) = δG,G′ +

∑
λ

Ωλ
G,G′

ω2 −
(
ω̄λG,G′

)2 , (5.45)

where ΩG,G′ and ω̄λG,G′ are the strength and the frequency of plasmons fitted to the RPA

inverse dielectric function.
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5.3.4 Spectra with the quasiparticle formalism

Once the QP energies are determined, the non-interacting response function is evaluated using

the expression

χ0
GG′(q, ω) =

∑
c,v,k

2fv,k(1− fc,k−q)
〈ψc,k−q|ei(q+G)·r|ψvk〉〈|ψvk|e−i(q+G′)·r|ψc,k−q〉

ω − ωQP
cv,k + iΓ

,

(5.46)

where ωQP
cv,k = εQP

c,k − ε
QP
v,k . Unfortunately, evaluation of quasiparticle energies at each point

in the Brillouin zone for each band scales with O(N4
b ). Instead of constructing the QP band-

structure explicitly, an averaged scaling to the KS band-structure can be suggested assuming

that the electronic bands contributing the spectra are similarly by the G0W0 correction. If this

behaviour is found to hold in practice, then QP energies may be estimated for the relevant

bands, for which linear regression can be used to determine some global scaling parameters

for KS valence and conduction bands, namely stretching parameters. This expedient approach

will be demonstrated in Chap. 6 in detail.

5.4 Conclusion

In this chapter, the main tools in the practical first-principles simulation of spectra in metallic

solids were introduced within the linear-response regime. Inter-band transitions are described

through the RPA, while Drude plasmon contributions are modelled using the classical Drude-

Lorentz oscillator model. A semi-empirical approach to determine the Drude parameters is

suggested by using KD-DFT band-structure and experimental spectra in the IR spectral range.

The QP formalism and a feasible approach to obtain QP energies using G0W0 were discussed.

In the next chapter, these tools will be applied to real systems starting from pure bulk Au, Ag,

and Cu, in order to demonstrate their limitations and potentials.
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Chapter 6

Investigating the optical response of
AuxAgyCu1−x−y alloys
Noble metals and their alloys are compelling materials for many opto-electronic applications
[1–5] due to their strong optical response throughout the IR-vis-UV spectral range. Tailoring

the plasmonic and optical properties of metallic systems via alloying processes is currently

promising due to a high demand for novel and more efficient nano-materials for opto-electronic

applications [6–8]. Nano-structures of the pure Au, Ag and Cu are commonly used materials

in diverse opto-electronic applications due to their good chemical and mechanical stabilities

as well as their strong optical response in the low-energy spectral range; hence their alloys

are naturally expected to be promising candidates for efficient opto-electronic applications.

Spectroscopic measurements on alloys are mostly performed on their thin-film surfaces [9–18],

which are highly dependent on the alloying techniques [19]. Hence, systematic first-principles

studies of such alloys are crucial for fundamental insight on effects of alloying on optical

properties as well as tailoring the optical response for designated applications.

In this chapter, various approaches to obtain optical and plamonic properties of

AuxAgyCu1−x−y will be investigated comparatively. As starting point, bulk Au, Ag, and Cu

will be used as theoretical laboratories for benchmarks to investigate accuracies of

first-principles spectroscopy methods, which are introduced in Chap. 1 and Chap. 5, such as

FGR and RPA starting from approximate KS-DFT and approximate QP band-structures.

Furthermore, the Drude plasmon contributions, which are particularly crucial for low-energy

spectral ranges, to optical spectra will be introduced within a semi-empirical approach starting

from first-principles Drude plasmon energies. A standard work-flow will be suggested to

construct the spectra of AuxAgyCu1−x−y for the spectral range 0-6 eV. The macroscopic

dielectric functions will be used to define quality measures for bulk and surface plasmons of

these alloys. Finally, some predictions will be suggested on performances of

AuxAgyCu1−x−y for given wavelengths to determine most suitable stoichiometric ratios for

plasmonic applications, which require strong and long-living plasmonic response.

6.1 Preliminary tests on Au

The optical properties of bulk Au have been well-studied experimentally throughout the IR-

vis-UV spectral range [20–25]; hence, it provides an excellent test laboratory to investigate the

performance of both KS-DFT for the ground-state, as well as of spectra starting from it. Also,
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Ag and Cu are expected to have similar electronic structures as they are iso-electronic elements

to Au. Taking advantage of this, Au can be used to some extent as a laboratory to determine a

common standard of optimised convergence parameters for KS-DFT simulations.

6.1.1 Computational details

Geometry optimisations, SCF and NSCF simulations were performed using Quantum

Espresso software (QE) [26,27]. The norm-conserving PBE pseudo-potentials1 produced using

the pseudo-potential generator OPIUM [28] have configurations summarised in Table 6.12. The

spectra simulations were performed with Yambo [29].

Species Configuration Valence electron number

Au Neutral, [Xe] (4f14) 5d10 6s1 11

Ag Neutral, [Kr] 4d105s1 11

Cu Neutral, [Ar]3d104s1 11

Table 6.1: The details of pseudo-potentials used for Au, Ag, and Cu.
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Figure 6.1: The relative change in the total KS energy (∆Etot) of bulk Au with single atom unit
cell as functions of (a) the plane-wave kinetic energy cut-off in Eq. (2.31) and (b) the number of
discrete uniform points in kγ (γ = x, y, z) direction.

The initial crystallographic information for bulk Au (also for Ag, and Cu) in face-centred cubic

structures were adopted from X-ray diffraction data at 1072 K from Ref. 30 for consistency
1Yambo is only compatible with the norm-conserving pseudo-potentials.
2See App. A for the input file for OPIUM, including further details
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6.1 Preliminary tests on Au

with choice of smearing parameter for the Marzari-Vanderbilt cold smearing [31] chosen, 0.1

eV. Full geometry relaxations were then performed with variable cell parameters at high Ecut

(75 Ha) and 4 × 4 × 4 automatically generated Monkhorst-Pack uniform grids for Brillouin

zone sampling without imposing any crystal symmetry1 2.

The initial convergence tests were performed in SCF level to determine Ecut and Brillouin

zone sampling with respect to the change in the total energy shown in Fig. 6.1. Considering

Fig. 6.1a, a sufficient Etot of 25 Ha (∼ 680 eV) using a set criteria of ∆Etot ≤ 0.001 Ha per

atom. Despite the fast convergence shown in Fig. 6.1b, a 21 × 21 × 21 uniform grid was

chosen for Brillouin zone sampling. This particular choice was due to limitations of various

software used early stage testing simultaneously, for testing namely Yambo and

BerkeleyGW [32,33]. BerkeleyGW requires a shifted grid for NSCF calculations compared to

the SCF grid to be able to include the non-local velocity term in Eq. (4.24) in spectral

calculations3.

Yambo uses the KS band-structure as a starting point for simulating spectra within the various

approaches introduced in Chap. 5. As discussed before, the simplest approach to obtain

absorption spectra starting from KS-DFT is FGR; hence, it was used as a test tool to gain

some insight about effects of initial choices imposed in SCF and NSCF levels on spectra. In

Fig. 6.2a, the effect of including spin-orbit coupling (SOC) non-pertubatively at the KS-DFT

level on the FGR absorption spectrum is demonstrated. The fully-relativistic pseudo-potential

used in non-collinear spin-polarized calculations was generated by same input parameters of

the scalar-relativistic pseudo-potential4. As expected, SOC splits peaks and creates smooth

shoulders on the absorption spectrum due to the splitting of underlying KS states. This results

in more defined peaks at lower energies. Inclusion of SOC increases computational costs

drastically, especially RAM requirements; hence, the relatively small improvement of peak

locations is not beneficial enough for high-throughput simulations, especially for the large

inverse life-time Γ as in experiments as these additional peaks are smeared out. Hence, SOC

was ruled out for the sake of constructing a more applicable scheme for larger sets of

structures. Conversely, increasing the number of grid points in NSCF level smears out the

peaks as in Fig. 6.2b by means of increasing number of excitation at a given energy window,
1Yambo is restricted to uniform grids without any reduction in Brillouin zone sampling due to crystal symmetries.
2See App. A for details of the final crystallographic information.
3By the time early simulations performed, BerkeleyGW was in developing stage for the metallic systems. Despite
its superiority in terms of more efficient parallelisation, it had some numerical instabilities leading to inaccurate
results; hence, it was abandoned for further simulations.
4See App. A for the input files for OPIUM.
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Figure 6.2: Preliminary test simulations of the absorption spectrum of bulk Au with FGR for
comparison of (a) with and without spin-orbit coupling (SOC), (b) number of grid points in
reciprocal unit vector direction in NSCF level, and (c) the inverse life-time Γ.

rather than moving peaks around. The inverse life-time Γ is already a free parameter without

any further physical meaning in simulations with Yambo; hence, a 16× 16× 16 uniform grid

was chosen as the Brillouin zone sampling for pure metals at the NSCF level for finalised

calculations. This particular choice will become more coherent in developing a systematic

procedure consistently applicable for alloy systems in later sections. Strengthening this

argument, the effect of Γ is shown in Fig. 6.2c by increasing it from 0.1 ev to 0.2 eV with a

20 × 20 × 20 grid in NSCF. Observable spectra have large Γ values due to finite temperature

effects and impurities in samples [34–36]. Accordingly, a Lorentzian smearing parameter of

full-width 0.2 eV was adopted for spectral simulation with Yambo.

Preliminary tests were performed to determine the limitations of the full simulation sequence

both in terms of accuracy and computational cost. Decisions on related parameters for

simulations were not determined solely by the preliminary test, but also in conjunction with

high-throughput for feasible first-principles simulations of alloy systems within a

well-controlled and systematic scheme. The final parameters used for pure metals are
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summarised in Table 6.2.

Level Value Unit

Ecut SCF, NSCF 680 eV

kγ SCF 21× 21× 21

Γmv SCF, NSCF 0.1 (cold) eV

kγ NSCF 16× 16× 16

Nb NSCF 100

Γ FGR, RPA 0.2 eV

Table 6.2: The final converged parameters used in the spectral simulations of pure Au, Ag, and
Cu. Ecut, kγ , Γmv, Nb are the kinetic energy cut-off in Eq. (2.31), the Brillouin zone sampling,
the broadening in Marzari-Vanderbilt cold smearing [31], and the number of bands, respectively.

6.2 Benchmark spectra of pure metals: Au, Ag, and Cu

Final simulations with the common set of parameters in Table 6.2 were performed on Au, Ag,

and Cu for benchmarking using various levels of theories compared to observable spectra. The

work-flow for simulations of spectra with FGR, RPA and G0W0+RPA is illustrated in Fig. 6.3.

For comparable spectra, stretching operators and the Drude parameters have to be determined

first for each system.

6.2.1 Computation of stretching operators

In principle, G0W0+RPA spectra are obtained by starting from Eq. (5.46), which requires a

full QP band-structure, and solving Dyson’s equation in Eq. (5.11). To be able to obtain QP

band-structures, there is a need to evaluate QP energies for each point in the Brillouin zone for

every band. For a given band and point in Brillouin zone {i,k}, such an operation consists of

summing both throughout the Brillouin zone and the bands to determine G0 in Eq. (5.41) as

well as W0 through the inverse dynamic dielectric function in Eq. (5.44) for the self energy

operator in Eq. (5.38a). Such a task is highly demanding both in terms of CPU hours as

well as RAM. This operation needs to load all information about KS wave-functions in each

processor unit, when using Yambo. Note that the eventual goal is constructing spectra rather

than individual shapes of the bands, an averaged stretching to underlying KS band-structure

via stretching operators close to the Fermi level can be sufficient, as well as more feasible for
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Geometry
optimazation

SCF

NSCF

Drude parametersDatabase
creation

FGR, RPAG0W0

Stretching operators

G0W0+RPA

Figure 6.3: The work-flow followed to obtain spectra of AuxAgyCu1−x−y with QE+Yambo. The
colour codes are assigned to each software as QE with orange, Yambo with pink and original codes
with gray.
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the spectral range of interest. The idea of stretching operators is to approximate QP energies

as linear functions of the KS energies, and for metals in particular we have simply

εQP
v = svεv, and εQP

c = scεc, (6.1)

where sv and sc are the stretching operators for valence and conduction bands, respectively.

Such an approach introduces averaged corrections to valence and conduction bands around

Fermi level due to missing non-local electronic exchange-correlation, while keeping Fermi

level fixed for metals.

sv sc

Au 1.419797 0.825253

Ag 1.376302 0.846172

Cu 1.735804 0.809883

Table 6.3: The stretching operators to stretch KS band-structures to imitate the QP band-structure
for pure Au, Ag, and Cu.

Following this, the stretching operators can be determined by linear fitting on εi vs. εQPi for

some appropriately chosen set of grid points around the high-symmetry point Γ using chosen

bands in the valence and conduction manifolds. For pure metals, QP energies were calculated

for 6 valence bands and 6 conduction bands at 10 points at and around Γ, and the stretching

operators were determined by linear fitting as shown in Fig. 6.4 with the values listed in

Table 6.3. In Fig. 6.4, two main branches are observed in the valence manifolds. These

distinctive branches are due to different non-local exchange contributions to s and d

bands.

The stretching operators modify the KS band-structure as shown in Fig. 6.5. The Fermi-Dirac

distribution for the chosen electronic temperature was used to interpolate between the distinct

stretching parameters for the valence and conduction bands. KS-DFT tends to excessively

flatten the fully-filled d-bands due to an absence of attractive short-ranged non-local

exchange. In a sense, the stretching operator approximately corrects the dispersions of the

bands, particularly for the occupied d-bands but also for the half-occupied s-band, which is

made less dispersive on the other hand. In Fig. 6.5c, the bands close to the Fermi level are

more narrowly packed and flattened compare to Ag, and Au cases; accordingly, sCuv is largest

among the three. The inverse behaviour is seen for the conduction stretching operators of pure

95



6. Investigating the optical response of AuxAgyCu1−x−y alloys

-8 -4 0 4 8 12 16 20
-20

-16

-12

-8

-4

0

4

8

12

16

20

ϵi (eV)

ϵ
iQ
P
(e
V
)

(a) Au

-8 -4 0 4 8 12 16 20
-20

-16

-12

-8

-4

0

4

8

12

16

20

ϵi (eV)

ϵ
iQ
P
(e
V
)

(b) Ag

-8 -4 0 4 8 12 16 20
-20

-16

-12

-8

-4

0

4

8

12

16

20

ϵi (eV)

ϵ
iQ
P
(e
V
)

(c) Cu

Figure 6.4: Stretching operator for Au, Ag, and Cu with linear fitting to KS-DFT vs. QP eigen-
energies using 10 points around Γ for 6 valence (blue points) and 6 conduction (red points) bands.
The Fermi levels are shifted to 0 eV for each case.
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metals, which is due to correlation effects only, as Ag has the largest dispersion in the

conduction manifold followed by Au, and then Cu.
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Figure 6.5: KS and QP band-structures for pure metals Au, Ag, and Cu along the high-symmetry
point with 0.001 (in 1/a0 unit) step size.
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6.2.2 Drude parameters for pure metals

Before constructing the final spectra, the Drude parameters introduced in Subsec. 5.2.1 are

needed for the intra-band part of the dielectric function in Eq. (5.22). Our first step is to

calculate the Drude plasmon energies using Eq. (5.20). For this purpose, the energies of bands

crossing the Fermi level at each k-point were extracted from the outputs of NSCF calculations

and interpolated on a fine grid in the Brillouin zone (601 points in each reciprocal-space

direction), and the Fermi surface was located on this grid with a ±0.01 eV tolerance for each

system. Then, the square of the Fermi velocities, averaged over the Fermi surface, were

calculated by Eq. (5.19). The average Fermi velocity itself is given by

vKS
F =

√
〈v2(EF)〉 =

[∑
i

∫
SF
dS v2

i (k)∫
SF
dS

]1/2

, v2
i (k) =

∣∣∣∣∂ε(k)

∂k

∣∣∣∣2 , (6.2)

where SF is the Fermi surface, are listed in Table 6.4 along with results in Ref. 37, which

uses similar procedure with an extremely dense Brillouin zone sampling as 200 × 200 × 200

rather than interpolating, as we have. Furthermore, the average Fermi velocity magnitudes for

QP band-structures can be approximated by applying the geometric average of valence and

conduction stretching operator directly to the velocity terms, as in

vG0W0
F =

√
svscv

KS
F (6.3)

by considering that stretching operators appear as constant coefficients in Eq. (6.2).

vKS
F (105 m/s) vG0W0

F (105 m/s) vF (105 m/s) [37]

Au 13.476 14.588 13.82

Ag 13.912 15.014 14.48

Cu 10.794 12.798 11.09

Table 6.4: The average Fermi velocities for pure Au, Ag, and Cu comparing the work of
Gall [37](the third column), who evaluated the Fermi velocities at a 200 × 200 × 200 Brillouin
zone sampling.

The average Fermi velocities are slightly underestimated for KS band-structures with respect

to Gall’s results in the third column of Table 6.4. However, considering much smaller

computational cost, these values are very reasonable estimates of the Drude plasmon energies.
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6. Investigating the optical response of AuxAgyCu1−x−y alloys

Lastly, the DOS of pure metals based on the KS band-structure and QP band-structure are

extracted by applying the Fermi-Dirac distribution function with a 0.1 eV Lorentzian

broadening by using a post-processing tool of Yambo. Recalling Eq. (5.20),

ω2
p =

4π

3
N(EF)〈v2(EF)〉,

the Drude plasmon energies can be estimated for the KS band-structure and QP band-structures

with their respective DOS at the Fermi level, if the effective mass is known.

KS band-structure

〈v2(EF)〉

N(EF)

ωp, ω
G0W0
p Eintra

2 (ω, ωp, ηp) ηp

Eintra
1 (ω, ωp, ηp, ε∞)

ε∞

s
v , s

c

s v
, s

c

Figure 6.6: The semi-empirical method to obtain Drude parameters for pure metals starting from
approximate KS-DFT band-structure.

The next step is to approximate the inverse life-time corresponding to the Drude plasmon, as

well as the electric permittivity in the infinite frequency limit within a semi-empirical

approach as illustrated in Fig. 6.6. Scaling factors for the inverse life-times ηp in Eq. 5.21

were determined by fitting the imaginary part of the dielectric function to the experimental

curves in Ref. 25, and ε∞ values were determined by fitting the real part of the dielectric

function with sets of {ωp, ηp} to the same experimental curves for Au, Ag, an Cu. The

respective values for FGR, RPA and G0W0+RPA are summarised in Table 6.5.
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ωp ηFGR
p εFGR

∞ ηRPA
p εRPA

∞ ωG0W0
p ηG0W0

p εG0W0
∞

Au 8.911 0.01990 2.143 0.01991 3.775 8.947 0.02266 1.601

Ag 8.725 0.01896 -4.436 0.01896 -2.610 8.925 0.01918 -2.624

Cu 8.836 0.02756 -2.988 0.02758 -0.688 9.313 0.02426 0.104

Table 6.5: The Drude parameters {ωp, ηp, ε∞} (in eV, eV and dimensionless, respectively) for
spectra using FGR, RPA, and G0W0+RPA for pure Au, Ag, and Cu.

In experimental studies, the Drude parameters are commonly determined by least-squares

fitting of the Drude-Lorentz model in Eq. (5.22) to measurements in the IR spectral range.

Such measurements are highly sensitive to the experimental details; experimental literature for

the Drude parameters is not in good consensus. In Fig. 6.7, despite the relative simplicity of

the approaches adopted in this work, the Drude parameters are comparable with experimental

predictions.

6.2.3 Spectra of pure metals

The spectra of elemental metals are obtained by applying FGR and RPA to KS band-structures,

and RPA on the QP band-structures. The real and imaginary part of the total dielectric function,

and the EELS given by the relation in Eq. (1.65) are shown, along with the experimental spectra

from the detailed work by Babar and Weaver in Ref. 25, for pure metals in Figs. 6.8, 6.9, and

6.10.

For all three systems, both FGR and RPA predict the lowest band-to-band absorptions, at

energies of ∼ 0.5-1.5 eV lower than those of the experimental absorption spectra.

Furthermore, for higher energies, both approaches produce strong absorption peaks

contradicting experiments. On the other hand, G0W0+RPA locates the low-lying peaks at

∼3-4 eV in Au, at ∼4-5 eV in Ag, and at ∼2-3 eV in Cu more accurately, as well as the

overall curve trend, with respect to the experimental absorption spectra. Particularly, all three

approaches reproduce the behaviour of ECu1 and EAu1 successfully, whereas it works relatively

well for EAg1 . Such improvements, along with drastic improvements in E2 using G0W0+RPA,

lead us to locate the first plasmonic peaks in all systems quite accurately in EELS, where FGR

and RPA miss these features completely in Figs. 6.8, 6.9, and 6.10. As one can observe,

improvements provided by G0W0+RPA become less effective at higher energies, while still
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Figure 6.7: Comparison of the Drude plamon energies and inverse life-times with commonly used
experimental literature for these parameters, specifically from Blaber [38], Ordal [24], Zeman [39],
Berciaud [40], Grady [41], Hooper [42], and Nishijima [18].
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Figure 6.8: The real and imaginary parts of the dielectric function and EELS using FGR, RPA,
G0W0+RPA compared with the experimental data from Babar [25] of bulk Au.
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Figure 6.9: The real and imaginary parts of the dielectric function and EELS using FGR, RPA,
G0W0+RPA compared with the experimental data from Babar [25] of bulk Ag.
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Figure 6.10: The real and imaginary parts of the dielectric function and EELS using FGR, RPA,
G0W0+RPA compared with the experimental data from Babar [25] of bulk Cu.
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6. Investigating the optical response of AuxAgyCu1−x−y alloys

some improvements are achieved compared to FGR and RPA. This is well expected as QP

band-structures were approximated by an averaged stretching factor determined using the

bands close to the Fermi level instead of using producing full QP band-structure. Hence, by

construction, this simplified approach is more effective for the transitions occurring between

the bands close to the Fermi level, which constitute the lower part of the spectra, which are in

any case those relevant to plasmonic applications. However, regardless of its reducing

effectiveness with increasing energy, G0W0+RPA offers a feasible approach to describe the

lower part of the spectra, as well as some improvement for higher energies as well. A further

avenue for improvement of these spectra would be the incorporation of SOC, even at the

stretching operator level.

6.3 Spectra of AuxAgyCu1-x-y alloys

Starting geometries for selected ordered alloys in multiples of 12.5% composition were

constructed by using super cells of pure metals and substituting the desired number of other

species to achieve the primitive unit cells for each stoichiometric ratio. Sample crystal

structures for each stoichiometric ratio are shown in Fig. 6.11. Alloys with the stoichiometric

ratios of {2 : 1 : 1} and {6 : 1 : 1}1 have 3 and 4 possible phases, respectively; and a total of

39 structures2 were studied through the standardised work-flow in Fig. 6.3.

Recalling the particular choice of 16 × 16 × 16 grid in Brillouin zones for pure metals, grid

points for each stoichiometric ratio were chosen such as to keep pure metal primitive unit cell

number equal in the super cells for convenience and comparability as summarised in

Table 6.6.

{1 : 0 : 0} {1 : 1 : 0} {3 : 1 : 0} {2 : 1 : 1} {7 : 1 : 0} {6 : 1 : 1}

NSCF 16× 16× 16 8× 16× 16 8× 8× 16 8× 8× 16 8× 8× 8 8× 8× 8

Table 6.6: The uniform grids for Brillouin zones of alloys in NSCF calculations.

For systems with multiple primitive phases, the final spectra are obtained with a novel
1The notation {a, b, c} is used to refer to stoichiometric ratios with the integer values a, b, c among Au, Ag. and Cu
for simplicity.
2See App. A for QE, NSCF input files including the final crystallographic information after geometry relaxations.
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6.3 Spectra of AuxAgyCu1-x-y alloys

(a) Au (b) AuAg (c) Au3Ag

(d) (Au2AgCu)Phase1 (e) Au7Ag (f) (Au6AgCu)Phase1

Figure 6.11: The sample structure for chosen stoichiometric ratios of AuxAgyCu1−x−y .

thermodynamic averaging process using Boltzmann factor defined as

pi =
e
E0−Ei
kT∑

j e
E0−Ej
kT

, (6.4)

where j is the phase index, and E0 and Ei, respectively, are the lowest ground-state energy

among all phases and the ground-state energy of ith phase. The final spectra of {2 : 1 : 1}
and {6 : 1 : 1} are thus linear combinations of the spectra of their respective phases, with

corresponding weighting constants.

6.3.1 Stretching operators for alloys

The stretching operators were calculated for all valence bands and an equal number of

conduction bands at 10 points at and around the Γ point for each stoichiometric ratio, as

summarised in Table 6.7.
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{1 : 0 : 0} {1 : 1 : 0} {3 : 1 : 0} {2 : 1 : 1} {7 : 1 : 0} {6 : 1 : 1}

Number of bands (v+c) 6+6 12+12 24+24 24+24 46+46 46+46

Table 6.7: The number of bands used in G0W0 calculations for each stoichiometric ratio.

The renormalisation factors expressed in Eq. (5.38a) show a steady trend of decreasing with

increasing Cu ratio both in the valence and the conduction manifolds, as shown in Fig. 6.12a

and Fig. 6.12b. The valence stretching operator in Fig. 6.12c grows significantly larger for

increasing Cu ratios. Pure Cu has the largest reciprocal unit cell, where the d-bands are

spuriously flattened and narrowly packed the most by KS-DFT as also seen in Fig. 6.5c.

Hence, larger stretching at the valence manifold is expected to result from an increasing Cu

concentration.. The conduction stretching operators show inverse trends providing a slightly

smaller stretching at the conduction manifold for increasing Cu concentrations. The stretching

operators were applied to each alloy system, and further simulations were performed on the

stretched (QP) band-structures individually; thus, the prefixes are subsequently dropped for

the notational simplicity1.
1See App. B for the full list of the valence and the conduction stretching operators.
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Figure 6.12: Stoichiometric dependence of the averaged QP renormalisation factors Z (a, and b),
and corresponding stretching operators (c,and d) for chosen valence and conduction bands. The
actual data points are marked with the red dots.

6.3.2 Drude parameters for alloys

Using a similar procedure to that for pure metals, the Fermi velocities and DOS at the Fermi

level were computed for each alloy system. The stoichiometric dependence of the averaged

QP Fermi velocities and DOS at the Fermi level are shown in Fig. 6.13. The Fermi velocities

show some symmetric features, while they are lower in the case of predominantly Cu-based

stoichiometric ratios. Conversely, the DOS becomes large for increasing Cu ratios as also the

volumes of the systems are contracting with increasing Cu concentrations.
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Figure 6.13: Stoichiometric dependence of the averaged QP Fermi velocities and DOS at the Fermi
level (dimensionless). The actual data points are marked with the red dots.

Competing trends in the Fermi velocities in Fig. 6.13a and DOS in Fig. 6.13b compensate each

other, and leading to a symmetric trend in the interpolated counter plot of the Drude plasmon

energies in Fig. 6.14a. The inverse life-times in Fig. 6.14b were evaluated by using Eq. (5.21),

where {cη} coefficients were produced via arithmetic averaging of the inverse-life times of

pure metals Table 6.5 with respect to the stoichiometric ratios as

c
(AuxAgyCu1−x−y)
η =

(
xcAu
η + ycAg

η + (1− x− y)cCu
η

)
. (6.5)

As the inverse life-times are proportional to the Fermi velocities and the DOS at the Fermi

level, they show similar symmetries to the Drude plasmon energies. The electric permittivities

at the infinite-frequency limit are simply approximated by the arithmetic averaging of values

of pure metals in Table 6.5 with respect to the stoichiometric ratios; hence, the trend is a flat

plane by construction.
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Figure 6.14: Stoichiometric dependence of the averaged Drude plasmon energies, the inverse life-
times and electric permittivity in the infinite-frequency limit for the QP band-structures. The actual
data points are marked with the red dots.

6.3.2.1 Binary alloys

Following the edges of Fig. 6.14a and Fig. 6.14b, starting from Cu to Ag passing through Au,

the Drude plasmon energies and the inverse life-times as the function of alloying Au are shown

in Fig. 6.15. The behaviours of ωp and ηp show similar trends with the experimental works of

Refs. 15,16, and 18, while the presented stoichiometric ratios are not perfectly matching ratios

in their works.

6.3.3 Spectra of alloys

The inter-band parts of the dielectric function of alloys were calculated with FGR and RPA

upon the KS band-structure and QP band-structure in the three Cartesian unit vectors. The total
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Figure 6.15: The calculates values (coloured circles), and the experimental values (blue squares)
extracted from Ref. 16, of the Drude plasmon energy and the inverse-life time for the binary alloys
of Au, Ag, and Cu as function of Au ratios in sample.

dielectric functions were obtained by adding the intra-band parts via Eq. (5.17) to arithmetically

averaged inter-band parts over the unit vector directions together with averaging over crystal

structures where necessary1.

6.4 Investigation of plasmonic response of AuxAgyCu1-x-y

alloys

Rapidly growing demand on strong, long-lived and well-controllable plasmons for various

opto-electronic applications motivates for search of integrable and cost-effective plasmonic

materials. Furthermore, technological limitations in laser technologies [43] force us to design

such systems within quite narrow energy ranges. Increasing accuracy of fabrication methods

within shorter production time provides high-quality nano-materials; hence, plasmonic

response become more dependent on fundamental limitations of underlying materials.

Consequently, optical merits, which can be deduced using fundamental optical quantities, are

crucial to determine intrinsic limitations of materials as well as engineering their plasmonic

responses.
1See App. B for the band-structures and the spectra of alloys.
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6.4.1 Quality factors for plasmons

Even though plasmon production is highly dependent on size and geometry of nano-materials,

some fundamental criteria can be suggested as universal conditions for strong plasmonic

response. The primary requirement of a strong plasmon is the presence of a high-density of

free electrons such as in noble and alkali metals, which are prominent systems for plasmonic

applications [44]. Moreover, plasmon quality is predominantly determined by loss [45,46], which

can occur through various phenomena such as radiative dumping, surface scattering, thermal

loss [47], and imperfections in materials such as surface roughness [48], grain boundaries [49].

Some approximate methods are proposed to sum individual contributions of these conditions

to determine overall plasmon quality [47]. As we work on perfectly ordered bulk systems, our

aim is to determine some universal preliminary measures, which are independent of size and

structural properties, for plasmon qualities starting from bulk dielectric functions. Plasmons

in bulk systems are predominantly bulk plasmons, which is result of combination of both

intra-band and inter-band transitions1 [44]. The bulk plasmon energy Ωp is expected to be at

lower energy than the bare plasmon energy ωp due to screening of inter-band transitions.

Additionally to bulk plasmons, there are surface plasmons due to finite size of realistic

systems. EELS, which is introduced in Subsec. 1.4.3, provides signature for bulk plasmons.

Similarly, a slightly modified expression of EELS can be proposed for a signature for surface

plasmons for noble metals such as [50]

−Im
[

1

1 + E

]
, (6.6)

which impose the condition of E1 ≈ -1 and E2 ≈ 0 for significant surface plasmons.

Furthermore, some measures for more specific plasmons such as the localised surface

plasmon (LSP) [51,52], and the surface plasmon polaritons (SPP) [53], which are crucial many

plasmonic applications [54] such as optical circuits [55] and switching [56,57]. In Ref. 46, various

measures using relations between E1 and E2 for LSP and SPP such at low-loss and the nearly

electrostatic limit have been investigated for their respective optimised geometries. E1

provides preliminary condition of presence of free electrons, while E2 is related to loss due to

decaying of plasmons to particle-hole pairs via absorption. Hence, the number of electrons

going through inter-band transitions is desired to be small around plasmon frequencies.

Blaber, and et al. [44] suggest some universal quality factors for LSP and SSP in metallic
1Conveniently, the Drude plasmon is also called the bare plasmon.
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systems with optimised geometries

QLSP(ω) = −E1

E2
, and QSPP(ω) =

E2
1

E2
. (6.7)

These quality factors provide some preliminary insights on the capacity of metals to produce

surface plasmons and life-times of such plasmons determined by dumping due to inter-band

transitions.

6.4.2 Plasmons in binary alloys

Alloying noble metals among themselves is the commonly used method to modify plasmonic

response of such materials, while decreasing cost and increasing chemical and thermal

stabilities. Binary alloys of Au, Ag, and Cu are popular; since they have similar

crystallographic properties and strong plasmonic responses. It has repeatedly been shown that

modification of plasmonic response is far more complex than simple model as well as highly

dependent on fabrication methods [9–14,44]. However, signatures for bulk and surface plasmons

as well as the quality factors can be used for preliminary plasmonic merits for such

systems.

Bulk and surface EELS, QLSP, and QSPP at 200-1000 nm are presented for Au-Ag, Au-Cu,

and Ag-Cu binary alloys in Figs. 6.16, 6.17, and 6.18, respectively. Also, amplitudes and

wavelengths of global maxima between 200-1000 nm of surface EELS obtained from

first-principles bulk dielectric functions using Eq. (6.6) are listed in Table 6.8, Table 6.9, and

Table 6.10 alongside with QLSP and QSPP values at corresponding wavelengths.
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Figure 6.16: Bulk EELS (first column), surface EELS (second column), QLSP (third column) and
QSPP (fourth column) from first-principles bulk dielectric functions (solid lines) and experimental
SPP measurements on thin-films (dashed lines) of Au-Ag binary alloys with similar stoichiometric
ratios extracted from Ref. 17.
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−Im
[

1
(1+E)

]
max → λ (nm) QLSP QSPP

Ag 1.81→ 342 2.02 2.21

AuAg7 0.42→ 385 0.83 1.46

AuAg3 0.34→ 231 0.36 0.39

AuAg 0.35→ 339 0.53 0.79

Au3Ag 0.42→ 250 0.39 0.36

Au7Ag 0.30→ 364 0.17 0.09

Au 0.69→ 482 0.84 1.00

Table 6.8: The amplitudes and wavelengths (in nm units) of global maxima between 200-1000 nm
extracted from surface EELS in Fig. 6.16, which are constructed from first-principles bulk dielectric
functions using Eq. (6.6), alongside with QLSP, and QSPP factors at corresponding wavelengths
for Au-Ag binary alloys.

In Fig. 6.16, bulk and surface EELS are relatively successful to produce SSP measurements

extracted from Ref. 17, while QLSP and QSPP are significantly overestimated. Such

overestimation is expected as only radiative loss can be considered through dielectric function

of pristine bulk systems, where any surface effects or thermal loss are not included with

methods used in this work. The distinctive peaks in EELS of Au and Ag disappear in their

binary alloys in both bulk and surface EELS. Alloying pushes minimums of E2 to larger

wavelengths, while E1 has large values1. Hence, plasmons energies are higher than inter-band

transition edges for Au-Ag alloys. Consequently, damping of plasmons become larger due to

fast decaying to particle-hole pairs. These are reflected both in QLSP and QSPP by lower

qualities in binary alloys compared to pure Au and Ag. However, in Table 6.8, AuAg7 still

shows relatively strong plasmonic features at 385 nm, which is close plasmon wavelength of

pure Ag at 342 nm, with significant QLSP (0.83) and QSPP (1.46) that are larger than of pure

Au.
1See Fig. B.1 for dielectric functions of Au-Ag binary alloys.
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Figure 6.17: Bulk EELS (first column), surface EELS (second column), QLSP (third column) and
QSPP (fourth column) from first-principles bulk dielectric functions (solid lines) and experimental
SPP measurements on thin-films (dashed lines) of Au-Cu binary alloys with similar stoichiometric
ratios extracted from Ref. 17.

117



6. Investigating the optical response of AuxAgyCu1−x−y alloys

−Im
[

1
(1+E)

]
max → λ (nm) QLSP QSPP

Cu 0.43→ 496 0.67 1.00

AuCu7 0.24→ 423 0.16 0.10

AuCu3 0.28→ 276 0.29 0.30

AuCu 0.28→ 281 0.05 0.01

Au3Cu 0.37→ 255 0.37 0.36

Au7Cu 0.27→ 364 0.12 0.05

Au 0.69→ 482 0.84 1.00

Table 6.9: The amplitudes and wavelengths (in nm units) of global maxima between 200-1000 nm
extracted from surface EELS in Fig. 6.16, which are constructed from first-principles bulk dielectric
functions using Eq. (6.6), alongside with QLSP, and QSPP factors at corresponding wavelengths
for Au-Cu binary alloys.

In Fig. 6.17, pure Cu exhibits already weak plasmonic resonance, which disappears through

alloying with Au. In this series, only pure Au shows strong surface plasmon resonance with

relatively significant quality factors compared pure Au and Au-Cu binary alloys. Inter-band

transition edges are pushed drastically to larger wavelengths (smaller energies) by alloying Au

with Cu, where E1 of Au-Cu binary alloys have already quite large values1. Particularly , AuCu

exhibits only a very short-living plasmon resonance at ∼ 4.41 eV with the worst performing

LSP and SPP among Au-Cu binary alloys.
1See Fig. B.2 for dielectric functions of Au-Cu binary alloys.
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Figure 6.18: Bulk EELS (first column), surface EELS (second column), QLSP (third column) and
QSPP (fourth column) from first-principles bulk dielectric functions (solid lines) and experimental
SPP measurements on thin-films (dashed lines) of Ag-Cu binary alloys with similar stoichiometric
ratios extracted from Ref. 17.
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−Im
[

1
(1+E)

]
max → λ (nm) QLSP QSPP

Cu 0.43→ 496 0.67 1.00

AgCu7 0.23→ 435 0.28 0.34

AgCu3 0.21→ 279 0.28 0.35

AgCu 0.23→ 219 -0.16 0.09

Ag3Cu 0.27→ 212 0.27 0.28

Ag7Cu 0.37→ 364 0.71 1.24

Ag 1.81→ 342 2.02 2.21

Table 6.10: The amplitudes and wavelengths (in nm units) of global maxima between 200-1000 nm
extracted from surface EELS in Fig. 6.16, which are constructed from first-principles bulk dielectric
functions using Eq. (6.6), alongside with QLSP, and QSPP factors at corresponding wavelengths
for Ag-Cu binary alloys.

Similar to previous cases, alloying Ag with Cu leads to disappearance of distinctive peak in

pure Ag. However, once again, AgCu7 shows relatively strong plasmon peaks with both

significant LSP and SPP quality factors, which have larger values than pure Cu. Once again,

AgCu performs worst in terms of qualities of LSP and SPP with a negative factor for LSP.

This pure performance is due to an inter-band transition edge at a very large wavelength (∼
800 nm)1.

In summary, pure Ag exhibits strongest surface plasmon resonance at 342 nm with

QLSP=2.02 and QSPP=2.21 factors. Such strong plasmons in pure Ag is expected as the

inter-band transition edge is at the higher energy than the screened Drude plasmon energy as

clearly seen in Fig. 6.9 by comparing EELS and E2. Besides pure Ag, pure Au and Cu also

show some weaker, but still distinctive plasmon resonance at 432 nm and 496 nm,

respectively, with relatively large quality factors in LSP and SPP. Furthermore, AuAg7 and

Ag7Cu produce significant plasmon resonances at wavelengths close to that of pure Ag with

comparable amplitudes with longer life-times in LSP and SPP to these of pure Au and Cu,

respectively.

1See Fig. B.3 for dielectric functions for Ag-Cu binary alloy.
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6.4.3 Plasmonic response at common solid-state laser wavelengths

Three common solid-state laser wavelengths were chosen to demonstrate the plasmonic

efficiencies of AuxAgyCu1−x−y. The first wavelength is a common red laser at 650 nm

(1.9074 eV) produced using InGaAIP [43] and used in a wide range of applications such in

imaging and sensing in biological systems in conjunction with a heterostructure of noble

metals [3,58].
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Figure 6.19: Stoichiometric dependence of the averaged plasmon descriptors of bulk and surface
EELS, QLSP, and QSPP for AuxAgyCu1−x−y at the common red solid-state laser wavelength 650
nm.

In Fig. 6.19, AuxAgyCu1−x−y alloys have weak bulk and surface plasmon resonances at orders

of 10−2-10−3. As this wavelength is commonly somewhere between the Drude tails and inter-

band transition edges of E2, these weak plasmons have long life-times due to small radiative

dumpings, which result the large LSP and SPP factors. Au6AgCu and AuAgCu6 exhibits

relatively strong plasmon resonance, whereas LSP and SPP have poor qualtiy factors at these
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stoichiometric ratios due to larger losses at this wavelength1. Pure Ag exhibits large quality

factors for LSP and SPP; however, plasmonic resonances are quite weak at 650 nm.
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Figure 6.20: Stoichiometric dependence of the averaged plasmon descriptors of bulk and surface
EELS, QLSP, and QSPP for AuxAgyCu1−x−y at the common blu-ray solid-state laser wavelength
405 nm.

The second frequency is that of the common lasers used in blu-ray devices at 405 nm (3.0613

eV), generally produced using InGaN [59] for efficient optical recording in conjunction with

noble metal nano-clusters [60]. In Fig. 6.20, {7:1:0} stoichiometric ratios show relatively

significant plasmon resonance alongside with {6:1:1} stoichiometric ratios in order of ∼
10−1, which are comparable to these of maxima of plasmon peaks of binary alloys, with large

quality factors of LSP and SPP. For LSP, Ag predominantly has long-lived localised surface

plasmons, while AuAg3 shows some longevity. QSP quality has a sharper gradient compared

to the red laser case, as some QSP values fall after the global minimum points for some

systems.
1See App.B for E2 of phases in this stoichiometric ratios.
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Figure 6.21: Stoichiometric dependence of the averaged plasmon descriptors of bulk and
surface EELS, QLSP, and QSPP for AuxAgyCu1−x−y at the common deep-UV solid-state laser
wavelength 290nm.

Lastly, the deep-UV laser at 290 nm (4.2753 eV) commonly produced in Ce:LiSAF / Ce:LiCAF

media with Nd:YAG lasers [61] was presented for the sake of discussion. In Fig. 6.21, the

bulk and surface EELS profiles here have structures but a still stronger response in Ag, Au,

Au6AgCu, and AuAg6Cu, with a newly emerging strong response in AuAg. Correspondingly,

AuAg has short-lived LSPs and SPPs as does Ag, which performs relatively better in the former

case of the blu-ray laser.

The plasmonic responses of AuxAgyCu1−x−y have complex behaviours, which cannot be

simple interpolated based on the stoichiometric ratios alone, despite the similar electronic

structures of constituting atoms. Consistent first-principles simulations presented in this work

are crucial to engineer and predict comprehensive alloys within well-controlled

approximations at reasonable computational costs.
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6.5 Conclusion

In this chapter, the optical and plasmonic responses of ordered AuxAgyCu1−x−y were

investigated by using pure Au, Ag, and Cu as the test systems to determine an accurate and

feasible approach for high-throughput simulations. It was shown that RPA starting from the

KS band-structure fails to acceptably locate peaks in the absorption spectra of Au, Ag, and

Cu, whereas RPA starting even from even an approximate QP band-structure performs

drastically better that locates low-energy peaks accurately in absorption spectra. Such an

approximate QP band-structure can be achieved with little additional computational cost by

applying average stretching to bands via stretching operators, which can be obtained within

G0W0 for a small set of grid points in Brillouin zone and bands around the Fermi level.

Furthermore, reasonable Drude parameters are required. KS-DFT alone is not sufficient to

determine the Drude plasmon inverse life-times due to their dominant dependence on

electron-phonon and impurity scattering processes; hence these quantities for the binary and

ternary alloys were determined using the first-principles plasmon frequency in combination

with experimental data.

Despite its lack of the finite size and surface effects, the bulk dielectric functions were used to

determine some preliminary measures for LSP and SPP at plasmon resonance wavelengths.

At the low-energy limit, the EELS and the surface-EELS, which is defined with a slight

modification in EELS for noble metals due to presence of fully-filled d-bands by Eq. (6.6),

were used as the signature prints of plasmon resonance in bulks and surface of

AuxAgyCu1−x−y, respectively. Comparing these quantities, which were obtained from the

first-principles bulk dielectric functions, to the experimental SPP measurements on thin-films

of binary alloys with the closest available stoichiometric ratios in Figs. 6.16, 6.17, and 6.18,

QLSP and QSPP, the life-times of both SPP and LSP are overestimated in our simulations,

especially at large wavelengths. In our simulations, the optical measures for plasmon

resonances and life-times can only include the radiative dumping due to inter-band transitions;

hence, such overestimations compared to experimental measurements are expected due to the

absence of surface and corrosion effects as well as thermal loss in the former case.

It is shown that the distinctive plasmon peaks disappear in the EELS of the binary alloys. The

main reason behind this behaviour during alloying is the shift of the band-edge transitions to

lower energies, while the Drude plasmons energies shift either very slightly to lower energies,

or to higher energies in Fig. 6.14. Hence, the radiative dumping becomes larger in the binary
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alloys. Even though pure Au, Ag, and Cu perform best in terms of plasmonic performance at

their respective plasmon resonance wavelengths compared to their alloys, a number of alloys

perform better at a given wavelength. At the common solid-state red laser around 650 nm,

AuAgCu6, Au6AgCu, AuCu7, and Au7Cu show relatively strong plasmon resonances, whereas

higher Ag concentrations reduce plasmon resonance in general. AuAg6Cu and AuAu7 as well

as AuAg, AuCu, and AgCu alloys start showing stronger plasmon resonances with significant

quality factors for LSP and SPP at the common blu-ray laser at 405 nm. This trend at 405

nm becomes more distinctive at deep-UV laser wavelengths around 290 nm. Pure Ag, AuAg7,

Ag7Cu produce significant plasmon resonances similar to these of global maximum of binary

alloys of Au-Ag and Ag-Cu, even with higher LSP and SPP quality factors. at 290 nm.

In summary, RPA starting form an approximate QP band-structure with the Drude-Lorentz

model using semi-classical Drude parameters provides a computationally feasible approach for

spectra and plasmonic responses of the noble metals and their alloys. Despite its simplicity,

some preliminary measures can be obtained that are useful as a starting point for tailoring

plasmonic responses in such systems.
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[56] K. F. MacDonald, Z. L. Sámson, M. I. Stockman, et al., Nature Photonics, 3, pp. 55 EP – (2008), URL

http://dx.doi.org/10.1038/nphoton.2008.249.

[57] A. V. Krasavin and N. I. Zheludev, Applied Physics Letters, 84(8), pp. 1416–1418 (2004), URL https:

//doi.org/10.1063/1.1650904.

[58] B. Kstner, M. Gellner, M. Schtz, et al., Angewandte Chemie International Edition, 48(11), pp. 1950–1953

(2009), URL http://dx.doi.org/10.1002/anie.200804518.

[59] S. Nakamura, M. Senoh, S. ichi Nagahama, et al., Japanese Journal of Applied Physics, 35(1B), p. L74

(1996), URL http://stacks.iop.org/1347-4065/35/i=1B/a=L74.

[60] A. Royon, K. Bourhis, M. Bellec, et al., Advanced Materials, 22(46), pp. 5282–5286 (2010), URL http:

//dx.doi.org/10.1002/adma.201002413.

[61] C. D. Marshall, J. A. Speth, S. A. Payne, et al., J. Opt. Soc. Am. B, 11(10), pp. 2054–2065 (1994), URL

http://josab.osa.org/abstract.cfm?URI=josab-11-10-2054.

129

https://doi.org/10.1021/jp0361327
http://www.sciencedirect.com/science/article/pii/S0370157304004600
http://stacks.iop.org/1464-4258/5/i=4/a=353
http://science.sciencemag.org/content/317/5845/1698
http://science.sciencemag.org/content/317/5845/1698
http://dx.doi.org/10.1038/nphoton.2008.249
https://doi.org/10.1063/1.1650904
https://doi.org/10.1063/1.1650904
http://dx.doi.org/10.1002/anie.200804518
http://stacks.iop.org/1347-4065/35/i=1B/a=L74
http://dx.doi.org/10.1002/adma.201002413
http://dx.doi.org/10.1002/adma.201002413
http://josab.osa.org/abstract.cfm?URI=josab-11-10-2054




Part III

Electronic and Optical Properties of
Transition-Metal Systems with Large

SIE

131





Chapter 7

Linear-scaling TDDFT with a Hubbard
corrected interaction kernel: TDDFT+U
DFT is an elegant theory that enables the realistic study of ground-state properties of practical

many-body systems. Hence, a time-dependent extension is naturally an exciting prospect from

both theoretical and applied perspectives. Early attempts to this end were demonstrated on the

absorption of Si-layers [1,2], the evolution of the orbitals of He [3] and the photo-absorption

spectra of certain rare gases [4]. Also, the one-to-one correspondence between the

time-dependent density and the time-dependent external potential was initially demonstrated

for strict conditions by Deb and Gosh [5]. However, the formal basis for the time-domain

extension of DFT, namely time-dependent density-functional theory (TDDFT), was provided

in the later work of Gross and Runge, particularly the Gross-Runge theorem [6]. A practical

scheme was proposed by Gross and Kohn via the generalisation of LDA to the

time-domain [7]. Despite the completeness of TDDFT as a theory, its practical applications

rely on a set of approximations resulting in certain systematic errors, and they further inherit

previously discussed systematic errors from KS-DFT in its approximate incarnations.

This chapter will begin by the theoretical background of TDDFT, introducing the

Gross-Runge theorem. Then, the linear-response formalism of TDDFT will be introduced for

practical applications, with a description of the xc-kernel constructed from the LDA in the

adiabatic limit. This will be followed by the formalism known as the Casida equation [8],

which allows efficient evaluation of neutral excitation energies in the linear-response regime

(LR-TDDFT). Some basic technical details of the computational implementation of the

Casida equation will be discussed. In the next part, the linear-scaling formalism and prior

implementation of LR-TDDFT within ONETEP will be described in preparation for our

newly-implemented Hubbard U correction to the interaction kernel of TDDFT. Hence, the

time-domain extension of DFT+U , dubbed TDDFT+U , will be derived and suitable strategies

for its efficient implementation in ONETEP will be discussed. Finally, the effects of the +U

correction on excitation energies at various levels of theory will be demonstrated with an

illustrative four-level toy model.
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7. Linear-scaling TDDFT with a Hubbard corrected interaction kernel: TDDFT+U

7.1 Time-dependent density-functional theory

The evolution of the many-body system under the influence of a time-dependent potential is

described by the time-dependent Schrödinger equation

ĤΨ(t) = i
∂

∂t
Ψ(t), (7.1)

where Ψt is the time-dependent many-body electronic wave-function, and the electronic

Hamiltonian in the interaction picture for convenience is

Ĥ(t) = T̂e + V̂ee + V̂ext(t)

=
1

2

N∑
i

p̂2
i +

1

2

N∑
i,j

1

|̂ri − r̂j |
+

N∑
i

v̂ext(ri, t). (7.2)

Such a complex problem cannot be tackled for any realistic system with current technologies.

Analogously to the situation in ground-state DFT, if we can express an evolving system in terms

of its time-dependent density instead of its multi-variable time-dependent wave-function, it will

reduce the dimensionality of its computational treatment drastically.

7.1.1 The Gross-Runge theorem

The original work of Gross and Runge [6] lays the foundations of TDDFT by generating

analogous statements to those of the Hohenberg-Kohn theorems discussed in Chap. 2 for the

time-domain.

The first deduction, which is also referred as the Gross-Runge theorem, of their work is that

time-dependent densities n(r, t) and n′(r, t) evolving from a given stationary many-body

state Ψ(t0) = Ψ0 due to corresponding external potentials Vext(r, t) and V ′ext(r, t), which are

expandable into a Taylor series around t0 and differ more than just purely time-dependent

term (Vext(r, t) − V ′ext(r, t) 6= c(t)), are different for t > t0 = 0. The postulate on the
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7.1 Time-dependent density-functional theory

external potentials can be summarised as

Vext(r, t) =
∑
k

vk(r)

k!
(t− t0)k, and V ′ext(r, t) =

∑
k

v′k(r)

k!
(t− t0)k

⇓

∂k

∂tk
(Vext(r, t) −V ′ext(r, t)

)
6= c, (7.3)

where c is a constant for some k ≥ 0. This theorem can be summarised as

The Gross-Runge theorem:

There is a one-to-one mapping upto an additive scalar function c(t) between the time-

dependent external potential Vext(r, t), which can be expanded into a Taylor series

around t0, and the time-dependent density n(r, t) of interacting many-body systems,

which is evolving from an initial state Ψ(t0) = Ψ0.

The proof of this statement is not as straightforward as the first HK theorem is. The first step

is to show that the corresponding current densities differ under this condition. Subtracting

equation of motions of the current densities gives, at t = 0,

∂

∂t

(
j(r, t)− j′(r, t)

)
t=0

= −i
〈

Ψ0

∣∣∣[̂j(r, 0)
(
Vext(r, 0)− V ′ext(r, 0)

)]∣∣∣Ψ0

〉
= −n0(r)∇

(
Vext(r, 0)− V ′ext(r, 0)

)
, (7.4)

where n0(r) = n(r, t0), since the corresponding Hamiltonians only differ in their external

potentials. Applying partial derivatives with respect to t to each side of Eq. (7.4) k- times, the

expression

∂k+1

∂tk+1

(
j(r, t)− j′(r, t)

)
t=0

= −n0(r)∇ ∂k

∂tk
(
Vext(r, t)− V ′ext(r, t)

)
t=0

(7.5)

can be obtained. Now, recalling the postulate expressed in Eq. (7.3), the relation between the

current densities becomes

j(r, t) 6= j′(r, t), (7.6)
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7. Linear-scaling TDDFT with a Hubbard corrected interaction kernel: TDDFT+U

as their time-derivatives at t0 differs by more than a constant. Second, by the gradients of both

sides of Eq. (7.5) and the continuity relation

∂

∂t
n(r, t) = −∇ · j(r, t), (7.7)

the relation for corresponding densities is obtained as

∂k+2

∂tk+2

(
n(r, t)− n′(r, t)

)
t=0

= −∇ ·
(
n0(r)∇ ∂k

∂tk
(
Vext(r, t)− V ′ext(r, t)

)
t=0

)
= −∇ · (n0(r)∇fk(r)) , (7.8)

where fk(r) = ∂k

∂tk
(Vext(r, t)− V ′ext(r, t))t=0. It must be shown that the last term in Eq. (7.8)

does not vanish as long as the postulate in Eq. (7.3) holds. This statement can be investigated

indirectly through the identity [9,10]

∫
dr fk(r)∇ · (n0(r)∇fk(r)) = −

∫
dr n0(r) (∇fk(r))2 +

∮
dS · n0(r)fk(r)∇fk(r),

(7.9)

where the last term can be shown to be vanishing. Indeed, the surface integral in Eq. (7.9) has

been shown to vanish for an external potential arising from some finite normalisable external

charge, or at least that it converges to zero with 1/r behaviour as r → ∞ [11]. Next, the first

term on the right-hand side has to be proved not to vanish. By the postulate fn(r) 6= 0 in

Eq. 7.3, the integrand of the remaining integral on the right-hand side is ensured to be greater

than zero at least somewhere; hence,∇· (n0(r)∇fk(r)) is greater than zero at least for some r.

As a consequence, n(r, t) 6= n′(r, t) for an infinitely small time t > 0, when they evolve from

the same initial state Ψ0 due to the time-dependent external potentials Vext(r, t) and V ′ext(r, t),

satisfying the postulate in Eq. (7.3).

The work of Gross and Runge also provides a minimisation scheme for TDDFT. The time-

dependent wave-function is described by the time-dependent density of a system initially in

the state Ψ0, up to a purely time-dependent phase factor, or mathematically

n(r, t) =⇒ e−α(t)Ψ(t), (7.10)

where the phase factor can be obtained by c(t) = ∂α(t)/∂t, and c(t) is the additive scalar part
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7.1 Time-dependent density-functional theory

of Vext(r, t). The purely time-dependent phase factor vanishes in the matrix element〈
Ψ(t)

∣∣∣∣i ∂∂t − Ĥ(t)

∣∣∣∣Ψ(t)

〉
. (7.11)

Hence, the quantum mechanical action of many-body system becomes a unique functional of

the initial state and the time-dependent density as

A [Ψ(t)] = A[n,Ψ0] =

∫ t

t0=0

〈
Ψ[n,Ψ0](t)

∣∣∣∣i ∂∂t − Ĥ(t)

∣∣∣∣Ψ[n,Ψ0](t)

〉
(7.12)

Similarly to the case of DFT, Eq. (7.12) only differs in terms of the external potentials of the

two systems, therefore the universal and the time-dependent external potential parts can be

partitioned such as

A[n,Ψ0] =

∫ t

t0=0

〈
Ψ[n,Ψ0](t)

∣∣∣∣i ∂∂t − T̂ − V̂ee

∣∣∣∣Ψ[n,Ψ0](t)

〉

−
∫ t

t0=0
dt

∫
dr n(r, t)Vext(r, t)

=B[n,Ψ0]−
∫ t

t0=0
dt

∫
dr n(r, t)Vext(r, t), (7.13)

where B[n,Ψ0] is a universal functional. In principle, the exact time-dependent density

evolving from certain initial state can be determined by solving the Euler equations
δA[n]
δn(r,t) = 0 with the boundary conditions of δΨ[n](0) = 0 and δΨ[n](t′) = 0, where

0 < t < t′ [9].

7.1.2 The van Leeuwen theorem

The Gross-Runge theorem provides the conceptual basis for TDDFT, whereas an applicable

scheme is provided by a special case of the van Leeuwen theorem [12].
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7. Linear-scaling TDDFT with a Hubbard corrected interaction kernel: TDDFT+U

The van Leeuwen theorem:

If an external time-dependent potential Vext(r, t) produces a time-dependent density

n(r, t), which can be expand into a Taylor series around t0, of a many-body systems,

which is interacting via W (r, r′) and evolving from a given initial state Ψ0, there

exist a uniquely defined another time-dependent external potential V ′ext(r, t), which

produces an identical time-dependent density for another many-body systems, which

is interacting via W ′(r, r′) and evolving from a uniquely defined initial state Ψ′0

producing n(r, t) and its time derivative at t0.

In more detail, this theorem proves that for an interacting many-body system with a

v-representable time-dependent density n(r, t) evolving from the initial state Ψ0 with the

Hamiltonian

Ĥ(t) = T̂ + Ŵ(r, r′) + Vext(r, t),

there exists another interacting many-body system with an identical time-dependent density

n′(r, t) = n(r, t) and the Hamiltonian

Ĥ′(t) = T̂′ + Ŵ′(r, r′) + Vext(r, t) + c(t),

evolving from an initial state chosen such that

n[Ψ0](r, 0) = n′[Ψ′0](r, 0), and
∂

∂t
n[Ψ0](r, t)

∣∣∣∣
t=0

=
∂

∂t
n′[Ψ′0](r, t)

∣∣∣∣
t=0

. (7.14)

The special case of this theorem can be used to map an interacting system onto a non-interacting

system by setting Ŵ(r, r′) = V̂ee and Ŵ′(r, r′) = 0 with a given external potential and initial

state.

7.1.3 The time-dependent KS equations

Using the van Leeuwen theorem, the time-dependent version of the KS equations in Eq. (2.17)

can be written by taking the functional derivative of Eq. (7.13) with respect to the
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7.2 Linear response TDDFT

time-dependent density, yielding[
− 1

2m
∇2
i + vtot(r, t)

]
ψi(r, t) = εiψi(r, t), (7.15)

where the time-dependent vtot(r, t) is given by

vtot(r, t) =

∫
dr′

n(r′, t)

|r− r′|
+ vext(r, t) + vxc(r, t), (7.16)

subject to the condition that ψi(r, 0) = ψ0
i , which are ground-state KS wave-functions. Thus,

the time-dependent density can be obtained analogously to the ground-state case as

n(r, t) =

N∑
i

|ψi(r, t)|2 . (7.17)

As in DFT, some approximations are needed for the time-dependent xc-potential

vxc(r, t) =
δAxc[n]

δn(r, t)
, (7.18)

for which will be discussed in Subsec. 7.2.1.

7.2 Linear response TDDFT

In applications of real time TDDFT, the time-dependent KS equations in Eq. (7.15) need to

be solved at each time step starting from ground-state KS wave-functions. However, EES and

dipole-dipole absorption in Sec. 1.3 can be obtained using a single time-step from the ground-

state in the linear-response regime [13]. Hence, an explicit set of solutions of the time-dependent

KS equations become a needless effort considering its high computational cost. Alternatively,

TDDFT can be formulated within LRT starting from a ground-state for weak external time-

dependent fields.

Within LRT, the time-dependent density can be expressed as

n(r, t) = n0(r) + δn(r, t), (7.19)

where n0(r) is the ground-state density, and δn(r, t) is the response density defined
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7. Linear-scaling TDDFT with a Hubbard corrected interaction kernel: TDDFT+U

as [14]

δn(r, t) =

∫
dt′
∫
dr′ χ(r, t, r′, t′)vext(r

′, t′), (7.20)

for which the linear-response function becomes

χ(r, t, r′, t′) =
δn(r, t)

δvext(r′, t′)
=

∫
dr′′ dt′′

δn(r, t)

δvtot(r′′, t′′)

δvtot(r
′′, t′′)

δvext(r′, t′)
(7.21)

where vtot(r, t) is the total time-dependent KS potential in Eq. (7.16). On the other hand, the

non-interacting response function is given by

χ0(r, t, r′, t′) =
δn(r, t)

δvtot(r′, t′)
=

δn(r, t)

δvKS(r′, t′)

∣∣∣∣
vKS[n0]

(7.22)

as the response of the corresponding KS system, since the time-dependent density produced

by the corresponding ground-state KS system must be identical to the real system in the static

limit.

Hence, Eq. (7.21) becomes

χ(r, r′, ω) =χ0(r, r′, ω)

+

∫∫
dr′′ dr′′′ χ0(r, r′′, ω)

[
v(r′′, r′′′) + fxc(r

′′, r′′′, ω)
]
χ(r′′′, r, ω), (7.23)

which is just Dyson’s equation. The interaction kernel is the sum of the bare Coulomb

interaction v(r, r′) = 1/ |r− r′|, and

fxc(r, r
′, ω) =

∫
d(t− t′)e−iω(t′−t) δ2Axc[n]

δn(r, t)δn(r′, t′)
=
δvxc(r, ω)

δn(r′, ω)
(7.24)

which is called the exchange-correlation kernel. Multiplying Eq. (7.23) with vext(r, t), then

integrating over r and applying the Fourier transform, the expression

δn(r, ω) =

∫
dr′ χ0(r, r′, ω)vext(r

′, ω)

+

∫∫
dr′ dr′′ χ0(r, r′, ω)

[
v(r′, r′′) + fxc(r

′, r′′, ω)
]
δn(r′′, ω), (7.25)

is obtained for the response density only as a functional of non-interacting response function

and the interaction kernel. In a more compact form, δn can be evaluated by working through

140



7.3 Excitation energies within LR-TDDFT

the equation

δn = χ0vext + χ0[v − fxc]δn⇒

δn =
1

v−1
extχ

−1
0 − v

−1
ext[v − fxc]

(7.26)

where the only unknown is the xc-kernel.

7.2.1 The exchange-correlation kernel

Similarly to the case of DFT, the most challenging part of practical TDDFT is to determine the

xc-kernel, which includes quantum many-body effects throughout the evolution of a system;

hence, the exact xc-kernel is a non-local and frequency-dependent object, whose exact

analytical form is unknown. The most widely used xc-kernel is the time-domain extension of

LDA at the adiabatic limit namely the adiabatic local density approximation (ALDA). Within

the adiabatic approximation, the frequency-dependent xc-kernel is approximated by the

xc-kernel of a density in the ω → 0 limit. Mathematically, it is expressed as

fxc(r, r
′) = lim

ω→0

δ2Exc[n]

δn(r, ω)δn(r′, ω)
=

δ2Exc[n0]

δn0(r)δn0(r′)
(7.27)

The xc-kernel within ALDA is given using Eq. (7.23) by

fALDAxc (r, r′) =
δELDA[n]

δn(r)δn(r′)

∣∣∣∣
n=n0

δ(r− r′), (7.28)

and thus fALDAxc is spatially and temporally local. Limitations and systematic errors of the

ALDA will be discussed in more detail in Sec. 7.5.

7.3 Excitation energies within LR-TDDFT

Undoubtedly, the most practical use of LR-TDDFT is in determining electronic excitation

energies of various finite-sized systems such as molecules or nano-clusters in low-energy

spectral ranges. LR-TDDFT within the ALDA is not effective for extended systems, where

long-ranged, non-local interactions play important roles as discussed in Sec. 5.3.
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7.3.1 The Casida equation

The Casida equation is a non-Hermitian eigenvalue problem to obtain excitation energies of

the coupled exciton and de-exciton1 Hamiltonian. Hence, LR-TDDFT within the Casida

formalism2 determines the electronic transition energies {ωji} to construct EES and ABS

using Eq. (1.38) and Eq. (1.39), respectively. Starting from KS system for t < t′, where

vext = 0, Eq. (7.25) becomes

δn(r, ω) =

∫∫
dr′ dr′′ χ0(r, r′, ω)fHxc(r

′, r′′, ω)δn(r′′, ω), (7.29)

where fHxc = v + fxc represents the total interaction kernel in a more compact form. Let us

define an auxiliary object for notational simplicity as

g(r, ω) =

∫
dr′ fHxc(r, r

′, ω)δn(r′, ω)⇒ (7.30a)

δn(r, ω) =

∫
dr′ χ0(r, r′, ω)g(r′, ω), (7.30b)

where g(r, ω) can be rewritten by substituting Eq. 7.30b into Eq. 7.30a as

g(r, ω) =

∫∫
dr′ dr′′ fHxc(r, r

′, ω)χ0(r′, r′′, ω)g(r′′, ω). (7.31)

Setting the initial states to KS-DFT states for t < t′, the non-interacting response function is

expressed as discussed in Chap. 5 in Eq. (5.10) in the real space [15,16], without any life-time

broadening and assuming excitation energies differ from ωji for brevity, as

χ0(r, r′, ω) =2
∑
i,j

(fi − fj)
ψ∗j (r)ψi(r)ψ∗i (r

′)ψj(r
′)

ω − ωji

=
∑
i,j

f̄ji
Φ∗ji(r)Φji(r

′)

ω − ωji
. (7.32)

1The exciton is a finite-living quasiparticle composed of an excited electron and its hole interacting via the attractive
Coulomb interaction with associated xc-effects. The term de-exciton is used for the sake of the terminological
distinction to refer to a removed exciton (analogously to describing removed electron as holes.
2The derivation of the Casida equation is reproduced by following the procedure in Ref. 9.
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7.3 Excitation energies within LR-TDDFT

where Φji(r
′) = ψ∗i (r)ψj(r), ωji = (εj − εi) and f̄ji = 2(fi − fj). Defining yet another

auxiliary objects as

Hji(ω) =

∫
dr Φji(r)g(r, ω), (7.33)

substituting Eq. (7.32) into Eq. (7.31), then multiplying with Φj′i′(r) and integrating over

spatial coordinates, the following expression can be achieved

Hji(ω) =
∑
j′,i′

f̄i′j′

ω − ωj′i′

∫∫
dr dr′ Φji(r)fHxc(r, r

′, ω)Φ∗j′i′(r
′)Hj′i′(ω)

=
∑
j′,i′

f̄j′i′

ω − ωj′i′
Kji,j′i′(ω)Hj′i′(ω), (7.34)

where Kji,j′i′(ω) is called the coupling matrix and

Kji,j′i′(ω) =

∫∫
dr dr′ Φji(r)fHxc(r, r

′, ω)Φ∗j′i′(r
′). (7.35)

Lastly, defining another auxiliary object

βji(ω) =
Hji(ω)

ω − ωji
, (7.36)

and dropping the frequency variable for brevity, the final form becomes∑
j′,i′

[
δii′δjj′ωj′i′ + f̄j′i′Kji,j′i′

]
βj′i′ = ωβji. (7.37)

Using v and c to label states in the occupied and unoccupied manifolds, respectively1, the two

following coupled equations are obtained:∑
c′,v′

[
δvv′δcc′ωc′v′ + f̄c′v′Kcv,c′v′

]
βc′v′ = ωβcv, and

∑
c′,v′

[
δcv′δvc′ωc′v′ + f̄c′v′Kcv,v′c′

]
βv′c′ = ωβcv, (7.38)

1These notational choices are only for consistency with previous parts of this work rather than referring to valence
and conduction states in solids. It is more convenient to classify molecular electronic states through their occupancy
as occupied or unoccupied.
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which can be re-expressed in matrix form by substituting

Xcv = −βcv, Ycv = βvc (7.39)

as a eigenvalue problem (in the adiabatic limit)(
A B
−B† −A†

)(
X

Y

)
= ω

(
X

Y

)
, (7.40)

where

Acv,c′v′ = δvv′δcc′ωc′v′ +Kcv,c′v′

Bcv,c′v′ = Kcv,v′c′ . (7.41)

Eq. (7.40) is called the Casida equation [8]. The block matrix A in Eq. (7.40) couples the

exciton-exciton pairs, while the block matrix B couples exciton-de-exciton pairs. In a fully

interacting picture, an exciton interacts with remaining excitons as well as de-excitons

through an interaction kernel. Physically, it can be illustrated as various absorption occurring

spontaneously and interactively as well as various emissions; hence, absorption and emission

are interacting phenomena rather than isolated processes.

Since A and B become real matrices for real KS wave-functions, the Casida equation can be

expressed equivalently for frequency-independent xc-kernels as [8]

CZ = ω2Z, (7.42)

where

C = (A− B)1/2(A + B)(A− B)1/2

Z = (A− B)1/2(X−Y), (7.43)

from which oscillator strengths are extracted as [9]

fn =
2

3

3∑
i

∣∣∣RT
i (A− B)1/2Zn

∣∣∣2 , (7.44)

where Ri,vc =
∫
dr (r · êi)Φvc(r) with the Cartesian unit vectors {êi} and Zn is the nth
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eigenvector of Eq. (7.42).

7.3.1.1 The Tamm-Dancoff approximation

Non-Hermitian eigenvalue problems are hard to tackle, requiring computationally relatively

expensive and numerically unstable diagonalisation processes due to their non-orthogonal

eigenvectors [17]. The problem can be simplified by invoking the so-called the Tamm-Dancoff

approximation (TDA) [18] for LR-TDDFT [19]. In the TDA, the coupling of excitons and

de-excitons is neglected; hence, Eq. (7.40) is reduced to

AX = ωX, (7.45)

which is a Hermitian eigenvalue problem. Furthermore, it is reported that TDA has some

technical advantages over the Casida equation in some cases such as open-shell molecular

systems with distorted geometries [20].

7.4 The iterative solution of LR-TDDFT

Practically, excitation energies can be evaluated by using an inverse iteration of the

generalised Rayleigh quotient [21] for some trial vector xi1 for the Hamiltonian in the product

space of occupied and unoccupied KS wave-functions. For the simplified case using TDA, it

is a minimum-value search for the first excitation energy with the matrix A as

ω1 = min
x

x†Ax
x†x

, (7.46)

where the change in excitation energy is found by using by the directional partial

derivative

∂ω1

∂x
=

2

x†x
[Ax− ωx] , (7.47)

1See Subsec. 2.2.4 for more details.
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where the action q = Ax is sufficient rather than an explicit construction of A. Elements of

the action are, in explicit form, by means of Eq. (7.41):

qcv = ωcvxcv +
∑
c′,v′

f̄c′v′

∫∫
dr dr′ ψ∗c (r)ψv(r)fHxc(r, r

′)ψc′(r
′)ψ∗v′(r

′)xc′v′ . (7.48)

The response density becomes for such trial vector [22]

δn(r) =
∑
cv

f̄cvψc(r)xcvψ
∗
v(r), (7.49)

which can be used to define the self-consistent field potential (SCFP) as a functional of response

density as

V̂SCF [δn](r) =

∫
dr′ fHxc(r, r

′)δn(r′), (7.50)

which lets one to express Eq. (7.48) in more compact form

qcv = ωcvxcv +
〈
ψc

∣∣∣V̂SCF [δn]
∣∣∣ψv〉

= ωcvxcv + (VSCF )cv . (7.51)

7.4.1 Generalisation to the non-Hermitian problem

Despite its non-Hermitian nature, the latter approach can be extended to the Casida equation

considering that block matrices A and B are Hermitian themselves [23,24] via

ω = min
q,p

(
p† q†

)( A− B 0

0 A + B

)(
p

q

)
|p†q + q†p|

, (7.52)

where p = X−Y and q = X + Y. Eq. (7.46) and Eq. (7.52) provide a minimisation scheme

for the lowest excitation. For higher excitations, an additional constraint is needed that imposes

the orthogonality of eigen-vectors ∣∣∣p†1q2 + q†1p2

∣∣∣ = 0. (7.53)
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Hence, the jth excitation can be calculated by enforcing this condition starting from the first

excitation up to the (j − 1)th excitation.

7.5 Linear-scaling LR-TDDFT

LR-TDDFT with the ALDA and related semi-local functionals is spatially local by

construction. Therefore, it is suitable for linear-scaling implementations introduced in Chap. 4

through some localised basis set in real space [24–27]. As ONETEP [26,28–34] was primarily used

for performing linear-scaling first-principles simulations in this work, the linear-scaling

formalism of LR-TDDFT will be introduced in terms of the ONETEP formalism. We refer the

reader to Ref. 26 for a comprehensive overview of the implementation of the TDA in

ONETEP prior to this work, and to Ref. 24 for its subsequent extension to treat the full Casida

LR-TDDFT eigenvalue problem.

Staring from the TDA, linear-scaling effort can be achieved by representing qcv in Eq. (7.51)

in the optimised unoccupied NGWFs basis set {χα} and the optimised occupied NGWFs basis

set {φβ} introduced in Chap. 3. For this purpose, the response density-matrix in this basis is

expressed as

δρ(r, r′) =
∑
cv

〈r|ψc〉xcv〈ψv|r′〉

=
∑
αβ

χα(r)

(∑
cv

〈χα|ψc〉xcv〈ψv|φβ〉

)
φβ(r′)

=
∑
αβ

χα(r)δPαβφβ(r′), (7.54)

where δn(r) = δρ(r, r′)δ(r− r′)1. Similarly, the SCFP is represented as

(VSCF )cv = 〈ψc|χα〉〈χα|V̂SCF [δρ(r)]|φβ〉〈φβ|ψv〉. (7.55)

Lastly, the diagonal terms in Eq. (7.51) are re-expressed in the relevant NGWFs basis sets
1This notation will be needed in Sec. 7.6.
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as

ωcvxcv = εcxcv − εvxcx =
∑
c′

〈ψc|χα〉〈χα|Ĥ|χβ〉〈χβ|ψc′〉xc′v

−
∑
v′

xcv′〈ψv′ |φα〉〈φα|Ĥ|φβ〉〈φβ|ψv〉 (7.56)

Finally, inserting Eq. (7.55) and Eq. (7.56) into Eq. (7.52), then multiplying with 〈χα|ψc〉 and

〈ψv|φβ〉 from the left and right, respectively and summing over c and v indices, q = Ax in

Eq. (7.47) becomes, in its most compact form

q = P{c}HχδP− δPHφP{v} + P{c}V χφ
SCF [δP]P{v}, (7.57)

for which the necessary matrix elements are(
P {c}

)αβ
=
∑
c

〈χα|ψc〉〈ψc|χβ〉,
(
P {v}

)αβ
=
∑
v

〈φα|ψv〉〈ψv|φβ〉,

(Hχ)αβ = 〈χα|H|χβ〉,
(
Hφ
)
αβ

= 〈φα|H|φβ〉,

δPαβ =
∑
cv

〈χα|ψc〉xcv〈ψv|φβ〉, V χφ
SCF [δPαβ] = 〈χα|V̂SCF [δρ(r)]|φβ〉. (7.58)

Within this representation of the action vector, the minimisation problem in Eq. (7.46)

becomes

w1 = min
δP

Tr
[
δP†SχqχφSφ

]
Tr [δP†SχδPSφ]

, (7.59)

where (Sχ)αβ = 〈χα|χβ〉 and
(
Sφ
)
αβ

= 〈φα|φβ〉 are overlaps of unoccupied and the occupied

NGWFs.

The full Casida formalism in this is obtained by constructing the object in Eq. (7.57) for both

q and p simultaneously such as(
p

q

)
=

(
P{c}HχδP{p} − δP{p}HφP{v}

P{c}HχδP{q} − δP{q}HφP{v} + 2P{c}V χφ
SCF [δP{q}]P{v},

)
, (7.60)
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with two newly introduced vectors(
δP {p}

)αβ
=
∑
cv

〈χα|ψc〉pcv〈ψv|φβ〉,
(
δP {q}

)αβ
=
∑
cv

〈χα|ψc〉qcv〈ψv|φβ〉, (7.61)

where pcv and qcv are elements of the action vectors in Eq. (7.52). Additionally, δP{p} and

δP{q} are expected to satisfy the invariance conditions

δP{p}
′

= P{c}SχδP{p}SφP{v} = δP{p}

δP{q}
′

= P{c}SχδP{q}SφP{v} = δP{q}, (7.62)

which are required to ensure some reasonable response density matrices implicitly carrying

orthogonality of the KS states [24]. Consequently, the minimisation problem in Eq. (7.52) is

summarised as

w1 = min
{δP{p}δP{q}}

 Tr
[(
δP{p}

)†
SχpχφSφ

]
2Tr

[(
δP{p}

)†
SχδP{q}Sφ

] +
Tr
[(
δP{q}

)†
SχqχφSφ

]
2Tr

[(
δP{p}

)†
SχδP{q}Sφ

] ,

(7.63)

where minimisation is carried out with the constraint analog to Eq. (7.53), namely

Tr

[(
δP{p}

)†
SχδP{q}Sφ

]
= 1. (7.64)

7.6 The Hubbard U corrected interaction kernel

The systematic errors in approximate KS-DFT level due to overestimation of Coulombic

interactions of the localised orbitals, namely SIE [35–38] and the delocalisation error [39–44],

were discussed in detail in Sec. 4.2. As the starting point of LR-TDDFT is the product space

of underlying KS-DFT wave-functions of occupied and unoccupied manifolds together with

the KS eigenvalues, it naturally inherits these systematic errors. The effects of SIE on

first-principles simulations of the neutral excitations within LR-TDDFT have attracted

increasing interest in recent years [45–48]. Particularly, SIE becomes a matter of central

importance in the first-principles spectroscopy of the systems comprising transition-metal

ions [49–54]. For approximated systems with a large SIE, state-of-art-approaches beyond
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ALDA have been proposed to obtain more accurate description of spectra, such as

hybrid-TDDFT [55,56], or Green’s function based methods such as GW + Bethe-Salpeter [57];

however, computational costs of such approaches limit applicabilities of them on most

realistic systems.

Inspired by the success and efficiency of DFT+U , the time-domain extension of the Hubbard

U correction to TDDFT, namely TDDFT+U , is an intriguing prospect. To our knowledge, the

first reported TDDFT+U implementation was that of Ref. 58, combining real-time propagation

and a plane-wave basis, followed by Ref. 59, which detailed the results of a linear-response

implementation applied to bulk NiO. In this system, TDDFT+U was shown to reproduce the

experimentally observed, tightly-bound Frenkel excitons, whereas neither TDDFT with ALDA,

nor RPA built from DFT+U succeeded in recovering these to any extent. The role of DFT+U

as a starting point in simulations of excitation energies, particularly the explicit contribution

from the Hubbard U term, has been explored in Ref. 60.

Despite widespread use of DFT+U , particularly for transition-metal systems, the current

literature is lacking of any systematic study of effects of SIE, DFT+U , or much less

TDDFT+U on neutral excitation energies. For potentially more accurate first-principles

spectral simulations of systems with localised orbitals, as well as for further theoretical

understanding, we were motivated to investigate TDDFT+U in detail.

In the most general description, a non-local interaction kernel is defined as the second

functional derivative of the energy functional with respect to the density-matrix [6]

fσσ
′

tot

(
r, r′, r′′, r′′′

)
=

δ2Etot[ρ
σ, ρσ

′
]

δρσ (r′′, r′′′) δρσ′ (r, r′)
, (7.65)

which reduces via Eq. (4.5) for the non-spin-polarized systems within local and semi-local

functionals to

fHxc(r, r
′) =

δ2

δn(r′)δn(r)

(
EH [n] + ELDA

xc [n]
)
, (7.66)

where δn(r) = δρ(r, r′)δ(r − r′) as in Sec. 7.5. Invoking the Hubbard U correction to the

energy functional from Eq. (4.5), we propose the introduction of a Hubbard U corrected
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interaction kernel

fσσ
′

Hxc+U

(
r, r′, r′′, r′′′

)
= fσσ

′
Hxc

(
r, r′′

)
+ fσσ

′
U

(
r, r′, r′′, r′′′

)
=
δ2EHxc[n

σ, nσ
′
]

δnσ(r′′)δnσ′(r)
+

δ2EU [ρσ, ρσ
′
]

δρσ (r′′, r′′′) δρσ′ (r, r′)
. (7.67)

Inserting Eq. (4.8) into the second term of this expression, the HubbardU kernel in the localised

basis set {ϕm} spanning the localised subspace evaluates to

fσσ
′

U

(
r, r′, r′′, r′′′

)
= −U

∑
mm′

δσσ
′
ϕm (r)ϕ∗m′

(
r′
)
ϕ∗m
(
r′′
)
ϕm′

(
r′′′
)
. (7.68)

Inserting this to Eq. (7.35), a non-local Hubbard correction to the coupling matrix is obtained

in the KS wave-function basis as

KU
cv,c′v′ = −U

∑
c′v′

∑
mm′

〈ψc|ϕm〉〈ϕm′ |ψv〉 (〈ψc′ |ϕm〉〈ϕm′ |ψv′〉)†

= −U
∑
c′v′

∑
mm′

〈ψc|ϕm〉〈ϕm′ |ψv〉〈ψv′ |ϕm′〉〈ϕm|ψc′〉 (7.69)

For the special hypothetical case, where the localised subspace is spanned by KS

wave-functions of as in {ϕm} = {ψm}, the contributions of fU to the matrix elements of A
and B become

AU =KU
cv,c′v′ = −Uδcmδm′vδv′m′δmc′ = −Uδvv′δcc′ , and

BU = KU
cv,v′c′ = −Uδcmδm′vδc′m′δmv′ = 0. (7.70)

As seen in this special case, the only contribution is to the diagonal terms of A in such cases as

it is indeed nothing but the direct exciton self-interaction. Neglecting interactions via Dyson’s

equation, the effect of included this in A would be to shift ωcv in energy down by −U . In such

an independent picture, SIE of excitons is purely due to the missing exchange terms, which is

included through AUcv by practically shifting ωcv down with −U .
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7.6.1 A four-level toy model

For further insight, the effects of TDDFT+U in conjunction with DFT+U can be illustrated

with a toy model both within TDA and the Casida equation. Let us consider four independent-

particle KS-like states, of which two occupied and two unoccupied states are labelled with

{v.v′} and {c, c′}, respectively, with some arbitrary eigenenergies as illustrated in Fig. 7.1. The

states shown in red corresponding to the pair {c, v} is that which we target with a correction

inspired by DFT+U and TDDFT+U .

c’ εc′ = 6 eV

c εc = 2 eV

v εv = -2 eV

v’ εv′ = -8 eV

Figure 7.1: A four-level toy model for independent-particle KS-like states proposed as two levels
affected by +U corrections illustrated with the dashed, red lines and two bystander levels illustrated
with the black lines with the arbitrarily assigned energies, while avoiding any symmetry in energy
differences.

The block matrices A and B in the Casida equation become 4×4 matrices with elements

Aji,j′i′(U) =

[
(εj′ − εi′) +

U1

2

(
δj′c + δi′v

)
− U2δj′i′,cv

]
δi′iδjj′ +KHxc

ji,j′i′

Bji,j′i′ = KHxc
ji,i′j′ (7.71)

where j and j′ run over {c, c′}, while i and i′ run over {v, v′}. The Hubbard parameter U1

imitates the effect of DFT+U by pushing the targeted states away from the Fermi level via the

term U1

(
δj′c + δi′v

)
/2, whereas the Hubbard parameter U2 includes the effect of TDDFT+U

via the term −U2δj′i′,cv. By making these two Hubbard parameters as U1 and U2 independent,

the individual effects of the Hubbard corrections at the DFT and TDDFT levels can be observed

by setting one of them to zero at a time. The Hartree+xc coupling matrix elements are assigned
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to some arbitrary values as

KHxc
ji,j′i′ =

4.0 eV for δji,j′i′

0.8 eV otherwise,

KHxc
ji,i′j′ =

4.0 eV for δji,i′j′

0.8 eV otherwise,
(7.72)

where such a symmetric choice is a deliberate attempt to simplify the contributions due to

fHxc.

The Casida equation in its full form and within the TDA was solved using an eigenvalue solver

for various cases listed with corresponding acronyms in Table 7.1.

Acronym U1 U2 Description

DFT+U & TDDFT 0-20 eV 0 eV
TDDFT without fU
on DFT+U eigenvalues

DFT & TDDFT+U 0 eV 0-20 eV
TDDFT with fU
on DFT eigenvalues

DFT+U & TDDFT+U 0-20 eV 0-20 eV
TDDFT with fU
on DFT+U eigenvalues

Table 7.1: The acronyms for the +U correction in DFT and TDDFT levels.

Additionally, FGR excitations energies are included and calculated as

ωFGR
ji (U1) = (εj − εi) +

U1

2
(δjc + δiv) . (7.73)

In Fig. 7.2 and Fig. 7.3, the principle effects of DFT+U and TDDFT+U are demonstrated via

the amplitude densities of normalised EES using Eq. (1.38) with a life-time broadening Γ =

0.1 eV for high resolution on a grid of the Hubbard U parameters with 0.05 unit steps for 0-20

eV range versus frequencies (in eV units) with 0.05 unit steps for 0-25 eV range within FGR,

TDA and the Casida equation in conjunction with the corrective approaches summarised in

Table 7.1.
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(a) FGR (b) DFT+U & TDDFT

(c) DFT & TDDFT+U (d) DFT+U & TDDFT+U

Figure 7.2: EES using the spectral function in Eq. (1.38) with Γ =0.1 eV for excitation energies
of the four-level toy model within FGR and TDA with the Hubbard U correction in various levels
as a function of the Hubbard U parameter.

In Fig. 7.1, the increasing U value in DFT+U pushes the targeted states (v, c) away from the

Fermi level with U/2, while the remaining states remain intact. Consequently, in Fig. 7.2a, the

excitation from v to c (v → c) increases with U , while the energies of v′ → c and v → c′

increase by U/2 with the increasing U in DFT+U level. The remaining excitation v′ → c′ is

not affected as it is totally isolated due to lack of any kind of interaction between exciton pairs
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within FGR. Comparing Figs. 7.2b, 7.2c, and 7.2d with FGR in Fig. 7.2a at U=0 eV, a global

shift of ∼ 4 eV on the excitation energies can be seen due to the interactions of exciton pairs

within TDA that were introduced by the coupling matrix KHxc
ji,j′i′ in Eq. (7.72). However, the

relative alignment of the excitation energies remain the same for each case at U=0 eV. Such

a preservation of the relative alignment of excitation energies is due to perfectly symmetric

definition of the coupling matrix in Eq. (7.72).

In Fig. 7.2b, the DFT+U affects the excitation energies globally including the excitation v′ → c′

within TDA, unlike the case in Fig. 7.2a within FGR. This global effect is due to fact that

DFT+U modifies the underlying eigenvalues, which are reflected to the coupling matrix. On

the contrary, in Fig. 7.2c, DFT+U exclusively affects the excitation v → c by linearly pushing it

down from ≈8 eV for increasing U values, when TDA is applied on the DFT eigenvalues. For

U=8 eV, the excitation v → c becomes imaginary as Acv,cv becomes 0. Indeed, the excitation

energy of v → c becomes imaginary at U = 8 eV, meaning that the excitation itself becomes

purely transient. In Fig. 7.3c, the combined effects of DFT+U and TDDFT+U is seen as the

total cancellation of the effect of DFT+U on the excitation v → c by TDDFT+U , while the

remaining excitations still are affected by DFT+U .

Excitations show similar behaviour in DFT+U & TDDFT and DFT+U & TDDFT+U within

the Casida equation with the TDA excitations with ∼ 1 eV lower energies throughout the

frequency range overall comparing Fig. 7.3a and Fig. 7.3c with their TDA counterparts. In

Fig. 7.3b, we see that excitations, that are not directly affected by TDDFT+U , exhibit identical

behaviour in Fig. 7.3b. However, we note that DFT+U has a more pronounced effect in the

Casida equation than in the TDA equation, observing that, in Fig. 7.3b, the targeted eigenvalue

becomes complex at U=4 eV rather than the previously mentioned U=8 eV, when the Hubbard

U correction to exciton-de-exciton coupling is introduced in the B matrix.
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(a) DFT+U & TDDFT (b) DFT & TDDFT+U

(c) DFT+U & TDDFT+U

Figure 7.3: EES using Eq. (1.38) with Γ =0.1 eV for excitation energies of the four-level toy
model within the Casida equation with the Hubbard U correction in various levels as a function of
the Hubbard U parameter. The norm of the complex values are presented.
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7.6.2 The implementation of TDDFT+U within ONETEP

We have implemented the TDDFT+U kernel of Eq. 7.69 in ONETEP [29,30,61]. The Hubbard U

kernel brings an additional term to SCFB in Eq. (7.5), given by

V χφ
SCF+U [δPαβ] = V χφ

SCF [δPαβ] + V χφ
U [δPαβ], (7.74)

where the Hubbard U correction to SCFP for δρ(r, r′) in Eq. (7.54) is

VU [δPαβ] = −
∑
α′β′

∑
mm′

U〈χα|ϕm〉〈ϕm|χα′〉δPαβ〈φβ′ |ϕm′〉〈ϕm′ |ϕβ〉

= −
∑
α′β′

∑
mm′

USχϕαmS
ϕχ
mα′δP

αβSφϕβ′m′S
ϕφ
m′β. (7.75)

The TDDFT+U contribution to q in Eq. (7.57) in its matrix form is then

VU [δP{q}] = −USχϕSϕχδP{q}SφϕSϕφ, (7.76)

where it takes an equivalent form for p.

7.7 Conclusion

In this chapter, our main tools for studying the spectra of finite-sized transition-metal systems

were introduced starting from the fundamentals of TDDFT. Its linear-scaling, linear-response

formalism and implementation with the ALDA kernel within ONETEP were discussed. The

TDDFT+U approach was derived and its linear-scaling implementation within ONETEP was

established. Furthermore, the effects of TDDFT+U in conjunction with DFT+U were

demonstrated using an illustrative four-level toy model. From this simple toy model, we

observe that DFT+U modifies the coupling matrix of exciton-exciton pairs by shifting

eigenvalues of underlying states in the targeted manifold; hence, transitions into, out of, and

within this manifold are pushed to higher energies with the increasing Hubbard U values. On

the other hand, TDDFT+U acts exclusively on transitions within the targeted manifold by

shifting its energy down with the increasing Hubbard U values, while the remaining

transitions stay unaffected by TDDFT+U . Hence, it can be inferred that TDDFT+U is

effective on a particular subset of the transitions that are affected by DFT+U . For the
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particular case in our toy-model, the effect of DFT+U is precisely cancelled out by the effect

TDDFT+U . However, a general conclusion on the relative effects of DFT+U and TDDFT+U

cannot be derived through such a toy-model, as coupling matrices were chosen as perfectly

symmetric for the sake of simplicity. In the next two chapters, the performance of

first-principles DFT+U and TDDFT+U will be demonstrated on some realistic

transition-metal systems.
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Chapter 8

Molecular spectroscopy of finite-sized systems:
coordination complexes with TDDFT+U
Coordination complexes are a class of molecular systems with transition-metal centres and

organic ligands. They have a wide range opto-electronic applications such as in dye-sensitized

solar cells [1,2], and photo-assisted water splitting [3], due to their low-lying excitations. In

coordination complexes, the 3d orbitals of metal centres are highly hybridised with π and π∗

orbitals resulting in ligand-field splitting of 3d orbitals. As discussed in Chap. 4, approximate

KS-DFT fails to describe such orbitals due to the large SIE and the de-localisation error.

Hence, the first-principles simulations of low-lying excitations, which have commonly mixed

metal-to-ligand and 3d → 3d characters, are challenging when starting from approximate

KS-DFT. More robust approaches such as hybrid TDDFT [4,5], Green’s function based

methods such as GW + Bethe-Salpeter [6], optimally-tuned range-separated hybrid

functionals [7–10], or coupled-cluster methods [11] can more accurately describe these low-lying

excitations; however, they are limited to smaller molecules due to their very high

computational demand. By construction, DFT+U is efficiently formulated for the sole purpose

of improving the description and energies of localised orbitals. However, since the

inaccuracies in DFT will be inherited by TDDFT, particularly in the interaction strengths

among excitons, so TDDFT+U is promising for use conjunction with DFT+U . Otherwise,

DFT+U alone may worsen the accuracy by over-correcting in the product space of occupied

and unoccupied manifolds.

In this chapter, the main objective is to demonstrate the effective domains of DFT+U and

TDDFT+U in occupied and unoccupied manifolds for selected representative coordination

complexes, as well as to determine the low-lying excitation energies of these systems

accurately. First, the effects of the Hubbard U correction at various levels of theory will be

investigated as functions of the Hubbard U parameter on two closed-shell Ni-centred

coordination complexes. Then, the first-principles Hubbard parameters for an open-shell,

high-spin Co-centred complex, addition to the two Ni-centred complexes, will be calculated

using first-principles approaches described in Chap. 4. Finally, fully first-principles EES and

ABS will be demonstrated for these three systems, for comparison with previous experimental

and prior first-principles studies, including quantum chemistry works.
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8.1 The Hubbard U dependence of spectra

Two small closed-shell Ni-centred coordination complexes, namely the planar

tetracyanonickelate anion Ni(CN)4
2− and tetrahedral nickel tetracarbonyl Ni(CO)4 shown in

Fig. 8.1a and Fig. 8.1b, respectively, were chosen for study. The Hubbard U dependence of

molecular spectra in both individual and combined effects of DFT+U and TDDFT+U were

individually investigated. These systems provide a playground to investigate the effects of

DFT+U and TDDFT+U , since they minimise any complex contributions from magnetic

ordering and large ligand-field splittings, as both systems are closed-shell and

centro-symmetric with strong ligands. Furthermore, these systems have previously been

studied experimentally [12–15] and within numerous first-principles methods [16–19].

(a) Planar tetracyanonickelate
anion: Ni(CN)2−4 .

(b) Tetrahedral nickel tetracarbonyl:
Ni(CO)4.

Figure 8.1: The molecular structures of selected Ni-centered closed-shell coordination complexes.

8.1.1 Computational details

First-principles simulations were performed within ONETEP [20–22]. Terminologies used in

ONETEP are adopted as ground-state simulation is referred as single-point, and the procedure

of variationally optimising the second set of NGWFs to represent the unoccupied manifold is

referred as conduction. TDA is labelled as such, whereas the Casida formalism is called

random-phase approximation (RPA) for historical reasons; however it is crucial to emphasise

that it differs from the previous description of RPA in Chap. 5, since the interaction kernel

includes additionally xc-and TDDFT+U kernels. The general work-flow for obtaining
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8.1 The Hubbard U dependence of spectra

excitation energies and oscillator strengths within ONETEP is summarized in Fig. 8.2.

Geometry optimisation

1st set of
convergence tests

2nd set of
convergence tests

3rd set of
convergence tests

Single-point

Conduction

TDARPA

Post-processing

KEY

Figure 8.2: The work-flow for calculating spectra within the TDA and RPA in ONETEP.

The pseudo-potential construction

The scalar-relativistic, norm-conserving Perdew-Burke-Ernzerhof (PBE)

pseudo-potentials [23–25] produced with the pseudo-potential generator OPIUM [26] were used

for these simulations. General info about PBE pseudo-potentials produced for each atomic

species are summarized in Table 8.11.

Species Configuration Valence electron number Additonal info

Ni Neutral, [Ar]3d84s2 4p0 10 Non-linear core corr.

O Neutral, [He]2s22p4 6

C Neutral, [He]2s22p2 4

N Neutral, [He]2s22p3 5

Table 8.1: Details of pseudo-potentials for the atomic species in Ni-centred coordination
complexes.

1See App. A for the input files for OPIUM.
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Construction of the simulation box

The initial geometries were adopted from the first-principles result for Ni(CN)2−
4

[27], and

from experimental data for Ni(CO)4
[28]. The molecular structures were optimised iteratively

by fulfilling three convergence criteria, on the atomic displacements, energy per atom, and

total atomic forces for pre-defined values (0.005 bohr, 10−6 Ha, and 0.002 Ha/bohr,

respectively) by means of the Broyden-Fletcher-Goldfarb-Shanno (BFGS) method [29,30]. The

optimised geometries were positioned in cuboid simulation boxes centred on Ni atoms, with

the available minimum dimensions needed to satisfy the requirements of the

Martyna-Tockeman boundary condition (PBC) used, which was applied with the

dimensionless parameter 7 [31]. For instance, assuming that the largest distance between atoms

in x-direction is dx a0 of atoms A and B with NGWFs radii of rA and rB, then the minimum

dimension of this simulation box in the x-direction has to be

Rx = 2(dx + rA + rB).

Convergence tests

Three sets of convergence tests were performed to safeguard simulations. The first set of

convergence tests were performed at the single-point level to determine a common set of

values for an effective plane-wave kinetic energy cut-off (Ecut), and the radii of the

variationally optimised NGWFs for single-point, namely RGS
NGWFs. The per-atom total-energy

convergences for Ni(CN)2−
4 and Ni(CO)4 are shown in Fig. 8.3a and Fig. 8.3b, respectively.

Additionally, a total of 9 NGWFs for Ni atoms to complete the period up to Kr, and a total of

4 NGWFs for each C, O and N atoms to complete the period up to Ar, were optimised at the

single-point level.
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(a) The convergence tests for Ni(CN)2−4 .

800 1000 1200 1400 1600
369.6

369.6

369.6

369.6

369.6

369.6

369.6

Ecut (eV)

|E
to
ta
l|
p
e
r
a
to
m

(e
V
)

8 10 12 14 16
369.600

369.601

369.602

NGWFs radius (a0)

|E
to
ta
l|
p
e
r
a
to
m

(e
V
)

(b) The convergence tests for Ni(CO)4.

Figure 8.3: Convergence tests performed to determine the effective plane-wave kinetic energy cut-
off energy (Ecut) and the single-point NGWFs radius (RSP

NGWFs) for Ni(CN)2−4 and Ni(CO)4. A
criterion for change of total energy per atom of 1 meV (∆ (Etot/Na) ≤ 1 meV) was used.

A second set of convergence tests were then performed at the conduction level to determine

the NGWFs radius for conduction states, and minimum numbers of additional NGWFs

needed to be optimised to represent the product space of occupied-unoccupied orbital pairs in

a relevant spectral range, with respect to a set of criteria of eigeneneregies of states,

HOMO-LUMO gap positions, and occupancies of states. The increment of radius of

conduction NGWFs does not significantly affect the set of criteria here; hence, it was chosen

12 a0 at the single point level. In Ni(CN)4
2−, the HOMO-LUMO gap is positioned at the

vacuum level; hence 20 additional states (equivalent to 10 additional NGWFs in

non-spin-polarized cases) were optimised to represent the unoccupied manifold. Thus, the

number of NGWFs for each species was doubled to 18 for Ni, and 8 for C, O, and N in order

to have sufficient NGWFs to represent the product space, while closing sub-shells. In

Ni(CO)4, it has found that there exist sufficient optimised NGWFs from single-point to

represent the conduction manifold already.

A third set of convergence tests was required to determine the numbers of the optimised

occupied and unoccupied states to be able to represent the respective product spaces for RPA
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and TDA. In principle, this number should be adjusted down as small as possible to reduce

dimensions of related matrices for lower computational costs, while maintaining the desired

accuracy; however, for both Ni(CN)4
2− and Ni(CO)4, all optimised occupied and unoccupied

manifolds were used for the sake of benchmark simulations with TDDFT+U . The common

parameter set used consistently for both systems is summarised in Table 8.2.

Parameter Level Value Unit

Ecut All 1200 eV

PBC All 7

RSP
NGWFs All 12 a0

NNi
NGWFs SP (COND) 9 (18)

NC
NGWFs SP (COND) 4 (8)

NN
NGWFs SP (COND) 4 (8)

NO
NGWFs SP (COND) 4 (8)

Table 8.2: The common set of convergence parameters used for Ni(CN)2−4 and Ni(CO)4.

Final converged calculations

Final calculations were performed with converged parameters for U=0 eV at integer values

of the Hubbard U parameter in the range 0 − 10 eV for the first 50 singlet excitations of

each system. The product spaces for LR-TDDFT calculations were constructed by using full

valence manifolds, which are represented by 24 and 25 NGWFs for Ni(CN)2−
4 and Ni(CO)4,

respectively, and conduction manifolds represented by 10 NGWFs 1.

Post-processing

EES and ABS were constructed by using Eq. (1.38) and Eq. (1.39) with a Lorentzian

broadening Γ = 0.1 eV at integer values of the Hubbard U parameters and interpolated at

0.01 eV steps for intermediate values. While EES provides a count of all possible excitations

without imposing any selection rules, ABS is the dipole-dipole allowed absorption spectra

under Laporte’s selection rules [32] discussed in Subsec. 1.2.2. EES was scaled by the global

maximum of EES data within DFT& TDDFT, DFT+U & TDDFT, and DFT+U &

TDDFT+U . Similarly, ABS was scaled by the global maximum of ABS data within DFT&

TDDFT, DFT+U & TDDFT, and DFT+U & TDDFT+U . Such separate scaling factors enable
1See App. A for the sample input files for ONETEP.
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us to compare relative intensities within various methods as well as the comparabilities

between EES and ABS within same method. EES within FGR was scaled by its own

maximum as the larger number of energy differences of occupied and unoccupied states were

used to show approximate behaviour beyond first 50 excitations.

8.2 The square-planar tetracyanonickelate anion: Ni(CN)2−4

The square-planar Ni(CN)4
2− is a low-spin coordination complex, with a Ni center of

nominal charge 2+. (CN)− is a π-acceptor strong-field ligand that leads to ligand-splitting at

3d-levels of Ni, following dyz ≈ dxz < dxy < dz2 < dx2−y2 , where 3d8 electrons occupy the

first four levels and the remaining 3dx2−y2 forms a dsp2-hybrid with the ligands in the

square-planar symmetry [33]. As a deduction, the low-lying excitations are expected to be

predominantly of a mixed 3d → 3d and metal-to-ligand 3d → π∗ character, as suggested by

previous works [18].

(a) Energy levels (b) FGR

Figure 8.4: The energy levels and the singlet EES spectra using FGR for Ni(CN)2−4 as functions
of Hubbard U parameter. The Fermi level (dashed, blue line) is set to 0 eV. The states affected
strongly by DFT+U are shown with dashed, red lines.

The energy alignment of 3d states is shown as a function of U in Fig. 8.4a. For increasing U ,
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the occupied 3d states move to deeper energies. The states close to the HOMO-LUMO gap

(shown with red, dashed lines), which strongly contribute to low-lying excitations, fall to lower

energetic states entirely at about U ' 7 eV. Thus, low-lying excitations are pushed upwards

and ultimately combine with higher energy excitations of metal-to-ligand character, as seen in

EES using FGR of Fig. 8.4b.

(a) EES using DFT+U & TDDFT (b) EES using DFT & TDDFT+U

(c) EES using DFT+U & TDDFT+U (d) EES using DFT+U & TDDFT+U (TDA)

Figure 8.5: The singlet EES of Ni(CN)2−4 using DFT+U & TDDFT, DFT & TDDFT+U , and
DFT+U & TDDFT+U as functions of the Hubbard U parameter.
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Hitherto, the Hubbard U has been used only to modify the under-lying KS-DFT states via

DFT+U . In Fig. 8.5, a more complete and consistent picture is represented by the EES for the

first 50 singlet excitations using various combinations of DFT+U and TDDFT+U . In

Fig. 8.5a, increasing U values in DFT+U reduces the 3d → 3d characters of the excitations,

and combines them with excitations from deeper states similarly to the FGR case. Beyond

that, DFT+U is effective globally as it pushes other excitations to higher energies as well, by

means of modifying the metal-to-ligand energy as seen in Fig. 8.4a. On the contrary, in

Fig. 8.5b, TDDFT+U affects specifically only the excitations carrying of 3d→ 3d type, while

remaining excitations are intact as expected. Also, the affected excitations become

non-physical for large value U ' 7 eV in DFT & TDDFT+U , similar to what is observed in

the four-level toy model of Subsec. 7.6.1, by virtue of exciton over-binding that is a result of

extremely large U value. For these large values of U , TDDFT+U contributions to coupling

matrix elements KU
cv,cv in Eq. (7.69) over-compensate sums of energy differences ωcv and

coupling matrix elements HHxc
cv,cv in Eq. (7.41), and lead to complex eigenvalues in Eq. (7.40).

In Fig. 8.5c, when DFT+U and TDDFT+U are combined, consistently, TDDFT+U primarily

cancels the effects of DFT+U on 3d→ 3d type of excitations that are at ∼ 3.5 - 4.5 eV range.

This cancellation of DFT+U with TDDFT+U is more quadratic in RPA compared to a more

linear behaviour as a function U in TDA, comparing Fig. 8.5c and TDA in Fig. 8.5d, and also

again recalling what was observed in our four-level toy model.

While DFT+U is still effective in modifying the ABS by pushing low-lying optical transitions

to higher energies as seen in Fig. 8.6a, Fig. 8.6c, and Fig. 8.6d, TDDFT+U does not have any

significant effect on ABS in Fig. 8.6 as TDDFT+U acts solely on 3d→ 3d excitations directly,

which are totally optically dark in Ni(CN)2−
4 in ideal square-planar symmetry.
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(a) ABS using DFT+U & TDDFT (b) ABS using DFT & TDDFT+U

(c) ABS using DFT+U & TDDFT+U (d) ABS using DFT+U & TDDFT+U (TDA)

Figure 8.6: The dipole-dipole absorption spectra of Ni(CN)2−4 using DFT+U & TDDFT, DFT &
TDDFT+U , and DFT+U & TDDFT+U as functions of the Hubbard U parameter.
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8.3 The tetrahedral nickel tetracarbonyl: Ni(CO)4

The tetrahedral Ni(CO)4 is another low spin coordination with a neutral Ni center, which has a

full 3d sub-shell. The (CO)− ion is a strong-field π-acceptor ligand, which splits 3d states on

Ni as dz2 ≈ dx2−y2 < dxy ≈ dxz ≈ dyz in a tetrahedral symmetry. The two-fold and the

three-fold degenerate 3d splitting can be clearly distinguished by their response to DFT+U in

Fig. 8.7a as they are pushed down to lower energies. Therefore, the low-lying singlet

excitations are predominantly of a Ni 3d→ π∗ character [15,34].

In Fig. 8.7a, the two-fold degenerate dz2 ≈ dx2−y2 states (red, dashed line) at -2 eV and the

three-fold degenerate dxy ≈ dxz ≈ dyz states (red, dashed lines) at -3 eV for U= 0 eV are

pushed down for increasing U values with DFT+U . In Fig. 8.7b, these immediate effects of

DFT+U on the low-lying excitations are hinted by the up-shifts in the singlet EES with FGR as

functions of increasing U values. The 3d→ π∗ characteristic excitations at ∼ 4.0 - 5.5 eV for

U= 0 eV shift to higher energies for increasing U values due to down-shift of 3d states. Such

shifts are larger particularly for excitations from dz2 and dx2−y2 as they are lowered more with

DFT+U .

(a) Energy levels. (b) EES using FGR

Figure 8.7: The energy levels and the singlet EES spectra using FGR of Ni(CO)4 as functions of
the Hubbard U parameter.
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(a) EES using DFT+U & TDDFT (b) EES using DFT & TDDFT+U

(c) EES using DFT+U & TDDFT+U (d) EES using DFT+U & TDDFT+U (TDA)

Figure 8.8: The singlet EES of Ni(C0)4 using DFT+U & TDDFT, DFT & TDDFT+U , and
DFT+U &TDDFT+U as functions of the Hubbard U parameter.

The complete picture of behaviours of the first 50 excitations with DFT+U and TDDFT+U

are presented in Fig. 8.8. The increasing U value of DFT+U level affects excitation energies

globally by pushing them to higher energies. In Fig. 8.5a, particularly, the excitations from the

lower energetic 3d levels(dz2/dx2−y2 → π∗) at∼ 5 - 6 eV forU= 0 eV climb most strongly and

cross-over with the excitations from the deeper states around U ≈ 4 eV, as hinted in Fig. 8.4.

A similar trend is also present with DFT+U as it is more effective on the excitations from the
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lower energetic 3d levels as seen in Fig. 8.5b, where some cross-overs occur with the lower

energy batch of excitations. TDDFT+U cancellation of effects of DFT+U is more subtle in

Ni(CO)4 for the relevant excitations compared to Ni(CN)2−
4 , as expected due to the weaker

3d → 3d character of the transitions, in Fig. 8.5c. Particularly, TDDFT+U is less effective on

the excitations affected by with DFT+U . While it shifts the lowest batch of excitations as well

as splitting these excitations, it does not lead to the splitting-off of distinct tight-bound excitons

as observed in Ni(CN)2−
4 . Indeed, it is an important implication, stressed in Chap. 7, that

DFT+U is effective in proportion to the 3d character of the KS manifold, whereas TDDFT+U

is proportional to the 3d character of product space of occupied 3d-unoccupied 3d subspaces.

This product space is spanned by product wave-functions |ψ3d
c ψ

3d
v 〉 = |ψ3d

c 〉|ψ3d
v 〉.
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(a) ABS using DFT+U & TDDFT (b) ABS using DFT & TDDFT+U

(c) ABS with DFT+U & TDDFT+U (d) ABS using DFT+U & TDDFT+U (TDA)

Figure 8.9: The dipole-dipole absorption spectra of Ni(CO)4 using DFT+U & TDDFT, DFT &
TDDFT+U , and DFT+U & TDDFT+U as functions of the Hubbard U parameter.

As the dominant optically allowed transitions are almost purely 3d → π∗ character, DFT+U

naturally pushes bright excitations up as seen in Fig. 8.9a, where the effect of TDDFT+U on

these excitations is quite subtle, as previewed in Fig. 8.9b.
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8.4 First-principles Hubbard U parameters for transition-metal
centres

First-principles Hubbard parameters were calculated using LRT introduced in Sec. 4.3 within

ONETEP for the Ni(CN)2−
4 and Ni(CO)4 introduced in Sec. 8.2 and Sec. 8.3, respectively.

Additionally, the Hubbard parameters for an open-shell, high-spin Co-centred coordination

complex namely, CoL2Cl2(L=2-aminopyrimidine: C4H5N3), which will be discussed in more

detail in the next section, were calculated. Hubbard U parameters from the uncoupled-spin

response approach in Eq. (4.20) were chosen for simulations. Since a more conventional

approach yielded unphysically large values for U . Hence, only spin-up channels were

perturbed in two closed-shell Ni-centred complexes by symmetry, whereas both spin-up and

spin-down channels were separately perturbed for the open-shell Co-centred complex using a

common V σ′
ext discrete mesh of {−0.10, −0.01, 0.00, 0.01, 0.10}. Total derivatives in

Eq. 4.20 were determined by linear-fitting to responses of occupancies Nσ
U and projected KS

potentials V σ
KS for each spin channel of the Hubbard subspace, respectively, to the perturbative

external potential V σ′
ext.

As both Ni(CN)2−
4 and Ni(CO)4 are closed-shell systems, the respective responses of their spin-

up and spin-down channels are identical; hence, the Hubbard U parameter is chosen as Ul
��↑↓

in

Eq. (4.21). Linear fittings of the spin-up occupancy and corresponding KS potential of 3d sub-

shell of the Ni atom in Ni(CN)2−
4 and Ni(CO)4 versus the perturbative external potential are

shown in Fig. 8.10. Also, Hubbard parameters with various schemes for the Ni-centred systems

are summarized in Table 8.3. The adopted values of the Hubbard U parameter for Ni atoms

in spectra calculations is 1.102 eV and 0.888 eV for Ni(CN)2−
4 and Ni(CO)4, respectively, as

highlighted in the table.
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Figure 8.10: The linear-response of spin-up occupancy and the corresponding projected KS
potential for the 3d sub-shell of the Ni atom in Ni(CN)2−4 and Ni(CO)4.

Expression Symbol Ni(CN)2−4 Ni(CO)4

Eq. (4.21) U
l

�↑↓
1.102 0.888

Eq. (4.15) f↑↑ (f↓↓) , f↑↓ (f↓↑) 6.901, 8.456 9.849, 11.388

Eq. (4.16) U 7.678 10.618

Eq. (4.17) J 0.777 0.769

Eq. (4.18) Ueff 6.901 9.849

Eq. (4.23) U ′eff 6.123 9.079

Table 8.3: The Hubbard parameters (in eV) from self-consistent first-principles approaches for
Ni(CN)2−4 and Ni(CO)4.

As CoL2Cl2 is an open-shell system, responses of each spin channel need to be measured by

perturbing the respective spin channels, separately, one at a time. Once again, the uncoupled-

spin approach was used to determine the final averaged Hubbard U parameter for Co atom

using linear fitting for spin-up and spin-down channels, as shown in Fig. 8.11.
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Figure 8.11: The linear-response of spin-up and spin-down occupancies and the corresponding
projected KS potentials of the 3d sub-shell of the Co atom in CoL2Cl2.

Hubbard parameters with various approaches for Co atom are summarised in Table 8.4. The

adopted value of the Hubbard U parameter for Co atom in spectra calculations is 3.789 eV for

Co highlighted in table.

Expression Symbol CoL2Cl2

Eq. (4.20) f↑↑
�↑↓

, f↓↓
�↑↓

3.503, 4.093

Eq. (4.19) U�↑↓ 3.798

Eq. (4.15) f↑↑, f↓↓, f↑↓, f↓↑ 13.711, 6.029, 15.268, 7.650

Eq. (4.16) U 10.660

Eq. (4.17) J 0.795

Eq. (4.18) Ueff 9.870

Table 8.4: The Hubbard parameters (in eV) from first-principles approaches for CoL2Cl2.
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8.5 First-principles spectra of Ni-centred complexes

The EES and ABS of the three coordination complexes were constructed for using DFT+U

and TDDFT+U with their respective first-principles Hubbard U parameters. The spectra of

Ni-centred complexes were obtained from the cross-section of interpolated data in Sec. 8.2 and

Sec. 8.3 at their respective first-principle Hubbard U parameters.

8.5.1 Excitation energies and spectra of Ni(CN)2−4

The EES and ABS of Ni(CN)2−
4 are presented in Fig. 8.12 and Fig. 8.13 for the first-principles

U=1.102 eV alongside experimental experimental excitation spectra extracted from Ref. 12.

In Fig. 8.12, the experimental excitation energies are shown with vertical gray lines in

Fig. 8.12. In Fig 8.13, these lines are scaled with respect to the maximum absorbance of

highest energy excitation at 4.66 eV given as 10600 in M−1cm−1; hence, the heights of

vertical gray lines represent relative maximum absorbances. The first-principles excitation

energies were obtained from the peak positions of Fig. 8.12 with smaller peaks and shoulders

removed, and the optically bright ones were assigned by matching the peaks of Fig. 8.13. All

excitations were listed in Table 8.5 along with the experimental results [12] and TDDFT

results [18], where optically bright excitations are highlighted with bold fonts. The previous

TDDFT calculations at Ref. 18 were performed with implicit solvation with a dielectric

constant of 37.5, and this provides an important benchmark testing to evaluate the numerical

validity of the TDDFT+U implementation.

As seen Fig. 8.12, DFT+U is effective throughout the spectral range. The excitation energies

are shifted to higher energies as seen by comparing DFT+U & TDDFT with DFT & TDDFT

(PBE). TDDFT+U , however, acts only at low-energy part, where there emerges some

additional peaks surrounded by neighbouring peaks present in DFT & TDDFT. The combined

effects of DFT+U and TDDFT+U is indeed nearly a combination of their respective

individual effects, as seen in EES with DFT+U & TDDFT+U , where excitation energies are

globally shifted and some additional peaks emerge. In terms of the optically bright

excitations, TDDFT+U has virtually no effect. In Fig. 8.13, DFT+U still carries these

excitations to higher energies with slightly larger shifts at lower energies. TDA and RPA

predict spectra in close mutual agreement, with slightly higher energies emerging within TDA

for both spectra.
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Figure 8.12: The singlet EES of Ni(CN)2−4 extracted from Fig. 8.5 using the cross-section at
the first-principles Hubbard U=1.102 eV, shown with a Lorentzian broadening of 0.1 eV. The
experimental excitation energies extracted from Ref. 12 are shown with vertical gray lines.
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Figure 8.13: The singlet dipole-dipole ABS of Ni(CN)2−4 extracted from Fig. 8.6 using the cross-
section at the first-principles Hubbard U=1.102 eV, shown with a Lorentzian broadening of 0.1 eV.
The experimental absorption energies extracted from Ref. 12 are shown with vertical gray lines
that are scaled with respect to the maximum absorbance of the highest energy peak at 4.66 eV
given as 10600 in M−1cm−1.
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In Fig. 8.13 (also represented In Table 8.5), regardless of flavour, TDDFT fails to capture the

optically bright excitation at 2.85 eV observed in experimental measurements, consistently

with previous TDDFT studies using LDA and PBE. The hybrid-TDDFT, using B3LYP

functional, performs relatively better than LDA or PBE, surely due to its better description of

exciton binding via partial inclusion of the exact exchange interaction. DFT+U worsens the

agreement with experimental excitation energies by pushing excitations within DFT &

TDDFT to higher energies such that the lowest optically bright excitation is carried to ∼ 0.30

eV higher energy compared to DFT & TDDFT. While, TDDFT+U shows some effects on

excitations by locating an optically dark excitation at 3.26 eV, its effect is overshadowed by

the dominating underlying DFT+U within DFT+U & TDDFT+U . Such a result is not

surprising as the 3d orbitals are mostly occupied, such that the transitions overlapping with

the 3d× 3d product space is quite small.

Method

DFT & TDDFT (PBE) 3.37
4.34

3.42
4.55

3.78
4.84

3.85
4.92

3.91
5.23

4.03
5.34

DFT+U & TDDFT 3.55
4.49

3.66
4.81

3.71
5.11

4.06
5.24

4.34
5.37

4.40
5.46

DFT & TDDFT+U
3.26
4.02
5.06

3.37
4.24
5.23

3.43
4.35
5.34

3.63
4.55

3.78
4.83

3.92
4.93

DFT+U & TDDFT+U 3.54
4.55

3.66
4.81

3.72
5.10

4.05
5.24

4.19
5.37

4.34
5.46

DFT+U & TDDFT+U
(TDA)

3.55
4.55

3.73
4.82

3.94
5.10

4.09
5.24

4.19
5.37

4.33
5.49

Exp. [12] 2.85 3.35 4.00 4.36 4.66 -

TDDFT (PBE) [18] 3.99 4.19 4.48 3.76 4.12 4.53

TDDFT (LDA) [18] 3.98 4.17 4.46 3.78 4.13 4.55

TDDFT (B3LYP) [18] 3.29 3.57 3.92 4.75 5.07 5.59

Table 8.5: Energies (in eV) of the singlet excitations of Ni(CN)2−4 , as obtained without symmetry
assignment from the peak positions of Fig. 8.12, with smaller peaks and shoulders removed.
Coinciding peaks in Fig. 8.13 are assigned as optically bright excitations highlighted with a bold
font.
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8.5.2 Excitation energies and spectra of Ni(CO)4

The EES and ABS of Ni(CO)4 are presented in Fig. 8.14 and Fig. 8.15, respectively, within

various schemes, for the first-principles U=0.888 eV, alongside respective spectra using the

experimental excitation energies and oscillator strengths extracted from Ref. 15. Neither

DFT+U nor TDDFT+U affect the DFT & TDDFT spectra significantly. They produce very

similar curves both in Fig. 8.14 and 8.15, with the exception of very highest optically bright

peak, which is shifted up by ∼ 0.20 eV with DFT+U , and additionally by ∼ 0.30 eV in TDA

compared to RPA.

In Fig. 8.15, DFT & TDDFT overestimates the lowest optically bright excitation compared to

the experimental values, also as represented in Table 8.6. DFT+U slightly worsens DFT &

TDDFT results, and TDDFT+U marginally reduces this effect. As 3d states are again nearly

fully filled, the conduction manifold has been left with a minuscule 3d character; hence,

TDDFT+U has very little effect for such small Hubbard parameters.
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Figure 8.14: The singlet EES of Ni(CO)4 extracted from Fig. 8.8 using the cross-section at the first-
principles Hubbard U=0.888 eV, shown with a Lorentzian broadening of 0.1 eV. The experimental
EES (gray, dashed line) constructed form the experimental excitation energies extracted from Ref.
15, shown with a Lorentzian broadening of 0.1 eV.
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Figure 8.15: The singlet dipole-dipole ABS of Ni(CO)4 extracted from Fig. 8.9 using the cross-
section at the first-principles Hubbard U=0.888 eV, shown with a Lorentzian broadening of 0.1 eV.
The experimental ABS (gray, dashed line) constructed form the experimental excitation energies
and oscillator strengths extracted from Ref. 15, shown with a Lorentzian broadening of 0.1 eV.

186



8.5 First-principles spectra of Ni-centred complexes

Method

DFT & TDDFT (PBE) 4.26
5.42

4.50
5.60

4.67
5.75

4.75
6.16

5.17
6.54

5.27
6.91

DFT+U & TDDFT 4.34
5.75

4.57
5.90

4.75
6.23

5.27
6.65

5.43
6.97

5.58
-

DFT & TDDFT+U 4.22
5.56

4.46
5.74

4.63
6.17

4.76
6.52

5.14
6.91

5.36
-

DFT+U & TDDFT+U 4.29
5.52

4.54
5.71

4.72
5.90

4.82
6.23

5.24
6.63

5.36
6.97

DFT+U & TDDFT+U
(TDA)

4.30
5.91

4.54
6.23

4.75
6.92

5.30
-

5.52
-

5.74
-

Exp. (solvent) [13] - 5.24 5.52 6.02 - -

Exp. (matrix) [14] 4.54 5.17 - - - -

Exp. (gas) [15] 4.5 5.4 - - - -

TDDFT (LDA) [17] 4.36
5.37

4.60
5.84

4.62
6.01

4.70
-

4.82
-

4.95
-

SAC-CI [35] 4.52
5.51

4.53
5.72

4.79
5.76

4.97
6.07

5.25
6.28

5.41
-

CASPT2 [16] 3.58
5.15

3.72
5.20

4.04
5.22

4.34
5.57

4.88
6.00

5.14
6.01

Table 8.6: Energies (in eV) of the singlet excitations of Ni(CO)4, as obtained without symmetry
assignment from the peak positions of Fig. 8.14, with smaller peaks and shoulders removed.
Coinciding peaks in Fig. 8.15 are assigned as optically bright excitations highlighted with a bold
font.
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8. Molecular spectroscopy of finite-sized systems: coordination complexes with TDDFT+U

8.6 A high-spin coordination complex: CoL2Cl2 (L=
2-aminopyrimidine: C4H5N3)

CoL2Cl2(L= 2-aminopyrimidine: C4H5N3) is a Co-centred distorted pseudo-tetrahedral

complex with two types of ligands, as illustrated in Fig. 8.16. The center Co atom has a

nominal charge of 2+, with a 3d sub-shell of 7 electrons. Cl− is a π-donor weak-field ligand,

leading to splitting of the 3d sub-shell of the Co atom into a high-spin configuration in a

(pseudo-)tetrahedral symmetry [33,36]. In its high-spin configuration, the higher energy 3d

orbitals have unpaired electrons resulting in a nominal 3 unit spin of Co atom in this

symmetry. The higher energy fully and partially filled molecular orbitals are predominantly

hybridisations of 3d of the Co atom and the 3p of Cl atoms. Moreover, further splitting in the

energy levels of 3d − 3p hybridisations occurs by means of the distortion due to the tilted

L-ligands1. Consequently, low-lying excitations are expected to have strong 3d → 3d

character.

Figure 8.16: The molecular structure of CoL2Cl2 (L= 2-aminopyrimidine: C4H5N3).

1See App. C for the shapes of strongly 3d mixed KS-DFT orbitals.
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8.6 A high-spin coordination complex: CoL2Cl2 (L= 2-aminopyrimidine: C4H5N3)

Computational details

A norm-conserving PBE pseudo-potentials were generated for Co2+, Cl, and H similarly to

previous systems within OPIUM 1,

Species Configuration Valence electron number Additonal info

Co2+ +2 , [Ar]3d74s04p0 7 Non-linear core corr.

Cl Neutral, [Ne]3s22p5 7

C Neutral, [He]2s22p2 4

O Neutral, [He]2s42p2 6

N Neutral, [He]2s22p3 5

H Neutral, 1s1 1

Table 8.7: The details of pseudo-potentials for atomic species in CoL2Cl2.

The geometry was directly adopted from Ref. 37 for the sake of preserving comparability of

spectra for this particular distorted pseudo-tetrahedral structure studied in Ref. 38. An identical

set of the converged parameters with Ni-centred complexes were used for single-point and

conduction levels. Additionally, 9 (18) and 4 (13) NGWFs were variationally optimised for

Co and Cl atoms during single-point (conduction) simulation, respectively. As CoL2Cl2 is an

open-shell system, spin-polarised calculations were performed with a constrainted total spin

of 3 µB. Also, the initial configuration of Co for the pseudo-atomic solver was set to the

theoretical high-spin configuration of [Ar]4s03d7, with an initial local 3 µB spin. In conduction

band calculations, 11 NGWFs were optimised to represent the conduction manifold, where 11

extra NGWFs were used to improve descriptions of the first set of 11 conduction NGWFs. The

first 20 excitations were calculated within TDA2 for U=0 eV and the first-principles U=3.798

eV correction to the Co3.

8.6.1 Excitation energies and spectra of CoL2Cl2

In Table 8.8, experimental values of low-lying, spin-allowed optically bright excitations of

CoL2Cl2 alongside with predictions using high-level quantum chemistry methods such as the

complete active space self-consistent field (CASSCF) improved with the second-order

N-electron valence perturbation theory (NEVPT2) [39–42], which were extracted from Ref. 38,
1See App. A for the sample input files for OPIUM.
2The RPA routine for spin-polarised systems requires further testing to ensure numerical stability in ONETEP.
3See App. A for the sample input files for ONETEP.
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8. Molecular spectroscopy of finite-sized systems: coordination complexes with TDDFT+U

are presented. In Fig. 8.17a, we see that DFT+U & TDDFT pushes excitation features at

lower energies around ∼ 1 - 2 eV higher by ∼ 1.0 eV compared to DFT & TDDFT. While the

two lowest excitations are still distinguishable, the intermediate excitations around ∼ 2.0 eV

in DFT & TDDFT are combined with higher energetic peaks at around ∼ 2.8 eV in DFT+U

& TDDFT. DFT+U & TDDFT+U brings these excitations to even lower energies than DFT &

TDDFT, while higher-energy peaks remain similar to those of DFT & TDDFT within DFT+U

& TDDFT+U . In Fig. 8.17a, DFT+U & TDDFT+U drastically changes the picture by pulling

the excitations up to ∼ 2 eV within DFT & TDDFT to ∼ 1 eV lower energies compared to

DFT & TDDFT, and to ∼ 2 eV lower compared to DFT+U & TDDFT. Also, DFT+U &

TDDFT+U produces three optically bright excitations with ' 1 eV energies,whereas neither

DFT & TDDFT nor DFT+U & TDDFT could predict. Such a strong effect can be discussed

with the help of ligand field theory [33] for a simplified case in a perfect tetrahedral symmetry.

In a perfect tetrahedral symmetry with a weak-field ligand, the 3d sub-shell of Co atom splits

into two energy levels as dx2−y2 = dz2 < dxy = dyz = dxz
[36]. In this virtual case, the

low-lying, spin-allowed excitations are expected to predominantly be a mixture of spin-down

dx2−y2/dz2 → dxy/dyz/dxz transitions. DFT+U is effective on the occupied spin-down

manifold for dx2−y2/dz2 , while TDDFT+U is effective on the product space of dx2−y2/dz2

and dxy/dyz/dxz , representing a larger manifold; hence, TDDFT+U may have a larger

effective domain. As expected, in the case of CoL2Cl2, the excitations have more mixed

characters due to hybridisation and the distortion, which leads to further splitting in the energy

levels with diverse orbital shapes [38].

Quantitative accuracy improvements on lower-energy excitations offered by DFT+U &

TDDFT+U are clearly seen in Table 8.8. Both DFT & TDFFT and DFT+U & TDDFT fail to

capture the lowest three-fold degenerate excitation (highlighted with light pink) between

∼ 0.50 − 0.75 eV calculated by the NEWPT2-corrected CASSCF (CASSCF+NEWPT2)

method. Moreover, DFT+U & TDDFT also overestimates the second three-fold degenerate

excitations (highlighted with light blue) around ∼ 0.90− 1.40 eV, both when compared to the

experimental value of 1.12 eV and the CASSCF+NEWPT2 prediction of ∼ 0.95 − 1.13 eV.

DFT+U & TDDFT+U determines the lowest optically bright excitation energy with relatively

high accuracy at 0.56 eV, comparing to both CASSCF and CASSCF+NEWPT2. Furthermore,

it performs well by locating the second three-fold degenerate excitations (highlighted with

light blue) at 0.90 eV and 1.02 eV, comparing again to both the experimental measurement

and CASSCF+NEWPT2. However, DFT+U & TDDFT performs better for the third

three-fold degenerate excitations (highlighted with light purple) at 2.45 eV, comparing to the
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8.6 A high-spin coordination complex: CoL2Cl2 (L= 2-aminopyrimidine: C4H5N3)
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Figure 8.17: The singlet EES and ABS of CoL2Cl2 calculated using a first-principles Hubbard
U=3.798 eV, shown with a Lorentzian broadening of 0.1 eV. The experimental absorption spectra
(gray, dashed line) extracted from Ref. 38. The experimental spectra was scaled by setting the
global peak to unit value.
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8. Molecular spectroscopy of finite-sized systems: coordination complexes with TDDFT+U

experimental value, than both DFT+U & TDDFT+U and CASSCF+NEWPT2. Consequently,

DFT+U & TDDFT+U performs better for low-lying excitations, whereas DFT+U & TDDFT

may perform better for higher excitations.

Method

DFT & TDDFT (TDA) 1.19
2.28

1.38
2.68

1.74
2.92

1.94
-

2.04
-

DFT+U & TDDFT (TDA) 2.16
3.06

2.45
-

2.71
-

2.85
-

2.98
-

DFT+U & TDDFT+U (TDA) 0.20
2.64

0.35
2.85

0.56
2.93

0.90
3.00

1.02
-

Exp. (solvent) [38] - 1.12 2.46 - -

CASSCF [38]
0.35
1.06

0.43
2.76

0.56
2.80

0.72
2.84

0.87
-

CASSCF+NEWPT2 [38]
0.49
1.36

0.58
2.67

0.75
2.72

0.95
2.75

1.13
-

Table 8.8: Energies (in eV) of the singlet excitations of CoL2Cl2, as obtained without symmetry
assignment from the peak positions of Fig. 8.17a, with smaller peaks and shoulders removed.
Coinciding peaks in Fig. 8.17b are assigned as optically bright excitations, highlighted with a bold
font.

8.7 Conclusion

In this chapter, benchmark tests of a newly-developed methodology, namely TDDFT+U , were

demonstrated on two Ni-centred closed-shell and one Co-centred open-shell, high spin

coordination complexes, together with their respective first-principles calculated Hubbard

parameters. DFT+U shifts excitation energies of transitions into, out of and within the

localised subspace by modifying underlying energy levels proportionally to the Hubbard U

parameter. Meanwhile, TDDFT+U affects exclusively transitions within the localised

subspace by modifying the coupling matrix elements of these transitions proportionally to the

product of densities of the occupied and the unoccupied localised subspaces and the Hubbard

U parameter.
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8.7 Conclusion

In the case of Ni-centred coordination complexes, in Fig. 8.4a and Fig. 8.7a, the increasing U

values opens the HOMO-LUMO gaps within DFT+U leading to shifts in the transitions from

3d states to higher energies. In Ni(CN)2−
4 , the lower energy transitions are a mixture of

3d→ π∗ and 3d→ 3d characters; hence, increasing U values used in DFT+U level push such

transitions to higher energies. However, the states, spanning unoccupied localised subspace,

has very small 3d character; hence, TDDFT+U shows very small effects on the transitions by

lowering exclusively the energies 3d → 3d character transitions. Since 3d → 3d character

transitions are forbidden by Laporte’s selection rule, the effects of TDDFT+U are not

observable in the dipole-dipole absorption spectra shown in Fig. 8.6. In the case of Ni(CO)4,

TDDFT+U is less effective due to a very small density-density product of 3d × 3d states of

the occupied and the unoccupied localised subspaces., respectively. In such a case, the

dipole-dipole absorption spectra is not affected by TDDFT+U as the low-energy, optically

bright transitions are 3d→ π∗ characters.

In the case of the Co-centred coordination complex, TDDFT+U becomes effective as both the

edges of occupied and unoccupied localised subspaces are strongly 3d character; therefore,

the density product becomes large enough to overcompensate the shift in the transitions due

to opening of the HOMO-LUMO gap by DFT+U . By doing so, DFT+U & TDDFT+U with

the first-principles Hubbard U=3.798 eV predicts the lowest optically bright excitation at 0.56

eV, which is comparable to the computationally more expensive quantum chemistry methods,

and the second lowest optically bright transition at 0.90 - 1.02 eV, which is comparable both to

the experimental value at 1.12 eV and the computationally more expensive quantum chemistry

methods presented in Table 8.8. However, in Fig. 8.17b, DFT & TDDFT performs better for

the higher energy peak at 2.04 - 2.28 eV, comparing to the experimental peak at 2.46 eV. As the

first-principle Hubbard U parameters for these systems were calculated at the static limit, +U

correction for TDDFT level is expected to be more accurate for lower energy excitations.

Consequently, TDDFT+U is needed for the sake of both consistency and accuracy in first-

principles spectra of systems with highly localised states. Clearly, however, its most promising

applications are to systems with a localised subspace where is partially-filled at least for one

spin-channel. It remains to be seen what effect TDDFT+U+J will here, e,g, in LR-TDDFT

triplet calculations; how it will affect excited-state ionic forces, or whether it is useful to apply

DFT+U e.g. to rather less localised ligand 2p orbitals. In the following chapter, we will see

that applying ground-state DFT+U to O 2p orbitals can yields very rewarding results.
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Chapter 9

Band gaps of TiO2 systems from
first-principles DFT+Ud+Up

Titanium dioxide (TiO2) has been a widely used material for decades in various industrial

applications such as pigmentations, coating, synthetic fibres, etc. [1–3] due to its non-toxicity,

low-cost production and thermal stability. However, TiO2 became the scope of intense

research activity after the ground-breaking work of Fujishima and Honda demonstrating water

splitting in TiO2 photo-chemical cells in the UV spectral range in 1972 [4]. Since then, various

TiO2-based structures have been engineered for diverse opto-electronic applications such as

photo-catalysis, photo-voltaics, sensors etc. commonly used in energy and environmental

applications. We refer interested readers to the comprehensive reviews on TiO2 and its

applications in Ref. 5–7.

In this chapter, we will investigate the competences of DFT+U and TDDFT+U with

first-principles Hubbard U parameters to describe band-gaps and lowest excitation energies of

pristine and O vacant TiO2 systems using the ONETEP code. As starting point, the

well-known band-gap problem in bulk pristine TiO2 in its two most common phases, namely

rutile and anatase, within approximate KS-DFT [8] will be discussed in details in conjunction

with various approaches to determine suitable Hubbard U parameters. The conventional

DFT+U method is commonly used to correct SIE on 3d state of Ti atoms. As will be shown,

such an approach is not effective in these systems; hence, the DFT+U method will be

extended to 2p states of O atoms using first-principles Hubbard parameters for Ti and O

atoms. This is symbolically referred as DFT+Ud+Up. The appropriate Hubbard parameters

will be used in both in TDDFT+U and TDDFT+Ud+Up in conjunction with DFT+U and

DFT+Ud+Up, respectively, to study the lowest excitation energies of two TiO2 nano-clusters

with similar structural properties of bulk TiO2-rutile and TiO2-anatase. Lastly, single point

defects of neutral O vacancy type will be introduced to bulk TiO2-rutile and TiO2-anatase to

test the capacity of DFT+Ud+Up to determine defects states in band-gaps of the pristine

systems.

9.1 Bulk TiO2 in the rutile and anatase phases

TiO2 has three polymorphs found in nature with crystal structures named rutile, anatase, and

brookite [9]. While TiO2-rutile and TiO2-anatase are commonly used in industrial applications,

the brookite phase is less stable and hard to synthesise in large volumes [10]. The electronic
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9. Band gaps of TiO2 systems from first-principles DFT+Ud+Up

structure and optical properties of TiO2-rutile and TiO2-anatase have been extensively studied

both experimentally [11–15] and with first-principles methods [16–19]. TiO2-rutile and

TiO2-anatase are suggested experimentally to have band-gaps of ∼ 3.0 eV [13,14] and

∼ 3.2 − 3.4 eV [12,20], respectively. It is well known that approximate KS-DFT drastically

underestimates band-gaps of TMOs [21–23], and the predicted band-gaps of TiO2-rutile and

TiO2-anatase [8] within approximate KS-DFT are no exception. Commonly, DFT+U is used

to improve the TiO2-rutile and TiO2-anatase band-structures by reducing SIE on the Ti atom

with Hubbard U parameters historically varying in the range ∼ 2.5 − 10 eV [24] determined

by tuning to some observed quantities [25–31]. Even overlooking the question of the

consistency of DFT+U applications using some U values that are determined by tuning to

some observable quantities, a problem arises by virtue of that 3d-bands of Ti atoms being

located at lower energies than 2p-states of O atoms. Applying the Hubbard U corrections on

these 3d-states is thus not fully effective even with unreasonably large U values, as 2p-states

at the valence band edge are barely affected [32]. Consequently, the conventional DFT+U

approach of correcting SIE error for only 3d-state still underestimates the gaps of TiO2-rutile

and TiO2-anatase.

DFT+Ud+Up provides a more accurate description of the band-structure around the Fermi

level as well as a more consistent scheme [33–36]; since the band-edges of these systems are a

mixture of 3d-states of Ti and 2p-states of O atoms. Although 2p states of O atoms are not

as localised as 3d states, they still do exhibit localisation. Taking advantage of the capability

within ONETEP [37–39] to determine the Hubbard U parameters as discussed in Chap. 4 for

arbitrary atomic sub-shells, the band-gaps of TiO2-rutile and TiO2-anatase are investigated by

using a fully first-principles approach.

9.1.1 Computational details

Initial crystallographic information for TiO2-rutile and TiO2-anatase were adopted from Refs.

40 and 41, as illustrated in Fig. 9.1.
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9.1 Bulk TiO2 in the rutile and anatase phases

(a) TiO2-rutile (b) TiO2-anatase

Figure 9.1: The tetragonal (4/mmm) crystal structures of TiO2-rutile and TiO2-anatase with space
groups P42/mnmD

14
4h and I41/amdD

19
4h.

Norm-conserving LDA pseudo-potentials were produced using the pseudo-potential generator

OPIUM [42]1 for configurations summarised in Table 9.1. Ti3+ configuration was chosen to

represent the oxidation configuration of Ti for the case of O vacancy in TiO2
[43], which will be

discussed in later sections.

Species Configuration Valence electron number

Ti 3+, [Ne]3s23p6 3d1 4s04p0 9

O Neutral, [He] 2s22p4 6

Table 9.1: Details of pseudo-potentials for ionic Ti3+ and atomic O with LDA.

Full geometry relaxations were performed with variable cell parameters at a high Ecut (75 Ha)

and commonly used grids of 3 × 3 × 5 and 5 × 5 × 3 automatically generated uniform grids

for Brillouin zone sampling within QE [44,45]. The unit cell with converged cell parameters was

used to construct super-cells with 270 and 900 atoms corresponding to 3× 3× 5 and 5× 5× 3

grids in the Brillouin zone sampling for TiO2-rutile and TiO2-anatase, respectively.

The strategy to choose grid samplings for psinc basis functions to achieve an effective kinetic

energy cut-off was briefly introduced in Sec. 3.4. In the ONETEP input file, grid sampling for

the psinc basis function is set by some uniform psinc spacing in each direction. Indeed, the
1See App. A for the input files.
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only restriction in determining the spacing parameters for a given direction is that

∆ri =
Ri

2Ji + 1
, (9.1)

where Ri is the norm of the unit cell vector in i-direction. The form of 2Ji + 1 ensures

an odd number of grid points for FFT purposes. Despite being not a necessary condition,

it is intuitively more convenient to choose the spacing parameters such that the psinc grid is

commensurate with the grid of primitive unit cells in the supercell. Such a choice, whenever

possible, provides some advantages in post-processing such as in illustration of NGWFs as

matching periodic discreet points with periodicities of NGWFs. For instance, the psinc spacing

for TiO2-rutile in the x-direction can be chosen for 3× 3× 5 super-cell as

∆x =
3 ax

3 3k 5l 7m...
, (9.2)

where ax is the norm of the unit vector of the primitive unit cell in x-direction and k, l,m ∈ N.

As 3 primitive unit cells were used in the x-direction in the super cell, the number of grid points

desired is a multiple of 3, while also satisfying the necessary condition in Eq. (9.1). Following

this approach, the numbers of grid point for psinc functions were converged as 31 52 = 75 in

all directions for TiO2-rutile corresponding to the effective kinetic energy cut-offs of ∼ 1776

eV, ∼ 1776 eV and ∼ 1552 eV respectively, while 31 52 = 75 in x- and y-directions and

31 72 = 147 in z-direction for TiO2-anatase corresponded to the effective kinetic energy cut-

offs of ∼ 945 eV, ∼ 945 eV and ∼ 1578 eV respectively. A number of 13 NGWFs for Ti atom

to complete the second and third periods upto Kr, and a number of 4 NGWFs for O atom to

complete the period up to Ar. These were been variationally optimised with cutoff radii of 12

a0.

9.1.2 Computation of the Hubbard parameters

The first-principles Hubbard parameters for the Ti 3d sub-shell and O 2p sub-shell were

calculated using LRT introduced in Sec. 4.3 by perturbing each Hubbard subspace one at a

time with a perturbative external potential (in eV) on the mesh of

{−1.00, −0.50, −0.10, −0.01, 0.00, 0.01, 0.10, 0.50, 1.00}.
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9.1 Bulk TiO2 in the rutile and anatase phases

As both TiO2-rutile and TiO2-anatase are closed-shell systems, only a single-spin channels

was perturbed, since the responses of spin-channels are identical1. Two sets of Hubbard

parameters were calculated for TiO2-rutile with atomic projections on the subspace

configurations of atomic Ti0 and Ti3+.

Ti0 conf. Ti3+ conf.

Expression Symbol Ti O Ti O

Eq. (4.21) U
l

�↑↓
1.325 2.986 1.853 3.126

Eq. (4.15) f↑↑ (f↓↓) , f↑↓ (f↓↑) 3.270, 3.846 7.657, 9.486 5.204, 5.971 7.683, 9.458

Eq. (4.16) U 3.558 8.571 5.587 8.571

Eq. (4.17) J 0.288 0.915 0.384 0.887

Eq. (4.18) Ueff 3.270 7.657 5.204 7.683

Eq. (4.23) U ′eff 2.982 6.742 4.820 6.796

Table 9.2: The Hubbard parameters (in eV) from first-principles approaches for Ti and O in TiO2,
rutile phase for the neutral and 3+ atomic projection on the subspace of 3d-states of Ti atom.

The Hubbard parameters for TiO2-rutile with various schemes are summarised in Table 9.2.

Comparing the first and second block columns, the Hubbard parameters for Ti in Ti3+

configuration is ∼ 2 eV larger compared to that of the neutral configuration, whereas the

Hubbard parameters for O are not affected significantly for the given atomic configuration of

Ti. Indeed larger Hubbard parameters for the Ti3+ configuration is not surprising as the

atomic orbitals are more spatially compact. Conversely, a larger Hubbard parameter is

required to correct SIE when the more compact Hubbard subspace is used to define DFT+U
[24].

Expression Symbol Ti O

Eq. (4.21) U
l

�↑↓
1.361 3.076

Eq. (4.15) f↑↑ (f↓↓) , f↑↓ (f↓↑) 3.282, 3.856 7.656, 9.469

Eq. (4.16) U 3.569 8.562

Eq. (4.17) J 0.287 0.907

Eq. (4.18) Ueff 3.282 7.656

Eq. (4.23) U ′eff 2.996 6.749

Table 9.3: The Hubbard parameters (in eV) from first-principles approaches for Ti and O in TiO2,
anatase phase for the neutral atomic projection on the subspace of 3d-states of Ti atom.

1See App. D for the linear fitting to the response of the KS potentials and occupancies at the Hubbard subspace to
the perturbative external potential of each spin-channel.
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9. Band gaps of TiO2 systems from first-principles DFT+Ud+Up

The Hubbard parameters for TiO2-anatase for Ti and O in the Ti0 configuration is presented in

Table 9.3. The Hubbard parameters of TiO2-anatase are quite similar to the Hubbard

parameters of TiO2-rutile; since, quite a comparable SIE are experienced by both systems due

to their similar electronic structures.

9.2 Band-gaps with DFT+Ud+Up

In TiO2-rutile and TiO2-anatase, the unoccupied 3d-states of Ti split into dxy ≈ dxz = dyz <

dx2−y2 = dz2 due to crystal-field splitting in octahedral molecular symmetry [19,46,47]. These

states are highly hybridised with the 2p-states of O; therefore, they are expected to contribute

partially to predominantly π character states in the valence manifold around the Fermi level,

where the unoccupied states at the conduction manifold close to the Fermi level are mostly

unoccupied 3d-states with some hybridisation with π∗ orbitals [46].

9.2.1 TiO2-rutile

The total DOS and the local DOS (LDOS) projected on Ti and O were shown for the Ti0

configuration in Fig. 9.2 and Fig. 9.3 using DFT+Ud and DFT+Ud+Up, respectively,

alongside DFT (LDA). As expected, the valence manifold around the Fermi level is

predominantly constituted by 2p-states of O with a small contribution from the 3d-states of Ti,

whereas 3d-states of Ti reside mostly in the conduction manifold close to the Fermi level

regardless of applied methods as observed in both Fig. 9.2 and Fig. 9.3. In the left panel,

DFT+Ud shifts the occupied 3d-states to lower energies with various first-principles U

parameters. Of course, the largest shift occurs for Ud = TiU as it provides the largest

Hubbard parameter. DFT+Ud is more effective for deeper energies / -4 eV, whereas the total

DOS at the valence manifold close to the Fermi level only changes slightly as the 2p-states of

O, which are dominant close to the Fermi level, stay mostly unaffected. As a result, the

HOMO-LUMO gap, corresponding to a direct band-gap at Γ, is still underestimated with

DFT+Ud, as listed in Table 9.4, compared to both experiments and more demanding

first-principles methods. Even for the supposedly most elaborate approximation to the

Hubbard U value by Eq. (4.23) in Table 9.3, the gap is predicted at 2.19 eV, which is lower

than the 3.0 eV experimental gap.
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LDA

Ud : TiU ↕

Ud : TiU

Ud : TiU eff

-8 -6 -4 -2 0 2 4 6 8

Energy (eV)

Ud : TiU 'eff

Figure 9.2: DOS of TiO2-rutile using DFT+Ud with the Hubbard U parameters using various
methods summarised in Table 9.2 for 3d-states of Ti (Ud : TiU ), shown with a Gaussian broadening
of 0.1 eV.
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LDA

Ud : TiU ↕

Up : OU ↕

Ud : TiU

Up : OU

Ud : TiUeff

Up : OUeff

-8 -6 -4 -2 0 2 4 6 8

Energy (eV)

Ud : TiU 'eff

Up : OU 'eff

Figure 9.3: DOS of TiO2-rutile using DFT+Ud+Up with the Hubbard U parameters using various
methods summarised in Table 9.2 for 3d-states of Ti (Ud : TiU ) and for 2p-states for O atom
(Up : OU ), shown with a Gaussian broadening of 0.1 eV.
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9.2 Band-gaps with DFT+Ud+Up

Ti0 conf. Ti3+ conf.

LDA 1.97 2.09

DFT+Ud DFT+Ud+Up DFT+Ud DFT+Ud+Up

U
l

�↑↓
2.05 2.42 2.30 2.69

U 2.24 3.59 2.83 4.33

Ueff 2.22 3.38 2.78 4.07

U ′eff 2.19 3.18 2.72 3.82

Exp. [13,14] 3.00

LDA [36] 1.79

PBE [19] 1.88

HSE [19] 3.39

PBE+G0W0
[19] 3.46

HSE+G0W0
[19] 3.73

GW [48] 4.80

GW [18] 3.38

DFT+U (U=7.5 eV) [49] 2.83

DFT+U (U=10 eV) [50] 2.97

Table 9.4: The direct band-gaps (Γ→ Γ) (in eV) TiO2-rutile from experimental and first-principles
methods.

In Fig. 9.3, the primary effect of DFT+Ud+Up is to down-shift both the 3d-states of Ti and

2p-states with their respective Hubbard U corrections. Moreover, the large shift in 2p-states

increases the 3d-character at the valence manifold, while conversely reducing it in the

conduction manifold close to the Fermi level. In Table 9.4, even DFT+Ud+Up with the

“vanilla” Hubbard parameter from Eq. (4.21), which is determined solely by using the

uncoupled response of single-spin channel, performs better than DFT+Ud, predicting a direct

band-gap of 2.42 eV. Ignoring the unlike-spin interaction of the Hubbard subspaces, which

results from a larger Hubbard U parameter, from Eq. (4.16), leads to slight overestimation of

the band-gap, while still performing relatively well compared to high level first-principles

methods involving non-local exchange such as the hybrid functionals or various GW

approximations listed in Table 9.4 but with a drastically lower computational cost.

DFT+Ud+Up with the best available approximation to the Hubbard U parameter for

closed-shell systems, via Eq. 4.23, gives a direct band-gap of 3.18 eV, out-performing other

first-principles approaches in terms of accuracy compared to the experimental band gap. In
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9. Band gaps of TiO2 systems from first-principles DFT+Ud+Up

conclusion, DFT+Ud+Up with U ′eff is chosen as best performing approximation for future

reference.

Ti0→LDA

-8 -4 0 4 8

Energy (eV)

Ti3+→LDA

Figure 9.4: DOS of TiO2-rutile using DFT (LDA) for the neutral (top panel) and 3+ (bottom panel)
atomic projection on the subspace of 3d-states of Ti atom, shown with a Gaussian broadening of
0.1 eV.

Lastly, for the sake of discussion, the effects of the charge configuration of Ti for atomic

projection on the subspace of 3d-states are addressed as the Ti3+ configuration is used in the

pseudo-potential generation for practical purposes of later simulations. When Ti0 and Ti3+

configurations used for atomic projection on the subspace 3d-states, the DOS are quite similar

within DFT (LDA) in Fig. 9.4 (top and bottom panels, respectively) with a slightly narrower

band-gap of 1.97 eV for Ti0 compared to a band-gap of at 2.09 eV for Ti3+. This is due to the

non-optimised nature of the conduction band, and hence its residual dependence on the initial

guesses for the NGWFs. Furthermore, in Fig. 9.5, the shifts on 2p states of O atoms by

DFT+Ud+Up are nearly identical as the 2p subspaces are not significantly affected by the

choice of atomic configurations of Ti atoms as it can be observed in the linear fittings of the

responses of the subspace 2p-states of O atom in App. D and the corresponding Hubbard

parameters in Table 9.3 for the given atomic configurations of Ti atom. However, the Ti3+

choice leads to a larger localisation of the subspace of 3d-states, and a larger Hubbard Ud

parameter due to a tighter confinement of the localised density in this charged configuration.
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9.2 Band-gaps with DFT+Ud+Up

In Fig. 9.5, the larger TiU ′eff=4.820 eV for the Ti3+ configuration compared to the
TiU ′eff=2.982 eV for the neutral configuration shifts 3d states more. The direct band-gap at the

high symmetry point Γ is predicted with a slightly larger overestimation with DFT+Ud+Up

with U ′eff parameters for the Ti3+ configuration, at 3.82 eV, while still performing relatively

well compared to other first-principles methods listed in Table 9.4.

Ti0→Ud : TiU 'eff

Up : OU 'eff

-8 -4 0 4 8

Energy (eV)

Ti3+→Ud : TiU 'eff

Up : OU 'eff

Figure 9.5: DOS of TiO2-rutile using DFT+Ud+Up for the neutral atomic projection of the
subspaces of 3d-states of Ti atoms (top panel) with the Hubbard U ′eff parameters for 3d-states
of Ti (Ud : TiU ′eff=2.982 eV) and for 2p-states for O atoms (Up : OU ′eff=6.742 eV), and the 3+
atomic projection of the subspaces of 3d-states of Ti atoms (bottom panel) with the Hubbard U ′eff

parameters for 3d-states of Ti (Ud : TiU=4.820 eV) and for 2p-states for O atoms (Up : OU=6.796
eV), shown with a Gaussian broadening of 0.1 eV.

The Ti3+ configuration gives rise to orbitals that are more localised than their

neutral-configuration counterpart. Hence, the neutral atomic configuration of Ti for projection

provides a more suitable description of the states around the Fermi level, and this choice is

used for further simulations.
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9.2.2 TiO2-anatase

Within a similar approach for TiO2-anatase, the total DOS and the local DOS (LDOS) projected

on Ti and O were shown for the Ti0 configuration in Fig. 9.6 and Fig. 9.7 using DFT+Ud and

DFT+Ud+Up, respectively, alongside with DFT (LDA). Once again, DFT+U even with largest

applied Hubbard U parameter is ineffective for increasing the band- gap, and it underestimates

it by ∼ 0.80− 1.20 eV compared to the experimental values listed in Table 9.5. DFT+Ud+Up

with U ′eff predicts a band-gap of 3.82 eV, which is slightly overestimated compared to the

experimental gap at 3.2 − 3.4 eV and the hybrid functional result of 3.60 eV. The fully GW

scheme overestimates the direct band-gap as 4.14 eV as well; however, an indirect band-gap

with lower energy is proposed in the same work as 3.56 eV with GW [18] comparable to the

band-gap predicted by the hybrid functional approximation.

LDA 2.21

DFT+Ud DFT+Ud+Up

U
l

�↑↓
2.31 2.78

U 2.51 4.13

Ueff 2.48 3.89

U ′eff 2.45 3.65

Exp. [12,20] 3.2-3.4

PBE [19] 1.94

HSE [19] 3.60

GW [18] 4.14

DFT+Ud (U=7.5 eV) [49] 3.27

Table 9.5: The direct band-gaps (Γ → Γ) (in eV) TiO2-anatase from experimental and first-
principles methods.

Despite its slight overestimation, DFT+Ud+Up with the U ′eff improves the descriptions of

band-gaps both in TiO2-anatase and in TiO2-rutile drastically considering its small additional

computational cost. It agrees very well with the Heyd-Scuseria-Ernzerhof functional (HSE),

for instance. It is a promising achievement to enable the study of spatially more complex

systems such as nano-clusters produced starting from spatial symmetries of TiO2-rutile or

TiO2-anatase, and the key step here is the careful calculations of effective Hubbard U

parameters for closed-shell systems.
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LDA

Ud : TiU ↕

Ud : TiU

Ud : TiU eff

-8 -6 -4 -2 0 2 4 6 8

Energy (eV)

Ud : TiU 'eff

Figure 9.6: DOS of TiO2-anatase using DFT+Ud with the Hubbard U parameters using various
methods summarised in Table 9.3 for 3d-states of Ti (Ud : TiU ), shown with a Gaussian broadening
of 0.1 eV.
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LDA

Ud : TiU ↕

Up : OU ↕

Ud : TiU

Up : OU

Ud : TiUeff

Up : OUeff

-8 -6 -4 -2 0 2 4 6 8

Energy (eV)

Ud : TiU 'eff

Up : OU 'eff

Figure 9.7: DOS of TiO2-anatase using DFT+Ud+Up with the Hubbard U parameters using
various methods summarised in Table 9.3 for 3d-states of Ti (Ud : TiU ) and for 2p-states for
O atom (Up : OU ), shown with a Gaussian broadening of 0.1 eV.
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9.3 Energies and oscillator strengths of the first electronic
excitations of TiO2 nano-clusters

Two small, neutral nano-clusters of TiO2, which were previously studied with first-principles

methods, were chosen for investigating the performance of DFT+Ud+Up combined with

TDDFT+U . (TiO2)12 shown in Fig. 9.8a was proposed by Chen and Dixon [51] as a stable

nano-cluster constructed by using the hybrid genetic algorithm combined with the hybrid

functional approximation in DFT. They also showed that the clustering energy of

nano-clusters (TiO2)n grown with their approach shows a slow, but steady convergence to

bulk TiO2-rutile values, whereas the disassociation energies converge rapidly to the bulk

TiO2-rutile value for increasing n. Hence, (TiO2)12 is classified as TiO2-rutile like. The

second nano-cluster (TiO2)48 shown in Fig. 9.8b was proposed by same authors using similar

approaches [52]. This nano-cluster is predicted as having an anatase-like structure with the

second lowest ground-state energy for n=48. One of the objectives of this chapter is to

propose an effective scheme for investigating the low-lying excitations of nano-structures.

Hence, rather than discovering novel nano-clusters of TiO2, these nano-cluster were chosen

for the sake of convenience.

(a) (TiO2)12 (b) (TiO2)48

Figure 9.8: The structures of (TiO2)12 and (TiO2)48 nano-clusters.

The geometries were directly adopted form the original works in Ref. 51 and Ref. 52. An

effective 1200 eV Ecut and a dimensionless parameter 7 for PBC [53] were used, whereas other

parameters are set the identical to the bulk TiO2 simulations.
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9.3.1 The first excitations of (TiO2)12 and (TiO2)48

In Fig. 9.9, the valence and the conduction band-edges are the predominantly 2p-states of O

atom and 3d-states of Ti atom, respectively, within DFT (LDA). Comparing the top and middle

panels in Fig. 9.9, DFT+U shifts the conduction band-edge with the 3d character to slightly

higher energy by ∼0.2 eV and the 3d characteristic valence states at around ∼ -1.75 eV, which

are at deeper energies compared to the valence band-edge with the 2p character at ∼ -1.5 eV.

As expected, DFT+Ud+Up leads to a similar shift of 2p-states of O atom on top of the shift of

3d-states of Ti atom.

In Table 9.6, the excitation energies and the corresponding oscillator strengths using various

methods from spectral simulations on top of DFT (LDA), DFT+Ud, and DFT+Ud+Up are

presented. The first excitation energy is predicted by both TDA and RPA starting from the

DFT (LDA) electronic states as 2.71 eV, with similar oscillator strengths. Indeed, the excitation

energies are not affected by various methods applied in spectral simulations for the cases that

are starting from identical electronic states. As also demonstrated in Chap. 8, TDA and RPA

predict quite similar excitations for low-energy spectral range. Furthermore, the first excitation

is expected to be the 2p → 3d character considering the characters of valence and conduction

band-edges as seen in Fig. 9.9. Hence, neither TDDFT+Ud nor TDDFT+Ud+Up are effective

on the first excitation energy as they exclusively act on excitations with 3d → 3d and 2p →
2p characters, respectively. However, DFT+Ud and DFT+Ud+Up have significant effects on

both excitation energies and oscillator strengths of the first excitation by modifying both the

energies and the characters of valence and conduction manifold edges. DFT+Ud shifts the first

excitation energy to 3.02 eV by mostly shifting the 3d character conduction manifold edge

to higher energy. As such shift does not significantly change the character of valence and

conduction band-edges, the oscillator strengths using various methods starting from DFT+Ud

are predicted as quite similar to the ones starting from DFT (LDA). The first excitation energy

is shifted further at 3.27 eV with DFT+Ud+Up. Such an additional shift is expected as the

valence band-edge is also shifted to a lower energy by the +Up correction. Furthermore, this

shift of 2p-states is slightly larger compared to the shift of 3d-states at the valence manifold

that leads to less 2p and more 3d character at the valence band-edge. Hence, the first excitation

becomes less of 2p→ 3d character and more of 3d→ 3d character, which is optically weaker

due to some spatial symmetries of the (TiO2)12 nano-cluster. As a result, the oscillator strengths

become smaller with DFT+Ud+Up compared to DFT and DFT+Ud.
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LDA

DFT+Ud

-8 -6 -4 -2 0 2 4 6 8

Energy (eV)

DFT+Ud+Up

Figure 9.9: DOS of (TiO2)12 using DFT (LDA), DFT+Ud and DFT+Ud+Up with the Hubbard
U ′eff parameters for 3d-states of Ti (Ud : TiU ′eff=2.982 eV) and for 2p-states for O atom (Up :
OU ′eff=6.742 eV) from the values of bulk TiO2-rutile , shown with a Gaussian broadening of 0.1
eV.
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SP + COND LR-TDDFT Excitation energy (eV) Oscillator str. (× 10−4)

DFT (LDA)
TDA

2.71
2.80

RPA 2.71

DFT+Ud

TDA

3.02

2.76

TDA+Ud 7.40

RPA 2.30

RPA+Ud 3.61

DFT+Ud+Up

TDA

3.27

0.19

TDA+Ud+Up 0.26

RPA 0.11

RPA+Ud+Up 0.20

Table 9.6: The first electronic excitation energy and the corresponding oscillator strength of the
(TiO2)12 nano-cluster using LR-TDDFT, TDDFT+Ud, and TDDFT+Ud+Up staring from DFT
(LDA), DFT+Ud, and DFT+Ud+Up with the Hubbard U ′eff parameters for 3d-states of Ti (Ud :
TiU ′eff=2.982 eV) and for 2p-states for O atom (Up : OU ′eff=6.742 eV) from the values of bulk
TiO2-rutile.

In Fig. 9.10, the valence and conduction band-edges of (TiO2)48 have very distinctive 2p and

3d characters, respectively, as seen in DOS with DFT (LDA). Similar to previous case,

DFT+Ud leads to a small shift at the conduction band-edge to a higher energy with ∼ 0.10 eV

due to its predominantly 3d character while the valence band-edge stays mostly intact.

Likewise for DFT+Ud+Up: the valence band-edge is shifted to lower energy along with an

additional shift of the conduction band-edge to a higher energy. Consequently, the first

excitation energies (TiO2)48 starting from DFT, DFT+Ud, and DFT+Ud+Up exhibit an

expected trend that DFT+Ud leads to a slightly higher excitation energy at 2.80 eV compared

to the excitation energy with DFT at 2.63 eV, whereas the excitation energy starting from

DFT+Ud+Up is located at a much higher energy at 3.73 eV. Once again, all methods result

similar excitation energies when they are applied on top of identical electronic states.

However, in the case of (TiO2)48, the characters of valence and conduction manifold edges are

modified neither by DFT+Ud nor DFT+Ud+Up; hence, the oscillator strengths are similar

within all combinations of methods at DFT and TDDFT levels.
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LDA

DFT+Ud

-8 -6 -4 -2 0 2 4 6 8

Energy (eV)

DFT+Ud+Up

Figure 9.10: DOS of (TiO2)48 using DFT (LDA), DFT+Ud and DFT+Ud+Up with the Hubbard
U ′eff parameters for 3d-states of Ti (Ud : TiU ′eff=2.996 eV) and for 2p-states for O atom (Up :
OU ′eff=6.749 eV) from the values of bulk TiO2-anatase, shown with a Gaussian broadening of 0.1
eV.
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SP + COND LR-TDDFT Excitation energy (eV) Oscillator str. (× 10−4)

LDA
TDA

2.63
0.25

RPA 0.19

DFT+Ud

TDA, TDA+Ud

2.80

0.36

TDA+Ud 0.36

RPA 0.24

RPA+Ud 0.28

DFT+Ud+Up

TDA

3.73

0.41

TDA+Ud+Up 0.54

RPA 0.35

RPA+Ud+Up 0.42

Table 9.7: The first electronic excitation energy and the corresponding oscillator strength of the
(TiO2)48 nano-cluster using LR-TDDFT, TDDFT+Ud, and TDDFT+Ud+Up staring from DFT
(LDA), DFT+Ud, and DFT+Ud+Up with the Hubbard U ′eff parameters for 3d-states of Ti (Ud :
TiU ′eff=2.996 eV) and for 2p-states for O atom (Up : OU ′eff=6.749 eV) from the values of bulk
TiO2-anatase.

9.4 Oxygen vacancies in TiO2

Despite their highly promising features, both TiO2-rutile and TiO2-anatase have band-gaps in

the UV spectral range, whereas the desired energy for most of opto-electronic applications is

around ∼ 2 eV. Various strategies have been proposed in the literature to engineer the band-

gaps of TiO2 and its nano-structures, as discussed in detail in the comprehensive reviews of

Refs. 6 and 7. Single point defects such neutral O vacancy (VO) in bulk TiO2-rutile and

TiO2-anatase have attracted attention as many optical measurements suggest lower band gaps

in such reduced TiO2 systems [29,54–60]. The lower band-gaps are predicted as resulting from

the defect states of neighbouring O deficient Ti3+ centers [61,62] with highly localised electronic

densities [63].

Similar to the case of pristine bulk, DFT+Ud and DFT+Ud+Up are commonly used to

simulate these phenomena within first-principles approaches [64–68] as the Hubbard U

correction is advantageous to describe localised states by construction. However, there is no

consensus about choices of the Hubbard parameters and their first-principles determinations,

and it is not necessarily the same set of parameters of pristine bulk cases and VO rich
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TiO2
[64].

Three types of VO are suggested by considering the locations of extra 2 electrons due to the

vacancy. These three cases can be summarised such as

The types of VO:

• VO(0,0) : Extra electrons are paired at same Ti atom; hence, a closed-shell case,

where s = 0, µs = 0 (in µB units)→ Non-spin-polarised simulation.

• VO(2,0) : Extra electrons are restricted on TiA and TiB with opposite spins;

hence, an open-shell , low-spin configuration, where s = 2, µs = 0 (in µB

units) → Spin-polarised simulation with spins of TiA and TiB set to 1 and −1,

respectively. A broken-symmetry initial guess must be used.

• VO(2,2) : Electrons are globally restricted to have same spin without any local

restriction; hence, an open-shell, high-spin configuration, where s = 2, µs = 2

(in µB units)→ Spin-polarised simulation with global spin constrained to 2.

9.4.1 Single VO in bulk TiO2-rutile

A neutral O vacancy was added to the super-cell of TiO2-rutile of Subsec. 9.2.1, as shown in

Fig. 9.11, where, the vacant O is coloured with red, and the closest neighbouring Ti atoms,

which are spatially symmetric relative to the vacant O, are coloured with black and labelled

as TiA and TiB. In Fig. 9.12, DOS are presented for the pristine TiO2-rutile and TiO2-rutile

with the three types of VO within DFT+Ud+Up using the first-principles U ′eff parameters of the

pristine TiO2-rutile. Also, the Fermi levels of VO systems are aligned to the Fermi level of the

pristine TiO2-rutile.

VO(0,0) and VO(2,0) produce identical ground-states, which are favourable over VO(2,2) with

∼ 0.01 eV lower ground-state energy. In Fig. 9.12, both VO(0,0) and VO(2,0) form defect

states at 1.10 eV, which is 2.70 eV from the valence band-edge and 0.48 eV from the

conduction band-edge. The defect states, which are 2.70 eV from the valence band-edge in

the cases of VO(0,0) and VO(2,0), are in agreement with the previous DFT+Ud and

DFT+Ud+Up simulations with some tuned Hubbard parameters to obtain experimental

predictions [64–68]. In the case of VO(2,2), the defect state, which is centred at 0.35 eV, is 1.95
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9. Band gaps of TiO2 systems from first-principles DFT+Ud+Up

Figure 9.11: Super-cell structure of TiO2-rutile with a single neutral VO (coloured with red). Two
closest neighbouring Ti atoms to the vacant O are highlighted with black.

eV from the valence band-edge and 0.95 eV from the conduction band-edge. Furthermore, in

the VO(2,2) case, another shoulder starts to form at the conduction band-edge centred at 1.30

eV. The formation of the defect state in the VO(2,2) case is comparable with photoelectron

spectroscopy measurements [29,55,69] and EELS measurement [70], which are predicting such a

defect state ∼2 eV above the valence band-edge and ∼1 eV below the conduction band-edge.

Moreover, the VO(2,2) case locates the defect state very similarly to HSE simulations that

predicts such defect state at 2.15 eV from the valence band-edge and 0.9 eV form the

conduction band-edge [71].

In all cases, the defect states formed are due to two unpaired electrons in the band-gap and

they are predominantly the 3d character. Even in the case of VO(2,2), which does not impose

any restriction on the local magnetic ordering, two unpaired electrons prefer to localise on

the empty 3d orbitals of the neighbouring TiA and TiB that were in their 4+ charge states in

the pristine TiO2-rutile and became Ti3+. The strong 3d characters of the defect states also

agree with the absorption spectra measurement, where the blue colour of O-poor TiO2-rutile is

predicted due to the low-energy 3d → 3d transitions from the defect states to the 3d character

conduction band-edge [72]. Furthermore, the electron diffraction pattern shows the 3d1 electrons

in O vacant TiO2-rutile [63].

In TiO2-rutile with the single and neutral O vacancy, the unpaired two electrons localise on the

empty 3d-states of the closed neighbouring Ti atoms and lead to a n-type donor defect states in

the band-gap of the pristine TiO2-rutile [65]. The Heyd-Scuseria-Ernzerhof functional (HSE06)

simulations in Ref. 73 suggests that this is due to self-trapping of the two additional electrons
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Ud : TiU 'eff

Up : OU 'eff

Ud : TiU 'eff

Up : OU 'eff

VO(0,0)

Ud : TiU 'eff

Up : OU 'eff

VO(2,0)

-1.5 -0.5 0.5 1.5-2.0 -1.0 0 1.0 2.0

Energy (eV)

Ud : TiU 'eff

Up : OU 'eff

VO(2,2)

Figure 9.12: Magnified DOS of (from top to bottom) pristine TiO2-rutile, the VO(0,0), the
VO(2,0), the VO(2,2) vacancy in TiO2-rutile with DFT+Ud+Up with the Hubbard U ′eff parameters
for 3d-states of Ti (Ud : TiU ′eff=2.982 eV) and for 2p-states for O atom (Up : OU ′eff=6.742 eV) ,
shown with a Gaussian broadening of 0.1 eV.
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that are weakly bounded.

9.4.2 Single VO in bulk TiO2-anatase

Similarly to the previous case, the same types O vacancies were introduced to the super-cell of

TiO2-anatase studied in Subsec. 9.2.2 as shown in Fig. 9.13, where the vacant O is coloured

with red, and the closest neighbouring Ti atoms, which are spatially symmetric relative to the

vacant O, are coloured with black and labelled as TiA and TiB. In Fig. 9.14, DOS are presented

for the pristine TiO2-anatase and TiO2-anatase with the three types of VO within DFT+Ud+Up

using the first-principles U ′eff parameters of the pristine TiO2-anatase. Also, the Fermi levels

of VO systems are aligned to the Fermi level of the pristine TiO2-anatase.

Figure 9.13: Super-cell structure of TiO2-anatase with a single neutral VO (coloured with red).
Two closest neighbouring Ti atoms to the vacant O are highlighted with black.

VO(0,0) and VO(2,0) again produce identical ground-states, whereas VO(2,2) has ∼ 0.03 eV

higher total energy. VO(0,0) and VO(2,0) create defects states at the same location 2.95 eV

above the valence band-edge and ∼0.30 eV below the conduction band-edge of the pristine

TiO2-anatase. This defect state is predicted with slightly lower energy by previous hybrid

functional (B3LYP) with an energy of 2.60 eV [65]. The occupied spin-up defect state is n-type

similarly to the case in the O vacant TiO2-rutile. Additionally, there exists a defect state due
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Ud : TiU 'eff

Up : OU 'eff

Ud : TiU 'eff

Up : OU 'eff

VO(0,0)

Ud : TiU 'eff

Up : OU 'eff

VO(2,0)

-3.0 -2.0 -1.0 0 1.0 2.0 3.0

Energy (eV)

Ud : TiU 'eff

Up : OU 'eff

VO(2,2)

Figure 9.14: Magnified DOS of (from top to bottom) pristine TiO2-anatase, the VO(0,0),
the VO(2,0), the VO(2,2) vacancy in TiO2-anatase with DFT+Ud+Up with the Hubbard U ′eff

parameters for 3d-states of Ti (Ud : TiU ′eff=2.996 eV) and for 2p-states for O atom (Up :
OU ′eff=6.746 eV) , shown with a Gaussian broadening of 0.1 eV.
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to a localised excited state on the vacancy that is also observed with the HSE06 simulations in

Ref 73. The VO(2,2) locates these defect states at 1.40 eV and 2.55 eV from the valence band-

edge. While the defect state at 1.40 eV is occupied, the defect state at 2.55 eV is unoccupied.

This situation is similar to previous DFT+Ud simulations with U=3 eV in Ref. 65, where these

defect states are predicted at 1.85 eV and 2.64 from the valence band-edge compared to the

B3LYP simulations in Ref. 65, where they are predicted at 2.76 eV and 2.88 from the valence

band-edge.

9.5 Conclusion

In this chapter, the electronic structures of various TiO2 were investigated within

DFT+Ud+Up with first-principles Hubbard parameters. KS-DFT substantially underestimates

the direct band-gaps of bulk TiO2-rutile and TiO2-anatase at the LDA level, whereas attempts

to improve electronic bands with DFT+U requires unreasonably large Hubbard U parameters,

which are commonly tuned by hand. As the valence and the conduction band-edges are

predominantly the 2p-state of O and the 3d-state of Ti atoms, respectively, in both TiO2-rutile

and TiO2-anatase, applying the Hubbard correction both 3d sub-shell of Ti and 2p sub-shell of

O simultaneously, with their respective Hubbard parameters, giving DFT+Ud+Up, results in a

far more accurate description of band-structures. Using DFT+Ud+Up with the first-principles

coupled-spin response for closed-shell systems,a U ′eff parameters, the band-gaps were

predicted as 3.18 eV and 3.65 eV comparable to the experimental values of 3.0 eV and 3.2-3.4

eV for the pristine TiO2-rutile and TiO2-anatase, respectively. Also, the electronic

configuration for the atomic projection on the subspace of 3d-states of Ti atoms has to be

chosen as neutral; since, the charged configuration such as 3+ leads to over-localisation of

3d-states and correspondingly larger Hubbard parameters due to a tighter confinement, and

overestimation on the band-gap of TiO2-rutile within DFT+Ud+Up.

Taking advantage of this effective approach, the first excitations of two nano-clusters (TiO2)12

and (TiO2)48 with rutile-like and anatase-like properties at the large size limit, respectively,

were studied using TDDFT+Ud and TDDFT+Ud+Up alongside TDA and RPA. In Fig. 9.9 and

Fig. 9.10, the valence and conduction band-edges of both nano-clusters are predominately 2p-

states of O and 3d-state of Ti atoms, respectively. Hence, the first excitations of these systems

are expected to be 2p → 3d character. Consequently, while DFT+Ud and DFT+Ud+Up push

the first-excitation energies to higher energies by increasing the band-gaps, neither TDDFT+Ud
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nor TDDFT+Ud+Up do not have any effect on the first-excitations of these systems.

Lastly, DFT+Ud+Up was applied to investigate the defect states in TiO2-rutile and

TiO2-anatase with single, neutral O vacancies. Both in O-vacant TiO2-rutile and

TiO2-anatase, the anti-ferromagnetic ordering of two unpaired electrons localised on the

closest neighbouring two Ti atoms have lower total energies regardless of the initial

conditioning of the local magnetic orderings compared to the case that the global spins are

restricted to 2 (µB). VO(0,0) and VO(2,0) produce identical 3d character defect states in the

band-gap 2.70 eV and 2.95 eV above the valance band-edges of the pristine TiO2-rutile and

TiO2-anatase, respectively. In the O vacant TiO2-rutile, VO(2,2) creates a 3d character defect

state 1.95 eV above the valance band-edge of the pristine TiO2-rutile comparable to

spectroscopic measurements suggesting a defect state ∼ 2 eV above the valance band-edge. In

the case of the O-vacant TiO2-anatase, VO(2,2) created two defect states 1.40 eV and 2.55 eV

above the valance band-edge of the pristine TiO2-anatase. The former one is due to the

localised unpaired electrons, whereas the former one is a localised excited state.

In conclusion, DFT+Ud+Up was shown to be a computationally feasible and effective

approach, when it is combined with first-principles Hubbard parameters, to study electronic

structure of TiO2 systems that are particularly challenging using conventional KS-DFT.
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Chapter 10

Conclusion
This work focused on the first-principles simulations of electronic and optical spectra with

quantitative accuracy within corrective, highly-efficient approaches starting from approximate

KS-DFT. It placed a particular emphasis on transition-metal systems in the linear-response

optical regime. In this dissertation, some drawbacks of contemporary approaches, and some

novel methods to address these were introduced. There exists room for further developments,

however we have newly enabled the high-throughput screening of metallic alloys and put in

place the necessary tools to explore and correct for strong correlation effects among localised

excitons.

In this last chapter, some key findings in this work will be summarised. Some suggestions for

new research directions opened up by this work will also be discussed.

10.1 Synopsis

In Part I, the fundamental background was established for the theoretical and computational

laboratories used to investigate problems within the scope of this work. It was started with

Chap. 1, which formulated the conceptual and practical framework used for light-matter

interactions modelling from first-principles. Then, the general problem was reduced to that of

perturbing purely electronic many-body systems from their ground-states, using weak

time-dependent external potentials. The description of some common spectroscopic

signatures in molecular and solid-state spectroscopy were introduced to define our target

observables. In Chap. 2 and Chap. 3, the theoretical and computational background of the

ground-state theory, DFT, were introduced both in the conventional and linear-scaling

formalisms. Also, we discussed what is necessary to obtain approximate

conduction/unoccupied electronic states. The last chapter of this part, Chap. 4, was dedicated

to diagnosing the limitations and the systematic errors of approximate KS-DFT, which

particularly challenge the first-principles simulation of transition-metal systems. As KS-DFT

relies on local-density type approximations for the xc-interactions among electrons, fully

non-local effects cannot be included in first-principles spectra built upon approximate

KS-DFT. Such non-local effects have been shown to be crucial for the accurate spectra of

extended systems such as transition-metal solids. Also, SIE and its consequences in the

many-body case, namely the delocalisation error, which becomes particularly large for

transition-metals systems, were addressed with the widely used corrective approach DFT+U ,

with an emphasis on calculating Hubbard U and Hund’s J parameters form first-principles in
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10. Conclusion

order to retain a first-principles methodology.

In Part II, the optical and plasmonic responses of AuxAgyCu1−x−y were studied. For this

purpose, our main methodology was introduced in Chap. 5. While inter-band contributions to

spectra were formulated within the RPA, the intra-band contribution was described within the

Drude-Lorentz model. Also, the QP formalism was introduced to tackle problems due to the

lack of non-local interactions within KS-DFT, as mentioned in Chap. 4. In Chap. 6,

benchmark tests were performed on pure Au, Ag, and Cu to measure the accuracies and

efficiencies of various approaches introduced in previous chapters. It was demonstrated that

both FGR and RPA fail to describe the inter-band part of the optical spectra of pure Au, Ag,

and Cu by overestimating the band-edge transitions as well as the general trends of the

spectra. This is due to over-flattening of the fully-filled d-bands of these systems within

approximate KD-DFT, which does not include any non-local electronic exchange-correlation.

Hence, an approximate approach to imitate the QP formalism was suggested, namely the

stretching operators, which increase dispersions of the electronic bands. While using the

stretching operators instead of evaluating the full QP band-structures decreases computational

cost, it has its own drawback that it is mostly effective for the electronic bands close to the

Fermi levels, whereas the dispersions of lower-energy valance bands are overestimated. This

drawback can be seen particularly in spectra of pure metals at higher-energy spectral range

comparing to the experimental spectra. Despite this slight overestimations, using the

stretching operators is advantageous in terms of high-throughput simulations. Furthermore,

Drude plasmon energies were obtained from first-principles by approximating the inverse

effective electron masses via the Fermi velocities calculated from KS-DFT band-structures.

These first-principles Drude plasmon energies are in good agreement with experimental

values for Au, Ag, and Cu. Also, the Drude parameters of the Cu→ Au→ Ag binary alloys

have a M-shape trends with respect to increasing ratios that are comparable with the

experimental trend for such binary alloys with similar stoichiometric ratios.

The final spectra for 24 stoichiometric ratios, with 39 structures in total, were evaluated using

RPA on top approximate QP band-structures, namely, G0W0+RPA. Their respective Drude

parameters were generated using novel, semi-empirical approaches. Using the dielectric

functions of the bulk AuxAgyCu1−x−y alloys, the bulk and surface EELS were calculated as

strength measures for bulk and surface plasmon resonances, whereas the quality factors for

LSP and SPP, namely QLSP and QSPP, were used as measures for life-times. Comparing our

results to the experimental SPP measurements on thin-films of binary alloys with the closest

available stoichiometric ratios, the life-times of both LSP and SPP are overestimated in our
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simulations due to the lack of surface and corrosion effects. However, our results offer

preliminary fundamental measures for plasmonic performance for these systems. The

distinctive plasmon resonance peaks in the case of the pure metals disappear through alloying.

The pure metals show the strongest plasmonic response at their respective plasmon frequency

compared to any other stoichiometric ratios. However, a number of alloy stoichiometries with

promising characteristics at selected wavelengths were predicted. For instance, AuAgCu6,

Au6AgCu, AuCu7, and Au7Cu show relatively strong plasmon resonances at the common

solid-state red laser around 650 nm. Also, AuAg, AuCu, and AgCu alloys start showing

relatively significant plasmonic resonance at smaller wavelengths such as common blu-ray

laser around 405 nm and the deep-UV laser wavelengths arounds 290 nm.

Part III focused on the electronic and optical properties of transition-metal systems with large

SIE within approximate KS-DFT. In Chap. 7, the background of TDDFT and its

linear-response formalism were introduced. Then, the time-domain extension of DFT+U ,

namely TDDFT+U, was developed to counter the large SIE self-consistently within TDDFT,

in conjunction with DFT+U . The key insight introduced is the concept of excitons

self-interaction error, which is manifested by a tendency to under-bind excitons due to the

delocalisation error. The effects and domains of applicability of DFT+U and TDDFT+U were

demonstrated via calculated EES of an instructive four-level toy model. As expected, DFT+U

acts on localised subspaces by splitting occupied and unoccupied levels energetically; hence,

any electronic transitions within that subspace are shifted to higher energies with U .

TDDFT+U modifies exclusively the electronic excitations from localised subspaces of

occupied manifold to localised subspaces of unoccupied manifold by shifting excitations to

lower energies, conversely. Naturally, TDDFT+U is effective on a subset of the excitations

affected by DFT+U .

The newly developed TDDFT+U was implemented within the linear-scaling DFT code

ONETEP. In Chap. 8, our TDDFT+U approach was demonstrated on previously well-studied

coordination complexes. The Hubbard U dependence of EES and ABS were studied on two

centro-symmetric, closed-shell Ni-centred complexes Ni(CN)4
2− and Ni(CO)4, at various

levels. DFT+U & TDDFT shifts excitations with 3d → π∗ and 3d → 3d character to higher

energies by means of shifting 3d states in the occupied manifold to lower energies for

increasing U values. The individual effects of TDDFT+U can be seen by invoking DFT &

TDDFT+U , which moves down excitations with predominantly 3d → 3d character. DFT+U

& TDDFT+U exhibits the combined effects of DFT+U and TDDFT+U . As 3d → 3d

transitions are optically dark for centro-symmetric environments by Laporte’s selection rules,
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the effects of TDDFT+U are quite small in the dipole-dipole absorption spectra of the

Ni-centred coordination complexes studied in this work. Also, the Casida equation predicts

very similarly to those of the TDA. First-principles EES and ABS were presented for these

two Ni-centred systems with the addition of an open-shell, high-spin Co-centred complex,

CoL2Cl2 (L= 2-aminopyrimidine: C4H5N3), using their respective first-principles Hubbard U

parameters for Ni and Co atoms. The Hubbard U parameters for Ni atoms in Ni(CN)4
2− and

Ni(CO)4 are 1.102 eV and 0.888 eV, respectively. Thus, both the effects of DFT+U and

TDDFT+U are numerically subtle for EES, and particularly the ABS of these systems.

However, TDDFT+U predicts some additional peaks at lower energies compared to DFT+U

& TDDFT in the EES. These correspond to newly-bound excitons. On the other hand, both

DFT+U and TDDFT+U have drastic impacts on the EES and ABS of CoL2Cl2. Such effects

of DFT+U are expected as the 3d7 subspace is corrected with a larger first-principles Hubbard

U parameter of 3.798 eV. Hence, low-energy excitations are shifted to higher energies

compared to DFT & TDDFT, by ∼ 1 eV. However, TDDFT+U has the more dominant

qualitative effect of bringing spatially localised excitations to lower energies in DFT+U &

TDDFT+U , compared to DFT & TDDFT, again by ∼ 1 eV. This larger effect can be

explained though an idealistic picture, where TDDFT+U acts product space of dx2−y2/dz2

and dxy/dyz/dxz for ideal ligand-field splitting of 3d7 with the high-spin configuration in

perfect tetrahedral symmetry. In principle, such a configuration leads to 2 occupied and 3

unoccupied down-spin 3d-states. Hence, TDDFT+U modifies the corresponding coupling

matrix elements proportionally to the density product of the occupied and the unoccupied 3d

subspace manifolds, which becomes quite large in the Co-centred system. Consequently,

DFT+U & TDDFT+U predict the first two three-fold degenerate optically bright excitation

energies at 0.56 eV and 0.90-1.02 eV, which are comparable to experimental and quantum

chemistry results.

In the last chapter of this part, the electronic structure of various TiO2 systems were

investigated by taking advantage of the first-principles Hubbard U parameters within the

ONETEP code. We started by addressing the well-known band-gap problem of the pristine

TiO2-rutile and TiO2-anatase within approximate KS-DFT. Conventional KS-DFT

underestimates the band-gaps of TiO2-rutile and TiO2-anatase as 1.97 eV and 2.21 eV,

whereas these systems have experimental band-gaps of 3.0 eV and 2.2-3.4 eV, respectively.

Furthermore, the conventional DFT+U applying the Hubbard U correction on the subspace of

3d-states of Ti atoms, namely DFT+Ud, requires an unphysically large U values such as ∼
7.5-10 eV, which are commonly determined by tuning with respect to some experimental
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quantities. Such approaches to determine Hubbard U parameters are not first-principles and

highly dependent on tuning quantities. Examining the DOS of TiO2-rutile and TiO2-anatase

within DFT (LDA), the valence and the conduction band-edges are predominantly 2p-states of

O atoms and 3d-states of Ti atoms, respectively. Both of these subspace exhibit de-localisation

errors. Hence, DFT+Ud using the first-principles Hubbard U parameters are not effective to

increase the band-gaps of TiO2-rutile and TiO2-anatase as the valence band-edges stay mostly

intact. Applying the Hubbard U corrections simultaneously on both the 2p-states of O and the

3d-states of Ti atoms, namely DFT+Ud+Up, with their respective first-principles Hubbard U

parameters, provides an effective corrective approach. To our knowledge, this work provides

the first linear-response first-principles Hubbard U and Hund’s J parameters for Ti 3d and O

2p states in TiO2. DFT+Ud+Up with appropriate first-principles Hubbard parameters predicts

the band-gaps of TiO2-rutile and TiO2-anatase accurately as 3.18 eV and 3.65 eV (comparing

to 3.0 eV and 3.2− 3.4 eV experimental band-gaps, respectively).

Taking advantage of this robust approach, various schemes were applied to determine the first

excitation energies of two small nano-clusters (TiO2)12 and (TiO2)48, which exhibit TiO2-rutile

and TiO2-anatase like properties, respectively. In both cases, the HubbardU corrections to DFT

levels are the determining factors of the properties of the first excitations, whereas the Hubbard

U corrections tp TDDFT levels have only slight effects on the oscillator strengths. In (TiO2)12

, DFT+Ud and DFT+Ud+Up push the first excitation energies to 0.31 eV and 0.56 eV higher

energies, respectively, with respect to the first excitation energy within DFT & TDDFT. While

DFT+Ud does not significantly effect the oscillator strength, DFT+Ud+Up leads to weaker

oscillator strengths. This is due to larger shift on the 2p-states compared to the 3d-states on

the valence band-edge, so a larger 3d→ 3d character, which is optically less bright compared

to 2p → 3d character due to some spatial symmetries of (TiO2)12, in the first excitation. In

(TiO2)48, DFT+Ud and DFT+Ud+Up push the first excitation energies to 0.17 eV and 0.90

eV higher energies, respectively, with respected to the first excitation energy within DFT &

TDDFT, whereas they do not have any significant effects on the oscillator strengths.

Lastly, in Chap. 9, single neutral O vacancies were introduced into TiO2-rutile and

TiO2-anatase. In both systems, two unpaired electrons prefer to localise on the closest two

neighbouring Ti atoms of the O vacancies with anti-ferromagnetic ordering. This creates

defect states with 2.70 eV and 2.90 eV above the valance band-edges of the pristine

TiO2-rutile and TiO2-anatase, respectively. In the O vacant TiO2-rutile with a total

magnetisation of 2 (µB), the defect state is formed 1.95 eV above the valance band-edge of

the pristine TiO2-rutile , that is comparable to ∼ 2 eV, which are suggested by experimental
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spectroscopy measurements. On the other hand, two defect states with 1.40 eV and 2.55 eV

above the valance band-edge of the pristine in the O vacant TiO2-anatase with a total

magnetisation of 2 (µB). The low-energy defect states are due to two unpaired electrons,

whereas the high-energy defect state is an excited state localised on the neighbouring Ti

atoms.

10.2 Directions for further research

In this work, the development and testing of various novel methodologies has been done with

a view to enabling, in the medium term, high-throughput simulations of realistic, but

electronically challenging systems at a reasonable computational effort. Taking advantage of

the well-tested approaches developed in this work, a large set of systems can now be studied

in order to establish some general relations between initial structural and electronic properties,

and excited state properties, such as optical and plasmonic figures of merit.

For the optical and plasmonic properties of AuxAgyCu1−x−y, some further investigations can

be suggested as a trivial continuation of this work. Using a single set of stretching operators

has its own drawback as it modifies different types of electronic bands with an average,

identical trend. Using separate sets of stretching operators for different electronic bands such

as s, p, or d-bands would enable more accurate approximations. However, the Yambo code is

currently limited to a single set of stretching operators, which can be modified in the source

codes. In the currents state, spectral simulations are limited to ordered alloys. Introduction of

disorderedness is challenging as it requires large super-cells that increase computational cost

and memory requirements. Alternatively, the virtual crystal approximation [1–3] can be

promising via cleverly constructed pseudo-potentials. Furthermore, our simulations do not

include any effects due to thermal properties of alloys that can be approximated by using the

semi-classical Boltzmann transport equation using BoltzWann code [4], which is the

post-processing tool compatible with QE and the Wannier90 code [5]. Moreover, the

post-processing tool to approximate the Fermi velocities was developed with serial and

straightforward algorithms compatible with the NSCF output of QE. This tool can be

optimised and generalised for some of the most commonly used KS-DFT software in a

parallelised fashion to create a more effective and user-friendly post-processing tool. Using

the Comsol package [6], coupling various physics such as optical and thermal processes in

alloys for a more realistic picture would be desirable. Furthermore, the ground-state
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properties and plasmonic properties of the calculated stoichiometric ratios can be used within

machine learning algorithms to predict the relationship between composition, structure, and

plasmonic response.

Some further improvements and tests can be suggested for our TDDFT+U implementation

and for its applications. Particularly, the Hubbard U parameters used in simulations were

derived from ground-state properties of systems; hence, they provide a correction in the

adiabatic limits. In the case of CoL2Cl2, DFT+U & TDDFT+U is sufficiently accurate to

identify the lowest excitations, even exceeding the performance of quantum chemistry,

whereas it over-corrects the higher energetic ones. Frequency-dependent Hubbard parameters

would be more appropriate for applicability to excitations throughout the spectral range.

Furthermore, TDDFT+U+J has already been implemented within ONETEP. This feature

needs further testing for numerical stability.

Using DFT+Ud+Up, the Hubbard corrections were applied for two subspaces separately with

their respective first-principles Hubbard parameters, which were obtained via perturbing each

subspace independently. A more comprehensive scheme can be achieved, perhaps, by

describing two subspaces as coupled, and applying a non-local Hubbard correction to correct

the hybridisation between them. In DFT+Ud and DFT+Ud+Up simulations of the

nano-clusters and the O vacant systems, the first-principles Hubbard parameters of the pristine

bulk systems were adopted, whereas the Hubbard parameters of these systems may differ

from those pristine bulk values. Hence, some systematic benchmark tests should be performed

to examine possible effects of individual properties of these systems such as structures, local

magnetic ordering and charge states of neighbouring Ti atoms in O vacant bulk TiO2 systems.

Furthermore, investigations on the engineering of band-gaps of TiO2 systems can be expanded

by introducing more complex O vacancies, and doping with other transition-metals [7].

Ultimately, our results show that first-principles Hubbard U and Hund’s J parameters are an

essential ingredient in the DFT+U description in systems such as TiO2, where particular care

is required to account for its closed-shell nature. A promising avenue would be to revisit

systems that have been previously been judged not to be amenable to correction by DFT+U ,

in the light of the promising results presented here.
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Appendix A

Representative input files

A.1 The input files for OPIUM

############################################################
#    Opium Parameter File                                  #
############################################################

[Atom]
Au              #chemical symbol (max. 2 characters)
15              # norb: number of orbitals
# reference configuration
100 2.00 -643.0 # nlm occ eigen(- means auto-generate)
200 2.00 -77.4
210 6.00 -68.4
300 2.00 -10.0
310 6.00  -6.0
320 10.0  -6.4
400 2.00  -6.4
410 6.00  -6.0
500 2.00  -2.4
510 6.00  -2.0
420 10.0  -6.0
430 14.0  -6.4
600 1.00  -1.0
610 0.00  -1.0
520 10.00  -1.0

[Pseudo]
3 2.05 2.3 2.05
opt

[Optinfo]
7.07 10    # rc[a.u.] qc[sqrt(Ry)] Nb
7.07 10
7.07 10

[XC]
gga

[Configs]
5
#
600 1.00 -1.0
610 0.00 -1.0
520 8.50 -1.0               # number of valence configurations
#
600 0.00 -1.0   # nlm occ eigen(- means auto-generate)
610 0.00 -1.0
520 9.00 -1.0
#
600 1.00 -1.0
610 0.00 -1.0
520 9.00 -1.0
#
600 0.00 -1.0   # nlm occ eigen(- means auto-generate)
610 0.00 -1.0
520 8.50 -1.0
#
600 0.00 -1.0
610 0.00 -1.0
520 10.0 -1.0

[Relativity]
srl              # nrl / srl / frl

#[Pcc] 
#1.8
#fuchs

[XC]
pbegga
0.05

Au (PBE)

############################################################
#    Opium Parameter File                                  #
############################################################

[Atom]
Ag              #chemical symbol (max. 2 characters)
11              # norb: number of orbitals
# reference configuration
100 2.00 -643.0 # nlm occ eigen(- means auto-generate)
200 2.00 -77.4
210 6.00 -68.4
300 2.00 -10.0
310 6.00  -6.0
320 10.0  -6.4
400 2.00  -6.4
410 6.00  -6.0
500 1.00  -2.4
510 0.00  -2.0
420 10.0  -6.0

[Pseudo]
3 2.00 2.2 2.2
opt

[Optinfo]
7.07 10    # rc[a.u.] qc[sqrt(Ry)] Nb
7.07 10
7.07 10

[XC]
gga

[Configs]
5
#
500 1.00 -1.0
510 0.00 -1.0
420 8.50 -1.0               # number of valence configurations
#
500 0.00 -1.0   # nlm occ eigen(- means auto-generate)
510 0.00 -1.0
420 9.00 -1.0
#
500 1.00 -1.0
510 0.00 -1.0
420 9.00 -1.0
#
500 0.00 -1.0   # nlm occ eigen(- means auto-generate)
510 0.00 -1.0
420 8.50 -1.0
#
500 0.00 -1.0
510 0.00 -1.0
420 10.0 -1.0

[Relativity]
srl              # nrl / srl / frl

#[Pcc] 
#1.8
#fuchs

[XC]
pbegga
0.05

Ag (PBE)
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A. Representative input files

############################################################
#    Opium Parameter File                                  #
############################################################

[Atom]
Cu              #chemical symbol (max. 2 characters)
8               # norb: number of orbitals
# reference configuration
100  2.00  -        # nlm occ eigen(- means auto-generate)
200  2.00  -
210  6.00  -
300  2.00  -
310  6.00  -
400  1.00  -
410  0.00  -
320  10.00  -

[Pseudo]
3  1.9 2.0 2.1
opt

[Optinfo]
7.07 10
7.07 10
7.07 10

[Configs]
5
#
400  1.50  -
410  0.00  -
320  9.50  -
#
400  1.50  -
410  0.00  -
320  9.00  -
#
400  1.50  -
410  0.00  -
320  8.50  -
#
400  2.00  -
410  0.00  -
320  9.00  -
#
400  1.75  -
410  0.00  -
320  9.25  -

[Relativity]
srl              # nrl / srl / frl

#[Pcc] 
#1.8
#fuchs

[XC]
pbegga
0.05

Cu (PBE)

############################################################
#    Opium Parameter File                                  #
############################################################

[Atom]
Ni
8                   # norb: number of orbitals
100  2.00  -        # nlm occ eigen(- means auto-generate)
200  2.00  -
210  6.00  -
300  2.00  -
310  6.00  -
400  2.00  -
410  0.00  -
320  8.00  -

[Pseudo]
3  1.85 1.95 2.05
opt

[Optinfo]
7.9 10
7.9 10
7.9 10

[Configs]
7
#
400  0.00  -
410  0.00  -
320  7.00  -
#
400  1.00  -
410  0.00  -
320  8.00  -
#
400  2.00  -
410  0.00  -
320  7.00  -
#
400  2.00  -
410  0.00  -
320  8.00  -
#
400  1.00  -
410  0.00  -
320  9.00  -
#
400  0.50  -
410  0.00  -
320  9.50  -
#
400  0.00  -
410  0.00  -
320  10.00  -

[XC]
gga 0.1 

[Pcc]
1.3
lfc # or fs

[Relativity]
srl

[KBdesign]
0                 # local orb

Ni (PBE)

############################################################
#    Opium Parameter File                                  #
############################################################

[Atom]
C
3
100   2.00   -
200   2.00   -
210   2.00   -

[Pseudo]
2  1.35 1.45
opt

[Optinfo]
7.9  10
7.9  10

[Configs]
1
#
200  2.00  -
210  2.00  -

[XC]
gga 0.1 

[Relativity]
srl

C (PBE)

############################################################
#    Opium Parameter File                                  #
############################################################

[Atom]
O
3
100   2.00   -
200   2.00   -
210   4.00   -

[Pseudo]
2  1.4 1.5
opt

[Optinfo]
7.9  10
7.9  10

[Configs]
3
#
200  2.00  -
210  4.20  -
#
200  2.00  -
210  4.40  -
#
200  2.00  -
210  4.60  -

[XC]
gga 0.1

[Relativity]
srl

O (PBE)
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A.1 The input files for OPIUM

############################################################
#    Opium Parameter File                                  #
############################################################

[Atom]
N
3
100   2.00   -
200   2.00   -
210   3.00   -

[Pseudo]
2  1.35 1.45
opt

[Optinfo]
7.9  10
7.9  10

[Configs]
2
#
200  2.00  -
210  3.20  -
#
200  2.00  -
210  3.40  -

[XC]
gga 0.1

[Relativity]
srl

N (PBE)

############################################################
#    Opium Parameter File                                  #
############################################################

[Atom]
Co
8                   # norb: number of orbitals
100  2.00  -        # nlm occ eigen(- means auto-generate)
200  2.00  -
210  6.00  -
300  2.00  -
310  6.00  -
400  0.00  -
410  0.00  -
320  7.00  -

[Pseudo]
3  1.8 2.1 2.1
opt

[Optinfo]
7.90 10
7.90 10
7.90 10

[Configs]
6
# neutral
400  2.00  -
410  0.00  -
320  7.00  -
# plus 2 - Representation
400  0.00  -
410  0.00  -
320  7.00  -
# plus 2
400  2.00  -
410  0.00  -
320  5.00  -
# plus 2
400  1.00  -
410  0.00  -
320  6.00  -
# plus 3
#400  0.00  -
#410  0.00  -
#320  6.00  -
# plus 3
400  1.00  -
410  0.00  -
320  5.00  -
# plus 3
400  2.00  -
410  0.00  -
320  4.00  -

[XC]
gga 0.05               # lda[PZ] or gga[PBE]

[pcc]
1.35
lfc

[relativity]
srl

Co2+ (PBE)

############################################################
#    Opium Parameter File                                  #
############################################################

[Atom]
Cl
5                   # norb: number of orbitals
100  2.00  -        # nlm occ eigen(- means auto-generate)
200  2.00  -
210  6.00  -
300  2.00  -
310  5.00  -

[Pseudo]
2  1.2 1.32
opt

[Optinfo]
7.90 10
7.90 10

[Configs]
2
#
300  2.00  -
310  5.50  -
#
300  1.50  -
310  6.00  -

[XC]
gga 0.05               # lda[PZ] or gga[PBE]

[pcc]
1.05
lfc

[relativity]
srl

Cl (PBE)

############################################################
#    Opium Parameter File                                  #
############################################################

[Atom]
H
1
100   1.00   -

[Pseudo]
1  0.8
opt

[Optinfo]
7.9  10

[Configs]
1
#
100  1.00  -

[XC]
gga 0.1

[Relativity]
srl

H (PBE)
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############################################################
#    Opium Parameter File                                  #
############################################################

[Atom]
Ti                # element
8                 #  number of orbitals
# reference configuration
100  2.00  -135.0
200  2.00   -19.4
210  6.00   -19.4
300  2.00   -13.0
310  6.00    -6.0
320  1.00    -6.0
400  0.00    -6.0
410  0.00    -6.0
        

[Pseudo]
5 1.54 1.70 1.82 1.54 1.70
opt
  
[XC]
lda

[Optinfo]
7.970 10       # rc[a.u.] Qc[sqrt(Ry)] Nb
7.970 10
7.970 10
7.970 10
7.970 10

[Configs]
4                 # number of valence configurations
#
       300 2.00   -1.4   # test configuration
       310 6.00   -0.4   # test configuration
       320 2.00   -0.4   # test configuration
       400 0.00   -0.4   # test configuration
       410 0.00   -0.4   # test configuration
       #
       300 2.00   -1.4   # test configuration
       310 6.00   -0.4   # test configuration
       320 1.00   -0.4   # test configuration
       400 1.00   -0.4   # test configuration
       410 0.00   -0.4   # test configuration
       #
       300 2.00   -1.4   # test configuration
       310 6.00   -0.4   # test configuration
       320 1.00   -0.4   # test configuration
       400 2.00   -0.4   # test configuration
       410 0.00   -0.4   # test configuration
       #
       300 2.00   -1.4   # test configuration
       310 6.00   -0.4   # test configuration
       320 2.00   -0.4   # test configuration
       400 2.00   -0.4   # test configuration
       410 0.00   -0.4   # test configuration

[Relativity]
srl

Ti3+ (LDA)

############################################################
#    Opium Parameter File                                  #
############################################################

[Atom]
O
3
100   2.00   -
200   2.00   -
210   4.00   -

[Pseudo]
2  1.4 1.5
opt

[Optinfo]
7.9  10
7.9  10

[Configs]
4
#
200  2.00  -
210  4.20  -
#
200  2.00  -
210  4.40  -
#
200  2.00  -
210  4.60  -
#
200  2.00  -
210  4.80  -

[XC]
lda

[Relativity]
srl

O (LDA)

Figure A.1: The input files of the atomic species for the pseudo-potential generator OPIUM.

242



A.1 The input files for OPIUM

243



A. Representative input files

A.2 The input files used for NSCF of AuxAgyCu1−x−y using
QE

Au Ag

Cu AuAg
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A.2 The input files used for NSCF of AuxAgyCu1−x−y using QE

AuCu AgCu

Au3Ag Au3Cu
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A. Representative input files

AuAg3 AuCu3

Ag3Cu AgCu3
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A.2 The input files used for NSCF of AuxAgyCu1−x−y using QE

(AuAg2Cu )Phase1 (AuAg2Cu )Phase2

(AuAg2Cu )Phase3 (Au2AgCu )Phase1
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A. Representative input files

(Au2AgCu )Phase2 (Au2AgCu )Phase3

(AuAgCu2 )Phase1 (AuAgCu2 )Phase2
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A.2 The input files used for NSCF of AuxAgyCu1−x−y using QE

(AuAgCu2 )Phase3 Au7Ag

Au7Cu AuAg7
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A. Representative input files

AuCu7 Ag7Cu

AgCu7 (Au6AgCu )Phase1
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A.2 The input files used for NSCF of AuxAgyCu1−x−y using QE

(Au6AgCu )Phase2 (Au6AgCu )Phase3

(Au6AgCu )Phase4 (AuAg6Cu )Phase1
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A. Representative input files

(AuAg6Cu )Phase2 (AuAg6Cu )Phase3

(AuAg6Cu )Phase4 (AuAgCu6 )Phase1
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A.2 The input files used for NSCF of AuxAgyCu1−x−y using QE

(AuAgCu6 )Phase2 (AuAgCu6 )Phase3

(AuAgCu6 )Phase4

Figure A.2: Input files for QE, NSCF levels of AuxAgyCu1−x−y showing the final geometries.
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A. Representative input files

A.3 The ONETEP input files

--------------------------------- INPUT FILE ----------------------------

task          : SINGLEPOINT / COND / LR_TDDFT          
                                              
lr_tddft_num_states : 50                                       
lr_tddft_rpa : F                                         
lr_tddft_restart: T                                         
lr_tddft_restart_from_tda: F                                         
lr_tddft_reset_cg: 10                                       
lr_tddft_maxit_cg: 150                                     
lr_tddft_maxit_pen: 50                                       
lr_tddft_write_densities: T                                         
lr_tddft_write_kernels: T                                         
lr_tddft_init_random:  F                                        
lr_tddft_homo_num: 24                                       
lr_tddft_lumo_num: 10     
                                                      
spin_polarized : F                                         
spin : 0                                         
xc_functional :  PBE                                   
charge : 0                      
                                                
pbc_correction_cutoff : 7.0       
                                                          
do_properties        :   T                                         
initial_dens_realspace : T                                         

                                                                                          
write_denskern       :     T                                         
write_tightbox_ngwfs :     T                                         
read_denskern        :     T                                         
read_tightbox_ngwfs  :     T             
                                           
ngwf_threshold_orig  : 2.0e-7         
elec_energy_tol:     1.0e-6                                 
                                            
%block hubbard                                                                  
Ni 2 10.0 0.0 -1.0 0.0 0.0                                                      
%endblock hubbard       
                                                        
cutoff_energy :1200 eV           
                                               
%block species_ngwf_plot                                                        
Ni                                                                              
C                                                                               
O                                                                               
%endblock species_ngwf_plot     
                                                
%block species                                                                  
bohr                                                                            
Ni Ni 28 9 12.00                                                                
C C 6 4 12.00                                                                   
N N 7 4 12.00                                                                   
%endblock species       
                                                        
%block species_cond                                                             
bohr                                                                            
Ni Ni 28 18 12.00                                                               
C C 6 8 12.00                                                                   
N N 7 8 12.00                                                                   
%endblock species_cond        
                                                  
%block species_atomic_set                                                       
Ni "SOLVE"                                                                      
C "SOLVE"                                                                       
N "SOLVE"                                                                       
%endblock species_atomic_set      
                                              
%block species_pot                                                              
Ni "Ni_PBE.recpot"                   
C "C_PBE.recpot"                           

N "N_PBE.recpot"                           
%endblock species_pot           
                                
%block lattice_cart                                                             
bohr                                                                            
72.0 0.00 0.00                                                                  
0.00 72.0  0.00                                                                 
0.00 0.00 52.0                                                                  
%endblock lattice_cart                                          

%block positions_abs          
bohr                                                                            
Ni   36.0000016000000   35.9999995000000   25.9973993000000
C   39.5945451000000   35.9999917000000   26.0026423000000 
C   32.4054547000000   36.0000084000000   26.0025880000000 
C   36.0000066000000   39.5945488000000   26.0026152000000 
C   35.9999933000000   32.4054512000000   26.0026152000000 
N   41.8217321000000   36.0000058000000   25.9980097000000 
N   30.1782674000000   35.9999944000000   25.9980602000000 
N   35.9999965000000   41.8217362000000   25.9980350000000 
N   36.0000028000000   30.1782639000000   25.9980350000000 
%endblock positions_abs      

Input files of Ni(CN)−2
4 for single-point, conduction (extra lines highlighted with blue), and TDA

(extra lines highlighted with red) calculations.
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A.3 The ONETEP input files

--------------------------------- INPUT FILE ----------------------------

task          : SINGLEPOINT / COND / LR_TDDFT          
                                              
lr_tddft_num_states : 50                                       
lr_tddft_rpa : F                                         
lr_tddft_restart: T                                         
lr_tddft_restart_from_tda: F                                         
lr_tddft_reset_cg: 10                                       
lr_tddft_maxit_cg: 150                                     
lr_tddft_maxit_pen: 50                                       
lr_tddft_write_densities: T                                         
lr_tddft_write_kernels: T                                         
lr_tddft_init_random:  F                                        
lr_tddft_homo_num: 25                                       
lr_tddft_lumo_num: 10     
                                                      
spin_polarized : F                                         
spin : 0                                         
xc_functional :  PBE                                   
charge : 0                      
                                                
pbc_correction_cutoff : 7.0       
                                                          
do_properties        :   T                                         
initial_dens_realspace : T                                         

                                                                                          
write_denskern       :     T                                         
write_tightbox_ngwfs :     T                                         
read_denskern        :     T                                         
read_tightbox_ngwfs  :     T             
                                           
ngwf_threshold_orig  : 2.0e-7         
elec_energy_tol:     1.0e-6                                 
                                            
%block hubbard                                                                  
Ni 2 10.0 0.0 -1.0 0.0 0.0                                                      
%endblock hubbard       
                                                        
cutoff_energy :1200 eV           
                                               
%block species_ngwf_plot                                                        
Ni                                                                              
C                                                                               
O                                                                               
%endblock species_ngwf_plot     
                                                
%block species                                                                  
bohr                                                                            
Ni Ni 28 9 12.00                                                                
C C 6 4 12.00                                                                   
O O 8 4 12.00                                                                   
%endblock species       
                                                        
%block species_cond                                                             
bohr                                                                            
Ni Ni 28 18 12.00                                                               
C C 6 8 12.00                                                                   
O O 8 8 12.00                                                                   
%endblock species_cond        
                                                  
%block species_atomic_set                                                       
Ni "SOLVE"                                                                      
C "SOLVE"                                                                       
O "SOLVE"                                                                       

%endblock species_atomic_set      
                                              
%block species_pot                                                              
Ni "Ni_PBE.recpot"                   
C "C_PBE.recpot"                           
O "O_PBE.recpot"                           
%endblock species_pot           
                                
%block lattice_cart                                                             
bohr                                                                            
68.0 0.00 0.00                                                                  
0.00 68.0  0.00                                                                 
0.00 0.00 68.0                                                                  
%endblock lattice_cart                                          

%block positions_abs          
bohr                                                                            
Ni   33.9998297000000   34.0001587000000   34.0010644000000
C   34.0000170000000   34.0001756000000   37.4918572000000 
C   34.0000193000000   37.2923778000000   32.8362613000000 
C   36.8535540000000   32.3537968000000   32.8352646000000 
C   31.1464693000000   32.3537790000000   32.8352578000000 
O   34.0000363000000   34.0002442000000   39.6646319000000 
O   34.0000380000000   39.3391441000000   32.1067231000000 
O   38.6271585000000   31.3301733000000   32.1080123000000 
O   29.3728778000000   31.3301506000000   32.1079961000000 
%endblock positions_abs      

Input files of Ni(CO)4 for single-point, conduction (extra lines highlighted with blue), and TDA
(extra lines highlighted with red) calculations.
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A. Representative input files

--------------------------------- INPUT FILE ----------------------------

task          : SINGLEPOINT / COND / LR_TDDFT          
                                              
lr_tddft_num_states : 20                                                        
lr_tddft_rpa : F                                                                
lr_tddft_restart: T                                                             
lr_tddft_restart_from_tda: F                                                    
lr_tddft_maxit_cg: 150                                                          
lr_tddft_maxit_pen: 50                                                          
lr_tddft_write_densities: T                                                     
lr_tddft_write_kernels: T          
                                                      
spin_polarized : T                                         
spin : 3                                         
xc_functional :  PBE                                   
charge : 0                      
                                                
pbc_correction_cutoff : 7.0       
                                                          
do_properties        :   T                                         
initial_dens_realspace : T                                         

                                                                                          
write_denskern       :     T                                         
write_tightbox_ngwfs :     T                                         
read_denskern        :     T                                         
read_tightbox_ngwfs  :     T             
                                           
ngwf_threshold_orig  : 2.0e-7         
elec_energy_tol:     1.0e-6                                 
                                            
%block hubbard                                                                  
Co 2 3.79781 0.0 -20.0 0.0 0.0                                                  
%endblock hubbard                         
                                                        
cutoff_energy :1200 eV           
                                               
%block species_ngwf_plot                                                        
Co                                                                              
Cl                                                                              
N                                                                               
C                                                                               
H                                                                               
%endblock species_ngwf_plot          
                                                
%block species                                                                  
bohr                                                                            
Co Co 27 9 12.00                                                                
Cl Cl 17 4 12.00                                                                
N N 7 4 12.00                                                                   
C C 6 4 12.00                                                                   
H H 1 1 12.00                                                                   
%endblock species             
                                                        
%block species_cond                                                             
bohr                                                                            
Co Co 27 18 12.00                                                               
Cl Cl 17 13 12.00                                                               
N N 7 8 12.00                                                                   
C C 6 8 12.00                                                                   
H H 1 2 12.00                                                                   
%endblock species_cond          

                                                
cond_num_states : 11                                                            
cond_num_extra_states : 11                                                      
cond_num_extra_its : 10                                                         
cond_maxit_lnv : 100                                                            
cond_minit_lnv : 5                 
                                                  

%block species_atomic_set                                                       
Co "SOLVE conf=4s0 3d7  4d0 4fX 5s0 5p0 INIT SPIN=+3 
CHARGE=0"                  
Cl "SOLVE"                                                                      
N "SOLVE"                                                                       
C "SOLVE"                                                                       
H "SOLVE"                                                                       
%endblock species_atomic_set             
                                              
%block species_pot                                                              
Co "Co_PBE_2PLUS.recpot"                   
Cl "Cl_PBE.recpot"                    
N "N_PBE.recpot"                     
C "C_PBErecpot"                           
H "H_PBE.recpot"                           
%endblock species_pot       
                                                    
%block lattice_cart                                                             
bohr                                                                            
67.05477 0.00 0.00                                                              
0.00 67.23636  0.00                                                             
0.00 0.00 83.20274                                                              
%endblock lattice_cart                                          

%block positions_abs          
bohr                                                                            
Co   33.5273800000000   33.618180000000   41.6013650000000 
Cl   36.7483782640047   35.8415560096178   40.0032879817863
Cl   30.3063817359953   35.8415560096178   43.1994420182137
C  36.2467467207727   32.3348236171724   46.3868333952300  
C  35.6433458741291   28.8641075123512   48.8684196742588  
C  34.1094817450216   27.7649446113974   47.0798129229302   
C  33.6530033145708   29.1320460911536   44.9389291219102   
C  30.8080132792273   32.3348236171724   36.8158966047700  
C  33.4017566854292   29.1320460911536   38.2638027678158   
C  32.9452782549784   27.7649446113974   36.1229189667958   
C  31.4114141258709   28.8641075123512   34.3343103257412   
N  34.6888792921530   31.4300700567889   44.5478578873906  
N  37.2946319070150   34.5904780364083   46.0799211076306  
N  36.7124318962420   31.1147768344282   48.5696407673160  
N  32.3658788181210   31.4300700567889   38.6548740023354  
N  30.3423262140320   31.1147768344282   34.6330892326840  
N  29.7601280929850   34.5904780364083   37.1228107820954  
H  35.9491337747651   28.0553123479632   50.4020494773437  
H  32.4902794799769   28.4665639663193   43.5723681037869  
H  33.5185644282613   26.2233741797068   35.9073598129565  
H  31.1056262252349   28.0553123479632   32.8006824123823  
H  28.7636906967932   35.2086017382322   35.9699286404523  
H  29.7910383409871   35.3955353227901   38.5478758271122  
H  38.2910693032068   35.2086017382322   47.2328032492737  
H  37.2637197692870   35.3955353227901   44.6548541728878  
H  33.5361936820127   26.2233741797068   47.2953720767695  
H  34.5644805200231   28.4665639663193   39.6303637859391  
%endblock positions_abs      

Input files of CoL2Cl2 for single-point, conduction (extra lines highlighted with blue), and TDA
(extra lines highlighted with red) calculations.
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B. Supplementary information on AuxAgyCu1-x-y alloys

Appendix B

Supplementary information on AuxAgyCu1-x-y

alloys

B.1 Stretching operators

System sc sv System sc sv

Au 0.825253 1.419797 Au7Ag 0.967842 1.218996

Ag 0.846172 1.376302 Au7Cu 0.959605 1.277749

Cu 0.809883 1.735804 AuAg7 0.972795 1.072632

AuAg 0.942895 1.245925 AuCu7 0.937301 1.459205

AuCu 0.921209 1.451945 Ag7Cu 0.966574 1.138571

AgCu 0.921900 1.382942 AgCu7 0.932309 1.414183

Au3Ag 0.945233 1.197529 Au6AgCu (p1) 0.961430 1.272030

Au3Cu 0.936102 1.329064 Au6AgCu (p2) 0.961097 1.26530

AuAg3 0.951899 1.105431 Au6AgCu (p3) 0.961277 1.266095

AuCu3 0.922466 1.454606 Au6AgCu (p4) 0.959646 1.268756

Ag3Cu 0.945817 1.215392 AuAg6Cu (p1) 0.965500 1.168711

AgCu3 0.935669 1.382684 AuAg6Cu (p2) 0.965551 1.177290

Au2AgCu (p1) 0.936355 1.302908 AuAg6Cu (p3) 0.974523 1.185852

Au2AgCu (p2) 0.931013 1.311556 AuAg6Cu (p4) 0.965523 1.174112

Au2AgCu (p3) 0.930925 1.311619 AuAgCu6 (p1) 0.936233 1.404183

AuAg2Cu (p1) 0.938311 1.272339 AuAgCu6 (p2) 0.943095 1.399728

AuAg2Cu (p2) 0.934446 1.261742 AuAgCu6 (p3) 0.936821 1.403408

AuAg2Cu (p3) 0.934076 1.261342 AuAgCu6 (p4) 0.943707 1.407826

AuAgCu2 (p1) 0.933284 1.382637

AuAgCu2 (p2) 0.936700 1.371520

AuAgCu2 (p3) 0.936793 1.372440

Table B.1: First-principles G0W0 stretching operators for conduction and valance bands of
AuxAgyCu1−x−y .
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B.2 Drude parameters

B.2 Drude parameters

System ωp η ε∞ System ωp η ε∞

Au 8.947 0.02266 1.601 Au7Ag 8.793 0.01992 1.073

Ag 8.925 0.01918 -2.624 Au7Cu 8.708 0.01991 1.414

Cu 9.313 0.02426 0.1039 AuAg7 8.735 0.01748 -2.096

AuAg 10.36 0.02392 -0.5116 AuCu7 8.61 0.02041 0.291

AuCu 10.91 0.0252 0.8523 Ag7Cu 8.918 0.01835 -2.283

AgCu 10.32 0.02466 -1.26 AgCu7 8.896 0.02108 -0.2371

Au3Ag 12.8 0.0278 0.5446 Au6AgCu (p1) 8.666 0.01969 0.8855

Au3Cu 12.99 0.03062 1.227 Au6AgCu (p2) 8.655 0.01963 0.8855

AuAg3 12.45 0.02519 -1.568 Au6AgCu (p3) 8.634 0.01952 0.8855

AuCu3 12.41 0.02934 0.4781 Au6AgCu (p4) 8.087 0.01788 0.8855

Ag3Cu 12.58 0.02697 -1.942 AuAg6Cu (p1) 8.571 0.01822 -1.755

AgCu3 12.51 0.02997 -0.5781 AuAg6Cu (p2) 8.585 0.01828 -1.755

Au2AgCu (p1) 12.64 0.02888 0.1703 AuAg6Cu (p3) 8.614 0.01838 -1.755

Au2AgCu (p2) 12.26 0.02872 0.1703 AuAg6Cu (p4) 8.896 0.0184 -1.755

Au2AgCu (p3) 12.26 0.02872 0.1703 AuAgCu6 (p1) 8.437 0.01975 -0.05001

AuAg2Cu (p1) 11.97 0.02676 -0.8858 AuAgCu6 (p2) 8.445 0.01979 -0.05001

AuAg2Cu (p2) 12.93 0.02774 -0.8858 AuAgCu6 (p3) 8.338 0.01949 -0.05001

AuAg2Cu (p3) 12.92 0.02773 -0.8858 AuAgCu6 (p4) 8.246 0.01945 -0.05001

AuAgCu2 (p1) 12.84 0.02931 -0.2039

AuAgCu2 (p2) 11.72 0.02738 -0.2039

AuAgCu2 (p3) 11.73 0.02739 -0.2039

Table B.2: Drude parameters for AuxAgyCu1−x−y .
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B. Supplementary information on AuxAgyCu1-x-y alloys

B.3 Dielectric functions of binary alloys

Figure B.1: Bulk E2 (first column), and E1(second column)from first-principles bulk dielectric
functions (solid lines) and experimental SPP measurements on thin-films (dashed lines) of Au-Ag
binary alloys with similar stoichiometric ratios extracted from Ref. 1.
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B.3 Dielectric functions of binary alloys

Figure B.2: Bulk E2 (first column), and E1(second column)from first-principles bulk dielectric
functions (solid lines) and experimental SPP measurements on thin-films (dashed lines) of Au-Cu
binary alloys with similar stoichiometric ratios extracted from Ref. 1.
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B. Supplementary information on AuxAgyCu1-x-y alloys

Figure B.3: Bulk E2 (first column), and E1(second column)from first-principles bulk dielectric
functions (solid lines) and experimental SPP measurements on thin-films (dashed lines) of Ag-Cu
binary alloys with similar stoichiometric ratios extracted from Ref. 1.
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B.4 Band-structure and spectra of alloys

B.4 Band-structure and spectra of alloys
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B. Supplementary information on AuxAgyCu1-x-y alloys

Γ X W L Γ
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B.4 Band-structure and spectra of alloys
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B. Supplementary information on AuxAgyCu1-x-y alloys
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B.4 Band-structure and spectra of alloys
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B.4 Band-structure and spectra of alloys
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B. Supplementary information on AuxAgyCu1-x-y alloys
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B.4 Band-structure and spectra of alloys
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B.4 Band-structure and spectra of alloys
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Figure B.4: Band structures and spectra of AuxAgyCu1−x−y.
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Appendix C

KS-DFT molecular orbitals of CoL2Cl2
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Figure C.1: KS-DFT molecular orbitals of CoL2Cl2 with partial 3d character due to ligand-field
splitting, and their respective KS energies for U = 0.0 eV and U = 3.798 eV. Isosurface values
are set to ±0.05 a−3/2

0 .
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Appendix D

Supplementary information on TMOs

D.1 Linear fitting to VKS and NU versus Vext
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Figure D.1: The linear-response of up(down)-spin occupancies and the corresponding KS
potentials of the 3d sub-shell of Ti and the 2p sub-shell of O atoms with neutral configurations
in TiO2-rutile used to calculate Hubbard U and Hund’s J .
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Figure D.2: The linear-response of up(down)-spin occupancies and the corresponding KS
potentials of the 3d sub-shell of Ti and the 2p sub-shell of O atoms with 3+ and neutral
configurations, respectively, in TiO2-rutile used to calculate Hubbard U and Hund’s J .
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Figure D.3: The linear-respons of up(down)-spin occupancies and the corresponding KS potentials
of the 3d sub-shell of Ti and the 2p sub-shell of O atoms with neutral configurations in TiO2-anatase
used to calculate Hubbard U and Hund’s J .
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D.2 DoS of TiO2-rutile with VO
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Figure D.4: DOS of (from top to bottom) pristine TiO2-rutile, the VO(0,0), the VO(2,0), the
VO(2,2) vacancy in TiO2-rutile with DFT+Ud+Up with the Hubbard U ′eff parameters for 3d-states
of Ti (Ud : TiU ′eff=2.982 eV) and for 2p-states for O atom (Up : OU ′eff=6.742 eV) , shown with a
Gaussian broadening of 0.1 eV.
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D.3 DoS of TiO2-anatase with VO
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Figure D.5: DOS of (from top to bottom) pristine TiO2-anatase, the VO(0,0), the VO(2,0), the
VO(2,2) vacancy in TiO2-anatase with DFT+Ud+Up with the Hubbard U ′eff parameters for 3d-
states of Ti (Ud : TiU ′eff=2.996 eV) and for 2p-states for O atom (Up : OU ′eff=6.746 eV) , shown
with a Gaussian broadening of 0.1 eV.

292


	List of Figures
	List of Tables
	 Motivation and Outline
	I Theoretical Background
	1 A brief introduction to theoretical spectroscopy
	1.1 The semi-classical definition of the light-matter interaction
	1.1.1 The adiabatic approximation
	1.1.2 The field-electron interaction operator

	1.2 Linear-response regime
	1.2.1 The time-dependent perturbation
	1.2.2 The selection rules and the oscillator strength
	1.2.3 Life-time broadening of electronic excitations
	1.2.4 Linear-response function

	1.3 Molecular spectroscopy
	1.3.1 Electronic excitation spectra
	1.3.2 Dipole-dipole absorption spectra

	1.4 Solid-state spectroscopy
	1.4.1 Macroscopic optical functions
	1.4.2 Optical absorption spectra
	1.4.3 Electron energy-loss spectroscopy

	1.5 Conclusion
	References

	2 Ground-state theory
	2.1 Density-functional theory
	2.1.1 The Hohenberg-Kohn theorems
	2.1.2 The Kohn-Sham equations
	2.1.3 Exchange-correlation functional

	2.2 The plane-wave implementation of KS-DFT
	2.2.1 KS-DFT for periodic systems
	2.2.2 The pseudo-potential approximation
	2.2.3 The plane-wave basis
	2.2.4 Iterative solution of KS equations
	2.2.5 Assignments of occupancies and Fermi levels
	2.2.6 The conduction states of KS-DFT

	2.3 Conclusion
	References

	3 Linear-scaling density-functional theory
	3.1 The density-matrix formalism
	3.2 Localisation of the density-matrix
	3.3 Support functions and basis functions
	3.4 The psinc basis
	3.5 Energy minimisation with nested loops
	3.6 The unoccupied bound states within LS-KS-DFT
	3.7 Conclusion
	References

	4 Limitations and systematic errors of KS-DFT
	4.1 The conceptual limitations of KS-DFT
	4.2 Systematic errors in KS-DFT
	4.2.1 Fractional charges
	4.2.2 The delocalisation error

	4.3 The Hubbard U correction of SIE
	4.3.1 The Hubbard U and J parameters
	4.3.1.1 Uncoupled-spin response
	4.3.1.2 Coupled-spin response for closed-shell systems


	4.4 The non-local velocity commutator term
	4.5 Conclusion
	References


	II Optical Spectroscopy of Noble Metals Alloys
	5 The optical spectra of metallic solids
	5.1 Inter-band transitions
	5.1.1 The micro-macro connection
	5.1.2 Random-phase approximation

	5.2 Intra-band transition
	5.2.1 The Drude parameters

	5.3 Quantum many-body effects on the spectra
	5.3.1 The quasiparticle formalism
	5.3.2 The GW approximation
	5.3.3 The one-shot, non-self-consistent GW: G0W0
	5.3.3.1 The independent-particle Green function: G0
	5.3.3.2 The screened Coulomb interaction: W0

	5.3.4 Spectra with the quasiparticle formalism

	5.4 Conclusion
	References

	6 Investigating the optical response of AuxAgyCu1-x-y alloys
	6.1 Preliminary tests on Au
	6.1.1 Computational details

	6.2 Benchmark spectra of pure metals: Au, Ag, and Cu
	6.2.1 Computation of stretching operators
	6.2.2 Drude parameters for pure metals
	6.2.3 Spectra of pure metals

	6.3 Spectra of AuxAgyCu1-x-y alloys
	6.3.1 Stretching operators for alloys
	6.3.2 Drude parameters for alloys
	6.3.2.1 Binary alloys

	6.3.3 Spectra of alloys

	6.4 Investigation of plasmonic response of AuxAgyCu1-x-y alloys
	6.4.1 Quality factors for plasmons
	6.4.2 Plasmons in binary alloys
	6.4.3 Plasmonic response at common solid-state laser wavelengths

	6.5 Conclusion
	References


	III Electronic and Optical Properties of  Transition-Metal Systems with Large SIE
	7 Linear-scaling TDDFT with a Hubbard corrected interaction kernel: TDDFT+U
	7.1 Time-dependent density-functional theory
	7.1.1 The Gross-Runge theorem
	7.1.2 The van Leeuwen theorem
	7.1.3 The time-dependent KS equations

	7.2 Linear response TDDFT
	7.2.1 The exchange-correlation kernel

	7.3 Excitation energies within LR-TDDFT
	7.3.1 The Casida equation
	7.3.1.1 The Tamm-Dancoff approximation


	7.4 The iterative solution of LR-TDDFT
	7.4.1 Generalisation to the non-Hermitian problem

	7.5 Linear-scaling LR-TDDFT
	7.6 The Hubbard U corrected interaction kernel
	7.6.1 A four-level toy model
	7.6.2 The implementation of TDDFT+U within ONETEP

	7.7 Conclusion
	References

	8 Molecular spectroscopy of finite-sized systems: coordination complexes with TDDFT+U 
	8.1 The Hubbard U dependence of spectra
	8.1.1 Computational details

	8.2 The square-planar tetracyanonickelate anion: Ni(CN)42-
	8.3 The tetrahedral nickel tetracarbonyl: Ni(CO)4 
	8.4 First-principles Hubbard U parameters for transition-metal centres
	8.5 First-principles spectra of Ni-centred complexes
	8.5.1 Excitation energies and spectra of Ni(CN)42-
	8.5.2 Excitation energies and spectra of Ni(CO)4 

	8.6 A high-spin coordination complex: CoL2Cl2 (L= 2-aminopyrimidine: C4H5N3)
	8.6.1 Excitation energies and spectra of CoL2Cl2

	8.7 Conclusion
	References

	9 Band gaps of TiO2 systems from first-principles DFT+Ud+Up
	9.1 Bulk TiO2 in the rutile and anatase phases
	9.1.1 Computational details
	9.1.2 Computation of the Hubbard parameters

	9.2 Band-gaps with DFT+Ud+Up
	9.2.1 TiO2-rutile
	9.2.2 TiO2-anatase

	9.3 Energies and oscillator strengths of the first electronic excitations of TiO2 nano-clusters
	9.3.1 The first excitations of (TiO2)12 and (TiO2)48

	9.4 Oxygen vacancies in TiO2
	9.4.1 Single VO in bulk TiO2-rutile
	9.4.2 Single VO in bulk TiO2-anatase

	9.5 Conclusion
	References


	IV Concluding Remarks
	10 Conclusion
	10.1 Synopsis
	10.2 Directions for further research
	References

	A Representative input files
	B Supplementary information on AuxAgyCu1-x-y alloys
	References

	C KS-DFT molecular orbitals of CoL2Cl2
	D Supplementary information on TMOs


