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Summary

Carbon-based nanostructures have been at the forefront of scientific research

for the last couple of decades due to their unique properties, giving rise to

many potential applications especially for electronics. Their simple structure

and the ease with which many of their electronic properties can be studied

makes them particularly interesting from a theoretical perspective. These elec-

tronic properties can be modified by altering the atomic structure, for example

through the introduction of dopants to the system. In this thesis a thorough in-

vestigation of several topics related to doping in bulk graphene, narrow strips

of graphene (nanoribbons) and carbon nanotubes is be undertaken.

A tight-binding Green function formalism is developed and then employed in

the study of impurity modelling, Friedel oscillations, impurity scattering and

sublattice segregation of impurities. The distinct advantage of using such a

mathematically transparent approach is that it better reveals the underlying

physical mechanisms than a purely numerical simulation. The first demon-

stration of this is to the case of impurity modelling. A self-consistent method is

demonstrated for obtaining the tight-binding parameters that characterise the

impurity, e.g. energy levels and overlap integrals. This requires only a handful

of inputs from density functional theory and presents a computationally effi-
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cient alternative to the commonly used method of band structure matching.

Tight-binding parameters for substitutional nitrogen, substitutional boron and

adsorbed hydrogen are calculated for a host graphene system.

The focus is then moved to the phenomenon of Friedel oscillations in graphene

and carbon nanotubes, spatial modulations in the density of states and the car-

rier density, caused by symmetry breaking of the system due to the presence of

an impurity. The differences between substitutional impurities, vacancies and

several kinds of adsorbates will be studied. Closed-form analytic expressions

describing the Friedel oscillations will be derived and compared to numerical

calculations.

The role of the bonding symmetry of adsorbed impurities on scattering and

electronic transport properties in graphene is then studied. It is shown that

scattering is heavily suppressed for particular bonding symmetries, making

these impurity types quite poor for use with conventional graphene chemi-

cal sensors. This suppression is explained from the viewpoint of interference

between the propagators describing electron propagation. By breaking the un-

derlying system symmetry via uniaxial strain this scattering suppression can

be mitigated, suggesting impurities exhibiting this quality would be ideal can-

didates for high-sensitivity strain sensors.

The mathematical model is then used to investigate the recently observed ex-

perimental phenomenon of sublattice segregation, where under conditions large

numbers of nitrogen dopants in graphene exhibit an overwhelming preference

to occupy one of graphene’s two sublattices. It is proposed that inter-impurity

interactions are driving this effect and that, moreover, this is not particular to

nitrogen or graphene and is a consequence of symmetry breaking in the lattice.

Alternative scenarios are then discussed where the same sublattice ordering
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behaviour should arise: in carbon nanotubes where their reduced dimension-

ality is predicted to enhance the effect; and Gaussian strain ’bubbles’ in bulk

graphene created in such a way that destroys the underlying sublattice sym-

metry and makes one more preferential for adsorption.
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Chapter 1

Introduction

"So let’s have a round of applause for... this inanimate carbon rod!"

- Mr. Burns, The Simpsons [1].

Carbon is a non-metallic element with atomic number 6, the fourth most abun-

dant element in the Universe [2] and essential to the existence of all known

biological systems. Humankind owes many facets of its technological and

cultural advancement to this simple element and its allotropes. In antiquity,

carbon-based materials were used as fuel in the form of charcoal [3] and for

cutting and aesthetic purposes in the form of diamond [4]. In modern times

it plays an important role in an ever growing number of technologies, from

hypothetical space elevators to the humble pencil lead. It is thus quite fitting,

as will soon be shown, that it finds itself playing a central role in the field of

nanotechnology, the control and manipulation of matter on the atomic scale
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2 Chapter 1. Introduction

and one of the most exciting and quickest developing scientific fields of the

twenty-first century.

Nanotechnology has found use in many fields, one research area being the de-

velopment of nanoscale components for future electronic devices. To under-

stand this application, an overview of current electronics technology is now

presented. Over the past few decades there has been an explosion in the avail-

ability and computational power of commercial electronics. Their ubiquity

has been directly responsible for much of the economic growth over this time

period. Growing consumer demand for smaller and more powerful electron-

ics has created the need for smaller and faster electrical components. This is

where the application of nanotechnology aims to improve on the limitations of

current technology. Transistors are one such component, integral to the func-

tioning of all electronic devices, used as signal amplifiers or low-power logic

switches. Billions of them are packed into each and every one of the two bil-

lion smartphones in usage around the world at the time of writing [5]. For

logic uses, a single transistor exists in either an "on" or an "off" state - either

passing or blocking current passing through - which is controlled externally,

for example by an applied electric field (field effect transistors).

For decades the vast majority of transistors used in commercial devices have

been made from silicon. Microchips, sometimes called integrated circuits,

are thumbnail-sized arrays of billions of transistors which are combined with

other electronic components in order to store information and perform com-

putations. One factor determining the operational speed of these chips is the

physical size of the transistors. As techniques have evolved to make transis-

tors smaller, more can fit inside the typical microchip area, which has the effect

of making them both cheaper and more energy efficient. This rate of transistor
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down-sizing has been fairly consistent for decades - the number of them that

can fit in a given area doubles approximately every two years, a famous obser-

vation called Moore’s Law. This trend cannot continue indefinitely however,

as these increasingly smaller physical dimensions of the transistors lead to is-

sues such as overheating and current leakage. Some experts have suggested

the trend of Moore’s Law may end within the next couple of decades or sooner

[6]. Consequentially there has been much attention directed towards finding

suitable alternatives and there are many nascent fields of research showing

potential for tackling this problem, for example optical transistors (photonics)

[7]. Nanoscience is another obvious candidate, and the recent development

of materials exhibiting quantum mechanical effects is a testament to that fact.

Fabrication of transistors using these novel materials and incorporating new

designs can exploit the quantum mechanical phenomena inherent to these ma-

terials. The hope is that a new paradigm could be produced which circumvents

the limitations of the current silicon technology. This is the area where carbon-

based nanomaterials like graphene and carbon nanotubes (CNTs) show great

promise due to their remarkable electronic properties, and they are the pri-

mary materials investigated in this work.

Since the advent of solid-state physics it is well known that the electronics of

a material are determined by its atomic structure and symmetries e.g. crys-

tallinity and doping. The usage of materials as electronic components relies

on the control of the electronic band gap, which can be affected by the location

and species of chemical dopants. The role of these dopants is particularly im-

portant in the case of graphene which in its native state lacks a band gap. The

size of the gap when induced can further be tuned by altering the dopant con-

centration. Therefore if graphene is to be used in future electronics technology

a thorough understanding of the physics of doping and the subsequent alter-
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ation to the system electronics is very important, and this is the central topic

of this thesis. With this as motivation, the goal of this work is to formulate

a mathematical framework for the physics of doped carbon-based nanoma-

terials. In doing this it can be shown that the system’s distinct underlying

symmetries and how these are broken by doping can explain several observed

experimental phenomena. Of particular interest are Friedel oscillations and

sublattice segregation of impurities, and these will be explained in this intro-

ductory chapter. This chapter now begins with a broad overview of carbon-

based nanomaterials followed by general discussion of the role of dopants and

how they are used in tailoring the electronics of these systems. After, Friedel

oscillations and sublattice segregation are introduced and an outline of the the-

sis is presented.

1.1 Carbon-based nanomaterials

Great interest in the field nanotechnology began in the 1980s with advance-

ments in atomic-level microscopy which made direct images of atoms possible

[9]. Around the same time, there was the experimental discovery of nanoparti-

cles called C60 fullerenes, nanometer sized spherical cages of 60 carbon atoms

bonded together in pentagonal and hexagonal rings as shown in Fig. 1.1 [10].

This was soon followed in 1991 by the discovery of CNTs [11], another kind

of fullerene, which have a long cylindrical structure with the same hexago-

nal bonding as C60 (see Fig. 1.1 middle). Among their properties are unparal-

leled tensile strength [12] and very high electron mobility [13]. Curiously the

electronic structure was found to be influenced entirely by the chirality of the

nanotube structure, where different widths and wrapping symmetries result
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Figure 1.1: Graphene is the basic building block from which many other
carbon-based nanomaterials can be derived. Shown from left to right
are the relation between graphene and zero-dimensional fullerenes called
buckyballs, one-dimensional carbon nanotubes, and three dimensional
graphite. Reproduced with permission from [8].

in different energy spectra. Further investigation of their unique mechanical

and electronic properties has subsequently lead to a wide range of applications

such as energy storage in the form of lithium-ion batteries and electrochemical

capacitors [14–16], composites [17, 18] and electronics [19–21].

It was known that this growing family of carbon-based nanomaterials should,

in theory, be linked by a common building block - a single atom thick layer

of graphite called graphene. This is shown in Fig. 1.1 where the relation-

ship and symmetries between fullerenes, CNTs, graphene and graphite can
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be understood. Graphite is the most stable form of carbon and is composed

of stacks of crystalline graphene layers weakly bound together by van der

Waals forces. These layers can be separated easily by application of a small

force, which is the mechanism by which a pencil traces. Despite the abun-

dance of graphite found naturally, for a long time the scientific consensus was

that a single graphene layer, and indeed any other two-dimensional crystal,

could not exist in a free-standing state. Arguments were put forward around

1950 that such materials would be thermodynamically unstable and would

collapse at finite temperatures due to vibrations, as argued by Peierls [22] and

Landau [23] and backed up by experimental studies of thin films. As a re-

sult they were regarded for some time as a mere theoretical curiosity by the

general scientific community. Fortunately this viewpoint did not deter some

researchers, and over decades it was eventually shown that graphene layers

could exist as the surface part of a three-dimensional bulk system [24] or even-

tually in free-standing stacks of only a few layers. The breakthrough came

relatively recently in 2004 when a team led by Geim and Novoselov at the

University of Manchester were able to extract graphene monolayers from bulk

graphite using sticky tape (euphemistically known as mechanical exfoliation)

[25]. Interestingly, this method is still used widely in labs around the world as

it is still the cheapest and most reliable way to make small high-quality sam-

ples for study, despite the availability of myriad other production methods.

Since the discovery of free-standing graphene, for which Geim and Novoselov

were awarded the 2010 Nobel Prize in Physics, many other two-dimensional

crystals have been fabricated using other materials. Examples include silicon

(silicene) [26] and MoS2 [27], each with a variety of distinct and useful proper-

ties which directly link to their atomic chemistry. Further investigations with

graphene have shown it to have many interesting properties and phenomena
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owing entirely to its unique structure. The electronic properties are the most

important properties to understand for this thesis. Of primary importance is

that graphene is a zero-gap semiconductor, the conduction and valence bands

meeting at two inequivalent points of zero density of states in the Brillouin

zone, referred to as the Dirac points. Around these points in momentum

space the dispersion relation is linear and the carriers behave relativistically as

massless Dirac fermions, giving rise to mobilities in excess of 250,000 cm2/Vs

[25, 28] and excellent thermal conductivity as high as 5000 W m−1K−1 [29].

Graphene also exhibits superior mechanical properties with a Young’s mod-

ulus of 1 TPa [30].

As discussed previously, the ability to tune and control the electronic proper-

ties of nanomaterials is key to their use in electronics, and this can be done by

altering their structure or by introducing dopants. This engineering is particu-

larly important for graphene. Initially it seems like an ideal material for use in

transistors due to the high carrier mobility, which is higher than both Indium

antimonide and semi-conducting CNTs, two of the highest mobility semicon-

ductors currently in existence [31]. However, the lack of band gap means any

field effect transistors made in the conventional way using the material would

be unable to be switched off, rendering it useless as a logic device. Therefore a

band gap must be induced in order to allow current to be switched on and off,

which would allow graphene to be used in a commercial environment as ultra

high-speed transistors, integrated circuits and other novel devices [8, 31, 32].

This is, however, difficult to achieve [33]. The prospects for using graphene

as a substitution for silicon have gradually faded in recent years as a result of

poor on/off current ratios evidenced in graphene transistors [34–36]. One of

the goals of this thesis is to investigate and model possible band gap engineer-

ing scenarios with dopants in graphene and other carbon nanostructures. As
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Figure 1.2: Probing density of states oscillations using a scanning tunnel
microscope (STM). An impurity embedded at the surface of a material
modulates the electron density and thus the density of states in the re-
gion nearby, resulting in spatial oscillations that can be mapped using the
STM. Adapted under creative commons license from [37].

a consequence one must understand how dopants behave in these systems.

1.2 Friedel oscillations and scattering

Symmetry breaking produced by defects in an otherwise pristine system, for

example in a Fermi gas, induces perturbations in the electronic environment

of the gas via scattering of electrons. This results in spatial oscillations called

Friedel oscillations (FOs) [38] which manifest themselves in many electronic

quantities such as the local density of states (LDOS) and the electron density.

Oscillations in the density of states can be experimentally observed directly
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using scanning tunnel microscopy, a schematic of this is shown in Fig. 1.2.

Generally these spatial oscillations radiate away from the location of the sym-

metry breaking perturbation and decay at a rate of ∼ D−d with the distance

D from the perturbation and dimensionality d of the system. As graphene is a

two-dimensional system one would therefore expect this decay to go as D−2.

There has been a lot of attention focused recently on Friedel oscillations caused

by symmetry breaking in graphene [39–48]. Of particular interest is the be-

haviour of the oscillations in the electron density when the Fermi energy of

the system lies around the Dirac point. Here, the vanishing of the density of

states has been shown to change both the decay rate and the character of the

electron density oscillations. It has been shown that not only does the decay

rate change from D−2 to a faster D−3 rate for ungated/undoped graphene, but

that the oscillations themselves disappear due to their commensurability with

the lattice spacing resulting in a smooth non-oscillatory decay profile [39, 41,

45]. One should be reminded that the aim of this project is to understand the

physics of dopants in carbon nanostructures and hence Friedel oscillations and

related phenomena will play an important role in determining the subsequent

electronic properties. While the spatial oscillation in the electron distribution

is an interesting quantum mechanical effect in its own right, in the next sec-

tion a more useful effect for graphene’s use as an electrical component that

arises from these oscillations will be discussed. The main mathematical tools

for investigating electron behaviour in condensed matter physics are Green

functions, which are introduced in Chap. 3 and used throughout this work.

They will play a major role in Chap. 5 where a mathematical model for Friedel

oscillations in graphene and CNTs will be developed, and in Chap. 6 where

the bonding symmetry of impurities is discussed in relation to the impact on

scattering.
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1.3 Band gap engineering through doping

To meet or exceed the limits of silicon semiconductor technology, graphene

would need to match a current on/off ratio of roughly 104-107 along with a

band gap of at least 340 meV whilst maintaining high carrier mobility [49–51].

Several methods to do this exist currently, for example one-dimensional quan-

tum confinement by construction of thin strips of graphene (called nanorib-

bons and abbreviated GNR) [52], stacking of graphene monolayers and ap-

plying perpendicular electric fields (GFETs) [53, 54], strain [55] and mounting

on a substrate [56–58], however the alteration of the crystal structure through

the introduction of dopants is one of the more realistic and scalable solutions.

There are problems with this approach, mainly that achieving large band gaps

relies on high dopant concentrations which leads to a lot of scattering of elec-

trons, thus degrading the transport quality of the device. Using nitrogen dopants

can yield band gaps up to 200meV [59] and by inclusion of boron this can be ex-

panded to around 600meV with 6% total dopant concentration [58]. Although

these gaps are quite sizeable, the effect of scattering would lead to a detrimen-

tal impact on the transport characteristics.

Recent experimental and theoretical research has shown however that this

scattering can be mitigated by placing impurities on only one of graphene’s

two sublattices with electrons travelling relatively freely on the undoped sub-

lattice, preserving the excellent electronic properties intrinsic to pristine graphene

[60–65]. The situation where dopants situate on the same sublattice is referred

to as sublattice asymmetry or sublattice segregation. These terms are equivalent

and will be used interchangeably throughout this work. The effect was first

seen with groups nearby nitrogen impurities in graphene, although there is
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some observational evidence of it occurring with other dopant types [66, 67].

It was not until 2011 that a viable experimental approach for producing large-

scale sublattice segregation of nitrogen was found by Zhao et al. [60]. It was

found that graphene grown via Chemical Vapour Deposition (CVD) in the

presence of ammonia (NH3) naturally incorporates nitrogen atoms as substitu-

tional so-called ’graphitic’ dopants into the crystal, and with a distinct sublat-

tice segregation of dopants. Further theoretical work confirmed that a tunable

band gap would be obtainable using this method [63], sparking further interest

into this phenomenon.

Subsequent investigations undertaken by Lv et al. [61] and Zabet-Khosousi et

al. [62] were able to replicate the findings of Zhao et al. and large areas of sub-

lattice segregated nitrogen doped graphene were synthesised. Results from

the Zabet-Khosousi group are shown in Fig. 1.3, demonstrating a striking STM

image of a large area of nitrogen doped graphene with two clearly defined do-

mains of different sublattice preference. The sharp borders are thought to arise

from terracing of the substrate which acts to disrupt the segregation effect.

Similar studies with boron dopants have found no segregation [68], the reason

for this is thought to be due to a strong interaction between the Cu (111) sub-

strate and the boron impurity, in contrast to a very weak interaction with the

substrate for nitrogen impurities [68].

Despite extensive literature on the segregation effect, the physical mechanism

responsible is not understood. It was originally suggested in one report that

it may be occurring during the growth phase - that is as the CVD grown ’is-

lands’ of graphene flakes grow larger there exist preferential edge configura-

tions that lead to the segregation of the system [62, 69]. There are problems

with this explanation as naturally one would expect that the clearly defined
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Figure 1.3: STM images of nitrogen doped graphene on (a) 7 nm2, (b) 20
nm2 and (c) 100 nm2 scales, adapted with permission from Zabet-Khosousi
et al. [62]. Copyright 2014 American Chemical Society. Dopants locations
are identified by finding bright spots on the STM image caused by slight
perturbations in the positions of neighbouring carbon atoms. The dopant
sublattice can be found through the orientation of the bright triangle fea-
tures. The red and blue triangles in each subfigure correspond to impu-
rities on different sublattices. Panel (c) best demonstrates that while the
distribution of dopants appears random two large domains exist with op-
posite sublattice segregation. Shown at the bottom off-centre left of (c) is a
white 10 nm scale bar.

segregation domains seen experimentally (e.g. Fig. 1.3) would naturally fall

in with the graphene grain boundaries, but this has not been observed. There

are also a number of reports of impurity correlation in other graphene-based

systems, e.g. molybdenum impurities [66] and high-coverage hydrogenated

graphene [67]. Most interestingly there is some experimental evidence of seg-

regation being induced post-synthesis by doping by direct ion implantation

followed by heat treatment [70]. This suggests both that the segregation phe-
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nomenon is not unique to CVD grown nitrogen doped graphene and that the

physical mechanism may not be solely growth based. In Chap. 7 it is proposed

that it arises from inter-impurity interactions mediated by the conduction elec-

trons. This mechanism is closely related to Friedel oscillations, and it is argued

that it should also occur in other carbon-based nanomaterials and with other

dopants, and that it is not unique to graphene and nitrogen. It is also shown

that impurity segregation could similarly be induced in CNTs with hydrogen

impurities and in graphene using Gaussian strain to break the sublattice sym-

metry in place of an impurity.

1.4 Thesis layout

This thesis is comprised of eight chapters including this introduction. In Chap. 2

a general introduction to Green functions is given. These are the essential

mathematical tools used throughout this work, and their uses in condensed

matter physics and their calculation will be explained in detail. It is shown

how these can be used in conjunction with the Dyson equation to quantify

how the properties of the system respond to doping. Examples are given of

these perturbations for the most commonly found dopant types. The Lloyd

equation is also introduced which is used to calculate the change in the total

charge and the total energy of a system due to the introduction of impuri-

ties. Recursive methods are introduced in the final part of the chapter, which

are a set of computational methods for the calculation of the Green functions

of one-dimensional channels. The Kubo formula for electrical conductance is

also stated and explained within the context of the recursive approach.

Starting from a mathematical description of the graphene lattice which in-
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corporates first and second nearest neighbour interactions and wavefunction

overlap, the Green functions for graphene and CNTs are derived in Chap. 3,

along with the electronic dispersion relations and density of states. For com-

parison, equivalent expressions for a simpler first nearest neighbour model are

shown which neglects the overlap term, and it is found that this is sufficient for

the purpose of this thesis. To simplify the computation of the Green functions

it is demonstrated how their initial double integral form can be solved exactly

to give an equivalent single integral expression. Furthermore it is shown how,

over long distances, the Green functions can be approximated using a station-

ary phase approximation, a technique which allows an analytic ’pen and pa-

per’ solution to be found for quantum phenomena such as Friedel oscillations

arising in these materials. It is then shown how the regular graphene Green

functions can be extended to the case of CNTs through a quantisation of mo-

mentum condition. The advantage of requiring such a high degree of mathe-

matical transparency throughout this work is that it can allow for insights into

the underlying features of the studied phenomena. Beyond this approach an

alternate method to obtain the CNT Green functions using the recursive al-

gorithms is described in detail. These various approaches for computing the

electronic structure of a CNT are then compared through comparison of the

band gaps between the different tight-binding models and methods. Recur-

sive methods are then applied to a case study of boron carbonitride nanotubes,

investigating how their stoichiometry affects the electronic band gap.

Chapter 4 introduces and discusses the problem of finding suitable tight-binding

parameters to describe impurities. Current techniques involve matching band

structures between tight-binding and density functional theory (DFT), and the

parameters are tweaked until a match is found. It will be argued that this

is inefficient and sometimes inaccurate, and a more quantitative and simpler
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method is presented that uses the Lloyd equations from Chap. 2 in combi-

nation with DFT results. The problem is recast as an inverse process, where

the initially unknown parameters are associated with the set of Lloyd equa-

tions whose solution is known. It is then possible to find the unique set of

tight-binding parameters that correspond to the solutions. This process will

hereafter be referred to as inverse modelling. The work in this chapter builds

on previous research which applied the same formalism to doped nanotubes

[71–73]. The inverse modelling procedure is used to produce a tight-binding

description of substitutional nitrogen and boron, and adsorbed hydrogen im-

purities in graphene.

In Chap. 5 the phenomenon of Friedel oscillations in graphene and CNTs with

armchair and zigzag geometry will be described within the overarching math-

ematical framework. Their behaviour for substitutional, vacancy and adsor-

bate type impurities are discussed in detail. It is shown how the stationary

phase approximation of the Green functions can be used to obtain closed-form

mathematical expressions for the Friedel oscillations in the LDOS and charge

density. The benefit of this is that not only does it deepen the physical under-

standing of the phenomenon in a mathematically transparent manner, but it

can be used when investigating similar behaviour arising from the presence of

impurities.

In Chap. 6 the role of the bonding symmetry of adsorbed impurities in deter-

mining electron scattering is discussed in the context of gas sensor technol-

ogy. In simple terms gas sensing works by detecting the change in electrical

properties of a device upon an increasing concentration of adsorbed chemi-

cal species. Common chemical dopants exhibit either a top, bridge or central

adsorbed configuration and these are described in Chap. 2. Using the math-
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ematical methods derived in previous chapters, the different effects of these

impurities on the electron scattering for low energies where most sensing ex-

periments take place is examined. It is shown using both numerical and an-

alytic approaches that the scattering resulting from central adsorbed impuri-

ties is greatly diminished in comparison to top and bridge adsorbates, with

the exception of rare cases which are identified. This suggests that graphene

sensors for gases which prefer a central adsorbed position will not be very

effective. The proposed mechanism is the destructive interference of the long-

range Green function propagators arising from the particular bonding symme-

try of central adsorbates. This is further supported by modelling the effect of

uniaxial strain on the system - it is shown that the interference effect can be

mitigated and the scattering becomes greatly enhanced with increasing strain.

This demonstrates that graphene hosting central bonded impurities can func-

tion instead as efficient and highly-sensitive strain sensors.

In Chap. 7 the model derived previously for Friedel oscillations to investigate

inter-impurity interactions of dopants in graphene and CNTs is used as a foun-

dation to provide an explanation for the experimentally observed sublattice

segregation of nitrogen. It is argued that the inter-impurity interactions give

rise to the segregation effect via symmetry breaking and that the effect should

not be unique to nitrogen doped graphene. Two alternative scenarios are pre-

sented where the effect should also be observed - firstly the case of consider

hydrogen impurities in CNTs where the one-dimensional nature causes the

interactions to be enhanced, and secondly with Gaussian strain applied so as

to break the symmetry between the graphene sublattices causes an energetic

preference for adsorbates for one sublattice over the other. Ultimately these

findings suggest that Friedel oscillations are directly linked to the segregation

effect.
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A summarised discussion of this work is presented in Chap. 8 along with ideas

for possible extensions. A chapter introducing Green functions and their uses

in condensed matter physics will now follow.





Chapter 2

Mathematical tools

This chapter will introduce the main mathematical methods to be used through-

out the thesis, specifically single-particle Green functions and their associated

quantities. Throughout this work endeavours will be made to give the maxi-

mum amount of mathematical transparency as possible to the investigations.

Such an emphasis allows for greater insight into the underlying physics which

a more computational approach by its very nature cannot provide. When used

in conjunction with a tight-binding model describing the periodic arrangement

and bonding of atoms in the lattice, Green functions allow one to model the

electronic behaviour of such quantum mechanical systems and subsequent re-

lated phenomena. A general introduction to them is provided in Sec. 2.1. In

the context of condensed matter theory, Green functions are particularly useful

due to their direct relationship with several electronic quantities both local and

global. Their direct link to the properties of local density of states and electron

occupation (Sec. 2.3), total system charge and energy variations (Sec. 2.4) and

19



20 Chapter 2. Mathematical tools

electron transport measurements (Sec. 2.5) will be shown in this chapter. An-

other key strength is the ability for Green functions to accommodate defects

and disorder in an otherwise crystalline structure without loss of generality.

This is done using perturbation theory resulting in the so-called Dyson equa-

tion (Sec. 2.2), a concise expression for the change in the system Green func-

tions resulting from the introduction of a localised impurity. Several examples

are provided for the most common dopant types found in carbon-based nano-

materials - substitutional, vacancies and a variety of adsorbates - but without

reference to any specific host system, i.e. the same formalism could be ap-

plied to a square lattice as to graphene. The Dyson equation allows for a thor-

ough mathematically transparent treatment of electronic phenomena in disor-

dered carbon-based nanoscale systems, the focus of this thesis. Finally, meth-

ods to calculate the Green functions of large or even infinite systems through

recursive application of the Dyson equation is demonstrated (Sec. 2.5). The

Kubo formula for the DC conductance in these systems is then introduced

(Sec. 2.5.3). The mathematical tools introduced in this chapter will be used for

investigations of the effects of disorder in bulk graphene, carbon nanotubes

and graphene nanoribbons throughout this work.

2.1 Introduction to Green functions

Green functions are used to find solutions to differential equations and are

encountered in many areas of physics, from electromagnetism to quantum

physics. Green functions represent the impulse response of a system to a sin-

gular input, specifically in condensed matter physics, they are used as an ef-

ficient method to investigate the behaviour and response of many-body sys-
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tems. Once calculated they contain a great deal of information about a system,

for example the density of states and transport properties, and are linked to

the propagation of an electron through the system [74].

In a broad mathematical sense the Green function for a time-independent, her-

mitian, linear differential operator L(r) with a complete set of eigenfunctions

{φn(r)} is defined as the solution to the equation

[z − L(r)]g(r, r′; z) = δ(r − r′) (2.1)

where r, r′ are the coordinates of two physical locations in the system and

the variable z = λ ± iη where λn are the eigenvalues of L(r) according to

L(r)φn(r) = λnφn(r). An infinitesimal imaginary part η → 0+ is added to z to

prevent poles (or branch cuts in the case of a continuous spectrum of eigenval-

ues) occurring when z coincides with the spectrum of eigenvalues λn.

Eq. 2.1 can be rewritten to give the Green function in matrix form as

ĝ =
∑
n

|φn〉 〈φn|
z − λn

.

The choice of the sign of ±iη determines the causality of whether electron

propagation is from r to r′ (+ive sign) or the opposite (−ive sign). The re-

sulting functions are called the retarded and advanced Green functions respec-

tively and correspond to perturbations acting forward (causal) or backwards

in time. The retarded Green functions are chosen by convention when time-

reversal symmetry exists for a problem - their use reflects the natural intuition

for cause-and-effect. For the remainder of this work any reference to Green

functions in a general sense refers to this type, except for a few specific cases



22 Chapter 2. Mathematical tools

which will be noted explicitly.

The description of Green functions up to this point is extremely general and

can be applied to many areas of physics for example electrodynamics, quan-

tum field theory and aerodynamics. In the case of condensed matter theory,

the single-particle Green function for a system with HamiltonianH can be de-

rived by assuming a linear combinations of atomic orbitals (LCAO). This is

the assumption that the molecular orbitals of the system can be expressed as

a linear sum of each of the atomic orbitals by analogy to the operator L. This

Hamiltonian must also satisfy the time-independent Schrödinger equation

Hψn(r) = Enψn(r)

where the energies En are the eigenvalues of this quantum mechanical sys-

tem. Using the definition of the Green function ( Eq. 2.1) it follows that the

Green function G describing the electron propagation in this particular system

is defined as

Ĝ = lim
η→0

[(E + iη)Î − Ĥ]−1. (2.2)

It should be clarified that this result is valid for any many-body system where a

suitable tight-binding Hamiltonian can be found. While in principle the above

form of G readily allows calculation of all the system Green functions via ma-

trix inversion, their calculation for extremely large or infinite systems becomes

unwieldy or impossible. The matrix H contains all the necessary information

of the system’s n orbitals, so as the system increases in size the computational

complexity of calculating G directly through matrix inversion becomes diffi-

cult or impossible, scaling as ∼ O(n2.3) or higher [75]. For large systems the

Green functions can be calculated recursively by piecewise connection of small
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regions of the entire system using the Dyson equation (Sec. 2.2). For infinite

systems a solution can be approximately computed, this is demonstrated and

explained for a carbon nanotube in Sec. 2.5. An exact solution for infinite sys-

tems can be found by exploiting the periodicity and homogeneity of the sys-

tem allowing for determination of individual matrix elements of G. This will

constitute the main discussions of Chap. 3 where the Green functions for bulk

graphene and carbon nanotubes will be calculated using Bloch functions. It

will frequently be required to specify elements of the Hamiltonian and Green

function matrices which will be done using the notation Xij to denote the ma-

trix elements of X̂ which correspond to the orbitals indexed by i and j. This

can be obtained by projecting the matrix onto the states 〈i| and |j〉 describing

the atomic orbitals so that the Green function between i and j is

gij = 〈i| ĝ |j〉 =
∑
n

〈i|φn〉 〈φn|j〉
z − λn

(2.3)

and the states 〈i| and |j〉 need not be orthogonal. In Chap. 3 the Green functions

of graphene and carbon nanotubes will be calculated both with and without

the orthogonality condition.

2.2 Dyson equation

This work aims to model disorder in graphene and nanotubes and investi-

gate the subsequent effects on the electronic behaviour of these systems. The

Green function formalism detailed in the previous section however requires

a translation-invariant (i.e. periodic) system, which is at odds with inhomo-

geneous disorder. The Dyson equation [76] is a way to bypass this issue by
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treating the disorder as a localised perturbation applied to the regular crystal

lattice. It allows for the Green function Ĝ of the now disordered system to be

described entirely in terms of the pristine system Green function ĝ and a ma-

trix V̂ describing the perturbation. The usage of G and g to designate Green

functions of the perturbed and unperturbed systems respectively will be used

throughout this work. By perturbation theory if the disordered system Hamil-

tonian

Ĥ ′ = Ĥ + V̂ ,

where Ĥ is the pristine crystal Hamiltonian, then by Eq. 2.2 it can be seen that

Ĝ can be written in a recursive format as

Ĝ = [(E + iη)Î − (Ĥ + V̂ )]−1

= [ĝ−1 − V̂ ]−1

= [Î − ĝV̂ ]−1ĝ

= ĝ + ĝV̂ Ĝ.

(2.4)

It is useful to define the so-called T-matrix

T̂ = V̂ [Î − ĝV̂ ]−1

which contains all the perturbation terms. Ĝ can be written in a more conve-

nient form

Ĝ = ĝ + ĝT̂ ĝ, (2.5)

this is known as the Dyson equation. It is now demonstrated how this can be

used to study the response of a host system when subjected to doping. The

impurities considered in this thesis can all be modelled through a shift in on-
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Figure 2.1: Schematic of common impurity types found in hexagonally-
bonded carbon-based nanomaterials, indicated by the green atoms with
bonds shown by dashed lines. Shown are substitutional (S), and top (T),
bridge (B) and central (C) adsorbed atoms which bond to 1, 2 and 6 lattice
sites respectively.

site energy and/or the connection of a foreign atom or molecule to the host

system. Two general species of impurities will be looked at, substitutional

(Sec. 2.2.1) and adsorbed (Sec. 2.2.2). Examples of these impurities occurring

in a hexagonal lattice are shown in Fig. 2.1.
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2.2.1 Substitutional impurities and vacancies

In condensed matter physics the most common and simplest impurity found

in many systems is the substitutional type, where an atom in the crystal lattice

is replaced by the dopant. To a first approximation this is simulated by shifting

the existing onsite energy terms that describe the affected orbitals. If a single

orbital model is assumed, then the energy of the one affected orbital is shifted

by a potential λ, typically of the order of several eV. Because the intended effect

of adding this potential is to produce scattering of the electrons in the system,

care must be taken in choosing its parameters when attempting to model re-

alistic systems. There are several ways that this can be done and they will be

discussed in Chap. 4. The derivation of Ĝ for a single orbital system with one

substitutional impurity added begins by considering a general orbital/atomic

site labelled u in the undoped lattice. If the atom at this site is replaced with

a single orbital dopant as shown by the impurity labelled "S" in Fig. 2.1, then

using the above prescription the perturbation to the system is described by

V̂ = |u〉λ 〈u| .

Applying the Dyson equation (Eq. 2.5) the effect of this perturbation on the

pristine system Green function gij is

∆Gij = Gij − gij

= giuλguj
1− guuλ

= giuλguj + giuλguuλguj + . . .

= giuTuuguj.

(2.6)
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∆Gij quantifies the change in system response between the perturbed and un-

perturbed states. Written in this form it is clearer to see how the perturbation

affects propagation between i and j. In the trivial case of an absence of a po-

tential at u (i.e. λ = 0), ∆Gij = 0 which corresponds to electrons propagat-

ing without scattering between sites i and j. Finite λ values produce an infi-

nite number of indirect scattering paths (with diminishing cross-sections) that

electrons in the lattice can take, all of which are contained within the matrix

T̂ . This concept can be represented diagrammatically with Feynman diagrams

[74] and is particularly useful in the case of two or more scatterers. Addition-

ally from the form of ∆Gij one can deduce that there exists a system resonance

manifesting whenever guu(E) = λ−1 is satisfied. The effect of this will be dis-

cussed in Chap. 5 and a more thorough investigation of impurity scattering is

given in Chap. 6.

The above treatment applies only to the simplest impurity cases where the

perturbation can be reliably modelled with a single potential. It can be nec-

essary to expand this presumption to include effects on neighbouring atomic

sites and changes to the overlap integral between orbitals. For example, one

can consider shifting the energy levels of neighbouring orbitals by an energy

λ′ and modifying the overlap integral from itself to these sites by an energy τ .

This extended perturbation is

V̂ = |u〉λ 〈u|+
∑
i

(
|i〉λ′ 〈i|+ |i〉 τ 〈u|+ |u〉 τ ∗ 〈i|

)

where i is a sum over the nearest lattice sites to u. Like the single parameter

case, the Dyson equation can be used to obtain Ĝ for this system.

This formalism for substitutional impurities can be applied to the case of va-
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cancies in the lattice. These occur naturally in the growth process and can also

be induced by ion bombardment [77]. Using the parametrisation λ→∞ shifts

the potential of the vacancy site so as to make it completely inaccessible to the

system’s electrons, simulating the effect of a vacancy.

2.2.2 Adsorbed impurities

Adsorbed impurities are atoms or molecules bound to the surface of the host

system, bonding to one or more sites in the lattice. There are two processes

by which an impurity may adsorb: physisorption, which occurs through van

der Waals forces; or chemisorption, which involves the formation of chemical

bonds and is therefore a stronger interaction. In this work only chemisorption

is treated, so for conciseness all mentions of adsorption refer to this kind only.

The simplest type to consider is a single atom with one s-orbital, which initially

(i.e. prior to any perturbation) exists independently of the host system. This

isolated dopant has a single energy level with an energy of εa and has the

Green function

gaa = 1
E − εa

.

Unlike the case of substitutional impurities where the perturbation matrix V̂

effectively creates the impurity, in the case of adsorbates it acts to connect the

host system to the impurity via the creation of a single chemical bond quanti-

fied by the overlap energy τ . A schematic representation of this single bonded

impurity is shown in Fig. 2.1 labelled "T" and hereafter referred to as the top

adsorbate. Also shown are the so-called bridge and central adsorbates (la-
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belled "B" and "C") which have the same parameters and onsite Green func-

tion, but which bond to two and six host sites respectively and therefore are

bound to the host system by a different V̂ matrix. To aid the understanding of

the act of connection through V̂ , the unperturbed Green function matrix of the

initial disconnected bulk-adatom system can be written

ĝ =



gaa 0 0 . . . 0 . . .

0 g11 g12 . . . g1v . . .

0 g21 g22 . . . g2v . . .
...

...
...

...
...

...

0 gv1 gv2 . . . gvv
...

...
...

...
...

... . . .


.

It is clear that initially there exists no Green function matrix element connect-

ing the adsorbate to the host. The physical meaning of this is that no carrier

propagation is possible and the adsorbate is initially completely disconnected

from the host. In a single orbital system, a top adsorbed impurity attaches

to the system at a single orbital / lattice site v, and this is described by the

perturbation

V̂ = |v〉 τ 〈a|+ c.c.
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and is equivalent to the sparse matrix

V̂ =



0 0 0 . . . τ ∗ . . .

0 0 0 . . . 0 . . .

0 0 0 . . . 0 . . .
...

...
...

...
...

...

τ 0 0 . . . 0 ...
...

...
...

...
... . . .


.

It should be noted that this is analagous to the Anderson impurity Hamilto-

nian [78]. The resulting Green function Gij of the perturbed system can be

found through the Dyson equation as

Gij = gij + givτgaaτ
∗gvj

1− gvvgaa |τ |2

and so the corresponding T-matrix is

Tvv = gaa |τ |2

1− gvvgaa |τ |2
.

By comparison with Eq. 2.6 it can be seen that the effect of the adsorbed im-

purity on the system is an energy dependent perturbation potential that is ap-

plied to site v in the host system on which it makes contact. This potential is

called the self-energy and is denoted

Σvv(E) = gaa(E) |τ |2 ,

and is analogous to the perturbation by a substitutional impurity, however this

self-energy term is energy dependent instead of being a constant. The effect of

this is the potential experienced by electrons with energies close to that of εa is
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divergent but becomes much smaller as the difference in energies increases.

As was shown for substitutional impurities, the perturbation matrix can be

expanded to account for extra parameters to describe the interaction in more

detail, for example the connection to two or more host sites for the cases of

bridge and central adsorbates. The process is straightforward and will be

shown later where appropriate. This concludes the discussion on how im-

purities and doped systems can be treated in a Green functions regime. In the

following sections the various condensed matter quantities directly associated

with Green functions will be introduced and their uses outlined. The combi-

nation of these quantities and the above methods for modelling dopants forms

the foundation for this thesis - to investigate the effect of impurities on the elec-

tronics of nanoscale carbon-based materials and how they can be controlled.

2.3 Density of states and occupation

The density of states (DOS) is a key quantity in the study of many-body sys-

tems, describing the number of states per energy level that electrons are able

to occupy in the system. In many crystalline materials the DOS is a continu-

ous spectrum and contains information about the electronic behaviour, such

as band gaps and dispersion. It is also possible to determine a local density

of states spectrum, denoted ρj(E) and abbreviated LDOS. This is the spatially-

resolved density of states, a function of both energy and the orbital indexed j.

The electron occupation on any atomic orbital can be found simply by taking

the integral of the LDOS up to the Fermi energy EF . The advantage of us-

ing a Green functions approach is their direct relation to these quantities, and

this correspondence will now be derived. The eventual aim is to show that
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by using the expressions for these quantities in conjunction with the Dyson

equation, the effects of introducing disorder can be understood. This will be

particularly advantageous in Chap. 5 where Friedel oscillations, the spatial

modulations in quantities like the LDOS which arise from disorder, are inves-

tigated in the context of carbon nanostructures.

2.3.1 Local density of states and occupation

The derivation of the LDOS at some atomic orbital j (ρj(E)) begins with a

Hamiltonian Ĥ which is assumed to be diagonalised and has eigenvalues εn,

such that Ĥ = ∑
n |Φn〉 εn 〈Φn|. From Eq. 2.3 it is known that a general Green

function gjl for this system can be written

gjl = lim
η→0

∑
n

〈j|Φn〉 〈Φn|l〉
E + iη − ε

.

By multiplying the right-hand side by E−iη−ε
E−iη−ε = 1 and choosing l = j for a

diagonal element, it can be seen that the imaginary part of gjj is

Im gjj = lim
η→0

∑
n

|〈j|Φn〉|2
−η

(E − ε)2 − η2 . (2.7)

This is analogous to the well-known Poisson kernel

νy(x) = 1
π

y

y2 + x2

which in the limit of y → 0+ becomes equivalent to the Dirac delta function
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lim
y→0+

ν = δ(x).

Applying this to Eq. 2.7 for Im gjj yields

− 1
π

Im gjj =
∑
n

|〈j|Φn〉|2 δ(E − ε).

This produces delta-function peaks at the specific eigenenergies ε, the defini-

tion of the LDOS, hence it can be written that

ρjj = − 1
π

ImGjj. (2.8)

This is a natural point to note that in this chapter so far the existence of spin

degeneracy has been ignored, and it has been implicitly assumed that only

one electron can occupy one energy level. When applying the methods of this

chapter to real systems later on the spin degeneracy will be accommodated for.

It follows that the global DOS (ρglobal) can be obtained by the summation of the

LDOS over all orbitals. This is equivalent to the operation

∆ρglobal = − 1
π

Im Tr
(
Ĝ(E)

)
.

Both expressions for the DOS and the LDOS are extremely powerful and are

used in the computation of many physical properties. Their use is demon-

strated shortly in the derivation of the Lloyd equations - a set of equations

quantifying the change of global energy and occupation as a result of a pertur-

bation to the system.
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Directly related to the concept of the density of states is the electron occupation

of lattice orbital j which is denoted nj . It can be obtained by integrating Eq. 2.8

to the Fermi energy EF

nj = − 1
π

Im
∫ EF

−∞
dEGjj. (2.9)

This expression can be used to quantify how charge is spatially redistributed

in a system when an impurity is introduced. Frequently it is found that the

integral here is difficult to evaluate numerically. Integrals involving Green

functions, especially when in the context of low-dimensional systems, present

numerous problems. This can be resolved using techniques explained in Ap-

pendix A. Nevertheless, when nj is used in conjunction with the expression for

ρj given in Eq. 2.8, this gives a complete description of the spatial behaviour

of electrons in the host system.

2.4 Lloyd equations

The Lloyd equations are a set of equations that express the changes in the

global quantities of charge (∆N ) and total energy (∆E) as a result of some

local perturbation V̂ applied to the system. This pair of equations are of partic-

ular importance as they allow global system changes to be expressed through

local perturbations. In this section they will be derived from the expressions

for global density of states and the Dyson equation. ∆N is typically used in

a modelling context as a self-consistent check condition. Its value can be as-

certained in a variety of circumstance without any calculation - in the case

of an adsorbate, for example, ∆N = 0 is required because the perturbation
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V̂ , by definition, acts only to connect the adatom and the host system. This

act of connection cannot increase or decrease the number of electrons in the

whole system, hence the total change must be zero. The value of ∆E, how-

ever, always requires computation. In this work it will be used in the inverse

modelling procedure (Chap. 4) and impurity segregation (Chap. 7).

2.4.1 The Lloyd formula

The Lloyd formula is an expression describing the change in global DOS (∆ρglobal)

due to the local perturbation V̂ [79, 80]. From the previous section it is known

that this quantity can be written as the trace

∆ρglobal = − 1
π

Im Tr
(
∆Ĝ

)
= − 1

π
Im Tr

(
ĝT̂ ĝ

)
. (2.10)

By using the cyclic property of the trace operator

Tr
(
ĝT̂ ĝ

)
= Tr(ĝĝT̂ ) = Tr(ĝ2T ) = Tr(T̂ ĝ2)

and identifying that ĝ2 = (EÎ − Ĥ)−2 = − d
dE
ĝ it can be written that

∆ρglobal = 1
π

Im Tr
(

V̂

Î − ĝV̂
d

dE
ĝ

)
, (2.11)

which can be seen by substitution into Eq. 2.10. The reader should be reminded

that ĝ here is dependent on energy, but that the perturbation V̂ is not, even for

the case of adsorbed impurities. Recalling the following identity for the natural

logarithm function
d

dE
ln(f(E)) = f ′(E)

f(E)
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and making the substitution f(E) = Î − ĝV̂ and f ′(E) = V̂ dĝ
dE

it follows from

Eq. 2.11 that

∆ρglobal = − 1
π

Im Tr
(
d

dE
ln
(
Î − ĝV̂

))
.

Applying the identity Tr ln X̂ = ln det X̂ gives

∆ρglobal = − 1
π

Im d

dE
ln det

(
Î − ĝV̂

)
. (2.12)

This is the Lloyd formula, expressing change in global density of states due

to a perturbation of the system. In the following two subsections it will be

shown how the formula can be used to obtain equations for the global change

in charge ∆N and energy ∆E due to V̂ .

2.4.2 Equation for global charge

The power of the Lloyd formula is that it expresses the change in the global

density of states, a property of the entire system, as a first order differential

equation involving only local quantities which describe the perturbation. This

is useful because, as will soon be shown, the calculation of ∆N and ∆E are

found directly via integration of the global density of states. The Lloyd for-

mula thus vastly simplifies the mathematical steps needed. The expression for

∆N is now derived.

It initially seems trivial to define ∆N as

∆N = Nafter −Nbefore, (2.13)
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where N is the total charge in the system and the subscript denotes either be-

fore or after the perturbation. The reason for stating this will soon become

evident. There exist subtle but important differences between the cases of a

substitutional and adsorbed impurities, they will be treated in separate sub-

sections.

2.4.2.1 Substitutional

It is physically intuitive to see that the total amount of charge either before or

after the doping is found through the integration of the global density of states.

Mathematically speaking this corresponds to the expressions

Nafter =
∫ EF

−∞
ρafter

and similarly

Nbefore =
∫ EF

−∞
ρbefore.

Substitution into Eq. 2.13 gives

∆N =
∫ EF

−∞
∆ρ

= − 1
π

Im
∫ EF

−∞
Tr ĝT̂ ĝ,

the step from the first to second line having been given in section 2.3. Applying

the Lloyd formula (Eq. 2.12) along with the fundamental theorem of calculus

allows the above equation to be recast as

∆N = − 1
π

Im ln det
(
Î − ĝV̂

)
. (2.14)
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This is essentially a charge conservation equation. As stated previously, ∆N

can be used as a self-consistent condition for inverse modelling as its value is

known without any calculation required. Depending on whether the substitu-

tional impurity has more or less charge than the atom it replaces, the value of

∆N is simply the difference in net charge of the system.

2.4.2.2 Adsorbates

Care must be taken when applying the same methods to the calculation of ∆N

for an adsorbed impurity. The key difference is that the perturbation V̂ acts

not to create the impurity, as in the previous case, but merely to connect it

to the host system, it must be required that ∆N = 0 always. An additional

subtlety is that the disconnected impurity has an energy level which may or

may not be occupied by electrons, but must be considered in the integration

step. Below it will be shown how this can be taken into account to give an

equivalent expression for ∆N for adsorbates.

Consider a single orbital host system and an isolated atom denoted by the

index a with energy level εa occupied by C0 electrons. The total charge in the

system before the connection is

Nbefore = C0 +
∫ EF

−∞
dEρhost,

where ρhost is the global DOS of the host system without the impurity.

If εa < EF then the isolated energy level is occupied, so one can deduce that

∫ EF

−∞
dEρa = Θ(EF − εa).
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Here, Θ is the Heaviside step function. By manipulating the algebra it can be

seen that ∫ EF

−∞
dEρa − C0 = Θ(EF − εa)− C0

∴ C0 = −(Θ(EF − εa)− C0) +
∫ EF

−∞
dEρa

and

Nbefore = −(Θ(EF − εa)− C0) +
∫ EF

−∞
dE(ρa + ρhost).

Now defining

Nafter =
∫ EF

−∞
dEρafter

where ρafter is the global DOS for the connected adsorbate and host found

through the Dyson equation, it can be seen that because

∆ρ = ρafter − ρa − ρhost

then using the Lloyd equation

∆N = (Θ(EF − εa)− C0)− 1
π

Im ln det
(
Î − ĝV̂

)
. (2.15)

As the connection via V̂ never changes the amount of charge in the system it

must be required that ∆N = 0 always for this type of perturbation.
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2.4.3 Equation for total electronic energy change of a system

due to perturbations

Conventionally the change in the total electronic energy of a system due to a

perturbation by V̂ is expressed as

∆E = Eafter − Ebefore.

Here Eafter is the total electronic energy of the perturbed system and Ebefore

the pristine system. Problems in calculating E directly in this manner arise as

for large or infinite systems the numerical values of Eafter and Ebefore are natu-

rally very big, but ∆E is typically several orders of magnitude smaller. This

presents an obvious challenge for numerical calculation and doing this reliably

is extremely difficult. However, it will now be shown that using the definition

of ∆ρ in the Lloyd formula (Eq. 2.12) one can arrive at an alternate expression

for ∆E with only knowledge of the local perturbation V̂ . This allows for its di-

rect calculation much like was shown for ∆N in the previous section. As with

the determination of ∆N there are subtleties between the substitutional and

adsorbed cases which must be accounted for. The derivation for both cases

follows from the definition of the total electronic energy in a system, either

before or after perturbation, being defined as

ETOTAL =
∫ EF

−∞
dEEρ(E), (2.16)

that is the integral over the occupied energy spectrum of the product of the

DOS and the energy.
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2.4.3.1 Substitutional

The substitutional impurity is the simplest dopant with which to calculate ∆E.

The Lloyd formula (Eq. 2.12) can be combined with the definition of total en-

ergy in Eq. 2.16 to give the result

∆E = − 1
π

Im
∫ EF

−∞
dEE

d

dE
ln det

(
Î − ĝV̂

)
.

If one then integrates by parts and uses the expression derived previously for

∆N it can be shown that

∆E = EF∆N + 1
π

Im
∫ EF

−∞
dE ln det

(
Î − ĝV̂

)
. (2.17)

It should be noted that this quantity accounts for the electronic energy only and

does not describe energy gained or lost through other means such as changing

of bonds or structural warping, quantities which are routinely included when

calculating total energies in DFT. It is possible to extract this directly from the

calculation result, however.

2.4.3.2 Adsorbates

A similar procedure can be done to find ∆E for an adsorbate. The caveat here

is that the electronic energy of the isolated adatom must be equal to C0εa. With

this extra accommodation and the requirement ∆N = 0 for adsorbates it is

straightforward to show
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∆E = (Θ(EF − εa)− C0)εa + 1
π

Im
∫ EF

−∞
dE ln det

(
Î − ĝV̂

)
. (2.18)

While the solution is complete the integrand is often irregular over the inte-

gration range, hence for numerical calculations it is necessary to undertake

further steps to transform it into a more readily computable form. This is cov-

ered in Appendix A. The discussion of the calculation of physical quantities

from Green functions is now concluded.

2.5 Recursive methods

Determining G directly by matrix inversion scales poorly with system size, be-

coming prohibitively expensive from a computational standpoint rather quickly.

Even with the most efficient algorithms, such a calculation scales as O(n2.3) or

higher for a system with n atomic orbitals, becoming impossible for infinite

bulk crystals. For some systems such as pristine graphene, there exist ways

to find specific matrix elements of G analytically using Bloch functions, in-

stead of calculating the entire matrix. This process is generally sufficient for

most purposes and the method will be demonstrated in Chap. 3. However,

systems that are characterised by long-range random disorder, large scattering

regions or irregular geometries cannot be treated effectively with such meth-

ods and a different set of techniques, called recursive methods, must instead

be employed. These recursive methods are numerical implementations for cal-

culating the Green functions of such systems using a piecewise approach [81–

83]. Small sections of the system (called cells) - which can be designed to in-

clude scatterers, deformations or novel kinds of geometry - are connected to-
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gether via connection matrices using the Dyson equation and the system Green

function is updated. The act of connection is conceptually similar to how ad-

sorbed impurities were connected to the host system in Sec. 2.2.2. In this sec-

tion two different approaches are presented, each with their own strengths and

weaknesses - the so-called standard recursive method and the Rubio-Sancho

method. These are shown in Sec. 2.5.1 and Sec. 2.5.2 respectively. The for-

mer, the less efficient of the two, constructs the system in a cell-by-cell fashion.

As each cell can be constructed differently, this is ideal for modelling systems

with random disorder. The latter is much faster and works by doubling the

size of the system on every iteration. While much more efficient from a com-

putational standpoint, the drawback is that it is only suitable for producing an

homogeneous system. The strength of recursive methods is that these two dif-

ferent approaches can be used in conjunction with one another - it enables one

to model a finite scattering region (built with the standard method) embed-

ded in an infinite one-dimensional channel (two semi-infinite leads built via

Rubio-Sancho). This process is described in Sec. 2.5.3 along with the statement

of the Kubo formula, which gives the DC conductance in recursively-built sys-

tems and is based on standard linear response theory. In the following chapter

recursive techniques will be applied to the phenomenon of band gap varia-

tions in boron carbonitride nanotube (BCNT) stoichiometry (Sec. 3.3.4), and in

a later chapter used with the Kubo formula to study the effects of impurity

scattering in graphene nanoribbons (Chap. 6).

2.5.1 Standard recursive method

To provide a thorough understanding of each recursive method, both will be

used to calculate the Green functions of a single cell embedded in an infinite
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Figure 2.2: An illustration of the standard recursive technique. A unit
cell (gU , red) is connected to the left lead (surface Green function Si−1

L ,
green) via the equation (2.22), producing a new lead. Upon connection the
surface Green function of the new left lead is updated to SiL.

one-dimensional channel. The first step using either technique is the construc-

tion of two semi-infinite leads which the cell of interest is then connected be-

tween. The advantage of these methods becomes quickly apparent as it can

be seen that only a handful of Green functions are required to be calculated

at each stage of the process, namely the surface Green functions (denoted Ŝ) of

the leads, vastly simplifying the computation. In the standard recursive ap-

proach, the surface Green function of a left-hand lead (ŜL) is first calculated.

The process begins by considering a single disconnected unit cell, described

by the Hamiltonian ĤU which has the associated Green function

ĝU(E) = (EÎ − Ĥ)−1. (2.19)

Additional cells are then connected one-by-one to the right-hand side via the

Dyson equation, using the matrix V̂RL describing the connections between two

neighbouring cells in the direction right to left. The exact form of the matrices

ĤU and V̂ will be given in Sec. 3.3.2 for a nanotube, but for now a general
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approach is used without reference to any particular system. Suppose a system

of i − 1 connected cells already exist, the notation Ŝi−1
L denoting the surface

Green function of the right-most cell. A schematic of this is shown in Fig. 2.2. If

one wishes to connect an extra cell to the right of this system this will result in a

new surface Green function ŜiL. Using the Dyson equation it is straightforward

to describe this as

ŜiL = ĝU + ĝU V̂RLĜi−1,i (2.20)

where V̂RL connects the cells i and i−1. The Green function Ĝi−1,i above, which

is the propagator between the old surface cell i − 1 and the new one i in the

connected system, can also be expressed through the Dyson equation as

Ĝi−1,i = ĝi−1,i−1V̂i−1,iĜi,i. (2.21)

It is straightforward to see that

ĝi−1,i−1 = Ŝi−1
L

and

Ĝi,i = ŜiL

so by substitution into Eq. 2.20 and rearranging

ŜiL = (Î − ĝU V̂LRŜi−1
L V̂RL)−1ĝU . (2.22)

Using this iterative procedure a system of any desirable length can be con-

structed in a piecewise fashion. It should be emphasised that ĝU need not be

the same for each iteration and can be tailored to include dopants or irregular

geometry, for instance. Written in the form of Eq. 2.22 it is easy to see that if
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the system was originally consisting of only a single unit cell then

Ŝ0
L = ĝU

and so

Ŝ1
L = (Î − ĝU V̂LRĝU V̂RL)−1ĝU

will be the surface Green function of a lead, composed of just two unit cells.

This prescription allows one to start with a single unit cell and from there the

system can be constructed. It was explained previously that this method is

ideal for modelling short scattering regions, but it can be used for semi-infinite

or infinite systems by defining a convergence criteria. For a semi-infinite lead,

it is assumed that there is a surface Green function of a lead with length N

that is sufficiently similar to that of a lead of length N − 1 that convergence is

considered achieved. A good metric is the convergence of the absolute value

of the trace of the surface Green function. The surface Green function for a

right-handed lead ŜiR can be calculated in a similar fashion to the left-hand

lead above, yielding

ŜiR = (Î − ĝU V̂RLŜi−1
R V̂LR)−1ĝU .

An infinite one-dimensional channel can be formed by connecting the two

semi-infinite left and right-hand leads. The Green functions for any cell in

this system, the goal of this short section on the standard recursive method,

can be obtained using the Dyson equation. For example, the cell that was orig-

inally the surface cell of the left-hand lead prior to the connection has the Green

function

ĜC = (Î − ŜRV̂RLŜLV̂LR)−1ŜR (2.23)
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Figure 2.3: The connection of two semi-infinite leads (SL and SR) resulting
in an infinite system is illustrated here. The Green functions for a unit
cell embedded in the infinite system are denoted GC and its derivation
explained in the text, given as Eq. 2.23.

in the connected system. If the leads are homogeneous this corresponds to an

arbitrary unit cell in an infinite one-dimensional channel, hence the subscript

notation C (ĝC was used for an isolated arbitrary cell). The procedure of con-

necting the two semi-infinite leads is illustrated schematically in Fig. 2.3.

Knowledge of the system Green functions can be used directly in determin-

ing the physics of the system, for example transport properties and density of

states spectra. For the former, this is derived shortly in Sec. 2.5.3. For the latter,

the equation derived for the LDOS previously in Eq. 2.8 remains valid.

2.5.2 The Rubio-Sancho method

As mentioned in the section introduction, the Rubio-Sancho method [84, 85]

works by effectively doubling the size of the system on each iteration. It ex-
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ploits the fact that as the lead is built, it can be connected to a clone of itself

and hence doubling the size, as opposed to the piecewise standard recursive

method. While this is not suited to disordered systems, one clear advantage

is that pristine semi-infinite leads for a wide variety of different systems can

be generated quickly. Clearly, achieving the desired convergence of a semi-

infinite lead using the standard approach would be a very time-consuming

task. Instead, if the leads are constructed quickly via Rubio-Sancho the shorter

disordered region of the system can then be attached to the leads using the

standard recursive method.

The derivation of the Rubio-Sancho method begins by supposing there exists a

left-hand semi-infinite lead, for example like that in Fig. 2.2 extending to infin-

ity to the left of the page, terminating at cell 0 and the other cells numbered 1,

2, 3 etc. It is known from Eq. 2.21 and Eq. 2.22 that the surface Green function

of the system is

Ĝ00 = [Î − ĝU V̂LRĝ11V̂RL]−1ĝU

and the Green function between cells 1 and 0 is

Ĝ10 = ĝ11V̂RLĜ00.

Using the fact that Ĝ00 = ĝ11, as they are both equivalent to the surface Green

function in a semi-infinite system, and defining a transfer matrix T̂ = Ĝ00V̂RL,

the above system of equations can be recast as

Ĝ00 = [Î − ĝU V̂LRT̂ ]−1ĝU (2.24)

and

Ĝ10 = T̂ Ĝ00. (2.25)
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Consider now a general Green function ĜN0 between cell 0 on the surface and

cell N within the lead. The action of disconnecting this cell and then recon-

necting it using the Dyson equation gives

ĜN0 = ĝU V̂RLĜN−1,0 + ĝU V̂LRĜN+1,0. (2.26)

To simplify the mathematics the substitutions t̂0 = ĝU V̂RL and ŝ0 = ĝU V̂LR will

be used. The Green function ĜN0 works for any choice of cell index N , so it is

natural to apply it to the cases N → N − 1 and N → N + 1 in Eq. 2.26. This

results in the pair of equations

ĜN−1,0 = t̂0ĜN−2,0 + ŝ0ĜN0

ĜN+1,0 = t̂0ĜN0 + ŝ0ĜN+2,0

which when substituted back into Eq. 2.26 gives

ĜN0 = t̂20ĜN−2,0 + ŝ2
0ĜN+2,0 + t̂0ŝ0ĜN0 + ŝ0t̂0ĜN0 + .

It should be noted that commas have been used in the matrix indices here for

clarity where appropriate. Rearranging leads to

ĜN0 = t̂1ĜN−2,0 + ŝ1ĜN+2,0

where

ŝ1 = (Î − t̂0ŝ0 − ŝ0t̂0)−1ŝ2
0

t̂1 = (Î − t̂0ŝ0 − ŝ0t̂0)−1t̂20.

This process can be repeated for a large number of iterations such that N ≥ 2i,
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giving the general equation

ĜN0 = t̂iĜN−2i,0 + ŝiĜN+2i,0

where

ŝi = (Î − t̂i−1ŝi−1 − ŝi−1t̂i−1)−1ŝ2
i−1

t̂i = (Î − t̂i−1ŝi−1 − ŝi−1t̂i−1)−1t̂2i−1.

If N = 2i this general equation becomes

Ĝ2i,0 = t̂iĜ00 + ŝiĜ2i+1,0

which is the ith iteration of the pattern

Ĝ10 = t̂0Ĝ00 + ŝ0Ĝ2,0

Ĝ20 = t̂1Ĝ00 + ŝ1Ĝ4,0

...

Ĝ2i,0 = t̂iĜ00 + ŝiĜ2i+1,0.

Back-substitution of the equations starting at the ith into the (i − 1)th and so

forth gives Ĝ10 in expanded form

Ĝ10 = (t̂0 + ŝ0t̂1 + ŝ0ŝ1t̂2 + . . .+ ŝ0ŝ1 . . . ŝi−1t̂i)Ĝ00 + ŝiĜ2i+1,0.

Iterating this function until the matrix Ĝ2i+10 becomes a propagator over such

a large range in the system that it is effectively zero means the equation for Ĝ10
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above is then equal to Eq. 2.25. Hence the transfer matrix T̂ must be

T̂ = t̂0 + ŝ0t̂1 + ŝ0ŝ1t̂2 + . . .+ ŝ0ŝ1 . . . ŝi−1t̂i

which, using the iterative set of equations for ŝi and t̂i, allow calculation of

Ĝ00 defined in Eq. 2.24. T̂ is calculated iteratively until it reaches sufficient

convergence, similar to the convergence procedure for a semi-infinite lead in

the standard recursive method. When the desired convergence criteria is met,

T̂ is substituted into Eq. 2.24 which gives the required surface Green function

of the lead. This procedure is clearly much more computationally efficient than

the standard recursive method for generating semi-infinite leads. As with the

more rudimentary standard recursive method, the only required matrices are

ĤU (and thus ĝU directly), V̂LR and V̂RL, which minimises the computational

requirements of the calculation.

2.5.3 Kubo formula

The electrical conductance Γ of a system can be calculated using the Kubo for-

mula [86]. Using linear response theory the DC conductance can be expressed

in terms of the recursive system Green functions as

Γ(EF ) = 4e2

h
Tr
(
G̃ii(EF )V̂ijG̃jj(EF )V̂ji − V̂ijG̃ji(EF )V̂ijG̃ji(EF )

)
(2.27)

where G̃ab = 1
2i(Ĝ

R
ab − ĜA

ab) and ĜR (ĜA) denotes a retarded (advanced) Green

function [87]. The subscripted indices denote neighbouring cells i and j in the

recursive scheme. The Kubo formula is equivalent to the Landauer-Buttiker

formalism for ballistic conductance, and this can be seen by writing the trans-
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Figure 2.4: Two pristine leads (green) are constructed via the Rubio-
Sancho method, with surface Green functions Ŝ0

L and ŜR. The doped cells
(red) are connected one-by-one to the left-hand lead using the standard re-
cursive method and this updates the surface Green function ŜL as demon-
strated in steps a) and b). When the desired scattering region length of
N cells is reached, the two leads are connected as shown in panel c) and
the DC conductance is computed via the Kubo formula as described in the
main text.

mission matrix in the latter in terms of Green functions. Kubo formalism is

particularly useful for investigating the electrical response of a system upon

doping. The process of efficiently calculating the conductance in a recursive

system will now be described with reference to the schematic Fig. 2.4.

Firstly the pristine left-hand and right-hand leads are constructed using the

Rubio-Sancho method, which yields the surface Green functions Ŝ0
L and ŜR.

Disorder is then incorporated by adding on cells containing impurities (steps

a) and b) in Fig. 2.4) to the left-hand lead using the standard recursive approach

which updates the surface Green function to ŜiL after i scattering region cells.

When a desired number of cells have been added (N ) to the device region (step

c)) the two leads can then be connected through the Dyson equation. The DC
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conductance is then calculated through the resulting interface of the two leads

using the Kubo formula, setting i = N and j = R in Eq. 2.27. The desired

Green functions ĜNN , ĜRR and ĜRN in the Kubo expression above are related

to the surface Green functions by

ĜNN = (Î − ŜNL V̂LRŜRV̂RL)−1ŜNL

ĜRR = (Î − ŜRV̂RLŜNL V̂LR)−1ŜR

ĜRN = ŜRV̂RLĜNN .

where the retarded/advanced designation has been omitted. This technique

will be used to study the scattering properties of impurity bonding types in

Chap. 6.

2.6 Chapter summary

In this chapter the general mathematical foundations needed to support the

work throughout this thesis have been lain, without reference to any specific

physical system. The concept of Green functions in the context of condensed

matter physics were introduced (Sec. 2.1) and their links to the carrier propa-

gation and electronic phenomena such as the local density of states were dis-

cussed. The power of Green functions is that they can describe changes in the

electronic properties of a system in the presence of perturbations or localised

disorder, situations which arise frequently in real nanoscale systems. The ef-

fect of these changes to the original system are incorporated into the Green

functions formalism by the Dyson equation (Sec. 2.2). To demonstrate the use-

fulness of this technique, the effect on the Green functions for a general con-
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densed matter system was calculated for substitutional impurities (Sec. 2.2.1)

and adsorbates (Sec. 2.2.2). The direct link between Green functions and sev-

eral key electronic quantities, a product of the former’s relation to the propaga-

tion of the charge carriers, was also shown. In Sec. 2.3 equations were derived

that express the spatially-resolved quantities of LDOS (ρ) and electron occu-

pation (n) in terms of Green functions. When used in conjunction with the

Dyson equation, this allows one to study the real-space modulations in these

electronic quantities, a phenomenon which was introduced in the preceding

chapter as Friedel oscillations. In Sec. 2.4 it was shown how the Lloyd For-

mula method can be used to derive the changes in global density of states,

global charge and global electronic energy of a system through knowledge

only of the system Green functions and the local perturbation. Deriving these

quantities and expressing them in this way allows for the maximum amount

of mathematical transparency to be achieved for the work in this thesis, some-

thing which is not achievable using purely computational methods such as

DFT. In the final section of this chapter recursive techniques were introduced

along with the Kubo formula for DC conductance. These are advantageous

when a fast numerical result is sought, such as in the case of investigating

large amounts of disorder via configurational averaging. It should be empha-

sised that the discussion in this chapter have been extremely general and are

applicable to any condensed matter system where a suitable Hamiltonian can

be found. In the next chapter it will be shown how these Hamiltonians and

the associated Green functions can be obtained for graphene and carbon nan-

otubes by exploiting the periodicity of the system, circumventing the need for

recursive techniques.



Chapter 3

Green functions of graphene and

carbon nanotubes

It was shown in the preceding chapter how Green functions directly relate to

the electronic properties of the materials they describe. The aim of this thesis

is to investigate, with a maximal amount of mathematical transparency, the

behaviour of these quantities in graphene and carbon nanotubes and how they

are affected by doping. It is therefore key that the Green functions of graphene

and nanotubes are derived and in this chapter this will be done using a second

nearest neighbour non-orthogonal tight-binding model.

A common first step for calculating the Green functions of a system is to find

a suitable Hamiltonian which describes the atomic orbitals and their bonding

in the material. It would then be straightforward to obtain the corresponding

Green functions computationally through the recursive methods derived in

55
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the previous chapter. Although this approach is reasonably accurate it can be

computationally expensive and is effectively a ’black box’ calculation, missing

the details of any underlying physical processes. Because of this limitation,

Green functions become much more powerful when they can instead be ex-

pressed in a simple mathematical form. This in turn allows for expressions

to be derived for related quantities e.g. the local density of states. There has

been extensive work done on carbon-based materials and the Green functions

of these systems since their discovery. In particular, analytic expressions for

the Green functions of graphene have been derived and used to describe phe-

nomena as magnetic coupling between impurities [83, 88–90] and Friedel os-

cillations [39, 91]. It is common for these analytic Green functions to use a

nearest-neighbour approximation for the tight-binding Hamiltonian, as well

as the assumption of an orthogonal basis for the electron wavefunctions. It

has been shown that this rudimentary approximation limits the scope of the

resulting Green functions [92–96]. Reich et al. [97], for instance, have shown

that such an approximation is valid only in the linear regime around the Dirac

point. It is clear that an improvement of this approximation can be made by

extending the range of the interactions contained in the Hamiltonian, and this

is the main focus of this chapter. Specifically, the nearest neighbour model

found in the aforementioned cited works will be extended to include electron

propagation between second nearest neighbours and the effect of wavefunc-

tion overlap between the pZ orbitals of neighbouring lattice sites. Besides ex-

tending the scope of the Green functions beyond the linear energetic regime,

a second nearest neighbour with overlap model is necessary to describe the

electronic structure of nanoribbons [98], tight-binding modelling of impuri-

ties using certain self-consistent methods [99] and modelling the changes in

the density of states in the local region around a vacancy in the lattice [100].
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Furthermore it will be shown that previous methods for approximating the

off-diagonal Green functions in high symmetry directions using a stationary

phase approximation (SPA) [47] can be modified to work for the extended case.

The usefulness of the SPA is that it allows the off-diagonal Green functions to

be written in a closed form without any integration required, as opposed to

the exact computational method where, as it will be shown, at least one in-

tegral is always necessary. These approximations of the off-diagonal Green

functions improve in accuracy with increasing separations, as such being per-

fectly suited for in-depth analysis of long-range impurity-related phenomena

in graphene investigated in later chapters.

The chapter is organised as follows. Firstly the mathematical description for

graphene using the extended Hamiltonian is introduced (Sec. 3.1.1) along with

the associated eigenvalues and eigenvectors (Sec. 3.1.2) and the dispersion re-

lation (Sec. 3.1.3). Using these results the graphene Green functions are then

derived in double and single integral form in Sec. 3.1.4 and Sec. 3.1.5 respec-

tively. The Green functions for the nearest neighbour sans overlap model are

also stated 3.1.6. It is then shown how the integral Green functions for both

models can be approximated reasonably accurately in the high symmetry di-

rections of the lattice using the SPA, allowing for a closed-form analytic expres-

sion of the Green functions (Sec. 3.2). Sec. 3.3 demonstrates two approaches to

obtaining the Green functions of carbon nanotubes - via quantisation and via

recursive methods. The band gaps of various carbon nanotubes are then calcu-

lated using the different tight-binding models and recursive methods, and the

results compared to those found in the literature for DFT calculations of the

same systems. The recursive approach is then used to model the effect of stoi-

chiometry on the electronic structure of boron carbonitride nanotubes (BCNTs)

in Sec. 3.3.4.
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For clarity it will be useful to refer to the different kinds of tight-binding as-

sumptions as: first nearest-neighbour with no overlap (FN); second nearest-

neighbour with no overlap (SN); and second nearest-neighbour with overlap

(SNO). The derivation of the Green functions for graphene and nanotubes us-

ing the SNO tight-binding model constitutes a novel piece of work and was

published in a peer-reviewed journal [101]. The work on BCNTs was also part

of a peer-reviewed publication [102].

3.1 Graphene

3.1.1 Mathematical description of the graphene lattice

In this section the mathematical description of the graphene lattice using the

SNO approximation will be outlined, in order to form a foundation for the

derivation of the lattice Green functions. The method expands a derivation

by Saito et al. [103] of the dispersion relation with nearest-nearest neighbour

hopping and wavefunction overlap (SNO model).

Graphene is a hexagonal lattice of carbon atoms but can be thought of as being

composed of two triangular and inter-penetrating sublattices, which will be

referred to as the black (•) and white (◦) sublattices. A two atom unit cell is

chosen containing one atom from each sublattice as demonstrated in Fig. 3.1

with the C-C inter-atomic distance being 1.42 angstrom [104]. The stability of

graphene arises from its bonding structure, where carbon atoms in the lattice

are bound strongly via sp2 hybridised orbitals formed through a combination

of the s, px and py orbitals. The remaining pz orbitals exist perpendicular to
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Figure 3.1: Schematic of a small part of the graphene lattice showing the
primitive lattice vectors a1 =

{
3a
2 x̂,

√
3a
2 ŷ

}
and a2 =

{
3a
2 x̂,−

√
3a
2 ŷ

}
. The

honeycomb structure can be viewed as a bipartite lattice of two inter-
penetrating triangular sublattices, shown here by the black and the white
atoms. A two atom unit cell, containing one atom from each sublattice,
is enclosed by the dashed lines. Using these vectors the location of any
unit cell in the lattice is defined as r = ma1 + na2 where m,n ∈ Z. There
are two high-symmetry directions in the lattice, the armchair and zigzag
directions, and these are indicated by A and Z respectively.

the crystal plane and form π bonds between each other, each orbital contain-

ing a single conduction electron. It is assumed that each atom in the lattice has

one electron orbital that participates in the electronics. This is reasonable as

the covalently bonded orbitals are much lower in energy, and the 3s orbitals

much higher in energy, than the 2pZ orbitals. The SNO approach further as-

sumes each atom can interact with three first-nearest neighbours belonging to
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the opposite sublattice, and six second-nearest neighbours belonging to the

same sublattice. The wavefunction overlap, quantified by the dimensionless

parameter s, is assumed to be non-zero between first-nearest neighbours only.

This system is described by the real-space Hamiltonian

Ĥ = ε0

(∑
r
|r, •〉 〈r, •|+ |r, ◦〉 〈r, ◦|

)

+ t

∑
r
|r, •〉

(
〈r, ◦|+ 〈r− a2, ◦|+ 〈r− a1, ◦|

)

+ |r, ◦〉
(
〈r, •|+ 〈r + a2, •|+ 〈r + a1, •|

)
+ t′

∑
r
|r, •〉

(
〈r− a1, •|+ 〈r− a2, •|+ 〈r + a1 − a2, •|

+ 〈r + a1, •|+ 〈r + a2, •|+ 〈r + a2 − a1, •|
)

+ |r, ◦〉
(
〈r + a1, ◦|+ 〈r + a2, ◦|+ 〈r + a2 − a1, ◦|

+ 〈r− a1, ◦|+ 〈r− a2, ◦|+ 〈r + a1 − a2, ◦|
)

(3.1)

where the vector r is defined as per Fig. 3.1 and is summed over the entire

system. The parameters t and t′ are negative energies denoting the first nearest

neighbour and second nearest neighbour hopping integrals respectively, and

ε0 corresponds to the onsite energy of each carbon atom. Accurate values of

these parameters can be found by matching the band structure obtained using

this method with that found through DFT [97, 105]. It will be often useful to

express all energies in units of the first nearest neighbour hopping t = −2.7eV .

Using the parametrisation of Reich et al. [97] gives t′ = −0.037 |t|, s = 0.1 and

ε0 = 0.111 |t|.
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The impossibility of inverting a matrix like Ĥ in Eq. 3.1 which describes an

infinite system was explained in the previous chapter. To get around this is-

sue, one can exploit the translational symmetry of the lattice - it is periodic

under the translations a1 and a2 and so the electronic wavefunction must also

respect this symmetry. This justifies the use of Bloch waves as solutions for

these wavefunctions in the crystal. This is done by projecting the real-space

Hamiltonian onto a basis set in reciprocal space defined using Bloch waves.

The transformation between real space and reciprocal space can be performed

via a Fourier Transform. This makes it possible to express the real space Hamil-

tonian in reciprocal space as a diagonalised 2x2 matrix Ĥ(k), from which point

it is straightforward to get the Green functions required.

The Fourier Transform from real space to reciprocal (k-) space is defined as

|k, A〉 = 1√
N

∑
r

eik.r |r, A〉 ,

with the inverse transform given by

|r, A〉 = 1√
N

∑
k

e−ik.r |k, A〉

where N is the number of atomic sites and k = kxkx + kyky defines the mo-

mentum vector of the electrons. Applying these transforms to Ĥ in Eq. 3.1

produces the desired diagonalised 2× 2 Hamiltonian Ĥ(k).

Ĥ(k) =

 ε0 + t′g(k) tf(k)

tf ∗(k) ε0 + t′g(k)

 (3.2)
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where for convenience the functions

f(k) = 1 + eik.a1 + eik.a2

g(k) = 2 (cos(k.a1) + cos(k.a2) + cos(k.a1 + k.a2))

have been introduced.

3.1.2 Eigenvalues and eigenvectors of the diagonalised Hamil-

tonian

The eigenvalues of the Hamiltonian correspond to its energy spectrum. These

are calculated by finding the solutions to the secular equation

det
(
Ĥ − εŜ

)
= 0.

The matrix Ŝ is the wavefunction overlap matrix, defining how the orbitals on

neighbouring lattice sites interact with each other. It can be written explicitly

in diagonalised form as

Ŝ(k) =

 1 sf(k)

sf ∗(k) 1

 .

The non-orthogonality of orbitals is commonly expressed mathematically as

〈φa|φb〉 = s

where φa and φb describe states on neighbouring lattice sites. Ŝ becomes equiv-
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alent to the identity matrix in the FN and SN models.

The solution to the secular equation for the Hamiltonian obtained in Eq. 3.2

gives spectral solutions

ε±(k) = ε0 + t′g(k)± t |f( k)|
1± s |f( k)| .

Here the + sign corresponds to the valence energy band and the − sign to

the conduction energy band. This energy-momentum relation, also called the

dispersion relation, is extremely important for understanding the physics of

carriers in the crystal. Its consequences will be discussed in more detail shortly

in Sec. 3.1.3. Following from this calculation it is straightforward to identify

the eigenvectors of the system, which can be done using the time-independent

Schrödinger equation

Ĥ |Ψ〉 = εŜ |Ψ〉 .

Assuming the eigenvectors have the form

|Ψ〉 =

 A1

A2



yields

 ε0 + t′g tf

tf ∗ ε0 + t′g


 A1

A2

 = ε±

 1 sf

sf ∗ 1


 A1

A2

 . (3.3)
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It is useful at this point to remind the reader that the complex quantity f(k)

(and indeed any complex quantity) can be written in terms of its magnitude

and a phase factor, i.e. f = |f | eiφ so f ∗ = |f | e−iφ. Using some basic algebraic

manipulation Eq. 3.3 can be solved for A1 and A2, and along with normalising

by requiring 〈Ψ±|Ψ±〉 = 1 gives

|Ψ±〉 = 1√
2

 1

±eiφ


for the system’s eigenvectors. The two-component eigenstate (or spinor) |Ψ±〉

arises from the bipartite nature of the graphene lattice, as each sublattice is

acting as a degree of freedom analogous to massless spin-1
2 fermions in the

Dirac equation. This similarity between the sublattice index and spin degrees

of freedom is called the pseudospin. Using the spinor with the Fourier trans-

form yields the momentum state for electrons in both conduction and valence

bands in the dual sublattice basis

|k,±〉 = 1√
2N

∑
r

e−ik.r(|r, •〉 ± e−iφ |r, ◦〉). (3.4)

3.1.3 Electronic dispersion

Examining the dispersion relation ε(kx, ky) can shed light on a lot of impor-

tant underlying physics that will be used shortly. For convenience the general

reciprocal space wavevectors are changed to dimensionless forms

kA = akx
2
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K
K'

ε(
k
)

kz ka
0

0

π

-π

-π

π

Figure 3.2: Electronic dispersion relation of graphene using the SNO ap-
proximation and Eq. 3.5 (left), along with the related density of states is
(right). The six points in the first Brillouin zone shown on the left, where
the conduction and valence bands touch but do not overlap, are the Dirac
points. For intrinsic graphene the Fermi surface consists solely of these
six points. These can be divided into two inequivalent sets called the K
and K ′ points, two of which are indicated on the diagram positioned at
K = (−π

a
,− π

3a) and K ′ = (−π
a
, π3a). This is explained further in the text.

A two-dimensional contour plot of the left-hand plot of the electronic dis-
persion is shown in Fig. 3.3.

kZ =
√

3aky
2

where the subscripts refer to the high-symmetry armchair and zigzag direc-

tions of the system (c.f. Fig. 3.1). With this substitution the dispersion relation

found in the last section can be rewritten as

ε±(kA, kZ) = ε0 + t′g(kA, kZ)± t |f(kA, kZ)|
1± s |f(kA, kZ)| . (3.5)

and this is plotted for both bands in Fig. 3.2 with the associated density of

states.
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The six points in reciprocal space at the edge of the Brillouin zone where the

conduction and valence points touch are called Dirac points. These correspond

to ε(kA, kZ) = 0 and the dispersion relation around these points is linear. This

can be most easily seen in close to E = 0 in the density of states spectrum

on the right-hand side of Fig. 3.2. This linearity around the Fermi level gives

rise to much of the interesting electronic properties of graphene [106]. The six

Dirac points are in fact not all unique and can be divided into groups of two

in-equivalent Dirac points K and K ′ which arise from the two inequivalent

sublattices. This understanding of the dispersion relation and the Brillouin

zone will be useful in the next section. A low-energy approximation of the

dispersion relation is derived in the Appendix B.1 and will be useful in Chap. 5

for approximating certain Green functions.

3.1.4 Derivation of lattice Green functions

By diagonalising the graphene Hamiltonian and finding the associated eigen-

values and eigenvectors it is possible to find the Green functions for the system

using Eq. 2.2, which is repeated here for ease of reference

Ĝ = lim
η→0

∑
k

∑
±

|k±〉 〈k±|
E − ε±(k) .

The infinitesimal imaginary part iη has been absorbed into the energy E from

this point onwards. To find the Green function between two sites in the lattice

j and l on the α and β sublattices, the operator form of Ĝ can be projected onto

the real-space basis
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gα,βij = 〈j, α| Ĝ |l, β〉

=
∑

k

∑
±

〈j, α|k±〉 〈k±|l, β〉
E − ε±(k) .

The sum over momentum space can be transformed into an integral over the

Brillouin zone. The following steps are fairly tedious so for brevity only the

case where α = β = • will be explained in detail. The results for the other

combinations will be stated.

Using the definition of |k±〉 from Eq. 3.4 and the non-orthogonality condition

it can be written that the numerator term

〈j, •|k±〉 = 1√
2N

∑
r
e−ik.r 〈j, •|

(
|r, •〉 ± e−iφ |r, ◦〉

)
= 1√

2N
e−ik.rj(1± s |f |).

(3.6)

A similar process shows that 〈k±|j, •〉 = 〈j, •|k±〉. As N → ∞ is clearly diver-

gent for an infinite system, the following trick can be employed to switch the

summation to an integral over the first Brillouin zone (FBZ)

1
N

∑
k
→ 1

Ω

∫ ∫
FBZ

d2k

where Ω = 2π2 is the area of the FBZ which can be seen from Fig. 3.3. The

FBZ naturally has a hexagonal shape which makes the integral required for

calculating gα,βij inelegant. By exploiting the periodicity and symmetry of re-

ciprocal space it is possible to choose instead a rectangular area that is wholly
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Figure 3.3: First Brillouin zone of graphene with the irreducible K and K ′

points as shown in Fig. 3.2. To facilitate the integral over this area, required
for calculation of the Green function, the symmetry of the reciprocal space
can be used. If the hexagon is divided by the kZ = ±π/2 lines as shown
in the upper right diagram it is easy to rearrange these sections into the
rectangle in the bottom right, and these areas are completely equivalent to
each other vastly simplifying the calculation of the integral. The area of
this resulting rectangle and thus the first Brillouin zone is 2π2.

equivalent to the FBZ. This is demonstrated in Fig. 3.3 and makes the process

of integration much simpler.

Piecing together these elements the system Green functions can be written in

double integral form

gα,βjl = 1
2π2

∫ π/2

−π/2
dkz

∫ π

−π
dkA

∑
±

γ±(1± s |f(ka, kz)|)2eikA(m+n)+ikZ(m−n)

E(1± s |f |)− ε0 − t′g(ka, kz)∓ t |f(ka, kz)|
(3.7)
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using rl − rj = ma1 + na2 as per Fig. 3.1 and the γα,β± functions are defined as

γα,β± (E) =



1± s |f(ka, kz)| for g•,•j,l and g◦,◦j,l

sf ∗(ka, kz)± eiφ for g•,◦j,l

sf(ka, kz)± e−iφ for g◦,•j,l

.

Although gjl in its current form completely describes the second nearest neigh-

bour system with overlap, its calculation is computationally expensive due to

the necessity of double integration. In the next section it will be shown how

one of the integrals in Eq. 3.7 can be solved analytically through contour inte-

gration, providing an equivalent solution with an improvement of one to two

orders of magnitude in computation time.

3.1.5 Single integral expression for the lattice Green functions

The methods of complex analysis, in particular contour integration [107], can

be used to solve either one of the two integrals in Eq. 3.7. In this section it

will be used to evaluate the integral over kA analytically, such that the result-

ing single-integral expression is quicker to calculate computationally than the

double-integral version derived in the previous section.

Beginning by identifying the integral to be evaluated as

I1 = 1
2π2

∫ π/2

−π/2
dkA

∑
±

γ±(1± s |f |)2eikA(m+n)+ikZ(m−n)

E(1± s |f |)− ε0 − t′g ∓ t |f |
(3.8)

a contour can be formed in the complex kA plane as shown in Fig. 3.4.



70 Chapter 3. Green functions of graphene and carbon nanotubes

Re(ka)

Im
(k

a
)

 π -π I1

I2I4

q

I3

∞

Figure 3.4: Integration contour (black) chosen in the complex kA plane
with an example of a pole in the integrand (q) indicated by the red circle.
The direction of the contour is indicated by the arrows. The integral I3 is
taken as Im kA → ∞. It follows from residue theorem that the sum of the
integrals I1 + I2 + I3 + I4 is equal to 2πi multiplied by the sum of residues
within the contour.

In general a function of the form u(z)
v(z) has poles (points where the function di-

verges) for values z0 where the denominator v(z0)→ 0, so-called simple poles.

Using Cauchy’s residue theorem [107] the sum of the integrals, I1 + I2 + I3 + I4

along the contour in Fig. 3.4 can be related to the value of the integral over kA

by ∮
C
dzf(z) = 2πi

∑
z0

Res f(z0)

The residues of the function u(x)
v(x) with simple poles at the points x0 are defined
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as Res u(x0)
v′(x0) where v′ is the first differential of v with respect to z. Thus for I1 a

simple pole q occurs whenever the condition

E(1± s |f |)− ε0 − t′g ∓ t |f | = 0

is satisfied for values of kA. Whether the plus or minus sign is taken, they yield

the same solutions for q±,

cos q± = 1
8t′2 cos kz

×

(E2s2 − 2Est+ t2 + 2Et′ − 2ε0t′ + 4t′2)− 8t′2 cos2 kz

± (t− Es)
√
E2s2 − 2Est+ t2 + 4Et′ − 4ε0t′ + 12t′2

. (3.9)

When the inverse cosine for q± is taken the choice of sign implicit in this inverse

operation is made such that Im(q±) > 0, ensuring the pole exists in the contour.

It should be emphasised that the sign in the brackets of Eq. 3.9 results from the

square root and is independent of the ± choice in the sum of Eq. 3.8.

Concerning the sum of the integrals I1 + I2 + I3 + I4 it can be shown from the

periodicity of the integrand that I2 = −I4. Additional simplification can be

made when m = n 6= 0 the exponential eikA(m+n) vanishes along the top of the

contour indicated by I3. However, care must be taken in the case m = n = 0

as the integrand I3 no longer vanishes. It can be shown through functional

analysis that the contribution is finite, going as ∼ −Es and arising purely as a

result of the wavefunction overlap. Although an exact closed-form solution of

I3 is not obtainable, it can either be calculated through computational methods

or using a functional form for the linear solution. Due to the symmetry of the

lattice, such special care is only needed for the diagonal Green function g••00
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when s 6= 0, as g•◦00 or g◦•00 can be found using non-zero values of m and n for

which I3 vanishes. Hence the integral I1 can otherwise be shown to be equal

to

I1 = 2πi
∑
±

∑
q

γ± |f | (1± s |f |)2eiq(m+n)+ikZ(m−n)

2 cos kz sin q(2t |f | ± (t− Es))

and so

gα,βjl = A+ i

2π

∫ π/2

−π/2
dkZ

∑
q

∑
±

γ± |f | (1± s |f |)2eiq(m+n)+ikZ(m−n)

cos kz sin q(2t |f | ± (t− Es)) (3.10)

where

A = − 1
2π2

∫ π

−π
dx
∫ −π/2
π/2

∑
±

(1± sfA)3dkZ
E(1± sfA)− ε0 − t′(f 2

A − 3)∓ tfA
(3.11)

for the diagonal g••00 case only, and A = 0 otherwise. The ± of q± has been

removed as the sum over all q values caters to either choice. Additionally,

fA = lim
y→∞

√
1 + 4 cos (x+ iy) cos kZ + 4 cos2 kZ .

The necessity of including the extra integral A for the diagonal Green function

is demonstrated clearly when the uncorrected and corrected Green functions

are compared. These are shown in Fig. 3.5 and Fig. 3.6 respectively.

It is useful to compare the calculated LDOS between the FN (the Green func-

tion of which will be derived in the next section), SN and SNO tight binding

models. A plot of the LDOS spectrum of the three models is shown in Fig. 3.7.

Although the behaviour around the Dirac Point is similar between all three,

it can be seen that inclusion of second nearest neighbour interactions in the

Hamiltonian changes the electron-hole symmetry in the electronic structure.
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Figure 3.5: Comparisons of the Green function g••00 calculated through the
double integral (green solid line and red solid line for real and imaginary
parts) and single integral without the corrective term applied (black solid
line and red triangles for real and imaginary parts). Also shown is the
value of A from Eq. 3.11 with real and imaginary parts indicated by the
black and red dashed lines respectively.

Furthermore there is a drastic change in the spectrum when wavefunction

overlap is accounted for, as shown by the black solid line.

This summarises the discussion of the Green functions of graphene using the

SNO and SN models. Beginning from a Hamiltonian with next-nearest neigh-

bour interactions with a non-orthogonal basis the lattice Green function has

been derived, a double-integral function over the FBZ in reciprocal space. An
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Figure 3.6: Comparisons of the Green function g••00 calculated through the
Double Integral (black solid line and red solid line for real and imaginary
parts) and Single Integral with the correction term applied (green triangles
and black diamonds for real and imaginary parts).

additional step was also shown which reduces the Green function to a single

integral, making its computation less time-consuming.

3.1.6 First nearest neighbour Green functions

The discussions in this work can be made much simpler by virtue of the fact

that much of the physics in graphene relies on the behaviour in the linear dis-
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Figure 3.7: Local Density of States (LDOS) spectrum comparison of the FN
(black), SN (red dashed) and SNO (green) models. Introduction of t′ or s
destroys the electron-hole symmetry.

persion regime around the Dirac point where the Fermi energy EF = 0. By

inspection of Fig. 3.7 and the general Green function behaviour one can see

the FN model (where ε0 = 0, t′ = 0 and s = 0) can be used without any loss

of generality, and it will now be derived. The derivation follows the same pre-

scription as was used for the SNO model, albeit with vastly simpler algebra.

The equivalent expression for the general Green function gα,βjl in this regime

(c.f. Eq. 3.10 ) is

gα,βjl = i

4πt2
∫ π/2

−π/2
dkZ

Nα,β(E)eiqA(m+n)+ikZ(m−n)

cos kz sin q (3.12)
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where

qA = ± cos−1
( E2

t2
− 1− 4 cos2 kZ

4 cos kZ

)
when the first integral over the kA direction is solved, and

gα,βjl = i

4πt2
∑
±

∫ π

−π
dkA

Nα,β(E)eikA(m+n)+iq±Z (m−n)

sin 2q±Z + sin q±Z cos kA
(3.13)

where

q±Z = ± cos−1
(
− 1

2(cos kA ±
√
E2

t2
− sin2 kA)

)
when the first integral over the kZ direction is solved. In both cases

Nα,β(E) =



E for g•,•j,l and g◦,◦j,l

f(q, kZ) for g•,◦j,l

f ∗(q, kZ) for g◦,•j,l .

.

These forms of the general Green function vastly simplify much of the math-

ematics used in later chapters, without much loss of generality in the systems

that will be considered. As mathematical transparency is required it is of-

ten sufficient to use only the FN approximation. In the next section it will

be shown how off-diagonal Green functions gjl for both the FN and SNO ap-

proaches can be approximated along the crystallographic high-symmetry di-

rections using a stationary phase approximation.
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3.2 Stationary phase approximation

The stationary phase approximation (SPA) is a method to approximate quickly

oscillating integrals of the form

∫
dyF (y)eiφ(y)x. (3.14)

The basic principle is assuming that sizeable x values lead to large variations

in the phase term which in turn leads to large and rapid oscillations of the

integrand. When integrated, these different oscillatory sections will be added

together leading to a situation analogous to constructive and destructive inter-

ference. While the majority of these sections cancel out, regions around points

of stationary phase (y0) will not. It is apparent then that Eq. 3.14 can be ap-

proximated by simply considering the integrand behaviour around these sta-

tionary points. Mathematically speaking, a stationary point exists whenever

the condition
dφ

dy

∣∣∣∣
y0

= 0

is satisfied. The behaviour of φ(y) around these points can be found by ex-

panding it via Taylor series

φ(y) ≈
∑
y0

[
φ(y0) + 1

2
d2φ

dy2

∣∣∣∣
y0

(y − y0)2 + . . .

]

and substituting into Eq. 3.14. Assume for the moment only one stationary

point exists. Approximating φ(y) to second-order and assuming that F (y) is

slowly varying around stationary point y0 allows for F (y) to be brought out-
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side the integral, along with eiφ(y0)x which is constant in y, to give

∫
dyF (y)eiφ(y)x = F (y0)eiφ(y0)x

∫
dye

i 1
2
d2φ
dy2 (y−y0)2x

.

The integral part of the above is similar to the Gaussian integral centred around

y0 which has the well-known solution

∫ ∞
−∞

dxe−ax
2 =

√
π

a
.

Combining this result with the previous steps gives the stationary phase ap-

proximation ∫
dyF (y)eiφ(y)x ≈

∑
y0

F (y0)eiφ(y0)x
√

2iπ
φ′′(y0)x (3.15)

where a sum has been taken over y0 to account for the existence of several sta-

tionary points. Comparison of this equation to the Green functions of the SNO

and FN models, given in Eq. 3.10 and Eq. 3.12 respectively, shows that the SPA

can be used to approximate them well, given the condition that the sites j and

l are separated by a large distance which would cause the integrands to os-

cillate rapidly as m + n � 1. The main reason to do this is that it allows for

the derivation of a completely analytic expression for the off-diagonal Green

functions in the system, which will become extremely important in later chap-

ters. For example, inter-impurity interactions, Friedel oscillations and electron

scattering by dopants are often expressed using long-range off-diagonal Green

functions. This is a great help in trying to model these phenomena in a mathe-

matically transparent manner. To demonstrate the applicability of the SPA, in

this section the off-diagonal Green functions for SNO and FN models will be

found where j and l are assumed to be separated sufficiently in the armchair

direction (where m = n, see Fig. 3.1). A similar methodology can be applied
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to find SPA expressions for Green functions in other directions also. For both

FN and SNO models the single integral form of the Green function is used

where the solved integral was the one over the kA direction. The reasoning

behind this is that the resulting equations only have stationary points in these

directions when the Green function required is also in the armchair direction.

When calculating the SPA along the zigzag direction it is required to the other

kZ solved integral for the same reasons.

3.2.1 Second nearest-neighbour approximations

The analogy between the single integral version of gjl in Eq. 3.10 and the SPA

expression in Eq. 3.15 becomes more apparent when a distance term D =

m+n is introduced. This also counts the unit cells along the armchair direction

between j and l (D2 , which can be inferred by Fig. 3.1) which when substituted

into Eq. 3.10 yields

gjl = i

2π

∫ π/2

−π/2
dkZ

∑
q

∑
±

γ± |f | (1 + s |f |)2eiqD

cos kz sin q(2t |f | ± (t− Es)) .

Identifying q as equivalent to the phase term φ in Eq. 3.15 allows the stationary

points to be determined algebraically using the condition

dq±
dkz
|q0 = 0.

The second order differential of q± is more tricky to determine and its algebraic

expression is extremely lengthy so it is not included here. Alternatively it can

be found numerically using d2q±
dk2
z

= limh→0
q′(kz+h)−q′(kz)

h
to a very high degree

of accuracy. The exact expression of the closed-form Green function is not
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Figure 3.8: Comparison of single integral (points) and SPA calculations
(continuous) of the Real (top) and Imaginary (bottom) parts of the Green
function gjl for a separation of m+ n = 80 in the armchair direction, same
sublattice.

included here as it is extremely long and not particularly insightful, however

the numerical results will be shown.

A comparison between the single integral and SPA solution for gjl is demon-

strated in Fig. 3.8 where sites j and l share the same sublattice and are sep-

arated by a distance of D = 80. This approximation works for all sublattice

arrangements and improves in accuracy with increasing separations. A much

more concise expression for the Green function can be derived when using the
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FN approximation, and this will be shown now.

3.2.2 First nearest neighbour; no overlap

It was explained in Sec. 3.1.6 that most of the interesting physics of graphene

occurs around the Dirac point, where the Fermi level lies if they system is pris-

tine. It was shown that the LDOS obtained using the FN approximation closely

matches that of the SNO model in this region. However, the former gives a

vastly simplified form of gjl compared to the more nuanced SNO approxima-

tion. This is quite useful as it allows for simpler mathematical descriptions of

Friedel oscillations and related phenomena. This will greatly benefit later dis-

cussions, and in this section an expression for gjl will be derived using the SPA

in the FN approximation.

Beginning in a similar way to the method used for the SNO SPA Green func-

tion in the previous section, the expression for gjl given by Eq. 3.12 for the

FN model bears many similarities to the SPA integral of Eq. 3.15. The Green

function considered here will be in the armchair direction between sites on the

same sublattice (m = n and α = β) which is given by

gα,βjl = iE

4πt2
∫ π/2

−π/2
dkZ

eiqA(kZ)(m+n)

cos kZ sin qA(kZ)

and the phase term

qA(kZ) = ± cos−1
( E2

t2
− 1− 4 cos2 kZ

4 cos kZ

)
.

With this expression the points of stationary phase, denoted k0
Z , and the re-

quired first and second order derivatives of q(kZ) can be found. The phase
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term is replaced by the Taylor expansion

qA(kZ) ≈ qA(k0
Z) + q′A(k0

Z)(kZ − k0
Z) + 1

2q
′′
A(k0

Z)(kZ − k0
Z)2 + . . .

To make the distinction between the full version of qA and the terms in its Tay-

lor expansion the substitution qA(k0
Z) = Q for the zeroth order derivative and

q′′A(k0
Z) = W for the second order derivative will be made. Imposing q′(kZ) = 0

gives two sets of stationary points

k0
Z =


0 |E| < |t|

± cos−1
(√

t2−E2

2t |E| > |t|
) (3.16)

When considering the SPA around energies of |t| it is sometimes necessary to

include contributions from both cases. Through substitution

Q(E) =


± cos−1

(
−
√

1− E2

t2

)
|E| < |t|

± cos−1
(
E2−5t2

4t2

)
|E| > |t|

and

W (E) =


± E2+3t2
E
√
t2−E2 |E| < |t|

± E2+3t2√
(t2−E2)(E2−9t2)

|E| > |t| .

The stationary phase approximation for gjl is then

gα=β
jl = iE

4πt2
∑
k0
Z

√
2iπ

W (E)(m+ n)
eiQ(E)(m+n)

cos k0
Z sinQ(E)

where the exact values of k0
Z summed over are determined by Eq. 3.16. Using

the expressions for Q and W it follows that gjl is described by the approxima-
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tion

gα=β
jl ≈ −

√
2
iπ

√
E√

(E2 + 3t2)
√
t2 − E2

eiQ(E)(m+n)

m+ n
(3.17)

when E ≤ |t| and

gα=β
jl ≈ iE

4πt2

√
2iπ
D
eiQ(E)D

√√
(t2 − E2)(E2 − 9t2)

√
±1
√

1− (E2−5t2
4t2 )2

√
E2 + 3t2

when E > |t|. Similarly, expressions for gαβjl for armchair separation when

α 6= β can be obtained using this prescription. Generally, any off-diagonal

Green function gjl can be expressed concisely in the form

gjl(E) = A(E)eiQ(E)D 1√
D

(3.18)

where the coefficients A(E) = Ā(E)Nα,β(E) splits A into sublattice indepen-

dent and dependent terms, the former given by

Ā(E) =
√

2i
π

1√
E(E2 + 3t2)

√
t2 − E2

and the latter defined in Sec. 3.1.6.

As in the case of the SNO model, these Green functions expressions are ex-

tremely accurate giving a result similar to that shown in Fig. 3.8, working best

for separations beyond a few lattice spacings along the high symmetry direc-

tions. An example of this accuracy is for an armchair separation of D = 5 the

agreement between analytic and numerical calculations of gjl has an error of

less than 1% over 95% of the energy spectrum. The derivation of the station-

ary phase approximation for gjl wraps up the discussion of this chapter on the
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Green functions of the periodic graphene lattice.

3.3 Carbon nanotubes

It is a straightforward exercise to use the Green function of the SNO and FN

models to obtain the Green function for a carbon nanotube (CNT). This can be

done through the quantisation of the momentum in the circumferential direc-

tion of the desired tube geometry. An integer number of electron wavelengths

is required along this direction to preserve continuity of the wavefunction. In

this section the Green function of a zigzag CNT (or ZZNT), so-called because

the circumferential direction lies in the zigzag direction as indicated in Fig.

3.1, will be derived within both the SNO and FN approximations. In the fi-

nal subsection the band gaps obtained using this method will be compared to

a recursive FN model and recent DFT results from the literature [108]. This

methodology can also be extended to armchair CNTs (ACNTs) by imposing a

similar suitable quantisation condition.

CNTs in general are particularly interesting because their electronic character-

istics are uniquely determined by their geometry and width NC , where NC is

an integer indicating how many unit cells are in the circumferential direction.

The quantisation of the electron momentum gives rise to one-dimensional lines

of allowed momenta in reciprocal space. The locations where these lines inter-

sect with the graphene Fermi surface determine the CNT’s electronic structure

- if lines cross the Dirac points then the tube is metallic. It is well known that

such nanotubes are metallic for widths NC = 0 (mod3), and semi-conducting

otherwise [109].
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3.3.1 Via bulk graphene Green functions

Beginning with the double integral expression for the graphene lattice SNO

Green function in Eq. 3.7, the momentum in the kZ direction for a ZZNT must

be quantised such that kZ = πj
NC

, where j is an integer running from 0 toNC−1,

in order to satisfy the quantisation condition. As a consequence of this, what

was originally an integral over the Brillouin zone in the Green function must

be adapted to a discrete summation as only quantised values of kZ are allowed.

This change is expressed mathematically as

1
π

∫
dkZ →

1
NC

∑
j

and upon substitution into Eq. 3.7 results in a single-integral expression. This

can then further be solved using the contour integration methods of Sec. 3.1.5,

yielding a fully analytic and exact expression for the CNT Green function gjl

with no integration required:

gjl = i

2NC

∑
j

∑
q

∑
±

γ± |f | (1± s |f |)2e
iq±Z (m+n)+i πj

NC
(m−n)

cos
(
πj
NC

)
sin q±Z (2t |f | ± (t− Es))

. (3.19)

The poles here are similar to those of Eq. 3.10 but with the quantized kZ mo-

mentum. Following the same steps with the FN model leads to a similar equa-

tion

gjl = i

4t2NC

∑
j

Nα,βe
iqA(m+n)+i πj

NC
(m−n)

cos
(
πj
NC

)
sin qA

(3.20)
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the coefficients are the same as those used in the bulk FN Green function in

Eq. 3.12. Recursive methods introduced for a general system in Sec. 2.5 will

now be applied to the case of a carbon nanotube, an alternate way of obtaining

the system Green functions numerically. Following this the electronic spectra

from the FN, SNO and recursive methods will be compared to those found in

the literature using other methods.

3.3.2 Via recursive methods

From previous discussion of the recursive method (Sec. 2.5) it has been shown

that the matrices required for building a system using either the standard or

Rubio-Sancho approaches are the unit-cell Hamiltonian ĤU and the connecting

matrices V̂LR and V̂RL which connect the unit cells together. In this section it

will be shown how these matrices are constructed for a ZZNT with a width of

7 atoms, hereafter referred to as a 7-ZZNT, a schematic of which is depicted

in Fig. 3.9. It is common in the literature to see the geometry of a nanotube

defined by a chiral vector

Ch = na1 +ma2

that determines the crystallographic wrapping. As a result any nanotube ge-

ometry can be written concisely as (n,m), with armchair nanotubes defined

by m = n and zigzag by m = 0. Nanotubes with neither armchair or zigzag

geometries are called chiral nanotubes. In this notation the 7-ZZNT in Fig. 3.9

is a (3, 0) nanotube.

The Hamiltonian describing this 7-ZZNT using the numbering scheme in Fig. 3.9

is the 14× 14 matrix
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Figure 3.9: Two-dimensional projection of a ’flattened’ 7-ZZNT unit cell
used for the recursive methods outlined in this section. The central unit
cell i contains 14 atoms numbered sequentially, a key feature is the cir-
cumferential wrapping demonstrated by the green bonds connecting the
top and bottom atoms in the unit cell. The red bonds correspond to con-
nections between neighbouring unit cells described by hopping matrices
V̂LR (i+1) and V̂RL (i-1).

ĤU =



ε1 t1,2 0 . . . t1,7 . . . t1,14

t2,1 ε2 t2,3 . . . 0 . . . 0

0 t3,2 ε3 . . . 0 . . . 0
...

...
... . . . ...

...

t7,1 0 0 . . . ε7 . . . 0
...

...
...

...
... . . . ...

t14,1 0 0 . . . 0 . . . ε14
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NC 1st N.N. 2nd N.N. w/Overlap DFT 1st N.N. (Recursive)
7 1.358 eV (146.5%) 1.377 eV (148.6%) 0.927 eV (100%) 1.2609 eV (136.0%)

11 0.929 eV (81.6%) 0.942 eV (82.7%) 1.139 eV (100%) 0.8613 eV (75.6%)
13 0.748 eV (86.5%) 0.759 eV (87.7%) 0.865 eV (100%) 0.6939 eV (80.2%)
17 0.596 eV (81.2%) 0.604 eV (82.4%) 0.734 eV (100%) 0.5535 eV (75.4%)
19 0.516 eV (83.7%) 0.523 eV (84.9%) 0.617 eV (100%) 0.4779 eV (77.5%)

Table 3.1: Comparison of the calculated band gap for various semi-conducting
ZZNTs using different methods. Each value has in parentheses its percentage
difference from the DFT calculated values [108] for that particular CNT. An
important caveat of the band gaps obtained from the tight-binding method is
their strong dependence on the parametrisation of the system. The values in
this table were calculated using t = 2.7eV, t′ = 0.1eV and s = 0.1.

where εi labels the onsite energy of site i and tij refers to the hopping energy

between sites i and j. The hopping matrices V̂RL = V̂ T
LR can also be written

down with the only non-zero elements for the former being given by

(V̂RL)2,13 = t2,13

(V̂RL)4,11 = t4,11

(V̂RL)6,9 = t6,9.

The system can now readily be constructed by either recursive technique and

the density of states, and therefore the band gap, calculated. In the next section

the band gaps for various ZZNTs will be calculated using the appropriate FN

and SNO Green function equations and the recursive tight-binding approach

of this section. These will then be compared to the band gaps obtained from

the literature.
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Figure 3.10: Local density of states spectrum of a 7-ZZNT calculated using
the FN (black) and SNO (red) models. The features of the spectrum are
markedly different between models, yet the behaviour around the band
gap remains similar.

3.3.3 Band gap comparisons between different methods

Three different methods have been developed for calculating the system Green

functions of any width ZZNT and thus the density of states and band gap for

each case: SNO and FN through momentum quantisation and FN-based recur-

sive. Each method relies on different assumptions and naturally one expects

their reliability to be ranked in the order above. To quantify these differences

the band gap of non-metallic ZZNTs can be calculated directly from the den-

sity of states and the results of this are shown in Table 3.1. These values are
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also compared to the most recent accepted band gap values found through the

B3LYP DFT method, believed to be the most reliable quantum chemistry tool

for such a task [108]. Ultimately it can be seen that the band gaps calculated

using the second nearest neighbour model are only slightly better than those

calculated using the first nearest neighbour method. Although the behaviour

of the LDOS spectrum is drastically different between the two models (see Fig.

3.10), the behaviour around the band gap is largely identical. This bears sim-

ilarities to the case of graphene. In both cases the inclusion of extra terms in

the Hamiltonian has a striking impact on the overall DOS spectrum and the

system Green functions, however the behaviour around the band gap or Dirac

point is largely unaffected. As the other chapters in this thesis will deal with

Green functions and associated quantities around these low-energy points it is

deemed sufficient to use an FN model in these cases. Doing so vastly simplifies

the mathematics and allows the derivation of closed-form analytic approxima-

tions for many of the electronic quantities whose investigation is the main goal

of the thesis. The advantage of being able to express them in a mathematically

transparent way uncovers the underlying physical mechanisms at play, some-

thing that is not possible using other methods.

In the next section variations of the band gap in nanotubes constructed of

boron carbon and nitrogen will be studied. These variations occur when the

particular symmetries or chemistry of the tube are changed.

3.3.4 Stoichiometry of boron carbon nitride nanotubes

Since their discovery in the early 1990’s, boron carbonitride nanotubes (BC-

NTs) with their intriguing electronic properties intermediate between metallic
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Figure 3.11: Schematic representation of a BCNT with radius R and a he-
lical angle θ. Pink balls correspond to B atoms, grey balls correspond to C
atoms and blue balls correspond to N atoms, shown as the actual tube (a)
and the unwrapped tube (b). The strips of carbon atoms follow a helical
path along the nanotube axis, characterized by θ and that the strips have
width 2πR, defining a unit cell with length 2πR/ tan(θ). D is defined in the
picture as the distance between equivalent atoms of neighbouring strips.

carbon nanotubes and dielectric boron nitride nanotubes (BNNTs), have at-

tracted a lot of research interest both experimentally and theoretically [110–

115]. It has been suggested from theoretical insights that by tailoring the dis-

tinct stoichiometries of these nanotubes, that is the relative amounts of boron

carbon and nitrogen and how they are distributed in the tube, it would be pos-

sible to change their electronic properties. The natural conclusion is that by

controlling this process it might be possible to engineer the physical proper-

ties of such nanotubes by an adequate control of the atomic distribution. It

should be emphasised, however, that while CNTs, BNNTs and BCNTs can be
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synthesised quite easily in a laboratory, precise control over their crystal ge-

ometry, size and stoichiometry is beyond the reach of experimental techniques

at present.

Using methods from Sec. 2.5 and Sec. 3.3.2 the stoichiometry of BCNTs is now

investigated along with its role in affecting the electronic band gap. BCNTs are

bonded similar to CNTs with the exception that the onsite and hopping ener-

gies do not take the same value, and in fact differ depending on the atomic

species and the specific bond. The work in this section was done in contribu-

tion to the publication [102], specifically looking at how the introduction of a

helical angle θ defining the geometry of the carbon and boron-nitride strips

that make up the nanotube affects the electronics. A schematic of a nanotube

with a helical angle is shown in Fig. 3.11 and Fig. 3.12. The quantised Green

function approach employed to find the band gap in the last section is not suit-

able for the case of BCNTs due to the large unit cells required, making such a

solution unwieldy.

While the Hamiltonian and hopping matrices are similar in form to the CNT,

the following changes must be made. The onsite energies for B atoms and N

atoms take the values εB = +2.33eV and εN = −2.50eV respectively, in relation

to the C onsite energy (εC = 0eV). The values for the hopping integrals are

tC−C = −3.0eV, tB−C = −2.7eV, tC−N = −3.14eV and tB−N = −2.81eV where

the subscript denotes the bond connecting atomic species [116].

Inversion of the Hamiltonian gives the Green function ĝ through Eq. 2.19 which

can then be used to produce the complete BCNTs Green functions using re-

cursive methods. The density of states of the structures is then calculated by

taking a trace of the resulting matrix elements combined with Eq. 2.8 for the

local density of states at each site. Two examples are shown in Fig. 3.13 for a
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Figure 3.12: Axial and lateral illustrations of the BCNTs with helical angles
(a) θ = π/6, (b) θ = 7π/18 and (c) θ = π/2. Here, subtle distortion of the
walls due to the C atom strips can be observed.

BNNT and a helical BCNT with a helical angle of θ = 0, comparing the two

shows clearly shows the impact of the carbon strips on the electronic structure.

Furthermore it is straightforward to investigate how the electronic band gap

changes with θ, which is done by altering the initial Hamiltonian and hop-

ping matrices. The result of this is shown in Fig. 3.14 showing non-monotonic

dependence of the band gap with θ.

This trend can be explained by an interference in the electron wavefunctions

in the nanotube, caused by scattering by the carbon strips, giving rise to mod-

ulations in the electronic properties. By Fig. 3.11(b) it can be seen that the

carbon strips can be considered as linear scatters periodically separated by the

distance D = 2πR cos(θ). The scattering situation is analogous to the Krönig-
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Figure 3.13: Density of states spectrum calculated using the Rubio-Sancho
method of a pristine BN nanotube (top) and a helical BCNTs (bottom) with
θ = 0.

Penney model [117], where equidistant linear scatterers generate an interfer-

ence pattern in the electronic wavefunction which can be constructive or de-

structive depending on D, which in the case of BCNTs is dependent on θ also.

The natural conclusion is that this interference pattern is responsible for the

occurrence of the size-dependent oscillations of the energy band gap as a func-

tion of the helical angle of the carbon strips. Thus if the helical angle of the

carbon strips in the BCNTs can be controlled, it would be possible to produce

nanotubes with made-to-order band gaps.
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Figure 3.14: Variations of the electronic band gap as a function of θ show a
non-monotonic relation. The gap is obtained directly from the DOS spec-
trum (e.g. Fig. 3.13).

3.4 Chapter summary

In this chapter suitable Hamiltonians and the associated Green functions have

been derived for graphene and carbon nanotubes in Sec. 3.1 and Sec. 3.3 respec-

tively. In the latter case it was shown how they can be calculated using either

the graphene Green functions with enforced boundary conditions or via recur-

sive techniques. The Green functions for the graphene lattice using a Hamil-

tonian accounting for first and second nearest neighbour interactions and the

inclusion of a non-orthogonal basis for the electron wavefunctions have been

derived. Previous derivations found in the literature for these Green functions
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have only been done using a first nearest neighbour model with no wavefunc-

tion overlap. The advantage of this extended model is clear when consider-

ing extended defects and grain boundaries, which are often dealt with using

recursive Green functions methods in nanoribbons, as such this new formal-

ism allows a more general study of their qualitative behaviour. Related to the

behaviour of electrons in the system, the concepts of the dispersion relation,

Brillouin zone and the local density of states for both graphene and carbon

nanotubes were introduced to serve later discussions.

Using contour integration it was shown that the resulting double integral ex-

pression for the graphene Green functions can be simplified to yield a single

integral expression, a great benefit to their computational calculation. It was

also demonstrated that in certain cases when the Green function is between

two lattice sites at a large distance, this single integral can be approximated

using the stationary phase approximation, further reducing the lattice Green

functions into a simple analytic form (Sec. 3.2). The advantage of having the

system Green functions in this form is that they can be combined with the

quantities and methods derived in Chap. 2 to investigate the effects of im-

purities in the lattice in a mathematically transparent manner. This will be

undertaken in Chap. 5 in the study of Friedel Oscillations.

Carbon nanotubes are closely linked in structure to the graphene lattice and

their Green functions can be derived reasonably straightforwardly if the graphene

Green functions are known by imposing periodic boundary conditions. This

was done and the density of states was calculated directly using the first near-

est neighbour and second nearest neighbour with overlap models. The calcu-

lation of the Green functions using recursive methods was also demonstrated.

These different methods of obtaining the band gap were compared to ab-initio
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results in the literature for a range of different nanotubes. Ultimately it was

found that while the band gap remains largely unaffected by expanding the

approximation of the model, the energy spectrum profile of the LDOS outside

this region is quite different. This is similar to the spectrum of the graphene

lattice, where the low-energy behaviour is largely unaffected by the extra hop-

ping terms in the Hamiltonian to the next nearest neighbours and the inclusion

of overlap. It is clear that the extended model of second nearest neighbour

interactions with wavefunction overlap is only necessitated for investigating

specific scenarios. As the bulk of this thesis investigates mainly low-energy

behaviour of electronic quantities the first nearest neighbour model will be

adopted for all work done in the remaining chapters. The advantage of this is

that the Green functions are much simpler in form, hence it is possible to write

concise expressions for the variations in these electronic quantities due to per-

turbations of the system by impurities. The chapter finished by applying re-

cursive methods to a study of the helical angle of boron caronitride nanotubes

and boron nitride nanotubes and how it affects the band gap. The work pre-

sented in this chapter on the calculation of the graphene Green functions using

second nearest neighbour with overlap approximation, and the work on BC-

NTs, were published in peer-reviewed journals ([101] and [102] respectively).





Chapter 4

An inverse modelling scheme for

dopants in graphene

The parameters used for the tight-binding description of nanoscale materials,

for example ε0 and t for graphene, are commonly found through matching

the band structure obtained through DFT calculations to that using the tight-

binding methods [118–124]. Specifically, these parameters are finely tuned to

get a satisfactory reproduction of the band structure around the most inter-

esting points in the electronic dispersion - for graphene this is the linear be-

haviour around the Dirac points. This can also be employed for finding tight-

binding parameters for impurities, e.g. for example onsite energies and hop-

ping integrals, however the process itself can be tedious and in the worst case

scenario even unreliable (DFT systematically underestimates band gaps when

compared to experiment, using the GW approximation can correct this how-

ever [125]). Because of this caveat it is prudent to look for alternative methods

99
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that can get around these issues.

In this chapter a method for obtaining these parameters using an inverse mod-

elling procedure. Similar methods have been applied to carbon nanotubes in

the past where the finite density of states at zero Fermi energy makes those

studies simpler [71–73]. This is a self-consistent method which uses the nu-

merical values such as changes in occupation on lattice sites ∆n and bind-

ing energies ∆E calculated through ab-initio in conjunction with their tight-

binding Lloyd equations derived in Chap. 2. Ordinarily the impurity param-

eters would be known and the goal is to calculate unique values of unknown

quantities like ∆n and ∆E, the equations to do this were covered in Chap. 2.

However if the impurity is described by N unknown parameters but some in-

formation about the response of the system is known (for example DFT can

give information about the charge redistribution ∆n) the problem can be in-

verted by choosing a system of N equations expressed in terms of the parame-

ters but where the solutions are known. While these equations are highly non-

linear they can be solved simultaneously and a unique set of impurity param-

eters can be determined. This process is called the inverse modelling method.

The benefit of this method is that one can arrive at a suitable parametrisa-

tion without reference to the band structure, relying instead completely on

quantitative results available from DFT. In this chapter parametrisations will

be found for three common dopants found in real graphene systems - substi-

tutional nitrogen and boron in Sec. 4.1 and a top adsorbed hydrogen atom in

Sec. 4.2. It should be emphasised that the inverse modelling method is general

and can be extended to other impurity species and systems if required. Indeed,

the work in this chapter builds on previous research which applied the same

formalism to doped CNTs [71–73].



4.1. Substitutional impurities 101

4.1 Substitutional impurities

In the case of graphene the simplest substitutional impurities to consider are

atomic boron or nitrogen as they are a similar size and form similar chemical

bonds compared to the carbon atoms in the lattice. For this reason they can

be introduced easily in a variety of experimental graphene growth processes

with little effect on the crystal structure. In this section the inverse modelling

method will be applied to find unique values of the onsite energy λ that charac-

terise substitutional nitrogen and boron in graphene. It was shown in Chap. 2

that a system that has a substitutional impurity of onsite energy λ placed at

site A described by the perturbation potential

V̂ = |A〉λ 〈A| (4.1)

will respond by experiencing a shift in quantities such as local and global

charge, ∆n and ∆N , as well as the global electronic energy ∆E. Generally

speaking these quantities are all expressed in terms of the matrices ĝ and V̂ by

the set of equations

∆nj = − 2
π

Im
∫ EF

−∞
dE 〈j| ĝV̂ [Î − ĝV̂ ]−1ĝ |j〉

∆N = (Θ(EF − εa)− C0)− 2
π

Im ln det
(
Î − ĝV̂

)∣∣∣∣
EF

∆E = EF∆N + 2
π

Im
∫ EF

−∞
dE ln det

(
Î − ĝV̂

)
and since V̂ is known by Eq. 4.1 these can be rewritten as

∆nj = − 2
π

Im
∫ EF

−∞
dE

gjAλgAj
1− gjjλ

(4.2)
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∆N = − 2
π

Im ln(1− gAA(EF )λ) (4.3)

∆E = EF∆N + 2
π

Im
∫ EF

−∞
dE ln(1− gAAλ). (4.4)

Here the subscript j refers to an arbitrary lattice site. As only a single param-

eter is sought it seems initially that any equation can be used for the inverse

modelling procedure. It will be now demonstrated, however, that care must

be taken even in this simple case and the local change in charge ∆nj is in fact

the only viable choice.

Boron has one electron less than carbon and nitrogen has one electron extra

which means that their introduction to graphene causes the system to be pos-

itively (p-) or negatively (n-) doped and ∆N = −1 and ∆N = 1 respectively.

Because no integration is required in the calculation of ∆N one would initially

be inclined to believe that this would be the easiest way to calculate λ. How-

ever due to the vanishing onsite Green function gAA atEF = 0 a solution cannot

be found. Not only does this directly cause problems in determining ∆E, but

∆E would itself be tricky to evaluate using DFT anyway. The reason for this

is that in tight-binding ∆E corresponds to only the band contribution to the

total energy, whereas the change in total energy between perturbed and un-

perturbed systems in DFT involves the physical breaking of bonds and other

effects. Values for local charge variations, however, can usually be found with-

out much issue. Therefore to demonstrate the technique the equation for ∆nj
will be used alone and ∆E discarded.

In Fig. 4.1 the quantity ∆nA, the change in charge on the impurity site, has

been calculated by inserting a large range of λ values into Eq. 4.2 and plotting

the result. By interpolation of the resulting points it was possible to find a cor-
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Figure 4.1: Curve relating the possible solutions for λwith the correspond-
ing input ∆nA values (black). Particular values for ∆nN (∆nB) were taken
from the literature and corresponding λ values calculated as the green
(red) circles lying along the curve. These circles are indexed by the initial
of the referenced manuscript’s primary author - Al-Aqtash [126], Peder-
sen [99] or Lambin [127]. The latter two authors also calculated λ values
in their manuscripts using different methods. These are shown as crosses
(Pedersen with self-consistent tight-binding) and triangles (Lambin with
band structure matching).

respondence between ∆nA and λ directly whereby the input of ∆nA returns a

unique λ value. The computed values are as follows and the subscript of ∆nA
and λA will be changed to denote the impurity type for the remainder of this

section - either N (nitrogen) or B (boron). As only the impurity site occupation
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changes will be considered the explicit designation of choosing site A becomes

redundant. DFT results by Al-Aqtash et al. [126] found onsite occupation

changes of ∆nN = +0.49 for nitrogen and ∆nB = −0.06 for boron, which give

λN = −4.2eV and λB = +0.45eV from the interpolated ∆nA, λ relation. These

values have been plotted on the ∆nA, λ curve in Fig. 4.1 as green and red circles

respectively and labelled A. Pedersen et al. [99] calculated onsite occupation

changes using a self-consistent tight-binding method and found occupation

values of ∆nN = +0.61 and ∆nB = −0.49. The inverse modelling procedure

yields λN = −5.75eV and λB = +4.2eV for this input pair and these are marked

by the green and red circles labelled P in Fig. 4.1. In the paper by Pedersen et

al. λN and λA were also calculated using their self-consistent model. Their cal-

culations found the parameters λN = −4.06eV and λB = +3.70eV and these

are shown in Fig. 4.1 by the green and red crosses respectively. Comparing the

self-consistent approach of Pedersen et al. to the inverse modelling procedure

it can be seen that they produce very similar parametrisations. DFT calcula-

tions by Lambin et al. [127] for nitrogen found an occupation of ∆nN = 0.36

which corresponds to λN = −2.9eV and is indicated by the green circle labelled

L in Fig. 4.1. Lambin et al. also used their method to calculate tight-binding

values for nitrogen using band structure matching with their DFT calculation.

They obtained two possible values - either λN = −4eV or λN = −10eV - and

these are marked on Fig. 4.1 by the green triangles. Upon direct comparison

it can be seen that Lambin’s first value is similar to the one obtained using

the inverse modelling approach, however the second would correspond to a

much more dramatic increase in occupation. In overview of Fig. 4.1 it is clear

that the inverse modelling procedure compares favourably to other methods,

especially Pedersen’s self-consistent method.

The central result of a curve describing the λ and ∆nA relation can also be used
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to consider limiting cases of λ. Recall from Chap. 2 that a vacancy is charac-

terised by an onsite potential λ → ∞, where ∆nA → −1 corresponding to a

complete absence of charge on this site. The LDOS spectrum for this case con-

sists of a single bound state removed to infinity which is therefore inaccessible

to electrons. The result of ∆nA = −1 for λ → ∞ can be shown without any

numerical calculation as

lim
λ→∞

nA = − 2
π

Im
∫ EF

−∞
dE
(
gAA + gAAλgAA

1− gAAλ

)
≈ − 2

π
Im

∫ EF

−∞
dE
(
gAA + (−gAA)

)
= 0

which is valid away from the resonance energy. Vacancies will be discussed in

much more detail in Chap. 5. The opposite case where λ → −∞ correspond-

ing to a hypothetical quantum dot-like structure with zero-dimensional con-

finement has a similar mathematical approach, except here the bound state is

removed to negative infinity which yields nA = 2 upon integration to EF = 0.

4.2 Adsorbed impurities

In this section the inverse modelling method will be used to find a set of

parameters describing a top adsorbed hydrogen atom in graphene. Atomic

hydrogen (index a) is the simplest adsorbed impurity to consider and is rep-

resented by a single orbital with energy level εa containing a single electron

(C0 = 1) that is connected to a single host carbon atom A by the perturbation

V̂ = τ |a〉 〈A|+ c.c.
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as was shown in Sec. 2.2.2. Having designated the two unknown parameters

as εa and τ a corresponding pair of equations in ∆na, ∆nA or ∆E are sought

where the solutions are known via ab-initio methods. These will then be solved

simultaneously to give an associated set of unique values for εa and τ . ∆N = 0

is excluded from the set of possible equations as

ln det
(
Î − ĝ(E)V̂

)
|EF=0 = 0 ∀ {τ, εa} ∵ gAA(EF = 0) = 0.

However it would be possible to use it if the parametrisation were extended,

for example to include onsite energy changes of the host atom. The quantities

∆E and ∆na (but usually not ∆nA) are routinely calculated in ab-initio studies

of hydrogen adsorption on graphene and as such are readily available from

the literature [128–131]. It should be noted here that the values for ∆E from

the ab-initio results have been assumed to be physically equivalent to those

in tight binding. This may not always be the case as tight-binding considers

only the electronic contribution to ∆E while DFT can include other effects such

as exchange correlations. While in principle the electronic contribution alone

can be extracted from the calculation, these values are rarely available in the

literature and hence the assumption stated above.

The solutions to the system of equations

∆na = − 2
π

Im g3
aaτ

2

1− gAAgaa(εa)τ 2

and

∆E = (2Θ(EF − εa)− C0)εa + 2
π

Im
∫ EF

−∞
dE ln

(
1− gAAgaa(εa)τ 2

)

can now be plotted over a suitable region in the εa, τ parameter space. The
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Figure 4.2: Contour plot of the variations in ∆E in units of t across a region
of the εa, τ parameter space.

results are shown separately in Fig. 4.3 and Fig. 4.2 respectively. The results for

∆na show that if the onsite energy is positive then the adsorbate loses charge

and vice versa which should be expected as EF = 0 in the system, hence the

charge should redistribute in this manner. The results for ∆E show a decrease

in total energy with increasing τ , whereas increasing εa results in higher ∆E.

Despite the non-linearity of these equations the resulting surfaces are smooth

with no discontinuities across the parameter space. These surfaces can then be

combined, interpolated and minimised via multi-objective optimisation rou-
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Figure 4.3: Contour plot of the variations in ∆na over the εa, τ parameter
space

tines to find unique values of εa and τ for corresponding input values of ∆na
and ∆E obtained from the literature. One particular benefit of this method of

interpolation is that once the parameter space surface is known for an impu-

rity, the trial of new ∆na and ∆E values is extremely quick.

Results are shown in Table 4.1 for four sets of ∆na and ∆E input values found

in the literature. The outputs εa and τ can be compared directly to other tight-

binding parametrisations for hydrogen. Band structure matching by Wehling

et al.[132], Schmidt et al. [133] and Bang et al. [134] have obtained the tight-
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∆E(eV ) ∆na εa(t) τ(t) Reference
−0.59 −0.37 +0.02 −0.58 [128]
−0.97 −0.37∗ +0.03 −0.74 [129]
−1.4 −0.37∗ +0.03 −0.88 [130]
−0.81 +0.164 −0.025 −0.6 [131]

Table 4.1: ∆E and ∆na input values with corresponding εa and τ values pro-
duced from the inverse modelling method. The asterisks indicate the re-use of
∆na where a value was not provided in the reference.

binding parameters: εa = 0.66 |t|, τ = −2.2 |t|; εa = 0.14 |t|, τ = −2.15 |t|; and

εa = 0, τ = −2.1 |t| respectively. H+ adatoms have also been investigated

by Robinson et al. [135] who found εa = 0.06 |t|, τ = −1.93 |t|. The onsite

energy values calculated using the inverse modelling method in Table 4.1 are

typically small, and compare favourably to those found with those found by

Schmidt et al. and Bang et al. However, this approach systemically underesti-

mates the overlap integral which is found to be substantially weaker than the

lattice hopping, compared to approximately 2t found with the band structure

matching method. It was suggested that ∆E could be overestimated as tight-

binding considers the electronic energy only versus ab-initio which includes

additional effects. This does not explain the difference and this reasoning can

be understood by inspection of Fig. 4.2. A smaller input value for the total

energy generally results in a reduction in τ , not an increase. Throughout this

chapter it has been assumed that the atomic sites closest to the point of con-

tact with the adsorbate, or sites near to the impurity site itself in the case of

substitutional atoms, do not undergo any kind of perturbation. This is called

the efficient screening hypothesis [71]. It is well known that in a metallic system

the charge density can act in such a way to screen out extraneous electric fields,

however this effect is mitigated in low-dimensional systems. Therefore it could

be more satisfactory to relax this hypothesis and extend the parametrisation to
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include changes in the onsite energies of other lattice sites when modelling

these interactions.

4.3 Chapter summary

In this chapter the tight-binding parameters for substitutional nitrogen and

boron and adsorbed hydrogen impurities were calculated using an inverse

modelling procedure. It was demonstrated that an impurity described by N

unknown tight-binding parameters (e.g. onsite energy) can be parametrised

by simultaneously solving a system of N associated tight-binding equations

where the solutions are known. The equations used were global change in

charge ∆N , local change in charge ∆n and global change in electronic energy

∆E which were derived in Chap. 2. These quantities are routinely calculated

using ab-initio techniques and exact values were taken from the available lit-

erature, allowing for determination of corresponding impurity parameters. In

the case of boron and nitrogen the inverse modelling procedure produces re-

sults that compare favourably to other tight-binding parametrisation methods

such as band-structure matching and self-consistent tight-binding. Similar val-

ues for λ in three out of four cases where direct comparison could be made.

Concerning adsorbed atomic hydrogen, a good match of parameters to those

in the literature is not found and the procedure is more challenging. While the

onsite energy appears consistent, the inverse modelling method systematically

underestimates the value of the hopping integral τ , yielding values approxi-

mately a third of those found using band structure matching approaches. This

could possibly be resolved by relaxing the efficient screening hypothesis and

this should be the immediate focus of future work on the topic.
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Friedel oscillations

In this chapter a framework is presented within which the Friedel oscillations

(FOs) resulting from various kinds of impurities are investigated from both a

numerical and an analytic ’pen and paper’ point of view using the methods

from Chap. 2 and Chap. 3. Both graphene, and carbon nanotubes with arm-

chair and zigzag geometries, are investigated and a variety of impurity types

considered. Previous studies examining the behaviour of FOs in the LDOS

∆ρ and carrier density ∆n in graphene have relied on two assumptions - a

linearisation of the electronic band structure near the Dirac points and the in-

troduction of a momentum cut-off [39–41, 45]. The work in the first section

of this chapter will be the development of a model that does not rely on these

assumptions and approximations (Sec. 5.1). In the second part of this chapter

(Sec. 5.2) a similar method will be applied to carbon nanotubes. Owing to their

reduced dimensionality the Friedel oscillations display significantly different

behaviour. One particularly interesting aspect of their behaviour is that the

111
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features of the FOs in both systems are dictated by the bipartite nature of the

underlying lattice, where the FOs are not only a function of distance but also

of sublattice. This is important as it will be a key ingredient in the modelling

of the sublattice segregation effect which will be done in Chap. 7. The work on

Friedel oscillations in graphene was published as Ref. [91].

5.1 Graphene

The FOs in the ∆ρ and ∆n that arise in graphene resulting from a single sub-

stitutional impurity, a pair of spatially separated substitutional impurities, va-

cancies, and realistic instances of the more commonly found top and bridge

adsorbed atoms, will be investigated. For each case an analytic expression for

the FOs will be derived using the stationary phase approximation (SPA) tech-

nique from Sec. 3.2 and corroborated with numerical calculations to confirm

the predicted behaviour. For each impurity type studied in this chapter the

corresponding perturbed system Green function was derived using the Dyson

equation methods in Sec. 2.2.

5.1.1 Weak substitutional impurities

To begin, the FOs in ∆ρi and ∆ni on sites i close to a substitutional impu-

rity will be investigated. The impurity is characterised by onsite energy λ =

2.7eV = |t| and is situated on site A on the black sublattice a distance D away

from i as demonstrated in Fig. 5.1. The armchair direction is specified here as

the SPA will be used to calculate the FOs along this direction. This is described
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A

A i

Z

D

Figure 5.1: Substitutional impurity placed at A with a second lattice site
labelled i which is a distance of m+n

2 = D
2 unit cells away in the armchair

direction. In the text the modulations in charge density at site i caused by
the impurity at A are investigated and characterised. The axes indicate the
armchair and zigzag high symmetry directions of the graphene lattice.

by the perturbation

V̂ = λ |A〉 〈A|

and the diagonal Green function of site i in the perturbed system is

∆GSubs.
ii = g2

iAλ

1− gAAλ

as shown in Chap. 2. Knowledge of the onsite Green function immediately

allows for the determination of the changing LDOS spectrum at any lattice site

in the system. This is plotted in Fig. 5.2 at the location of the impurity site itself

(i = A) for varying λ values. Increasing λ changes the position and magnitude

of the resonant state and for large values leads to a bound state outside the

regular bulk states.

A numerical evaluation of the spatial modulations in ∆ni at other sites in the

system can be made using Eq. 2.9 which yields the contour plots in Fig. 5.3.

Here the site i has been scanned across all the nearby lattice sites on the black
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Figure 5.2: LDOS spectra of impurity site A for λ = 0 (pristine, black),
λ = 2eV (red) and λ = 6eV (black dashed). Note the appearance of a
bound state for the final value.

and white sublattices separately and the system is at a Fermi energy of EF =

0.2|t|. The wavelength of this oscillation pattern depends directly on EF - by

increasing EF reduces the oscillation wavelength and vice versa. Comparing

the results for each sublattice it is clear that each one has a different response,

with ∆ni swapping signs between the sites in the same unit cell. This signature

is important when considering multiple impurities which will be discussed in

Sec. 5.1.2 and for the sublattice asymmetry phenomenon in Chap. 7.

To shed light on the underlying physics it is useful to consider a cross-section
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Figure 5.3: The FOs in ∆ni produced by a substitutional impurity of
strength λ = 0.1|t| on the (a) black and (b) white sublattices at EF = 0.2|t|
with the impurity located at the centre, calculated using Eq. 2.9. The units
of the A and Z directions are in a, the C-C bond separation.

of the ∆ni and ∆ρi profiles generated using this method. Consider the cross-

section taken along the armchair direction as specified previously, originating

at the impurity position at the origin and moving away as indicated by the

dashed lines in Fig. 5.3. It should be noted at this point that the behaviour

in the zigzag direction could equally be looked at, however the oscillations in

∆ni and ∆ρi along this direction exhibit a well understood period-3 oscilla-

tory behaviour which would needlessly obfuscate the results [48]. However

for the sake of completeness the Friedel oscillations in ∆n along the zigzag

direction will be shown later in this chapter in Fig. 5.6. As the Friedel oscilla-

tion behaviour is otherwise the same in either direction, and the mathematics

is simpler along the armchair direction, this investigation will progress with

the armchair behaviour only. Using a combination of the SPA approach, intro-

duced in Sec. 3.2, and the Born Approximation for weak scatterers of strength

λ . |t| such that the denominator of ∆GSubs.
ii is approximately equal to 1, it is
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possible to approximate

∆GSubs.
ii ≈ g2

iAλ.

This then yields

∆ρi ≈ −
2
π

Img2
iA (5.1)

and

∆nSubs.i ≈ −λ 2
π

Im
∫ ∞
−∞

dEf(E)g2
iA (5.2)

for the LDOS and carrier density oscillations caused by the weak impurity. The

Fermi function

f(E) = 1
1 + e(E−EF )/kBT

,

where kB is the Boltzmann constant, has been introduced in the ∆n integral.

This has been implicit up to this point as the zero-temperature limit T → 0 has

been assumed. In both ∆ρi and ∆ni the Green function g2
iA can be expressed us-

ing the general SPA equation for an armchair separated Green function which

was derived previously in Eq. 3.18 as

g2
iA ≈

Ā(E)2(Nαβ(E))2e2iQ(E)D

D
.

Immediately it is possible to approximate the LDOS oscillations using the an-

alytic Eq. 5.1 and the definition of A and Q from Sec. 3.2.2. This is compared to

the numerical results of the LDOS cross section in Fig. 5.4 where an excellent

match is seen. It is clear both from the figure and the form of Eq. 5.1 that ∆ρ

decays as D−1 away from the Dirac point as

∆ρ ∼ − 2
π

Im Ā(E)2(Nαβ(E))2e2iQ(E)D

D
.

Additionally it can be seen that the oscillation period is determined by the
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Figure 5.4: Cross-section of ∆ρi for the same impurity and locations, with
numerical results for the black (white) sublattice given by the black, solid
(red, hollow) symbols. Analytic SPA results are given by the correspond-
ing lines, and the inset shows a log-log plot of the data, the line corre-
sponding to a decay of D−1.

phase factor Q linked directly to the Fermi wavevector kF of the system. In

the Born approximation limit the SPA can be used to show that when E = 0

the density of states oscillations disappear. However there exist limiting cases

where the oscillations do not disappear at E = 0, such as vacancies, and these

will be discussed shortly.

The derivation of an analytic closed-form expression for ∆ni requires special
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care due to being in integral form. Making the necessary substitutions the

carrier density equation can be written

∆nSubs.i ≈ − λ
D

2
π

Im
∫ ∞
−∞

dE
B(E)e2iQ(E)D

1 + e(E−EF )/kBT

where

B(E) = Ā(E)2(N(E))2.

The analytic approximation can be found by solving via contour integration in

the upper-half of the complex energy plane, the poles in the integrand being

given by the Matsubara frequenciesEp = EF +i(2p+1)πkBT and p is an integer

labelling the poles.

From Cauchy’s residue theorem the integral required can be expressed as a

sum over the poles in the integrand:

∆nSubs.i ≈ −2λkBT
πD

2πi Im
∑
p

B(Ep)e2iQ(Ep)D.

The functions B(E) and Q(E) can then in turn be expanded around EF as

B(E) =
∑
l

1
l!B

(l)(E − EF )l

and to a first-order approximation

Q(E) ≈ Q(0)(E) +Q(1)(E)(E − EF )

where the notation X(`) denotes the `th derivative of the function X with re-
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spect to energy. The expression for ∆nSubs.i then becomes

∆nSubs.i ≈ −4λkBT
D

Im
∑
l

i

l!B
(l)e2iQ(0)D

∑
p

e2iQ(1)(Ep−EF )D(Ep − EF )l.

The inner sum over the poles p can be simplified by noticing that dl

dDl
eαβD =

αlβleαβD so that

∑
p

e2iQ(1)(Ep−EF )D(Ep − EF )l = 1
(2iQ(1))l

dl

dDl

∑
p

e2iQ(1)(Ep−EF )D.

Using the definition of the Matsubara frequencies this new summation over p

can be shown to be

∑
p

e2iQ(1)(Ep−EF )D = 1
2 sinh 2Q(1)πkBTD

which in the limit of zero temperature goes as 1
4Q(1)πkBTD

, this kBT term now

cancelling with the one in the numerator of ∆nSubs.i . Working with ∆nSubs.i

again

∆nSubs.i ≈ −4λ
D

Im
∑
l

i

l!B
(l)e2iQ(0)D 1

(2iQ(1))l
dl

dDl

1
4Q(1)πD

≈ −4λ Im e2iQ(0)D
∑
l

i

l!B
(l) 1
D

1
il(2Q(1))l

1
2π(2Q(1))

dl

dDl

1
D

≈ −2λ
π

Im e2iQ(0)D
∑
l

i

l!B
(l) 1
D

1
il(2Q(1))l+1 ((−1)ll!

Dl+2 )

≈ −2λ
π

Im e2iQ(0)D
∑
l

B(l)

(2iQ(1))l+1
1

Dl+2 .

(5.3)

This is better expressed in the form

∆nSubs.i ∼ λ
2
π

Im
∞∑
`=0

Γ`(E)
D`+2 e

2iQ(0)D . (5.4)
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where the sum coefficients Γ`(E) are related to the SPA coefficients and defined

as

Γ`(E) = (−1)`B(`)

(2q(1))`+1 . (5.5)

From these equations the behaviour of ∆n with EF and D can be determined

fairly straightforwardly. Clearly in the case of D � 1, and given that the first-

order term l = 0 is finite, an oscillatory decaying function should be recovered

with a wavelength determined by the phase factor Q0 and a decay rate of ap-

proximately ∼ D−2. The numerical values can be calculated using the expres-

sions for B = Ā2(N(E))2 and Q from Sec. 3.2.2 which for low energies E < |t|

are

B0(E) = 2
iπ

(Nα,β(E))2

E(E2 + 3t2)
√
t2 − E2

Q(0)(E) = ± cos −
√
t2 − E2

t
.

The analytic approximation of ∆n given by Eq. 5.4 is plotted against a numer-

ical calculation in Fig. 5.5. Excellent agreement between the two is found for

distances beyond a few unit cells. It should be noted that the numerical results

are calculated by converting the original integral form ∆n = − 2
π

∫ EF
−∞ dE∆Gii

to be over the imaginary energy axis. Doing so avoids discontinuities in the in-

tegrand caused by resonances and van-Hove singularities which would make

its evaluation challenging. The process of converting these integrals is is ex-

plained in detail in Appendix A.

More interestingly when EF coincides with the Dirac point, as is the case for

undoped graphene, it is found that the oscillations disappear and a faster de-

cay rate of D−3 is observed. In the case of the zigzag direction the period-3

behaviour is still apparent but otherwise there is no apparent oscillation be-

haviour. This absence of oscillation can be explained through the commensu-
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Figure 5.5: Cross-section of ∆n along the dashed line shown in Fig. 5.3
with parameters EF = 0.2|t| and λ = −1eV : numerical (black line) vs
SPA (black triangles) on the black sublattice and numerical (red line) vs
SPA (red diamonds) on the white sublattice. Inset: log-log of data from
the numerical calculation on the black sublattice (black diamonds) and a
regression line corresponding to a decay of D−2.

rability of the oscillations with the lattice spacing, and furthermore this can

be seen by inspecting the analytic form of ∆ni derived in Eq. 5.4. With the

sum over l the function B0 → 0 for l = 0, so that the next leading sum term,

l = 1, becomes dominant and this explains the D−3 behaviour due to the 1
Dl+2

dependence. For l = 0 the phase term Q0 → π which causes the sign-changing

oscillations to become commensurate with the lattice spacing because D ∈ Z+,
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Figure 5.6: ∆n as Fig. 5.5 with EF = 0. Also shown are the oscillations
along the zigzag direction on the black sublattice (dashed black line) which
have been rescaled by a factor of

√
3 due to the mismatch between unit cell

distance of the armchair and zigzag directions. The period-3 variation of
the zigzag oscillations is explained in the text. The absence of oscillations
in both directions, other than the period-3 behaviour, is caused by com-
mensurability with the lattice spacing and a quicker decay. The decay rate
of D−3 is demonstrated by the regression line in the inset.

hence the oscillatory behaviour seemingly disappears for all terms in the se-

ries. It should be noted that 2q oscillations still occur when moving between

sublattices and that this behaviour only occurs when the spatial modulations
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are separated by sublattice. Using Eq. 3.18 it can be shown that

B(1)(EF = 0) =


2i

3πt3 for α = β

− 2i
3πt3 for α 6= β

hence the same sublattice and opposite sublattice solutions for ∆n have the

same magnitude but different sign. This approximation does not match the

numerical calculation precisely. The general functional form is captured, how-

ever, and the two methods are different by a numerical factor. Multiplication

of the analytic SPA form by 0.8 and 2.2 for same and opposite sublattice cases

respectively produces an excellent match and this is demonstrated in Fig. 5.6.

This requirement is perhaps not surprising given the extensive approxima-

tions done during the preceding derivation, e.g. the Born approximation. Also

shown is numerical data for the ∆n oscillations in the zigzag direction, where

a period-3 behaviour can be seen. This behaviour arises from the periodic-

ity and symmetry of the lattice and can be found in other quantities, such as

indirect magnetic coupling [48].

The difference in sublattice response is quite clear in the cross-sections of FOs

in ∆ρ in Fig. 5.4 and ∆n in Fig. 5.6 and Fig. 5.5. In each case the sign of

the fluctuation is opposite for neighbouring sites on opposite sublattices, but

with similar magnitude and the same oscillation period. The opposing sign

of the oscillations is a signature of FOs in other electronic quantities such as

the RKKY interaction[39, 48, 89, 136–141] between magnetic impurities. The

results from this section agree with previous work [39, 41], but due to the SPA

method requiring large D these approximations are only valid for the long-

range FO behaviour in the range of 5 or more unit cells. Short wavelength

features which are present in the region immediately surrounding an impurity
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A

A B

Z

DAB

Figure 5.7: Schematic of two substitutional impurities at lattice sites A and
B separated by a distance ofDAB unit cells. The axes indicate the armchair
and zigzag high symmetry directions of the graphene lattice.

will not be captured as a consequence. This behaviour has been more thor-

oughly investigated using Bessel functions by Bacsi and Virosztek [39, 40]. In

addition to what is shown in Fig. 5.4, Fig. 5.5 and Fig. 5.6 an excellent agree-

ment was found between numerical and analytic calculations across the entire

energy spectrum and all sublattice configurations.

5.1.2 Multiple weak substitutional impurities

In this section the above process will be repeated for a system with two scat-

terers. In this scenario the mutual presence of the impurities gives rise to an

interference term in the Green functions and hence the FOs. When consider-

ing two or more substitutional impurities the matrix V̂ Subs. from the last section

can be extended to include additional sites simply by adding the necessary ex-

tra perturbations at the corresponding locations. For example if two identical

substitutional impurities with onsite energy λ are placed in the lattice on sites
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A and B, as shown in Fig. 5.7, the matrix V̂ can be described by

V̂ = λ |A〉 〈A|+ λ |B〉 〈B| .

The resulting ∆n profile calculated using Eq. 2.9 is plotted in Fig. 5.8 (a) for

two such impurities spaced by 40 unit cells in the armchair direction with a

Fermi energy of EF = 0.2 |t|. As this lies in the region of linear dispersion

the interference pattern that arises is similar to that seen in classical waves

theory. Considering weak scatterers only, i.e. λ . |t|, then applying the Born

approximation in the same way as the case for a single scatterer, to first order

∆nMult.
i ≈ − 2

π
Im

∫
dEf(E)(∆nA + ∆nB + ∆nAB). (5.6)

The quantities

∆nA = giAλgAi,

∆nB = giBλgBi,

and

∆nAB = 2giAgABgBi − giAgAAgAi − giBgBBgBi

have been used for convenience.

Clearly the terms ∆nA and ∆nB arise from the effects of the individual isolated

impurities (c.f. Eq. 5.2), however ∆nAB contains cross terms between the im-

purities at A and B, suggesting that the impurities experience an interference

effect where they can ’feel’ the presence of each other through the conducting

electrons in the medium. The SPA approach that was used in the last section

for the single impurity can be adapted and applied to all three terms, where

the integration of ∆nA and ∆nB will be identical to the single impurity case.
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Figure 5.8: (a): Numerical simulation of ∆n FOs on the black sublattice for
two weak scatterers λ = 0.1|t| separated by 40 unit cells in the armchair
direction at EF = 0.2|t|. (b) Cross section of ∆n along the dashed line
in the top contour plot of analytic (green) and numerical (black symbols)
calculations. (c) and (d): Contributions to ∆n from the terms ∆nA (black),
∆nB (red, dashed) and ∆nAB (blue) per Eq. 5.6.

The interference term ∆nAB can also be approximated well if A and B are at

least a few unit cells apart. Clearly ∆nAB is dependent on both λ2 and the sep-

aration of A and B so one should expect this term to decay quickly in a system

with weak scatterers.
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Figure 5.9: Numerical simulation of ∆n FOs on the black sublattice for
two weak scatterers λ = 0.1|t| separated by 40 unit cells in the armchair
direction at EF = 0.2|t|.

The derivation of the analytic form of ∆n begins by considering a cross-section

along the armchair direction between the two impurities. The numerically cal-

culated values for this cross-section are indicated by the black dashed line in

Fig. 5.8 (a) and plotted as the black data points in Fig. 5.8 (b). Following the

SPA process used before one can derive separate expressions for each term in

Eq. 5.6, however they are particularly cumbersome and lengthy so they are not

shown here. The resulting approximation of ∆n is shown in Fig. 5.8 (b) as the

green line showing a very good agreement with the numerical solution. The

strength of this mathematically transparent approach is that it is possible to

decompose the different contributions to ∆n and understand the interference

mechanism. Indeed if the contributions from ∆nA, ∆nB and ∆nAB are con-

sidered individually one can see that the dominant contribution to ∆n comes

from the isolated impurities given by ∆nA (black curve) and ∆nB (red curve)

in Fig. 5.8 (c) with only a small contribution from ∆nAB which is plotted in

Fig. 5.8 (d).
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In the case that the impurities A and B are instead placed on opposite sublat-

tices the resulting ∆n profile is drastically different. A contour plot of this is

shown in Fig. 5.9 and should be compared to the same sublattice case in Fig.

5.8 (a). It can be seen that the act of switching B to the white sublattice in-

duces an inversion in the ∆nB contribution to ∆n, resulting in a more complex

interference pattern as it has the opposite sign.

When the impurities are placed very close together or if they are no longer

weak scatterers the SPA breaks down. In addition to the interference term

∆nAB becoming much larger and less accurate through the SPA, the region of

significant overlap between the ∆nA and ∆nB increases and the FO patterns

observed become more complex. For very close impurities one would expect a

change in parametrisation also, due to other interactions e.g. Coulomb repul-

sion. A contour plot of ∆n of two such situations is shown in Fig. 5.10 where

the impurities are placed together as nearest neighbours (opposite sublattices,

right panel) or next-nearest neighbours (same sublattices, left panel) as shown

schematically in the plot insets. In the case of same sublattice configurations

the sublattice dependent behaviour noted in the single impurity scenario is

still present. In contrast, the nearest-neighbour case where it has been mostly

washed out due to a superposition of the features observed in panels a) and b)

of Fig. 5.8. This would have the effect of making such oscillations difficult to

detect experimentally, for example if the resolution of the atomic tip in an STM

probe is poor [39]. These strikingly different interference patterns present clear

signatures for the two cases, and this general qualitative difference in FOs may

make impurity configurations easier to distinguish experimentally. Moreover

the interference effect is an important quantity to consider when investigating

FOs in other quantities, and will be discussed later in the context of preferential

doping configurations.
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Figure 5.10: Black sublattice plots for quasi-nearest neighbour impurities
(left) and impurities sharing the same unit cell (right) as demonstrated in
the insets for λ = |t| and EF = 0.2|t|.

5.1.3 Vacancies

Vacancies in the lattice are caused by the removal of an atom from the crystal

structure. Recall from their introduction in Sec. 2.2.1 that they can be effec-

tively modelled within tight-binding by a substitutional impurity with onsite

potential λ→∞. Taking the limit in such a way means that the regular substi-

tutional impurity Green function

∆Gii = g2
iAλ

1− giiλ

can be approximated as

lim
λ→∞

∆Gii = −g
2
iA

gii
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thus the carrier density variations are

∆nV ac.i ≈ − 2
π

Im
∫ ∞
−∞

dE
f(E)g2

i0
−gii

. (5.7)

It should be noted that at the location of the vacancy giA = g00 in Eq. 5.7,

which leads to ∆nA = −1 corresponding to a complete depletion of electrons

on this site. In this model the onsite LDOS at the vacancy consists of a delta

function-like bound state that is removed to infinity and is therefore inacces-

sible to electrons. The spectrum is fully suppressed except at the resonance

energy λ as can be seen through

GAA = gAA + g2
AAλ

1− gAAλ

and taking the limit for a vacancy

lim
λ→∞

GAA = gAA + (−gAA) = 0.

For the other sites in the system ∆Gii is finite and can be calculated. The pris-

tine diagonal Green function gii required to do this can be approximated very

well for energies in the linear regime (up to around EF ∼ |t|/2) and this is

shown in Appendix B.2 to be

gii ≈
2√
3πt2

E ln |E|3t − i
|E|√
3t2

. (5.8)

This approximation then allows Eq. 5.7 to be solved in a similar fashion to

that of the single substitutional impurity. The Green function gii is dependent

only on energy and so it can be absorbed into the Γ` term in Eq. 5.4 and Eq.

5.5. As there is no pole in the upper half plane for the resulting integrand the

evaluation method remains unchanged from the weak impurity case.
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Figure 5.11: Friedel oscillations due to a vacancy. Cross-section of numer-
ical (points) and analytic (continuous) solutions for the FOs in ∆n on the
black (black data) and white (red data) sublattices along the armchair di-
rection. The FOs have been produced by a vacancy at site D = 0 and the
Fermi energy fixed at EF = 0.2 |t|. Inset is a log-log plot of the main data
(black diamonds) showing a decay of D−2 indicated by the red dashed
line.

Comparing the numerical and analytic solutions for a finite EF in Fig. 5.11 an

excellent agreement can be seen between the two. It should be noted that the

general features are similar to those noted for weaker impurities, namely sign-

changing oscillations and a D−2 decay. Interestingly when EF = 0 there is a

complete absence of FOs - that is ∆n = 0 at all sites except the vacancy (which

still has ∆n = −1) and the system is otherwise identical to the pristine state.
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Figure 5.12: Log-log plot of |∆n| vs. λ at a Fermi energy of EF = 0 on the
nearest black (black line) and white (red line) sublattice sites to a vacancy.
For λ � 1 and λ � 1, the amplitude of ∆n1 becomes very small with a
maximum amplitude at λ ≈ 5t, with a positive sign on B and a negative
sign on A.

This curious behaviour is found on both sublattices and is in stark contrast

to the case of weaker scatterers where the non-oscillatory D−3 behaviour was

noted. Understanding this requires examination of the imaginary-axis integral

that required solving in order to calculate ∆n (note this is not Eq. 2.14). This

has been used in all the numerical calculations of ∆n as it avoids the problem

of evaluating discontinuities in the integrand, and is explained fully in Ap-

pendix A. It will now be shown that the behaviour of the individual Green

functions along the imaginary axis determines the presence or absence of the

carrier density oscillations. Converting the integral yields the expression

∆nV ac.i ∼ Re
∫ ∞
η

dx
g2
iA(EF + ix)
gii(EF + ix) . (5.9)
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At EF = 0 both gii and giA, if i is on the black sublattice, become entirely

imaginary along the integration range. Similarly in the case that i is on the

white sublattice gi0 becomes entirely real. This ensures that on both sublattices

the integrand becomes entirely imaginary over the integration range, hence

∆n vanishes since it depends on the real part of the integrand only. Thus in

the limit of large values of λ the perturbations described by Eq. 5.9 will vanish.

This is verified numerically in Fig. 5.12 where ∆n is calculated on the nearest

(black curve) and next-nearest (red dashed curve) sites to the vacancy as λ is

increased at EF = 0. Another interesting result of this calculation is that there

is a resonance potential of λ ≈ 4t for the black sublattice site and λ ≈ 10t for

the white sublattice site which causes the largest amplitude in ∆n. It should

be emphasised that this disappearance of ∆n in the λ→∞ limit occurs only at

EF = 0, whereas other energies will show the familiar D−2 oscillatory pattern.

Concerning the effect of a vacancy on the Friedel oscillations in the LDOS it

is straightforward to evaluate ∆ρi from the ∆GV acancy
ii approximation. Again

there exists a clear asymmetry between the black (minority - less atoms) and

white (majority) sublattices at the Dirac point, which arises from the limiting

behaviour of the Green functions in this regime. Contrasted with this is the be-

haviour at sites on the minority sublattices which in the limit g••iA → 0 sending

∆ρ on such sites to zero, and g•◦iA → +i∞ on the majority sublattice causing a

divergence. This behaviour is the widely predicted mid gap resonance states

seen in many previous works and comes from the electron wavefunction it-

self [94, 142–144]. The state’s amplitude decays as 1/D from the vacancy. The

existence of this zero-energy state can also be proved from linear algebra for

a bipartite lattice with an uneven number of sites between sublattices called

Lieb’s theorem [145]. LDOS spectra demonstrating the appearance of this be-

haviour at sites close to the vacancy are shown in Fig. 5.13.
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a

b c
d e

A

b

c d e

a

Figure 5.13: LDOS spectra corresponding to the labelled sites close to va-
cancy site A. The mid gap state appears only on the majority (white) sub-
lattice as shown in sub-plots a, c and e.

The LDOS peak at the Dirac point on the majority sublattice sites, and the ab-

sence of one on the minority sublattice sites, is connected to the phenomenon

of vanishing ∆n in the vacancy case studied earlier. The introduction of a

vacancy deforms the LDOS at each site, but the number of states on all other

lattice sites is conserved such that− 2
π

Im
∫∞
−∞ dEρ = 2. Electron-hole symmetry

is preserved for a resonance at exactly E = 0 and thus the LDOS remains sym-

metric around about the Dirac point for sites on either sublattice. The carrier

density, being simply the integral of the LDOS up to EF = 0, is thus unaffected

by the vacancy and hence ∆n = 0 for all other lattice sites. Possible extensions

to this work, involving more intricate defect configurations such as divacan-

cies and pentagon-heptagon configurations, are discussed in the final chapter
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Figure 5.14: Schematic of a top adsorbed impurity (onsite index a) bonded
to host site A in the graphene lattice. A second lattice site labelled i is a
distance of D away with axes indicating the high-symmetry armchair and
zigzag directions.

of the thesis.

5.1.4 Adsorbates

In this section the FOs in ∆n will be investigated for top adsorbed and bridge

adsorbed impurities. An analytic expression will first be sought for ∆nTopi , the

FOs in charge density induced by a top adsorbed impurity. Then the case of

∆nBridgei will be discussed. Both of these quantities can be found using similar

methods to that of a single substitutional atom. The perturbation that describes

the former case, shown schematically in Fig. 5.14, is represented by

V̂ = |a〉 τ 〈A|+ |A〉 τ ∗ 〈a|

so

∆Gii = g2
iA|τ |2gaa

1− gaagii|τ |2
.
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Figure 5.15: FOs in ∆nTop
i due to top adsorbed OH− (top row) and H+

(bottom row) with the top two cases show both EF = 0 (left panels) and
EF = 0.2|t| (right panels) and the numerical data (black) is compared with
the analytic expression (green) for each impurity. The inset of each plot
shows a log-log version of the main plot, here the red lines corresponding
to the D−2 fits for both EF = 0.2|t| plots and D−3 for the other cases. Due
to the parametrisation of the H+ adatom, the SPA is a poor match to the
numerics at EF = 0 away from the asymptotic limit.

Here, ∆Gii is analytic in the upper half plane with no poles other than those

at the Matsubara frequencies. Again the approximation of gii restricts the re-

sults to the linear regime. Two realistic dopants are considered - hydroxyl

(OH−) and hydrogen (H+) - which take the tight-binding parameters εOH− =

−2.9|t| , τOH− = 2.3|t| for hydroxyl [135] and εH+ = −t/16 , τH+ = 2t for hy-

drogen [132]. ∆n cross-sections for these impurities are shown in Fig. 5.15 at

EF = 0 and EF = 0.2 |t| where an excellent match between numerical (black

circles) and analytic (green lines) solutions can be seen for all cases with the ex-
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Figure 5.16: Schematic of a bridge adsorbed impurity (onsite index a)
bonded to host sites A and B in a single unit cell in the graphene lattice.
Another lattice site labelled i is a distance of D away with axes indicating
the high-symmetry armchair and zigzag directions. The Friedel oscilla-
tions experienced at site i as a result of the bridge adsorbed impurity will
be discussed in the text.

ception of hydrogen atEF = 0. The onsite energy εH+ is close to the Dirac point

and this leads to a resonance condition here, hence it is required to look much

further away (approx. 100 unit cells) to see agreement between numerical and

analytic solutions. A clear change in the decay rate in the region close to the

adsorbate in Fig. 5.15 (c) can be seen with an eventual D−3 rate far from the

adsorption site, this has been studied recently by Mkhitaryan and Mishchenko

[146]. In the case EF 6= 0 a decay rate of D−2 is found for both hydroxyl and

hydrogen, with D−3 at the Dirac point, with proviso, matching the behaviour

of a substitutional impurity. This should be expected due to the possibility

of modelling the effect of the adatom through a self-energy term replicating a

substitutional atom [74].

Altering the onsite energy to εa = EF = 0 forces a resonance condition and

confirms previous findings where the adatom behaviour can be similar to that

of a vacancy [132] and the ∆nTop
i FOs disappear completely, which one may
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Figure 5.17: The charge density perturbations for a bridge adsorbed car-
bon adatom shown here as a numerical calculation (red data points) do not
vanish at the Dirac point, unlike the top adsorbed bonding type impurity,
due to cross-sublattice interferences. The black line indicates an approx-
imation of ∆nBridge

i using the stationary phase approximation, it deviates
from the numerical result by a constant factor of 1.2.

expect, for example, in the case of a top adsorbed carbon. However, carbon

prefers a bridge adsorbed configuration [147] and due to this bonding type the

interference effects from the two host sites, which are on opposite sublattices,

lead to finite charge density perturbations at the Dirac point. As consequence

of the symmetry breaking the same way relative to each sublattice, the FOs on

both sublattices will be the same hence it does not matter on which sublattice

the site i is chosen. Realistic carbon atoms can also be considered in this frame-

work by approximating the onsite energy ε ≈ 0 and τ = t, the same as atoms in

the graphene lattice. The presence of FOs in ∆nBridge
i for the bridge adsorbed

carbon at EF = 0 can be seen by considering a situation like that shown in
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Fig. 5.16. The perturbation matrix

V̂ = |A〉 τ 〈a|+ |B〉 τ 〈a|+ c.c.

that describes this bridge adsorbed atom yields

∆GBridge
ii = (giA + giB)2gaaτ

2

1− (gAA + gAB + gBA + gBB)gaaτ 2 . (5.10)

In Sec. 5.1.3 it was noted that, when considering imaginary axis integration of

off-diagonal GFs at EF = 0, that gab is either entirely real (for opposite sub-

lattice propagators) or entirely imaginary (for same sublattice propagators).

However from the form of ∆GBridge
ii it is clear that there will exist both real

and imaginary terms in the integrand for ∆nBridge
i , which was not the case for

top adsorbed or vacancy impurities. This cross-sublattice interference is key

to the non-vanishing ∆nBridge
i FOs for all bridge adsorbed atoms, regardless

of parametrisation. In Fig. 5.17 a numerical plot of the familiar D−3 decay in

∆nBridge
i at the Dirac point is shown. The usual D−2 oscillations are recovered

with doping. Using the SPA an approximation of the Dirac point behaviour

can be obtained. From Eq. 5.10 in this limit the diagonal Green function

lim
E→0

∆Gii = (gi1 + gi2)2

−(g12 + g21) .

Using the SPA Green functions the numerator is approximated by

(gi1 + gi2)2 ≈ Ā2e2iQD

D
(E + f(k))2

and then through the Matsubara frequency method it can be shown that if

B(E) = Ā2(E + f(k))2
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then the zeroth order term

B(0)(E) =
4i(E + t)(E2 + i

√
E2

t2
t
√
t2 − E2)

πt2
√
t2 − E2(E2 + 3t2)

is zero in the limit E = 0. The first order term

lim
E→0

B(1)(E) = − 4
3πt3

which is finite, and thus the decay of ∆nBridge
i goes asD−3. A comparison to the

numerical result is shown in Fig. 5.17 showing the same characteristic decay

rate but smaller by a constant of 1.2.

5.2 Carbon nanotubes

The methods for studying the Friedel oscillations in graphene will now be ex-

tended to the case of substitutional impurities in carbon nanotubes. The be-

haviour of the resulting spatial modulations in ∆ρ and ∆n will be investigated

using numerical calculations followed by the derivation of closed-form SPA-

based expressions of these quantities (Sec. 5.2.1). The effect of increasing the

nanotube diameter will then be studied in Sec. 5.2.2, showing that in the limit

of infinite diameter the behaviour of the Friedel oscillations transitions to that

seen in graphene.
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5.2.1 Substitutional impurities

As with the case of graphene, the change in the diagonal Green function at site

i due to an impurity of strength λ placed at site A is

∆Gii = g2
iAλ

1− giiλ

however the system Green functions are different. It is known from Chap. 3

that the Green functions for an ACNT are

gjl = i

4t2NC

∑
j

∑
±

N(E)ei
2πj
NC

(m+n)+iq±Z |m−n|

cos
(
πj
NC

)
sin q±Z + 2 sin 2q±Z

where

q±Z = ± cos−1
(
− 1

2 cos
(
πj

NC

)
± 1

2t

√
E2 − t2 sin2( πj

NC

)
)

and

gjl = i

4t2NC

∑
j

N(E)eiqA(m+n)+i πj
NC

(m−n)

cos
(
πj
NC

)
sin qA

for a ZZNT where

qA = ± cos−1
( E2

t2
− 1− 4 cos2( πj

NC
)

4 cos
(
πj
NC

) )
.

The Friedel oscillations that arise in ∆ρ and ∆n can then immediately be deter-

mined. Numerically calculated cross-sections using these equations are shown

in Fig. 5.18 where a nitrogen impurity of λ = −4eV has been placed at the ori-

gin.

It is clear from the plot that Friedel oscillations in nanotubes display drastically

different behaviour compared to graphene. First consider the modulations in
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Figure 5.18: Cross-sections of the Friedel oscillations in ∆n (left panels)
and ∆ρ (right panels) in a carbon nanotube of width NC = 6 atoms as a
result of a substitutional impurity of strength λ at site D = 0. Geometry is
indicated by the solid (armchair) and dashed (zigzag) lines, with sublattice
indicated by colour (same as impurity - black, opposite - red). The Fermi
energy is EF = 0 in the top panels and EF = 0.2 |t| in the bottom panels.
The inset plots of ∆n are log-log plots of the same sublattice data taken
from the main plot (black triangles) and a linear regression demonstrating
D−1 decay as the black line.

∆ρ in the right-hand panels. The most interesting property is that there is

no decay with distance, regardless of EF or whether the nanotube has arm-

chair or zigzag geometry. Because of the reduced dimensionality of the sys-

tem the modulations in ∆ρ do not dissipate and propagate along the system

without dying away. This is in stark contrast to graphene where D−1 decay is

observed (c.f. Fig. 5.4). Again each sublattice responds differently to the impu-

rity, forming almost a mirror image of each other about ∆ρ = 0 . Additionally
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the period-3 behaviour is evident in the zigzag nanotube, and this effect is al-

ready well understood as coming from the component of the Fermi wavevec-

tor along the axial direction. Because of this more complicated behaviour it

has been omitted from the EF 6= 0 plot for clarity, but it should be noted that it

shows the same oscillation period as the armchair case. WhenEF = 0 the com-

mensurability effect occurs due to the lattice periodicity matching that of the

Friedel oscillations, and the oscillations seemingly disappear. The most imme-

diate aspect of the Friedel oscillations in ∆n (Fig. 5.18 left-hand panels) is that

they exhibit a decay of D−1 regardless of EF . This is illustrated by the linear

regression line shown in the inset of the plots. Again it is seen that a commen-

surability effect exists at EF = 0, as well the period-3 behaviour intrinsic to the

zigzag nanotubes is apparent.

The behaviour of the Friedel oscillations in this case can be explained using

the stationary phase approximation and the Matsubara frequency method that

was applied to graphene in the previous section. From the form of gjl given

above the form of this given via the stationary phase approximation for either

nanotube geometry is

gjl =
∑
j

A(E, j)eiQ(E,j)D

which does not have a distance decay so clearly the oscillations in LDOS will

not decay either. An explanation of the behaviour of ∆n is more involved.

Consider a weak impurity λ � 1 and apply the Born approximation as in

Sec. 5.1.1, then the modulation in ∆n can be written

∆n ∼ −2λ
π

∫ ∞
−∞

f(E)g2
iA.

Using the SPA approximation and the Matsubara frequency method this can
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be approximated by

∆n ∼ 2
λ
π Im

∑
j,k

e2iQ(0)D
∑
l

(A2)(l)

(2iQ(1))l+1
1

Dl+1 . (5.11)

Unlike the case of graphene the term (A2)(l) does not disappear at E = 0, for

example the lowest order term

lim
E→0

(A2)(0) = 1− t4
48N2

Ct
4

for j = 0 in the armchair nanotube. If the l = 0 term in the expansion of

Eq. 5.11 is non-zero then the decay rate of ∆n is D−1 regardless of E. When

E → 0, Q(0) → π, and so the oscillation period e2iQ(0)D is commensurate with

the lattice spacing as was seen in the case of graphene.

5.2.2 Effect of increasing diameter

The different decay rates in the Friedel oscillations between nanotubes and

graphene must be reconciled if this theory is to be self-consistent. By increas-

ing the diameter of the nanotube in the limiting case of infinite diameter the

behaviour should transition to that of graphene. The decay rate parameter α is

defined as giving the decay rate Dα for the Friedel oscillations. A plot of α for

the Friedel oscillations in ∆n versus the nanotube diameter NC is presented in

Fig. 5.19 for both armchair and zigzag nanotubes at both EF = 0 and EF 6= 0.

Only the same sublattice case is considered. It is clear that the Friedel oscil-

lation behaviour does indeed return to that of graphene when the nanotube

diameter is increased. It should be noted that nanotubes with such large di-

ameters as depicted in Fig. 5.19 are inherently unstable and that such sizes are
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Figure 5.19: Decay rate α of the Friedel oscillations in ∆n on the impurity
sublattice as a function of nanotube diameter, with EF = 0 (top) and EF 6=
0 (bottom) for armchair (black solid) and zigzag (red dashed) geometries.
Because of the difficulty in determining an accurate decay rate in the EF 6=
0 case, an average of values was taken over EF = 0.05 |t|, EF = 0.1 |t| and
EF = 0.2 |t| and the resulting data points fitted with a regression curve.

only investigated to show the self-consistency of the model.

5.3 Chapter summary

In this chapter closed-form analytic expressions for Friedel oscillations in car-

rier density (∆n) and local density of states (∆ρ), caused by symmetry break-

ing in the lattice, have been derived along the high symmetry directions in

graphene and carbon nanotubes by employing a stationary phase approxima-
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tion of the lattice Green Functions. Good agreement was found in compari-

son to numerical calculations for a variety of impurity types in the long-range

limit.

In Sec. 5.1 the FOs in graphene were studied. It was found that the FOs in ∆ρ

exhibit an oscillatory decay profile, with a period determined by the Fermi en-

ergy EF and decaying with distance (D) as D−1 for all impurities for EF 6= 0.

The FOs in ∆n show a similar behaviour but with a faster decay rate of D−2

when EF 6= 0. At the Dirac point EF = 0, FOs in ∆n away from substitutional,

top and bridge adsorbed impurities were found to decay with as D−3. This

change in behaviour is due to the oscillation period becoming commensurate

with the lattice spacing. In the case of vacancies and a resonant top adsorbed

carbon ∆n is unchanged from the pristine case on all lattice sites due to the

symmetry of electron and hole states in the LDOS profile around the Dirac

point. The top adsorbed carbon is, however, less energetically favoured than

the more naturally occurring bridge adsorbed carbon. When changed to the

bridge adsorbed configuration, it can be shown that cross-sublattice interfer-

ence between propagators arising from the bonding arrangement ensures ∆n

does not vanish at EF = 0 in this case.

A similar study was conducted with carbon nanotubes in Sec. 5.2.1. In this case

the reduced dimensionality of the system, as well as the non-vanishing density

of states at EF = 0, results in distinctly different behaviour in the Friedel os-

cillations present in ∆ρ and ∆n. A single substitutional impurity was used as

the symmetry breaking agent and both armchair and zigzag geometries were

considered. The oscillations in ∆ρ were found to not decay with distance D,

and the oscillations in ∆n shown to decay as D−1. A commensurability effect

at EF = 0 is found but unlike the case of graphene the decay rate does not
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change. This behaviour was then explained using the SPA Green functions

derived in Chap. 3. In the limit of increasing diameter it was shown that the

decay in both ∆ρ and ∆n returns to the values seen in graphene. In the fol-

lowing chapter the role of scattering by impurities will be investigated using

similar techniques to those used in this chapter. The work on Friedel oscilla-

tions in graphene was published in [91].





Chapter 6

Scattering suppression and

symmetry breaking

Owing to its two-dimensional structure and excellent conductivity with low

noise, graphene-based materials have generated a large amount of interest

in their application to chemical sensing. When a concentration of dopants is

introduced to the system the conductivity is modified due to scattering. By

measuring this change in conductivity the concentration can be determined, in

some cases with sensitivity in the sub parts-per-million range [148]. The ques-

tion of which substances graphene can detect well, i.e. those with a large im-

pact on transport properties, seems quite open-ended due to the overwhelm-

ing number of possibilities. While ab-initio techniques work well on a case-

by-case basis it would be more beneficial to have a general approach to guide

the search more directly. In this chapter a method will be proposed to do this

based on the techniques applied to Green functions and Friedel oscillations

149
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from the previous chapters. The method will be used to determine which im-

purity species are suitable for gas sensing applications, from a general stand-

point. It will be shown that the scattering, and therefore the changes in con-

ductance, rely more on the type of bonding of the adsorbate than on the ex-

act dopant species. More specifically it is demonstrated that central adsorbed

dopants have a very minor effect on the transport properties around the Dirac

point compared to top and bridge adsorbed. This suggests the top and bridge

adsorbed are more suited for sensor applications as the effect is more dramatic.

Evidence supporting this is shown using two methods - through the real-space

Green functions of bulk graphene in Sec. 6.1 and a numerical simulation of

conductance in a graphene nanoribbon in Sec. 6.3. The proposed mechanism

is the phase difference between Green functions leads to an interference effect,

which in turn suppresses the scattering for central adsorbed impurities such

that the perturbed system Green function G = g+ ∆G is similar to the pristine

one. Physically this means that electrons travelling through the system are not

scattered, despite the presence of the impurity. A similar interference effect can

be observed experimentally with an STM when the atomic tip is centered in the

middle of a graphene hexagon, the location of the central adsorbed impurity

considered here. This causes the hexagon centers in the graphene to appear

as corrugation holes on the resulting STM image. Calculations have shown

that this arises from destructive interference of the coupling terms between

the atomic tip and the six carbon atoms around the perimeter of the hexagon

[149, 150]. To back up the explanation that an interference effect is responsi-

ble for scattering suppression, it is shown in Sec. 6.2 that straining the system

uniaxially alters the phase difference between the propagators that were caus-

ing the interference, mitigating this effect and thus enhancing the scattering.

This suggests that central adsorbed impurities could instead function as part
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a1

a2

a1

1 2

3

45
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a

A B

Figure 6.1: Schematic of a central adsorbed impurity (index a) connected
to the sites indexed R = {1, 2, 3, 4, 5, 6} by overlap integral τ . Electron
propagation between lattice sites A and B is examined, aligned along the
armchair axis indicated by the dashed line, which is scattered by the im-
purity at a.

of a highly sensitive graphene strain sensor. The work in this chapter is part

of Ref. [151]. In the paper complimentary methods developed by the other

authors are described which support the same conclusion as the work shown

here. These alternative methods use momentum-space Green functions and

the scattering cross-section.

6.1 Quantifying scattering

In this section the quantity ∆GAB corresponding to the propagation between

some lattice sites A and B will be compared for top, bridge and central ad-

sorbed impurities. A schematic of the central adsorbed case is shown in Fig. 6.1.

The configuration of A and B will be fixed at 20 unit cells separation in the

armchair direction, and both will be located on the black sublattice. For this

reason the subscript AB is redundant and will be dropped, instead the type of
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impurity placed between A and B will be denoted in the subscript index. The

perturbation matrices for the three adsorbate types are given by

V̂t = |1〉 τ 〈a|+H.c.

V̂b = |1〉 τ 〈a|+ |2〉 τ 〈a|+H.c.

V̂c =
∑
i∈R
|i〉 τ 〈a|+H.c.

where R = {1, 2, 3, 4, 5, 6} and for ease of notation the matrices have subscript

indices for top (t), bridge (b) and central adsorbates (c). In the case of centre

bonded impurities the bonding to each host site may not always be identical

and depends on how the impurity hybridises. The possibilities are [152]: (i) It

may hybridize equally with all six neighbouring carbon atoms τi = τ , which

is the case for s and dz2 orbitals; (ii) It may have a π-phase difference in the

hybridisation of the adsorbed impurity with the two different sublattices, τ1 =

τ3 = τ5 = −τ2 = −τ4 = −τ6 ≡ τ , which is typical of f-orbitals; (iii) For a dxy

orbital, τ1 = τ4 = 0 and τ2 = τ5 = −τ3 = −τ6 = 3τ/2; (iv) for a dx2−y2 orbital,

τ1 = τ4 = τ and τ2 = τ3 = τ5 = τ6 = −τ/2. In this chapter the focus is on the

first possibility for the sake of simplicity, where the values of |τi| are the same

for all i ∈ R.

The scattering is quantified by the Green function ∆GAB = 〈A| ĝV̂ Ĝ |B〉which

can be calculated using the Dyson equation as

∆Gt = gA1g1BΣ
1− g11Σ

∆Gb = (gA1 + gA2)(g1B + g2B)Σ
1− 2(g11 + g12)Σ
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Figure 6.2: Real (solid) and imaginary (dashed) parts of ∆Gt (black) and
∆Gc (red) around the Dirac point. The impurities are parametrised by
εa = |t| and τ = −2 |t|. Due to the large difference in magnitude a log-
linear plot of the same data is shown as inset.

∆Gc =

(∑6
i=1 gAi

)(∑6
j=1 gjB

)
Σ

1− 6(g11 + 2g12 + 2g13 + g14)Σ .

The lattice symmetries of graphene have been used to reduce the Green func-

tions g into a small set of equivalent propagators and Σ = gaaτ
2 is the self-

energy of the impurity which is the same in all three cases.

A plot of ∆Gt and ∆Gc around the Dirac point is shown in Fig. 6.2, ∆Gb has

been omitted as the behaviour is fairly similar to ∆Gt. The impurities have

been parametrised by εa = |t| and τ = −2 |t|, chosen so as to place the res-

onance energy away from the Dirac point which would have obfuscated the
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functional behaviour. In Sec. 6.3 the effect of this resonance in realistic scenar-

ios will be discussed. Additionally, the qualitative behaviour of the various

∆G are not dependent on the parametrisation. Clearly ∆Gc is many orders of

magnitude smaller than ∆Gt (and ∆Gb) meaning the scattering is greatly sup-

pressed in the central adsorbed case. Endeavours will now be made to find

why this behaviour occurs. The similarities in the equations for ∆G permit the

writing of a general form

∆GX = αXβXTX where TX = Σ
1− γXΣ

for the impurity type X . The coefficients can be inferred from the previous

set of equations and T is the scattering matrix introduced in Chap. 2. By ex-

amining these components individually their effect on the overall scattering

behaviour can be determined.

6.1.1 Green function component behaviour

In this section the individual behaviour of the component Green functions of

∆GX will be investigated. A plot of Tt and Tc is shown in Fig. 6.3, again the be-

haviour of Tb is similar to Tt so it is omitted. As was found with ∆G, the central

adsorbed case is several orders of magnitude smaller than the top adsorbed,

the imaginary part exhibiting the most drastic difference. The changing be-

haviour of TX between cases arises from the parameters

γt = g11

γb = 2(g11 + g12)
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Figure 6.3: Real (solid) and imaginary (dashed) parts of Tt (black) and Tc
(red) around the Dirac point. The impurities are parametrised by εa = |t|
and τ = −2 |t|. Due to the large difference in magnitude a log-linear plot
of the same data is shown as inset.

γc = 6(g11 + 2g12 + 2g13 + g14).

From inspecting the component Green functions it can be shown that in the

low energy region

Im(g11) ≈ −2 Im(g13)

Im(g14) ≈ −2 Im(g12)
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which leads to cancellations in γc which in turn explains the vanishing imagi-

nary part of Tc. For the real part there is no cancellation of terms, rather γc takes

a large value due to the large number of single Green functions added together

has the effect of reducing Re(Tc). However this does not seem to account for

the diminished scattering of the central adsorbed case alone. It follows that the

remaining terms αc and βc in the numerator of ∆Gc must be giving rise to the

suppressed scattering. A plot of αXβX for top and central adsorbed impurities

is shown in Fig. 6.4. The similarity with the plot of ∆GX in Fig. 6.2 should

be noted. Clearly the qualitative features and the small magnitude of ∆Gc are

coming from these terms almost exclusively. Recall

αt = gA1, αb = gA1 + gA2

and

αc = gA1 + gA2 + gA3 + gA4 + gA5 + gA6.

Assuming A and the impurity location are sufficiently separated these Green

functions can be approximated by the SPA expression for the long-range Green

functions (Sec. 3.2.2)

gij(E) ≈ Ā(E)N(E)eiq(E)D
√
D

.

If A is at a distance D in the armchair direction clearly

αt ≈
Ā(E)eiq(E)D
√
D

(
E
)

and

αb ≈
Ā(E)eiq(E)D
√
D

(
E + f(k)

)
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Figure 6.4: Real (solid) and imaginary (dashed) parts of αtβt (black) and
αcβc (red) around the Dirac point. The impurities are parametrised by
εa = |t| and τ = −2 |t|. Due to the large difference in magnitude a log-
linear plot of the same data is shown as inset.

however for the central adsorbed case the majority of Green functions lie slightly

off the armchair axis. This can be resolved by inclusion of a phase factor, as

demonstrated in Fig. 6.5. The term αc can then be written

αc ≈
Ā(E)eiq(E)D
√
D

(
E(1 + eik·a1 + eik·(a1−a2)) + f(k)(1 + e−ik·a2 + eik·(a1−a2))

)

≈ Ā(E)eiq(E)D
√
D

(
Ef(k) + f 2(k)e−ik·a2

)
.
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Figure 6.5: While gA1 can be expressed through the SPA directly gA5 re-
quires an extra phase term as it lies slightly off the armchair axis. The cor-
rective term is eik·v where v = a1−a2 where a1 and a2 are the conventional
real-space lattice vectors of graphene.

where the simplification has been done using

f(k) = 1 + eik.a1 + eik.a2 .

In the low-energy limit, momentum values are confined to the linear region

around the Dirac points so the approximation

f(k) ≈
√

3a |δk|

can be used (see Appendix B.1). Therefore to first order ∆Gt ∼ E2 and ∆Gb ∼

E2 but ∆Gc ∼ E2 |δk|2, hence the scattering of central adsorbed impurities

vanishes in the low-energy limit.
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6.2 Uniaxial strain

The results of the last section show that the source of the scattering suppression

of the central adsorbed impurity comes from the interference of Green func-

tions arising from the symmetry breaking in the lattice. Therefore by breaking

the lattice symmetry by uniaxial strain the interference should be reduced and

the scattering increased. In this section uniaxial strain will be introduced to

graphene and the behaviour of αcβc in the small strain limit will be examined.

It will be shown that a linear strain term appears which is independent of q,

so the scattering should no longer be suppressed and is instead enhanced by

increasing the strain. This is corroborated with numerical calculations of ∆Gc,

Tc and αcβc.

Uniaxial strain can be introduced via the strain tensor [153]

Ω = Ω

 cos2 θ − σ sin2 θ (1 + σ) sin θ cos θ

(1 + σ) sin θ cos θ sin2 θ − σ cos2 θ


where Ω is the strain parameter (up to around a physically achievable maxi-

mum of 0.2 for graphene), σ = 0.165 is the Poisson ratio for graphite and θ is

the angle of applied strain taking values θ = 0 and θ = π
2 for zigzag and arm-

chair strain respectively. Graphene has extraordinary elastic properties and

can withstand reversible deformations of approximately 20% depending on

direction of strain [154]. The act of straining it modifies the physical and elec-

tronic structure by changing the bond lengths in the system and destroying

the six-fold symmetry. While this would also affect the different overlaps τi

between the impurity and the host this will not be altered in the following

calculations. This is done so as to isolate the effect of the changing lattice sym-
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metry, its inclusion would serve only to enhance the effect by further changing

the symmetry.

Any vector v0 in the unstrained system undergoes the transformation

v = (I + Ω) · v0,

for example the new primitive lattice vectors are

a1 = 3
2a(1 + Ω)x̂+

√
3

2 a(1− σΩ)ŷ

a2 = 3
2a(1 + Ω)x̂−

√
3

2 a(1− σΩ)ŷ.

Concerning electronic structure the change in bond lengths has been accom-

modated using an equation shown by Pereira et al. [153] which gives expres-

sions for the three different hopping values between nearest neighbour atoms.

Using this prescription the strain-dependent Green functions can be derived

in a similar way to the regular lattice Green functions shown in Chap. 3. Their

derivation along with the long-range SPA form have been derived previously

by Power et al. [155] and in the interest of conciseness will not be shown here.

To briefly demonstrate the effect of strain on the electronic structure the LDOS

is shown in Fig. 6.6 for cases of unstrained and armchair strain of Ω = 0.2. The

spectral range has been reduced by around 80%, having undergone compres-

sion along the energy axis (spectral compression), and two new singularities

have been formed. In unstrained graphene the van-Hove singularities in the

spectrum coincide with the hopping integral energy t, however by breaking

the symmetry of the system the differing bond lengths results in two sepa-

rate t values. This is the source of the extra peaks and the altered density of
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Figure 6.6: Graphene’s LDOS spectrum for Ω = 0 (black) and Ω = 0.2 (red)
uniaxial armchair strain.

states. A plot of ∆Gt and ∆Gc for armchair strain of Ω = 0.2 is shown in

Fig. 6.7 and should be directly compared to the unstrained case in Fig. 6.2. It is

immediately clear that the scattering is enhanced for the central adsorbed im-

purity and that it is now comparable in magnitude to the top adsorbed case.

Compared to the unstrained case the scattering of the top adsorbed has also in-

creased by an order of magnitude, which can be seen by comparing the scales

of Fig. 6.7 and Fig. 6.2. The oscillatory behaviour of both functions has in-

creased due to the spectral compression of the system Green functions, as was

demonstrated with the LDOS spectrum in Fig. 6.6.
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Figure 6.7: Real (solid) and imaginary (dashed) parts of ∆Gt (black) and
∆Gc (red) around the Dirac point with uniaxial armchair strain of Ω = 0.2.
The equivalent unstrained plot is shown in Fig. 6.2. The impurities are
parametrised by εa = |t| and τ = −2 |t|.

The source of the scattering enhancement of the central adsorbed impurity,

whether arising from Tc or αcβc, will now be investigated. A strain dependent

form of αc will be derived and the behaviour of the function around the Dirac

points examined. This causes the appearance of a q independent term which

is linear in Ω, and this explains the increase in scattering in ∆Gc as it does

not disappear in the low-energy limit. It should be noted that with increasing

strain the position in momentum space of the Dirac points changes and does

not follow the border of the FBZ in reciprocal space, unlike the unstrained case.

It is possible to write a closed-form expression for this movement as a function
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of strain, or to calculate it numerically, however this would make a similar

expansion to that below extremely lengthy and the same general result would

be found. As the limit Ω → 0 is taken the assumption that the Dirac point

position has not moved can be rationalised, and that the forthcoming solution

represents the first order response to the applied strain.

Using the strain-dependent SPA Green functions it is straightforward to rewrite

a strain dependent αc

αc(E,Ω) ≈Ā(E,Ω)eiq(E,Ω)D
√
D

×
(
E(1 + eik·a1 + eik·(a1−a2)) + f(k,Ω)(1 + e−ik·a2 + eik·(a1−a2))

)

where Ā(E,Ω), q(E,Ω) and f(k,Ω) are now strain dependent and

k · a1 = kx
3
2a(1 + Ω) + ky

√
3

2 a(1− σΩ)

k · a2 = kx
3
2a(1 + Ω)− ky

√
3

2 a(1− σΩ).

The substitution kA = 3
2akx and kZ =

√
3

2 aky can be made as was done with the

unstrained case to yield

f(k,Ω) = 1 + eikA(1+Ω)+ikZ(1−σΩ) + eikA(1+Ω)−ikZ(1−σΩ).

Substituting this into αc(E,Ω) and dropping the Ā(E,Ω)eiq(E,Ω)D
√
D

prefactor gives

αc ∼ eikZ(1−σΩ)
(

3 + E + 2 cos (−2kZ(1− σΩ))

+ 2(2 + E) cos (kZ(1− σΩ))+

i sin (kA(1 + Ω))(1 + E + 2 cos (−2kZ(1− σΩ)))
)
.
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If an expansion around the Dirac point kA = π and kZ = π
3 is taken along with

a first-order expansion in Ω

αc ∼ h(E,Ω) +O(δk)

where

h(E,Ω) = e
i
3π(1−σΩ)

(
− 3 cos(πΩ)− E cos(πΩ) + 4 cos

(
π(1− σΩ)

3

)

+ 2E cos
(
π(1− σΩ)

3

)
− 2 cos(πΩ) cos

(2π
3 (1− σΩ)

)
− i sin(πΩ)

− iE sin(πΩ)− 2i cos
(2π

3 (1− σΩ)
)

sin(πΩ)
)

which is finite. In the limit of small energy and strain this becomes

h(E � 1,Ω� 1) ∼ Ω2π
2ei

π
3

3 (3− 2i
√

3σ − σ2)

+ E
πei

π
3

√
3

(
Ω(σ −

√
3i) + Ω2 π

6
√

3
(9− 6σ − σ2(1 + 2i

√
3))
)

which is non-zero at E = 0.

At all energies, if Ω = 0, it is evident that h = 0 so αc ∼ O(δk) which agrees

with the unstrained case of αc presented in the previous section. If αc ≈ βc is

assumed, which is reasonable if sites A and B are a similar distance from the

impurity, then

∆Gc ∼ h2(E,Ω) +O(δk)2

at low energies and the scattering is no longer suppressed, rather it is enhanced

by the degree of strain applied. This is corroborated with numerical results for

αcβc in Fig. 6.8 and Fig. 6.9, and ∆Gc in Fig. 6.7. In all figures it can be seen that

the increased strain has enhanced these quantities, leading to a large amount
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Figure 6.8: Real (solid) and imaginary (dashed) parts of αtβt (black) and
αcβc (red) around the Dirac point with uniaxial armchair strain Ω = 0.2.
The equivalent unstrained plot is shown in Fig. 6.4. The impurities are
parametrised by εa = |t| and τ = −2 |t|. Due to the large difference in
magnitude a log-linear plot of the same data is shown as inset.

of scattering for the central adsorbed impurity. Concerning the top adsorbed

impurity, the only change in αtβt is spectral compression, which was shown to

arise from the Green functions of the system. Clearly

αtβt ≈
(
Ā(E,Ω)eiq(E,Ω)D

√
D

E
)2

depends only on a single long-range Green function and as such there is no

strain-dependent phase term, hence the unchanging magnitude upon strain-

ing.
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Figure 6.9: |αcβc| as a function of E for central bonded impurities. The
black (red) line corresponds to the case of unstrained (strained Ω = 0.2)
impurities. Inset shows the logarithm of the difference between the two
curves of the main panel plotted as a function of uniaxial strain for fixed
values of energy. The black line corresponds E = 0, red for E = 0.01 |t|
and dashed for E = 0.05 |t|.

The behaviour of the T-matrix with strain can also be studied. This is plot-

ted numerically in Fig. 6.10 and should be compared to the unstrained case in

Fig. 6.3. Remarkably the only change in Tt comes from the spectral compres-

sion of the Green functions which has shifted the features towards the charge

neutrality point, however the overall magnitude is unchanged from the un-

strained case. This shows that the apparent increase in ∆Gt is coming from the
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Figure 6.10: Real (solid) and imaginary (dashed) parts of Tt (black) and
Tc (red) around the Dirac point with uniaxial armchair strain Ω = 0.2.
The impurities are parametrised by εa = |t| and τ = −2 |t|. Due to the
large difference in magnitude a log-linear plot of the same data is shown
as inset.

spectral compression only and not from other effects. Concerning Tc, a small

dip can be observed in the real part, however it has a similar magnitude to the

unstrained value. Im(Tc) however is no longer suppressed as the Green func-

tion interference within the intra-impurity host sites has diminished - a conse-

quence of breaking the underlying system symmetry through strain. The min-

imal change in TX further supports the hypothesis that the long-range Green

function interference is what determines the scattering behaviour.

In this section it has been shown that the suppression of the scattering for a
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central adsorbed impurity observed in unstrained graphene can be mitigated

by the introduction of uniaxial strain. In the unstrained case considered in the

previous section it was found that destructive interference between long-range

propagators reduces the scattering amplitude. By applying strain this alters

the symmetry of the underlying system and the interference becomes increas-

ingly less destructive, enhancing the scattering to the same order of magnitude

as is exhibited for top and bridge adsorbed impurities. It was also shown that

the scattering behaviour of top and bridge adsorbates in a strained system is

modified only through spectral compression of the Green functions and not

through interference effects. In the next section these arguments will be sup-

ported further by investigating the effect of different dopant species on the

conductance through a graphene nanoribbon. It will be shown that the scat-

tering suppression leads to no diminished conductance in the central adsorbed

case, even with high impurity concentrations.

6.3 Electrical conductance

In this section the electrical conductance of graphene nanoribbons doped by a

concentration of top or central adsorbed impurities is investigated. The doped

systems are built recursively using the methods introduced in Sec. 2.5.3. A

schematic of an 8-atom wide graphene nanoribbon with an armchair edge (ab-

breviated 8-AGNR) constructed in this manner is shown in Fig. 6.11 and the

DC conductance calculated using the Kubo formula of Eq. 2.27. The pristine

conductance spectrum for this system is shown in Fig. 6.12. The focus of this

investigation will be on the area immediately surrounding zero energy, which

like bulk graphene is the most accessible region of the spectrum for experimen-



6.3. Electrical conductance 169

Figure 6.11: Schematic of a doped 8-AGNR (top) with unit-cell representa-
tion (bottom). The system is constructed using a 16-atom unit-cell similar
to that shown for nanotubes in Sec. 3.3.4 - two semi-infinite leads (L and R)
are connected to a region (D), enclosed by the dotted box, which contains
impurities. Here the central region has length three unit cells and contains
four central adsorbed impurities. The conductance is calculated through
the interface between cells labelled 3 and 4 using the Kubo formula.

tal applications. The advantage of using recursive methods is the possibility to

handle the large number of possible configurations needed to simulate a realis-

tic doping scenario and produce a statistical average. Leading on from the ar-

gument that central adsorbed impurities in intrinsic graphene have very little

scattering close to the Dirac point, here it will be shown that the conductance of

a nanoribbon device with sizeable concentrations of central adsorbed impuri-

ties is virtually unmodified in comparison to the pristine case. The suppression

of conductance changes is a consequence of the scattering suppression, which

prevents the back-scattering of electrons down the nanoribbon. The unchang-

ing conductance of the central adsorbed impurity case stands in stark contrast
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Figure 6.12: Conductance through a pristine 8-AGNR which is always an
integer multiple of the quantum of conductance e2

h
.

to top adsorbed impurities which exhibit an appreciable reduction in conduc-

tance, even for modest dopant concentrations. The consequence of this is that

gas sensors which rely on electrical measurements can be expected to be far

less sensitive to dopant species that tend to adsorb at the central hexagon site.

The first step is considering the modification of the conductance produced by

a single dopant in the scattering region. It should be clarified that systems

contain either top or central adsorbed impurities, not both. The top adsorbed

impurity is connected to site T and the central to site C labelled in Fig. 6.1.

Both impurity species were parametrised by εa = 0.3 |t| and τ = −2 |t|. These

parameters were chosen in order to shift the usual self-energy resonance (de-
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Figure 6.13: Conductance spectrum for an 8-AGNR with a single top ad-
sorbed (dashed) or central adsorbed (solid) impurity. Both impurities have
the parameters εa = 0.3 |t| and τ = −2 |t|. The pristine conductance in this
region is exactly 1. The position in the spectrum of both of these reso-
nances changes slightly depending on where the impurity is placed with
respect to the width of the nanoribbon, however the other features remain
unchanged.

termined by divergence in gaa = 1
E−εa ) away from the Dirac point to prevent

obfuscation of the results. A plot of the conductance around zero energy is

shown in Fig. 6.13.

Clearly top adsorbed impurities reduce the conductance much more drasti-

cally than their central adsorbed counterparts, the conductance in the for-

mer case being significantly reduced across a wide range of the spectrum. In

contrast, the conductance of central adsorbed impurities is almost identical
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to the pristine case with the exception of a narrow resonance energy around

E = 0.11 |t|. This corroborates the argument made throughout this chapter,

that central adsorbed impurities do not scatter conduction electrons at low

energies. To check this is not a quirk of the chosen parameters, supporting

evidence is shown in Fig. 6.14 of Γ(E = 0.11 |t|) against a varying onsite en-

ergy εa which confirms the observed resonance exists for an extremely specific

impurity parametrisation only. The resonance energy is analogous to the di-

vergence in the T-matrix Tc = Σ
1−γCΣ discussed in the previous sections, where

an energy can be found such that γc(E)Σ(E) = 1 and scattering is enhanced.

This is clearly coincidental and requires fine tuning of either E or the impurity

parameters to produce this. Recent research by Garcia et al. [156] has studied

Anderson localisation driven by adatom disorder in graphene. They found

that despite the suppression of the scattering cross section due to destructive

interference in central adsorbed impurities, the system undergoes an Ander-

son metal-insulator transition but only for particular values of the doping and

the impurity resonance energy. The results shown in Fig. 6.13 and Fig. 6.14

suggest that such a transition would require a very precise parameter tuning.

The change in conductance as a result of a finite impurity concentration can

also be considered. The system is built as shown in Fig. 6.11 with a scatter-

ing region of 100 cells, following the prescription described in Sec. 2.5.3. A

given number of impurities corresponding to a concentration are then added

throughout this region via a random process. Configurational averaging is

then carried out by taking the average conductance of 1000 systems for each

concentration value. Results are shown in Fig. 6.15. A very small percentage

(0.01%) of top adsorbed impurities is sufficient to reduce the conductance of a

graphene ribbon to 50% of its pristine value whereas no reduction can be seen

for central adsorbed scatterers, requiring extreme magnification of the initial
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Figure 6.14: Conductance at E = 0.11 |t| versus impurity parameter εa
in an 8-AGNR with a single top adsorbed (dashed) or central adsorbed
(solid) impurity.

plot to distinguish the change from the pristine value (see inset). This negli-

gible change in conductance, even for relatively large values of concentration,

confirms the hypothesis that even at appreciable concentration levels the cen-

tral adsorbed impurities exhibit virtually no scattering at low-energies.

6.4 Chapter summary

In this chapter it was argued that central adsorbed impurities in graphene have

their scattering suppressed due to symmetry effects and destructive interfer-
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Figure 6.15: Conductance as a function of the impurity concentration ρ.
The red (black) line corresponds to the case of top adsorbed (central ad-
sorbed) impurities. The parameters EF = 0, τ = −2t and εa = 0.3t were
used. As the change in conductance for the central adsorbed case is hard
to distinguish at this scale the inset shows a magnified version of change in
conductance from pristine (∆Γ) for this case. The configurational average
calculation data is plotted as black triangles with a polynomial regression
as the black line provided as a visual aid. This indicates that the con-
ductance does decrease with increasing ρ, but extremely slowly. All data
points were averaged over 1000 configurations.

ence of the long-range propagators. Furthermore it was shown that top and

bridge adsorbed impurities do not suffer from this issue. The natural conclu-

sion of this is that graphene would function as a good sensor for chemicals

preferring the latter two adsorption profiles, but that central adsorbed are far

from ideal from this purpose. Nevertheless, they could be used for sensitive
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strain sensors where the underlying hexagonal symmetry of the lattice, the

source of the scattering transparency, is broken and the scattering greatly en-

hanced. It was shown that this can be done by applying uniaxial strain, as

altering the system in such a manner reduces the destructive interference and

lifts the suppression of the scattering cross-section of central adsorbed impu-

rity. This directly demonstrates that graphene hosting central adsorbed im-

purities can function as efficient strain sensors. Despite the simplicity of the

model these findings are extremely general - that these effects do not depend

on the parametrisation of the impurities but on their symmetry breaking in-

stead. By classifying dopants according to their bonding symmetry this leads

to a more efficient way of identifying strong and weak scatterers. Rather than

using a trial and error approach the work in this chapter offers an alternative

method to establish good candidate substances for graphene sensors.





Chapter 7

Sublattice segregation of impurities

in carbon nanomaterials

A frequently discussed issue in this thesis is that one of the main problems

with using regular graphene for electronics applications - e.g. ultra high-speed

transistors, integrated circuits and other novel devices [8, 32] - is the absence

of a band gap in the electronic band structure. This lack of band gap means

that any field effect transistors made using the material would be unable to be

switched off, rendering it useless as a logic device. In the introduction chap-

ter, experimental research involving nitrogen doped graphene was discussed

as a method to produce this band gap, and moreoever that the gap is tunable

by varying the impurity concentration. The conventional doping process dis-

tributes the impurities randomly in the lattice which has a detrimental effect

on the electronic transport due to scattering, as was illustrated in the previ-

ous chapter. In Sec. 1.3 a refinement of the method which circumvents the

177
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Figure 7.1: Distribution of nitrogen dopants in CVD (pyridine)-grown
doped graphene. (a) STM image (100 x 100 nm2 , 1 V, 1 nA) of CVD-grown
doped graphene on Cu(111). Dopant sublattices are highlighted by red (A)
and blue (B) triangles. Scale bar = 10 nm. (b) Spatial analysis of sublattice
distribution. Down black triangle = sublattice A. Up white triangle = sub-
lattice B. fA (or fB) represents the fraction of dopants in sublattice A (or
B) within a local radius. The colour scale represents fA and fB and ranges
from 0.5 (white) to 1 (red and blue for A and B, respectively). 〈dN−N〉 =
average inter-dopant separation. 〈f〉 = average degree of sublattice segre-
gation. (c) Map of p-values corresponding to the ratios shown in map b,
obtained under a null hypothesis. Adapted with permission from [62].

scattering problem was introduced - sublattice segregation of the dopants. An

overview of the current theoretical and experimental research was given with

the main result being that there is quasi-ballistic electron transport on the un-

doped sublattice [60–64]. This bypasses the problem of increased scattering

with larger band gaps and takes the segregation effect from a mere theoret-

ical curiosity to a potentially very powerful tool. The physical mechanism



179

behind the phenomenon of the sublattice ordering is still debated, however

there is mounting evidence that demonstrates the segregation effect occurring

in a variety of other scenarios. These were also outlined in Sec. 1.3. If the seg-

regation is observed in other situations it suggests that it is not solely a CVD

growth-based phenomenon, as was originally proposed, and so a fuller un-

derstanding is required. It is clear that if the mechanism behind this effect can

be understood and harnessed it would offer new possibilities at the very least

for graphene-based electronic devices. Even more tantalising is the prospect

that it could arise with other dopants or even other materials. With this as

motivation, this final investigatory chapter is devoted to formulating a physi-

cal explanation of the sublattice segregation effect, based on the mathematical

framework developed over the course of this thesis.

Using the techniques derived throughout this work it will be demonstrated

that this phenomenon arises through inter-impurity interactions in the sam-

ple, mediated by the conduction electrons. The structure of the chapter is as

follows. In Sec. 7.1 the foundations of the model are lain with a thorough in-

vestigation of the energetic behaviour of two nitrogen impurities embedded in

bulk graphene. This is done by studying Friedel oscillations in the total energy

∆E as a function of the spatial configuration of the impurities. Experiment has

found that nitrogen pairs in close proximity will exhibit next-nearest neigh-

bour ordering. Using the model for a single pair of impurities at a distance

apart, the case of pairs of pairs of impurities will also be studied. In both cases it

is found that the impurities will prefer a same sublattice ordering if the system

Fermi energy is EF = 0, that is to say their energy is lowered in this configura-

tion. The oscillations in ∆E are masked by commensurability with the lattice

spacing, as was seen in the Friedel oscillations in ∆n and ∆ρ in Chap. 5. When

EF 6= 0 the oscillations appear in ∆E and these vary with the exact value of
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EF . A supporting argument for these findings can be made through the SPA

Green functions and this is shown in Sec. 7.1.2. In Sec. 7.2 the two impurity

case is extended to a finite concentration of them. The increase in dopant con-

centration causes a corresponding increase in EF away from the Dirac point,

necessitating a more nuanced approach. Starting with a two-dimensional Pois-

son distribution of impurities and assuming that pairwise interactions will be

dominant, the lowest energy configuration for the ensemble is calculated as a

function of concentration. It follows that these interactions and the underlying

Friedel oscillations are driving the sublattice segregation effect. While these os-

cillations would normally be averaged out in the case of randomly distributed

impurities, in graphene they have almost the same periodicity as the lattice.

As a result the total interaction energy of the impurities in the system does

not vanish and instead is lowered for the sublattice segregated situation. A

surprising outcome of this method is the existence of a critical concentration

of impurities, just under 1%, beyond which the effect is predicted to no longer

exist. This could explain why early experiments using higher concentrations

did not observe the effect. To demonstrate the flexibility and robustness of the

interaction-based model, other scenarios will be proposed in which the seg-

regation effect should occur. The first scenario considered is metallic CNTs

of varying sizes with armchair and zigzag geometries, where a concentration

of top adsorbed hydrogen impurities are distributed on the surface. This is

covered in Sec. 7.3. As demonstrated in Sec. 5.2 their reduced dimensionality

decreases the decay rate of the underlying Friedel oscillations, enhancing the

inter-impurity interactions. A Monte Carlo method is used to model a disor-

dered distribution of the adsorbates which are then relaxed into their lowest

energy state using the pairwise interaction model. Sublattice segregation is

found, being most pronounced at dilute concentrations and narrow diameter
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CNTs. A second scenario is presented in Sec. 7.4 where Gaussian strain func-

tions as the initial sublattice symmetry breaking operation, instead of it being

caused by an impurity. This destroys the sublattice symmetry of the system

and causes an imbalance in the energetic favourability of each sublattices, as

a consequence an adsorbate will prefer to adsorb on one sublattice over the

other. Furthermore it is shown that the energetic imbalance between sublat-

tices is tunable with the strain applied.

7.1 Inter-impurity interaction energy

In Chap. 5 it was reported that Green functions methods can be used to calcu-

late the spatial oscillations in ∆n and ∆ρ caused by the introduction of impuri-

ties in graphene. Furthermore it was shown that when two or more impurities

are introduced into a system they can experience a coupling, which is me-

diated by the conduction electrons. An example of this was the interference

effect seen in ∆n for two substitutional impurities in Sec. 5.1.2. Consider now

the change in a system’s total electronic energy ∆E due to the presence of two

substitutional impurities. If they are placed at lattice positions A and B and

have onsite energy λ the perturbation is described by

V̂ = |A〉λ 〈A|+ |B〉λ 〈B| .

The expression for ∆E was derived in Eq. 2.17 and is given here again for

convenience

∆E = EF∆N + 2
π

Im
∫ EF

−∞
dE ln det

(
Î − ĝV̂

)
.
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where the factor of 2 accounts for spin degeneracy. The term EF∆N will be

omitted from here on as it is configuration independent and a constant, de-

pending only on the impurity type (for two nitrogens, ∆N = 2). Due to the

functional similarity with ∆n one already naturally expects that the arrange-

ment of the two impurities will be important. Therefore by calculating ∆E as

a function of the relative positions of the two impurities there will be certain

configurations that are more energetically favourable than others. It is possible

to identify two separate contributions to ∆E by expanding the integrand

ln det
(
Î − ĝV̂

)
= ln det

 1− gAAλ −gABλ

−gBAλ 1− gBBλ


= ln

(
(1− gAAλ)(1− gBBλ)− g2

ABλ
2
)

= ln
(

((1− gAAλ)(1− gBBλ))(1− g2
AB

(1− gAAλ)(1− gBBλ))
)

= ln((1− gAAλ)(1− gBBλ)) + ln
(

1− g2
AB

(1− gAAλ)(1− gBBλ)

)

= 2 ln(1− gAAλ) + ln
(

1− g2
AB

(1− gAAλ)2

)
(7.1)

where for the last line the equivalence gAA = gBB was used. The first term

is associated with the individual impurities and is clearly independent of the

separation of A and B. Upon integration, this term is equal to the energy

∆E1 = 2
π

Im
∫
dEf(E) ln(1− gAAλ). (7.2)

This quantity is equal to the system energy change when a single nitrogen

impurity is added, hence it is both separation and configuration independent

and so takes a constant value in this scenario.
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The second term in the full ∆E integrand is an interaction term dependent

on the impurity configuration, which can be inferred through the presence of

the off-diagonal GF gAB. This term is defined as the interaction energy ∆EAB,

which in full form is

∆EAB = 2
π

Im
∫
dEf(E) ln

(
1− g2

ABλ
2

(1− gAAλ)2

)
. (7.3)

It is now clear that the total energy change can be written in terms of the sepa-

rate configuration independent and configuration dependent contributions

∆E = 2∆E1 + ∆EAB.

To investigate the energetic favourability of different configurations a dimen-

sionless configuration energy function (CEF) for substitutional impurities

βS(EF ) = ∆EAB
|2∆E1|

. (7.4)

should be defined. This quantity describes the change in energy of the sys-

tem due to the interference between the two impurities, relative to the total

energy change in the system for two non-interacting (infinitely separated) im-

purities. Positive values of the CEF correspond to less favourable configura-

tions whereas negative values correspond to favourable configurations which

decrease the total energy of the system. By calculating the CEF for differ-

ent impurity configurations it can be established which ones are energetically

favourable, and thus more likely to be realised in experiment. A map of βS(EF =

0) values for a large number of different configurations is shown in Fig. 7.2.

The nitrogen impurities are characterised by the parametrisation λN = −10eV

given by Lambin et al. [127].
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Figure 7.2: Contour plot of the calculated CEF βS for a substitutional ni-
trogen impurity fixed at the center (red) and a second nitrogen impurity
being moved around nearby lattice sites at EF = 0. Each impurity is char-
acterised by the same onsite energy λN = −10eV. Each site is then colour
coded according to the value of βS for that configuration.

To understand the figure, one impurity is fixed at the red circle corresponding

to a site on the black sublattice. βS is then calculated with the second impu-

rity located at each of the sites on the map, with the shading of the triangle

surrounding each site corresponding to the βS value for that configuration.

It is apparent that, with the exception of nearest-neighbour site impurities, a

general trend exists where the second impurity prefers to locate on the same

sublattice as the initial impurity. This trend gives rise to the chequerboard-like
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pattern seen in Fig. 7.2 where same sublattice (black) sites are surrounded by

darker triangles, corresponding to lower energy configurations, than the oppo-

site sublattice (white) sites. The discrepancy in the nearest-neighbour results

is most likely due to the parametrisation being too limited - if impurities are

placed in close proximity to one another they will interact and hence a more

delicate parametrisation should be used as was argued in Chap. 5. By utilising

an alternative parametrisation (e.g. λ = −4eV as was found in Chap. 4) the

inconsistent local behaviour is indeed removed and same sublattice configura-

tions are favourable universally, confirming the sensitivity of results for local

sites to the impurity parametrisation.

As with the case of FOs in ∆n and ∆ρ it is useful to consider a cross section

of βS . Doing so can clarify the underlying mathematical behaviour and this

is shown in Fig. 7.3 for different impurity configurations with an armchair

separation. The case identical to the contour plot depicted in Fig. 7.2 is shown

in the upper-left panel and it is clear that the same sublattice configuration has

an opposite sign to the opposite sublattice case at all separations D, indicating

that it is always lower in energy. The magnitude of β decays as D−3 in both

cases which is the same decay rate that was found for the ∆n FOs in Chap. 5.

This is not by coincidence and can be explained by examining the form of gAB

which determines the distance dependence of ∆EAB in Eq. 7.3. Furthermore,

expanding ∆EAB to first order in λ results in a similar equation to Eq. 5.2

for the FOs in ∆n. It follows that a similar decay profile should be expected.

The two impurity case is plotted again for EF 6= 0 in the upper-right panel of

Fig. 7.3, revealing an oscillatory behaviour and D−2 decay rate which again

matches the qualitative ∆n behaviour. It can be seen then that the FOs both in

∆n and βS display the same distance dependent behaviour due to the similar

dependence on off-diagonal Green functions that appears in both quantities. A
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Figure 7.3: Upper-left: Cross-section of Fig. 7.2 along the armchair direc-
tion with the fixed impurity at D = 0 on the black sublattice. The data for
the CEF on black (white) sublattice sites away along the cross-section are
indicated by the black (red dashed) line showing theD−3 decay profile and
the inset schematics show the corresponding configuration in both cases.
Upper-right: similar to above but with a Fermi Energy EF = 0.2|t|. The
presence of Friedel oscillations can be seen with a decay of D−2. Bottom-
left: two pairs of impurities. βN2 is plotted as a function of D for EF = 0.
Bottom-right: same as the bottom-left panel but with EF = 0.2|t|. This ex-
hibits the same features as the case of two isolated impurities with a slight
phase shift.

supporting argument to the numerical calculation suggesting the ubiquitous

preference for same sublattice configurations at EF = 0 is presented shortly in

Sec. 7.1.2 using the SPA Green functions.
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7.1.1 Pairs of impurities

Recent experimental observations, corroborated by DFT calculations, suggest

that two nitrogen impurities in close proximity to each other prefer to oc-

cupy sites on the same sublattice in a quasi-neighbouring configuration [60,

61] hereon referred to as N••2 configuration. This configuration is preferred

over the nearest-neighbour configuration N•◦2 which was calculated as being

the most favourable configuration in the last section using the parametrisation

λ = −10eV. Schematics of these two configurations were shown in the chapter

on Friedel oscillations in Fig. 5.10 where the resulting ∆n profiles were stud-

ied. Despite the limitations of the tight-binding model for small separations,

it was shown that the parametrisation λ = −4eV removes this short-range in-

consistency and a fit to the experimentally observed configuration obtained.

While this is rather simplistic and neglects effects such as orbital hybridisa-

tion between the impurities, it produces the correct configuration. The crux of

these arguments for the proposed mechanism behind the sublattice segrega-

tion does not rely on the physics of this short-range behaviour of N••2 or N•◦2

pairs, but rather the general long-range behaviour for either single impurities

or pairs.

One huge advantage of using a Friedel oscillation based approach is that they

can be used to study systems with multiple N••2 type impurities. Experimental

evidence suggests that not only do pairs of nitrogen impurities prefer the N••2

to the N•◦2 configuration, but that a pair of pairs of the N••2 impurities prefer to

locate on the same sublattice. In other words, that two N••2 or two N◦◦2 impu-

rities are formed in preference to one of each. Numerical investigation of such

systems using DFT calculations is limited to small separations which makes it
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difficult to explore the behaviour which emerges in more highly-doped larger

scale systems. Moreover when considering large distributions of impurities,

the total interaction energy in the system should be expected to scale with the

number of possible pairs in the system, going as ∼ N2 for N impurities. By

extending the model discussed for single substitutional nitrogen dopants in

the previous section, it is possible to investigate these types of systems. In this

scenario the individual impurities are now N••2 or N◦◦2 defects, shown as insets

in the bottom-left panel of Fig. 7.3. Consider a N••2 -type impurity at location A

and introduce a second N••2 or N◦◦2 impurity a distance D away at site B. The

CEF can be calculated for such a configuration analogously to Eq. 7.4,

βN2(EF , D) = ∆EN2
AB

|2∆EN2
1 |

, (7.5)

where now ∆EN2
1 is the total change in energy of introducing a single N••2 or

N◦◦2 impurity. This quantity is plotted for the case when the second impurity is

also a N••2 (black curve) and when it is a N◦◦2 (red dashed curve) in the upper-

right panel of Fig. 7.3. Similar to the pairs of single impurities case, same

sublattice impurity configurations are also preferential in the pairs of pairs

scenario.

To benchmark these calculations, it is worth comparing the results for ∆EN2
AB

to the DFT calculation performed by Lv et al. [61] for a single value of sepa-

ration. Calculations were performed for both two N••2 -type impurities and for

a configuration with one N••2 and one N◦◦2 . In both cases the impurity pairs

had a separation of approximately D = 7. An energy difference of 14meV

is reported using the DFT calculation[61] compared to 2.3 meV for the tight-

binding model and in both cases the double N••2 configuration was more en-

ergetically favourable. The numerical discrepancy between the results is to
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be expected due to the overly simple parametrisation of N••2 employed in the

tight-binding model that was used. The qualitative results however are not

strongly affected by the local impurity parametrisation, indicating that the

long-range sublattice ordered doping behaviour may not be unique to nitro-

gen. This is discussed more in a later section where the behaviour of an infinite

ensemble of nitrogen impurities is studied (Sec. 7.2). It should be emphasised

that the same sublattice configuration preference is found for all separations in

the model, explaining the long-ranged ordering seen in experiment [60, 61].

In a similar manner to that discussed for substitutional impurities, a finite con-

centration of N••2 impurities shifts the Fermi energy away from the Dirac point

and introduces oscillations in βN2(D). These oscillations, seen in the bottom-

right panel of Fig. 7.3 produce regions away from the initial N••2 impurity

where a N◦◦2 is more favourable than a second N••2 impurity. However, small

increases in EF would preserve the same sublattice preference in local regions.

This suggests that larger scaled nitrogen doped systems may have alternat-

ing domains where each of the sublattices is dominant, and this prediction is

consistent with experimental observations [61]. An extension of the model dis-

cussed here to include a more accurate parametrisation of the individual N••2

impurities would provide a transparent and computationally efficient method

to explore the formation and size of such domains, and to determine their de-

pendence on the concentration of N dopants and the resultant Fermi energy

shift.
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7.1.2 Alternate method using the SPA

A supporting pen-and-paper argument for the ubiquitous preference for same

sublattice configurations of impurities at EF = 0 can be made using the sta-

tionary phase approximation. Consider the cases where two substitional im-

purities at a large distance of D apart in either a same or opposite sublattice

configuration. The former will be energetically preferred whenever the in-

equality

∆E•• −∆E•◦ < 0

is satisfied. Assuming the Born approximation is valid this can be rewritten

using the previously derived expressions for ∆EAB as

Im
∫ EF

−∞
dE((g•◦AB)2 − (g••AB)2) < EF Im((g•◦AB)2 − (g••AB)2) (7.6)

where the log function has been expanded to first order. Using the SPA the

Green functions can be approximated by gαβAB ∼ ĀNαβeiQD√
D

and thus

(g•◦AB)2 − (g••AB)2 = Ā
eiQD√
D

(f(k)2 − E2)

can be substituted in to both sides of Eq. 7.6. The integral in Eq. 7.6 has the

same form as that used for ∆n (Eq. 5.4) and as a consequence can be solved

via the Matsubara frequency method. When this is done, the resulting version

of Eq. 7.6 can be rearranged to give the much simpler inequality

1
3πtD3 > 0
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atEF = 0. AsD > 0 this condition is always true, given thatD is suitably large

enough for this approximation to apply. Thus same sublattice configurations

are always preferable for two substitutional impurities at large distances and

this is valid independent of the parameter λ, meaning other impurities should

exhibit the same effect.

7.2 Nitrogen doped graphene

The behaviour of a finite concentration of nitrogen impurities embedded in an

infinite graphene lattice will now be modelled. The goal here is to show, in a

mathematically transparent manner, that Friedel oscillations in the local den-

sity of states driven by the presence of substitutional impurities are responsi-

ble for breaking the sublattice symmetry, thereby causing the experimentally

observed segregation effect.

Consider bulk graphene with nitrogen impurities randomly distributed over

both sublattices with concentrations ρ• and ρ◦ denoting the impurity concen-

tration on the black and white sublattices respectively. This distribution of

impurities is very similar to a Poisson point process, particularly at low con-

centrations where the discreteness of the lattice becomes less apparent. There

exists two limiting situations of the impurity distributions. The first is where

ρ• = ρ◦, corresponding to an even distribution between sublattices. The second

is where either ρ• = 0 or ρ◦ = 0, physically equivalent cases, meaning all the

impurities in the system are on only one of the two sublattices. Naturally there

is the added requirement that ρTotal = ρ• + ρ◦ and for simplicity only pairwise

interactions are assumed. This is a fair assumption to make as it was shown

in the previous sections that the energetic coupling decays as D−2 for pairwise
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interactions, but decays much faster for higher order interactions involving

more impurities. Another added requirement is that EF must be readjusted

to above the Dirac point as the system is n-doped by the introduction of the

nitrogen impurities. This could be ignored in the previous cases where only

a handful of impurities were embedded in the infinite system, as the shift in

these situations would be infinitesimal. The relationship between ρ and EF

can be found as follows. Every impurity added will shift the Fermi level such

that the filled states in the global DOS spectrum shifts by ρZ where Z = 1 is

the number of valence electrons donated in the case of the nitrogen. Assuming

a dilute enough distribution of impurities that does not affect the linearised

band structure around the Dirac point too greatly, the linear spectrum of the

global DOS is characterised by

ρ(E) = − 2
π

Im g00

which using the low energy approximation for Im g00 given in Appendix B.2 is

ρ(E) ≈ 2E√
3πt2

.

Assuming the filled states forms a right angle triangle the Fermi level shift can

be approximated as

ρTotal = 1
2E

2E√
3πt2

which through rearranging gives

EF = t
√√

3πρTotal.

If an impurity A on sublattice γ1 is chosen at random then in its frame of ref-
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erence it is located at the centre of the system, experiencing an effective total

energetic coupling from all the other impurities in the system. This can be

expressed as a sum of pairwise ∆EAB terms where B is summed over all the

other impurity sites, i.e.
∑
j ∆EAj . Expanding ∆EAB in Eq. 7.3 using λ� 1 and

following the Matsubara frequency method demonstrated for ∆n in Chap. 5

this interaction can be shown to go as (c.f. Eq. 5.3)

∆EAB ∼ −
2λ2

π
Im

∑
l=0

B(l)e2iq(0)D

(2q(1))l+1Dl+2i1−l
.

with B and q as defined for ∆n. This gives a good approximation for λ �

1 however for realistic impurities with larger λ values it is better to use the

functional form

∆EAj ∼
α cos (2QDAj + φ)

D2
Aj

, (7.7)

where α and φ are fitted, a plot of this is shown in Fig. 7.4 showing very good

agreement. Assuming a lowEF the Green functions of the system and thus the

approximate functional form of ∆EAj is isotropic, so the distance dependence

can be assumed to be valid for all spatial directions, not just armchair separa-

tions, and so Eq. 7.7 can be recast as a function of radial separation r in place

of D which was used primarily for armchair separations only.

From the findings of the last section it is known that this total energetic cou-

pling must be a function of the relative position of the other impurities and

their sublattice arrangements. As the total energetic coupling for a single im-

purity is known a sum can be taken over all impurities to approximate the total

energetic coupling in the system as

E ≈ 1
2
∑
i

∑
j 6=i

∆Eij (7.8)
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Figure 7.4: ∆EAj plotted as a function of the separation between impu-
rities, (top) EF = 0; (bottom) EF = 0.05 |t|, both using the impurity
parametrisation λ = −4eV . Solid (dashed) lines and circular (triangular)
symbols represent ∆EAj when A and j are on same (opposite) sublattices.
Symbols are the numerically evaluated values, whereas the lines follow
the fitted function α cos 2QD+φ

D2 as explained in the text.

where the sum has been halved to account for the double counting of interac-

tion energies. It will now be shown how to approximate this using a simple

argument. Consider an annulus with inner radius r and infinitesimal width

dr formed around the central impurity A and that the oscillation of ∆EAj is

slow enough that the discreteness of the lattice can be ignored. The area of this

ring is 2πrdr and contains 2πrdrρ• and 2πrdrρ◦ impurities on the black and

white sublattices respectively. It follows that the impurities in the region are

at distance r away from site A on sublattice γ1 and will contribute an energy

∆Eγ1γ2
Aj to the sum

∑
j ∆EAj where γ2 denotes the sublattice of j. This leads to
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two distinct cases which from the results shown in Fig. 7.4 are known to have

opposite signs:

∆Eγ1•
Aj (r) ≈ α cos (2Qr + φ)

r2

and

∆Eγ1◦
Aj (r) ≈ β cos (2Qr + ψ)

r2

where α ≈ −β. Hence the energetic contribution of all impurities in the ring is

2πrdr(ρ•∆Eγ1•
Aj (r) + ρ◦E

γ1◦
Aj (r)). Integrating over r yields an approximation for

the total interaction energy experienced by impurity A on sublattice γ1 as

∑
j

∆EAj ≈ 2π
(
ρ•

∫ ∞
σγ1•

drr∆Eγ1•
Aj + ρ◦

∫ ∞
σγ1◦

drr∆Eγ1◦
Aj

)

where σγ1γ2 is the distance from a site on the γ1 sublattice to the nearest site on

the γ2 sublattice. By symmetry considerations

∫
σ••

drr∆E••Aj =
∫
σ◦◦

drr∆E◦◦Aj = S1

and ∫
σ•◦

drr∆E•◦Aj =
∫
σ◦•

drr∆E◦•Aj = S2

which vastly simplifies the above result. These integrals cannot be solved an-

alytically but their numerical solution converges quickly with increasing r.

The total energetic coupling in the system E (Eq. 7.8) can now be determined

following a sum over all the impurities in the system using the previous equa-

tions without loss of generality - the previous arguments hold assuming the

impurities are spread homogeneously throughout the system and their distri-

bution is similar to the Poisson point process. Taking the sum over the entire
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system gives

E ∼ N•
∑
j

∆E•γjAj +N◦
∑
k

∆E◦γkAk

withNγ = limR→∞ πR
2ργ denoting the number of impurities on the γ sublattice

and the sum terms ∑
j

∆E•γjAj = 2π
(
ρ•S1 + ρ◦S2

)
and similarly ∑

k

∆E◦γkAk = 2π
(
ρ•S2 + ρ◦S1

)
.

These equations can be further simplified by defining f to be the fraction of

impurities on the black sublattice, or ρ• = ρTotalf and so ρ◦ = ρTotal(1 − f).

This results in a description of the global system energy as a function of the

number of impurities on each sublattice. When the energy is minimised as a

function of f it reveals the most energetically favourable configuration of the

system. Expanding E and dividing by πR2 to get the total interaction energy

of the system per unit area gives the concise form

E
πR2 ∼ πρ2

Total(2f 2(S1 − S2)− 2f(S1 − S2) + S1. (7.9)

7.2.1 Critical concentration of impurities

Provided S2(λ) > S1(λ), the function E
πR2 has minima at f = 0 and f = 1

and this case is plotted in Fig. 7.5 by the solid black line. This corresponds

to the most energetically favourable configuration being the fully asymmetric

one, where all the impurities occupy only one of the two sublattices. This

suggests the impurity sublattice segregation in graphene is indeed a feature

of the multiple scattering effects between pairs of impurities, captured in the
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Figure 7.5: A normalized plot of the total pairwise interaction energy per
unit area against the fraction of impurities occupying sublattice A with
λ = −4eV . The solid black (dashed red) line is calculated with a total
concentration ρ = 0.7% (ρ = 0.9%), below (above) the critical concentration
ρc. For concentrations above ρc one would not expect to see sublattice
segregation as the system energy is minimised at f = 1

2 .

quantities S1(λ) and S2(λ). Increasing ρ reveals that this is not always the case.

In cases where S2(λ) < S1(λ) the favourability switches to the fully symmetric

case. This is shown in Fig. 7.5 by the red dashed line which shows that total

pairwise interaction energy has a minimum at f = 1
2 . When S1(λ) = S2(λ) this

is defined as the limiting case of critical concentration. At concentrations higher

than this one would not expect to see the sublattice segregation.

To illustrate the magnitude of E
πR2 its value at some typical concentration, the

difference between its maxima and minima and the size of this difference can
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also be computed. As this quantity has dimensions of energy per unit area, it

is useful to consider the difference between the energies of the sublattice seg-

regated (f = 0 or f = 1) and sublattice unsegregated (f = 1
2 ) states over the

typical area occupied by a single impurity, which is a function of the concen-

tration. For example, a concentration ρ = 0.3% and parametrisation λ = −4eV

yields a difference in energy of −880meV. A typical value for the energy dif-

ference per unit area for an impurity in the system can be compared between

the f = 0 and f = 1
2 cases. The energy difference is sizeable and increases

fairly linearly from −1440meV to −50meV as the concentration increases from

0.1% to 0.8%, the estimated maximum critical concentration attainable for ni-

trogen. Assuming that the system is at room temperature and thermal noise of

kBT = 25meV present, one would still expect to see the segregation effect near

0.8% in these calculations.

Throughout this section the importance of the exact parametrisation λ has been

emphasised as its choice will affect the quantitative results. To clarify its effect

Fig. 7.6 shows the the variation in critical concentration ρc as a function of

λ. The exact λ value for nitrogen can be calculated in several different ways

which results in several different possible values. The two parametrisations in-

troduced in Chap. 4 are λ(N) = −4eV and λ(N) = −10eV. It can be seen that for

λ(N) = −4eV the sublattice segregation should occur up until concentrations

of ∼ 0.8%, as demonstrated in Fig. 7.6, well above the experimentally reported

values of ∼ 0.1% − 0.3% [60–62]. However, in the case of λ(N) = −10eV the

critical concentration falls to 0.1%, only slightly below the experimentally re-

ported values. While the quantitative results are dependent on the parametri-

sation the main consequence of Fig. 7.6 that warrants emphasis is that a critical

concentration exists for all values of λ. In other words this inter-impurity in-

teraction model suggests there will always exist a maximum concentration up
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Figure 7.6: Onsite energy λ plotted against the critical concentration ρc.
Nitrogen impurities are most commonly parametrised by λ(N) = −4eV
or λ(N) = −10eV , corresponding to critical concentrations of 0.8% and
0.1% respectively.

to which the segregation effect exists, and that this can be tested experimen-

tally. It is worth noting that the finite size of the experimental domains and

their clearly defined edges are not handled in this model but can be explained

by non-uniformities in the substrate structure, for example step edges, leading

to a disruption in the inter-impurity interactions. An alternative possibility

is that the combined oscillations in ∆E from a large ensemble of impurities

occupying one sublattice may average out in such a way that an opposite sub-

lattice preference could be more energetically favourable for an impurity, or a

collection of them, placed some distance away.

In conclusion, in this section it has been reported that the most energetically
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favourable state for a dilute ensemble of substitutional nitrogen impurities in

graphene is one where they occupy the same sublattice. This arises from the

behaviour of Friedel oscillations in the inter-interaction energy ∆EAB. This

interaction is mediated by the electrons in the graphene which are normally

averaged out in the case of randomly dispersed impurities. The interplay of

distribution and interaction energy leads to a proposed critical concentration,

beyond which the segregation effect should disappear. Due to the structural

similarity with nitrogen, as was outlined in Chap. 5, it seems straightforward

to extend this model to boron. This is difficult as it is known to interact strongly

with Cu substrates, which in this model would destroy the effect [99]. Never-

theless the work here is very general and opens up the possibility of applying

similar methods to other kinds of systems to find novel ways to induce the

asymmetry effect. This will be shown in Sec. 7.3 for CNTs with hydrogen im-

purities and Sec. 7.4 for Gaussian strain. In both cases it is predicted that the

segregation effect should still be observable, demonstrating the robustness of

the hypothesis that inter-impurity interactions and Friedel oscillations are re-

sponsible.

7.3 Carbon nanotubes with hydrogen

It is clear from the work presented in Sec. 3.3 and Sec. 5.2.1 that the introduc-

tion of dopants to CNTs can change their electronic properties. Current re-

search aims to tailor their electronic structure through controlling the dopant

positioning. Monoatomic hydrogen is perhaps the simplest dopant to consider

from both an experimental and a theoretical point of view, and the doping of

CNTs and other nanostructures with hydrogen is well understood due to its
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current use in research for future energy storage [14–16, 157–167]. Although

nitrogen doped CNTs are well documented in the literature, hydrogen is an ad-

sorbed impurity, instead of being an sp2 bonded substitutional impurity like

nitrogen. The advantages of using hydrogen instead of nitrogen is that the

doping can be applied post-synthesis of the graphene sheet and that the ad-

sorbates can migrate atop the graphene with little energy [168–170]. This is

not the case for nitrogen [62, 171–173], although there is a small amount of

recent evidence of sublattice asymmetry being produced using high tempera-

ture annealing after post synthesis doping [70]. Research on nitrogen doping

in CNTs specifically has predicted a large difference in transport response be-

tween segregated and unsegregated doping patterns [174, 175].

The findings of the last section concerning nitrogen segregation in graphene

suggest that the effect should occur in other metallic nanostructures. The inter-

impurity energetic coupling, which has been proposed as the mechanism be-

hind the phenomenon, decays according to the dimensionality d of the sys-

tem, generally going as D−d. Therefore in the case of CNTs it will decay as

D−1 compared to the quicker D−2 shown for graphene. This is supported by

the work done concerning Friedel oscillations in ∆n and ∆ρ that was under-

taken in Sec. 5.2.1. It is natural, therefore, to suspect that CNTs could be a good

candidate to test the presence of the segregation effect in other materials.

In this section the existence of sublattice asymmetry of adsorbed atomic hydro-

gen atoms in CNTs will be studied. The reduced degrees of freedom means

that the previous approach using a probability distribution will not work in

this case. Instead a Monte Carlo method will be used to simulate the dop-

ing of a large number of CNTs, and the configuration is allowed to relax to

approximate the lowest energy state. The details of the method are outlined
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in Sec. 7.3.1. A brief numerical study of two hydrogen impurities is then un-

dertaken in Sec. 7.3.2 to aid understanding of the pairwise interactions in the

system. The calculation for the finite concentration is then done in Sec. 7.3.3

and the results discussed. It is found that the hydrogen adsorbates will exhibit

sublattice segregation in a similar way to substitutional nitrogen dopants in

graphene. As a result of using a statistical method an exact value of the critical

concentration cannot be determined, however a general trend of diminishing

sublattice segregation with increasing concentration or CNT diameter can be

seen. Typically, a narrow nanotube (width ≤ 12 atoms) will have a sublattice

imbalance ratio of 2:1 with same sublattice clusters forming.

7.3.1 Tight-binding and Monte Carlo model

The mathematical framework of the inter-impurity interaction energy in graphene

and Friedel oscillations in nanotubes will be used as a basis for the Monte

Carlo simulations. The additional effects of the geometry and size of the CNTs

can be investigated, along with the propensity for the adsorbed hydrogen to

cluster. The analytic approach used for nitrogen doped graphene cannot be

used in this case as the system is no longer isotropic, hence a fully compu-

tational model will be used. The FN approximation framework will be used

and again only pairwise interactions will be assumed. The atomic hydrogen

adsorbates will be characterised by an onsite energy εa = 0.66 |t| relative to the

Dirac point energy of graphene and higher than the system Fermi energy, and

hopping integral τ = 2.2t with a single carbon host site labelled A. As a sat-

isfactory parametrisation could not be found for hydrogen using the inverse

modelling procedure in Chap. 4, the parametrisation used here was taken from

several sources in the literature which used band structure matching [135, 176,
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177]. The addition of two of these hydrogen impurities to the system (with

their onsite indices labelled a and b and connecting to carbon sites A and B

respectively) is described by the perturbation

V̂ = |A〉 τ 〈a|+ |B〉 τ 〈b|+ c.c.

As a result of having the same onsite energy εa, both impurities have the same

onsite Green function

gaa = gbb = 1
E − εa

.

The energetic coupling between the two can then be found through the familiar

Lloyd equation (see Eq. 2.18) as

∆EAB = 2
π

Im
∫
dEf(E) ln

(
1− gABgBAgaagbbτ

4

(1− gAAgaaτ 2)(1− gBBgbbτ 2)

)

= 2
π

Im
∫
dEf(E) ln

(
1− g2

AB(gaaτ 2)2

(1− gAAgaaτ 2)2

) (7.10)

When expressed in terms of the self-energy Σ = gaaτ
2 the similarity with the

∆EAB expression for nitrogen in graphene (Eq. 7.3) becomes more obvious. In

the case of nitrogen it was found that the exact parametrisation of the impurity

can affect the quantitative results but that the qualitative behaviour remains

the same. The parametrisation of hydrogen used here captures the close range

behaviour expected of pairs of hydrogens in graphene and CNTs whereby

they prefer to occupy opposite sublattices to each other [168, 169, 178–180].

The aim of this section is to model whether sublattice asymmetry can occur

in CNTs with adsorbed hydrogen impurities, so the behaviour produced by

this parametrisation should be sufficient for this purpose. Whilst numerous

calculations of pairs of hydrogen adatoms based on DFT have shown that op-
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posite sublattice configurations are more preferable, these are inadequate for

considering the long-range disorder to be modelled here. Firstly, the symmetry

breaking caused by the adsorption of the dopant and the subsequent EF shift

will induce Friedel oscillations in the electron density leading to a long-range

spatial oscillation in the energetics of the preferred configuration. This is the

long-range behaviour that leads to the asymmetry, so DFT is not adequate to

model the system as is required. Additionally, the periodic nature of the DFT

unit cell used to calculate these preferred configurations, effectively forming a

superlattice, is also problematic when considering these interactions especially

when a small cell is used.

The calculation of the ground state for a system with only 2 impurities is rela-

tively simple computationally, but the complexity of this calculation increases

as the number of impurity pairs increases. It is possible, however, to approx-

imate the ground state using a Monte Carlo method. The strength of Monte

Carlo methods are that they can be used to simulate large complex systems

where arriving at an exact numerical solution is difficult due to the scale or

complexity of the problem. These techniques have previously been used to

look at sublattice segregation in general adsorbates on graphene [181].

Consider a section of nanotube of length L with a distribution of N adsorbates

randomly attached to host carbon atoms in the system like in Fig. 7.7. Using

the equation for the interaction energy ∆EAB provided by Eq. 7.10 and assum-

ing only pairwise interactions, one can approximate the ground state by re-

peating the following procedure: choosing an impurity; summing all pairwise

interaction energies between itself and the other impurities; and then com-

paring this energy to the same energy when the impurity has been moved to

a nearby site (hereafter referred to as ∆ESwitch
AB ), as demonstrated in Fig. 7.7
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Figure 7.7: Schematic representation of a ZZNT doped with atomic hydro-
gen. (a) shows three adsorbates bonded to different carbon host sites and
colour coded depending on the sublattice of the host. This is a close-up
of the dashed box region in the larger ZZNT system shown in (c), where
an ensemble of N = 15 impurities are shown in a central region of length
L, which is replicated along the axial direction, indicated by the ghosted
copies to the left and right, in order to minimise finite-size effects in the
calculation. (b) shows the possible locations within the dashed blue cir-
cle region that an impurity at site A in the central unit cell can move to
if randomly selected in the iterative Monte Carlo procedure described in
the main text, colour coded for opposite (green) and same (red) sublattice
sites.

(b). If the second energy is lower then this configuration can be assumed to

lowers the total system energy, and the impurity is moved. If the first energy

is lower then no change is made. This technique is similar to that used for

the computational approach to the Ising model of ferromagnetism in a two-

dimensional lattice. The effect of a Boltzmann Temperature TB can also be
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introduced, whereby there is a finite probability

p ∼ e
∆ESwitch

AB
kBTB

to move the impurity even though the first energy may be lower. It should

be clarified that this iterative method of moving adsorbates is not the same as

a dynamics calculation. While energy barriers for diffusion have been calcu-

lated to be on the order of, or less than, 1eV [168–170], this will be ignored as

the aim is to find the ground state of the system and not model the physical dif-

fusion of adatoms. Moreover, recent research has shown it is possible to lower

the energy required for surface diffusion by doping CNTs with substitutional

nitrogen [168].

If a concentration of impurities (ρ) is added to the system it is natural, as with

the nitrogen case in the last section, to assume the number of electrons and

therefore the Fermi Energy EF will change. To calculate this shift DFT calcu-

lations were done with different length and diameter CNT unit cells doped

with a single hydrogen and the Fermi level shift was calculated. An aver-

age charge transfer of 1
12e to the host system per hydrogen was found. By

examining the relationship between concentration (function of CNT size) and

EF shift it was found that the relationship is linear and approximated well

up to ρ ∼ 10%, and that the density of states profile is relatively unchanged

at low energies. Other methods of finding this EF shift using tight-binding

have found a higher charge transfer from adatom to the graphene [182] which

would result in shorter oscillation periods and a reduction of the predicted

segregation effect.

To minimise finite-size effects which are an unfortunate consequence of this
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methodology, it is necessary to impose extra conditions. Firstly the central re-

gion L and the impurities are replicated along the axis of the nanotube once

in each direction in order to approximate the effect of an infinite system. A

schematic of this is shown in Fig. 7.7 (c). During the iterative procedure if an

impurity in the central region is moved then so are their ’twins’ in the repli-

cated sections. Because of the oscillatory nature of the interaction a cut-off of

one oscillation period of ∆EAB should be imposed, beyond which the inter-

action is assumed to be zero. This is to ensure an even contribution to the

interaction energy for all the impurities regardless of their position in the cen-

tral region. Due to the scaling between length L, ρ and EF this cut-off length is

approximately the same as L and for the example system presented in Fig. 7.8

is approximately D = 180a. Only metallic CNTs are considered, so the LDOS

is finite but flat around EF = 0 the shift in EF due to the introduction of the

impurities must therefore obey EF ∼ ρ
12 and hence the oscillation period of the

interaction energy changes as 1
ρ
.

7.3.2 Two hydrogen impurities

The behaviour of ∆EAB for two hydrogens in a 6-ACNT is shown in Fig. 7.8

and 7.9, the most important characteristics to note are the difference in short-

and long-range behaviours. Although only two impurities are embedded in

the system the EF value has been shifted to simulate a doped system and

the specific value corresponds to an impurity concentration of approximately

1.5%. When the impurities are close it is seen that they will prefer to occupy

opposite sublattice arrangements as in graphene.

This short-range behaviour gives way to long-range decaying oscillations, com-
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Figure 7.8: Cross-section of ∆EAB between two hydrogen adatoms sepa-
rated in the axial direction in a 6-ACNT host system with EF = 0.033t for
same sublattice (black) and opposite sublattice (red) configurations.

plete with circumferential symmetry and a distinct period-3 behaviour, charac-

teristic of interactions between impurities with zigzag separation in graphene-

like systems, can be observed [183]. The region of short-range behaviour re-

duces with both increasing concentration, as shown by comparing plots (c) and

(d), and increasing the CNT circumference. The overall short-range and long-

range behaviours and the oscillation period are very similar in ZZNTs with the

exception that the period-3 behaviour is in the circumferential direction, with

long smooth decays along the axial direction.
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Figure 7.9: The contour plot in panel b extends the cross-section of Fig. 7.8
to sites in the circumferential direction and the results are shown for same
sublattice (left) and opposite sublattice (right) configurations where the
short- and long-range behaviour is apparent. For clarity, the nanotube has
been projected flat and the lattice sites are referred to by their circumfer-
ential and axial positions relative to the carbon site hosting the hydrogen
impurity at the origin. (b) is a close-up of the dotted region in (a) of the
short-range behaviour and (c) the same but at a lower impurity concentra-
tion of 0.1%.

7.3.3 Finite concentration of hydrogen

The calculations in this section were done using approximately N = 40 impu-

rities for ACNTs and approximately N = 30 for ZZNTs, 10N2 iterations and

250 randomly generated systems for each concentration and temperature com-



210 Chapter 7. Sublattice segregation of impurities in carbon nanomaterials

Figure 7.10: Degree of sublattice segregation, i.e. percent of impurities on
one sublattice, vs. the Boltzmann temperature for small diameter ACNTs
(top row, L-R: NC = 6, 9, 12) and ZZNTs (bottom row, L-R: NC = 6, 9, 12)
with atomic hydrogen concentrations of 0.5% (black), 1.0% (red) and 1.5%
(dashed green). The relationship is analogous to that of magnetism and
temperature in the Ising Model.

bination. The cut-off, directly linked to EF and thus ρ, determines the exact

value of L which in turn affects the value of N , hence why there is a difference

in N between ACNT and ZZNT systems.
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7.3.3.1 Finite temperature calculation (TB > 0)

Monte Carlo calculations were performed as described previously to inves-

tigate the appearance of sublattice asymmetry in ACNTs and ZZNTs with

widths defined by NC = 6, 9, 12. The dependence of the sublattice asymme-

try on the Boltzmann Temperature for a range of small diameter CNTs with

ACNT and ZZNT geometries with different concentrations of hydrogen are

shown in Fig. 7.10. A segregation of 100% corresponds to all impurities being

on one sublattice whilst 50% corresponds to an equal distribution between the

two sublattices. As one would expect, increasing TB causes the impurities to

be randomly ordered and the system will approach a 50% segregation (i.e. un-

segregated or symmetric) state. The slower decay of the ZZNTs compared to

ACNTs to the equilibrium state of 50% segregation originates from the differ-

ence in decay profiles and period-3 behaviour of ∆EAB. In ZZNTs it is harder

to push an impurity out of an energetically stable configuration than in an

ACNT, hence the broader temperature dependence for the former shown in

Fig. 7.10. The relationship between segregation and Boltzmann Temperature

indicates there is no meta-stable state at low temperatures, hence the depen-

dence of segregation on the concentration can be investigated at TB = 0. The

result in the limit of zero temperature should therefore be a good approxima-

tion of the ground state of these systems.

7.3.3.2 Zero temperature (TB = 0)

The relationship between segregation and concentration is plotted in Fig. 7.11

for various CNTs. The effect of increasing concentration and CNT diameter

can be seen clearly, both of which lead to a reduction in the predicted seg-
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Figure 7.11: Segregation vs. concentration at TB = 0 for NC = 6 (black),
NC = 9 (red) and NC = 12 (green) of armchair (top) and zigzag (bottom)
geometry, Monte Carlo results are represented by the dots and a corre-
sponding line of best fit satisfying ∼ 50 + ρ−α shown as a line. The value
of α is α ≈ 1

4 for the armchair geometry and α ≈ 1
10 for the zigzag geom-

etry. Increasing concentration or tube diameter leads to a reduction of the
predicted segregation, tending to 50% in the limit of high concentration, a
product of the reduction in the axial separation of impurities leading to a
dominance in the short-range behaviour of ∆EAB.

regation effect. This can be understood as the long-range ∆EAB oscillations

being the driving mechanism of the asymmetry, as was proposed for the ef-

fect for nitrogen impurities in graphene. Increasing either concentration or the

CNT diameter reduces the average axial separation of the impurities and the
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short-range behaviour, which favours opposite sublattice ordering, dominates.

This can be corroborated by comparing the k-th nearest neighbour distribu-

tions of these systems and this is plotted in Fig. 7.12 comparing low (0.5%)

and high (5.0%) impurity concentrations, with segregated and unsegregated

configurations respectively, and expected values for a random configuration

in a 6-ACNT. The discretised lattice makes identifying the relative sublattice

arrangement of the large peaks straightforward. Both low and high concen-

trations show a large peak corresponding to the nearest neighbour opposite

sublattice arrangement. The data for low concentrations also shows a num-

ber of peaks at distances beyond a few lattice parameters, which correspond

to same sublattice arrangements in much greater amounts than the random

data. At high concentrations there are numerous peaks for close separations

at much higher frequencies than the random data which points to clustering

of the impurities. The second nearest neighbour data shows two close peaks

corresponding to opposite (left) and same (right) sublattice arrangements, and

these also occur in the first and third nearest neighbour data. Fig. 7.11 further

suggests the asymmetry should be higher in ACNTs than ZZNTs, where lev-

els as high as 90% segregation should be observable at concentrations around

0.25% in a 6-ACNT.

Following the trend of increasing diameter and decreasing segregation it seems

a natural conclusion to expand the study to graphene by increasing the nan-

otube width to infinity, and where naively one should expect no segregation to

be observed. This conclusion should not be made automatically as there exist

subtle but important distinctions to be made between the case of CNTs and

graphene. Firstly, pristine graphene is semi-metallic but upon being doped

by a finite concentration of hydrogen the band structure is changed consider-

ably, especially around the Dirac point [182], leading to a more complex EF
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shift and effects on the LDOS oscillations which drive the segregation effect.

Secondly, these LDOS oscillations behave much differently in graphene decay-

ing as D−2 and the directional isotropy of the coupling ∆EAB would allow for

more complete analytic calculations as has been shown for substitutional ni-

trogen impurities in graphene where a segregation effect was shown to exist

in Sec. 7.2.

Comparison of the nearest neighbour data in Fig. 7.12 demonstrates that clus-

tering occurs in both high and low segregation systems. This reflects previous

findings for hydrogen pairs, both in Sec. 7.3.2 and in the literature, that in

close proximity these pairs prefer to occupy host sites on opposite sublattices

[169, 178]. It has also been shown by Hornaeker et al. that a similar cluster-

ing effect can be observed with hydrogen adsorbates on graphene [184]. At

lower concentrations (Fig. 7.12 - left panels) the most frequently found con-

figurations are same sublattice ones, despite the short-range effect, due to the

large average axial separation coupled with the long-range oscillatory nature

of ∆EAB. This is evident from the location of the peaks in the low concen-

tration data, occurring almost entirely for separations corresponding to same

sublattice configurations. Additionally only a small deviation in the expected

nearest neighbour profile (with the exception of the short-range peaks) is ob-

served, along with the calculated mean and median values.

These characteristics are in sharp contrast to the high concentration data, shown

in Fig. 7.12 (right panels). In this case, there is a much larger degree of clus-

tering, indeed almost all nearest-neighbours will be on the opposite sublattice,

and there is a huge difference in the histogram profiles compared to the ran-

dom distributions. The overwhelming frequency with which one finds oppo-

site sublattice configurations at such short range lends credence to the long-
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Figure 7.12: Histogram data for first (top), second (middle) and third (bot-
tom) nearest neighbour separations for H pairs in a 6-ACNT with circum-
ference at 0.5% (left) and 5.0% (right) concentrations, comparing measured
data (green) to a random distribution (red). The dashed lines indicate dis-
tances on the black sublattice.

range versus short-range/axial separation hypothesis, where the behaviour of

∆EAB acts so to cluster the impurities in opposite sublattice configurations at

short range.

A clearer illustration of the clustering effect and the short-range behaviour is

shown in Fig. 7.13 where the probability of finding impurities in certain short-

range configurations is shown and compared for low and high concentrations
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and the random data, aggregated from the nearest neighbour data of Fig. 7.12.

For both high and low concentrations there is a large increase, 8% and 36%

respectively, in the probability of finding a nearest neighbour (opposite sublat-

tice) configuration over what one would expect in a random system. There is

also a large increase in next-nearest neighbour (same sublattice) configurations

- a consequence of the clustering of impurities. Most interestingly there appear

to be preferential configurations, which one would expect from the profile of

∆EAB in Fig. 7.8 and Fig. 7.9. For example, there is a four- to five-fold increase

in likelihood for the same sublattice configuration corresponding to the top-

right most black site (position ≈ 7.9a) and, due to lattice symmetry, equivalent

sites such as the middle right-most black site at high and low concentrations.

Another preferential configuration is found for a separation of ≈ 5.2a where

the probability is approximately doubled. This is less pronounced than results

seen for hydrogenated graphene in the literature [67] where much higher con-

centrations and both sides of the monolayer were used, but is an interesting

effect resulting from the inter-impurity interactions.

In summary, in this section it was reported that the segregation effect is most

pronounced for small diameter CNTs with dilute concentrations of impuri-

ties, and that the effect decreases when either of these two parameters are in-

creased. The inter-impurity interactions which mediate this interaction have a

competing short- and long-range behaviour which tend to prefer opposite and

same sublattice configurations respectively, and lead to certain preferential

configurations and slight patterning in the lattice. In small diameter tubes with

a dilute concentration of impurities the long-range behaviour along the axial

direction dominates and the system prefers the segregated state. Increasing the

concentration of impurities or the tube diameter reduces this axial separation

and the short-range behaviour takes over, forcing the system into a state where
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Figure 7.13: (a) Probability for an impurity to occupy a host site, given
an initial impurity indicated by the red square, for same sublattice (black)
and opposite sublattice (red) arrangements at low (top number) and high
(bottom number) concentrations in a 6-ACNT. Due to the symmetry of the
system it is possible to allocate irreducible sectors, shown by the green
shaded areas, which contain the information on all possible positions in
the nanotube in order to simplify the data in this figure. To give some
context for these findings, part (b) shows the stark difference between the
probabilities shown in (a) and values that would be expected for a random,
unrelaxed system.

the sublattices have approximately equal numbers of dopants. The short-range

behaviour also leads to clustering and energetically favourable configurations

of the impurities, a phenomenon which has been shown before both theoreti-

cally and experimentally. The current state of research with respect to general

hydrogen doping of CNTs [14, 157–159, 164] and other one-dimensional nano-

materials [160–162], an interest piqued due to their use for hydrogen storage

for fuel cells, along with the capability to directly identify dopants and their

respective sublattices [171, 173, 185], suggests that testing the findings of this

section and previous work in graphene, that inter-impurity interactions lead

to a segregation effect, is well within current experimental limits.
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7.4 Gaussian strain

Throughout this thesis it has been shown repeatedly that breaking the symme-

try of a bipartite lattice system via the introduction of impurities in a sublattice

asymmetric manner will produce different signatures in Friedel oscillations on

each sublattice. It has been hypothesised that this effect causes some of the

atomic sites in the system to be more energetically favourable than others for

impurity adsorption. In this chapter a model will be developed to show that

breaking the symmetry of graphene using Gaussian strain centred on one of its

two sublattices produces a similar effect, and that this is tunable with the strain

parameters. This type of strain profile can be produced and maintained by an

atomic tip. The results obtained using the tight-binding approach are corrob-

orated with DFT calculations. This presents a novel approach to tailoring the

electronics of nanomaterials through controlling impurity placement.

Graphene’s low-energy linear dispersion is protected by the symmetry exis-

tent between the black and white sublattices [186] and breaking this symme-

try is the key ingredient for opening a gap. Up to this point, in this work

only chemical doping has been explored as a route to inducing this band gap.

However, an alternative method is through mechanically straining the system,

for example by the application of uniaxial strain [153, 187]. Yet, the gapless

Dirac spectrum of graphene can be quite resilient against the application of

planar strain. Theoretical predictions have demonstrated that bulk graphene

can support elongations along the armchair direction up to 20% without split-

ting the degeneracy of the bands at the Fermi level [153]. Sublattice symmetry

can be better lifted by inducing out-of-plane deformations in graphene struc-

tures such as local centrosymmetric bumps [188–190] and strained nanobub-
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bles [191]. According to continuum models in which perturbations are de-

scribed as effective gauge fields, the local distortion in the graphene structure

emulates the presence of a pseudomagnetic field [192] that breaks sublattice

symmetry.

In this section, a method is demonstrated to impel foreign objects to favour a

particular sublattice by inducing a Gaussian-shaped deformation (bubble) on

the graphene sheet. By centring the Gaussian strain on one particular atomic

site (i.e. focussed on one sublattice) this will break the sublattice symmetry of

the system yielding Friedel oscillations in the LDOS in a similar way to those

arising from impurities in Chap. 5. As a result, the system binding energy will

be shown to have a spatial dependency underlined by the shape of the de-

formed region. This effect dictates the placement of impurities at well-defined

positions patterned by the Gaussian distortion. It is argued that an additional

mechanism to modulate the transport properties of graphene is possible when

its sublattice symmetry is broken through the application of this mechanical

sublattice asymmetric strain profile.

7.4.1 Patched Green functions method

In this section the process of modelling of a ’bubble’ in graphene caused by

Gaussian strain will be described in the context of the tight-binding model.

Cases like this, where an interesting region with local disorder is embedded in

an infinite crystal structure, cannot be efficiently treated with the previous ap-

proaches - neither periodic boundary conditions nor the recursive approaches

will work as the calculation becomes unwieldy very quickly. Recent work by

Settnes et al. [190, 193] has solved this issue using a combination of the two
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D

Figure 7.14: Schematic of the patched Green functions method for a dis-
ordered region D embedded in the graphene lattice. Red indicates atomic
sites at the edge of D which are coupled with the green atomic sites in the
bulk, the area occupied by the latter is termed the boundary region.

techniques. In brief the method works with an initial Hamiltonian describing

the disordered region only, and models the coupling to the bulk system via

self-energy terms. The connection of the two is made through the Dyson equa-

tion. The self-energy terms are expressed purely in terms of the periodic lattice

Green functions obtained in Chap. 3. The result is that the Green functions of

the connected disordered region (denoted ĜC
DD and explained further below)

are readily obtained and from there one can derive the energetics using the

methods discussed in this chapter.

The first step is considering a disordered region embedded in the graphene
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lattice as shown in Fig. 7.14 with Hamiltonian ĤDD. This matrix contains all

relevant perturbation information, e.g. localised strain effects or lattice defects.

The Hamiltonian for the entire system is the block matrix

Ĥ =


ĤDD V̂DB 0

V̂BD ĤBB V̂BS

0 V̂SB ĤSS



where V̂αβ connects systems α and β and the subscriptsB,D and S indicate the

boundary, disordered and bulk (’sheet’) regions respectively. The boundary

region is shown in Fig. 7.14 as the dark green coloured atomic sites. It is clear

that the matrices ĤBB, V̂BS , V̂SB and ĤSS can be completely expressed by the

bulk lattice Green functions. The aim is to replace these terms by an effective

self-energy term ΣB, much like was done for the recursive methods, containing

all the information of the coupling between disordered region and bulk.

Consider the connected and disconnected systems separately, where the latter

is formed by setting V̂BD = V̂DB = 0 and can be visualised by removal of the

disordered region in Fig. 7.14. Using the Dyson equation the Green functions

for the connected and disconnected systems can be related to one another. For

example, the disordered region in the connected state is described by

ĜC
DD = ĜD

DD + ĜD
DDV̂DBĜ

C
BD

where

ĜC
BD = ĜD

BBV̂BDĜ
C
DD.

The superscripts indicate whether the Green function is in the connected (C)

or disconnected (D) system. By substituting ĜC
BD into ĜC

DD and rearranging it



222 Chapter 7. Sublattice segregation of impurities in carbon nanomaterials

can be shown that

ĜC
DD = ĜD

DD

Î − ĜD
DDΣ̂B

= 1
EÎ − ĤDD − Σ̂B

where Σ̂B = V̂DBĜ
D
BBV̂BD. Note that this self-energy term is completely inde-

pendent of the disordered region and relies only on the connection matrices

and bulk Green functions.

The term ĜD
BB can also be computed via the Dyson equation. Disconnection of

the perturbed region can be done via applying the perturbation −V̂DB which

yields

ĜD
BB = (Î + Ĝ0

BDV̂DB)−1Ĝ0
BB.

As long as the interface between the device and boundary regions is continu-

ous, the connected Green functions on the right-hand side of the above equa-

tion can be described completely by the bulk lattice Green functions derived

in Chap. 3. Substituting this expression into Σ̂B and it is clear that now ĜC
DD,

the Green function for the connected disordered region, is expressed entirely

through only bulk lattice Green functions and the initial Hamiltonian ĤDD.

This is extremely useful as ĤDD can be tailored rather easily depending on the

device region that is modelled. This will be used later in this section to model

the effects of the Gaussian strained region embedded in an otherwise pristine

graphene system.

To demonstrate how out-of-plane deformations in graphene structures can in-

terfere in the adsorption process of adatoms, two theoretical methodologies

were used: (i) a nearest-neighbour tight-binding description in conjunction
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with the patched Green function method [190, 193] and (ii) DFT [194, 195].

The latter calculations were performed by Claudia G. Rocha in the School

of Physics at Trinity College Dublin. In both methodologies, a top adsorbed

hydrogen atom was used as the probing impurity. The same tight-binding

parametrisation of hydrogen from the nanotube case considered in the previ-

ous section will be used. Although different parametrisations may alter the

numerical calculations, the qualitative results obtained in this work remain

consistent. The energetics associated with the binding of an impurity to the

graphene is again calculated using the Lloyd formula

∆Ei = 2
π

∫ EF

∞
dE Im ln det

(
Î − ĝ(E)V̂i

)
(7.11)

where i is the index labelling the host sublattice site, EF = 0 and

V̂i = |a〉 τ 〈i|+ c.c.

is the local perturbing potential describing the connection between the adatom

and the graphene host. As the adatom can attach to either sublattice the per-

turbing potential must also be indexed with i. The adatom has the usual onsite

Green function

gaa = 1
E − εa

for an adsorbed impurity.

The strain is incorporated by the patched Green-function approach where a

combination of recursive techniques and bulk lattice Green functions is imple-

mented [47]. The Hamiltonian of the central deformed region (c.f. Fig. 7.14) is

constructed using a similar method to the unit cell construction for a CNT de-

scribed in Sec. 3.3.2, but with modifications to the hoppings to account for the
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strain. After making the necessary changes, which will be described shortly,

the cell is then connected to the bulk system via self-energy elements describ-

ing the connections between the scattering region and its boundaries. The de-

formation is induced by applying circularly symmetric Gaussian strain centred

on a particular atomic site given by the formula

hj = Ae−d
2
j/b

2
, (7.12)

where dj is the distance between an atom j and the strain centre and A and b

are parameters used to shape the Gaussian deformation; A is associated with

its out-of-plane amplitude and b is associated with its circular spreading. The

ratio between these (squared) values given by α = A2

b2
determines the strain

intensity generated by the bubble. Intensities of α = 1%, 2.5%, 5% and 10%

are chosen which reflect values typically found in previous works [154, 196–

198]. With the whole scattering region deformed according to Eq. 7.12, the

interatomic distances between neighbouring atoms m and n, lmn can be deter-

mined. The resulting change in bond lengths leads to a modification of the

nearest neighbour hopping of the tight binding Hamiltonian by

tmn = te
β( lmn

l0
−1) (7.13)

where l0 = 1.42 Å is the length of an unperturbed C-C bond and β = −3.37 for

graphene [153]. More explicitly, lmn is the Euclidean distance between atoms

m and n after the strain is applied, following Eq. 7.12. The electronic hoppings

tmn are inserted into the Hamiltonian describing the deformed central region

from which its associated Green function ĝ can be obtained via the patched

Green function method. Finally, the binding energy for the impurity can be
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calculated through Eq. 7.11.

Besides the tight-binding calculations, DFT calculations can also be performed

using SIESTA code [194, 195] with a generalized gradient approximation (GGA-

PBE) [199] for the exchange-correlation potential. While these calculations

were undertaken by a collaborator (Claudia G. Rocha), due to their exten-

siveness the details of them will be discussed here for completeness. Norm-

conserving pseudopotentials with core corrections [200] were used along with

a split-valence double-ζ basis (DZP) of pseudoatomic orbitals with an orbital

confining energy of 0.05 eV, and an energy cut-off of 250 Ry. A graphene su-

percell with dimensions of approximately 27 × 26 × 40 Å were built, within

which a Gaussian deformation was formed, altering the atomic positions along

the z-axis. The parameters for the deformation are A = 2.16 Å, and b = 4.5

Å , leading to α = 23 % (see Fig. 7.15) and the deformation was centred on a

single atomic site in the centre of the cell, yielding a structure similar to the

device Hamiltonian HDD in the complimentary tight-binding calculation. No

structural relaxation was conducted in the deformed sheet to guarantee that

its Gaussian shape is maintained. Upon relaxation the structure would alter

slightly into a state where the Gaussian is centred at the middle of a C-C bond,

removing the sublattice symmetry. The decision not to relax the structure is

justified by an external agent, for instance an atomic tip, maintaining the sys-

tem in a metastable state. The structural relaxation was only performed after a

hydrogen atom was adsorbed, with only atoms in the vicinity of the impurity

allowed to relax. This relaxation was conducted using the conjugate gradient

algorithm under a 4 × 4 × 1 Γ-centred k-mesh and with a maximum force

tolerance of 0.03 eV Å
−1

. The electronic structure of the doped system was

subsequently determined in a sampled Γ-centred Brillouin zone with a grid

of 16 × 16 × 1. From the electronic structure calculation, the spatial LDOS
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Figure 7.15: Top view of a graphene super cell subjected to a Gaussian
deformation of A = 2.16 Å and b = 4.5 Å (α = 23%). The colour code
maps the out-of-plane height (h). The centre of the Gaussian is located on
the carbon atom enclosed by the yellow circle. Dashed yellow lines mark
a zigzag segment on which projections on site basis are performed within
DFT calculations. Calculation and plot by Claudia G. Rocha and used with
permission.

distribution was obtained within the energy range of [EF - 0.5 eV, EF ].

7.4.2 Segregation and Gaussian strain calculations

The distinct signatures in ∆ρ exhibited by the two sublattices for a bubble

characterised by α = 5% is shown in Fig. 7.16, produced using the tight-

binding method. These oscillations were probed for a relatively extreme value

of EF = 0.5t for visual aesthetic reasons, smaller more realistic values will

increase the oscillation period. At EF = 0, these oscillations disappear as a
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result of lattice commensurability effects and a continuous 1/D decay is ob-

served. This is identical to the case of impurities presented in Chap. 5. In the

case where strain is applied equally to each sublattice, e.g. at the centre of

a hexagon or a C-C bond, the resulting LDOS profiles are identical for both

sublattices (not shown). This confirms that the centrosymmetric deformation

promotes an imbalance in the LDOS distribution with respect to the two in-

equivalent sublattices. Similar Friedel oscillations can be found in the DFT

results in Fig. 7.17, depicting ∆ρ projected on each carbon site located along

the zigzag direction highlighted in Fig. 7.15.

Similar patterns are observed for the change in electronic energy as a result of

adsorbing a H atom on the graphene bubble. Fig. 7.18 shows the short-ranged

spatial pattern formed by ∆E calculated for each adsorption site on the patch

subjected to strains of α = 10%. It is clear that the energy variation profiles for

each carbon sublattices differ largely, although both of them exhibit a particu-

lar pattern determined by the sublattice on which the impurity is placed and

this sublattice disparity would not be evidenced if the path was flat. The shape

of the energy profiles is also not fixed, being heavily dependent on the strain

intensity and parametrisation of the impurities. This means that the most en-

ergetically favourable positions for impurity adsorption are modulated with

respect to the strain intensity α.

While it can be seen from the resulting energy profiles that certain atomic sites

are more preferable than others, a more descriptive quantity can be obtained

by defining a net energy M which accounts for energetic imbalances between

the two sublattices. This quantity is defined as
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Figure 7.16: Contour plot of LDOS obtained separately for (top panel)
black and (bottom panel) white sublattices for a graphene path deformed
with a Gaussian strain of α = 5%. The strain is applied at a carbon atom
belonging to the black sublattice situated at the origin. The Fermi energy
is set at EF = 0.5 t.

M =
∑
j∈B

∆Ej −
∑
i∈A

∆Ei . (7.14)

The value of M describes how much more favourable one sublattice is with re-

spect to the other, therefore serving as a useful metric with which to quantify

the sublattice asymmetry. Fig. 7.19 depicts the dependency of M with the am-
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Figure 7.17: ∆ρ projected on each carbon site along the horizontal zigzag
line highlighted in Fig. 7.15. The solid and hollow points correspond
to black and white sublattices respectively and these were plotted for
two fixed energy values of -0.4 (top) and -0.6 eV (bottom) using the DFT
method. Similar to the tight-binding method ∆ρ is maximum at the site
located at the centre of the Gaussian deformation with a decaying oscilla-
tion profile as one moves away from this location. Calculation by Claudia
G. Rocha and used with permission.

plitude of the Gaussian A for fixed values of α. For small amplitudes, M ≈ 0

indicating that there is no preferable sublattice for the impurity to adsorb. As

the out-of-plane deformation increase, M > 0 meaning that it is energetically

more favourable for the impurity to adsorb on the same sublattice as the center

of the applied strain. This scenario is swapped as the level of deformation of

the graphene host increases; eventually the other sublattice turns to be more

favourable permanently where an approximate linear decay of M as a func-
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Figure 7.18: Contour plots of the spatial variations in ∆E on the (left panel)
black and (right panel) white sublattices for α = 10% centred at the black
sublattice site at the origin. Calculated using the patched tight-binding
method. The size of the patched region is 15 × 15 unit cells.

tion of A can be observed. In fact, the decay ratio of M depends on the strain

intensity as depicted in Fig. 7.19. These results confirm that sublattice asymme-

try can be achieved via application of Gaussian strain and the most favourable

spots for the adsorbants can be tuned with the parameters describing the shape

of the bubble.

To demonstrate the amplified asymmetry effect resulting from the deforma-

tion, Fig. 7.20 depicts the spatial LDOS obtained within the DFT calculation

for the doped graphene supercell with and without the strain deformation. A

hydrogen atom is adsorbed over the carbon atom on the black sublattice upon

which the Gaussian deformation is centred. Hydrogen top adsorption induces

the formation of a sp3-type hybridization with the carbon atom immediately

linked to the hydrogen popping slightly off the graphene base [71], occurring

for both deformed and flat graphene platforms. Therefore, the adsorption it-
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Figure 7.19: M versus A for the same graphene patch (15 × 15) for distinct
values of α. The spreading of the bubble is adjusted in such a way that α
is fixed at: (black solid) 2.5%, (red solid) 5%, and (green dash) 10%. Inset
diagram: gradient of the linear asymptotic behaviour depicted in the main
plot as a function of α. The black line serves as a guide for the eyes.

self already breaks the sublattice symmetry; the LDOS exhibits a characteristic

threefold spatial dependency which can be observed in Fig. 7.20. It turns out

that the deformation induces a much more well-defined LDOS modulation

pattern in the considered energy range of [EF - 0.5, EF ] eV. The bubble affects

the typical threefold symmetry manifested in the spatial LDOS of top adsorbed

impurities by intensifying the density of states projected on the atoms of the

white sublattice. This shows that the Gaussian deformation can be used to

modulate the main fingerprint associated to sublattice asymmetry caused by

chemical adsorption. This result also indicates that the out-of-plane distortion

establishes a new host environment for subsequent impurities that might ad-
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Figure 7.20: Top view of spatial LDOS taken within the energy range [EF -
0.5 eV, EF ] for a doped graphene sheet (a) with and (b) without the Gaus-
sian deformation. The used isosurface value is 0.0007 e/Å3. The param-
eters for the deformation are A = 2.16 Å, and b = 4.5 Å , leading to α = 23
%. The plots were done by using the XCRYSDEN visualization tool [201].
Calculation and plot by Claudia G. Rocha and used with permission.

sorb on the bubble opening up new perspectives for band-gap manipulation

in graphene structures.

In this section it has been shown that Gaussian strain can be used to break the

sublattice symmetry of pristine graphene. As a result, the sublattices are no

longer physically equivalent and one becomes more energetically favourable

for adsorption. It was found that the degree of asymmetry and hence the un-

derlying energetic profile of adsorption can be controlled by appropriately

changing the strain characteristics. The phenomenon arises from the strain-

induced Friedel oscillations in quantities such as the local density of states,

in a similar way to that shown with nitrogen in graphene and hydrogen on

a CNT shown in the other sections in this chapter. It should be emphasised

that the results are again general and only weakly depend on the impurity

parametrisation, so should be observable with impurities that also prefer a top

adsorbed bonding configuration. Because the transport properties of bipartite
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lattices are so sensitive to the spatial distribution of impurities, strain-induced

sublattice asymmetry may offer an additional mechanism to engineer the con-

ductivity of graphene.

7.5 Chapter summary

In this chapter the tools developed in the investigation of Friedel oscillations

in Chap. 5 were used to describe a possible physical mechanism for the exper-

imentally observed sublattice asymmetry of nitrogen impurities in graphene.

Beginning with the case of two single impurities and then two pairs of impu-

rities, it was found that when they are embedded into the system they will

find it energetically favourable to occupy the same sublattice forming large-

scale domains and this was supported with numerical calculations (Sec. 7.1)

and the SPA Green functions method (Sec. 7.1.2). This was then extended to

the case of a finite concentration of impurities in Sec. 7.2. A probability dis-

tribution was combined with an approximation of the interactions energy in

the system, which was expressed as a function of the concentration and the

degree of sublattice segregation. For dilute concentrations it was found that

the ensemble of impurities will prefer the same sublattice configuration. At

higher concentrations this is no longer true, and a critical concentration can

be identified where this change from sublattice ordering to random ordering

occurs. The exact value of the critical concentration relies on the tight-binding

parametrisation of nitrogen that is used but is typically around the same size

or larger than experimental concentrations. Estimated values of around 0.8%

and 0.1% were obtained using the most common tight-binding parameters for

nitrogen. The existence of this critical concentration serves as a convenient
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test for the hypothesis that the underlying Friedel oscillations produced by the

breaking of the sublattice symmetry are driving the segregation effect, and as

a result can be verified experimentally. The benefit of having used this math-

ematically transparent approach is that it has revealed that this phenomenon

should not be unique to nitrogen or graphene. The model was then used to in-

vestigate whether sublattice segregation can occur in other systems - metallic

CNTs with hydrogen adsorbates in Sec. 7.3 and graphene with Gaussian strain

in Sec. 7.4. In both these cases a similar effect was found to exist and that it

diminishes with increasing concentration, in the latter case the behaviour can

also be controlled externally by the applied strain. As the effect is predicted

with Gaussian strain and only a single impurity, this offers the interesting per-

spective that the sublattice segregation arises from the symmetry breaking of

the lattice rather than the act of placing an impurity itself. This is a far more

general result and its usefulness should be emphasised, and it underlines the

importance of symmetry breaking in determining the electronic properties of

nanomaterials, a theme that has been constantly present throughout the the-

sis. The work done on modelling the three separate scenarios presented in

this chapter on nitrogen doped graphene, hydrogen doped CNTs and Gaus-

sian strained graphene was published in the peer-reviewed publications [202],

[203] and [204] respectively.



Chapter 8

Summary and future work

This thesis has explored various quantum mechanical phenomena that arise

from the introduction of impurities into low dimensional carbon-based nanos-

tructures. A combination of numerical and analytical techniques have been

used with the aim to give the maximum amount of mathematical transparency

to the work. As a consequence this reveals much about the underlying phys-

ical mechanisms at play with these phenomena. Understanding the physics

behind doping is important if carbon-based materials are to be used in fu-

ture technologies, whether the doping is by design or arises naturally during

the synthesis of these materials. The work contained in this thesis has shown

how this doping can be controlled in some circumstances. This final chapter

begins with a section detailing a chapter-by-chapter discussion of the thesis,

summarising the main findings. This will be followed by a section discussing

possible extensions and future work that could be undertaken using the results

of this thesis.

235
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8.1 Summary of thesis

In Chap. 1 carbon-based nanostructures were introduced and an overview

given of their usage in current technology. Particular attention was devoted to

their use in the field of nanoelectronics. The necessity of being able to induce

and control a gap in the electronic spectrum was explained, and one particular

method to do this by doping the material with foreign bodies was detailed ex-

tensively with an in-depth discussion of current experimental and theoretical

work given. Introducing dopants consequentially leads to a change in many

of the host systems physical properties, giving rise to several interesting phe-

nomena. The direction of this thesis was motivated by the drive to understand

the effect of dopants on carbon-based nanomaterials and an emphasis was put

on obtaining mathematically transparent models. This has the benefit of be-

ing more revealing of the underlying physical processes at work than purely

numerical methods.

Chapter 2 introduced the mathematical methods used throughout the thesis.

Beginning with Green functions and their link to electron propagation, several

physical quantities of interest were derived e.g. the local density of states, a

key concept in condensed matter theory. The Dyson equation was also intro-

duced, which quantifies the change in system Green functions as a result of

adding impurities. It was applied specifically to the cases of a substitutional

impurity and a variety of adsorbed impurities. The Lloyd formula was then

derived which allows changes in global quantities, such as the total system

energy, to be expressed purely in terms of the system Green functions and

the local perturbation describing the impurity. Finally, recursive methods for

obtaining the system Green functions were discussed and their uses in calcu-
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lating electronic properties outlined. The work in this chapter was done with-

out reference to any specific physical system and can be used for any material

where a suitable tight-binding model can be applied.

Chapter 3 concentrated on deriving the Green functions of graphene and car-

bon nanotubes, starting with a second nearest-neighbour tight-binding Hamil-

tonian of the graphene lattice including nearest-neighbour orbital overlap. These

Green functions were first expressed as a double integral over the Brillouin

zone which makes them computationally expensive to determine. It was shown

that this problem can be resolved by using contour integration to solve either

one of the integrals. Properties such as the density of states and the electronic

dispersion were also derived. Spatial modulations in these quantities result

from the introduction of impurities into the system and are directly related

to the off-diagonal Green functions. To aid mathematical transparency an ap-

proximate analytic closed-form expression was derived for these Green func-

tions using a stationary phase approximation, which also facilitates later dis-

cussions. The Green functions of carbon nanotubes are then derived through

momentum quantisation of the graphene Green functions. The band gap for

various nanotube sizes are then calculated using the first and second nearest-

neighbour models and a recursive approach, which are then compared to re-

sults from density functional theory found in the literature. The variations of

band gap depending on the stoichiometry of boron carbonitride nanotubes is

also studied using recursive methods where an oscillation of the band gap is

seen as a function of the helical angle of the nanotube.

Chapter 4 focussed on the inverse modelling of impurities using the Lloyd

equations derived in Chap. 2. It was argued that the current method to obtain

suitable parametrisations of impurities is inefficient and potentially inaccu-



238 Chapter 8. Summary and future work

rate. The proposed method is that using numerical results from DFT calcula-

tions, such as charge distribution and energy shifts occurring as a result of the

presence of the impurity, one can infer the initial parameters that gave rise to

these quantities - an inverse problem. This method was applied to the cases

of substitutional nitrogen, boron and adsorbed hydrogen. A good match was

found in the former cases to values given in the literature which were calcu-

lated using a variety of alternative methods. The parametrisation of hydrogen

obtained, however, was not similar to those found in the literature. This in-

dicates that the initial assumptions made about screening in the system may

need to be reconsidered.

Chapter 5 investigated the phenomenon of Friedel oscillations, spatial mod-

ulations in electronic quantities in nanoscale systems as a result of breaking

the system symmetry. The work was mainly concerned with oscillations in the

density of states and the carrier density in graphene and carbon nanotubes,

and how they can be characterised using the system Green functions derived

previously in Chap. 3. The stationary phase approximation was used to obtain

a closed-form analytic expression for these oscillations for substitutional im-

purities, vacancies, top and bridge adsorbates in graphene and substitutional

impurities in carbon nanotubes. Writing the oscillations in this mathemati-

cal manner as opposed to a purely numerical ’black box’ calculation uncovers

the underlying physics occurring in the system upon doping. For example

the phenomenon of commensurability and, in the case of graphene, a quicker

decay rate of the oscillations at zero Fermi energy. In the case of vacancies

the presence of a midgap resonance and the disappearance of the modulations

also at zero Fermi energy. For an adsorbed carbon atom with onsite energy

the same as the carbon atoms in the lattice it was shown that when in the top

adsorbed configuration it behaves similar to a vacancy. However in the bridge
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configuration it behaves like a regular impurity due to cross sublattice inter-

ference resulting from the bonding arrangement. It was also demonstrated

how inter-impurity interactions arise when two or more impurities are present

in these systems and the effect of their relative configuration on the resulting

Friedel oscillations investigated.

Chapter 6 focussed on the link between the electronic scattering of impurities

and their symmetry breaking properties, with the goal of producing a model

by which the suitability of various chemical species for sensing by graphene

devices can be determined efficiently. It was shown, both numerically and

analytically, that the scattering cross-section of central adsorbed impurities is

greatly reduced at energies close to the Dirac point compared to top and bridge

adsorbates. The proposed mechanism was the destructive interference of the

long-range propagators which arises from the particular symmetry breaking

of central adsorbed types. It follows that this scattering invisibility can then

be lifted by breaking the underlying bipartite symmetry of the host system.

Calculations were done to model the effect of uniaxial strain in such a system

and the scattering was enhanced by many orders of magnitude, suggesting

graphene with such central adsorbed impurities can function as efficient strain

sensors.

Chapter 7 concentrates on the experimentally observed phenomenon of large-

scale sublattice segregation of nitrogen impurities in graphene. Using the tools

developed in Chap. 5 for Friedel oscillations the case of two substitutional ni-

trogen impurities is first considered. A closed-form analytic expression that

approximates their configuration-dependent interaction energy is derived. It

was found that this interaction oscillates spatially in the same way as the car-

rier density and that at zero Fermi energy the same sublattice configuration
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is always energetically preferable. This was then extended to the case of a fi-

nite concentration of nitrogen hosted in the graphene lattice. For a dilute con-

centration it was shown that by considering the pairwise interaction between

impurities, as higher order interactions decay faster, the ensemble will lower

its energy by being in a sublattice asymmetric distribution. The model has

the striking result that there exists a critical concentration between 0.3% - 0.8%

where this behaviour changes and a random distribution between the sublat-

tices is predicted to occur. This is testable experimentally and if confirmed

would explain similar behaviour seen with other doping scenarios. The hy-

pothesis that the spatial oscillations in the density of states which arise from

breaking the system symmetry are responsible for this effect lead to the pro-

posal of two additional scenarios where the effect should be seen and even

enhanced. The first was hydrogen adsorbates in carbon nanotubes, where the

reduced dimensionality of the system means that the effect should be easier

to induce as the inter-impurity interactions decay much slower here. This

was done using a Monte Carlo technique and the segregation behaviour was

shown to arise in this scenario. The second scenario was a graphene sheet

with Gaussian strain applied. It was shown that strain applied which biases

one sublattice over the other results in the opposite sublattice becoming more

favourable for adsorption, and that the energetic favourability can be further

modified by changing the characteristics of the strain. The robustness of the

sublattice asymmetry effect through a range of scenarios should be empha-

sised, and it is hoped that by understanding the mechanisms behind the effect

that this could pave the way for novel nanoelectronic devices that exploit it.
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8.2 Possible extensions and future work

The work done in this thesis has many possible extensions, both general and

more specific, and these will be outlined and discussed in this final section.

From a general standpoint, it was shown that many of the phenomena inves-

tigated in this work originate from the breaking of specific symmetries of the

host system due to some external perturbative action, for example through

doping or strain. While graphene and carbon nanotubes were the main fo-

cus of these investigations, the general formalism is readily applicable to other

systems where a suitable tight-binding representation can be found. For ex-

ample, the Green functions methods that formed the bulk of Chapter 2, upon

which the models of impurity behaviour in carbon nanostructures were de-

veloped, were first introduced without reference to a specific system. Conse-

quentially the Green function-related electronic phenomena such as Friedel

oscillations, scattering and sublattice segregation could be studied in these

other systems. It should be noted that although the benefit of a mathemati-

cally transparent formalism has been emphasised throughout this work, it is

not required, and only a suitable Hamiltonian would be needed for these in-

vestigations. The Hamiltonian could be parametrised through band structure

matching with DFT [118–124]. The generality of these methods is particularly

useful with regards to the increasing number of low-dimensional materials

being synthesised such as hexagonal boron nitride [24] and transition metal

dichalcogenides [205]. While DFT calculations involving impurities in such

systems are usually limited to a small handful of configurations, tight-binding

would present a viable option to study the alterations to the atomic structure.

For example, the recursive method (Sec. 2.5), inverse modelling (Chap. 4) and
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the Lloyd equations (Sec. 2.4) would be particularly useful in these situations

and could reveal a lot about the electronics in these systems.

Departing from this general viewpoint, much more specific extensions to the

work will now be identified. Three main areas will be focussed on and dis-

cussed in their own subsections - impurity scattering, inverse modelling and

sublattice segregation.

8.2.1 Impurity scattering and Friedel oscillations

Chapter 5 and Chapter 6 sought to find analytic approaches to understand-

ing the related effects of Friedel oscillations and impurity scattering caused

by dopants in graphene and carbon nanotubes. The impurity configurations

considered were fairly simple and straightforward, so the natural next step to

make would be using these methods to look at more intricate doping scenar-

ios. For instance, there are many interesting arrangements involving vacancies

described in the literature that have been observed experimentally including:

neighbouring vacancy pairs (divacancies); pentagon/heptagon rings caused

by rebonding; Stone-Wales defects; and divacancy-caused patterns such as

triple pentagon-triple heptagon (555-777) and pentagon-octagon-pentagon (5-

8-5) rings [206–211]. The electronic behaviour in these systems could be stud-

ied relatively easily using the quick and lightweight approach shown in this

thesis, perhaps utilising the second nearest neighbour model with wavefunc-

tion overlap which are well suited to handling extended defects and grain

boundaries (Chap. 3). Grain boundaries are commonly found in experiments,

and so these methods could be used to examine how Friedel oscillations prop-

agate through them. In a similar vein this investigation could be used to in-
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vestigate phenomena near the edge of semi-infinite graphene sheets, and the

question of how edge geometry affects Friedel-related effects could be investi-

gated as has been done for the RKKY coupling [212].

The main finding of Chapter 6 was the ’invisibility’ of central adsorbed impuri-

ties to propagating electrons in the host material, a phenomenon which arises

from destructive interference of the long-range propagators leading directly

to a suppression of the scattering. It would be quite interesting to see if this

suppression could be produced with other impurity types or arrangements,

whether a particular local configuration of a handful of dopants or a super-

lattice arrangement of them. The simplest progression would be to examine

central adsorbed dopants with a different orbital configuration from the s and

dz2 orbital model that was used in Chapter 6, such as f, dxy and dx2−y2 orbitals.

In these cases the τ hoppings between the adsorbate and the carbon host sites

are no longer the same for each bond, but still respect particular symmetries.

It would be interesting to see if the impurity invisibility still holds in such situ-

ations, although a pen and paper approach may be fairly challenging to work

with. Regarding more complicated doping arrangements, preliminary calcula-

tions have been done but were not included in the thesis where the scattering

produced with hexagonal rings of substitutional atoms was examined. The re-

sults of the calculations were that, surprisingly, the scattering is not suppressed

in this case. This means that the source of the suppression in the central ad-

sorbed case comes from the off-diagonal terms in the perturbation matrix V̂

rather than the perturbation of the host sites alone as in the substitutional ring

case. With the ring of impurities the cross-sublattice terms act in such a way

that the scattering is not suppressed. Additional calculations were also done

involving a pair of neighbouring substitutional impurities with opposite λ val-

ues where naively one would expect this to lead to a cancellation of the Friedel
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oscillations, but this was not found. Instead the perturbations were finite and

behaved qualitatively similar to the single impurity case with a similar mag-

nitude and decay rate and exhibiting the commensurability effect at EF = 0.

The reason for this can be found in the study of bridge adsorbed impurities

in Chapter 5 -recall that it was found that cross-sublattice terms lead to the

propagators determining the Friedel oscillations do not destructively interfere.

These preliminary findings suggest that the importance of the cross-sublattice

effect is more robust than initially presumed, however a more thorough in-

vestigation of all the discussions in this paragraph should be conducted and

confirmed.

Beyond other impurity configurations, the incorporation of strain effects could

also be considered. The strain-dependent Green functions introduced in Chap-

ter 6 could be applied to examining Friedel oscillations in uniaxially strained

graphene, as has been done with the SPA approach to the RKKY [155] and the

behaviour of Friedel oscillations in such a system has been studied theoreti-

cally only very recently [42]. This could lead to interesting results with regards

to the commensurability effect, which arises purely from the oscillation period

coinciding with the lattice spacing - clearly in a strained system one would

expect they would not be equivalent. Furthermore the RKKY studies found

a change in decay behaviour and sublattice asymmetry of the RKKY, due to

the merging of the two inequivalent Dirac points in the Brillouin Zone caused

by inducing strain. Specifically the coupling between two magnetic central

adsorbed impurities changed from a decay rate of D−3 in the unstrained case

to a much quicker D−7 when uniaxial strain is applied. Due to the similarity

between the RKKY and Friedel oscillations it is reasonable to expect a similar

behaviour may be found for the latter [48, 213]. Indeed, current research sug-

gests an innate link between magnetic effects and sublattice symmetry, and
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this will be discussed further in Sec. 8.2.3.

8.2.2 Inverse modelling

Inverse modelling was applied in Chapter 4 to finding a suitable set of tight-

binding parameters for substitutional nitrogen and boron and top adsorbed

hydrogen in a graphene host system. Despite the apparent success of the

method in modelling the substitutional impurities the results for hydrogen

were far from satisfactory, with the bonding integral being vastly underesti-

mated compared to results found in the literature. The source of the problem

is thought to be that screening is quite poor in graphene because of its dimen-

sionality, which necessitates the relaxation of the efficient screening hypoth-

esis discussed in Chapter 4. It is therefore paramount that any future work

involving inverse modelling in graphene seeks to resolve this issue, perhaps

by extending the perturbation matrix V̂ to account for onsite energy changes

of the adatom and host site at minimum. If this problem can be overcome the

question of other impurity types can then be considered. As shown in Chapter

4 an adequate parametrisation of nitrogen and boron can be obtained using

only a single onsite term due to their simple bonding structure and similar

atomic size to carbon. It is reasonable to expect that other substitutional im-

purities would require a more intricate inverse modelling procedure such as

inclusion of the modification of bonds and additional energy levels [214]. Mag-

netic impurities would also be interesting to study, for instance it is known that

hydrogen has a magnetic moment and that many transition metals (e.g. Mn,

Fe and Co) are magnetic and are centre adsorbed [215]. This would require ex-

tending the current model via the Hubbard Hamiltonian and the Hartree-Fock

approximation in order to incorporate magnetic effects [48]. The situation of
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a pair of hydrogen adsorbates which are adsorbed on different sides of the

graphene sheet to each other could also be examined, and would require cal-

culation of two different hopping parameters τ1 and τ2. It has been shown that

such an arrangement exhibits interesting effects, such as being non-magnetic,

and a deeper understanding of this would be useful for discussions of hydro-

gen storage in graphene and other carbon-based nanomaterials [130]. Besides

other impurity types, the inverse modelling procedure could be extended to

investigate doping in other materials, given that a sound tight-binding de-

scription exists for the host material. Such an extension would be quite useful

given the increasing number of nanomaterials being developed - the proce-

dure shown in this chapter could make the study of the impact of dopants on

the electronic structure of these systems faster and simpler. On a final note it

should be pointed out that the inverse modelling has been used in the past for

studying adsorbate distributions on carbon nanotubes with a view to using

them as gas sensors [71, 216], something which would also be possible with

graphene given the findings of this thesis.

8.2.3 Sublattice segregation

Perhaps the main result of this thesis was the proposed mechanism for the ex-

perimentally observed sublattice segregation of nitrogen impurities in graphene.

It was found that any change to the graphene lattice (or indeed other bipartite

lattice structures) in a sublattice asymmetric manner will induce a different

electronic response on each sublattice. Recent theoretical research has pre-

dicted that edged graphene will also modulate this effect [217]. It remains

to be seen whether the impurity segregation is indeed coming from symmetry

breaking interactions alone, which is experimentally testable by the existence
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of the critical concentration. The model also predicts that segregation effect can

be seen with other dopants and/or other systems and while currently there is

only limited experimental research to support this, it is hoped that by dissemi-

nating this work that more research can be stimulated in this direction. Beyond

the benefit of understanding the sublattice asymmetry mechanism for poten-

tial electronics applications, if the effect can be understood and controlled the

question of whether it is experimentally feasible to induce a ferromagnetic

state in either doped CNTs [179, 218, 219] and graphene [220–223], which arises

from sublattice segregation of defects, can also be re-examined. Indeed, there

is very promising recent experimental evidence that magnetic hydrogen ad-

sorbates will exhibit long-range ferromagnetic ordering when placed on the

same sublattice [224, 225], however the level of atomic manipulation required

presents a challenge to realising this on a larger scale than a handful of adsor-

bates. It should be noted that the authors propose this to be a direct interaction,

caused by overlap of the magnetised impurity states, rather than an indirect

RKKY-like interaction, however at longer range such an effect should still be

visible via the substrate-mediated RKKY interaction.

The robustness of the segregation mechanism could also be examined with

respect to uniaxial strain. Using the reasoning from Sec. 8.2.1, strain would

remove the commensurability between the lattice spacing and the energetic

coupling leading to much more complicated behaviour. This would make a

pen and paper approach much more challenging but numerical calculations

following the work in Chapter 7 using the strain-dependent Green functions

should be sufficient to reveal how robust the effect is to strain. While this may

not be very useful from an applications standpoint the source of the segre-

gation lies in this commensurability. Hence a greater understanding of this

proposed mechanism and how it responds to strain would be needed for com-
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pleteness.

This concludes the discussions of the possible extensions to the work in this

thesis. While the simplicity and elegance with which graphene’s electronic

properties can be expressed, either through ’pen and paper’ or relatively lightweight

numerical computations, is quite unique, it is clear that the general approach

of much of the investigations in the preceding chapters is applicable to other

materials. It is therefore hoped that this work will aid future research in low-

dimensional nanomaterials and the tailoring of their electronics properties,

perhaps serving as a blueprint to direct investigations of the electronic proper-

ties of such novel materials.



Appendix A

Change of variable for computation

of integrals

A.1 Onsite occupation variations

In Chap. 2 the expression

ni = − 2
π

Im
∫ EF

−∞
dE∆Gii(E + iη) (A.1)

for the change in occupation on site i was derived. Performing the numerical

integration in order to calculate ni requires an integration along the real energy

axis, however this can present a number of problems. Many integration algo-

rithms use Simpson’s rule or similar quadrature routines to evaluate integrals.

Problems arise when evaluating the integrals in regions around large diver-
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Re (E)

EF

R
IIm

IRe

Ia

C Im
 (

E
)

Figure A.1: Numerical calculation of integrals such as n are more easily
solved by contour methods in the complex energy plane. The red line
indicates the integral IRe in the expression for ni shown in Eq. A.1. The
dashed lines indicate two other integrals IIm and Ia explained in the text
which along with IRe form a closed counter-clockwise contour C. The
contour encloses no singularities and has an arc of radius R→∞.

gences. These divergences are common in functions such as Gii which can re-

sult from the presence of bound states and resonances in the system spectrum,

this makes the calculation of integrals involving these quantities difficult. In

the case of n and similar quantities encountered in this thesis, this issue can

be resolved by performing the integration over the imaginary energy axis by

transforming the integral via Cauchy’s theorem. Away from the real axis these

integrands generally behave much smoother and without discontinuities.
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Consider again the expression for ni and recall that the retarded Green func-

tions Gii(z) are by their definition analytic in the upper-half of the complex

energy plane defined by y > 0 if z = E + iy. The current integral for ni in

Eq. A.1 lies a small distance iη from the real-axis and is indicated by the red

line in Fig. A.1 and labelled IRe. A contour C can be formed in the complex

energy plane as shown in the same figure and consists of three parts - a line

following the initial integral along the real axis (designated IRe), a perpendic-

ular line originating at EF + iη and extending along the imaginary axis up to

iR (denoted IIm), and an arc with radius R →∞ connecting the previous two

parts Ia. As Gii defines the quantity ni and it is analytic within the contour, it

follows from Cauchy’s theorem that IRe = −Ia − IIm. The integral Ia along the

arc can be solved by switching the Green function to polar coordinates. Fol-

lowing from the definition Ĝ = (EÎ − Ĥ)−1 clearly Gii(z) ∼ 1
z

so the integrand

vanishes along the arc, however the integral itself does not vanish. Ia can be

expressed in polar coordinates by the transformation z = Reiθ as

Ia =
∫ π

π/2
(iReiθdθ) 1

Reiθ

which simplifies to

Ia =
∫ π

π/2
dθi = iπ

2 .

If the integrand was a product of two or more Green functions it is clear that Ia

would in fact vanish as the integrand would go as ∼ 1
R2 or faster. The integral

IIm is an integral over the imaginary axis

IIm = i
∫ ∞
η

Gii(EF + iy)dy

which behaves much smoother over the integration range than IRe. Through
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substituting both the expressions for Ia and IIm into IRe = −Ia − IIm it can be

written

ni = − 2
π

Im
(
− i

∫ ∞
η

Gii(EF + iy)dy − iπ

2
)

or more simply

ni = 1 + 2
π

Re
∫ ∞
η

Gii(EF + iy)dy.

The numerical calculation of this quantity is better than the initial expression

for ni in Eq. A.1 as the integral behaves much smoother and hence is easier

to calculate using numerical methods. It is usually necessary to perform an

additional change of variables in order to change the integration limits to a

finite range to aid computation. The simplest way to do so for integrals of the

form of ni is making the substitution

y = 1 + η − t
t

which changes the integration limits
∫∞
η →

∫ 0
1 and dy = − (1+η)

t2
. The initial

expression for ni in Eq. A.1 can then be recast as

ni = 1− 2
π

Re
∫ 0

1

1 + η

t2
dtGii

= 1 + 2
π

Re
∫ 1

0

1 + η

t2
dtGii,

a form which is much easier to calculate numerically.
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A.2 Energy variations

Section 2.4.3 describes the derivation of ∆E, the change in global system en-

ergy when a system is perturbed by the introduction of one or more impurities.

In both cases of substitutional and adsorbed impurities shown in Eq. 2.17 and

Eq. 2.18 respectively there is an integral of the form

∆E = 2
π

Im
∫ EF

−∞
dE ln det

{
Î − ĝV̂

}

that must be calculated. Similar to the case of ∆n the integral is irregular over

the real axis and so to aid numerical calculation it is prudent to transform to

the imaginary axis where the integrand is generally much smoother. Again use

the fact that retarded GFs are analytic in the upper half plane will be used. The

methods of contour integration can be applied, forming a contour similar to

that for n shown in Fig. A.1. As this contour encloses no singularities, through

Cauchy’s theorem it is known that IRe = −IIm − Ia.

Consider the integral Ia over the arc. In the limit of z →∞ the function ĝ(z) ∼
1
z
, so ln

(
Î − ĝ(z)V̂

)
∼ ln

(
Î − 1

z
V̂
)
. For large z this logarithmic function is 1

z
V̂

to first order. Using this with the identity Tr ln X̂ ≡ ln det X̂ it can be written

Ia =
∫ π

π/2
dθTr iReiθ(− V̂

R
e−iθ)

=
∫ π

π/2
dθTr

(
−iV̂

)
= −iπ2 Tr V̂ .

The second integral, IIm, running parallel to the imaginary axis is
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IIm = i
∫ ∞
η

dx ln det
(
Î − ĝ(EF + ix)V̂

)
.

As with the case of ∆n this generally has a very smooth integrand over the

integration range and by utilising a change of variable x = 1+η−s
s

and dx =

−1+η
s2
ds this becomes

IIm = i
∫ 1

0

1 + η

s2 ds ln det
(
Î − ĝ(EF + i

1 + η − s
s

)V̂
)
.

Recall that ∆E = 2
π

Im Ir = 2
π

Im(−Ic − Ii) which yields the solution

∆E = Tr V̂ − 2
π

Re
∫ 1

0

1 + η

s2 ds ln det
(
Î − ĝ(EF + i

1 + η − s
s

)V̂
)
.

Diagonal elements of V̂ contributing to the trace are non-zero only in the case

of substitutional impurities, which change the onsite energy of atomic sites in

the system. In the case of adsorbates V̂ contains only off-diagonal terms and

thus Tr V̂ is zero in these cases.
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Low energy approximations in the

nearest-neighbour regime

B.1 Dispersion relation

It was shown in Chap. 3 that the dispersion relation for graphene using a

nearest-neighbour tight-binding Hamiltonian is

ε±(kA, kZ) = t
√

1 + 4 cos kA cos kZ + 4 cos2 kZ

which for low energies is linear and is confined around the Dirac points, as

can be seen from Fig. 3.2. To show this the above equation can be expanded

around one of the Dirac points. The one at K = (0, 2π
3 ) can be freely chosen

without loss of generality. Re-casting ε± to be in the region close to K defined
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as K+δk, and then using the Taylor expansion cos
(

2π
3 + |δk| eiθ

)
where θ is the

angle from the kA axis, gives the result

ε±(|δk|) ≈
√

3at |δk| .

It is well known that this linear dispersion relation has the consequence that at

low energies the electrons behave as massless relativistic particles with a speed

of light given by the Fermi velocity vF ∼ c/300 [106], according to ε± = ±hvF |δk|
2π .

Because of this the low energy behaviour of these electrons will behave differ-

ently to those in materials with a parabolic dispersion relation, such as com-

mon metals.

B.2 Pristine Green functions of graphene

The following is adapted from Katsnelson’s method [226]. It will be shown

that the onsite Green function for pristine graphene can be approximated at

low energies where E � t as

gii = 2√
3πt2

E ln |E|3t − i
|E|√
3t2

.

The density of states can be expressed via the dispersion relation as

ρ(E) = 2
π

q(E)
|dE/dq|

.

Recall the expression for local density of states and its link to the system Green
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Figure B.1: Comparison of the exact and approximate forms of g00 derived
in the text, respectively indicated by the black solid and green dashed lines
for the real part and the red solid and blue dashed lines for the imaginary
part.

function from Eq. 2.8, ρ(E) = − 1
π

ImG00, and the expression for the linear

dispersion relation derived in the previous section, E =
√

3atq. Substituting

into the above gives the result

Im g00(E � t) = − |E|√
3t2

The Kramers-Krönig relations relate the real and complex parts of any function
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analytic on the upper-half plane, through which the real part of g00 at low

energies can be shown to be equal to

Re g00(E � t) = 2E√
3πt2

ln |E|3t

Where D = 6t is a constant determined by the width of the electronic spec-

trum. The above approximation is good at low energies up to approximately

± |t|2 , which is around the maximum available doping currently possible [227].

A graph comparing the approximate and exact forms of g00 is shown in Fig.

B.1. It should be noted that several other methods to do this, e.g. using a

momentum cut-off and assuming only the region of the momentum space in-

tegrals immediately around the K and K ′ points of the dispersion contribute

to the Green function, are available in the literature [228, 229].
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