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P erturbative stu d y  of the C hirally R otated  
Schrodinger Functional in L attice  Q CD

A b s t r a c t

111 this thesis we study the renormahzation and 0(a)  improvement of tlie Chi
rally Rotated Schrodinger Functional (xSF) in perturbation theory. The xSF was 
originally proposed in [1] as a way of rehabiliting the mechanism of automatic 0(a) 
improvement in the Schrodinger Functional formulation. In order to achieve this in 
the interacting theory, the finite coefficient of a dimension 3 boundary counterterm 
has to be tuned. After this, 0(a) effects originating from the bulk action or from in
sertions of composite operators in the bulk will be absent in physical quantities. As in 
any lattice regularization with SF boundary conditions, extra 0(a)  effects arise from 
the boundaries and are cancelled by tuning two dimension 4 boundary coefficients.

One of the main objectives of this thesis is to determine to one loop in perturbation 
theory the boundary coefficient z/  and the critical mass nic necessary to restore the 
symmetries broken by the lattice regulator and to recover the situation of automatic 
0(a) improvement. We obtain these coefficients for several renormalization conditions 
and show that different definitions yield differences which vanish at a rate of 0(a).

We then calculate the contribution to the SF running coupling due to fermions 
regulated with the xSF- From there, we are able to extract the fermionic part of 
the boundary improvement coefficient for the gauge action. Having subtracted the 
boundary 0(a) effects, we study the remaining lattice artefacts in the step scaling 
functions. We then define a one parameter family of renormalized couplings and 
relate the resulting renormalization schemes to the MS scheme.

Finally, we study the coupling for strongly interacting theories others than QCD. 
We find that the cutoff effects in the step scaling function for these theories can be 
very large even after 0(a)  improvement. We then devise some strategies with which 
we reduce the residual cutoff effects.
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“-How many wishes do I get?
-As many as you want. And the more wishes you 
make, the more magnificent Fantasia will become.
-Really?
-Try it.
-M y first wish is...”

Bastiaii and The Childlike Empress

1
Introduction: The world so far...

. ..  SEEMS TO BE very well described by the Standard Model (SM) of particle physics, 
a quantum field theory which describes three of the four fundamental interactions 
known in nature, i.e. electromagnetism and the weak and strong nuclear forces. 
Almost half a century after its original proposal [2-4], it has been extremely successful 
in explaining a wide range of phenomena with extraordinary levels of precision. Its 
validity has been further confirmed with the recent discovery of a Higgs-like particle by 
both the Atlas [5] and CMS [6] experiments at CERN, which was the last milestone of 
the theory still to be observed. Although tensions do indeed exist between the values 
of some observables predicted by the theory and their value measured experimentally,^ 
these deviations are generally attributed to the difficulty in their calculation and

^For instance, the anomalous magnetic moment of the muon or the edges of the unitary triangle 
of the CKM matrix elements.
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4 CHAPTER 1. INTRODUCTION: THE W ORLD  SO FAR.

measurement and do not change the general perspective th a t the SM is experimentally 
unchallenged. Any confirmed deviation from SM predictions would be a smoking gun 
for new physics yet to be discovered, and would represent a boost for new theoretical 
effort.

Quantum Field Theory (QFT) is the mathematical structure upon which the SM 
is built. It unifies the principles of special relativity and quantum  mechanics leading 
to a framework suitable for describing phenomena in particle physics. In a field 
theory, the basic degrees of freedom are represented as fields, i.e. functions of space
time which transform under a specific representation of the Poincare group. These 
are upgraded during the quantization procedure to operators acting on a Hilbert 
space. The resulting quantum  fields obey connnutation or anti-commutation relations 
according to the spin-statistics theorem. Particle states are constructed as excitations 
produced by acting on the vacuum-state with operators built as products of quantum 
fields.

The field content in the SM is divided in two categories, m atter fields and force car
riers. M atter fields are represented as spin 1 /2  fermions divided into two subcategories 
as quarks (which are the constituents of hadrons) and lejitons (like the electron and 
the neutrinos). Force carriers are the mediators of interactions and are represented 
as massless spin 1 vector bosons. These are the photon mediating electromagnetism 
(EM), the and Z  bosons responsible for the weak interactions, and the eight glu
ons associated to the strong force. All interactions in the SM are encoded in a gauge 
sjnnmetry based on the group SU{3)c x SU{2)i  x [/( l)y . The SU{2)i^ x f /( l)v  part 
describes the combined electroweak interactions. The last ingredient of the SM is the 
spin-0 Higgs field responsible for breaking the 5C/(2)l x t / ( l ) y  electroweak symmetry 
down to the ?7 ( 1) e m  of electromagnetism, generating masses for the weak bosons.^ It 
is also responsible for producing ferrnion masses via Yukawa interactions.

The SU{3)c sector describes the strong interactions in terms of quarks and gluons. 
The theory for the strong interactions was built by Fritzsch, Gell-Mann and Leutwyler 
as a non-Abelian gauge theory based on the sjanmetry group SU{3),  with an asso
ciated charge called color [12]. The theory was named Quantum  ChromoDyiiamics 
(QCD), and so far it is widely accepted as the correct theory of strong interactions. 
It explains accurately phenomena from the scale of hadronic physics a t low energies

^Although this symmetry breaking mechanism receives its name after Peter Higgs, it was simul
taneously developed by Englert, Brout, Guralnik, Kibble and Higgs [7-11].
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to  the production of jets in high energj^ collisions and the properties of quark gluon 

plasmas.

The non-Abelian nature of QCD implies th a t gluons, apart from mediating the 
strong force between quarks, also interact among themselves. The strength of the 
interactions is described by the QCD coupling Og. I t ’s value depends on the energy 
scale a t which an interaction occurs. It is therefore referred as a running coupling 
asifJ.) which “runs” or evolves with energy, adopting large values a t low energies and 
small values at large energies.^ This behaviour of strong interactions leads to the 

phenomena of asymptotic freedom  and confinement.

Asymptotic freedom is a feature of some gauge theories in which their coupling 
becomes asymptotically weaker a t short distances. It was discovered in 1973 by 
Frank Wilczek and David Gross [13, 14], and by David Politzer [15] independently."^. 
Before the discovery th a t strong interactions become weaker a t very high energies, 
many theorists believed QFT to be inconsistent because of the presence of Landau 
poles, i.e. a divergent coupling a t finite energy. Asymptotically free theories do not 
develop Landau poles, and hence they meant a rehabilitation of Q FT as fundamental 
theories ui> to arbitrarily large energy scales.

Confinement refers to the fact th a t quarks do not exist as physycal states in nature. 
Only states obtained as a colorless combination of quark fields occur. Although the 
property of confinement has not yet been proven analytically from QCD, niunerical 
calculations have provided large amount of evidence indicating th a t QCD does in fact 
confine.

As a consequence of asymptotic freedom, at sufficiently large energies for which the 
running coupling becomes small, QCD can be studied in perturbation theory. Theo
retical predictions calculated this way show a very good agreement with experimental 
observations.

At low energies perturbation theory cannot be applied. Kenneth Wilson proposed 
a non-perturbative construction of field theories [17] based on the path  integral ap
proach. In this construction the continuum space-time is discretized into a four 
dimensional Euchdean lattice. The discretization introduces a cutoff in momenta

^The low energy behaviour of the strong coupling is not universal and deppends on the details 
of its definition.

“̂ In 1969 Iosif Khriplovich already discovered asymptotic freedom for the S U (2) Yang-Mills theory, 
but understood it only as a mathematical curiosity. Gerardus t ’Hooft also noticed the phenomena 
in 1972 [16], but did not publish his observations.
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proportional to the inverse lattice spacing The lattice formulation, apart from 
providing a fully non-perturbative definition of a field theory, permits to evaluate the 
path integral numerically via Monte Carlo methods [18]. When this construction is 
apphed to QCD, the discretised theory is denoted by Lattice QCD (LQCD).

Any QFT must be properly renormalized before any meaningful prediction can be 
made. The lattice formulation provides a regularization, which is a necessary step 
in the renormalization of the theory. In presence of the regulator, all quantities of 
QCD are finite. However, they will depend on the cutoff a~^. To obtain a physical 
prediction the regulator ultimately has to be removed by taking the limit a — 0. 
The renormalization procedure consists in rewriting the parameters of the theory in 
terms of some physical quantities which are kept fixed as the cutoff is removed. The 
remaining renormalized theory is then finite and fully predictive.

The observables used in the renormalization process have to be computable within 
the framework being used. Hence, in a perturbative calculation, for the renormal
ization of the theory one would a ]>riori use high energy quantities® computed in 
perturbation theory. For a non-perturbative calculation, the renormalization has to 
be done non-perturbatively. For this, suitable physical observables arc low energy 
quantities like hadron masses or decay constants.

The lattice version of a theory should not be understood as an approximation of 
a continuum one. Instead, it should be seen as a direct definition of a theory which 
is otherwise undefined in the continuum. Once the lattice theory is defined and after 
it is properly renormalised, the continuum theory is recovered by sending the lattice 
spacing to zero.

The Monte Carlo evaluation of a path integral requires the number of degrees 
of freedom to be finite. This means that a numerical calculation will always have 
to be performed at finite lattice spacing. Continuum results will be obtained only 
after an extrapolation procedure. In practice, computational limitations can restrict 
simulations to rather coarse lattices. Special care has to be taken to perform the 
extrapolation procedure correctly. For this reason, discretization effects should be as 
small as possible.

The pure Yang-Mills sector of LQCD has leading cutoff effects directly of O(a^). 
Concerning fermions, several formulations are available by now, each coming with its 
own advantages and drawbacks. In this thesis we will consider the original formulation

^Like, for instance, jet cross sections.



7

by Wilson [17] for which chiral symmetry is explicitely broken. Formulations of 
fermions which do not respect chiral symmetry are affected by 0{a) cutoff effects.

Symanzik introduced a way to improve systematically the rate at which quantities 
computed in the lattice theory converge to their continuum values [19, 20]. This 
process is called the Symanzik improvement programme. The 0{a) improvement of 
a theory is achieved by adding a set of counterterms to the lattice theory and to 
the interpolating fields. These counterterms respect all the symmetries of the lattice 
theory. They come with coefficients which can be appropriately tuned to remove 
0{a) effects from physical quantities. This process has been successfully applied 
mainly to reduce cutoff effects from 0{a) to 0{a^) in several theories. However, the 
non-perturbative tuning of improvement coefficients can be a very demanding task.

There are formulations which enjoy the property of automatic 0{a) improvement 
[21].̂ ’ This does not mean that 0(a) discretization effects are absent. Rather, as a 
consequence of the symmetries of the theory, all quantities with a physical continmun 
limit are affected only by lattice artefacts with even j)owers of the lattice spacing, 
while quantities which vanish in the continuum limit are affected by odd powers of 
the lattice spacing. Hence, in this situation, leading discretization effects in physical 
quantities are of O(a^).

The lattice construction can be used as well in perturbation theory at high energies. 
Hence, lattice field theory peruiits to build a bridge between the low' energy sector 
of the theory and the high energy regime. When this connection is established, 
the renormalization of the theory at a perturbative scale can be done using low 
energy observables computed non-perturbatively. This way, the renormahzation is 
done without any error associated to the truncation of a perturbative series or the 
absence of any possible non-perturbative effect. Moreover, low energy quantities as, 
for instance, the proton mass, are known to a very high level of accuracy. It is 
desirable then to use them in renormalization conditions instead of other high energy 
quantities which might be affected by much larger experimental uncertainties.

A strategy for carrying out this connection is based on using finite volume renor
mahzation schemes [22]. In these, the theory is formulated in a volume V — and 
the renormalization scale is identified with the physical size via fi = 1/L. Different 
energy scales can then be explored simply by increasing or decreasing the volume of 
the system. The scale dependence of observables is studied by computing them at

®For instance, twisted mass Wilson fermions at maximal twist.
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different volumes. In this way the running of physical quantities can be probed from 
low energies all the way up to very high energies.

Particularly useful finite volume renormahzation schemes are those based on the 
Schrodinger Functional [23]. These are the ones we will consider in this thesis and 
will be discussed in extensive detail further on. Essentially, they account for the 
formulation of the theory on a hyper-cylindrical manifold with fixed boundaries in 
the temporal direction and periodic in the spatial directions. Schrodinger functional 
schemes are gauge invariant, mass independent (by renormalising in the chiral limit) 
and suitable for evaluation with both Monte Carlo and perturbative methods. The 
Schrodinger functional is by now a widely used tool to address non-perturbative 
problems in QCD [24-30], and in other strongly interacting theories [31-34].^

A problem in Schrodinger Functional schemes is the presence of extra sources of 
0{a) cutoff effects in physical quantities. These are caused by the mere presence of 
the temporal boundaries together with the boundary conditions for the fields. These 
lattice artefacts do not arise from the l)reaking of any continiuuu synnnetry. They 
will hence be present in any lattice regularization, even in those which display leading 
cutoff effects of 0{a^) in the absence of boundaries. Follownig Symanzik’s programme, 
discretization effects arising from the boundaries can be removed by adding boundary 
counterterms to the action and adjusting their coefficients accordingly.

For Wilson quarks in the SF there is another class of 0(a) effects coming from the 
bulk. This might be surprising a priori since massless Wilson quarks in finite volume 
are expected to be automatically 0{a) improved [21]. The argument for automatic 
0{a) improvement relies on chiral symmetry being a symmetry of the continuimi 
action. However chiral symmetry is explicitly broken by the SF boimdary conditions 
and hence the argument for automatic 0{a) improvement fails [1]. The remaining 
0(a) effects thus have to be cancelled through the usual 0{a) counterterms to the 
Wilson fermion action and composite fields.

The recently proposed chirally rotated version of the Schrodinger Functional (xSF) 
[1] implements the mechanism of automatic 0(a) improvement on the SF formula
tion. In the continuum (and chiral) limit it is directly related to the standard SF 
formulation via a chiral rotation of the fermion fields. The chirally rotated fields 
satisfy modified boundary conditions which respect a version of chiral symmetry aug-

’’See [35] for a nice and recent review on the study of strongly interacting theories beyond QCD 
regulated on the lattice.
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mented with a flavour structure. In this situation, the argument for automatic 0{a) 
improvement can be resurrected in terms of the upgraded chiral synnnetry. Physical 
observables are then only affected by O(a^) discretization effects (provided that the 
effects from the boundaries have been removed) without the need of introducing new 
operators in the bulk.

The objective of this thesis is to study the renormalization properties of the ^SF in 
perturbation theory. The coefficients for the renormalization of the action and for the 
improvement of the boundaries will be calculated to 1-loop in perturabtion theory. 
These are needed to remove 0{a) effect from the boundaries and to ensure that auto
matic 0{a) improvement of the bulk is at work. Since the SF and ^SF formulations 
are equivalent in the conthiuum limit, we will compare several quantities in both for
mulations and study their convergence as the continuum limit is approached. After 
that, we will compute pertm'batively the renormalized coupling for the ^SF and the 
cutoff effects on the stej) scaling function. Finally, we will consider the application of 
the xSF in the study of strongly interacting theories beyond QCD.

This thesis is organised as follows. In chapter 2 we discuss some ideas of the lattice 
regularization of QCD and give some definitions which will be needed in the rest of the 
thesis. In chapter 3 we discuss the iwoblcm of non-perturbative renormalization. We 
review the key ideas of finite volume renormalization schemes and their application 
to compute the non-perturbative evolution of observables in QCD and other strongly 
interacting theories. Chapter 4 is entirely devoted to review the basic notions of 
Schrodinger Functional schemes, both in the continuum and the lattice. Following 
closely [23] we discuss some conceptual aspects of the SF in the pure Yang-Mills 
theory, after which we include fermions as in [36]. Then we present the version of the 
SF regularised on the lattice with the Wilson gauge action and Wilson fermions, and 
the application of Symanzik’s improvement programme to remove 0(a)  cutoff effects 
from it. The discussion in these 3 chapters does not introduce anything new. They are 
aimed as a review to provide with the necessary definitions and set up the framework 
for the following chapters. In chapter 5 we define a set of correlation functions in 
both the standard and chirally rotated Schrodinger functional setups, and evaluate 
them at 1-loop in perturbation theory. We use these perturbative results to study 
several renormalization and improvement conditions for the counterterms in the xSF, 
and to show that the mechanism of 0{a) improvement is at work. Moreover, since 
both SF formulations are equivalent in the chiral and continuum limit, we study some
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universality relations between the correlation functions in both setups. Chapter 6 is 
divided in two main parts. First, we compute the running coupling in perturbation 
theory. In particular, we compute the contribution due to ferniions regularised in 
the xSF setup at 1-loop. By studying its asymptotic behaviour in a/L,  we are able 
to extract the fermionic contribution to the boundary improvement coefficient of the 
gauge action. Then we compare the size of the cutoff effects in the SF and the xSF 
at different stages of the improvement programme. The second part of chapter 6 is 
focused on the definition of a new family of renormalized couplings with which we 
construct a new pair of renormahzation schemes which we denote as SF^ and xSF,^ 
respectively. Just as the SF and the xSF, the schemes SF^ and xSFi, are equivalent 
in the continuum and chiral limits. Using data available in the literature, we compute 
the cutoff effects in the step scaling functions for this family of couplings up to 2-loop 
order in ])erturbation theory. Finally, we compute the 3-loop /3-function in tfie SF̂  ̂
together with the coefficients needed to relate this family of couplings to the more 
connnon MS scheme. The ideas discussed in chapter 6 are used in chapter 7 to study 
the coupling for other strongly interacting theories. We compute the contribution to 
the coupling due to ferniions in non-fundamental representations for both the SF and 
XSF setups. After this, we show the cutoff effects for the step scaling function for 
these theories and propose strategies to reduce the size of the residual cutoff effects. 
Finally, in chapter 8 we summarise all the results presented in this thesis and give 
some concludnig remarks.



“Roads? Where we’re going, we don’t need roads.” 

Dr. Emmett L. Brown

2
QCD regularized on a lattice

T h e  q u a n t i z a t i o n  o f  f i e l d  t h e o r i e s  is a delicate issue which can lead to mean
ingless divergent results when conducted in a naive way. It is not enough to start 
with a classical action and quantize the theory by writing the path integral^ as in 
non-relativistic quantum mechanics. In order to define a quantum field theory prop
erly one has to regularize it by introducing an ultra-violet cutoff and specify the 
integration measure of the fields in the path integi'al.

A possible approach for doing this is to expand the path integral in powers of the 
coupling constant, and regularize the resulting series order by order. This perturba- 
tive approach works extremely well when dealing with weakly coupled theories like 
QED or high energy QCD. However, when theories are strongly coupled hke in the 
low energy regime of QCD, perturbation theory is of no use at all.^

Low energy' hadronic physics and other strongly coupled phenomena require a non-

^The path integral or any other quantization procedure.
^There are other imsatisfactory issues with perturbation theory. For instance, it is only an 

asymptotic expansion. The sum of the series to all orders does not converge, and hence does not 
define the thory beyond the perturbative level.

11
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perturbative formulation of QCD. This can be achieved by regulating the theory on a 
space-time lattice. The lattice regulator provides a fully non-perturbative definition 
of QCD which is, moreover, suitable for a numerical approach. The present chapter 
is entirely devoted to explaining the very basics of lattice field theory and introducing 
the main concepts and notation which will appear through the rest of this thesis.

In section 2.1 we will briefly review some basics of continuum QCD. Some emphasis 
will be given on the continuum symmetries of the theory. In section 2.2 we first 
introduce the generalities of the lattice formulation of field theories and then we 
proceed to translate QCD into lattice language. Finally, in section 2.3, we will discuss 
Symanzik’s effective theory as a description of the cutoff effects in the regulated 
theory, and Symanzik’s improvement program for improving the scaling of physical 
observables with the cutoff̂ .

2.1 QCD IN THE CONTINUUM

Quantum ChronioDynaniics (QCD) is the sector of the SM describing the strong 
nuclear force. It is a local quantum field theory of Yang-Mills fields coupled to Nf  
fiavors of quarks, based on the local symmetry group SU{3).

The gluon fields are described by massless anti-Hermitean algebra-valued vector 
fields which read

A , { x )  =  igoA;{x)T^,  a =  l , . . , 8 ; (2.1)

where go is the QCD couphng, A^^x) are real valued vector potentials, and T^ are 
the generators of the color group^ (see appendix A.3 for our conventions on the group 
generators). The algebra-valued field strength tensor is denoted by

F^^x)  = d^A^{x) -  d^Ai_,{x) + [A^,{x], A^{x)]. (2.2)

The term with the commutator in is non-zero due to the non-Abelian nature of 
Yang-Mills theories, and encodes the gluonic self interactions.

Quarks are described by anticommuting Dirac spinors ipafcix) and i>afc{^) trans
forming under the fundamental representation of the color group. Here a  denotes

®Since in this thesis we mainly focus on the lattice version of QCD, our notation conventions are 
chosen to match the usual notation of LQCD, where the gauge coupling 50 is absorbed within the 
gauge potential A^(x). Other conventions in which the fields are herniitean are also possible.
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the Dirac index, /  labels the flavour component ( /  == u, d, s, c, t, b for the up, down, 
strange, charm, tru th  and beauty quarks flavours), and c is the color index. Other 
theories can be constructed by considering another gauge group or by using fermion 
fields transforming under other representations of the color group (these options will 
be discussed in section 3.4.1).

The euclidean action of QCD is given by 2 terms

The gluonic part of the QCD action describes the dynamics and propagation of gluons, 
and reads

where the trace is taken over the components of the colour group. The fermion action 
S'f describes the dynamics of quark fields and their interaction with gluon fields, and 
is given by

= j  d^x xpf{x) {j,,Df, + rnf)ipf{x), (2.5)
f

where only the flavour index /  is written explicitly and rrif is the mass of quark / .  
The conventions for the Dirac matrices 7^̂ can be found in appendix A.2. The QCD 
actions for every single flavour are identical except for the value of the mass ruf. The 
operator is the covariant derivative

The fermion and gauge fields transform imder non-Abelian local gauge transforma
tions generated by il,{x) G SU{3) according to

‘S'q c d  — Sg[A] + Sp[ip, Ip., A]. (2.3)

(2.4)

(2 .6 )

ip{x) — > ip'{x) =  Q{x)ip{x)., 

ip{x) — > i ’\ x )  = tp{x)Q{x)\

A,i{x) — > A'i^{x) = fi(x)A^(a;)r2(a;)^ +  n(a;)9^0(x)^

(2.7)

These transformations leave invariant the QCD action

SQCD[fp', '0  , — SqcDifp, V’) ^ ] - (2 .8 )
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The path integral for QCD is given by

Z  =  (2.9)

The functional integral eq.(2.9) is just a formal mathematical expression lacking a 
precise meaning until properly regularized. In section 2.2 we will proceed to intro
duce a lattice regularization. In the contiimum, only perturbative regularizations are 
possible.

The action S 'q c d  i s  invariant under Poincare transformations, i.e. under Lorentz 
transformations and under space-time translations. It is also invariant under the 
discrete symmetries given by charge conjugation C, parity V  and time reversal

For massless quarks, Sqcd  is scale invariant. This invariance is lost during the quan
tization procedure leading to the appearance of a dimensionful scale A q c d  through 
the process of dimensional transmutation. In the modified minimal subtraction renor
malization scheme MS, which is the most common in pertiu’bative frameworks, this 
scale is denoted by

In the massless theory, left and right handed components of the fcrniion fields are 
decoupled and the action S'qcd can be separated into two independent contributions 
from the left and right handed quarks. As a result, the full chiral synnnetry group of 
classical QCD with N f massless quarks is

U{Nj )l ® U{Nf)n = SU(Nf)L ® SU{Nf )n  O U{l)y  ® U{1)a - (2.10)

The U{l)v  symmetry corresponds to baryon number conservation. The axial U{1)a 
group is a symmetry only of the classical theory but not of the quantized theory. The 
absence of U{1)a at the quantum level is called the axial anomaly.

Therefore, the symmetry group of quantized QCD is simply

S U { N f ) L ® S U { N f ) n ^ U { l ) v .  (2 . 11 )

In the presence of fermion masses, left and right components of the fermion field 
mix and the action S 'q c d  is not invariant any more under axial transformations. If 
the quark masses are degenerate nii =  ruj Wi,j,  the mass term will be invariant only

^Iii the quantum  level the axial anomaly leads to a source of CV violation
^The scale Aqcd will depend on the renormalization scheme (see section 3.2).



2.1. QCD IN THE CONTINUUM 15

under simultaneous transformations L = R  (where L G SU{Nf)j^ and R  G SU{Nf)n),  
such that the symmetry group eq.(2.11) is reduced to

S U { N f ) ^ U { l ) v .  (2.12)

Finally, for massive quarks with non-degenerate masses, the chiral group is explic
itly broken down to

N f

n  U{l)f  = U{l)u ® U{l)d ® ... ® t/(l)iv ,, (2.13)
/ = i

with every U{l)f  corresponding to individual flavor conservation.
Since the physical values of the up quark and down quark rnassess are nmch smaller 

than the QCD scale the group SU{2)i  ® SU{2)n is a verj^ good approxunate 
synnnetry. The mass of the strange quark is however of the same order of A ^ ,  and 
hence SU{3)/^ ® SU{3)[t is more strongly broken.

As a consequence of the approximate chiral symmetries one would expect that the 
spectrum of QCD displays degeneracies in the mass of parity doublets of hadrons. 
However, these are not observed experimentally at all. In fact, even if the fermions 
are massless, chiral symmetry turns out to be spontaneously broken by the dynamics
of QCD, and the chiral group is reduced to eq.(2.12). This is the cause for which
the degeneracy in parity doublets is not observed. Also, following Goldstone’s theo
rem, when a global symmetry is spontaneously broken one expects massless Goldsone 
bosons to occur. For Nf  = 2 these correspond to the pions tt'*', 7t“ and However, 
in nature, since chiral symmetry is explicitly broken by the quark mass terms, the 
Goldstone bosons are not exactly massless.

Chiral symmetry is responsible for some important phenomena of QCD. Hence, 
special care has to be taken to ensure that these phenomena are correctly realized in 
the regularized theory.

When regularizing a theory, some continuum symmetries might be broken by the 
regulator. As a consequence of this, predictions of the regularized theory will differ 
from those of the final renormalized theory. These deviations are of course unphysical 
effects that must disappear when the regulator is removed. The breakdown of contin-

®For Nf =  3 the Goldstone bosons are the 3 pions, the kaons A'+, K'^, and K ~ and the 
7/-meson.
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uum symmetries will affect the renormalization patterns of the theory. For instance, 
as we will see in section 2.2.2, the explicit breaking of chiral symmetry in Wilson’s 
original formulation of fermions in the lattice will imply additive renormalization of 
the fermion masses, in contrast to the typical multiplicative renormalization expected 
in presence of chiral symmetry.

Lorenz and gauge invariane of the QCD action still allows an extra term given by

s .  =  I  (2.14)

usually denoted as 9 term. Its contribution is proportional to the winding number 
and it is hence responsible for instanton effects. It is a source of P and CP violation, 
although these effects can be made very small through a very small value of the angle 
9. The 9 term leaves invariant the equations of motion (since it is proportional to 
a total divergence) and it is irrelevant in perturbation theory. The complex nature 
of eq.(2.14) makes it verj  ̂ difficult to deal with in numerical simulations since it 
introduces a sign problem. However, high precision experiments constrain the value 
of the angle to |6*| < 3 x 10“ *̂̂. It is hence typically ignored in calculations.^ We will 
do so all along this thesis.

2.2 T h e  l a t t i c e  r e g u l a r i z a t i o n

When a calculation using local interactions is done in a naive way, the results are 
often inconsistent due to short-distance divergences. For the present discussion let’s 
consider a generic theory governed by an Euclidean action 5e [</>], where the field 
content of the theory is left unspecified and is denoted collectively by (p{x). The formal 
expression for the path integral is given by the integral over all field configurations

(2.15)

^There are several a ttem pts to  explain the sm all value of the 9 —  term  and the presence of P and  
C P sym m etries in strong interations. The m ost com m one involve new particles called axions which, 
however, have never been observed. Another option postu lates the up quark to be m assless. In the 
latter it is possible to  see that even if there was a 0 term  in the action, it would not contribute at 
all.

=  J -■5EH
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To give any meaning to expressions like eq.(2.9) and eq.(2.15) one must first regulate 
the theory by removing all states with energies larger than a cutoff A. In presence 
of a regulator the theory is finite and calculations of matrix elements or scattering 
amplitudes can be done. These quantities, however, will depend on the cutoff scale 
A. In the regulated theory, the ultra-violet (UV) divergences have been exchanged 
by a sensitivity to the cutoff A. Moreover, physical quantities will still be divergent 
if the limit A oo is taken with the couphngs in S e held fixed.

The bare parameters of a theory are, however, functions of the cutoff. The de
pendence of physical observables on the cutoff is such that a change in A can be 
compensated by a change in the couplings. The overall physical quantities are then 
left invariant and well-defined results can be obtained when the cutoff is removed. 
This process is called renormalization.* Physical conclusions must be independent of 
the particular regularization chosen and from the renormalization procedure.

There are many regularizations available (dimensional regularization, Pauli-Villars, 
higher derivatives, lattice,...). Although they might be very different in nature, they 
all share some connnon features. They all introduce a new scale A into the theory, 
such that contributions to physical observables coming from momentum larger than 
A are highly suppressed, while contributions with momentum p <C A behave as they 
do in the unregulated theor^^ All the regulators introduce unphysical features at 
momentum scales of order of A. These are irrelevant for scales much lower than A, 
and should disappear when the regulator is removed.

Among the possible regulators available, the only non-perturbative one is the lat
tice regularization, which consists in replacing the continuum space-time with a 
discrete set Z“̂, which is denoted as the Lattice. The original field theory is then 
reformulated on the lattice: space-time derivatives in the action are replaced
by finite differences and the original fields (f>{x) become functions (f)x defined only at 
the points

X  = ah, h G (2.16)

where a is the distance between points known as lattice spacing. The discretization

*This is the main topic of the present thesis. Specific renormalization strategies are presented in 
chapter 3 and discussed all the way along this work.
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of space time provides the cutoff in momentum. The Fourier transformed fields

can only adopt values of the momenta p lying within the 4-dimensional Brillouin 
zone given by a hypercube with sides of length ja. Hence any mode of momentum 
p >  K = I a is removed from the theory.

When the path integral is defined for the lattice theory the integration measure 
can be specified unambiguously. The integral over all field configurations is reduced 
to a multiple integral over the values of the field (f)a; at all lattice points

In fact, if the action S'e [0] was describing a free theory, eq.(2.18) would simply be a 
Gaussian integral which can be carried out analytically.

If, moreover, the regulated theory is restricted to a finite volume x T, the number

The lattice regulator is removed by taking the limit a —> 0, which in the lattice jar
gon is called the continuum limit It is important that in the continuum limit all the 
synnnetries of continuum QCD are recovered, which might have been broken in pres
ence of the regulator. Among these synnnetries, the most essential one is S U (3) local 
gauge symmetry. Gauge symmetry is manifestly preserved by the lattice regulator, 
which is another fact for which the lattice is a particularly appealing regularization.

The lattice construction does not damage the quantmn-mechanical structure of the 
theory, but it has severe consequences on the space-time properties. The most direct 
one is that space-time translations are reduced to discrete translations from point 
to point. Adoreover, the gi'oup of spatial rotations 50(3) is reduced down to the 
cubic group Oh- This is reflected on the spectrum of the theory. Since there is not 
a one to one correspondence between the irreducible representations of S O (3) and 
Oh, the quantum numbers of states in the lattice theory do not correspond diretly 
to the quantum numbers of states in the continuum theory. These are not severe 
problems for studying the low lying states of the spectrum, but induce complications 
for example for studying excited states or when attempting to define the energy-

(2.17)
X

(2,18)

of degrees of freedom <j)x in eq.(2.18) becomes finite, leaving the functional integral 
suitable for a numerical evaluation through Monte Carlo methods (see section 2.2.2).
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momentum tensor on the lattice.

Finally, when the theory is formulated on finite volume, particle momenta is re
stricted to discrete values

Stt
Pk = k = 1,2,3, Uk e  Z, (2.19)

which has direct effects on multi-particle states.

After discussing the role of the lattice regulator in a generic way, in the following 
subsections we describe how to transcribe the different parts of the QCD action 
eq.(2.3) to a lattice form and then quantize it via the path integral formalism.

2.2.1 T h e  QCD a c t i o n  o n  t h e  l a t t i c e

Gauge fields on the lattice are not directly imported from the continuum formulation. 
Instead they are obtained (as in the continuum) by demanding that the action remains 
gauge invariant once written in the lattice form. While in the continuum this is 
achieved through the fields Af ,̂ in the lattice one is forced to use instead the parallel 
transporters U{x, x  + afi) E SU(3), which connect neighbouring points x and x -I- afi 
through

U{x,x + afi) =  V  exp dt Ai^{x + fit) |  , (2.20)

where V  denotes path ordering and fi is the unit vector in the /x direction. The field 
A^{x) can be assumed to be constant along the path from x  to x  + afi, and thus 
eq.(2.20) can be approximated by the simpler expression

U^{x) = U„ G SU{3), (2.21)

where t/^(x) are taken to be the gauge fields in the lattice theory. Note that U^{x) = 
U{x,x + afi) + 0(a).

A  gauge field [/^ assigns a S U (3) matrix to every pair of points (x, x + afi). are 
therefore referred as link variables. The hermitean conjugate Uf^{xy can be defined 
as the link variable associated to the pair [x, x  + afi) with opposite orientation to 
U^{x). The fields U^{x) and f/ ĵ(x)'  ̂ take values on the Lie group 5^/(3), in contrast 
to the A^,{x) fields which take values in the Lie algebra. A set of values for all link
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variables on the lattice
U ^ { U , { x ) ,  (2.22)

is referred as a gauge field configuration.

The lattice gauge fields transform under local gauge transformations ^ SU{3)
as

Uf,{x) —  ̂ U îx) =  n{x)Uf,{x)Q{x + a/i)^

Ufi{xy — > U'^{xy =  Q(x + afi)[/f,(x)^Q(xy.

The simplest choice of lattice action for the gauge fields preserving local gauge 
invariance was constructed by Wilson [17] by considering the product of parallel 
transporters around an elementary square. The so called Wilson gauge action, written 
in terms of the link variables, is given by

=  =  (2-24)
X  f l < l '

where N  is the number of colors, the trace is taken over color components, and /3 is 
called the inverse coupling. The field P^^[x) is a closed loop around a plaquette (i.e, 
a square with sides of length o), given by

P,A^)  =  Uf,{x)Ut,{x +  afi)Ufi,{x +  aiy)^Uu(x)^, (2.25)

and called a plaquette field.
Inserting the definition eq.(2.21) into the gauge action S'cft/] it can be seen that in 

the (naive) continuum limit®

Sg [U] a'^tr [Ff,^(x)Ff,^(x)] +  O(a^), (2.26)
f l l /  X

so that the continuum form of 5G[t^] reproduces the pure Yang-Mills action eq.(2.4).

The lattice regularization of eq.(2.4) is not unique and we have presented here only 
the simplest option eq.(2.24). Other regularizations have been formulated aiming 
towards a better convergence of the quantized theories to the continuum action as

®By naive continuum limit we denote the limit a 0 of a discrete action at a classical level 
where no renormalization takes place. By full continuum limit, or continuum limit, we refer to the 
removal of the cutoff in the quantinn theory which takes place together with the renormalization of 
the theory, in which the bare parameters become functions of the cutoff.
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a —>■ 0. A  guiding principle to build lattice regularized actions is th a t in the naive 
continuum limit they should converge to the classical continuum action eq.(2.4).^°

Concerning the discretization of the fermion action, many possibihties exist as well. 
They usually take the generic bilinear form

Sp['ip,'4),U] =  {D + m.o)'ip{x), (2.27)
X

where i>{x) and 4’{x) are spinor fields, with color and flavor componentes, defined on 
the lattice sites x. The dependence of Sy[ip, iIj, U] on the gauge field U comes from 
within the Dirac operator.

Different fermion regularizations correspond to different discretizations of the con- 
tinmun Dirac operator. The main force driving the construction of alternative regu
larizations is the problem of how to realize chiral symmetry on the lattice. In fact, 
the Nielsen-Ninomiya theorem states th a t any discretization of the Dirac operator 
which is herm itean and leads to an action local and translationally invariant, either 
breaks chiral sym m etry or generates extra unphysical fermion species called doublers 

[38, 39],

The expression which encodes chiral symmetry on the lattice is the so called 
Ginsparg- Wilson relation [40]

-D75 +  75-D =  aD j^D .  (2.28)

This relation perm its to construct a modified chiral transform ation which leaves the 
lattice action for massless quarks invariant [41]. Dirac operators D  which satisfy 
eq.(2.28) respect exact lattice chiral symmetry. However, due to the Nielsen-Ninomiya 
theorem, these can not be ultra-local but they will have long range interactions be
tween distant neighbours which decay exponentially.

Keeping chiral symmetry on the lattice is im portant for several reasons. However, 
dealing with a Dirac operator which is non-local a t finite lattice spacing is a very 
demanding task. We will not discuss chiral formulations in the rest of this thesis.

^°The naive continuum  lim it is a sufficient but not necessary condition to  obtain a valid regularized 
action. T he topological la ttice actions  have been recently proposed[37], which do not have a classical 
continuim i counterpart but lead to the correct quantum  continuum  lim it.

^^For exam ple, to build non-perturbative form ulations of chiral theories like electro-weak interac
tions. Moreover, leading cutoff effects for form ulations satisfying eq .(2.28) are o f order O(a^).
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Here we will focus only on W ilson’s original formulation of lattice fermions, called 

the Wilson fermion action 5 w f ['*/', V-'j ^]- It is explicitely given by introducing in 

eq.(2.27) the Wilson-Dirac operator defined as

= + (2.29)

The covariant derivatives on the lattice act on fermion fields aŝ ^

V ^^(x) =  -  [U^{x)'ip{x +  a/i) -  -ip{x) ] ,
^ (2.30)

V*^(2:) =  -  I'lpix) -  Uf,{x -  afi)^xp{x -  afi)] .

The last term in eq.(2.29) is the Wilson term. It effectively projects the doublers out 

of the theory. Tliis term, however, breaks explicitly chiral synunetry.

The discrete symmetries respected by the Wilson fermion action S'wf[V^'0)^] 

the same as for the continuum action, namely C, V  and T,.

The Wilson Dirac operator D\\r satisfies also 7 5 -hermiticity, that is

D \ĵ  =  75-Dw75- (2-31)

As a consequence, the eigenvalues of Dw are real or come in complex conjugate pairs. 

This implies that the determinant of D w is real. For an even number of quarks the 

determinant is not only real but positive, which is crucial in order to perform a Monte 

Carlo evaluation of the path integral (see subsection 2.2.2).

The full lattice QCD action S 'l q c d  is the sum of the gauge part and the fermionic 

part

^LQCD[t/,V',^] =  5 g [C/] +  (2.32)

2.2.2 T h e  QCD p a t h  i n t e g r a l  w i t h  a  l a t t i c e  r e g u l a t o r

Once the lattice form of the QCD action has been specified, we are ready to define 

the integration measures and to write the path integral regulated on the lattice. In

the path integral formulation of QFT operators O  in a Hilbert space translate into
 _

functionals 0[ip,  V', U] in the space of fields. Expectation values of the operator O  are 

list with the action of some lattice derivative operators is included in appendix A .5
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represented as functional integrals over the space of all field configurations

(C>) =  ^  I  (2.33)

where Z  is the lattice path integral given by

j  v[4,,mu] (2.34)

The fermionic measure is characterized as

nn (2.35)
X  a ,c , /

where dxjj and dip are Grassmann measures and a, c and /  denote Dirac, color and 
flavour indices, and x  is the discrete space-time coordinate. The fermion measure 
eq.(2.35) is completely regularized. The integration properties of Grassnian variables 
are collected in Appendix A.G.

The measure for the gauge fields is defined by

where /x is a Lorentz index and dU is the Haar measure on SU{N). Since the link 
variables take values on the compact space of SU {N) (in contrast to the continuum, 
where the fields take values on the non-compact Lie algebra su{N)), the Haar 
measure dU is finite. It is conveniently normalized such that

properties of the Haar measure.
Both Grassmann and Haar measures are gauge invariant. This ensures that only 

expectation values of gauge-invariant observables are non-zero.
Assuming degenerate quark masses, the path integral eq.(2.34) depends on only two 

parameters, i.e. the bare coupling qq and the bare quark mass mo- Due to asymptotic

the lattice world there are no ghosts... unless you perturbate it!

(2.36)
X

dU = 1. (2.37)

Moreover, there is no need to gauge fix on the lattice^^. See appendix A.G for the
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freedom (see chapter 3), the continuum hmit is reached by setting go 0. The Wil
son fermion action has been shown to be renormalizable to all orders in perturbation 
theory. As a consequence of the explicit breaking of chiral symmetry by the Wil
son term in eq.(2.29), in the quantum theory the ferrnion mass acquires an additive 
renormalization besides the usual multiphcative renormalization. Assuming a mass 
independent renormalization scheme, the renormalization of the bare parameters fol
lows the pattern

=  Z m {g l ,  a), ruq = ruo -  nic,
(2.38)

=  Zg{gl,a^L)gl{a),

where // is the renormalization scale and the Z x  factors are the usual multiplicative 
renormalization of the quantities X .  The parameter lUc is called the critical mass. It 
comes into play nmltiplying a counterterm

SS = y^jricrp{xytp{x), (2.39)
X

and it is linearly divergent with the inverse lattice spacing as a 0. Another con
sequence of the explicit breaking of chiral synunetry is that the leading cutoff effects 
are of order 0 (a), in contrast to O(a^) behaviour expected for an action with chiral 
synnnetry.

The non-perturbative formulation of lattice field theory provides a way to evaluate 
the functional integral eq.(2.33) without performing any perturbative expansion. In 
fact, in the Euclidean version of the theory the exponential of the action^"  ̂ g-^LQcn 
plays the same role as the Boltzmann weight factor in statistical mechanics.
After re-expressing the fermions as pseudofermions in the functional integral (see 
below), if the resulting action is real and bounded from below the path integral can 
be interpreted as a statistical system weigthed by the exponential factor

Due to the bilinear form of the fermion part of the action, the fermionic functional 
integral can be carried out analytically, and the path integral eq.(2.33) can be brought 
to a form more suitable to deal with in numerical calculations.^^ For that, we can

Minkowski space, the exponential factor is a highly oscillating phase unsuitable for a 
numerical approach.

^^This way one avoids the problems of dealing with Grassmann variables numerically.
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separate the expectation value into a gauge and a ferniionic part as

(O) =  {(Olr)o = I  / V[U] [0[4>,ii,U]]^ZplU]e-^<=i"^, (240)

where ( - ) g  denotes the expectation value over the gauge fields and [ - ] f is the expec
tation value over the fermion fields given by

|0 | f  = j  (2.41)

The factor Zp[[/] is the ferniionic partition function

Zf[U] = J  (2.42)

Within eq.(2.41) and eq.(2.42), U is understood as an external field which is not 
an integration variable. At this point, eq.(2.42) can be calculated as a Grassman 
gaussian integral, leading to

Z F [ t / ]  = (det(D^))[f/], (2.43)

with Dm =  Dw + rrio. The determinant of the massive Dirac opertor Dm is simply 
referred to as the fermion deterininant. The original path integral eq.(2.33) can now 
be rewritten as

(O) = ^  /  V[U]d[U]{det{Dm))[U]e-^'^^^^\ (2.44)

with 0[U] = [0['ip,ip, t/]]p and where the partition function is given by

Z = J  V[U]idet{Dm))[U]e-^°^^l (2.45)

The numerical Monte Carlo evaluation of expectation values {O) consists in ap
proximating the full integral eq.(2.44) by the average over an ensemble U of field 
configurations Ui

j  y'c|(7|0|C/|(det(D„))|C/|e-'*»l‘'l » ̂  ̂  O m  + O . (2.46)
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The field configurations Ui are generated following a probability distribution density

dP{Ui) ~  (2.47)

This way of generating configurations ensures that the resulting ensemble U is com
posed of the configurations dominating the path integral. This technique is called 
impo7'tance sampling, and is widely used in statistical mechanics. The expectation 
value (O) calculated this way would be exact in the limit N  oo. For a finite 
ensemble, the statistical errors on the average are of order 1/V7V.

Until here we have briefly discussed how to evaluate numerically the path integral 
via Monte Carlo techniques. We stress that it is possible to keep track of all the errors 
along the calculation. By evaluating (O) a la Monte Carlo one is exchanging errors 
due to the truncation of a series in a perturbative approach with errors associated with 
a finite ensemble, which are piu’ely statistical and can always be reduced by enlarging 
the size of the ensemble. Systematic errors due to the details of the regulator can 
also be estimated. Understanding the cutoff dependence of different discretizations 
is going to be the central goal of this thesis. In the following section we begin the 
descri])tion of a Symanzik’s progrannne to understand and remove the cutoff' effects 
of a lattice regulated theory.

2 .3  S y m a n z i k ’s e f f e c t i v e  t h e o r y  a n d  0(a) i m p r o v e 

m e n t

One of the central ideas underlying renormalization is that the effects that the higher- 
energy modes have on the low-energj^ behaviour of a theory can be described by means 
of a new set of local interactions. This means that in presence of a cutoff A, the ab
sence of modes of energies larger than A can be compensated by a modification of the 
original Lagrangian, such that the effects of the modes discarded by the regulariza
tion are retained. When the operator structure of the new set of interactions has the 
same form as the original Lagrangian, the new operators account for a modification 
of the bare parameters of the theory. If the operator structure is different, then the 
original Lagrangian is modified to include further terms, each with a new coefficient 
associated to it.

When the typical energy scales characteristic of a process are much smaller than
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the cutoff p <C A, the physical prediction for an observable 0(p)  is given by a series 
where the expansion parameter is the ratio p/A,

OO

0 ( p )  =  O a(p .A ) +  Y, ( t ) A), (2^48)
i=l

Ox{p,i\) is the prediction for 0[p)  in the cutoff theory, and all the contributions 
C>W(p,A) within the sum correspond to the effects due to the eliminated modes. 
They can be reincorporated to the theory order by order in p/A, by including in 
the Lagrangian of the theory with cutoff a new set of local operators. Operators of 
dimension A + n in the Lagrangian only affect observables to order (p/A)” and higher. 
Hence, in order to obtain a prediction with an accuracy of order O ((p/A)"), one nmst 
include all interactions involving operators of dimension n + 4 or less.

The form of the new interactions are fully specified by the synnnetries of the reg
ularized theory and the requirement of locality. The details of the dynamics of the 
high energj^ modes discarded by the regularization determine the values of the coeffi
cients multiplying the new operators, but do not affect the structure of the operators 
themselves.

This kind of expansion is in some sense analogous to a multipolar expansion in 
classical electrodynamics. For example, the specific details of the charge distribution 
of an atomic nuclei are not relevant for the electrons in the atomic orbitals. The 
long-range effects of the short-distance structure of the nucleus can be characterised 
by a finite number of multipole moments (the munber of moments depending only on 
the desired accuracy). The specifics of the nucleus will affect the coefficients of the 
moments, but not their form.

Symanzik’s improvement programme basically accounts for the apphcation of these 
ideas to the case of a theory with a lattice regulator. The absence of modes of 
momentum larger than A =  7r/a is compensated by a new set of local interactions 
which respect the symmetries of the lattice theory.

In a lattice theory, the values of the lattice spacing a for which numerical cal
culations can in practice be performed are limited by the available computational 
capabilities. The way observables depend on a is inherent to the specific observable 
and to the particular lattice formulation chosen. For this reason, it is important to 
find formulations for which the leading discretization effects are of O(a^) rather than 
0(a).
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For the pure gauge theory governed the Wilson gauge action, leading cutoff 
effects are already of O(a^). However, in a theory with fennions, the way observables 
scale with a depends on how chiral symmetry is realized on the discretized theory. 
Fermion actions obeying the Ginsparg-Wilson relation are affected by leading O(a^) 
effects, while for actions violating chiral symmetry the leading cutoff effects are of 

0 (a )  (42).

Unfortunately, using formulations which respect the Ginsparg-Wilson relation is 
usually too computationally demanding. The remaining alternative is hence to choose 
formulations which do not respect the Ginsparg-Wilson relation, and eliminate the 
0{a)  discretization effects by means of Symanzik’s improvement programme. These 

are called improved formulations.

In Symanzik’s irni)rovement programme the lattice theory is described in term s of a 
continuum local effective theory which respects all the symmetries of the underlying 
lattice theory. This serves as a param etrization of the cutoff effects of the lattice the
ory as the continuum limit is a p p ro a c h e d .T h e  knowledge of the operator structure 
describing lattice artefacts can be used to anticipate the form of lattice counterterms 
which can cancel such lattice artefacts. For this, a discretized version of the operators 
in the effective theory is written and added to the lattice theory.

The action of the effective theory has the general form

‘S'eff =  S'o +  a,Si S 2  +  •••, (2.49)

where So represents the action of the “would be” continuum theory w ithout cutoff 
effects, and the term s <Sj account for the description of the lattice artefacts order by 
order in a. S^s is called the Symanzik effective action. W ritten in terms of lagrangian 
densities reads,

S'eff =  I  dx^C,n{x), (2.50)

with the effective Lagrangian given by

>Ceff(a:) =  Lq{x) +  aCi{x) + a^C2 {x) +  ..., (2.51)

^®Note that this description only makes sense close to the continuum limit, where the length 
scales associated to the phenomena of interest are much larger than a. If a is not small enough, the 
situation would correspond to a cutoff theory where the expansion parameter p /A  is not small, and 
hence the effective description would not be valid.
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Here Lo(x) is again the “would be” continuum Lagrangian and the Ck[x) terms are 
linear combinations of local composite fields of dimension 4 +  k, with the same sym
metries of the lattice action, and with coefficients c,,

C,(x) = Y ^ C tC f (x ) .  (2.52)
i

It is expected from perturbation theory that the coefficients c, depend at most loga
rithmically on a [19].

In order to eliminate cutoff' effects up to a certain order in the lattice theory one 
first has to consider all possible operators of dimension 4 + k  in the effective theory. 
Once all the terms contributing to a specific order k are known, they are translated 
to a lattice discrete form

£ ,  ^  Lk{x) = ^ c , L ^ \ x ) ,  (2.53)
i

where L\  denote the discrete versions of . Note that the coefficients q  of the 
effective theory are not the same as the coefficients q  multiplying the lattice operators. 
The Lagrangian terms can then be added to the lattice action, and the coefficients
Ci of the lattice theory can be tuned to cancel the lattice artefacts proportional to Ci
in the effective theory.

The number of terms C}'k\x) at a specific order in k can usually be reduced by 
restricting the improvement only to on-shcll quantities. In this way, relations between

ft)different terms can be found through the classical field equations, and some 
operators might be eliminated in favour of others.

The 0(a^’)-improved lattice action S\ is obtained by adding to the original lattice 
action all the terms of dimension < k together with explicit powers of the lattice 
spacing

k

Si = S  + ' ^ ^ a ^ U { x ) .  (2.54)
X  1 = 1

The coefficients Cj within eq.(2.53) are fixed in practice by demanding the cancel
lation of the cutoff effects of 0(a®) in some particular quantities. The specific choice 
of improvement conditions to impose will depend on every particular case.

^^Although the field equations are purely classical, the elimination of 0(a)-effects holds beyond 
tree level [43].
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With the action one obtains iprovement of the spectral quantities of the the
ory. However, in order to obtain improved correlation functions of local composite 
operators not only the action has to be improved but also the local interpolating 
fields entering the correlation functions. This can be done, in a similar way as for the 
action, by parametrizing the lattice artefacts of the composite operator through the 
effective theory.

Consider a local, gauge invariant, multiplicatively renormalized composite field 
operator

On{x) = ZoO{x),  (2.55)

where Z q is the renormahzation factor of 0{x). The operator Oj}{x) in a lattice theory 
can be described by the continuum effective theory through an effective operator Ogff 
as

O e s { x )  =  O q { x ) + aOi{x) +  a^02(x) + ... (2.56)

0 0 (3̂ ) is the operator in the continuum theory and the terms Ok{x) are built as 
combinations of local composite operators which respect the same synnnetries as the 
corresponding lattice interpolating held,

O i =  (2.57)
i

The combinations a ^ O k { x )  have the same dimensions as O q {x ) .

In this way, an expectation value of a product of the lattice interpolating field 
eq.(2.55)

( O r ) = {OR{xi)...On{xn)), Xi ^ Xj ,  (2.58)

can be described in terms of the effective theory. For that, one takes the expectation 
value of an operator Oeff constructed with the effective fields eq.(2.56). Expanding the 
exponential factor of the effective action eq.(2.49) to 0 ( a ) a n d  using the effective 
description of the interpolating fields Oeff, we can write the expectation value

(Oeff) = (Oo)o ~  ^ J  +  a(Oi)o + O(a^), (2.59)

®̂\Ve restrict here to 0{a)  for clarity on our discussion. This process could be done to any order in 
a although, as we discuss at the end of this section, in many cases going beyond 0{a)  improvement 
turns out to be impractical.
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where {-)q denotes the expectation value taken with the action 50, and

(2.60)

We remark again that the expansion eq.(2.59) makes sense only when the theory is 
close to the continuum limit, i.e. when a is small enough. The coefficients bi multi
plying the local composite operators within Ok{x) in eq.(2.56) depend logarithmically 
on the lattice spacing [43].

Next, similarly to what is done for the improvement of the action, one can use the 
knowledge of the operators appearing hi the effective description Oefr to anticipate the 
form of the lattice artefacts, and add to the lattice theory their respective discretized 
version. For this, one needs to translate the terms in the effective description eq.(2.56) 
to a lattice language. For 0(a)-improvement, only the 0 \  term is needed,

0,{x)  — > Oi(x) = Y.^nO ?{x).  (2.61)
i

The coefficients bi are tuned to cancel the in the effective theory. The improved 
interpolating fields 0\  are obtained by adding eq.(2.61) to the original lattice inter
polator

0\{x) — 0{x) + a''^^hi0^l\x). (2.62)
i

The coefficients bi are determined in the same way as the q, by demanding 0{a) 
effects to vanish from a specific quantity.

Symanzik’s improvement program can be understood all together as the extension
of the renormalization procediu'e to the level of irrelevant operators. Improvement
conditions for the coefficients q  and bi are obtained by demanding specific quantities 
to be free from cutoff effects at a specific order. Different choices of improvement 
conditions at a given order will only induce effects at the following order and higher. 
Since c, and bt depend on the coupling qq, one would ideally determine them non- 
perturbatively. In many situations this task can be too demanding, and a perturbative

0 0  =  Oo{Xi)...Oo{Xn),
n

0 1  =  ^ O o { x i ) . . .O i [ x k ) . . .O o { x n ) .
fc=l

'^Divergences will appear when performing the integral over y  in eq .(2.59) due to the occurrence 
of contact term s 0:̂  =  y  [ k  =  1, . .. ,n ) .  These can be reabsorbed in a redefinition of O i { x ) .
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estimate of q  and bi is enough.

h i principle one could carry out the improvement program to arb itrary order in 

a. However, this would become impractical due to the large amount of counterterms 

appearing at higher orders. In fact, for actions w ith  ferrnions, O(a^) improvement 

would involve four fermion operators. Since the resulting action would not be bilinear 

in the fermion fields could not perform simulations in the way described at the end 

of section 2.2. Practically, 0 (a ) improvement is enough. The Symanzik improvement 

programme has been successfully applied to improve the pure Yang-Mills theory to 

O(a^), leading to the tree-level Symanzik gauge action [44] and to the Liischer-Weisz 

gauge action [45].

Finally, the 0 (a ) improvement program has been applied successfully to remove 

cutoff effects from the Wilson fermion action eq.(2.27). The on-shell improved action 

is obtained by adding only one extra dimension 5 coimtertenn [46] to the action

eq.(2.27). This counterterm is usually referred to as the clover' term, which takes the
form

5Ss\w =  csw^a^ X ]  (2-63)
X

where Csw is the so called Sheikholeslami-Wohlert coefficient, 

is the field strength tensor defined as

F ,M )  =  ^  {<?,..(!■) -  e .„(.T )} , (2.64)

wdth

Q f iu ( x )  =  U^i (x )U iy (x  +  afi)Uf,(x - 1-  ai>)^U^(x)^

-I- Ui,(x)Ufi(x — afi -I- aOyU„(x — afi)^Uf^(x — afi)
(2.65)

-|- Ufi(x — ajl)^U^(x — afi — aO)^U,^(x — afi — ai>)^Uf î(x — av)

-\- Uf^(x — aO)^U^(x — a{>)^U^(x +  afi — a i))U fj(xy.

The 0 (a ) improved Wilson fermion action is hence refered to as the clover action or 

clover regularization, given by

=  a‘̂ Y ^ i) (x )  (Dwi +m o)}l){x),
X

(2.66)
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where the unproved Dirac operator Dwi inchides the clover term

-Dwi =  X ]  2 ^  ~  +  csw^a'^cTf.^F^^.  (2.67)

The need for 0{a)  improvement for Wilson fermions arise as a consequence of the 
explicit breaking of chiral symmetry due to the Wilson term. It is possible to turn 
this argument around and use chiral Ward identities to unpose the restoration of 
chiral symmetry as tuning condition for the Csw coefficient (and for the coefficients 
needed to improve the composite fields). In the rest of the thesis we will always use 
the clover regularization of the fermion action.
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“Don’t move! He can’t see us if  we don’t move.“

Dr. Alan Grant

3
Non-perturbative renormalization

D i v e r g e n c e s  i n  q u a n t u m  f i e l d  t h e o r i e s  appear ultimately due to the fact 
that the short-distance structure of quantum fields is relevant for the long-distance 
properties of the theory. In order to render any quantum field theory predictive it 
first has to go through the process of renormalization. In this chapter we will review 
the need of renornralizing a theory in a non-perturbative fashion. We will discuss the 
application of non-perturbative renormalization by means of finite volume schemes 
in two different contexts. In sections 3.2 and 3.3 we discuss the determination of 
the fundamental parameters of QCD from liadronic quantities. In section 3.4 we 
examine the search for infrared fixed points in would be conformal field theories in 
four dimensions.

3.1 W h y  g o  n o n - p e r t u r b a t i v e ?

The starting point in the renormalization process consists in regulating the theory 
by eliminating all the modes of momenta larger than a cutoff. Let’s consider an

35
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SU{N)  gauge theory coupled to Nj  mass degenerate quarks, such that the only bare 
parameters of the theory are the bare coupling go and the bare quark mass mo. For 
this discussion, lets consider a lattice regulator as described in section 2.2, such that 
the cutoff scale is related to the lattice spacing by A =  ir/a. Removing the cutoff 
corresponds to take the continuum limit a — 0 (see section 2.2). The removal of the 
high energy modes due to the regularization can be compensated by a readjustment of 
the bare parameters in the Lagrangian of the cutoff theory. This is done by imposing 
some renormalization conditions, i.e. by demanding some set of observables of the 
theory to adopt prescribed values. After the bare parameters are tuned such that the 
given renormahzation conditions are satisfied, all physical quantities remain finite 
and can be calculated. Observables are hence functions of the bare parameters of 
the theory and of the lattice spacing, O(go,mo, a). The regulated theory is then 
predictive up to effects of 0{a'^) which originate due to the removed high momentum 
modes, where the power k depends on the details of the regularization as discussed 
in section 2.3.

The cutoff is, however, an artificial notion without physical meaning which will 
ultimately be removed. As the lattice spacing is sent to zero a —> 0, the bare parame
ters should be modified accordingly such that physical observables remain unchanged. 
Demanding a physical observable to be independent on the lattice spacing a leads to 
the Callan-Symanzik equations. In a mass independent renormalization scheme, the 
Callan-Symanzik equation for the obervable O reads

( d d d ]
^  ~  ~  7o(^o) I  O{go, 7iio, A) =  0. (3.1)

The functions /3(c/o), lm{go) and 7o(po) are the (5-funtion, the mass anomalous dimen
sion and the anomalous dimension of O respectively, ^-funtion  and mass anomalous 
dimension are defined as

or \ ^90 r \P[9o) =  7m(^o) = -------------------------------------- (3.2)da mo aa

and they determine the dependence of the bare parameters on the cutoff such that 
physical observables are left unchanged by a modification of a. This is known as 
the Wilson-Kadanoff (WK) renormalization group, which tells us about how do bare 
couplings need to be changed as a function of the cutoff scale a such that physical
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quantities are left invariant, in contrast to the Gell-Man Low (GL) renormalization 
group, which tells about how do physical couplings need to be changed as a function 
of a renormalization scale // such that physical quantities are left invariant.^

The renormalized version of the quantum field theory is obtained by defining the 
continuum limit. The way the bare parameters go and mo  have to be modified when 
taking the continuum limit is determined by eq.(3.2).

The /3-function can be expanded in perturbation theory as a power series in the 
bare couphng go. For S U { N )  theories with N f  massless ferniions, the expansion is 
given by

l^igo) = -bogo -  bigl + 0{gl),  (3.3)

with the first coefficients, which are independent of the renormafization scheme, given 

by

bo =  ( —  TV -  , (3.4)
" (47t)2 V 3 3 V

(3.5)

For theories with bo > 0, the bare coupling go 0 as the cutoff a is sent to 0. These 
kind of theories are called asymptotically free theories.

The asymptotic form of the /5 function is the same in both WK and GL renor
malization groups. Inserting the expansion eq.(3.3) into eq.(3.2) the latter can be 
integrated obtaining the relation

g{a)~^ = bo In ^  In (in (a“^AL^)) +  O ( l /  hi(a^A^)) , (3.6)

where Al is the A q c d  parameter of QCD in the lattice scheme being used. It is 
important for the present discussion to keep in mind that asymptotic freedom implies 
that the bare couphng go ^  0 as a ^  0. As a consequence the continuum limit in 
an asymptotically free lattice theory is taken by sending the bare coupling to 0. 
Another consequence of eq.(3.6) is that a perturbative expansion in terms of go is 
valid provided that we are close enough to the continuum limit.^

*Iri fact, the words ’’renormahzation group“ are commonly used for referring both WK and GL, 
and it is the context which specifies to which of the two one is referring to.

^In the Gell-Mann Low renormalization group, asymptotic freedom implies that the renormalized 
coupling 3 ;̂  —)■ 0 at high energies /y —> 0.

bi =
1 / 3 4 „ 2  - 1 ,.A T  A T  A T

(47r)
— N ^  N N f
3 3 ^ N f
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QCD is an asymptotically free theory. At high energies the physical coupling 
is small and perturbation theory has been successfully applied to make predictions 
about cross sections and other processes. However, at energy scales of the order of 
A q c d  (which are the scales of hadronic physics) a perturbative expansion in terms 
of the renormalized coupling does not make sense at all. A non-perturbative 
solution of the theory is required in order to make predictions of the low-energy 
sector. Unfortunately, there are very few analytic tools available, and very often 
the only way to determine physics at low-energies is through numerical calculations 
])erformed using the lattice formulation of the theory.

Since the bare coupling Qq becomes weak at small values of a, one might expect 
to carry the renormalization of the lattice theory perturbatively in terms of 
However, calculations of hadronic quantities nmst be done numerically by evaluating 
the path integral with Monte Carlo techniques, which require a finite number of 
degrees of freedom.^ Hence, computations have to be done with a finite cutoff and, 
mifortunatcly, simulations where a is much smaller than the relevant length scales 
are not ])ossible. In this context, the lattice spacing a is generallj^ not small enough 
to justify a perturbative expansion in terms oi g^. Moreover, the perturbative series 
in are known to be poorly convergent [47]. Hence, in order to have access to 
the low-energy sector of the theory, one has to perform the renormalization process 
non-perturbatively.

Since the formiilation of field theories on a lattice is a non-perturbative formulation, 
it opens the possibility of connecting the high-energj^ and low-energj^ sectors of a 
theory. A  theory can be renormalized at low-energies using hadronic experimental 
inputs and then used to predict high-energy observables. This is particularly I'elevant, 
for eample, for the determination of the fundamental parameters of QCD (the QCD 
scale A q c d  and the invariant quark masses). Once they are determined in terms of 
low energy constants, which usually have less experimental errors than observables 
measured at high energies, they can be used as input parameters in the perturbative 
evaluation of high-energy processes such as jet cross sections.

In the following section we discuss this considering a particular example.

^We emphasize again tliat a perturbative expansion in terms of is valid close to the continuum  
limit (i.e. when a is small) independently whether we are at low or high energies.

“̂ In fact, with contemporary computational capabilities, a not too large number of degrees of 
freedom is needed to perforin calculations in reasonable times.
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3 .2  E x t r a c t i n g  f u n d a m e n t a l  p a r a m e t e r s  o f  Q C D

In order to obtain the runnnig coupUng a = j^'n from experiments one starts 
by considering an experimental observable 0{n,y),  which depends on a scale /x and 
on a set of possible kinematic variables collectively denoted hy y.^ At high energies, 
0{fi, y) can be expanded as a perturbative series of a couphng a x  defined in a specific 
renormalization scheme X,

0(1.1,y) =  Axiv) + Dx{y)ax{n) + Cx{y)ax(,^J-)^ + 0 { a \ ) .  (3.7)

One can thus use the expansion of the observable 0{f^i,y) as a definition of the run
ning coui)Iing. The running coupling ax(//) is determined first by calculating a few 
terms Ax, Bx,---, in the expansion eq.(3.7), and then measuring experimentally the 
observable O. After this, the value of qa- can be extracted directly from eq.(3.7).

The dependence of the QCD parameters on energy is described by the Gell-Mann 
Low renormalization group. For simplicity, as in section 3.1 we will consider only 
mass-independent renormalization schemes, such that the /3-function (and hence the 
renormalized coupling) does not depend on the fermion mass.

The RG equation for the coupling ax  = 9x1 is given by

(3.8)

where the ^-function in the scheme X  has an asymptotic expansion in terms of the 
renormalized coupling

/3x(9x) = -6 o si-i-iS x + 0 (9 A -). (3.9)

and the coefficients bo and bi are the same as in eq.(3.5). For theories with bo > 0, 
eq.(3.9) encodes asymptotic freedom. When inserted into eq.(3.8), the coupling gx 
decreases for increasing fi. Since bo and b\ are scheme independent, this general trend 
will be independent of the particular definition of ax-

^The observable can be any high energy experimental quantity, i.e. jet production ratios,
cross-sections for specific scattering processes,...
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A special solution to the Callan-Simanzik equation is given by

(3. 10)

called the Lambda parameter of QCD in the scheme X .  Ax  is a dimensionful quantity 
which sets the typical scale for QCD processes. It is a renormalization group invariant 
(independent on the scale fi) and scheme dependent quantity.

Other couplings oy might be defined in another scheme Y.  Any renormalized 
coupling can be related to a x  at high energies through a series of the form*’

ay{sii) = axifJ-) + c^l({s)axUif  +  C^l{s)ax{fi)^  + O (q^), (3.11)

where s is simply a scale factor and are coefficients relating the couplings in the 
two schemes X  and Y.  The Ay  parameter in the Y  scheme is related to Ax  through

Although eq.(3.12) depends on the 1-loop coefficient Cy]y relating the coujjlings ay  
and a x  it is an exact expression without any errors associated to the truncation of 
a pcrtnrbative expansion. Since is a RG invariant quantity, it can be evaluated 
at any scale //. The relation eq.(3.12) is hence obtained by comparing eq.(3.10) for 
the two schemes X  and Y,  evaluated in the limit /f —> oo, for which both couplings 
gxil^) —̂ 0 and gy[n) 0 due to asymptotic freedom.

Conventionally, the most widely used scheme for phenomenological computations 
of processes at high-energies is the MS scheme. For this reason one would ultimately 
like to relate the coupling a x  and Ax  parameter obtained in a given scheme X  to 
the more commonly used MS scheme.

The determination of and A j^  from the relation to a scheme X  in which 
quantities can be measured experimentally will have associated errors arising due 
to two different reasons. Firstly, if a x  is obtained from the expansion eq.(3.7), it 
will lack any non-perturbative effect like confinement. Even within the perturbative 
region, the precision reached will be limited by the higher order terms left out of

AX ' ( 26o 9 x  ) exp
rgx

dx
1 1

fix{x)box^ blx

®Any observable O  can be used to define a coupling by means of its perturbative expansion in 
terms of a x  given by eq.(3.7).
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the expansion and also by the absence of possible non-pertiirbative contributions. 
Secondly, experimental errors in the determination of the observable 0{fi.,y) will be 
propagated to a x  and subsequently to Qj^.

The non-perturbative regularization provided by the lattice formulation of field 
theories permits to circumvent these sources of errors. On one hand, a fully non- 
perturbative definition of a running coupling can be established, avoiding any errors 
associated to the truncation of a perturbative expansion like eq.(3.7). On the other 
hand, a coupling defined in this way can be evaluated in the non-perturbative low 
energy regime and evolved from low-energies to high energies. Connection to exper
iments can be done at low energies through observables such as hadron masses or 
decay constants. The experimental errors associated to such observables are usually 
much lower than the errors in high energy" observables, and hence the induced error 
in when matching between schemes is lower as well.

A verj' appealing possibility to determine is then to establish a non-perturbative 
definition of a running coupling, connected to experiments at low energies and evolved 
non-perturbatively to high energies where it can be matched to the MS scheme, with 
a complete control over all error sources. This approach is valid not only for the 
coupling, but for any scale dependent renormalization parameter like the running 
quark masses and the renormalization factors of any general composite field operator. 
Moreover, this kind of strategy constitutes a bridge between the low-energy and the 
high energj^ sectors of the theory, thus proving that QCD is indeed a correct descrip
tion of strong interactions both in the hadronic world and in the scales of high energy 
collisions.

3.3 F i n i t e  s i z e  s c a l i n g

When trying to establish the connection between high energies and low energies as 
described in the previous subsection one has to face a clear limitation. Lets assume we 
have given a non-perturbative definition of the coupling This will be defined in a 
lattice regulated theory, since the lattice regulator is the only one of non-perturbative 
nature. In order to make cormection with perturbation theory one should be able to 
evaluate a(//) at least at a scale n  ~  lOGeV, which is the typical scale for which PT 
begins to be reliable in QCD. Then, in order to avoid cutoff effects, the value of the
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cutoff should be well above the scale jj.

H ~  lOGeV <  1/a, (3.13)

such that extrapolations to the continuum limit can be safely performed. On the 
other hand, the physical size L of the lattice should be large enough to avoid finite 
size effects. This means th a t the volume has to be larger than the largest length scale 
appearing in the theory, that is, the inverse of the pion mass m~^,

L :» m~^ ~  7 GeV“  ̂ ~  1.4 fm. (3.14)

For the pure Yang-Mills theory this same requirement can be expressed in terms of 
the confinement scale ~  0.5 fm.

Bringing together these two considerations one obtains a condition for the range of 
scales L and a which a single lattice should fulfil, given by

L :»  m~^ ~  7 GeV~^ ^  0.1 GeV“* ;»  a. (3.15)

This means that numerical calculations should be performed with lattices of size 
with I = L / a ^  70 (or I =  L/a ^  25 for the pure Yang-Mills theory). Naive estimates 
require I ~  O(IO^) and even O(IO^) [48], which is well bej^ond the computational 
possibilities at present times and even in the near future. It is too difficult to fit into 
a single lattice the wide energy range needed to have control over both low-energy 
hadronic physics and the high energy perturbative regime.

This problem can be bypassed by using finite volunre schemes [22] in which one 
identifies the physical volume of the system with the renormalization scale as

// =  i .  (3.16)

This eliminates the lower end restriction in eq.(3.15).^ The original problem of con
sidering a wide range of scales is then decomposed into several steps by considering a 
sequence of physical volumes associated to a sequence of physical scales. A running 
coupling QfFv(Â ) can be defined in the finite volume scheme. The evolution of renor-

fact, by doing the identification eq.(3.16) one is taking a finite vohie effect as a physical 
observable
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inalized coupling a(/x) with ^ =  1/L can be computed in each step in the sequence. 
Each step is taken to be small enough such that large scale differences do not oc
cur. The condition eq.(3.15) is hence relaxed simplj^ to L/a  :§> 1. The energy fj, is 
increased by decreasing L, until the perturbative regime is reached and perturbation 
theory can be safely applied.

The connection between low and high energies is established as follows. At low 
energies, the lattice spacing is expressed in physical units * using experimental values 
of hadronic observables. This defines a low energy hadronic scheme (see section 3.3.1). 
Once the scale is set via hadronic observables, a renormalized coupling q:fv(m) is 
computed sequentially by means of a non-perturbatively defined finite volume scheme, 
all the way up to the perturbative scales. There, connection is made with perturbative 
schemes like the MS.

The whole process is summarised in the diagram of fig.(3.3.1). The role that the 
finite volume schcme plays is to be an intermediate scheme to bridge the gap between 
the hadronic an the perturbative scales.

Ill order for this strategy to work in practice, the coupling apy in the finite volume 
scheme must fulfil, however, some requirements (and so do the other renormalization 
parameters to be computed using the finite volume scheme). To begin with, it must 
display small statistical uncertainties when evaluated numerically by means of Monte 
Carlo techniques, such that it is a computationally accessible observable. Moreover, 
cutoff effects associated to apv should be small, such that continuum extrapolations 
can be performed in a controlled way. Finally, apv should have a relatively easy to 
handle perturbative expansion, such that the /3-function can be computed at sufficient 
order and, once the perturbative scales are reached, a good control of the perturbative 
evolution is achieved.

An example of schemes satisfying these requirements are based on the Schrodinger 
Functional, which was originally introduced in the context of finite volume schemes 
in [23] and will be reviewed in detail in chapter 4. By today SF schemes have been
successfully applied hi computing the running coupling in several occasions by many
different groups.®

In the following subsections we will discuss the different steps of the strategy sum-

*̂ In lattice slang this is called scale setting.
®E.g. [49, 50] for the pure Yaiig-M ills theory with N  =  2 and 3, [27, 29] for QCD w ith  N f  =  2

and 4 flavours respectively, and [31-34] for other strongly coupling theories.
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Figure 3 .3 .1: Sketch of the full strategy of connecting the low energy hadronic regime of QCD 
with the high energy perturbative regime by means of a finite volume renormalization scheme.

inarised hi rliagram fig.(3.3.1).

3 . 3.1 H a d r o n i c  S c h e m e s  a n d  m a t c h i n g  a t  l o w  e n e r g i e s

At low energies it is common to renormalize the theory in terms of a hadronic scheme. 
In these schemes, one imposes as a renormaUzation condition that certain hadron 
masses computed in the lattice theory adopt their real values measured in experi
ments. This fixes the values of the bare coupling go and the bare quark masses in 
units of the lattice spacing arriQ.

For example, consider a theory with three flavours of quarks with bare masses 
f  = s. For simplicity, lets assume isospin symmetry is exact mo,u =  mo,d =  

rno,;.^° The masses m n  for a generic hadron H  can be extracted from suitable 2-point

ignore heavier quarks to avoid any complication involving heavy quarks on the lattice.
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functions, and will depend on the bare parameters

arriH = amnigo, amo,;, arrio g). (3-17)

For the renormalization of the theory one has to choose specific hadrons, i.e. H  =  
p ,  7T, K  for the proton, the pion and the kaon and demand their masses to be equal 
to their experimental values.

For a specific value of go, one fixes the bare masses of the quarks such that the set 
of conditions

(amn) m exp
H H = n ,K ,  (3.18)

(am,,) ’

are satisfied.
A different choice of hadrons leads to another set of renormalization conditions and 

hence to a different scheme. Then, the lattice spacing can be obtained in physical 
units by^^

(I . (3.19)
U l p

Note that eqs.(3.18) and (3.19) are not independent but form a system of coupled 
equations.

Once the bare parameters have been fixed, the theory has been renormalized^^. 
The renormalized theory is predictive and any other quantity can be computed up to 
cutoff effects. For example, the physical pion decay constant in physical units can 
be extracted from a lattice calculation through

F^ = i ^ ( l  + 0{a)). (3.20)
a

In order to remove the cutoff, this process is repeated at several values of the lattice 
spacing a such that a controlled continuimi extrapolation can be performed.

After the hadronic scheme has been properly set up, the matching at loiu energies 
between the HS and the FV scheme can be done. This consists in expressing the scale 
Lniax of the FV scheme in terms of a hadronic quantity, which in the present example

practice, using pseudo-scalars is always a good choice since their signal in lattice QCD cal
culations is usually  very clear.

^^In practice nip is never used for settin g  the scale since baryous suffer from signal-to-noise prob
lems. One typically  uses th e Som m er param eter 7'o [51] or som e decay constant F h , a lthough it is 
irrelevant for the present discussion.

^^The bare param eters have been elim inated  in favour of some physical quantities.
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would be TTip̂ . This is done at a matching point where both the couphng ^Fv(^max) 
in the FV scheme and the hadronic scale in the HS can be properly determined. In 
this point, the couphng adopts a specific value

5̂ Fv(-̂ niax) UQ, (3.21)

and it is the starting point for the non-perturbative scale evolution towards the high 
energy regime.

3 . 3.2 N o n - p e r t u r b a t i v e  e v o l u t i o n :  S t e p  S c a l i n g

After the connection with the HS has been established, the coupling p |y(L) in the 
FV scheme is ready to be evaluated at several scales. The evolution of the couphng 
is given by the R,G equations eq.(3.8) and dictated by the /3-function. If the exact 
form of the /3-function was known then the integration of the RG equations would be 
possible and, given an initial value of gpy{L) at a certain scale, the couphng at any 
other scale L' =  sL  could be determined {s being a multiplicative factor). This leads 
to the definition of the step scaling function (SSF), which corresponds to the value of 
the coupling at the scale L' =  sL  provided that the coupling at the initial scale L is 
known,

gl~y{sL) = a{s, gp\,{L)). (3.22)

The SSF can be regarded as an integrated version of the ^-function. The two are 
related viâ '*

fV -C .’i'm ) dg /••'- dL'L wr-.L
Knowing the SSF permits to reconstruct the running of the coupling ~g\y{L) in a
recursive way, starting with an initial value uq =  ^Ivl-^max) and obtaining a sequence
of couplings

'^k — 9fv{^ -̂ )) (3.24)

evaluated at discrete steps s of the scale. Starting from the hadronic scale, the running 
couphng can then be evolved to the perturbative scale.

However, the ^-function can only be determined analytically to a given order in

'̂’Note that since the relation eq.(3.23) is valid for any scheme, we have omitted the subscript 
referring to the FV scheme here.
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perturbation theory and hence a non-perturbative form of a(s,u)  must be obtained 
before the coupUng can be evolved. For obtaining the non-perturbative form of the 
SSF, one thus lias to determine a{s,u)  from the lattice theory. The lattice form of 
the SSF is defined as

E(s, u, a/L) = ’ (3-25)

where go and L/a  are fixed. As any other lattice quantity, E is subjected to cutoff 
eff'ects. Hence, to obtain the continuum SSF a, one must compute E(s, m, a/L ) at 
several values of a/L  and take the continuum limit

lim E(s,'U ,a/L) =  a(s,'u). (3.26)
a / L —>0

The full procedure to obtain a  can be summarised in the following steps^^

• First, the number of lattice points is chosen by fixing the ratio L/a.  This sets 
the resolution in the computation.

• Then, for that value of L /a, the bare coupling go is tuned such that g\\;{L) 
adopts a specific value of il (renormalization). At this stage the physical volume 
has been fixed.

• Next, keeping fixed the bare coupling go (and hence the lattice spacing a), the 
coupling ~g\y{sL) is evaluated at a scale sL by simulating on a lattice of volume 
sL/a.  This determines the lattice step scahng function ’Z{s ,u ,a /L) .

• Repeating this at several values of L /a, the continuimi limit is taken and one 
obtains the continuum step scaling function a(s,u),  describing the evolution of 
gpy from a scale L to sL.

• This procedure is repeated k times, starting from a value L in the perturbative 
regime, and going down in energies to the scale s^L =  L^ax where the matching 
is done to the Hadronic Scheme.

^^Note that in the determination of a  one starts at the vahie of a coupling at high energies and 
determines a sequence of couplings at lower energies by scaling up the volume of the lattice. Once 
a  is reconstructed, then the evolution of the coupling is traced from the hadronic scale up to the 
perturbative scale.
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From the data generated through this procedure the SSF can be parametrized as 
a function of gpy(L). Once a is extracted this way, given the initial vahie of the 
renormahzed couphng ^pv(^max) =  uo at the matching scale, its evolution can be 
traced up to high energies recursively.

The step scaling function is the central quantity in a finite vohune scheme and its 
precise determination is the main point of many studies. We will study the lattice 
SSF in perturbation theory and its convergence towards the continuum limit for QCD 
in section 6.3.4, and for other strongly interacting theories in section 7.1.4.

3 . 3 . 3  E v o l u t i o n  a t  h i g h  e n e r g i e s  a n d  c o n n e c t i o n  t o  a  p e r 

t u r b a t i v e  SCHEME

Once the non-perturbative evolution has been carried out all the way into the pertur
bative regime at high energies, from this point on the evolution of the coupling can 
be determined safely by perturbation theory.

At this stage one can perform perturbative expansions in the FV scheme and com
pute the usual quantities. For instance, from eq.(3.10) the value of ApyL  can be 
determined in j)erturbation theory in the FV scheme. Thus, it can be given in units 
of -̂ max, which is subsequently related to a hadronic quantity rn~^ via the matching 
with the HS.

Once Apv is known in units of the hadronic scale, the conversion to the perturbative 
scheme can be performed. The renormalized coupling gpy can be related to a coupling 
defined in the MS by means of eq.(3.11). Then the parameter A j^  in the MS scheme 
is obtained by relating it with Apv at infinite energy through eq.(3.12). The relation 
between the couphng in the Schrodinger Functional (introduced in chapter 4) to the 
MS scheme is known up to 2 loops [27, 52].

The final outcome of all this process is A ^  determined from hadronic quantities. 
Before concluding, we remind that other renormalization parameters can of course be 
computed this way. This strategy has been successfully applied in several occasions 
[27, 29, 49, 50].

^®The FV scheme has been an intein.ediate scheme to Ijiidge the gap between low and high ener
gies, and ultimately must be abandonee in favour of a perturbative scheme useful in phenomenology.
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3.4 L o o k i n g  f o r  a n  I n f r a  R e d  f i x e d  p o i n t

QCD is the only strongly interacting gauge theory to manifest itself in nature so 
far. However, it is not the onlj^ confining or asymptotically free theory that can 
be constructed. In fact, it belongs to a wide family of models consisting in Yang- 
Mills fields coupled to matter, this last represented by a number of ferniion fields 
transforming under a specific representation of the gauge group. These models can 
be described by means of the generic Lagrangian

C = - ^ t r  +  m)  (3.27)

where the gauge group and the flavour content are left unspecified. This is the same 
Lagrangian that leads to the QCD action, which we have written explicitly for clarity 
in the present discussion.

A particular theory within the family described by eq.(3.27) is obtained by specify
ing the rank N  of the gauge group SU{N),  the number of fermionic flavours Nj  in the 
theory, and the representation 71 of the gauge group under which the fermions trans
form. In principle one can construct theories in which different fermions transform 
under different representations, or where other kinds of gauge gi’oups are considered 
like sym])lectic gi'oups Sp{N).  We will not consider these possibilities in the follow
ing. Within the family described by eq.(3.27), QCD is recovered by choosing N  = 3, 
N f  = 6 flavours, and TZ to be the fundamental representation of SU{3).

Other theories might have properties very different to those of QCD, like the ab
sence of confinement or spontaneous chiral symmetry breaking, or the presence of 
phenomena associated to a situation where conformal symmetry is restored at low 
energies.

The original interest on these exotic theories beyond QCD was motivated by the 
possibility of using them as candidates for extending the Standard Model (see chapter 
1). Strongly coupled theories play an essential role for models of Dynamical Elec- 
troweak Symmetry Breaking (DESB), where the standard realisation of the Higgs 
mechanism is triggered by the spontaneous chiral synnnetry breaking in the new 
strongly interaction s e c t o r . F u r t h e r  motivation came from the interest in under-

^^Siiice the recent discovery of a light Higgs-hke particle [-5, 0], some of these ideas have become 
obsolete. However, the number of possible models tha t can be constructed using strongly-coupled 
theories is enormous, and some of them  have been shown to posses a light-scalar on their spectrum
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standing confornial symmetry in four dimensional quantum field theories and the 

A dS/C FT correspondence.

In this thesis we will adopt the rather conservative perspective of considering all 
these theories simply as mathem atical objects which can be studied using the same 
kind of techniques developed for QCD, without worrying about their apphcation for 
model building or for other exotic (though exciting) theoretical applications.

Strongly-coupled theories described by eq.(3.27) are in fact well suited for numerical 
simulations using lattice techniques. In the following, we review some of the observ
ables of interest in these theories and discuss the role th a t finite volume schemes can 
plaj^ on their calculation.

3 . 4.1 C o n f i n i n g  o r  C o n f o r m a l ?

For massless ferniions the classical lagrangian eq.(3.27) is invariant under scale trans
formations. These are however broken at the quantum level, resulting on the 
dcpcndence of the coupling on the renormalization scale. As we discussed in sec
tion 3.2, the dependence ^(/x) is dictated by the /3-function of the theory eq.(3.8). 
The coefficients of the /3-function depend explicitly on the choices (N, Nf ,7Z),  which 
determine a specific theory within the family eq.(3.27). We rewrite here the first 2 
coefficients, given hi eq.(3.5), keepuig the explicit dependence on (N,  Nf,TZ),

1 r,. / N n (3-28)
i>i = -  (^4C2(7^) +  TnNf

where T-ji is the trace normalization and C2 {TZ) is the quadratic Casimir invariant in 
the representation TZ respectively[55].

The dependence on {N,Nf ,TZ)  of the first 2 coefficients of the /3-function already 
indicate th a t the scahng properties of g{j.L) can be very diverse between diflPerent 
models.

which can be matched with the observed particle [53].
^®Iii general, quantum field theories which are scale invariant are also be conformally invariant. 

For this reason, in the context of quantum field theory it is common to find these terms used 
interchangeably, even though the full conformal group is larger. It is possible, however, to find some 
examples of scale invariant QFTs which are not conformally invariant [54].
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In theories where bo and b\ are positive numbers, which is the case for QCD, the (3- 
function is always negative and displays a zero at — 0, called an ultra violet (UV) 
fixed point. Theories falling in this category are characterised by being asymptotically 
free at high energies and, at low energies, displaying the phenomena of confinement 
and spontaneous chiral symmetry breaking.

For a given value of N  and for a specific representation 7Z, there is a critical number 
of flavors given by

N r  =  (3.29)

for which the first coefficient of the ^5-function bo becomes negative. The fixed point 
^(0) =  0 is not an UV fixed point any more, so that theories with a fiavor content 
Nf > are characterised by the loss of asymptotic freedom. They behave like a 
non-abelian version of QED, and are hence referred to be in a non-abelian Coulomb 
phase.

The emergence of two different behaviours (QCD-like and QED-like) in theories 
described by the same lagrangian eq.(3.27) can be miderstood heuristically in terms of 
a competition between the charge anti-screening effect due to the gauge fields, and the 
screening effect due to fermion fields. When the number of fermion degrees of freedom 
is small, the contribution to bo is dominated by gauge loops. On the other hand, 
when the number of fermionic degrees of freedom gets larger, either due to a larger 
fiavour content in the theory or by considering higher dimensional representations, bo 
is dominated by fermion loops and the theory displays QED-scaling behaviour.

If the number of flavours N j is taken to be large but it is kept below then the 
number of fermionic degi'ees of freedom is similar to the number of bosonic degrees 
of freedom and both contribute comparably to the /3-function. In these cases one can 
find a range of N f  (for any representation TZ) for which

b\ < 0 and bo > 0, (3.30)

such that the /3-function has a second zero at non-zero coupling, corresponding to 
a stable infra-red fixed point (IRFP). As the number of flavours is decreased, there 
will be another threshold N^ for which the typical QCD-like behaviour is recovered.
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Hence, all the theories within the range

N}  < N , < ^  (3 .31)

possess IR fixed points. This range is colloquially known as the Conformal Window. 
Inside the conformal window theories lack the phenomena of chiral synunetry breaking 
or confinement. Although these theories are still asymptotically free in the ultra
violet, conformal symmetry is restored in the infra-red, in which the theories display 
no particle spectrum. The presence or absence of a fixed point is scheme independent 
(between nieiss independent schemes).

Perturbatively, the value of the coupling at which the fixed point occurs is given

i>y,
^ 2 -io o p  ^  ^3  3 2 )

b\

If is small then perturbation theory is reliable and, moreover, the presence of
the IRFP ensures that it will remain reliable at all scales. These are the so-called 
Danks-Zaks theories [5G, 57]. Some exani])les of Banks-Zaks theories would be the 
cases for which the value of N f  is slightly below the ui)])er threshold of the 
conformal window, such that their ho coefficient is small.

As the number of flavours N f  is decreased towards the lower edge of the conformal 
window Nf,  the coupling at the fixed point ceases to be small and perturbation 
theory ceases to be a reliable description. The determination of the lower bounds of 
the conformal window is then a non-perturbative problem, suitable to be explored 
with the techniques of lattice field theory.

Some analytic approaches for determining N f  exist as well. For instance, a direct 
estimation of N f  can be obtained studying the Schwinger-Dj^son equation for the 
fermion propagator [58]. However, with this approach, it is necessary to truncate 
the set of diagrams contributing to the fermion self-energy (Ladder-Approximation), 
introducing systematic errors due to the truncation which are not under control. A 
fully non-perturbative exploration of the lower bounds of the conformal window is 
ultimately required.

A set of theories particularly interesting for model builders are those which lie right 
below the conformal window. These are confining and asymptotically free. However, 
due to their proximity to the conformal window, their /3-function is expected to be



3.4. LOOKING FOR A N  INFRA RED FIXED POINT 53

small and the coupling is hence expected to evolve very slowly over a wide range 
of scales. This peculiar behaviour has lead to call therti walking theories, where 
the couphng walks rather than runs. Walking theories can be constructed either by 
choosing a theory which is very close to the conforinal window from its lower edge, 
or by choosing a theory within the conformal window and introducing artificially a 
scale on it by including a fermion mass term. The latter are called mass deformed 
walking theories.

Reahstic strongly-coupled theories which simultaneously break EW-syrnmetry and 
give masses to the fermions are onty accommodated within experimental bounds 
if their coupling constant displays a walking behaviour and if the mass anomalous 
dimension 7„j is large. Hence, the main observables of interest to measure in a given 
strongly-coupled theory are

• The couphng to determine whether the theory lies inside or not of the 
conformal window and, if outside, to identify the walking behaviour.

• The value of the mass anomalous dimension 'ym-

The slow evolution of the coupling in presence of large numbers of fermion degrees 
of freedom implies that very large changes in physical scale are needed for exploring 
a reasonable range of coupling strengths. This is in some sense an analogous problem 
to the one found in the determination of A q c d  from low energy observables discussed 
in section 3.3. There, a wide range of energy scales had to be considered in order to 
bridge two well separated scales, i.e. the hadronic scale and the perturbative scales. 
Here, in contrast, no matching is needed at low energies^® and no contact with a 
perturbative scheme is required in these particular studies. The reason for studying 
a large range of scales comes exclusively from the slow evolution of 5'(/x), either as an 
IR fixed point is approached or because the theory walks.

One is faced again with the problem of fitting a large scale separation within a 
single lattice. This can be avoided following the exact same strategy as in section 3.3 
and considering a finite volume scheme to reconstruct recursively the evolution of the 
coupling and other renormalization parameters.

^®The study of beyond QCD theories with FV schemes is aimed to identify fixed points rather than 
to obtaining high precision estimations from low energy quantities. However, there is also interest 
in studying the spectrum of these theories (which will be in the electro-weak scale) for determining 
possible experimental traces in particle accelerators.
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The exact same techniques developed originally for QCD can be imported to study 
this class of theories. In particular, we will see that finite volume schemes based 
on the Schrodinger functional, which we introduce in chapter 4, are easily adaptable 
to the present problem. The details of specific constructions originally obtained for 
QCD might, however, not be optimal for other theories. In fact, in chapter 7, we will 
see that the cutoff effects present in the SSF for some theories can be rather large if 
one uses a scheme directly based on choices which are otherwise successful for QCD.

In practice, the theories which have attracted more attention in recent years and 
which have been more studied in finite volume schemes (and through other methods) 
are

• S U (2) wdth N f = 2 adjoint fermions, also called (misleadingly) Minimal Walking 
Technicolor. This is the candidate theory for displaying an IR fixed point with 
a minimal number of fermionic degrees of freedom [31, 32, 59-62]. There is 
some consensus for the theorj^ to be confornial. A walking theory could be 
constructed starting with this jjarticular model and adding a mass deformation 
explicitly.

• SU{2) with N f = 6 fundamental fermions [63-65].

• SU{3) with N f  =  2 symmetric fermions [60, 66-68].

• SU{3) witn N f = 8,10,12 and 16 fundamental flavours [34, 69-74], QCD with
a large number of fiavours is actually easy to simulate using staggered fermions.
These theories are generically called many flavor QCD. By considering an in
creasing number of flavours it is possible to study the transition towards the 
conformal window.

The search for IRFP can be carried out in some other ways apart from a direct 
search via a finite volume scheme. For instance, the presence of a fixed point can be 
indirectly probed by studying the scaling properties of hadron masses and decay con
stants as the limit of zero fermion mass is approached (see [35] and references therein). 
If the massless theory possesses an IRFP, the hadron masses and decay constants are 
expected to behave as power laws in the fermion mass. Another possibility to extract 
the mass anomalous dimension is based on on the scaling of the spectral density of the 
Dirac operator [75]. Ultimately, when exploring theories beyond QCD where there
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is no experimental guidance at all, it is important to obtain evidence with as many 
methods as possible.
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“Thunderdoine. How do I get in there? “

Mad Max

4
Schrodinger functional schemes

T he Schrodinger  F unctional (SF) was originally introduced in [76], and adapted 
as a finite volume scheme in [23] to deal with the problem of non-perturbative renor
malization. SF schemes have the advantage that both Monte Carlo and perturbative 
calculations are feasible on them. So far, they have been widely used both in QCD 
[27, 29, 49, 50] and in exploring BSM theories [31-34]. In the present chapter we will 
review the presentation of the SF. First we discuss the formal continuum theory. In 
section 4.1 we closely follow [23] to introduce the SF for the pure Yang-Mills theory 
and comment on its renormalizability and quantum mechanical interpretation. In 
section 4.2 we discuss the inclusion of fermions as originally presented in [36]. The 
lattice regulated form of the SF is introduced in section 4.3, where we discuss a sec
ond implementation of Wilson fermions motivated by the mechanism of automatic 
0(a)-improvement. Finally, in section 4.4, we briefly comment on how to set up 
perturbation theory in SF schemes.

The objective of the chapter is not to present anything new, but to collect a set of 
definitions to prepare the ground for the rest of this thesis. We refer the reader to

57
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the original literature for a more detailed presentation of these ideas.

4.1 T h e  S c h r o d i n g e r  f u n c t i o n a l  f o r  t h e  Y a n g -  

M i l l s  t h e o r y

From now on, the space-time manifold is taken to be a hyper-cylinder M  = x T  in 
euclidean space-time. The Schrodinger Functional in the path integral representation 
is defined as the Euclidean partition function with the fields respecting fixed boundary

Dirichlet boundary conditions are imposed in the temporal boundaries, given by

In order to preserve the periodicity of Â ,̂ only periodic functions Q are allowed,

The gauge functions can be understood as a mapping from a three dimensional torus 
to the gauge group SU{N).  These kind of functions are topologically non-trivial and 
fall into disconnected classes labelled by an integer winding number. However, since 
we are ultimately interested in lattice formulations of the SF, where this difficulty 
does not occur, we will ignore topology for the rest of this presentation.

The Schrodinger functional for the Yang-Mills theory is then defined as the func
tional integral over all gauge field configurations An(x) with 0 <  Xq < T", respecting

conditions at the tem])oral boundaries. Gauge fields A^{x) are algebra valued fields 
defined for x E A4. They are taken to be periodic in the spatial directions

A„(x +  Lk) =  A,,(x). (4.1)

(4.2)

where C and C' are classical gauge potentials and A is the gauge transfonned field
A  with the gauge transformation

=  n { x ) A t , { x ) i r \ x )  + n{x)dkn-^ix) ,  n  e  s u {n ), (4.3)

Q{x + Lk) = n(x). (4.4)
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the boundary conditions eq.(4.1) and eq.(4.2), and reads

Z[C,C’] ^  j  V[n\ J  (4.5)

with the gauge action given by the standard Yang-Mills action eq.(2.4) restricted to

T  L

S'cfA] = f dxo f  {F^^{x)F^i,{x)} . (4.6)
^9o Jo Jo

The measures are defined as

V\A] =  n dAl(x), PPI = n *2, (4.7)

where are the components of Afj{x) in a basis of the lie algebra su{N), and
where dQ denotes the Haar measure of the gauge group SU (TV). The integration over 
il in eq.(4.5) together with the appearane of the gauge transformed boundary fields 
in eq.(4.2) can be regarded as a gauge average which enforces the SF eq.(4.5) to be a 
gauge invariant functional of the boundary fields

Z[C'^\C^^] = Z[C',C]. (4.8)

In the Schrodinger piture, this corresons to a projection on the physial subspace of 
gauge invariant wave funtions. Once a lattice regulator is introdued, this projetion 
corresponds to the integration ove timelike link variables [23].̂

4 . 1.1 Q u a n t u m  M e c h a n i c a l  i n t e r p r e t a t i o n

The path integral representation is suitable for formulating the SF with a lattice 
regulator aiming to perform Monte Carlo calculations. It is this formalism the one we 
will follow in the rest of this thesis. However, it is worth to consider the Hamiltonian 
formalism to give a clear quantum mechanical meaning to the SF.^

In the Hamiltonian construction, the theory is specified at a time xq by assuming

’The integration over Q is required to guarantee gauge invariance of the functional integral in 
presence of boundaries.

^Although we have already given the definition of the SF in terms of the path integral in setion 
4.1 (which is what is ultimately iieeed for numerical calculations), the SF is formally constructed 
starting from the Hamiltonian formulation.
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the field variables to be operators following canonical commutation relations, and 
writing down the Hamilton operator. The SF can then be understood as the quan
tum mechanical transition amplitude from a state |C) to another state \C)  after an 
Euclidean time T.

To see this one can use the Schrodinger picture of quantmn field theory.^ The 
quantum mechanical states are the wave-functionals of the gauge fields, which 
form a Hilbert space HI with a scalar product given by

The space of gauge invariant states forms a subspace of H. Any state in HI can be 
projected to the physical subspace by means of the projector P, which acts on wave 
functionals'* as

The canonically conjugate fields of the gauge potential is the chromo-electric field 
represented by the functional derivatives

(^1 JV[A]^[A]*^'[A],  (^1 / V[A]^[A]*^'[A], V[A] = c/A“(x). (4.9)

Any classical gauge field C  defines a state 1C) of HI through

{C\ =  ^[C], (4.10)

The operators ^(x) act on these wave functionals as

At{x)nc] = c^,nc]. (4.11)

Physical states must be gauge invariant, hence they must satisfy

^  ’I'[A], (4 .12)

(4 .13)

(4 .14)

^Analogously to the Schrodinger picture in non-relativistic quantum mechanics, temporal evolu
tion is entirely contained in the states of the theory.

'*This is ultimately the reason for the presence of the integral over Q in the definition of the SF 
eq.(4.5).
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The magnetic components of the field strength tensor are

^«(X) =  4 i r ( x )  -  diAti^) + r M t ( x ) i ? ( x ) ,  (4.15)

where are the structure constants of SU{N).  Usnig these fields, the Hamilton 
operator is defined as^

n = ||fS ,,(x)/S .,(x) + ^ f ; ,(x ) / 'S (x ) | . (4.16)

The Euclidean time evolution operator is now given by and the SF can finalty
be defined as the matrix elements of between gauge invariant states, by

Z[C ,  C] = {C'\ \C) , (4.17)

where the projector P ensures invariance of the SF under gauge transformations of C 
and C .

Fioni this discussion it can be concluded that the SF Z [C \C \  is the Euclidean 
propagation amplitude to go from a field configuration C  to another field configuration 
C  after an Euclidean time T.

Inserting a complete set of states in eq.(4.17) we obtain the spectral decomposition

OO

Z[C',C] = (4.18)
n = 0

where En and l'f„) are the eigenvalues and eigenfunctions of H.

4 . 1.2 T h e  i n d u c e d  B a c k g r o u n d  F i e l d

An interesting feature of the Schrodinger Functional formulation is that it permits a 
well defined treatment of field theories in the presence of a background field (BF). In 
the Yang-Mills theory, for given boundary values C  and C \  the background field B  
induced by the boundary fields is the solution to the classical field equations satisfying 
the boundary conditions

= Ci(x), =  Ci(x).

®Tlie Hamilton operator commutes with the projector P.

(4 1 9 )
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The background field obtained this way*’ is a global minimum of the classical action^

5 [^ ]> 5 [B ], y A ^ B ^ ,  (4.20)

unique up to gauge transformations [23], around which perturbation theory can be 
unambiguously defined. For weak couplings ^o, the path integral eq.(4.5) is dominated 
by fields around the absolute minima of the action so it can be computed by a saddle 
point expansion. The effective action

r[B] = -  In Z[C’,C] (4.21)

has then a regular perturbative expansion around B

r|B| =  ^r„[B] + r,|B | + + .... (4.22)
yo

with the leading term given by

r„[B)=.,2S[B]. (4 .23)

The higher order terms are sums of vacuum bubble Feynman diagrams.* Note that 
since the background field D and the pair of boimdary values C  and C  are in one to 
one correspondence one can leave B as the argument of the effective action F.

There is a lot of freedom in choosing the boundary fields C  and C', and a specific 
choice is of no fundamental importance. However, for practical considerations which 
will be clear later in this chapter, we will restrict oiu'selves to a specific family of 
background fields induced by abelian, isotropic and spatially constant boundary gauge 
fields given by

Cfc =  ^diag(0i, ...,(/)iv), =  ^diag(0i, ...,(/)'^), A; =  1,2,3. (4.24)

^Typically, starting from the equations of motion and the boundary conditions it is difficult to 
find the induced Vjackground field B.  One can proceed the other way around, giving a starting 
ansatz for the field B,  defining the boundary conditions such that eq.(4.19) holds, and proving that 
i? is a unique solution to the field equations leading to a global minima of the classical action.

^B^ denotes the gauge transformed BF, where f? is the generalisation of eq.(4.3) to all space-time 
points and directions.

*We will deal with the contribution of Fi later in chapter 6, in presence of a lattice regulator 
which will render the diagrams well defined.
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Here and 0' are boundary phases which must satisfy®

N  N

=  =  (4.25)
2 = 1  2 = 1

They are allowed to depend, at most, on a set of dimeusionless parameters.

The BF induced by the boundaries eq.(4.24) is given (in the temporal gauge) by^^

Bo = Q, B . ^ C k  + ' ^ i C l - C k ) ,  k = l ,2,3 .  (4.26)

The resulting field strength tensor is a constant chromo-electric field

Gofc =  doBk =  ^ ^

with vanishing chromo-magnetic components Gki = 0. The classical action associated 
to these fields is given by

a=l

This choice of fields is particularly useful for giving a definition of a running coupling 
as will be seen in chapter 6. Moreover, a stability theorem exists [23] which ensures 
that, provided that the phases in eq.(4.24) fall within a specific region denoted as 
fundamental domain, then the field D induced by the boundaries will indeed f̂ e a 
minimum of the action.

Another useful reason for chooshig the boundaries as in eq.(4.24) is that once we 
regulate the theory on a lattice (see section 2.2), the number of boundary counterterms 
needed for the iniprovement of the theory a la Symanzik turns out to be reduced by one 
for this choice. Also, the classical lattice action will converge towards the continuum 
limit at a rate with high powers in a.

All these features make the background fields of this class a very appeahng choice.

^Obviously, since the gauge fields are algebra valued, they must be traceless.
^°The number of dimeiisioiiless parameters the phases can depend on will by given by the rank of 

the gauge group under consideration
'^This form is trivially found by solving the YM field equations imposing C and C  as Ijoundary 

conditions and using the ansatz of B being abelian and spatially constant.
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Figure 4 .1.1: Dramat ic  impression of a Schrodinger  functional with a background field.

However, there is still a lot of freedom in the choice of values for the boundary phases 
and (j)[. A common criteria used in the literature [49, 50] for this choice is the 

following [77]. Each set (pi corresponds to a point inside the fundamental domain, 
and so does 0 '. It has been empirically observed tha t the signal-to-noise ratio in Monte 
Carlo simulations is larger if the points corresponding to the two sets of phases are 
far from the dom ain’s edge, they are as far as possible from each other, and where 
the two boundaries are on equal footing. This can be done by choosing points related 
through a synmietry of the fundamental domain. Hence, given the first set of phases 
4>i, the second set 0 ' is chosen by applying a charge conjugation followed by a central 
conjugation on C.

A typical choice of boundary phases for SU{2) is given by

01 = -??, 0i = {n -  7t), 
(f>2 =  r/, =  (tt -  ??),

(4.29)

and, for SU{3),  by

(j)i = rj -TT/3,  0'i = - ( r / - 7 r ) ,
</»2 =  -  1/2), 02 =  77(ĵ  +  1/2) +  7t/3 , (4.30)

03 =  + 1/2) +  7t/3, 03 =  -  1/2) +  27t/3,

w ith rj and u being dimensionless parameters, the role of which will become clear
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later, and which we will use to define a renormalized coupling in chapter 6.
BF constructed this way have proven to be very useful in QCD. However, the cri

teria presented here will have to be reviewed when considering theories with fermions 
transforming under two index representations of the gauge group in chapter 7.

4 . 1.3 R e n o r m a l i z a t i o n  o f  t h e  S c h r o d i n g e r  f u n c t i o n a l

Once the SF has been defined, the question is whether a renormalizable QFT remains 
renornializable once it is formulated on a manifold with boundaries. In general, new 
divergences do appear, which are not present in the absence of boundaries. The reason 
is that radiative corrections can generate extra relevant^^ local composite operators 
at the boundaries respecting all the symmetries of the theory.

Symanzik studied the 0'̂  theory fornmlated in the SF [7G, 78]. W ithout giving 
a full j)roof, he presented arguments to expect that the SF is finite to all orders of 
perturbation theory aft,er the usual renormalization of the bare mass mo nd coupling 
Ao, and by including the bovuidary counterterms

f  +  Z 2(l>do(t>} +  f  0 2 -^ 2 0 0 0 0 } , (4.31)
J  X q= T  J  X q= 0

to the bare action.
For a pure Yang Mills theory, in [23] it was shown that at 1-loop order, in contrast 

to the scalar field theory, the SF remains finite after just the normal renormalization 
of the bare coupling f̂o, without any extra boundary counterterm. This is so because 
no fields of dimension d < 3 with the same symmetries as the Yang-Mills action 
o c c u r , a n d  hence the presence of boundaries does not introduce extra divergences.

Symanzik gave the conjecture that for any given QFT renormalizable in the absence 
of boundaries, the SF formulation of the theory can be made finite by, in addition 
to the standard renormalization, adding to the bare action boundary counterterms 
formed by all possible composite fields of dimension < 3 integrated over the bound
aries.

Although a general proof to all orders in perturbation theory does not exist yet '̂ ,̂

^^Any operator with dimension d < 3  will be relevant at tlie boundaries.
'^Assuming that parity V  is conserved
*'*The reason of this mainly being that power counting in momentmn space is not possible due to 

the breaking of translation invariance in the temporal directions.
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Symanzik’s conjecture is widely believed to be valid. In fact, the conjecture is sup
ported both by several 1 and 2 loop calculations performed in YM and QCD [52, 79, 
80], and beyond perturbation theory by Monte Carlo simulations [27, 29, 49, 50].

4.2 T h e  i n c l u s i o n  o f  f e r m i o n s

Fermions were formulated in the SF for the first time in [36]. The same way as it 
is done for the gauge fields, boundary conditions have to be imposed on the fermion 
fields 'ip(x) and ip(x) on the temporal boundaries. It is important to note that since 
the Dirac operator is a first order differential operator, only half of the components 
of the fermion fields need to be fixed at the boundaries in order to obtain a unique 
solution to the Dirac equation. This can be done by fixing^®

= p'^
^ - L o = 0  =  A  ^ + l x o = r  =

with the projectors given by

'P i  =  2 ■

The fields t/^(x) and 'ip{x) are taken to be periodic in the spatial directions 
for the fermion fields in the hyper-cylinder M. is given by

dxQ f  cPx 'iIj{x ) + m)ip{x) (4.34)
Jo

~  lo  [^(a:)P+V'(a^)]LQ=T•

In the covariant derivative we allow for a constant U{1) background field,

+  A î -|- =  (1 “  ^/lo) (4.35)

The field 6 can be reabsorved in the periodic boundary conditions by means of an 
abelian gauge transformation which renders the fermion fields to be periodic up to a

SF[-ip{x),'tp{x)] =  I  
Jo

(4.33) 

. The action

the lattice regularized theory it can be shown [36] that these conditions lead to a QM inter
pretation similar to  that in section 4.1.1.
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phase
tjj{x +  Lk) = e* '̂0(.'r), 'ip{x +  Lk) =  (4.36)

The SF formulation of a QFT with gauge fields coupled to fermions can be now
formally defined in the continuum as the Euclidean path integral

Z[C\p\p'- ,C,p,p]  =  I P[Q] I (4.37)

with the total euclidean action given by

S = SG[A] + SF[A,tl;,^], (4.38)

where the gauge action is given in eq.(4.6). The measures V[H] and T)[A\ are the 
same as eq.(4.7). The ferniionic measure is given by

nn # (x )a ,c ,/# (x )a ,c ,/ , (4.39)
X a , c , /

where d'lp and dip are Grassman measures, and a, c and /  are Dirac, colour and 
flavoiu’ indexes.

It is also conunon to define the boundary fields C(x), <C(x), C(x) and C^(x) as the 
functional derivatives

<W = s-pî r mŷ y ( , , 0 ,

These are meaningful when inserted into the path integral, where they act as func
tional derivatives on the Boltzmann factor. Within this context, they have the effect 
of inserting certain combinations of 4>{x) and ij{x) close to  the temporal boundaries.

The fields eq.(4.40) can be identified with the non-Dirichlet components of the 
quark fields at the boundaries,

P -T /^ (a :)L „ = o  =  C ( x ) ,  ^ + V ’( ^ ) L o = r  =  C ' ( x ) ,
^ ( x )  =  C(x), ^ { x )  P+\a:o=T =  C \ ^ )  ■

They will play an important role in the construction of correlation functions in chapter
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5.
Concerning the renormahzability of the SF eq.(4.37), in contrast to the pure Yang 

Mills theory, there are indeed gauge invariant composite fields of dimension 3 respect
ing the same symmetries as the action eq.(4.35), which lead to extra renormalization 
at the boundaries. These operators are

^^-^L=0 (4-42)

so that the corresponding counterterms must be added to the bare action to render 
the SF finite. These counterterms can be reabsorbed in the form of a nmltiplicative 
renormalization of the boimdary fields,

PH =  z ; ' > ^ p , //„ = zr‘'V,
-  _  7 - 1 / 2 -  - j  _  7 - 1 / 2 - /  ^  ̂ ^
P r  — P-> P r  ~  P  ■

From here, one can see that by choosing homogeneous boundary conditions for the 
fermion fields

L o=o =  L o = r  =  0 ,

that is, by setting p = = p' = p' = 0, then the renormalization factor Zf, is
not needed and the SF remains finite after the standard renormalization of the bare 
parameters go and tuq}^

To conclude this section it is important to point out that no fermionic zero modes 
occur in presence of boundary conditions of the kind eq.(4.44). It was shown in [36] 
that such boundary conditions induce a minimum eigenvalue of the Dirac operator 
proportional to the inverse of the temporal extent, which will be finite even for van
ishing physical quark mass. By setting m̂ i = 0 one thus obtains unambiguously a 
mass independent renormalization scheme for which the RG equations are simple. 
Moreover, once implemented with a lattice regulator, the Dirac operators can always 
be inverted and MC simulations can hence be carried out in the massless limit.

Summarising, the SF is a non-perturbatively defined finite volume and mass inde
pendent renormalization scheme. Some particular regularizations in the framework 
of lattice gauge theory will be discussed in the following sections.

^®The reiiorinalization factor Zt will show up again in chapter 5, when using the boundary fields 
in the construction of correlation functions.
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4 . 3  T h e  SF r e g u l a r i z e d  o n  t h e  l a t t i c e

The lattice regularization leads to a fully non-perturbative definition of the SF which 
makes it suitable for being used as a finite volume scheme to deal with the problem 
of non-perturbative renormahzation. The space-time manifold is reduced to a hyper- 
cylindrical grid superimposed to the conitinvmm manifold

Te =  G 0 < x o < T ,  0 < a-fc < L, {1,2,3}} , (4.45)

where T  and L are assumed to be integer multiples of the lattice spacing.

We will proceed here as in chapter 2, writing first a discrete form of the action and 
then building up the regulated path iutegi'al. Continuum actions are not regularized 
on a lattice in a unique way, although the details of the specific regularization chosen 
should not m atter in the continuum limit. For the gauge action we will use Wilson’s 
original proposal (see section 2.2.1) adapted to the SF setup [23]. For fermions we 
will consider two different regularizations. These will be the standard Wilsonian 
fonmilation, originally written in the SF in [36], and a modification with a chiral 
twist leading to the recently proposed chirally rotated ^SF [1].

4.3.1 T h e  Y a n g - M i l l s  SF o n  t h e  l a t t i c e

Lattice gauge fields U are constructed as in infinite volume. A gauge field U assigns a 
link variable Û i{x) G SU{N)  to every pair of points {x,x + aji)., defined in Fg. Gauge 
transformations Q(.t) G SU( N)  are defined on the lattice sites x  and act on the Ihik 
variables as

Uf^{x) — > Uj^ix) =  n{x)U^{x)U{x -I- afi)~^. (4.46)

The periodicity in the spatial directions of both gauge fields and gauge transforma
tions is the same as in the continuum

U^{x +  Lk) = U^{x), n{x + Lie) =  Q(x). (4.47)

In the temporal boundaries one has to prescribe fixed values for the spatial link 
variables

m (x )  =  U,(x) , H '^x) =  U,{x) 1,^,^. (4.48)
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These must be related to the contimmm fields C  and C" in order to establish a
connection with the contimunn SF. We identify with the parallel transporter
from X + ak to x determined by the boundary field C, namely

Ŵ fc(x) =  V exp  | a  J  dtCk{x + ak — o ifc ) |, (4.49)

and similarly for iy/.(x). Note that for the abelian and spatially constant fields of 
cq.(4.24) their lattice version simply reads

=  (4.50)

The construction eq.(4.49) is gauge covariant. By performing a gauge transforma
tion C C^  (see eq.(4.3)) the fields transform as eq.(4.46).

The gauge action 5'g [[/] of a lattice gauge field is taken to be the Wilson gauge 
action [17] eq.(2.24) restricted to Fe

S g [U] =  ^  ’ (4.51)
xei'E

where P,w{x) is the plaquette field defined as in eq.(2.25) and u>̂ cî {x) is a weight factor 
which takes the values

^  ^  I 1/2, for spatial plaquettes at Xo =  0 and .To =  T, ^

= < . . (4.52)
I 1, otherwise.

The lattice regularized SF for the pure Yang-Mills theory can now be defined as 
the path integral over all gauge fields U satisfying the boundaries eq.(4.48),

Z[C,C] = j  V{U] = \{dU,Xx) .  (4.53)
X , f l

Here dU is again the normalized gauge invariant Haar measure on SU{N),  and the 
product  ̂runs over all lattice points and directions such that the links associated
to the pair {x, x +  afi) fall in the interior of the lattice. Note that the SF can be left
as a functional on the continuum fields C  and C  since they are directly related to W
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and W  via eq.(4.49) and eq.(4.50).^^

The average over the gauge group present in eq.(4.5) is not needed in the lat
tice since the functional integral eq.(4.53) is already invariant under arbitrary gauge 
transformations of the boundary fields [23].

As in the continuum, boundary conditions for the gauge fields give rise to a back- 
gi'ound field. We focus here on the Abelian and spatially constant fields introduced 
in section 4.1.2. The boundary conditions eq.(4.48) lead to a field configuration V, 
non-degenerate up to gauge transformations, which minimises the action. It is related 
to the continuum theory via

%,{x) = exp{aB^{x)), (4.54)

satisfying the boundary conditions

=  V ;,(x)|„.j, =  M'ax). (4.55)

Before accepting the field V" as a good choice of BF it has to be shown that it is 
indeed a solution to the field equations derived from the Wilson action. In order to 
write them, we introduce the covariant divergence of the plaquette field eq.(2.25)

3

d*Pf,{x) =  ^  {PfAx)  -  Vy{x -  -  av)Vy{x -  ov)} , (4.56)
1^=0

where the plaquette here is evaluated on the background field V  configuration. The 
lattice action is stationary if and only if the traceless anti-hermitean part of d*P^{x) 
vanishes, that is

d*P,,{x) -  d*P^{x)^ -  ^ T r  {d*P^[x) -  d*P^{x)^} =  0. (4.57)

It is easy to show that the field eq.(4.54) hideed satisfies eq.(4.57). The action corre
sponding to V  is then given by

'^This is useful since iu the continuum limit C and C  are kept fixed while a is sent to zero.

(4.58)
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Note that the action eq.(4.58) converges to the continuum hmit at a rate of 0 (a ‘̂ ), in 
contrast to the expected 0{a^) convergence expected from the Wilson gauge action. 
This means that constant abehan background fields lead to minimal cutoff effects 
already at the classical level.

To conclude the discussion on the background field, we recall that in order to 
accept eq.(4.54) as a correct background field, one still has to show that V  is indeed a 
configuration with least action and that any other field with the same action should 
be obtained by gauge transforming V. A  mathematical proof of this exists [23].

It is worth to observe as well that a quantimi mechanical interpretation of the lattice 
SF analogous to that of the continuum exists, and can be established by means of the 
transfer matrix construction. In the temporal gauge {Uo{x) = 0) the transfer matrix 
To is given by Tq =  where V. is the Hamiltonian operator of the lattice theory.
To is an hermitean operator which acts on Schrodinger wave functionals as a
discrete version of a step evolution oi)erator. Physical wave functionals form
again a subspace of the full Hilbert space. It is possible to introduce a state \ W)  (in 
analogy to \C) in the continuum) and define the SF as

Z[C \  C] =  {\V\ (To)^^" P \W) , (4.59)

where P is the projector on the physical subspace. This expression is completely 
analogous to the continuum expression eq.(4.17). This means that the interpretation 
of the SF as the Euclidean propagation kernel from a state |H^) to \ W )  in a discrete 
number of steps separated by intervals a is entirely valid in the regularized theory. 
A spectral decomposition analogous to eq.(4.18) can be obtained for all values of the 
lattice spacing.

4 . 3.2 I m p r o v e m e n t  o f  t h e  p u r e  Y a n g - M i l l s  t h e o r y

When a theory formulated hi a manifold with boundaries is regulated on a lattice^® 
additional cutoff effects might be generated by the presence of the boundaries. The 
reeison is analogous to the need of extra renormalization described in section 4.1.3, 
since new local operators of dimension 6? > 4 might occur in the dimension 3 bound
aries, which were not present in the original theory. Symanzik’s improvement pro-

^*This was in fact one of the motivations for tlie introduction of this class of background fields. 
^®In fact, this statement will be true in presence of any regulator, not only on the lattice
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gi'am, described in section 2.3, can be applied in the case at hand to remove both the 
standard bulk cutoff effects and the extra lattice artefacts generated at the bound
aries. For obtaining an improvement to 0 (a ) one thus has to consider all possible 
dimension 5 bulk counterterms and dimension 4 boundary counterterms with the 
same symmetries of the lattice action.

For the pure Yang-Mills theory, as has been explained in section 2.3, there are 
no dimension 5 gauge invariant operators and hence no bulk couuterterms are nec- 
cssarj^ at this order. There are, however, two possible dimension 4 operators at the 
boundaries, given by

tr{FofcFofc}, tr{FkiFki}. (4.60)

The two possible boundary counterterms are then obtained by summing any local 
lattice expression for the operators eq.(4.60). The counterterms can be arranged 
resembling the operator structure already present in the Wilson action. By writing 
separately the spatial plaquettes and the temporal boundary plaquettes, one obtains 
the counterterm action

X f c = l

where Cg and q  are the improvement coefficients. The inrproved gauge action is now 
given by

S g,i [U] = Sg [U] + SSgAU]- (4.62)

S:nce the operator structure of 55c,b is the same as for the Wilson action, the improved
gauge action 5 g,i can be written directly as eq.(4.51) by redefining the weight factors
to be

f

Cg/2., for spatial plaquettes at  x q  =  0 and x q  =  T,
. . Ct, for temporal plaquettes attached to .

= (4.63)
the planes Xq = 0 and Xq = T,

1, otherwise.

Tlie coefficients Cs and Ct are functions of the bare coupling that can be adjusted to
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eliminate the 0 (a ) lattice artefacts coming from the boundaries. An ideal situation 
would be to obtain a full non-perturbative determination of these coefficients, such 
that all boundary 0{a)  effects would be removed. In practice, however, this would 
be very expensive in terms of computational time. One thus simply determine Cs and 
Q to a few orders in perturbation theory. This is enough in practice since boundary 
effects are expected to be less relevant as lattices get larger. These coefficients can 
be expanded as a series in

Ct{go) — +  0{gQ), (4.64)

Csigo) = 4°^ +  cP\9o +  + 0{g^), (4.65)

with terms

i'l = (4.66)
1=0

receiving contributions from both bosonic and ferniionic loops.
For the abelian BF we are considering, the terms proportional to Cg do not con

tribute to any observable. This is so because, since the fields arc constant in space, 
their spatial derivatives vanishes in eq.(4.61).^“

The coefficients involving fermion loops depend on the specific regularization 
used for the fermions. Their values are known to two loops for the pure Yang-Mills 
theory and in the standard setup wnth Wilson fermions (see table 4.4.1). One of the 
goals of this thesis is the determination to 1-loop in PT of the fermionic contribution 

in the chirally rotated setup described in the following sections (this will be done 
in chapter 6 ). Provided that q  is fixed to one loop, cutoff effects coming from the 
gauge part of the action due to the boundaries will be reduced to O(a^o)-

4 . 3.3  T h e  s t a n d a r d  f o r m u l a t i o n  o f  F e r m i o n s

We will consider two different fermion regularizations in this thesis. In this subsection 
we present the SF with standard regularization with Wilson fermions, originally given 
in [36]. Classical ferniion fields on the lattice are an assignment of a Dirac spinor with 
components 'iJj(x)a,cj to each lattice site x G Fg, where a  is the Dirac index and the 
indexes c and /  are the color and flavour degrees of freedom. They satisfj" the same

^°This is also true, of course, for a vanishing background field obtained by setting =  0.
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boundary conditions as their continuum counterparts, that is, they are periodic in 
the spatial directions up to a phase eq.(4.36), and half of their components have 
prescribed values in the temporal boundaries as in eq.(4.32).

The lattice fermion action for the SF is given by

T - a

S f[U, V’(x) {Vw +  m-o) (4.67)
X Q — a  X

where "Dvv is the massless Dirac operator with boundaries given by

r —Uq{x )P^'i}j{x +  aO) + K'ip{x), xq = a,
aVy;'ip{x) =  < aD\y'ip{x), a < Xq < T  — (4.68)

[ K'iJj{x) — Uo{x — a6yP+xlj{x — aO), Xo = T  — a

with the infinite volume Wilson Dirac operator Dw  defined as in eq.(2.29).

The action with SF boundary conditions can be exfjressed as a sum over all space
time points without any reference to the finite volume. For that, the fields are defined 
at all space-time points provided that outside the SF volume fermion fields are set 
to zero and gauge links are set to the identity. The fermion action in the SF is then 
given by

S y [U, -0, = •i/)(x) {Dw +  rno) 'iIj{x ). (4.69)
X

In SF setups, due to the special role of the time direction, it is useful to write the 
Dirac operator as a time difference operator given by

aD\\rtlj{x) = —Uo{x)P-il){xo + ak) +  K'ip(x) — Uo{xo — a,x.yP+tJj{xo — a ,x ), (4.70)

where K is the time diagonal kernel which reads

^  {o (V» + V ;) 71 -  j  V'W- (4.71)

The lattice version of the SF eq.(4.37), with fermions regulated using Wilson’s original 
proposal, is given by

Z lp ',p ',C ';p ,p ,C j =  I  (4.72)
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with the full SF action obtained by adding eq.(4.51) and eq.(4.69)

SsF[^p,i^,U] = Sg [U] + SF['iP,ij,U] (4.73)

The ferniionic measure is defined as

T - a=n n n dip{xo, x)a,c,/rfV^(a:o, ^)a,cj, (4.74)

where dip and dip are Grassman measures.
The boundary fields eq.(4.40) also have a lattice counterpart. When inserted within

correlation functions, they will act as functional derivatives on the Boltzman fac
tor, bringing down products of link variables and fermion fields evaluated next to 
the boundaries. By choosing only flavour combinations such that contact terms are 
avoided in correlation functions, they will act as insertions of the fields

In the literature it is conunon to find the projectors within the definition of the 
boundary fields. We prefer not to do so and follow the convention in [81], such that 
the same notation can be used without ambiguities in both the standard and chirally 
rotated SF setups, the latter introduced in the following section. Consequently, we will 
have to write the projectors explicitly when building composite operators involving 
the boundary fields for their insertion in correlation functions in chapter 5.

4 . 3.4  I m p r o v e m e n t  o f  t h e  f e r m i o n i c  t h e o r y

Since Wilson fermions break explicitly chiral symmetry, leading cutoff effects are of 
0{a) (see chapter 2). Again, one can apply Symanzik’s improvement programme to 
achieve an 0{a)  improvement of the fermionic theory. For that, one needs to consider 
improvement terms in the bulk volume SSy and in the boundaries SSp̂ \).

^^Note that the fields at the boundaries are not iiitegation variables in the path integral.

(4.75)
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For 011-shell improvement of the bulk one only needs to add a single counterterm 
to the action. This is the clover term defined in section 2.3 for infinite volume, which 
will now be restricted to the h>’per-cylinder,

T - a

SSsw = ^  ^  'ipix) ^  a^,yF^t,{x)'4){x), (4.76)
X Q = a  X  f j . , u

The Scheikoleslami-Wohlert coefficient can be expanded in terms of g^,

Csw = 4w + 5o4w + 0 {9q). (4.77)

The leading term is =  1. The standard unimproved action is recovered by
settnig Csw =  0. Note that when including the term eq.(4.76), the time diagonal
kernel eq.(4.71) has to be modified accordingly.

Concerning the boundaries, the operators of dimension 4 that can be built are

ipP±Do^p, xl;P±'^kDk'ip. (4.78)

They can be rearranged in two contributions proportional to the parameters q and 
Cg, in close analogy to the gauge couiiterterms. The boundary term will be

V'] =  a ' X ]
^erE (4.79)

+  (q — 1) 0 ( (x )  +  0[{x) I  ,

with the operators

0,(x) = ip (x )7j:(VJ + Vi,)/)(x),

0;(x)= ip '(x)7*(V ; + Vi)p'(x),

0,(x) = {i){y)P+K'P(v) + .

o;(x) = {Hv)P-Vo’P{y) + m^oP+i’iv)}

(4.80)

y = ( T - a , x )

When setting the boundary quark fields to zero, only the part proportional to q 
contributes to the action. The part proportional to c* still appears in contact terms.
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However, correlation functions with these terms can be avoided in practice. The 
fermionic boundary improvement counterterm then reads,

(55'F.b =  X] + K , T - a )  , (4.81)

This contribution can be understood as a correction to the bare quark mass next to 
the boundaries

rriQ mo +  a(cj -  l)(^xo,a +  ^ xq,T—a). (4.82)

The coefficient cj is expanded in terms of go by

Ct = +  0{g^). (4.83)

The perturbative coefficients q  are collected in table 4.4.1 at the end of this chapter. 
The improved fermion action is then given by

+ + (4.84)

4 . 3 . 5  A u t o m a t i c  0 ( a ) i m p r o v e m e n t ?

Maissless Wilson fermions^^ in a finite volume are expected to enjoy the pro])erty of 
automatic 0{a) improvement [21]. The argument for this to be true, which we collect 
in the appendix D, relies on chiral symmetry

^ 5 ;  ̂ =  i j t y i j j i x ) ,
_  _  _  (4.85)
ip{x)  — )■ i p { xy  =  V^(x)i7s,

being an exact symmetry of the continuum theory. In this situation, observables can 
be classified as even or odd under the transformation. Only even observables are 
physical, and they are only affected by even powers of the lattice spacing a. Odd 
observables receive contributions from odd powers of a and vanish in the continuum 
limit.

However, the projector structure of the SF boundary conditions eq.(4.44) breaks 
chiral symmetry explicitly. The SF projectors P± do not commute with the chiral

^^Understanding by massless that the bare quark mass has been tuned to the critical mass m^.
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transformation but, instead, they behave as

P ± l5  =  75-Pt- (4.86)

which implies that the transformed fields satisfy boundary conditions with cornple- 
mentarj^ projectors

P+ Lo=o = ^'(^) P - Lo=t =  0-
(4.87)

Hence, the transformantion TẐ  is not a synnnetry of the theory any more. Note that

uum level and not as a consequence of the lattice regulator^^. As a consequence, no 
automatic 0{a) improvement happens for rnassless Wilson fermions with standard 
SF bomidary conditions and, hence, improvement counterterms must be added to 
the action in the bulk and to composite fields, which would otherwise be absent if 
automatic 0{a) improvement held.

The important question is then whether there is a way to recover automatic 0{a) 
improvement in SF schemes. If there were an alternative symmetry TẐ  and projectors 

such that TẐ  was a symmetry of the continuum theory without boundaries^'*, and 
such that

then the argument for automatic 0(a)  improvement could be resurrected based on 
the TZs symmetry.

In [1] a modified transformation was proposed by augmenting the TZs transforma
tion with a flavour permutation obtaining then a new transformation 7Zl (assuming 
ip(x) to be a flavour doublet) given by,

remark, once again, that the key ingredient for automatic 0(a) improvement to hold is the 
invariance of the massless continuum theory under 7̂ 5 symmetry.

^^Nevertheless broken by the Wilson term.

the breaking of chiral symmetry by the boundaries happens already at the contin-

(4.88)

7^5 : -t/jix) —  ̂ 'ip(xy =

t/)(a:) — > V̂ (a;)' =  -il;{x)i-f5T\
(4.89)

where is a Pauli matrix^^ (see appendix A.3 for conventions). The flavour permu-

^^An alternative transformation could also be taken, using the Pauli matrix instead.
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tatioii does not affect the action in the bulk.
Several boundary conditions can be considered such that eq.(4.88) holds with the

transformation TZl- Following [1], we will only consider here the boundary conditions 
obtained using the projectors

These can be obtained from the standard SF bomidary conditions eq.(4.44) by 
ai)plying a non-anomalous axial transformation R{a) to the flavour doublets

When taken at q =  tt/2, the transformation eq.(4.92) leads to the boundary condi
tions in eq.(4.91), which give rise to the so called chirally rotated version of the SF 
(xSF). A lattice regulation of the ^SF wall hence be automatically 0{a) improved by 
construction.^^

Since the standard SF and xSF setups are obtained by a rotation R{n/2)  of the 
fields, which is a sj^nmetry of the massless continuum theory, both setups are com
pletely equivalent in the continuum (and chiral) limit.

^®Even if it inight be possible to find alternative transformations and boundary conditions such 
that eq.(4.88) holds, the difficult part is to implement the boundary conditions on the lattice and 
to show that they lead to a sensible definition of the SF in the continuum and chiral limits.

After tuning the parameter of an extra boundary operator, as will be seen in the following 
section.

(4.90)

and given by
Q+'ip{x) = 0, Q-^ipix) = 0,

r o = 0  x q = T

V'(.t) Q  ̂ = 0, ipix) =  0.
a;o=0 x o = T

(4.91)

'Ip — > R{a)ip, 'ip — > '4^R{a)^ with R{a) =  (4.92)

The rotated fields satisfy a rotated version of the boundary conditions

=  0 ,

^(a;)7o P-(a)L„=o =
(4.93)

with the rotated projectors given by

[l ±  7o exp(zof75r^)] (4.94)
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Correlation functions calculated in the two setups are related by the chiral twist 
eq.(4.92), estabhshing universality relations of the form

=  {OlR{-w/2)i:, i ,R{-ir /2)])^^.  (4.95)

This situation is analogous to the relation between standard QCD and twisted mass 
QCD at maximal twist. In fact, a dictionary relating correlation functions in the SF 
and the ^SF can be taken directly from QCD and tmQCD.

The next step in this presentation is to discuss the lattice implementation of the 
;^SF setup.

4 . 3.6  T h e  x S F  o n  t h e  l a t t i c e

On the lattice, boundary conditions can not really be imposed, but rather arise dy
namically from the structure of the lattice action near the bomidaries [82]. In some 
cases, the lattice action has to be modified near the boundaries such that in the con
tinuum limit the correct boundary conditions are recovered. This is the situation for 
the xSF, where in [1] a lattice version is obtained bĵ  means of orbifold techniques, in 
which the theory is fornuilated on an orbifold and the correct boundary conditions 
are obtained through an orbifold reflection.

Three different constructions where originally proposed in [1], leading to lattice 
actions which differ only by cutoff effects at finite lattice spacing. These are based on 
different ways of establishing the orbifold reflections. One construction is based on 
a reflection about the time slice at Xq =  0, referred to as a site reflection, the other 
two constructions are reflections about the would be points .t q  == ± a / 2 ,  called link 
reflections since the point xq falls on the middle of a link. In this work we will only 
focus on the construction with reflection about .Tq =  —0-12, referred in [1] as “orbifold 
reflection with an 0{a)  offset". In this construction, dynamical fermion fields are 
defined in the interval 0 < a:o <  T.

Starting with a theory of Wilson quarks in infinite volume, the orbifold construction 
gives rise to a fermion action describing a flavour doublet satisfying ^SF boundary 
conditions eq.(4.91). In fact, by following these lines it is only possible to obtain 
homogeneous bovmdary conditions for the lattice theory. The action is then given by

contrast to the standard SF construction, where dynamical fermions are only defined for the 
interval 0  <  x q  < T .
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T

i}){x) {T>w +  mo)ip{x) (4.96)
3 ;o = 0  X

where V\y  is the massless Wilson-Dirac operator with boundaries, given by

and K  is, again, the time diagonal kernel given in eq.(4.71). The Dirac operator for 

the xSF is hence the same as for the SF (for a flavour doublet) with a modification 

at the boundaries.

The Dirac operator V w  can be written alternatively as the infinite volume operator 

D w  actiong on for the whole interval 0 <  xq <  T, supplementing the fields with 

the syntactic extension

The xSF boundary conditions in this construction are satisfied up to cutoff effects of

We refer again to appendix A .5 for unexplained notation concerning lattice deriva

tives.

Link reflections give rise to boundary conditions displaced by effects of order a with 

respect to the continuum ones. This happens essentially since the reflection points

construction we are considering would be satisfled at the points Xq =  —a / 2 , T  +  a/2,  

instead of Xq =  0, T, thus generating the 0 {a )  terms in eq.(4.99).

-Uo{x)P-'ip{x  +  ad) +  (K  +  i j 5T^P-)'ip{x), 

aDw'tp(x),

xo =  0 

0 <  xo < T

{ K  +  P+)ifj{x) — Uq{x — aO)^P+'ip{x — aO), x’o =  T
(4.97)

The infinite vohune operator aD\\i in the bulk is the same as eq.(4.70) for the SF

^ ( - a ,x )  = -Z 7 o7 5 r^V’((^,x); 'ip{T +  a,:>i) =  (4.98)

0 (a )

(4.99)

Xo =  ± a /2  can not be reached in the lattice theory. Exact boundary conditions for the
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The massless Dirac operator Pw  satisfies the hermiticity property [1]

=  ^ w - (4.100)

The spectrum of t^ 75Pw  is hence bounded from below, with a non vanishing minimum 
eigenvalue given by

which coincides with the continuum one in the limit a —>• 0 [36].
As already explained for the standard SF, this guarantees that one can go to zero 

quark mass without the problems deriving from fermionic zero modes, and hence 
define a mass independent renormalization scheme.

4.3.7 R e n o r m a l i z a t i o n  a n d  i m p r o v e m e n t  o f  t h e  ^S F

Once the classical theory is defined on the lattice, the next step is to study the 
renormalizability of the tlieorj' and to go through Symanzik’s improvement program 
to 0{a). For miderstanding the renormahzation proi)erties one needs all bulk and 
boundary operators, of dimension d < 4 and d < 3 respectively, which satisfy the 
symmetries of the lattice theory. For performing the 0(a)  improvement, the operators 
needed are of dimension d = 5 h\ the bulk and c? =  4 at the boundaries.

The bulk counterterms which are allowed by the symmetries are the same as for 
infinite vohune, alreadj^ discussed in section 2.3. The renormalization of the bulk 
is hence identical as for the standard SF such that one only needs to consider the 
renormalization of the bare coupling and the bare mass, this last with the additive 
renormalization originated due to the presence of the Wilson term. Moreover, the 
onl}̂  allowed counterterm of dimension d — 5 is the clover term (see eq.(4.76)), which 
is a pure cutoff effect. In a situation where 0(a)  improvement holds, the clover term 
contributes to physical observables only to O(a^), so it is not needed for improve
ment to 0(a).  However, we choose to keep it in our formulation for being able to 
compare results calculated in both ^SF and SF setups.^® Moreover, its presence will 
reduce 0(a)  ambiguities in renormahzation conditions which require odd correlation

^^For both schemes to be equivalent in the continuum limit we must use the same regularization

a —>-0 (4.101)

in the bulk.
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functions (which are pure cutoff effects as well) to vanish (see below).

Concerning the boundary counterterms, one finds a to tal of 3 0 (1 ) and 3 0{a)  
terms respecting the lattice symmetries, which must be added to the xSF lattice 
action eq.(4.96) with appropriately chosen parameters. In practice, however, many of 
these counterterms can be ignored. This is so either because they contribute only to 
0{a^) in physical correlation functions, because they appear in correlation functions 
which can be avoided, or because they can be absorbed in the renormalization of the 
fields at the boundaries as has been discussed in section 4.3.3.

For the renormalization of the theory one is thus left with only an 0 (1 ) counterterm, 
proportional to a param eter Zf and, for the improvement, with an 0 (a )  counterterm 
proportional to a  coefficient dg (we refer to the original literature for details on the 
full counterterm structure [36]). These are added to the action as

55p,b =  o'* ^  +  4 o ,t)  [{zf -  1) +  (ds -  l)aD s] x}j(x), (4.102)
X

with

aD , =  ^ (V ,. +  VI.)7^. (4.103)

The full action for the xSF will then be given by

+ + (4.104)

The coefficient dg can be tuned to cancel the 0 (a )  effects coming from the boundaries, 
and it is analogous to  the ci coefficient in the standard SF formulation.

The coefficient 2 / ,  however, has no counterpart in the standard SF. It is the co
efficient of a relevant operator at the boundaries, which accounts for the restoration 
of the parity and flavour symmetries broken by the regulator, z j  is hence a 
finite renormalization constant, i.e. scale independent function of the bare coupling. 
It can be shown [1] th a t it plays the same role as the finite renormahzation of the 
twisting angle in tmQCD. Tuning Zf appropriately ensures th a t the correct boundary 
conditions are realised on the lattice theory, leading to the correct continuum limit.

The 2 counterterms in eq.(4.102) contribute to all correlation functions in the the
ory, since they enter directly the expression of the Dirac operator. The two coefficients
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are functions of the bare couphng with an expansion of the form

Zfigo) =  + 0{g^),
(4-105)

ds{9o) =  4°^ +  + O(g^).

The leading term  =  1 is obtained by comparing the free quark propagator in 
the continuum with the contimmm limit of the analytical expression for the lattice 
quark propagator and requiring them to coincide.

In presence of an offset in the orbifold construction, the coefficient dg is already 
needed a t the classical level in order to cancel boundary 0 (a )  effects arising due 
to  the displacement of the boundary conditions. For the case a t hand, the correct 
value for the leading term  is di^  ̂ = 1/2, obtained by demanding the absence of 0{a)  
effects in the p r o p a g a t o r . A  drawback of this is th a t no analytic expression for the 
fermion propagator is known if the covmterterms eq.(4.102) are included with ^  1, 
and thus one is forced to invert the Dirac operator numerically when performing a 
perturbative calculation.

Moreover, one can include a Wilson term in the definition eq.(4.103) obtaining an 
alternative counterterm

2

aD , =  f  (V . +  VI.) -  y  VI.V,. (4.106)

Adding the extra  term  is completely harmless since it respects all the symmetries of 
the lattice action and contributes to physical quantities only to O(a^). The advantage 
of this modification is th a t eq.(4.106) has the same structure as the original Dirac 
operator eq.(4.70), and hence the counterterrn can be easily included in the action 
by adding a factor dg in front of the spatial derivatives at the b o u n d a r i e s . I t  is this 
alternative we consider for the rest of this work.

Concluding, in the xSF there is only one additional boundary coefficient z/ with 
respect to the SF. Concerning the improvement coefficient it might be enough to 
determine it to a few orders in PT , as has been argued in section 4.3.4 for q . On the 
contrary, Zf has to be determined non-perturbatively.

The tuning of 2 /  and of the bare mass mo to their critical values account for the

a construction without offset, since the boundary conditions would be exactly realised at the 
boundaries, dg would not be needed at tree-level and hence =  1.

^^This is very comfortable when implementing the Dirac operator for a computer simulation.
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restoration of the symmetry and chiral symmetry respectively. For a numerical 
simulation Zf and mo must be tuned simultaneously and non-perturbatively. Without 
a full non-perturbative determination oi Zf, the symmetry might not be properly 
restored, which would compromise the continuum limit.

As we will see in section 5.4.1 of the following chapter, the tuning of zj  can be 
done by imposing a odd correlation function to vanish. The tuning of rrio to rric 
can be done as usual, by imposing a chiral symmetry violating observable to vanish 
(for example, mpcAC = 0)- One of the main goals of this thesis is to show that 
the simultaneous tuning of Zf and rno is feasible at least to one loop in perturbation 
theorj^, and to obtain the one loop coefficients ẑ j \  and of the xSF scheme.

4 . 4  P e r t u r b a t i o n  t h e o r y  i n  S c h r o d i n g e r  f u n c 

t i o n a l  SCHEMES

Once a fully working non-perturbative formulation of the Schrodinger functional has 
been given, perturbation theory has to be defined within that setup. A priori, one 
might wonder why perturbation theory is needed at all provided that we have a fully 
non-perturbative construction. The reasons are the following.

The first, already explained when discussing non-perturbative renormalization and 
finite volume schemes in chapter 3, is for matching quantities calculated in a non- 
perturbative scheme with quantities in perturbative onse like the MS scheme.

Secondly, in the present chapter we have presented the 0{a) improved versions 
of SF formulations following Symanzik’s improvement program. Every boundary or 
volume operator introduced for the improvement comes with a coefficient which is a 
function of the bare coupling go. Ideally, these coefficients should be determined non- 
perturbatively. But in practice this turns out to be an extremely expensive task, since 
it requires the tuning of all the improvement parameters to simultaneously satisfy all 
the needed improvement and renormalization conditions. Perturbation theory can be 
used here in different ways. On the one hand, it is enough to perform the tuning of 
boundary improvement coefficients in perturbation theory. These cancel cutoff effects 
due to insertions of operators at the boundaries, the contribution of which becomes 
less relevant as lattices get larger. On the other hand, for the coefficients which must 
be tuned fully non-perturbatively, their perturbative knowledge can be very helpful
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as a guide for the computationally expensive tuning.

Moreover, perturbation theory is the only way of having analytic control on the the

ory as the continuum limit is approached. Close to the continuum limit perturbative 
calculations and data from simulations should match each other, hence perturbation 
theory can be used to control th a t the non-perturbative codes are indeed working 
correctly.

Finally, perturbation theory can be used to monitor cutoff effects in several observ
ables (see chapters 5, 6 and 7). It can then be used as a laboratory arena to test several 
improvement strategies before embarking into expensive numerical calculations.

In this section we will briefly sketch the main aspects of a perturbative calculation 
in the Schrodinger Functional. We assume homogeneous boundary conditions for the 

fermion fields for the rest of this thesis.

4 . 4.1 S e t t i n g  u p  p e r t u r b a t i o n  t h e o r y

W hen setting up perturbation theory one has to go through a gauge fixing procedure. 
In a non-perturbative calculation on a lattice setup it is not necessary to fix the gauge 
since the dynamical gauge fields U^i{x) are elements of a compact gauge group. In 
perturbation theory, the link variables have to be expanded as a series in the

bare coupling 90 ,

=  exp {goaq^,{x)} V^,{x) =
r 1 1 (4.107)

=  | l  +gomn{^)  +  + O(.9o)| V' (̂3;),

where the fields q^{x) are identified with the gluon fields of continuum QCD. For 
generality, we write the expansion eq.(4.107) around the classical BF V^i(x) which is 
the global minimum of the action eq(4.51).^^ After the expansion, the integration 
variables U^{x) are replaced in favour of the gluons q^{x). The fields q^(.t) live in the 
non-compact space of the Lie algebra su{3), and hence, the gauge m ust be fixed.

For details on the gauge fixing procedure in SF schemes we refer to [83] for a case 
with zero background field, and to [23] for a case with the Abehan background fields 
given by eq.(4.54). Since the gauge part of the action for both SF and ^SF setups is 
identical, we will be able to reuse the procedures on [83] and [23] for the calculations

absence o f background field one sim ply would replace V^(x’) — > I in eq .(4.107).
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in chapters 5, 6 and 7.

As a result of gauge fixmg, one has to add to the action a gauge fixing term S'gf[V'’ q] 
and a term induced by the Fadeev-Poppov determinant Spp[V,q,c,c] which governs 
the ghost fields c and c. We refer to the literature for explicit expressions of these 
terms [23, 83].

An additional contribution, which is not present in continuum calculations, has to 
be considered due to the change from the variables U^{x) to q^{x). The measure in 
the path integral for the new q^i{x) fields is given by

The measure contributes directlj' to order g^. In this thesis, however, we will only

and the Schrodinger Functional in the path integral representation will be given by

Lets assume an observable 0\U] to be a product of link variables only. This can 
be done without loss of generality since, even if we consider an observable 0[J7,'0,'0] 
which does depend on the fermion fields, these can always be integrated analyti
cally, as explained in section 2.2.2, by considering separately the fermionic and gauge

m  = n  dql{x) (4 . 108)

and it is related to the Haar measure for the link variables via

V[U] = (4 .109)

with the term
(4.110)

need to expand the action up to O{go), so S'mfg] will not contribute at this order. 
We keep it here only for completeness of the present discussion. The total action to 
consider will hence be the sum of all the terms

Stot[V, q, c, c, ip, Ip] =50[1^, q] + 5gf[y, q] +  5fp[V, q, c, c] 

+ SF[V,q,'ip,ip] +  S'm[fjf],
(4 .111)

(4 . 112)
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expectation values, such that

sO [U ). (4 .113)

The gauge expectation value {0 ) g can be written (re-introducing the quark determi
nant as an integral over Grassniann variables) as

—  5 t o t
( 0 ) a  =  I  Vlg]V[c]V{c]V[m4’l

The observable O is expanded as a series in powers of go,

O =  +  O(.g^).

(4.114)

(4.115)

The terms contain products of n  gluon fields q^. Since contains no gluon 
fields, the expectation value becomes trivial

The expansion of the expectation value eq.(4.114) thus reads

(4.11G)

(4.117)

Finally, one needs to consider the expansion of the exponential of the total action 

5 'to t  ^

 ̂    '  ' (4.118)*5tot =   ̂ +  .9o5S +  5o5S  +  0{gl).
%

The term is the classical action for the background field Vn{x). It will only be
present for non-zero BF. Moreover, since it does not depend on the gluon variables 

it will cancel out from all expectation values. The Boltzmann factor in the path 
integral can be separated as

1 9oS2 + 9 2 ( / ; ?  sS)+0M)^ _ c ( 0 )
e (4.119)

Denoting the gauge field average taken with the free action El'S (•)o) and inserting
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the expansion eq.(4.119) into eq.(4.117), one obtains the contribution

( 0 ) g  =  +  gl -  ( 0 < '> { [ S S » f ) o ]  +  0 ( 9 5 ) .  (4.120)

No odd terms in go can occur since they involve an odd number of gluon fields, and 
hence their expectation value yields zero. The term with is present only for 
non-zero background fields.

From Symanzik’s analysis [84, 85] on the cutoff dependence of Fejannan diagrams on 
the lattice, we expect that a specific 1-loop Feynman diagram can be expressed
as an asymptotic series of the form

OO /

/ “ («//,) (4 .121)
m =0 n= 0

where fmn are the expansion coefficients to order a™ and with the n-th power of the 
logarithm. This asymptotic form can be understood from the fact that loops con
tribute logarithmically to the overall value of the diagram and that, within Synianzik’s 
effective theory, lattice artefacts correspond to irrelevant, operators which carry ex
plicit factors of the lattice spacing.

Logarithmically divergent terms can be cancelled by the renormalization of the 
bare coupling [23]

•9o =  g L  + Zi(afi) = 2bo ln(a//). (4.122)

The lattice artefacts, which correspond to the coefficients aln(a)” , ln(a)" can be 
eliminated order by order through Synianzik’s improvement programme.

4 . 4.2  T h e  i n c l u s i o n  o f  c o u n t e r t e r m s

The improved fermion action Sf,i given in eq.(4.84) is a sum of terms corresponding to 
the unimproved action and the boundary and bulk counterterms. All the parameters 
which contain an explicit dependence on qq can be collectively denoted by the vector 
c ( f f o )  = (?7io, C sw , q) for the standard SF, or c(go) = (mo, csw, Z f ,  d g )  for the xSF.

When computing the expansion of an operator O, it is useful to separate the go 
contributions due to the expansion of the link variables (either in the action or in
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the definition of the observable O itself) from the contributions coming from the 
coefficients c{go). In this way it is clear how the individiual contributions of each 
counterterm enter into an expectation value. The coefficients are expanded as

c{go)  =  +  0 { g ^ ) .  (4.123)

Introducing them to the improved action we obtain

Sp.i(c) =  +0(9„'). (4.124)
i

By defining the correction operators A,

4i-S'F,i(c^°^) =  -a ^  ^  Ac;(x)j, (4.125)
X

we can write the fermion average of an operator O:

( O h  =  ( O ) F,c(0) +  fJo J ]c ia ^ ^ (O A i(x ))p ,^ (o )  + 0 { g o ) ,  (4.126)
i  X

where the average (•)f,c(o) denotes the fermion average taken using the improved action 
in the Boltzmami factor, with its coefficients fixed to the tree-level values.

This separation will be particular^ useful in the following chapter, when performing
the perturbative expansion of correlation fimctions.
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coefficient value references

' ' t c  |csw=0 -0 .4342856 (3 ) [86-88], ★

u l c  | c s w = 1 -0 .2700753495(2) [83, 89], ★

'-SW 0.26590(7) [83, 89]

Jl.O)
' - t -0 .0 8 9 0 0 (5 ) (231

0.0191410(1) |80|, *

( l . l ) l  
Ct IxSF, csw=0 -0 .00661445(5 ) ★

IxSF, csw = l 0.006888(3) ★
J2-0) -0 .0 2 9 4 (3 ) [90]

J 2 , l ) -0 .0 0 2 (1 ) [52]
(2,2)

Ct -0 .0 0 0 0 (1 ) [52]

-0 .0 1 7 9 5 (2 ) [ 8 3 , 9 1 ] , ^

l ^ s  |csw =  l -0 .0 0 1 2 (4 ) ★

ksw=0 0.44031(8) ★

|csw = l 0.223429(3) ★

Table 4.4.1: List of perturbative coefficients for the gauge group SU{3) and the references 
where they are extracted from. The symbol ★  means th a t  the coefficient has been either 
calculated for the first time or recalculated in the this thesis.



“Look for the bare necessities
The simple bare necessities
Forget about your worries and your strife.
I mean the bare necessities
Old M other N atu re’s recipes
That brings the bare necessities o f hfe.”

Baloo the bear

5
Correlation Functions in Schrodinger 

Functional schemes.

A l l  t h e  p h y s i c a l  i n f o r m a t i o n  of a quantum field theory is contained in its 
correlation functions. Typically, the correlation functions we will consider here have 
the generic form

(0(a:)0ext), (5.1)

where 0{x)  is an interpolating field defined over a finite domahi x E X  C  M,  and 
Oext is an external field defined outside the domain X.  When constructing correlation 
functions, different interpolating fields correspond to different physical observables. 
For a given 0{x),  several choices of Oext might be used as different probes of the same 
physical quantity.

Interpolating fields are constructed as gauge invariant products of the dynamical 
fields of the theory. For the rest of the chapter we will restrict attention to interpo
lating fields built as fermion bilinears which, for a generic Dirac structure F, take the

93
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form
0{x) = (5.2)

In SF schemes it is possible to construct interpolating fields which involve products 
of derivatives of the boundary fermion fields. When used in a correlation function, 
they have the effect of inserting dynamical fields close to the bovmdaries into the func
tional integral. Interpolating fields constructed in this way are referred as boundary 
operators and, for a given Dirac structure, they are of the form

Xo = T. (5.4)

Using the relation eq.(4.40), the bomidary operators can be rewritten in the more 
usual form

O = J  dydz({y)T({z), xq = 0, (5.5)

0 '  = I  r/yV/z'c'(y')rC'(z'), ^0 = T. (5.6)

In the following we will focus on tŵ o kinds of correlation functions. The first, which 
are referred to as boundary to bulk correlation functions, involve a fermion bilinear 
0{x) defined in the bulk of the manifold and an external field Oext taken to be a
boundary operator as the ones in eqs.(5.5) and (5.6).^ They are generically given by
the expression

(O(x)O) = i  y  V[i,,i,]V[A]0(x)0 g S[ip,ip,A] (5.7)
p = p = p ' = p > = 0

Boundary to bulk correlation functions can be understood as the probability ampli
tude for a quark and anti-quark pair being created at the boundary at x q  = 0 , and 
propagating to the point x in the bulk, where they are annihilated.^

^This choice ensures that the external field is defined outside the dom ain o f the interpolating  
field.

^Similar correlation functions can be constructed using the opposite boundary operator eq .(5.6), 
in whicli the quarks are created at x  and annihilated at the boundary at x q  =  T . W e will not 
consider them  any further.
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Figure 1: Sketch of  a boundary to  bulk correlation function (left) and a boundary to boundary  
correlation function (right).

The second class of correlations are referred as boundary to boundary correlation 
functions, in which 0(x)  is chosen to be a boundary operator defined in one of the 
boundaries and Oext is taken to be another boundary operator defined in the opposite 
boundary. They are given by

(5 .8)
P = P = P '

These are proportional to the probability amplitude for the pair quark anti-quark 
being created at the boundary at a;o = 0, propagating to the other boundary at 
Xq =  T, and being annihilated. A representation of boundary to bulk and boundary 
to bounary correlation functions is sketched in figure 1.

The renormalized versions of correlation functions eqs.(5.7) and (5.8) have the form

{0{x)0)n = ZoZl{0{x)0) ,  {0'0) r  = Z \{ a O ) ,  (5.9)

where Zq is the renormalization factor associated to the interpolating field 0(x),  and 
Z(; is the wave function renormalization for the boiuidary fields.

Boundarj' to bulk correlation functions are generally normalised with boundary to 
boundary correlation functions in order to cancel the renormahzation of the boundary 
quark fields. This way, one can have access to the renormalization factors Zq directly. 
For that, it is useful to consider ratios of

(0(x )0) r / ^ ( 0'0} r , (5.10)

where the Z^ renormalization factor cancels out.
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In this chapter we will define in detail a set of correlation functions of the form 
eq.(5.7) and eq.(5.8) and discuss some of their uses in the renormalization and im
provement of the xSF scheme. In section 5.1 we will work in a formal continuum 
framework to define the correlation functions for the standard SF and the xSF setup 
in the continuum together with a dictionary^ relating them in the chiral limit. After 
this is done, we will give a prescription to obtain their lattice regularised counter
parts. Section 5.2 is entirely devoted to the expansion to one loop in perturbation 
theory of all the correlations introduced in section 5.1. A set of Feynman diagrams 
will be obtained. The mmierical evaluation of these diagrams is discussed in section
5.3. Once the diagrams are calculated, we will be ready to use the results of the 
calculation for the tuning of the parameters Zf and mo to their critical values and of 
the improvement coefficient dg. This is done in the different subsections of section
5.4. First we will study several renormalization conditions to set the parameters Zf 
and nio to their critical values, and show numerically that different choices of renor
malization conditions will only affect physical quantities with 0{a^) effects. Next we 
will discuss the extraction of the boundary improvement coefficient ds to one loop. 
After all the coefficients have been properly dctorniincd, wc will show that the correct 
boundary conditions are implemented in the lattice and automatic 0{a)  inii)rovement 
is realised. Finally we will check universality relations between correlation functions 
in the SF and x^F, confirming that both schemes are equivalent in the chiral and 
continuum limits. All calculations in this chapter are done independently of the gauge 
group, the rmmber of fermions or the representation under which these transform. As 
a consequence, all the conclusions we will make here will be valid for all the theories 
described by the Lagrangian eq.(3.27). We will write all our results as a function of 
group theoretical factors, such that the values for a particular theory can be obtained 
by specifying such factors. We will close the chapter in section 5.5 where we will give 
some concluding remarks on the whole calculation.

5.1 D e f i n i t i o n s

We first define the correlation functions in the standard SF followed by the ones in the 
XSF. It is possible to estabhsh a dictionary between the two bases through eq.(4.95) 
analogous to that relating QCD with twisted mass QCD. [81].

^Borrowed from twisted mass QCD.
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The fermion bihnear composite operators we are interested in for using them as 
interpolating operators in the bulk are the axial and vector flavor currents, given by

(5.11)

the scalar and axial densities, which read

(5,12)

and the tensor currents

(5.13)

where ~  t [ 7 /i,7 i/]- Note th a t the flavour currents are labelled with explicit flavour 
assignments, while in the literature it is conmion to index the currents using the 
generators of the flavour synniietry group. For considering correlation functions with 
quarks of the same flavour avoiding the complications of disconnected diagrams, it 
is convenient to consider a setup with four flavours [81], obtained by replacing the 
quark doublet as

/ ^
 y

) Ipu'
\  ^d'

This way, there will be two up-type quarks and two down-type quarks. Correlation 
functions between the same flavour types can then be considered by making the 
flavour assignments f \ = u  and / 2  =  u' (or f i  = d and / 2  =  d’), such th a t one always 
has / i  7  ̂ / 2  an no disconnected diagrams occur.^

When this is done, the flavour m atrix in eq.(4.92) must be replaced by

(5.14)

 ̂ I 2 ® =  diag(l, - 1 , 1 , - 1 ), (5.15)

The chiral rotation eq.(4.92) then leads to the projectors

=  diag(Q±,Qzp), = diag{Q±,Q:^,Q±,Q:^),  (5.16)
N f = 2  N f = 4

^Note that this corresponds to a partially quenhe situation.
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where Q± are the projectors reduced in flavour space which read

(5.17)

[81]. In the standard SF setup the choice of flavours is irrelevant and all flavour 
combinations in a correlation function are equivalent. Hence, we will ignore flavour 
indices in the operators when considering correlation functions in the SF basis and 
only write them explicitly in the xSF setup.

5.1.1 C o r r e l a t i o n  f u n c t i o n s  in  t h e  SF

The first class of correlation functions we consider are boundary to bulk correlation 
functions given by

Conventionally, in the literature, the definition of the boundary fields (  and (  include

we write them explicitly in the boundary source field. This permits to use the same 
notation for ^ and (  in both standard and rotated basis. This notation will also be 
handy later on when constructing boundary source fields with inverted projectors.

The correlations J a and f p  are even under the parity symmetry

fx(xa)  =  - ^ { X { x ) 0 , ) s e ,  X  = A„, Vi, S, P, (5.18)

The subscript ( • ) s f  denotes that the correlation function is taken in the standard SF 
basis. The boundary source fields are defined as

j  rfyrf’2C(y)̂ +75C(z) (5.19)

the projectors and P_. Since we didn’t include them in the definition eq.(4.40)

(5.20)

Hence, they do not vanish. On the contrary, f y  and fs-, being parity-odd, will vanish. 

After integration of the fermion fields in the functional integral and making use of
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Wick’s theorem we obtain the expression

fx{xo) = ^ j  c?Vc^^z(Tr{['0(2;)C(y)]Fro5[C(z)V^(a^)]Frx}) (5.21)

where the trace acts over spinor and color components, [-]f denotes the fermion ex
pectation value, Fog is the gamma structure of the boundary operator and Fx is the 
gannna structure of the fermion biUnear. A list with all the possible F structures that 
appear in correlation functions is collected in appendix B. From now on, for nota- 
tional brevity we will express the two point functions without the explicit sub-index 
denoting fermion average, i.e. [•] =  [-]f -

The next class of correlation functions we consider are boundary to bulk correlation 
functions defined for interpolating fields with an open spatial index k. These are

1 ^
kvixo) =  - g  J ] (n ( .T o )a ) s F , n  =  A fc,V l,r,o,r,o. (5.22)

fc=i

The bilinear boundary source fields with an open spatial index are defined as

=  y  d:^y(fz({y)P+-i'kC{z). (5.23)

Within this class of correlation functions the non vanishing parity even ones are kv 
and kr,  and the vanishing parity odd ones are kA and kf .  Integrating the fermion 
fields we obtain

ky{xo) = - Y ^  /  c?Vc?''^z(Tr {[V'(x)C(y)]Fo,[C(z)^(a^)]ry}), (5.24)
fc=i

with the possible F structures specified in the appendix.

Finally we consider two types of boundary" to boundary correlation functions. The 
first are given by

/ i  =  -^{050'5>SF (5.25)

with the source field at the upper boundary given by

O 's =  f  t(‘y ' r P z X ' { y ' ) P + i , ( ' W - (5 .26)
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The second type are the boundary to boundary correlation functions using boundary 
sources with open spatial indices

1 ^
h  = - - J 2 ( ( ^ k O ' , ) s F  (5.27)

k=l

with the boundary operator of the top boundary given by

O'k =  J  (fy'(fz '(\y ')P+^kC{^')-  (5.28)

After ferniion integration, they read, respectively,

/ i  =  ^ y  f^W zf^V rf''^z'(Tr|[C (z)?(y')]ro '[C '(z')C (y)]ro5}) (5.29)

and

= {[C (z)r(y ')]ro '[C '(z ')C (y)]ro,.|). (5.30)
 ̂ k=i •'

5 . 1 . 2  C o r r e l a t i o n  f u n c t i o n s  in  t h e  ^ S F

The correlation functions for the ^SF can be constructed by applying the non-singlet 
chiral transformation eq.(4.92) at maximal twist to the standard correlation functions 
in the SF [1, 81]. For that, one first has to transform the bihnear fields in eqs.(5.11,
5.12) and (5.13). Since the transformation R{a) distinguishes between flavours, one
has to take into account the flavour structure of the bilinear when performing the 
rotation, obtaining the sets

V  — > v^^', - i A ^ \  iA^^,

(5.31)

rj-i ___ ^  i T ^ ^ '  / J ^ d U

rj-^ ____ ^  r p d u
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The boundary source fields, which will now contain the projectors Q± histead of P±, 
can be defined such that, when inserted into correlation functions with the fermion 
bilinears in eq.(5.31), they rotate back to the standard SF boundary source fields as

<0|fl(7r/2)V>.?fl(;r/2)]Q"»)^SF =  {0[A^]Oi''^hr (5.32)

Since the chiral rotation R{a)  distinguishes between flavours, the structure of the 
boundary source fields will depend on their fiavour content, namely

QT'  ̂I f̂ Vt̂ ẑC„(y)7o75Q-C«'(z),

Q f  = f  dVĉ ẑCd(y)7o75<3+Cd(z),
■’ _ (5.33)

Q f  = I  d^yd ẑCuiy)i5Q+Cd{z),

Q t  = f  d^yd^zU yH Q -Cu{^) .

Similar expressions are found for the boundary operators with open spatial indices 
In order not to obscure the current discussion we leave the precise definition 

of the operators to appendix B.

It is convenient to consider here the rotated version of the parity transformation V  
given in eq.(5.20)

^ 5 : <  ~J. . 3  x = ( x o , - x ) .  (5.34)
[ i){x) — ^

The boundary to bulk correlation functions eq.(5.18) translate in the rotated basis 
into

=  X  = Aa,V„,S,P.  (5.35)

In the chiral limit one obtains a set of relations between correlation functions in the 
standard and rotated basis. The relations between P-even (SF) and P 5 -even (xSF) 
correlation functions are

f    „uu'   dd'   __ -„du/ a -  eA - S a -  -rgv -  Êv , 3

JP -  ĝs -  — gp -  gp )
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and between odd correlation functions

r  „ d d ' ‘^ d u
J v  —  S v  —  S v  —  ~ ^ S a  — (5.d7)
f s  = igT = =  gs“ =

The boundary to bulk correlation functions with open spatial indices in the bilinears 
eq.(5.22), once rotated to the xSF basis, read

1 ^= - g  n  =  A,, V,,no,no. (5.38)
A : = l

which in the chiral limit are related to the standard basis in a similar way as in 
eqs.(5.36) and (5.37). The even correlation functions are

kv  =  i f  = - i r /  =  i l t ,
, , (5.39)

kr = i l f  =  - i l f  =

and the odd correlation functions

I. luu ' idd'   ^ j u d  Aldit
— I A  —  f .4 —  )  / r  ^ r . \(5.40)

I. _  __ */UW __
t i r p   l l r p  -----  i l r p    /  ~  .

Finally, the boundary to boundary correlation functions eqs.(5.25) and (5.27) are 
translated into the chiral basis as

d ' ’' =  (5 .41)

and
3

fc=l

Explicit expressions for the boundary source fields and can be found in
appendix B.

The functions and are related to the standard basis in the chiral limit 
through

/ i  Si Si Si Si ) , ,(5.43)
 j ûu   j^dd   j^ud   ĵ du
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A remarkable point is that since all the standard SF correlation functions are real 
valued, the ^SF functions will be either purely real or purely imaginary. Moreover, 
as a consequence of the definition adopted for the boundary source fields in the chiral 
basis eq.(5.32), the relations between the ^SF correlation functions have the same 
structure as those for the fermion bihnears eq.(5.31). For sake of readibility, in the 
following sections we will often ignore the flavour indices in the correlation functions 
unless they are exphcitly needed. It is important then to keep in mind that correlation 
functions in the ^SF scheme will always depend on the choice of flavours.

5 . 1.3 C o r r e l a t i o n  f u n c t i o n s  r e g u l a r i z e d  o n  t h e  l a t t i c e

Once a theory is regularized on the lattice all the observables will be replaced by their 
lattice counterparts. The lattice versions of the correlation functions can be obtained 
from the continuum ones, defined in the previous sections, in a straight forward way. 
Firstly, the quark fields ai)pearing in the bulk fermion bilinears are replaced by their 
lattice counterparts, defined only on the latticc sites. The domain of the interpolating 
fields will hence be the bulk of the lattice. Secondly, one has to specify the lattice 
version of the boundary source fields. For that we simply replace the spatial integrals 
of eq.(5.5) by lattice sums, and identify the boundary fermion fields with the lattice 
fields near the boundaries via eq.(4.76)

Within this convention, the lattice counterpart of the fermion biUnear boundary 
sources are given by expressions of the form

(5.44)
y . z

and similarly for the boundary operators at Xo =  T.  The lattice version of the 
boundary to bulk correlation functions in the SF and ^SF read, respectively

fx{xo) = -̂ a®J]̂ (V̂ (x)rx'i/’(̂ )C(y)ro5C(y)),

y>z

For the boundary to boundary correlation functions, their lattice versions are given
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by

h  = (C'(u)75<?+C'(v)C(y)75<5-C(z)),2
y ,z ,u ,v

g " ’ = - 2 “
y ,z ,u ,v

(C' '̂(u)75<5+C' '̂'(v)C'^"(y)75<5-C- '̂(z)),
(5.46)

Similar expressions hold for the ly  and li correlations. Exphcit expressions for the 

lattice versions for all the correlation functions f x ,  ky,  Qx, W ■, / i ,  ^1, Q\ and /i after 
performing the ferniion functional integration are collected in appendix B. These are 
the objects we are interested in for the rest of this chapter.

5 .2  P e r t u r b a t i v e  e x p a n s i o n  t o  1 - l o o p

In this section we will work out in some detail the j)erturbative expansion of the 
correlation functions for the xSF eq.(5.35) and (5.38) introduced in the i)revious 
section. The ideas for the expansion of correlation functions in the standard SF for 

zero backgrovmd field where discussed in [83]. In the present section we will proceed 
on the same hues as in [92] adapting the calculation to  the xSF setup.

5 . 2 . 1  P r e l i m i n a r i e s

The starting point for the present perturbative calculation is the Wick contracted 
form of the correlation functions gx  and gj found in eqs.(5.45) and (5.46) with the 2 
point functions written explicitly using eq.(B.32). In order to be general, we consider 
for this calculation the possibility of having momentiun different from zero in the 
correlation functions.^ Momentum p  can be injected by adding a Fourier factor 
g*p(y-z) jji^o within the boundary operator eq.(5.44).^

Taking this considerations into account, the observables we are interested in are

(5.47)

(Tr^S(x;a,y)f^f,[/o(0,yyr^f'Uo(0,z)S(a,z;x)f,f^rxj),

^Evaluating correlation functions at different p corresponds to different probes of the same phys
ical observable. In practice, however, we will always evaluate them at p =  0 in this work.

®This will have the effect of, once we perform a spatial Fourier transformation, projecting the 
quark propagator to momentum p.
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u-v,y,z (5.48)

rg/' U i ( T  -  a, v )S (T  -  a, v; a, y),,/, (7c(0, y)r{if }),

where S{x,  y ) j f  is the quark propagator for flavor / .  Very similar expressions hold for 

/y- and li- The perturbative expansion of ly and /i will follow in an almost identical 
way as for g;^ and g^. We will hence ignore them here and comment on them at the 
end of subsections 5.2.3 and 5.2.4.

Since in SF schemes the presence of tem poral boundaries breaks translation invari
ance in the tem poral direction, we will work in the time-monientum representation in 
Fourier space. The quark and gluon fields Fourier transformed in the spatial directions 
are defined through

Hx)  =  p), ij{x) =  P)>

^ (5.49)
Qo{x) =  p), Qkix) =  p),

p p

with the Lattice momenta p  adopting values pk = where Uk £ [0, L — 1] and
k =  1,2,3.

The expansions of equations (5.47) and (5.48) to one loop in perturbation theory 

are of the form

gx(2^o,p) =  gi°^(a:^o,p) +  </og?(^’o,P) +  0(g^), (5.50)

gi =  g ?  +  g h ?  +  0{go),  (5.51)

In order to obtain the tree-level coefficients g^^ and g f \  and the 1-loop coefficients 
g^^ and gj^\ one has to  expand the tem poral link variables at the boundaries and 
the quark propagators in eqs.(5.47) and (5.48) to order g^. Moreover, the exponential 
factor of the action and the measure in the path  integral also have to be expanded as 
explained in section 4.4, together with an appropriate gauge fixing procedure.
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The expansion of the hnk variables reads

Uf,{x) =  I +  iagoq^^{x)T“ -  +  0{g^),
\  (5.52)

U , { x y  =  I  -  iagoq;{x )T^ -  y 5 o 'g “ (x )T “gJ(a:)T '’ +  0 { g l ) ,

The quark propagator has an expansion of the form

OO

S{x,y) = Y^goS^"\x ,y) .  (5.53)
i= 0

The different terms S^'^^{x,y) can be obtained recursively [83] from the defining equa
tions for the quark propagator

(Dw + mo) S{x, y) = (5.54)

By expanding the Dirac operator as a series in f/o

C»

=  (5.55)
fc=0

and inserting it, together with the expansion eq.(5.53), hito eq.(5.54), one obtains the 
recursive relation

+ 7710  ̂S^°\x, y) = a
fc-i (5.56)

S^^\x,y) = ^^S^ \̂x,y),
j = o

where S^°^x,y)  is the free-quark propagator. From eq.(5.56) one can obtain order 
by order the different terms of the quark propagator. At first order the recursion 
eq.(5.56) renders

S^^\x,ij) = - a ‘̂ Y^S^^\x ,z)D^^^S^^\z ,y) ,  (5.57)
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and, at second order,

• Y ,  S^^\x, z ) D ‘i)s^ '^ \z , w)D^^^S^°\w, y).

Z

- a « ’

Z ,W

The operators and D\fJ correspond to the quark-gluon vertices at order qq and 
Po and will be derived explicitly for the action eq.(4.104) in the following subsection.^

5 . 2 .2  F e y n m a n  R u l e s

The Feynman rules are obtained to any order in perturbation theory by expanding the 
action to the desired order. Moreover, as described in subsection 4.4, when performing 
such expansion one needs to go through a gauge fixing procedure. For the present 
case we choose to fix the gauge as it is done in [83] and add to the action eq.(4.51) a 
gauge fixing term *

S^f = Xo{d*q,d*q) (5.59)

where Aq is the gauge fixing parameter and the operator d* acts over the gluon fields
as

d*q^,{x) Q <xo <T,
{d*q){x) =  ̂ aV^^Eyf/o(0,y) a:o = 0, (5.60)

0 Xq = T.

After gauge fixing and expanding the link variables in eq.(4.51), the quadratic part
of the gluon action takes the form

1
5g,o = ^ J ]  X ] '^(i^^ii-P’^o)Kf,uip,xo,yo)qt{p,yo), (5.61)

P xo,yo=0 c

with qk{p,0) =  0 for /c =  1,2,3. xq, yo) is the quadratic gluon operator, the
components of which are given in reference [92]. Since the gauge part of the action is 
the same for the SF and the ^SF setups, the quadratic gluon operator, and hence the

^Note th a t th e  form of these recursive relations are general to  any action Ijilinear on the  ferinion 
fields V'(a )̂ find ‘4’i^ )-

*In the  present calculation the gauge p a rt of the action is the  same as in [83], so the sam e gauge 
fixing procedure can be used.
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free gluoii propagators, are identical in both cases. The gluon propagator in the SF 
was calculated in [83] for zero background field, and in [93] in presence of an abchan 
background field. The free gluon propagator is defined through

(q, 2;o)g!^(-p, ?/o)) =  xq, yo). (5.62)

Pure ghion or gluon-ghost vertices do not occur in the expansion of g;,̂  or gj to the 
present order in perturbation theory, and neither do ghost fields.

The defining expression for the free fermion propagator is the order zero term in 
eq.(5.5G), which we recall here

{ d [ }̂ +  m o ) S ^ ^ \ x , y )  =  x o , y o  G [0,T]. (5.63)

When considering the ^SF setup with an offset as described in section 4.3.6, since 
at tree level =  1/2, the tree-level operator D^)  receives a contribution from 
the counterterm proportional to dg, which modifies the free quark propagator with 
respect to the case without offset [1]. In fact, hi this situation, an analytic sohition to 
eq.(5.63) is not known and thus one can only find the free quark proi)agator 
numerically. Since the color structure of the operator is trivial, the numerical 
solution of eq.(5.63) in the time-momentum representation accounts for the inversion 
of a 4(T + 1) X 4 ( r  + 1) matrix for a fixed value of the momenta.® Details on the 
algorithm used for the nimierical inversion of D^)  will be given in section 5.3.

The fermion vertices can be obtained from the order go and terms in the expan
sion of the fermion action

(5.64)

The order go term reads

‘S'w = 0“̂ + p + q)
 ̂ p'.p.q xo,yo,zo n (5.65)

^ ( - p ' ,  xo)g"(-q, zo)V^{p', p, q; xo, yo, zo)^Pi-p, yo).

Note that here the indices a;o, yo and zo run from 0 to T, in contrast to the standard

®In the time inomeiitum representation is a matrix with 4 x 4  spinor components and 
(T +  1) X (T +  1) temporal components, at given color and momenta.

OO

Sw = So + ^  n\
(n) 
\V  ■

n = l
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SF setup for which they run from 1 to T  — 1. As a consequence of this, the vertices 
in the ^SF have an extra contribution coming from the part of the Dirac operator 

eq.(4.97) defined at the boundaries. The quark-quark-gluon vertex reads

P, q; xo, Vo, zo) = T “ (r; Xq, yo, Zq)

, (O)o(i)/ u  \+ Csvv-5;,Hq;a:o,2o)5xo,i/o|,

with r =  (p' — p )/2 . The vertex eq.(5.66) gets a contribution from the Wilson part 
of the fermion action given by

-Pi-^yo,xo—a'^ZQ,yoi^ ^xo,o)) — 0, (5.67)

=  (cos(ar/c}7k -  i sin(arfc)) 4„,j/o4o,2o> ^  0,

and from the clover term,

{
~  4 (^xo,2q +  <^X()-a,zo) f l  =  0
=  2 COS (2<7A:) {2 {^xo + a ,zu  ^ x o - a ,z o )  ^O k  ( 5 . 6 8 )

+<̂ io,2o Xyj I  ) n = k ^  Q

The order gQ of the fermion action reads

* ^ w = ^  I ]  5( )̂(p' + p + q + q ) 5 ^  ^
p'.p.q.q ' xo,yo,zo,z'o ( 5 . 6 9 )

V^(-p', a,-o)V;,“̂ ^p', p, q, q'; Xq, yo, Zo, 2o)g“( -q , Zo)qt{-c{, Zq)x/;{-p , yo),

with the quark-quark-gluon-gluon vertex given by

V,r„‘(p',p,q,q';a:o,»o,zo,zj) = l  {T“,T''} V;P’ ( r ; l o , 20)
1

+  2 [r*. r ‘] 4 Z s j S ( q ,  q'i x„, z„, 4 ) 4 . , . . .

( 2 )The second order vertex also gets a contribution coming from the Wilson action
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fa) (b)

o
o

o
o

fc) id)

Figure 5.2.1: Diagrammatic representation of the Feynman rules needed in the expansion, (a) 
Fermion propagator, (b) gluon propagator, (c) quark-quark-gluon vertex and (d) quark quark 
gluon gluon vertex.

and from the clover term Ŝ Ĵ. The contribution from the Wilson action reads

f * —^ x o ,2 u ^ x u - h a , y i ) ( i

— P̂ Sŷ ĵ xo-a'̂ zo,yu(̂  ~  <̂ xo,o)) /< =  0, (o.71)
(cos(arfc)7fc -  i siii(arfc)) 4o,?/ô io,zo) n =  k ^  0.

The quark-quark-gluon-gluon vertex will only ai)i)car in tadj)ole diagrams for which 
the commutator of the generators in eq.(5.70) vanishes. Hence, although in general 
the clover term contributes to the cjq quark gluon vertex, the explicit expression of 
S)J is not needed in the present calculation.

The Fejaiman rules needed in the expansion of g y and ly  at 1-loop are depicted 
diagramrnatically in figure (5.2.1).

5 .2.3 E x p a n s io n  o f  g x  a n d  ly

Once the Feynman rules have been listed we can proceed to the calculation of the 
terms g^^ and g^^ in the expansion (5.47). Fi'om now on, we work in lattice units 
and set a =  1. One also has to take into account the contribution of counterterms as 
explained in section 4.4.2. For the case at hand, these are the counterterms propor
tional to ds and Z f .  Moreover, we w ill also have to consider the contribution due to 
the mass counterterm eq.(5.101). This is proportional to the critical mass rric, which 
has an expansion

rUc =  +  0{go). (5.72)
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Figure 5 .2 .2 :  Diagram for th e  tree  level term

It is then clear th a t a t order 0{gl)  there will be an extra contribution proportional 
to  coming from the mass counterterm.

I ’he renormalization factors Z x  and are also expanded as

Z x =  l +  4 ‘’9S+0(ryJ).
,i\ (5.73)

Zt = l +  Z"f,2 + 0(93).

Having said all this, we are ready to do the expansion. The tree level coefficient 
g /i/2 (o)̂  depicted by the diagram in fig.(5.2.2), is given by

= ^T r l , x o ) f , f ,T xS ^° \p ;x o ,  1)m 2} , (5-74)

where the trace is taken over color and spin. Since there are no gluons appearing 
at this order, the gauge average from eq.(5.47) becomes trivial. Moreover, the color 
structure of g^^ is also tr iv ia l  ̂  and the color part of the trace yields only a multi
plicative factor d(TZ). The to tal contribution to gx at 1-loop is given by^’’̂

(5.75)

^°Siiice both  SF and xS F  are equivalent in the continuum , the continuum  extrapolation o f the 
coefficient nic^  ̂ will be the sam e for the two regularizations. Away from the continuum  lim it, however, 
the series m ^ ^ \ L / a )  w ill differ by cutoff effects.

Since the tree-level propagators are color diagonal.
^^For Q CD (with fundam ental fermions) d{TZ) =  N .  Group theoretical factors for the different 

groups and representations are listed in appendix A .3.
^^For sake of readabihty, we have excluded the flavour indices in expression (5.75), keeping in 

mind that the flavour ordering of the objects in the right hand side is the sam e as in the left hand 
side.
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Here, the sum over n runs for all the Feynman diagrams listed below, whose individual 
contribution is referred to as gx(Pi

Before giving the explicit expressions for the Feynman diagrams it is useful to first 
compute the functions from which the diagrams are constructed. We first define the 
quark propagator with the insertion of a fermion bilinear as

to,  xo,  So) =  to,  x o ) f , f , T x S ^ ° \ p ]  xo,  sq) f ^f^,  (5 .7 6 )

depicted by diagram (a) in figure (5.2.3). Next we define the 1-loop functions, namely, 
the contributions to the quark self energy' and and the 1-loop correction to 
the bilinear operator which read, respectively

E [ ^ \ p ] S o , t o ) f f  So, tQ, Xlo)
q uo.iio «o,to

+  q; t'o, s ' o) f fV^{p +  q, -p , -q ; 4 , to, u'o),
(5 .7 7 )

4^^(p;So,io) =  ’̂ 0’"o)
q P.I" U0 ,u'„ (5 .7 8 )

y,°Ap  ̂-p ,  q, -q; ô, ô, «o, n’o),

and

Ff^(Fx;p;so,xo,^o)/i / 2  «o)
q ft,I' uo,u'as[-,,t'f,

y^‘̂ {p , - P  -  q, q; so, ô, wo)<S(Fx; p + q; to, Xo, So)/i/ 2  

C (p  + q. -p .  -q; 4> to,u'o).
(5 .7 9 )

Note that Ej^  ̂ is a vector in flavoiu’ space, Ê ^̂  is a scalar in flavour, and Fĵ  ̂ is a 
flavour tensor. The momenta sums run over all allowed lattice momenta Qk — 2'Knk/L 
with rifc € [0, L — 1] and k = 1,2,3. The sums over the temporal variables uo and 
u'q of the gluon fields run for Uo,u'q G [0, T  — 1], and the sums over the the fermionic 
temporal variables Sq and t'̂  are defined for Sq,^o G [0,T]^^. The contribution to the 
quark self energy given by the gluon tadpole Ê ^̂  is a pure lattice artefact with no

^^Note again that in the standard SF the sums over temporal variables for the fermions would 
run only in the interval [1,T — 1]



5. 2 . PERTURBATIVE EXPANSION TO  1-LOOP 113

(c ) (d)(h)

Figure 5.2.3: Diagrammatic representation of the functions S  (diagram a), (diagram b), 

^2^^ (diagram c) and (diagram d), needed to construct the  1-loop diagrams.

continuum counterpart^®.

Having defined these functions, we can finally give the expressions for the contribu
tions g x  (p; X o ) n ^  of each diagram in figure (5.2.4). Diagrams la  and lb  correspond to 
the second order contributions of the links at the boimdaries. They are proportional 
to the tree-level diagram eq.(5.74) and are given by

gx^'(p;a:o)ia =  gx^'(P;a:^o)Sb =  ^oo(q; 0 ,0)g^J^"(p; 0:0 )'°^ (5.80)
q

where C2{TZ)  is the quadratic Casimir operator in the representation TZ (we refer 
again to the appendix A.3 for a list of group theoretical factors).

Diagram 2 comes from the contraction between the 0 ( g o )  term s in both boimdary 
link variables and reads

^ o o ( q ;  0, 0)gy"(p +  q; 3 0̂ )̂ °̂  (5.81)
q

The contractions of the 0 ( g o )  term s in the boundary link variables with the quark- 
quark-gluon vertex inserted on the quark propagators yields diagrams 3a and 3b when 
contracted to the adjacent quark hne, and to diagrams 4a and 4b when contracted

^^Needed, however, to  preserve iinitarity of perturbative calculations with a lattice regulator.
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4a

ba

Figure 5.2.4: 1-loop diagrams contributing to the

with the opposite quark hue. The expressions for these diagrams read

q f i  so,t.Q,uo

5 (rx ;p ;l,xo ,so )/,/2V ;“ (p ,-P  -  q,p;so,to,uo)SfJj^{p +  q;^o, 1 )} ,
(5.82)
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q fi so,to,UQ

4 i / i  (p +  q; 1> So)V;“(p + q, - P ,  -q; so, to, Uo)S{Tx-,p-, to,Xo, l)/!/^} ,
(5.83)

and

gJ^“(p;i'o£’ = ^ E Z  E  O„„(q;0,«„)T,-{rT“
q so,to,uo

S/?A (p ; So)''',,“ (p , - p  -  q, q; So, <o, %)5(rj-; p + q; to, x,„  I |  ,

(5.84)

g5'»(Pii„)W = - ^ E E  E  A.o(q;««.o)'î {r”rg/'
q 11 so,«o,uo

‘5 ( rx i P +  q; 1, .To, So)/,/2V'“(p +  q, - p ,  - q ;  Sq, to, Uo)S^^\^{p] ^o, 1)} •
(5.85)

Next, the diagrams with the 2 different contributions to the self energj' are the 
pairs 5a and 5b, containing and 6a and 6b containing They are given by

ei'‘ (p; =5 E  I s(rA-; p; 1, lo, so)/.*
so,to (5.86)

sŜ (̂p; So, to)f̂ f̂ SfJĵ {p; to, 1)| ,

and

g5'”(p; E  ' 4 “/, (Pi 1. s«)
ô.to (5.87)

^1  (P) ^0) ^ o ) /i/i '^ (r x  1 Pi 0̂) ^ 0) 1 ) / i /2 ^ )

1(p; E  {rS/‘‘5(r;,; p; l, Xo, so)/./,
so,to (5.88)

^2\p]SQ,to)SfJf^{p-,to,  1 ) | ,
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*o,«o (5.89)

E^^^(p; So, to)S{rx]  p; to, xo, l)/^/^ | .

Finally, the contribution with the correction to the bilinear operator, obtained by 

contracting a gluon line from the 0{go)  vertices inserted in both ferniion lines, reads

(5.90)

rS^’ ( p ; r x ; s o , x o , i o ) / i / 2 5 | ° } j p ; t o ,  1 ) }  •

Note tha t the color part of the trace in all the previous expressions is simply a trace 
over products of generators of the group which will yield overall factors proportional 
to  C2 (jV)d{TZ). This fact will be used in section 5.4 to state our results in a way 
independent of the gauge group and the color representation. In presence of a back
ground field the situation would be quite different [93]. There would be extra tadpole 
diagi'ams due to interactions with the background field, the vertices and propagators 
would be modified, and the trace over the color structure would not be trivial.

Until this point the discussion has been very similar to th a t for the standard SF 
[83, 92]. After deriving the Feynman rules for the xSF, the contractions we have 
carried out are very close to those for the standard SF except for the extent of the 
tem poral sums for the fermionic temporal variables and except for the presence of a 
non trivial flavour structure.

Next, we take into account the contribution due to the boundary counterterms in 
eq.(5.75). For convenience, we recall here the expression for the boundary countert
erms in the ;\;SF eq.(4.102) from section 4.3.6, which read

S'Dwip{x) = {5x0,0 + Sxo,t ) [{zf -  1) +  {ds -  1)D^] ip(x). (5.91)

To order 0{gQ) eq.(5.91) has an expansion

6V^, = 5V^°^+glSV^^^+0{g^,). (5.92)
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The tree-level term is given by

=  (5x0.0 +  4 o , r )  [ { z f  -  l )  +  -  1) D ,] 'iPix). (5.93)

This contribution has already been taken into account when calculating the quark 
propagator in eq.(5.54).^^ At order there are two contributions proportional to
ds and zj respectively, given by

6v[^)xp{x) =  {6Vd^ +  6V,^)  ip{x)
^ ^ \  ( 5 . 9 4 )= (5̂0,0 + 4o,t) di^^'Ds'ipix) + (4o,0 + 4o,t) 4 ’-tp{x).

/9'\
In the time niomentmn representation, ^ :̂ts on th fermion propagator as

S'D^wS{p;xo,yo) =z^p (<5̂ q,o +  >S'(p; .Tq, yo)

+ ((̂ xo.o +  ^xot) ‘S'(P; 3̂ 0, ?/o),
(5.95)

with ^ (p ) being a matrix given by

>1(P) =  + ( ^ ) ^  (5.96)
fc=i

and the lattice momenta given by

Pk =  Pk +  G / L ,

Pk =  sin(7;fc), (5.97)

Pk = 2 sin (pk/2) .

Note that if the operator D* had been defined without the Wilson term as in eq.(4.103) 
instead of eq.(4.106), the second term in the right hand side of eq.(5.96) would be 
absent. The contribution to eq.(5.75) due to the boundary counterterms is depicted 
by the diagrams in figure (5.2.5).

'®Iii fact, this contribution is precisely what forces us to compute numerically the quark propagator 
when 7̂  1 as in the present case.
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Figure 5.2.5: Diagrams depicting the contribution of boundary and mass counterterms to  
eq.(5.75).

The couiiterterm proportional to Zf yields a contribution

b5 '’ (p ; {rfif' s S ,  (p ; i. x„)rx

(sS ,(p ; i’o.n)sS.(p;n. 1) + sZ,(p-,x„,T)sẐ {p.T, i ) ) } ,

(5.98)
whereas the contribution from the term proportional to is

i,.To)rx

1) + SfJf^{p;xo,T)A{p)SfJf^{p-T, 1) )}  .
(5.99)

This last contribution is zero for p =  0 and 0 = 0 (since ^ (p  =  0,6̂  =  0) =  0). This 
fact will be very useful for the determination of without the knowledge of in 
section 5.4.

Finally, the last contribution to eq.(5.75) comes from the mass counterterm. It is 
depicted by the same diagrams as the boundary counterterms fig.(5.2.5). It can be 
calculated using the derivative

■ ^S ^° \p ;x o ,V o )  = -^S^° \p- ,XQ,So)S^^\p]So,yo)  (5.100)
® So

which yields

=  -  J]]Tv{rg-^^5}i/,(p;i>^o)rx4S2(P!^0’^o)4S2(p;^o,i)} •
So

(5.101)

The discussion of the expansion of the ly follows exactly the same directions we
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have taken for the expansion of gx. The diagrams contributing to are identical 
to those shown in figures (5.2.4) and (5.2.5). The only difference with respect to the 
calculation of g^  ̂ is the gamma structure of both the bulk and boundary bilinear 
operators. The expressions for the different contributions to can be obtained
directly from those for by replacing

and (5.102)

and by taking the average over the spatial components |  ■

5.2.4 E x p a n s io n  o f  gi a n d  /i

In this section we describe the calculation to 1-loop of the boundary to bomidary 
correlation functions defined hi eqs.(5.41) and (5.42). The ideas for the calculation 
arc the same as those sketched for the gx and ly correlation functions. First one 
needs to integrate the fermion functional integral and then insert into the resulting 
expression the expansions of the boundary link variables and the quark propagators 
to gQ. Finall} ,̂ the gauge functional integral is performed. At this point, the gluon 
contractions will yield all the diagrams contributing to the expansion of gj and li. 
In the following pages we will present in detail this calculation for the gj correlation 
functions, and connnent at the end how to adapt the calculation for the l\ correlations 
(which is done analogously as for ly).

The form of gj after performing the fermion contractions is given by eq.(5.48), with 
its expansion given by eq.(5.51). The Feynman rules needed for the calculation of the 
tree-level and 1-loop terms and are the same as those needed in the
expansion of gx,  which have been derived in subsection 5.2.2. However, the amount 
of contractions involved in the term is significatively larger.

For the tree-level term the gauge functional integral is trivial and leads to the 
expression

^  lT i- |rg / 'S ™ .(0 ;T -  l , l ) r g f s S , ( 0 ; l , T -  1)}, (5.103)

depicted by the diagram in fig.(5.2.6).
A little inspection shows that the terms can be rewritten as a linear com-
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Figure 5.2.6: Diagram depicting th e  tree  level contribution to  gj, / l / 2

bination of the term s of the boundary to bulk correlations evaluated at
Xq = T  — 1. These combinations will depend on the choice of flavours in For

instance,
u u ' ( O )

Si =

dd‘
gl

u d f O )
g]

du(0)
gl

= 5  {«?(?’ -  1)'°’ -  i Sv (T  -  1 )"" } , 

= I  {gp + -!)(”>}.

(5.104)

These equalities can be used as a check of the correct implementation of the diagrams 
in their numerical evaluation. Similar equalities hold for some of the diagrams th a t 
contribute to the 1-loop term  as we will see below. The relations in eq.(5.104) can be 
sunnnarised in the form

(5.105)

where

■^hJ2
- 1 ,
1 ,

if / i = / 2 ,  
if / i ^ / 2 ,

- 1 ,  if f i = u , u ' ,
1, if f i  = d,d',

(5.106)

(5.107)

and
i f / i  =  / 2 ,  X ' = l ^  i f / i = / 2 ,

i f / i 7 ^ / 2 ,  1  i f / i ^ / 2 -

Note th a t when writing / i  =  / 2  we are being a bit sloppy with the notation. We 
understand / i  =  / 2  as an equality only between flavour types {u = u' and d = d')
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in the four flavour context described in section 5.1. If we were actually considering 
equal flavours (f i  = f 2 = u or d) then disconnected diagrams should also have to be 
considered.

all possible gluon contractions, from the boundary comiterterms and from the mass 
counterterm

the gluon contractions it is possible to show that, the diagi’ams n — la , lb , 3a, 3b, 
5a, 5b, 6a and 6b satisfy similar relations as for the tree level diagram, so th a t

The contributions of diagrams 7i =  2, 4a, 41) and 7 are slightly more complicated. 
After performing the gluon contractions and going to the time-momentum represen

tation, one obtains similar relations to those in eq.(5.109) bu t where the gx  fvmctions 
are projected to zero momentum within the loop. T hat is, only the term  with q  =  0 
contributes to the sum over momenta of eqs.(5.81), (5.84), (5.85) and (5.90). This 
happens due to the presence of an extra delta function of the momenta appearing 
inside the loop. We can write these relations as

where . . . | q=o  means tha t in equations ( 5 . 8 1 )  , ( 5 . 8 4 )  , ( 5 . 8 5 )  and ( 5 . 9 0 )  we only take 
into account the term  with q =  0 in the sum over momenta.

The remaining diagrams involve the contraction with the gluons coming from the 
boundary links a t Xq =  T —1. Diagrams n =  8a and 8b correspond to  the contractions 
of the 2 gluons appearing in the same link at 0{gQ), and read

The 1-loop term  g{ receives contributions from the diagrams corresponding to

(5.108)

The 1-loop diagrams are depicted in figures (5.2.7) and (5.2.8). W hen performing

, / l / 2 ( l ) { g " '  (T  -  . (5.109)

, / l / 2 ( l ) { g $ '' (T  -  1)<» +  -  l)i,‘)}
q=0

(5.110)
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Diagram 9 comes from contracting the ghions between the 2 boundary hnks,

gA/.d) ^  (5 112)

Next, the contraction of the ghions from the hnks at the top boundaries with the 
ghion on a vertex inserted in the fermion hnes leads to diagrams n = 10a, 10b, 11a 
and 11b, which read

E  A.o(q;«o,r-i)Tr{rr§/'s™,{q;r-i,s„)
q so,to,uo ( 5 . 1 1 3 )

v;r(q. 0. -q; So. (o, (Oi *0 , '

g u « ! " = - ^ E E  E  £>0, .(q ;T -l,«„ )'Iv{T “r “ S<»>,(O;r-l,l)
q n so,to,uo

r S f  4 1 ( 0 ;  1- V̂ r(0, -q ,  q; .So, to, 0̂ , T - 1) ] ,

and
( 5 . 1 1 4 )

g{!m’ = ^ E  E  £>„„(0;T-l,«„)li {r"rf/'S}“},(0;T-l,l)
/I  S u , t o , U o  (5.115)

r S f s S . lO i  l,so)V ';(0 ,0 ,0 ;5„,(„ ,«„)S ™ ,(0 ;(„ ,r- 1)} ,

s{:n™ = - ^ E  E  A„(0;r-l.«„)Tr{rrg/‘4 “>,(0;T-l,s„)
A1 S o , t o , u o  (5.116)

V ‘ iO, 0, 0; s„, _ (0; i„, 1 (0; 1, T -  1)} .

The last diagrams contributing at this order are n — 12a, 12b, 13a and 13b, which 
connect the link variables between the two boundaries, given by

q (5.117)
Tr { r g / 'S S .( q ;T  -  1, S™,{0; 1,T
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/ i / 2 ( i )  _  C2{'Jl)d{TZ) ^  ( 'q -T -1 0 1
S i ,12b ~  -i)Uj

q

“ 1' i)r£ f - 1)} ■

and finally

„ / i / 2 ( i )  _  / i / 2 ( i )  _  C2{n)d{n)
gl,13a - g l , 1 3 b    ^ -1 ^0 0 ( U , i  -  i , Uj

1'-{ r g / ' s S . l O i r - 1, i j r ^ f  s S ,( 0 ; i , t -  i)}

The contributions of the boundary and the mass counterterms to gj, depicted in 
fig. (5.2.9), can also be expressed in terms of the contributions to the boundary to 
bulk correlations gj>c. For the boundary comiterterms we will have

s t ' l ’ =  { e ' / ' ( T  ^  (5.120)

For the mass comiterterm this will be

^  [g{‘>‘( T - l ) m + t M f , ! , i ‘/ ' ( T  -  1)(">} . (5,121)

The expressions for the evaluation of can be obtained as it was done for , 
simply by replacing the gannna matrix structure of the boundary operators

and taking an average over the spatial components k — 1,2,3. The diagrams depicting 
these expressions are identical as those in figures (5.2.7) and (5.2.8). Again, some of 
the diagrams contributing to can be expressed in terms of the diagrams of the 

functions, leading to expressions similar to eq.(5.105). For instance, the tree-level 
diagram can be rewritten as

(5.118)

(5.119)

/̂i/2(0) ^  |/(?^ '(T  -  1)(°) + i Mf J p / ^ { T  -  1)(°)| (5.123)
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4a

4b 5a 5b

6 a fib

Figure 5 .2 .7 :  Diagrams depict ing th e  one loop contr ibut ion to the  boundary to  boundary 
correlations

where

i f / i = / 2 ,

Tko i f  h  7  ̂ /2 ,

The rest of the h counterparts of the diagrams which for the gj functions could be 
related to will have a similar structure as eq.(5.123).

At this stage, gathering all the expressions together, we are ready for the numerical

f̂co if fi — f2,
Ak i f / 1 ^ / 2 .

(5.124)
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10a

8b

10b 11a

11b 12a 121)

13a 13b

Figure 5.2.8: More diagrams depicting the one loop contribution to the boundary to boundary 
correlations g(*'^ .̂

■ • --------

— • ' ■— • — ------------------- •  ■

Figure 5.2.9: More diagrams depicting the contribution at one loop of the mass and boundary
/•, fry

counterterms to gy .
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evaluation of the expansions to 1-loop of the set of correlation functions defined at 
the beginning of the chapter.

5 . 3  N u m e r i c a l  e v a l u a t i o n  o f  t h e  F e y n m a n  d i a 

g r a m s

The contributions of all the Feynman diagrams presented in the previous sections to 
the 1-loop correlation fiuictions have to be evaluated numerically. We have prepared 
a code in Fortran 90 for evaluating the perturbative expansion of correlation fimctions 
in both the standard SF and the xSF setups. The code has been written with the aim 
of calculating a large number of correlation functions, that is, 10 for the standard SF, 
and 80 for the xSF*^, each of them with their corresponding sets of diagrams. This 
gives a total of 4712 expressions to evaluate, each of them involving several matrix 
nmltiplications within loops. Some care has to be taken in preparing a code efficiently 
or, otherwise, the calculation might become (}uite expensive.

For an efficient comi)utation of the diagranunatic expressions wc divide the calcu
lation in 2 steps. First we calculate the function S  and the 1-loop functions 
and f [ ’  ̂ which, as described in section 5.2.3 are the building blocks for constructing 
the diagrams. These factors are common in all the diagrams and need to be calcu
lated only once. After that, we construct all the diagi'ams and evaluate the traces. In 
absence of a BF the color structure of the quark and gluon propagators is trivial and 
the color trace jdelds only a multiplicative group theoretical factor in every diagram. 
By keeping track of these factors in section 5.4 we w'ill be able to extract me, Zf and 
ds to 1-loop independently of the color group or the color representation chosen for 
the fermions.

The more expensive part of the computation is the calculation of the l-loo]) func
tions^*, for which a large number of multiplications of 4 x 4 matrices with complex 
entries has to be performed inside the loop over momenta. Fortunately, as a conse
quence of translation invariance, there is permutation symmetry among the momenta 
summed in the loop which permits to save a factor 6. Every momentum component

^^10 X 4 X 2, where the factor 4 conies from all possible flavour combinations, and the factor 2 
comes from considering correlation functions constructed with boundary operators with both the 
correct projectors and with inverted projector structure (see subsection 5.4.3).

^®In particular
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yields an independent contribution to the sums in eqs.(5.77), (5.78) and (5.79), which 
makes the problem perfectly suitable for a m ultithreading approach. Using openMP 

directives, we distribute the loop into several threads, each thread evaluating the con
tribution of a momentvmi component. Since the momentum loop is, by far, the more 
expensive part of the calculation, we observe a very good scaling with the number 
of processors. By doubling the number of processors we observe a gain in time of 
almost a factor 2. This approach could be taken much further using the recently de
veloped CUDA Fortran to export the present program to GPUs, for which hundreds 
of threads could be calculated at the same time.

Ideally one expects the whole calculation to scale with the size of the lattice as 
(L /a)^, provided th a t the diagrams are evaluated only a t the middle of the lattice 
Xo — T/2 .  A factor {L/a)^ comes from the momentum sum and a factor (L /a Y  from 
the two sums over time in eqs.(5.77), (5.78) and (5.79).

On the other hand, one would expect the ninnerical evaluation of the quark propa
gator to spoil the scaling of the calculation. The evaluation of the propagator consists 
on the numerical inversion of a 4T x 4T  m atrix with complex entries for every value 
of the lattice momenta. The Dirac operator is a sparse m atrix where the only com
ponents different from zero lie on a 12-diagonal band. We then use the “ZG BTRF“ 
and “ZGBTRS“ routines for the nmnerical inversion, available in the lapack and bias 
libraries. In practice, on a desktop workstation with 4 intel i5-2500 processors (3.300 
GHz each) we observe the timings specified in table 5.3.1 when evaluating only the 
gx  and gj correlations, which is very close to the ideal scaling. Evaluating ly and li 
as well is 4 times more expensive.

L /a Time(s) Ideal time(s)
48 48416.24 48416.24
24 1559.46 1513.01
12 54.24 47.28
6 2.81 1.48

Table 5 .3 .1: Ti mes needed to  c om put e  all the  diarams  contr ibut ing t o  the  set  o f  g x  and gi 
correlation functions including all possible flavour combinat ions.  T h e  right column represents 
th e  ideal t iming provided t h a t  the  code  scaled exactly as (L/a)^.

^®0r, at most, at xq — T / 2  +  a and xq =  T / 2  — a, which is necessary if one aims to evaluate tlie 
temporal derivatives of correlation functions
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The operations involved in the calculation are essentially sums of products of ma
trices and hence the general structure of the code is rather simple. However, since 
the expressions aijpearing in the calculation can be large and complicated, there is 
a potential risk of committing errors. For the standard SF a considerable amount 
of perturbative calculations have been performed in the past so that plenty of data 
is available for comparison. In particular, we have used the Pastor package [94], 
designed for the automation of lattice perturbative calculations in the SF, to gen
erate data for a subset of correlation functions for several values of the kinematic 
parameters, finding agreement with the results generated by our code up to machine 
precision.

For the ^SF no other one loop calculation has been done so far. There are several 
considerations that can be done to check the correctness of the results. First, we 
leave the gauge parameter Aq as an input ]jararneter to check gauge invariance of 
the total result, which we confirm for several values of A q . After checking gauge 
invariance on tlie smaller lattice sizes, we perform the rest of the calculations in the 
Feynman gauge ( A q =  1), in which the gluon propagator is diagonal, such that all 
subsequent calculations get considerably sim pler.M oreover, due to the symmetries 
of the vertices and the propagators, the diagrams that come in pairs (labelled as 
diagrams a and b in the previous section) must contribute the same. This is used 
to double check the correctness of such expressions. After confirming this, when 
generating the final data we simply evaluate one expression from each pair. Despite 
of these checks, it would be very desirable to have a second and independent code to 
confirm our results, at least for the smallest lattice sizes.

Once we have performed the previous tests, we generate data for all the correlation 
fvuictions in the SF and the ^SF setting L = T,  for lattice sizes in the range L/a E 
[6,48] for several choices of 9. For the xSF we consider the cases csw =  0 and csw =  1- 
The data generated this way is analysed in the following section.

The general struture of the code, schematically represented in figure 5.3.1, is divided 
in three levels. The first level is composed by a set of subroutines to evaluate the 
objects involved in the Feynman rules in the SF and the ^SF i.e. the vertices and 
the propagators of the different fields. In the second level there are the subroutines 
to construct the objects <S, and Fj^\ This is the core of the program. The
1-loop functions are constructed by calling the Feynmann rules in level 1. Finally,

Practically, a gain in time of a factor of roughly 4 is observed for this choice of gauge.
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Propagators: Vertexes: V ''  I ILevel 1
Vi/

1 loop pieces:
Level 2

Diagrams
Level 3

Figure 5.3.1: Schematic representation of the three levels in the code prepared to  evaluate 
numerically the Feynman diagrams.

in the third level, the different diagrams are coded by sticking together the objects 
constructed in level 2.

The choice between SF and ^SF (and also between different gauge actions) is 
specified in an input file at the beginning of the run. All the Feynmann rules for 
different actions are kept in level 1, and they are selected for tli bulding the objects 
in level 2 according to the choice in the input parameter.

The code has been prepared in such a way that adding a different action can be 
done by coding the new Feynman rules in level 1. The diagrammatic expessions for 
new observables are added in level 3. Level 2 does not need to be modified at all. 
Detailed documentation of the code exists [95] and is available within the package or 
on request to the author.

^^Tlie author would be very happy to share the code.
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5 .4  R e s u l t s

In this section we use the results of the numerical evaluation of the correlation func
tions a t tree level and a t one loop in perturbation theory to deternaine the coef

ficients Zf, rric and dg- After this is done, we perform some checks of autom atic 
0(a)-im provem ent confirming th a t the mechanism is indeed at work. Finally, we 
perform some test on the universality between the SF and the xSF schemes.

5 .4 .1  D e t e r m i n a t i o n  o f  a n d

As discussed in section 4.3.7, the timing oi Zf and mo to their critical values accounts 
for the restoration of the V 5 and chiral symmetries respectively, and it is necessary 
to obtain a massless renormalization scheme with the correct continuum hmit.

A typical condition for fixing mo =  rric consists in demanding the partially con
served axial current (PCAC) mass to vanish at the middle of the lattice. In the ^SF 
setup there are several ways to define the PCAC mass due to the possible flavour 
combinations in correlation fiuictions.

We take _

rnpcAc -  (5.125)

where do =  {Oq + i9o)/2- Demanding the mpcAc to vanish is hence equivalent to 
imposing the condition

dog:^ = 0 .  (5.126)
x o = L / 2

The coefficient z j  is fixed to its critical value by demanding a V^-odd quantity to 
vanish. Several such conditions can be obtained by requiring the diff'erent Ps-odd 
correlation functions defined in eq.(5.37) to be zero. Different conditions will lead to 
ambiguities Azy of order 0{a)  (see fig.(5.4.3)), which will induce ambiguities of only 
O(a^) on physical observables. Here we will consider four different conditions given 

by
g p ' = 0 ,  g:̂ " =  0, g f  = 0 and g^‘" =  0. (5.127)

The tuning of mo and Zf is done by solving simultaneously the system consisting 
of condition eq.(5.126) together with any of the conditions given in eq.(5.127). It 
tu rns out th a t the determ ination of nic is quite independent of the value of Z f .  This
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has been confirmed for QCD in the quenched approximation in [81, 96, 97], and for 
SU{2) with 2 flavours of adjoint fermions in [98]. In the following we will give further 
confirmation of this up to 1-loop in perturbation theory.

The two coefficients rric and Zf are functions of the bare couphng ô- They are 
expanded in perturbation theory as

Zf = z f  + g'^zf^+0{g^), (5.128)

rUc = + glrnl}^ + 0{g^).

We recall that the continuiun values of the tree-leel coefficients are z f  = 1 and 
= 0. At finite lattice spacing, however, they will be affected by cutoff effects and 

hence the values for z^j\a/L) and m^c\a/L) will differ from their continuum values.
The main objective of this subsection is to determine the continuum values of the 

1-loop coefficients and z f . This is done by requiring conditions eq.(5.126) and 
eq.(5.127) to hold order by order in perturbation theory at each value of a/L. In 
this way one obtahis the series z f { a / L )  and mi^\a/L)  from which it is possible to 
extrapolate the continuum values. We will check the staljility of the value z f  by 
using the different conditions in eq.(5.127) and confirm that at finite lattice spacing, 
they lead at most to 0{a) differences to the value of z^}\a/L).

■ ' /

3V

scheme in (see [83] and references wherein), and is given by
The continuum value for has been calculated several times in the standard SF

^  -0.2025565(1) x csw = 1,
\  -0.3257142(4) x CiiTl), csw = 0.

This value depends only on the regularization in the bulk. Hence, we expect the series 
for rni^\a/L) calculated here for the xSF scheme to converge to the same result.

At tree-level we only consider one condition for the tuning of Zf, namely we demand
gp“' to vanish. We are then left with the system given by

Sog“/ " ’ = 0 . g p '" ' = 0 , (5.130)
uu '(O )

x o = L /2 xo= L l2

At tree-level, the coefficients z f  and m f  enter the definition of the Dirac opera
tor, which is inverted only numerically. In order to find a solution to the system

22 This is a good test beyond the ones presented in section 5.3 of the correctness of the calculation.
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eq.(5.130) one then has to vary the parameters Zf and mo until the 2 conditions are 
simultaneously satisfied. This can be done using Newton’s method to find the zero 
of a function recursively for and

We do this for 3 different choices of the parameters of the system. These are

{ Choice A : 0 =  0, p — 0, no BF,
Choice B : 6̂ =  0.5, p =  0, no BF, (5.131)

Choice C : 6* =  tt/ 2, p =  0, BF.

Although the discussion in the current chapter has been done for a setup without 
background field, we consider here, only for the tree-level analysis, the tuning in 
presence of the background field given by eq.(4.30), which has been the standard 
choice in numerical simulations of QCD. At present order in perturbation tlieorj^ the 
only difference in the calculation with resjject to the situation without BF is that one 
has to include the BF explicitly in the Dirac operator before inverting it to obtain
the propagator. Including a BF in the 1-loop analysis would require to modify the
Feynman rules and include more diagrams [83, 93] which is far beyond the scope of 
this thesis. The results obtained for Choice C will be used later on when studying 
the SF coupling in perturbation theory in chapter 6.

For choice A the situation is extremely simple since = 0 exactly for
all lattice spacings, and hence z f \ a / L )  = 1 and m^c\(i/L) = 0 for all a/L.

In figure (5.4.1) the {zf, mo) plane is shown for Lja  = 6 and L /a  — 12, where every 
line represents the region of the plane for which the tuning conditions are satisfied for 
each of the choices in eq.(5.131). The intersection between the lines associated to the 
two conditions (with the same choice of parameters) correspond to the tuned values 
of z f \o : /L )  and r n f \ a / L )  for that choice. The horizontality of the lines associated 
to the vanishing of the PCAC mass confirms that the value of is independent of 

in the absence of BF. With a BF there is a dependence, but it is, however, very 
small.

For the determination of the one loop coefficients z^p and we use the one loop 
expansion of the conditions eq.(5.126) and eq.(5.127), which read
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Figure 5.4.1: (mo, 2/) plane at tree level in perturbation theory for L/a  =  6 (top panel) and 
L / a =  12 (bottom panel). Red lines correspond to the points where gp“  =  0, and blue lines 
to =  0, for the different choices of parameters given in eq.(5.131). The intersection of
the red lines with the blue lines associated to the same choice of parameters corresponds to the 
values for m"c\o,/L) and z^p{a/L).

and

0 =  (5.133)
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where we define

xo=Lj2
J l f 2 { a )  _  J l f 2 { l )  J l f 2 { b )  _  p ,  / l /2 ( 0 )
b x  ^  . b X , n  , ) 6 X  “  ^rao &X

—  xo=L / 2
n

„ h h { c )  _  „ / i / 2 ( i )  J x h { d )  _  Uf2{i )
gx - S x , . ,  gx -g x ,d .

(5.134)

x q = L ! 2

Similar expressions as eq.(5.134) hold for the other conditions in eq.(5.127). Note 
that we have ignored the renormalization factor here. In eq.(5.133) this can be 
done since in the definition of the mpcAC eq.(5.125) the ratio of correlation functions 
cancels out the factors Z(̂ . In the case of eq.(5.134) it can be ignored as well since one 
can always construct an odd quantity like gp"V \ /g i“' without The correlation 
g""' will disappear once we demand the ratio to be zero, recovering cq.(5.134).

In the following, we stick to the choice of parameters A in eq.(5.131), which simpli
fies the problem considerably. For instance, with this choice, the tree-level functions 
g /i/2 (o) correlation functions vanish exactly and hence there is no contribution
from the renormalization factors Zx-  Moreover, as already stated in section 5.2.3, the 
counterterm proportional to ds vanishes for this choice and hence = 0 such
that and can be determined without the knowledge of di^\ We are left then 
with a system of 2 equations with 2 unknowns for every value of L/a,  from which one 
can trivially extract the series Zj^\L/a)  and iv ! i \L /a) .  The system simphfies further 
since the contribution of the coiuiterterm proportional to zj  for choice A is constant 
in time, and thus its derivative vanishes. Prom this it is then clear that at
1-loop the condition for the determination of rriĉ  ̂ is independent of We perform 
the calculation for csw =  1 and csw =  0. Although changing csw will only j)roduce 
an 0{a?) effect on physical quantities, the odd correlation functions considered here, 
which are pure cutoff effects, will be affected by this already at 0{a).

We generate this way the series for rn i^ \a /L)  and z^p{a/L)  for 6 < L /a  < 48, for 
even and odd values of L/a.  These are shown in fig.(5.4.2) for the four conditions to 
tune Zf given in eq.(5.127). Numerical values for the series can be found in appendix 
E. FYom these series, we extrapolate their continuum values following the method 
described in [52]. We find:

mW(csw =  1) =  -0.2025565(1) x C2 {R), 4^^(^sw =  1) =  0.167572(2) x C-2.{R),

m ^(csw  =  0) =  -0.325721(7) x C2 {R), =  0) =  0.33023(6) x C2 (i?).
(5.135)
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Figure 5.4.2: Values for rriĉ  ̂ and z^p

•
uu ^  

g p  = 0

X CfQ >
a.

II O

♦
uu ^

g v  = 0

♦
ud _

g s  = 0

d g / '  =0

The continuum values we obtain for match exactly the values given in eq.(5.129) 
as expected since it only depends on the regularization in the bulk.^^ This is a further 
confirmation of the correctness of our perturbative calculation. The continuum values 
for are presented here for the first time. We extrapolate the same continuum value 
up to five decimal digits for the four conditions in eq.(5.127). The error in quoted 
in eq.(5.135) accounts for the discrepancies in the extrapolations (starting in the sixth 
decimal digit) for the different conditions.

We calculate as well the differences lS.zP{a/L)  between zP {a /L )  obtained using

^^Note that the precision of and is a bit lower for csw =  0. These results are preliminary 
and can still be improved.
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Figure 5.4.3: Differences in the  1-loop  value 2 ^  ̂ at finite lattice spacing for the  different tuning  

conditions given in eq .(5 .127 ) .

the different conditions eq.(5.127). These are given by

A z)

A z \

A z i

=

(fi) ^(1) J i )
/  “ Z j

g““'=0
Z f

i p  =

gS‘"=o

The three Az^^  are displayed in fig.(5.4.3)

gF =0

g“>‘'= 0  ’

g|,“'= o  ‘

The fact th a t for csw

(5.136)

1 (bottom
i /I / T \ T 11 n o n IT ^Ois  an

accident of the particular choice of parameters, for which linear lattice artefacts are 
very suppressed.

panel in fig.(5.4.3)) the diff'erences A z j  {a/L)  don’t  behave linearly as a / L
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5 .4.2 D e t e r m i n a t i o n  o f  d.( 1)

The determination of the 1-loop boundary improvement coefficient can be done 
by requiring the absence of 0{a) terms at 1-loop in some T^s-even quantity. Here we 
follow the same strategy as was done in [83] to compute the boundary improvement 
coefficient for the standard SF (see section 5.5 of [83] for further details). In [83] 
it was suggested that a good quantity for the extraction of was the ratio

[fp{xo,0,a/L)\ R
[fp{xQ,{),a/L)\ R

(5.137)
xo=T  12

Their extrapolation yielded

= -0.0135(1) X  C2{R) (5.138)

for different values of 0, and the result was further confirmed by studying the ratio

[fA{xo,e,a/L)]j^
xo=Tf2[/^(.To,0 ,o/L)]^

In analogy to to this, here we consider the quantity

[gp^{xo,6,a/L)]j^

(5.139)

[g^ (̂.To,0, a/L)] R
(5.140)

xo=Tl2

A more detailed study considering further quantities is on the way but will not be 
ready by the time of writing this thesis. Requiring 0{a) improvement on eq.(5.140) 
to one loop implies that

ud{c)

s ud(0) = c
ud( â)

&P
udia)

gp
8p

ud{c)
,c(l) / gp___

ud(0)
gp

ttd(O)
gp

?=0/ 
ud(c)

gp
ud{0)

sp

am ( 1)
ud{b)

gp
ud{0)

&p

+ 0(a").
)=0/

ud{b)
gp

ud(0)
&P e=ô

(5.141)
where C is a constant. In order to remove the constant in eq.(5.141), we take the 
difference of the elements of the series evaluated at L + a and L — a and multiply 
them by —L/2a, obtaining then a series which extrapolates to d̂s \  For 6 = 0.1, 0.5
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and 1.0 we find
rf(i) =  -0.0009(3) X C2{R). (5.142)

5 .4 .3  C h e c k  o f  a u t o m a t i c  0{a) i m p r o v e m e n t

As already discussed, once rrio and Zf are fixed to their critical value bulk autom atic 
0{a)  improvement should hold. When Zf is timed the boundary conditions eq.(4.91) 
should hold up to cutoflt effects.

In order to check this one can consider V^-even correlation functions as the ones 

introduced in section 5.1, replacing the projectors in the boundary source fields by 
their opposite counterparts

(5-143)

We denote these correlation functions as g x - i ^ o )  where the ”
subscript denotes the usage of inverted projectors, in contrast to the standard forms 
eqs.(5.38) and (5.35). A list with the F structures for these correlation functions is 

collected in appendix B. Provided tha t the boundary conditions cq.(4.99) are cor
rectly imjjlemented in the  lattice, then the g; l̂{ (̂a;o) and l y t i x o )  should vanish in the 
continuum limit.

Moreover, the Ps-odd correlation fmictions eqs.(5.37) and (5.40) will be a pure 
cutoff effect th a t must vanish as the continuum limit is approached.

We check these considerations in perturbation theory for the choice of param eters 
A in eq.(5.131). For this choice the tree level functions vanish
exactly.

At 1-loop we evaluate the set of gx-^^^ and correlation functions using the
values at finite lattice spacing for z P { L / a )  and m ^c \L /a )  extracted in section 5.4.1.

As can be seen from fig.(5.4.4), the values of the functions gx-^^^ and 
are very small already a t the largest lattice spacings we consider and vanish in the 
continuum limit, confirming th a t the boundary conditions are correctly implemented 

[81]. Both choices of Csw =  0 and csw =  1 lead to comparable lattice artefacts.

After confirming the correct realization of the boundary conditions, we calculate 

the set of gx  and ly 7 5̂—odd correlations functions. These are displayed in fig. (5.4.5)
for the choice Csw' =  0 and in fig.(5.4.6) for csw =  1- The calculation is done using
2 different conditions for the tuning of z/, for which all the odd correlation functions
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Figure 5 .4 .4 :  Vanishing correlation functions with th e  inverted projectors.

vanish in the continuum limit. For csw = 0 all the correlation functions vanish 
linearly as a /L  —» 0 as expected, confirming that the odd-correlations are indeed a 
pure 0(a) effect and hence that the mechanism of automatic 0(a) improvement is at 
work. Odd correlation functions, being a pure cutoff effect, are affected by the clover 
temi already at 0{a). Their good convergence for csw =  1 is a particular effect of 
this choice of parameters for which 0(a) effects are strongly suppressed.
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5 .4 .4  U n i v e r s a l i t y

The equalities between SF and xSF correlation functions presented in eqs.(5.36), 
(5.39), (5.37) and (5.40) are continuum relations which, once we are using a lattice 
regulator, will only hold up to cutoff effects. As the continuum limit is approached, 
these relations are expected to hold when considering renormalized correlation func
tions. For instance, the ratios

'tT ' (T /2 )
X 'MXM 

. Vh

-1

or
gT{T/2)

ud X
'M T / 2 )

. Vh
- 1

(5.144)
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ŝw ^

«
- f  *------ *---
* *

*
 ■*---

ud
Condition: g^ =0
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24should ai)proach 1 as a /L  — )■ 0.
Once the and m'c^ coefficients are known we can study the universality relations 

in eq.(5.144) order by order in perturbation theory.
The expansion for a generic ratio between renormalized correlation functions [g;̂ '/  

(and similarly for the f x  and f i  correlations) is given by
R

gx
\ / g i .

(0)

R

Si
( 1)

2gi'
(0 ) 4” I + 0(9̂) (5.145)

“̂̂ Similar ratios between any other correlation function in the equalities listed in eqs.(5.36), (5.37), 
(5.39) and (5.40) could have been considered here. These will as well be expected to approach 1 as
a/ L 0 .
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It is useful to define the coefficients for the ^SF

G f  =
(0 ) (0)( j W  _  I  Sx ( 1)Si I r̂ (l) (5.146)

and similarly F^^ and for the standard SF. With these definitions, the ratios 
between renormalized xSF and standard SF correlation functions can be expanded
as

ISx/v^ X [fx/vTi
G'(0 )

X
[T'(O)X

n(l) (5.147)

If the SF and the ^SF are meant to converge in the continuum limit, then the per- 
turbative coefficients must satisfy

G % ) a/L^O
r ( 0 )

(5.148)

The renormalization factors appearing in and F ^ ’ cancel out when taking( 1)

the difference — F ^ ’ in eq.(5.148) since their contirmum values are the same inde
pendently from the regularization used. Although this is only true in the contiiuuun 
limit, ignoring the factors at finite lattice spaciugswill only induce cutoff effects 
without compromising the correct convergence to the continuum limit.

(̂1)

We study the tree-level universality relations for the 3 choices in eq.(5.131). The 
realisation is trivially satisfied for choice A for all values of a/L. Choices B and 
C are shown in fig. (5.4.7), from which we confirm the expected convergence of the 
universality relations. It is however remarkable that the cutoff effects in presence of 
the background field (choice C) can be much larger than without it (choice B). This 
is particularly clear for the ratio involving the pseudo-scalar correlation fimctions.

At 1-loop in perturbation theory we study the universality relations only for choice 
A, which are displayed in fig.(5.4.8). Again, we confirm the expected convergence of 
the universality relations as the continuum limit is approached.
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Figure 5.4.7: Check of  universality a t  t ree  level in perturbation  theory.

5.5 S u m m a r y  o f  c h a p t e r  5

In this chapter we have introduced correlation functions in the S F  and ^SF  schemes 
in the continuum theory and discussed their lattice implementation. We have shown 
how to relate correlation functions between the 2 schemes in the continuum. For the 

lattice regularized theory we have presented strategies for the tuning of the critical 
mass rric and the coefficient Zf appearing in the boundary counterterm, and for testing 
if the mechanism of autom atic 0(a)  improvement is a t work. The central part of the 

chapter has been the perturbative expansion of the correlation functions in the ^SF, 
which has been described in detail in section 5.2. The results of the perturbative
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Figure 5.4.8: Check o f  universality at 1-loop in perturbation theory.

calculations have been used to study the renormalization, universality and correct 
implementation of the lattice theory to 1-loop order in perturbation theory.

The main result of this work is the extraction of the 1-loop boiuidary coefficient 2^^ 
and di^\ which will be of fundamental importance for non-perturbative calculations. 
The coefficient will be useful for checking the consistency of simulations at weak 
coupling and guiding the non-perturbative tmiing of the full Z f .  The knowledge of 

is needed to remove the cutoff effects in the fermion boundaries to 0(a</o). We 
have also been able to show up to 1-loop the weak dependence of the critical mass on 
the coefficient zj, a behaviour which has been seen in simulations at not very large 
couplings [81, 96, 98]. The correct implementation of the theory has been confirmed by 
checking that correlation fvmctions with inverted correlators vanish in the continuum 
limit. The realization of automatic 0{a) improvement has been shown to 1-loop 
by confirming that odd-correlation functions are in fact 0{a) effects (for csw =  0). 
Finally the universahty of the continuum limit of both SF and ^SF regularizations 
has been shown by studying the convergence of ratios of correlation functions in both 
setups.

The code written for the numerical evaluation of the Feynman diagrams is easily 
extendible for computing more complicated observables.^^ Other gauge actions [44, 
45] more frequently used in non-perturbative simulations could be easily added as well 
since only the gluon propagator is modified with respect to the present calculation^''.

^^Like the point split vector current V̂ , four fennion operators,...
^®This extension has ah'eady been implemented.
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we can’t. ”

Kara “Starbuck” Thrace

6
The QCD running couphng in the xSF

O n e  o f  t h e  m a in  r e a s o n s  which lead to the construction of the Schrodinger 
Fvuictional as a finite volume renormalization scheme was the possibility of defining 
a renormahzed coupling whose evolution could be calculated all the way from the 
hadronic world at low energies to the perturbative high exiergj  ̂ regime.

For this to be feasible, the running coupling nmst satisfj^ some criteria. First 
of all, since it must ultimately be evaluated non-perturbatively, it has to be easy 
to measure in Monte Carlo simulations. Furthermore, it must be weakly affected by 
lattice artefacts, such that continuum extrapolations can be safely carried out without 
large uncertainties. Finally, it has to be relatively easy to handle in perturbation 
theory, such that the /5-function can be computed at high enough order so th a t the 
matching to other perturbative regimes can be made.

The original proposal for a coupling in the SF was based on the response of the 
system to a background field [23]. By now, other definitions satisfying the previous 
criteria exist, for example, those recently proposed based on the gradient flow [99].

In the present chapter we will study the original proposal in perturbation theory in

145
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the ^SF setup. In section 6.1 we will review its definition. In section 6.2 we perform 
the perturbative expansion of the couphng, the step scaling function and its cutoff 
effects up to 2-loops in perturbation theory. The contribution of fermions at 1-loop 
is calculated in section 6.3. By demanding cutoff effects linear in a /L  to be absent 
in the 1-loop coefficient of the coupling, we will be able to extract the contribution 
to the gauge boundary coefficient due to fermions regulated with the ^SF setup. 
Moreover, we will examine the size of the remaining cutoff effects and compare them 
to those in the standard SF setup. In section 6.4 we will study a one parameter family 
of renormalized couplings which leads us to define the SFjy and xSF^ renormalization 
schemes. Using data from 2-loop calculations available in the literatiu’e, we will be 
able to study the dependence of the cutoff effects on the parameter u up to 2-loops. 
Moreover, we will compute tha matching coefficients to the MS scheme to 2-loops 
and extract the 3-loop /3-function on the SFj, scheme.

6 .1  D e f i n i t i o n s

A ])articular definition of a running coupling in Schrodinger functional schemes satis
fying the requirements given above was proposed in [23] as a response of the system 
to the induced chromo-electric field. With the values for the boundary gauge fields 
C and C' specified as in eq.(4.24) with the phases given by eq.(4.30), a renormalized 
coupling is defined by

1 1 r/)rl
(6 . 1)

1 1
k dr] r)=u=Q

where F is the quantum effective action defined in eq.(4.21), and r] and u are the 
dimensionless parameters of the background field (their role will be clear in section 
6.4, when we introduce the SF^ and xSF,y schemes). The normalisation constant k is 
given by

■ 9 F o 'k =
dfj

(6 .2)
r j , i / = 0

and ensures that at tree level the coupling is equal to the bare coupling (see 
eq.(4.22)).

The derivative with respect to the parameter r; eliminates divergent contributions 
to the effective action that do not depend on the background field, such that the 
resulting coupling is indeed a renormalized coupling. Moreover, depends only on
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one pliysical scale, the size of the box L  (where we assume the ratio T / L = p to 
be fixed), which is identified with the renormalization scale L = l//u as explained in 
section 3.3. The running of the coupling with the scale L  can then be computed by 
evaluating at different physical box sizes.

With the definition eq.(6.1), once a lattice regularization for the SF is implemented, 
the observable to evaluate in simulations is given by

r '  = (6.3)
i )= v = 0  i

The coupling is then simply given by the expectation value of a local operator, 
which is inexpensive to evaluate in a computer simulation. However, the quantity 
eq.(6.3), being a pure gauge quantity, is susceptible to large statistical fluctuations. 
Fortunately, the level of accuracy achievable with a reasonable statistical ensemble is 
satisfactory after all.

The renormalized coupling eq.(6.1) is hence suitable for being used in the process 
of finite size scaling described in section 3.3. The main observable to compute is 
thus its associated step scaling function cr(u)^ As discussed in chapter 3, in practice, 
the non-perturbative evaluation of the coupling g'^{L) is clone on a finite size scheme 
defined on the lattice. One then obtains the lattice counterpart of the step scaling 
function E(w,a/L), which will coincide with a{u) in the contnmum hmit,

cr('u) =  lim H{u,a/L)  (6.4)
a/L->0

The continuum SSF a{u) is obtained by performing simulations on pairs of lattices 
to determine T,{u,a/L),  and then performing a controlled continuum extrapolation. 
The quantity T,{u,a/L) is affected by cutoff effects and hence its convergence to the 
continuum limit will depend on the details of the regularization being used. It is 
of vital importance to obtain regularizations for which cutoff effects are as small as 
possible.

Cutoff effects in the SSF can be monitored by comparing the lattice and continuum 
counterparts

iT. E (w ,a/L )-cr(w )6{u,a/L) = ----------   . (6.5)
a [ u )

'̂ For the rest of this chapter we will assume steps of s  =  2, defining (j {u) =  a( s  =  2,u).
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The continuum quantity a{u)  is not known a prior.^ It will be possible, however, 

to monitor cutoff effects order by order ui perturbation theory. In the following 

subsection we sketch the perturbative expansion of the coupling, the step scaling 

function and its associated lattice artefacts.

6.2 P e r t u r b a t i v e  e x p a n s i o n  o f  t h e  c o u p l i n g

The SF coupling can be expanded in powers of the bare coupling

f { L / a )  =  gl  +  pi {L/a)g^ + p 2 {L/a)g^ +  0{g^).  (6.6)

From the perturbative expansion eq.(4.22) of the effective action r[Z?], we see that 

the expansion coefficients p \ { L / a )  and p2 {L/o)  are given by

p ,(L /a ) =  , (e.7)
r;= i/= U

1 dV^iD] 1 dr,[B]
P2 {L/a)  =  - -  +  ( t; I • (6.8)

r i= ‘'= O y

As already discussed in section 4.4, for the perturbative computation one has to 

perform an expansion of the gauge fields around the backgi'ound field, which requires 

to go through a gauge fixing procedure. Since the gauge part of the ^SF is identical to 

the standard SF, the gauge fixing procedm’e in presence of a background field can be 

directly imported from [23]. We refer the reader to the original literature for details. 

After this, the one loop contribution to the effective action is given bĵ

Ti[B] — — Indet Aq +  ^ Indet A i — ^ Indet A 2 . (6.9)

Here Aq is the ghost quadratic operator, introduced during the gauge fixing procedure. 

A i is the quadratic gluon operator, resulting from the expansion of the fields around 

the background field V  in the gauge part of the action Sq eq.(4.51). Finally, A 2  is the 

quadratic fermion operator in the background field V,  for the chosen regularization. 

We refer to [23] for explicit expressions for the operators Aq and A i The fermionic

^In fact, determining a{u) is the target of all the step scaling programme.
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operator A 2 is given by

A 2 =  =  (7 5 ^^ (^ w  +  SV\y +  mo)) , (6.10)

for the xSF. A similar expression holds for the SF, replacing the operator P w  with 
the corresponding one and removing the Pauli m atrix [80].

Inserting eq.(6.9) into the definition of the coupling one obtains the one loop term  
given by

Pi {L/ a)  = - ^ | - ^ l n d e t A o  + i ^ l n d e t A i  - ^ ^ I n d e t A s j  (6.11)

At this order in {)erturbation theory, it is possible to separate  the pure gauge contri
bution pifi{L/a),  containing the ghost and gluonic operators, from the pure fermionic 
contribution p i j { L /a ) ,  which will be proportional to the? number of flavours in the 
theory. The one loop coupling decomposes into

Pi (L/ a)  =  p i , o ( L / a )  +  NfPi^i{L/ia).  (6-12)

The two contributions read

I ( d I d  1
P i , o ( I / / a )  =  -  Indet A o  - hi det  A i j  , (6.13)

(6 J4 )
r i= u = 0

These coefficients will depend on the specific choice of background field used in the 
calculation.^ The coefficient p i^  was computed in [50] for SU{3)  and in [23] for 
SU{2).  In both cases the background fields used were those in eqs.(4.29) and (4.30). 
The gauge coefficient pi,o is independent from the fermion regularization, so we don’t 
need to recalculate it here. The calculation of pi i was done in [80] in the standard 
SF setup. In section 6.3 we will adapt the arguments of [80] to the xSF setup and 
calculate pi,i for this case.

From Symanzik’s analysis of cutoff effects (see eq.(4.121)), for a / L  0 the coeffi-

^We remark again that every choice of background field is a different choice of renormalization 
scheme.
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cients have an asymptotic form

OO

Pi,x{L/a) ^ ' ^ { r n , x  + Sn,x^^^{L/a)){a/L)'', x  = 0 , l .  (6.15)
71=0

the coefficients r„_o and Sn,o denote the order n coefficieuts of the gauge contribution 
Pi,o, while r„,i and Sn,i denote the order n coefficients of the fermionic contribution. 
The coefficient is the continuum value, which will depend on the details of the 
renormalization scheme. The term hnear in a /L  can be cancelled entirely by adjusting 
the coefficient q  of the boundary gauge improvement counterterm. This will be 
done in section 6.3.3. The logarithmic divergences in the scries come from the fact 
th a t the coefficient pi relates a bare coupling to a renormalized coupling in eq.(6 .6 ). 
These divergencies can be cancelled by the renormalization of the bare coupling [23]. 

Their coefficients are given by so,x = 260 ,1 , where bo,x are the gluonic and fermionic 
contributions to the 1 loop coefficient of the beta function eq.(3.3). For QCD they 
read

11 2
bo = bo,o +  Nfbo^i, 60,0 =  ~  (6.16)

The term s proportional to {a/L)  ln(L /a) are entirely cancelled by the clover term by 
setting csw to the tree level value =  1 .

The com putation of the 2 loop coefficient p2 {L/a)  is much more cumbersome and 
it is far beyond the scope of this thesis. The reason we present p2 {L/a)  here is 
because it will be needed for the discussions in section 6.4. The 2 loop coefficient gets 
contributions up to order N j  [52],

P2 {L/a) = p2 ,o{L/a) +  NfP 2, i{L/a) + N j p 2 ,2 {L/a).  (6.17)

The com putation of these coefficients requires the evaluation of 2 loop Feynman 
diagrams. The pure gauge coefficient P2.0 was computed in [90] for SU{3)  and in 
[100] for SU{2).  The coefficients p2 ,i and p2,2 where computed in [52].

At small coupling {u — g^), the step scaling function can be expanded in term s of 
the renormalised coupling u as

a{u) = u + aiu^ + a2Û  + (6.18)

with the 1 and 2 loop terms related to the 1 and 2 loop coefficients of the /3-function
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through
cr 1 =  26o In 2,

(6.19)
(72 =  (26q hi 2)  ̂ +  26i In 2.

The coefficients ctq and <Ji of the step scahng function are thus scheme independent

as well. The expansion of the lattice step scaling function is given by

E(m, a / L)  =  u +  El {a/L)u^ +  E 2 {a/L)u^ +  0{u^)  (6.20)

with the first two coefficients given by

E i(L /a )  =  pi {2L/ a)  -  Pi {L/a) ,

T,2 {L/ a)  =  p2{2L/a)  - p 2 {L/ a)  -  2pi {L/a)  [pi(2L/a) -  p i { L / a ) ] .

Finally, the cutoff effects eq.(6.5) can be expanded as well leading to

5{u, a / L)  =  ^i {a/ L)u  +  S2 {a/L)u^ +  ..., (6.22)

with the terms
5i {a/ L)  =  S i(a /L )  -  ai ,

S2{a/L) =  E2(a/L) -  as -  a iE i(a /L)  +  aj.
(6.23)

6.2 .1  F i x i n g  9

Recalling the spatial boundary conditions for the fermion fields eq.(4.36), we still have 

to choose a particular value for the angle 6. A natural option would be to choose 

6 =  0, recovering periodic boundary conditions. This has been the choice for studying 

correlation functions in chapter 5.

Beyond esthetical criteria, we will follow here a more technical guideline principle 

established in [80]. We review this criteria here since it will be necessary again for 

the determination of 9 for other fermionic representations in chapter 7.

In numerical simulations the efficiency of the inversion algorithms depends on the 

condition number, i.e. the ratio Aniax/-^min between the largest and smallest eigen

values of the squared fermion matrix A 2 . While Amin strongly depends on 9, A^ax is 

rather insensitive to it. Hence, by choosing the angle 9 such that Amin is as large as 

possible the condition number is then minimised, optimising the performance of the
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Figure 6.2.1: Lowest eigenvalue Amin (in units of as a function of 0 for the fundamental 
representation of 5(7(3). The vertical discontinuous line marks the chosen value 0 =  tt'5.

simulations at least close to the f)erturbative regime. Whenever more than one value 
of 0 leads to a large Amin, we choose the value of 0 closer to zero, to avoid ixjssible 
cutoff effects induced by a large value of ff. The profile Amin(<̂ ) depends on the cho
sen background field and the ferniion representation considered, to r  QCD Amn(^) is 
shown in fig.(6.2.1), from where we confirm the value 0 = tt/5  given in [80]. We keep 
this value for the rest of the chapter.

We will come back to this argument when discussing the coupling beyond QCD in
chapter 7.

6 . 3  T h e  c o n t r i b u t i o n  f r o m  f e r m i o n s  in  t h e  y S F

In this section we focus on the fermionic contribution pi^(L/a)  to the one loop cou
pling in the This discussion follows very closely that found in Appendix A of 
[80]. There the coefficient pi_i(L/a) for the standard SF was calculated. We have 
recalculated it as well to compare with [80] and to have an idea about the quality of 
our numerical data compared to the known results.

Moreover, we study the sensitivity of the 1 loop SSF S ij(L /a )  to the parameters
?no and of the xSF. For this one has to consider the derivatives

d  d
- — Pi,i{L/a) and — pi,i(L /a),
OTTIq

(6.24)
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which, as we wiU describe below, can be computed simultaneously to p i,i(L /a ). Tech
nical details concerning the present calculation are left for appendix C.

6 .3 .1  D e t e r m i n a t i o n  o f  pi^i{L/a)

The calculation of the contribution to the 1-loop coupling i(L /a )  due to ferniions 
starts  by inseting the operator A 2 given in eq.(6.10) into eq.(6.14), obtaining

1 d
Pi,i (L /a) =  — In detr> 5,i , (6.25)

9r] ^=,^0

where i = 7 5 X1 {T>\y + ^T)\y + rno). The operator i is hermitean up to a flavour 

exchange, with real eigenvalues coming in pairs ±V% i, where A„ {n = 0 , 1 , rimax) 
are the eigenvalues of A 2 .

For the computation of eq.(G.25) it is useful to consider the symmetry structure of 
the Hilbert space. This can be factorised in different sectors in term s of the symmetries 
of the eigenfunctions of T>̂  i. The Abelian background fields considered imply th a t 
I?5 ,j is diagonal in color space. Moreover, it is also diagonal in spatial momentum 
due to translation invariance in the spatial directions. The eigenfunctions of T)  ̂i are 
hence

xp{x) = (6.26)

where pk are the momentmn components in the spatial directions given by

Pk = {2Tvrik + e)/L- k = 1,2,3, (6.27)

and {un^, Tie = 1 , 2 ,3} is the canonical basis in color space.

The functions f{xo)  are flavour doublets with spinor component. They depend on 
time and live in a subspace of fixed spatial momentum p and color ric.

The structure of the eigenfunctions t/’(a:) perm its to factorize the determ inant of 
P 5.1 into the product

3

det(r> 5 ,i) =  nn detl>5,i(nc,p), (6.28)
rir. = l  p

where T>^,-i{nc,p) is the reduced Dirac operator which acts on the functions f{xo)  at
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fixed color ric and momenta p. Thus, eq.(6.25) decomposes into the evaluation of pi i 
in the different color and momentum sectors,

3 3

^ I n  det © 5  1 (rjc, p) |
T l c = l  P '

The computation of detPs^i can be done following the recursive technique intro
duced in appendix C of [23] for quadratic operators and extended to linear operators 
in [80], which we review in appendix C adapting it to the present setup.

We have written a code for the calculation of p ij(L /a) to 128-bits of precision. 
For checking that the results are correct, a second independent code has been used 
for comparison on the smaller lattices. Results agree up to machine precision.® In 
tables E.3.3 and E.3.8 of appendix E, we present the results obtained for pi,i(L/a), 
calculated on lattices in the range L G [6,64], with 0 = tt/5, and for the two choices 
csw = 0,1 respectively.

In the approach to the continuum hmit (L/a —>■ oo) we expect p\^i{L/a) to follow 
the asymptotic form given by eq.(G.15). We can extract the first coefficients of the 
scries following the method described in [49]. For that, we have prepared our own 
analysis code written in Matheniatica. In Table (6.3.1) we show the results for the 
extracted coefficients in both the SF and xSF setups. We include the results for the 
standard SF for comparison with the literature [80].

The coefficient Sqj of the logarithmically divergent term is universal and should be 
exactly given by^

■§0,1 =  =  ~ i 2 ^ ’ (6.30)

We find agreement with our numerical data up to 6 decimal digits. The coefficient 
must be zero in absence of 0(a)  effects in the bulk. We confirm this result for the 

xSF for both csw =  0,1, up to 5 decimal digits, which shows that bulk 0(a)  effects 
are absent independently from the value of Csw-̂  This confirms again that automatic 
0(a) improvement is at work. To extract ro,i and r j j  we assume the exact value for

^Note that for the standard SF the computation of p u  can be done for a single flavour [80]. 
In the preent case, however, the flavour structure has to be taken into account when evaluating 
eq.(6.29).

^The calculations for the cross check of the results have been done at double precision only. 
®Note that when considering other fermion representations this coeflicient will vary.
^The clover term will afl'ect physical obervables with effects starting at O ( a ^ ) .
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So,i from eq.(6.30) and S ij =  0. The contmnum value Tq i is identical in the SF and 
xSF, which is a further test of the universality of both setups in the continuum limit. 
The value ri,i is the coefficient of the 0{a)  effects coming from the boundaries, which 
will be removed by tuning in the following section.

’"0,1 •5o,l ’’1,1 si,i
xSF, Csw =  0 
xSF, Csw =  1 
SF, Csw =  0 
SF, Csw =  1

-0.00986816(1)
-0.03466492(1)
-0.00986822(3)

-0.034664940(1)

-0.0084434(1)
-0.008443(1)
-0.0084434(2)
-0.0084436(2)

-0.0132289(4)
0.013776(3)

0.0328605(3)
0.038282(2)

0.0000(1)
0.000001(1)
0.02533(1)
0.00001(1)

Table 6.3.1: Asymptotic expansion coefficients of pi_i(L/ft) for the xSF and SF, calculated at 
9 = 7t / 2 , for Csw =  0,1.

The SF and ^SF schemes are equivalent in the continuum and chiral limit. It 
is not a surprise then th a t the 1-loop coefficient pi_i(L/a) extrapolates to the same 
continuum value r'o,i for both schemes. Tliis will be true also for the higher order 
coefficients of the renormalized coupling. Hence, the relation between the ^SF scheme 
and the MS scheme will be the same as between the SF and the MS. In particular, 
when the 2 couplings are related through an expression like eq.(3.11), the coefficients 
of the relation will be exactly those alreadj" known for the standard SF. Hence, the 
ratio between A q c d  param eters in the xSF and the MS is also already known.

6 .3.2 S e n s i t i v i t y  o f  t h e  c o u p l i n g  t o  Zf  a n d  m o

Ideally, in a non-perturbative calculation of the step scaling function E, we want to 
fix the bare param eters to their critical values. The bare mass viq is fixed to the 
critical mass rUc so th a t ?tipcac =  0. The renormalization coefficient Zf is fixed to its 
critical value such th a t an odd-correlation function vanishes (for example =  0). 

Finally, the physical scale of the system is fixed by demanding u =  constant, which 
is called a condition of constant physics. In practice, however, there will always be 

uncertainties in the conditions to determine mc> -2/ and u, which will subsequently 
induce uncertainties to  the step scaling function A E given by
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where we define the dimensionless param eter z =  nioL. It is im portant to know how 
precisely the bare coefficients have to be tuned in order not to induce intolerable 
uncertainties in AE. In the following analysis we will consider only the sensitivity to 
mo and Zj. We therefore ignore the term  A w |^. The estimation presented here is 

done for csw =  1-
Since the tuning of mo and z j  is done by solving simultaneously two conditions 

which depend on both mo and zj ,  the uncertainties A z f  and A z  will be interrelated. 
We define AX^^^ to be the intrinsic uncertainty in the quantity X  due to the limited 
precision achieved for the condition which determines X .  Moreover, we define AX^'^^ 
to be the uncertainty in the quantity X  induced by an uncertainty in determining 
the condition which fixes Y.  The uncertainties A^ and A z f  will then be given by

Az = Â (") + Aẑ f̂̂  = Aẑ ^̂  + Az^f^^^-
f ^  . (6.32)

A z f  =  Az^f^^ +  A z f  = Az\"^^ +■’ J J J (Iz

We calculate the cross derivatives ^  and ^  evahiated a t the asymptotic values 
mo =  0 and Zf = 1 simply by taking finite differences such th a t

d X  X { Y  + e) -  X { Y  - e )
d Y  2e

(6.33)

We do this for a sequence of decreasing e and extrapolate the results for e — 0. From 
these, by taking the continiuun extrapolation a / L  ^  0, it can be seen th a t

4 ^  -  0.0000001(2), and ^  =  -0.29826(2). (6.34)
dz f dz

It is clear here th a t the dependence on z j  in the determination of mo is a pure lattice 
artefact, while the determination of Zf does in fact depend on mo. This is in agreement 
with the results obtained in section 5.4.1 for the tuning of Zf and mo-

Next, we need to evaluate the sensitivity of the fermionic part of the step scaling 
function E i j  to the parameters 2  and Zf. This is given by

= ^ P l . l ( 2 i / “) -  ^ P l , l ( i / “); dz,  d l  dz ,

—  E i,i(L /a ) =  — pi,i(2L /a) -
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The calculation of the derivatives of the one loop coupling dxPi,i with respect to a 
param eter X  can be done in parallel to the evaluation of Details on how to 
perform this calculation can be found in appendix C.

We find th a t both terms are pure cutoff effects with leading coefficients given by

— El 1 =  0.0057993(8) ( ^ ]  + 0 (a"),
(6.36)

=  0.012003(1) ( f )  + 0 (a " ) ,

These quantities are small already for the smallest lattices considered. Thus, since 
the derivatives are \dz /dzf  \ < 1 and \dzf/dz\ < 1 always, we can safely consider tha t 
the dominant contribution to the uncertainties eq.(6.32) will be given directly by the 
intrinsic uncertainties in the determ ination of the param eters 2  and Zf

A z c ^ A z ^ ^ \  A z f ^ A z ^ j ^ \  (6.37)

Finally, the typical precision achieved in Monte Carlo sinmlations is — 0.003
(see [27]). This means th a t we can tolerate ambiguities of

0.25 , ,  0.52
and A z f  < (6.38)

w ithout compromising the evaluation of E. This is a quite tolerant range, comparable 
to  the acceptable range in 2  observed for the standard SF [27].

6 . 3.3 D e t e r m i n a t i o n  o f

W ith the knowledge of the asymptotic coefficients of pi i it is now possible to  de
termine the fermionic contribution to the gauge boundary improvement coefficient

Following the discussion in section 4.4, one can see th a t in presence of the boundary 
counterterm SSq \̂ , the effective action gets an extra contribution. The one loop 
expansion will then read

Fi [-B] =  — In det Aq +  ^ In det Ai — -  In det A 2 +  . (6.39)
2 2 uCi
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When introducing this into the definition eq.(6.7), one can see that the boundary 
counterterm contributes to the coupling g'  ̂ to one loop as

f  = +  g'o (p,{L/a)  -  + 0[g‘y  (6.40)

The second derivative in the contribution of the boundary counterterm is calculated 
from eq.(4.61). From there, one obtains the simple relation

-ro[i?] = ro[B]. (6.41)
dj]dct L dq

The derivative of the tree-level effective action cancels out, leaving only a contribu
tion proportional to a. It is then clear that the boundary counterterm at one loop 
contributes to the coupling as

f  gl +  9o {ih{L/a)  -  c f ^  (6.42)

The terms of pi{L/a)  linear on a can be removed by adjusting This is achieved 
by setting

4 "  =  (6 43)

The pure gauge and fermionic contributions can be separated into -|-
from where we obtain the fermionic term

{ -0.00661445(5), xSF , csw = 0,
0.006888(3), xSF ,csw = 1, (6.44)

0.0191405(2), SF,csw =  l.

The values of for the xSF have been calculated here for the first time, and have 
been presented in [101, 102], The value for the SF is in agreement with the value 

given in [80]. The value of the gauge part = —0.8900(5) is known from ref
[23].
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6.3.4 L a t t ic e  a r t e f a c t s  in  t h e  SSF a t  o n e  l o o p

We now discuss the size of the lattice artefacts in the ferniionic countribution to the 
step scaling function E i^(L /a) before and after setting to its correct value. We 
have seen that by properly tuning Ct, the 0(a)  lattice artefacts can be removed at 
one loop in perturbation theory. Nevertheless, cutoff effects of higher order in a are 
still present and must be quantified. For the discussion of this subsection we define 
the relative deviations of the SSF from its pure gauge and pure fermionic continuum 
coefficients as

5i,o(a/L) =  - ^ 1 . 0  ̂ 5i ,i (a/L) =  ~  . (6.45)
C’'l,0 CTl,l

Note that these are normalized to the pure gauge coefficient cri,o and pure fermionic 
coefficient cti,i respectivelj^, which is not the same normalization given in eq.(6.22) 
(the latter is more common in the literature). We choose to use the normalization 
in eq.(6.45) for studying the cutoff effects due to the individual fermion contribution 
Pi,i in both the standard SF and ^SF setups. This will be very useful as well in 
chapter 7, when considering cutoff effects due to ferniions transforming under different 
representations of the gauge group.

In fig.(G.3.1) we show the cutoff effects 5\^i[a/L) for both the xSF and SF at 
different levels of improvement. For the ^SF (fig.(6.3.1), top panel), the cutoff effects 
behave asymptotically as O(a^) once is fixed to the value given in eq.(6.44). It 
is surprising, however, that after implementing the improvement at the boundaries 
the remaining cutoff effects are so similar for both choices csw =  0 and csw =  1- A 
variation of csw induces differences of 0{a^) in physical observables so, a priori, there 
is no need to expect tha t the remaining cutoff effects after boundary improvement 
behave the same way for different Csw, as can be seen in fig. (6.3.1). For the standard 
SF (fig.(6.3.1) bottom panel), cutoff effects are essentially zero after improvement is 
implemented in the bulk and in the boundaries. The smallness of the remaining cutoff 
effects is likely to be a kinematic accident for this particular choice of background 
field and parameters. A remarkable point is the large size of the lattice artefacts 
cancelled by both csw and for the standard SF and by for the xSF.

To conclude this section, we remark that knowing the values of the residual cutoff 
effects at a specific order in perturbation theory, it is possible to remove from a
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Figure 6 .3 .1: Cutoff effects 5i,i of the fermionic part of the one loop SSF for the xSF (top 
panel) and the standard SF (bottom panel). For the xSF we show the results with and without 
clover coefficient. The legend “b. imp." denotes the situations where boundary improvement 
has been implemented, i.e. has been set to  the values given in eq.(6.44).

iion-perturbative quantity all the remaining lattice artefacts at that order in (7o[5()].

6.4 T he and xSF ,̂ schemes

In this section we are going to re-examine the definition of the running coupling given 
in eq.(6.1) to construct a family of renormalization schemes in the SF and ^SF setups. 
They will be called, respectively, the SF^ and ^SF,^ schemes. Part of the discussion 
in the present section relies on already published data which can be taken from the 
literature. When pubhshed data is used the appropriate references will be given.

In order to define a running coupling in SU(3) one takes derivatives of the effective 
action F respect to the parameter rj appearing in the boundary phases and of
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the Abelian BF defined in eq.(4.30).

In S U (3) another renormaUzed observable v can be defined [50] as

 ̂ k d u ]  dq r)=0
(6.46)

1^=0

This can be combined with the coupling to obtain a family of renormalized cou
plings given by

parametrised by the real number u.

The dependence of F' on the parameter u is linear, and hence both g‘̂ and v are 
i^-independent. Moreover, the observable v vanishes at tree level. The cou])lings in 
the family gl are thus proper definitions of renormalized couplings since at tree level 
they will be equal to the bare coupling g^.

The family of coujilings g'f, can be vmderstood from a geometric point of view in 
the following way. The boundary fields C  and C  (see eq.(4.24)) can be written in a 
more intuitive form by separating all 7;-dependence in the boundary phases eq.(4.30), 
obtaining^

Cfc =  ^diag(0i,</)2,(/)3) +  (6.48)

C'k =  ^diag(</)'i,02,<^3) -  (6.49)

where now the boiuidary phases are given by

0 =  (—7t/3, 0, 7t/ 3), and 0 '=  (—tt, tt/3, 27t/3), (6.50)

which do not depend on r;. Writing apart the r] dependence permits to understand 
the term proportional to as a deformation of the background field in the direction 
of the algebra su{3) given by the generator As-® This deformation is used to define 
the renormalised coupling eq.(6.1) and it is fixed to zero after differentiation. The

®The matrices As and A3  are a periniitation of tlie diagonal components of the standard abelian 
Gell-Mann matrices. They are defined in appendix A .3 as Ag =  l/\/3 d ia g (2 , —1, —1) and A3  =  
diag(0 , 1 , - 1 ).

®See appendix A .3 for the explicit form of the generators of SU(3).
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coupling can then be understood as a response of the system to a deformation 
of the background field in the AbeHan direction given by Ag. In this context one 
could consider deformations of the background field in any Abelian direction, which 
for SU{3) will be given by a linear combination of the generators Ag and A3 . This 
accounts for replacing in eq.(6.49)

^ -A g  +  t^Aa  ̂ . (6.51)

By adjusting the param eter u, different directions in the Abelian subspace of su{3) 
are considered when taking derivatives respect to t / .  Since after diff'erentiation 7/  is 
fixed to 0 , the modification eq.(6.51) only plays a role at the level of defining the 
renormalized coupling, and does not afi’ect the background field a t all.

The two observables if' and v can hence be regarded as the response of the system 
to deformations of the background field along the directions given by Ag and A3  

respectively. These can be combined to form the family which will be the response 
of the system to a deformation in an arbitrary direction within the abelian part of 

sw(3), parameterised by v. The advantage of this is th a t both observables 'ĝ  and u, 
and thus the whole family gl,  can be obtained in a single numerical simulation. The 
param eter i> can be changed at no extra cost when analysing numerical data.

As we will see in section 6.4.2, cutoff effects on the SSF are strongly influenced by 
the choice of u. Cutoff effects turn  out to be minimised for a particular choice of u 
which depends on the regularization being used.

The renormalized observable t; is a pure quantum  effect. In numerical simulations 
the signal for v  is poorer than the signal for l / g ‘̂, but it is not clear a priori how 
the resulting l / ^ l  will behave. A systematic study of the quality of the signal as a 
function of u is currently on the way [103]. In practice, there will be a balance to 
strike between the size of the cutoff effects and the size of the statistical fluctuations 
on gl-

By considering a coupling constant defined through eq.(6.47) instead of the stan
dard coupling eq.(6 .1 ), one obtains a family of renormalization schemes which we 
denote as SF^ and schemes. The SF^ and xSF^ schemes, taken a t the same
value of are equivalent in the chiral and continuum limits. They will be particularly 
useful in chapter 7 when considering couplings in theories with fermions in represen
tations others than  the fundamental. Note th a t when considering the gauge group
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SU{2), since the only Abelian direction in the algebra is that given by schemes 
like SF^ and cannot be defined. Moreover, for gauge groups with N  > 3, a.
family of observables Vi could be defined, with i being every extra Abelian direction 
in su{N).  Hence, generalized SFi, and xSF^, schemes could be obtained by defining a 
further family of couplings given by

Ĝ (̂L) 9\L)
-  i'iiji(L). (6.52)

parametrized bĵ  the set of parameters f/,, where R{N)  is the rank of SU{N),  such that 
n{N) — 1 corresponds to the number of extra abelian directions one can consider.

6 .4 .1  E x p a n s io n  o f  g- 2
u

In this subsection we expand the couplings gl to 2 loops in perturbation theory. We 
will use the results here to compute the dependence of the cutoff effects on u in both 
the xSFjy and SF,y schemes. For the SFj,, we will use the results in the literature to 
reconstruct the cutoff effects to 2 loops and obtain the three loop beta function.

The observable v{L/a) can be expanded in terms of the bare coupling [104]

v[L/a) = Vi{L/a) +glv 2 {L/a) + 0{gl). (6.53)

The coefficients of the expansion receive pure gauge, pure fermionic and a mixed 
contribution

Vi{L/a) =  vm{L/a)  + NfVn{L/a) ,

V2{L/a) =  V2o{L/a) +  NfV2\{L/a) +  N'jv22{L/a), 

with the contimmm values for these coefficients (for csw =  1) given by [27, 50, 80]

lim Ui(a/L) = =0.0694603(1) + 0.0245370(l)iV/,
a/L—>0

(6.55)
Yim^V2[a/L) = V2 = -  0.001364(14) -  0.000101(17)A^/ -  0.0003362(30)iVj.

Note that the continuum values in eq.(6.55) are the same for the SF and the xSF.

^°For SU{ N)  the rank is B{ N)  =  N  ~ 1 ,  corresponding to the total nuber of abelian directions. 
Hence, a{>part from the standard abelian direction in the definition of g ,̂ there will be B{ N)  — 1 
extra directions to consider in eq.(6.52).
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The couplings gl  are expanded in terms of the bare coupling as

9 l { L )  =  9o +  P i { L / a ) g ^  +  p ^ { L / a ) g ^  +  0 (5^) (6.56)

with the 1 and 2  loop coefficients given by 

Pi { L / a )  = pi{L/a) + vvi{L/a),

p^iL/a)  =  p2 {L/a) + uv2 {L/a)  +  2upx{L /  a)v\{L /  a) +  v^vl[L/a).
(6.57)

In this subsection we are interested in determining the a])proach towards the contin
uum hmit of p\{L/a)  as a function of u in both the SF and xSF setups. For this, 
since we already know pi[L/a)  from section 6.3, we only need to determine Vi{L/a).  
Rather than using the explicit definition eq.(6.46), we can take advantage of the fact 
th a t eq.(6.47) is linear in u and extract v from the finite difference

v{L)
1 dr[B] dT[D]

k{u2 -  Ui) dr, 77=0 ,1/1 dr] r)=0 ,i’2
(6.58)

A comfortable choice of values for u  is to set = 0 and U2 = 1 for which the 1-loop 
coefficient Vi reads

vi[L/a)  = p " '{ '^ {L la )  -  p x { L j a ) .  (6.59)

The coefficient V\{a/L)  is aiitom aticallj' finite in the hmit a /L  —> 0, since the (univer
sal) logarithmic divergences cancel when taking the difference in eq.(6.59). Moreover,
since the contribution of the boundary counterterm proportional to Cf is independent 
of it will not contribute to v\{L/a) .

From the series V\ ( a /L) calculated using both xSF and SF we extract the continuum 

value
= 0.0245370(1), (6.60)

in complete agreement with the result in eq.(6.55) known from [80]. The continuum 
1-loop coefficient p \ of the coupling g‘1 in the SF^ scheme (with csw =  1 and 9 = tt/5) 
is obtained simply by considering in eq.(6.57) the pure ferniionic and pure gluonic 
contributions to p\ and Vi, such tha t

=  -0.034664940(1) + ly x  0.0245370(1), 

=  0.0368283(1) + u x  0.00694603(1).
(6 .61)
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The data for the pure gauge part q is taken from [104],

6.4.2 C u t o f f  e f f e c t s  in  t h e  SF„ a n d  xSF,, s c h e m e s

In this subsection we calculate the residual cutoff effects on the SSF at 1-loop as a 

function of u.

The step scaling function associated to the coupling gl  is defined as in eq.(3.25) 

through

E‘'{u, a / L)  =  (2L) . (6.62)

This SSF is expanded as a series of the renormalized couphng u =  gl (L)  (not g'^{L)), 
which reads

E' (̂w, a/L)  ^ u  +  E‘;{a/L)iL^ +  S^(a/L)if2 +  O(m^), (6.63)

with the first 2 coefficients given by 

E \ { L / a ) = p ' ; { 2 L / a ) - j f , i L / a ) ,
(6.64)

E^(L/a) =  j f , {2L/a)  -  j f , {L/a)  -  2v \ {L/a)  K ( 2 L /a )  -  .

The continuum limit of E*" defines the step scaling function as

a^{u) =  lim E ‘̂ (w, a /L ). (6.65)
a/L->0

Note that the 1 and 2 loop coefficients of a{u)  only depend on the 1 and 2 loop

coefficients of the /5 fimction, which are universal quantities. This means that for

different values of u, the quantities S j and E 2 will approach the same continuum  

value given by ctq and a\ .  The approach to ao and ai  will however depend on ly. One 

can hence scan a range in 1/ seeking for a window in which the continuum values are 

reached as fast as possible.

The convergence to a universal value will not be true beyond 2-loops, where for 

every vahie of ly one would approach a continuum value which is as well a function of 

u. In fact, in subsection 6.4.5 we will calculate the values for the 3-loop beta function 

with its explicit dependence on i/. However, one can still use the minimisation of the 

1 and 2-loop cutoff effects as a criterion for choosing a preferred 

We define the relative cutoff effects as a function of of the pure ferniionic and
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Figure 6.4.1: Cutoff effects  ̂ of the fermionic part of the one loop SSF for the xSF (top 
panel) and the standard SF (bottom  panel) setups, In the window u £ [—1,1]. Orange lines are 
separated by steps of equal size Au  =  0.1. In both cases, boundary 0(a) improvement has been 
implemented and Csw =  1- Black lines {y = 0) correspond to the values shown in fig.(6.3.1).

pure gauge parts of the 1-loop SSF as in cq.(6.45) such tha t they are respectively 
normalized to the pure gauge and pure fermionic continuum SSF,

= ------------------------• (6.C6)
O'l,0 <71,1

The effects i due to fermions are shown in figure (6.4.1) for the xSF,y (top panel) 
and for the SF^ (bottom  panel). In both cases we see a very strong dependence of 
the cutoff effects on the param eter u. There is always an optimal value of u for which 
the cutoff effects are minimal even for the smallest lattices. The optimal value of v is 
however not universal and depends on the regularization considered. For the  ^SF a 
value of ~  0.1 seems to be the optimal one, although cutoff effects are reasonably 
small already for u — 0. For the standard SF the choice =  0 is clearly the optimal 
from the very beginning.
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Figure 6.4.2; Cutoff effects of the pure Yang-Mills part of the one loop SSF in the window 
ly G [—1,5,1.5]. Orange lines are separated by steps of equal size Av  =  0.1. Boundary 0{a) 
improvement has been implemented.

At this stage one might wonder whether it is useful or not to consider these alterna
tive schemes with different values of u, since the cutoff effects in both regularizations 
are small for the standard coupling at u 0. The case of S U (3) with funda
mental ferniions is particularly well behaved in the xSF and SF regularizations. A 
similar study with staggered fermions [103], however, shows the presence of much 
larger cutoff effects which can be dramatically reduced by going to larger values of 
p. In chapter 7 we will see th a t when considering fermions in representations other 
than  the fundamental, the residual cutoff effects in the SSF after implementing 0(a)  
improvement are hi fact huge until an intolerable level. It is within these situations 
where the xSF^ and SF ,̂ schemes are very promising tools since they allow a reduction 

of cutoff effects .

Another example are the cutoff effects of the pure Yang-Mills theory S^q shown 
in figure (6.4.2). In this situation it is clear th a t the choice — 0 is by far not 
the optimal choice concerning the reduction of lattice artefacts. However, these are 
very small from the starting p o i n t , s u c h  th a t using different values of might 
be contraproductive. We remark again tha t one has to  find a balance between the 
suppression of cutoff effects and the preservation of a good signal wdien computing 

observables numerically in simulations.

the 10% level for lattices L / a  =  4, and already below the 5% level for lattices L / a  =  6.
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6 .4.3 2 LOOP CUTOFF EFFECTS

A natural question to address is whether the picture presented ni the previous section 

remains valid beyond 1 loop or is simply a consequence of a fortunate interplay 

between the cutoff effects in the 1 loop functions p\{L/a)  and V\{L/a).

W ithout engaging into the involved details of a 2-loop calculation, we can use the 

data already available in the literature to reconstruct the 2-loop cutoff effects on the 

SSF and their dependence on the parameter v.

The 2 loo]D coefficients in the expansions for ~g1 and T,'' are given in eq.(6.56) and 

eq.(6.63) respectively.

In the following we w ill extract the cutoff effects on E*" at 2-loop order. A t this 

order, S2 receives mixed contributions due to fermionic and gluonic loops. A separa

tion of cutoff effects w ith  the normalisations of eq.(6.45) is then not useful. Thus, we 

w ill consider directly the cutoff effects normalized to the full contimuim SSF cq.(6.5), 

such that

a/L)  =  ^  +  6l{a!L)u^ +  ... (6.67)
a [ u )

with the first two terms given by

(6.68)

The series p2 {L/a)  can be reconstructed from reference [52]. There, p2 is decomposed 

in the three different contributions given in eq.(6.17), w ith the coefficients

P20 —P2 +  + Ji.o) P2 +  -  Pm,

P21 =pI +  c[̂ '̂ P̂2 +  .g gg

+  +  4w P2 +  m^c^P2 +  2P10P11,

P22 =pi + J l . l )

The explicit values for all the series P2 can be found in the appendices in [52]. The 

improvement coefficients appearing in the previous expression are collected in table 

4.4.1 at the end of chapter 4, where we give the references where they have been taken
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from.

Moreover, the series V2{L/a)  can be found in [27]. From there, one obtains the 
function

Vt{u,a/L) = {v\ +  V2u){\  +  ei{a/L)  +  t 2 {a/L)u)  +  0(u^) ,  (6.70)

where V\ and V2 are the continuum values in eq.(6.55) and t i {a/L)  and t 2 {a/L)  are 
the cutoff effects in v which can be found in the appendix of [27]. In this way we can 

reconstruct the series

V2{a/L)  =  V2{1 + t i {a/L))  +  Vi62{a/L).  (6-71)

Unfortunately, t \ {a/L)  and e2{a/L)  are only given hi [27] for the specific choices of 
N f  =  0, 2, so th a t one cannot disentangle the cutoff effects due to a single ferrnion.^^

In fig.(6.4.3) we show the u dependance of 6 “̂ (top panel) and 62 (bottom  panel) 
for the 2 flavour theory ( N f  =  2). It is interesting to see th a t when considering the 
full theory ly =  0 does not seem to be the optimal choice for the reduction of cutoff 
effects a t 1-loop any more, =  0 is a good choice for the  purely fermionic cutoff 
effects, but when merged together with the pure gauge contribution, the la tte r seems 
to i)ush u away from zero. At two loops, we see th a t again the residual cutoff effects 
62 are very sensitive to i/. In the top panel of fig. (6.4.3) we have superimposed the 
2-loop effects S2 (green band) for comparing its m agnitude with as the continuum 
limit is approached.

For the pure Yang-Mills theory (see fig. (6.4.4)) the scenario is similar, bu t there are 
some points to remark. The 2 loop effects 82 still show a dependence on u, although 
much weaker than for the N f  = 2 case. While for the N f  =  2 theory, a window of 
u E [—1,1] covers a range of ~  0.06 and ~  0.01 for the smallest latices, for 

the pure gauge theory the ranges are A 6 i ~  0.04 and A S 2 ~  0.001. Moreover, for 
the pure Yang-Mills theory, 5^ seems to push the value of v  in the opposite direction 
than  5'(. For S'( the preferred value is ~  — 1, while for 62 the optimal value is u > 1.

Since the dominant effects are those coming from one would chose its preferred 
value of u ignoring However, far from the weak coupling regime, the interplay 
betw^een cutoff effects a t higher orders in P T  could lead u away from its ideal value 

at 1 loop.
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Figure 6.4.3: Cutoff effects 5\ (top panel) and 62 (bottom panel) of the SSF for the 2 
flavour theory. Orange lines are separated by steps of equal size Au = 0.1. Boundary 0{a) 
improvement has been implemented. The green band in the top panel corresponds to the two 
loop (̂ 2 superimposed for comparison.

We stress again that the ciitofF effects in both QCD and the pure Yang-Mills theory 
have been well understood both perturbatively and non-perturbatively in the past, 
and many studies have been done by now with continuum extrapolations well under 
control. The objective of this section is not to contradict those studies but to gain 
some systematic understanding on the family of couplings gl and their perturbative 
cutoff effects. Understanding the lattice artefacts at different orders in PT for these 
schemes will become useful later on when considering theories beyond QCD for which, 
as we will see, the standard improvement strategies are not enough.

fact, this is the reason for which we are not using the same normahsation convention for the 
cutoff effects as in sections 6.3.4 and 6.4.2.
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6 . 4 . 4  M a t c h i n g  w i t h  t h e  MS s c h e m e

In this subsection we calculate the relation between the running cupling in the SFj, 
scheme and the MS to two loops. We remark again that since in the continuum both 
the SFjy and xSF^ are completely equivalent, the relation to the MS will be the same. 
Moreover, we can relate Asf  ̂ parameter to Af^ in the MS scheme through the 1-loop 
relation between the couplings in both schemes, as we discussed in section 3.2. This 
is done in two steps. We first relate the SF^ scheme to the standard SF. After this is 
done, we can use the relation between the SF and the MS known up to 2-loops [52] 
to bridge the SFj  ̂ with the MS.

The renormalized couplings in the SF,  ̂ and SF schemes are related at 2-loop order 
via (q =  ^^/47t)

ĈSFz. =  Q̂SF +  CjQisp +  C^OsF +  (6.72)

The coefficients Cj and c ,̂ which are of course functions of u, can be obtained using
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the expansions of eq.(6.6) and gl  eq.(6.56) in terms of the bare coupling g^. One 

finds,
cV = inuvi,
'  (6.73)

C2 =  167T^ [u i '2  +  ,

where the values of Vi and V2  can be read from eq.(6.55). From here, we obtain the 
relation between A q c d  in both schemes using eq.(3.12)

e x p | - ^ l ,  (6.74)

which clearly depends on u. Some numerical examples of the ratio A sf^/A sf for 
different rmmber of flavours N f  and different values of u is given in table (6.4.1).

N f  = 0 2 3 4
u = 0.5 

0.1 
-0 .1  
-0 .5

1.28311(1)
1.05112(1)

0.951365(1)
0.779354(1)

1.62270(2)
1.10166(1)

0.907721(1)
0.602(1)

1.87307(2)
1.13373(1)

0.882041(1)
0.566(1)

2.21229(3)
1.17211(1)

0.853163(1)
0.45202(1)

Table 6.4.1: Numerical values of  the  ratio Asf^ / A sf  for some choices of N f  and v.

The relation between the MS and the SF couplings is known up to two loops [52], 
and reads

«ms(«9) =  «SF(g) +  Ci{s)al^{q) +  C2 {s)aly{q) +  ... (6.75)

where s is an arbitrary  scale factor and the coefficients C\ and C2 are obtained from 
[52] and read

ci(s) =1.255621(2) +0.0398629(2)A^/ -  8nbo\n{s),

C2(s) =ci(s)2 +  1.197(10) +  0.140(6)A^/ -  0.0330(2)A^| (6.76)

— 327t̂ 6i hi(s).

Inverting eq.(6.72) and inserting it into eq.(6.75) yields the desired relation

» m sN )  =  asF.(<?) +  c '̂(s )Q!sf. ( 9 )  + ^ ( s ) « sf. ( 9 )  + (6.77)
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with the matching coefficients c^(s) and c^(s) (which are functions of u)  given by

cV(s) =  Cl (s) — 4 tvuvi ,
 ̂ ’ (6.78)

c^(s) = C2(s) — Sniy (ci(s)ui + 27TV2) +

Finally, the relation between the lambda param eters in the 2 schemes is given by

Asf.  f c i(j/) '| (6.79)
Ams I Stt&o

6 . 4 . 5  T h e  3 l o o p  /5-f u n c t i o n

Starting from the relation between the coupling in two different schemes eq.(3.11), by 
acting on both sides of the equation w îth one can prove the scheme independence 
of the first two coefficient of the /3-function hg and bj. Moreover, one obtains the 
difference between the 3-loop coefficient b‘2  of the /3-function in the two schemes, 
given by

.(1) 0̂^   ^
47t IGtt̂

S ( l )  -  ( c y i ( l ) )
(6.80)

This means that, provided th a t the 3-loop coefficient 62 is known in 1 scheme, it can 
be extracted in any other scheme via a 2-loop calculation.

Since the 3-loop coefficient in the MS is known [105], we can extract the 3- 
loop coefficient in the SF^ via eq.(6.80) and the relation coefficients and C2 

extracted in the previous subsection.

The 3-loop coefficient in the MS scheme is given by [105]

=  b f ^  +  b f ^ N f  +  b l f N j  (6.81)

with
SB _  ^ 2 8 5 7 ^

(47t)® 54 ’
 1 / 1709Af^ 187 1 \

(47r)« V 54 36 4iV2 j  ’ ' ' '
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W ith these vahies at hand, the coefficient 62^'' finally reads

(6.83)
47t IG tt̂

We give the value of the 3-loop coefficient as a function of for the choices of 
flavours N f  = 0 and N f  = 2,

b f ^ ' iN f  =  0) =  0.482(7) X (47t) - ^  -  x  0.752(7) x ( 4 7 r ) - ^
(6.84)

bl^‘' {Nf  -  2) =  0.064(10) X (4n)-^ - u x  1.076(10) x (47t)-^

For £/ =  0, of course, we recover the values for quoted in the hterature [27]. It is 
interesting th a t even if the matching parameter C2 depends quadratically on v, this 
dependence cancels out in the 3-loop beta function, leaving only a linear dependence 
on u. A  few numerical examples for bf^" for different fiavom' numbers N f  are given 
in table 6.4.2.

N f  = 0 2 3 4
i/ =  0.5 

0.1 
0.0 

- 0.1 
-0 .5

-0.107(14)
0.407(10)

0.483(9)
0.558(8)
0.859(5)

-0.474(24)
-0.043(17)

0.063(16)
0.172(14)

0.602(8)

-0.693(38)
-0.190(28)
-0.063(25)

0.062(22)
0.566(17)

-0.867(59)
0.294(43)

-0.150(39)
-0.007(36)

0.566(20)

Table 6.4.2: Numerical values of x (47t)^ for some choices of Nj  and v.

W ith this we end the discussion of the SFi, scheme. We will come back to it in the 
following chapter when discussing theories beyond QCD.

6.5 S u m m a r y  o f  c h a p t e r  6

In this chapter we have discussed the running coupling in the Schrddinger functional 
which was originally introduced in [23]. It can be understood as a response of the 
system to the induced chromo-electrcic field.

We have calculated the fermionic contribution pi^i{L/a) to  the 1-loop coefficient of 
the coupling in both the SF and ^SF  schemes. In the standard SF, the calculation was
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originally done in [80]. The contribution of fermions in the ^SF has been calculated 
here for the first time. Some results have already been presented in [101, 102]. With 
the knowledge of pi^\{L/a) we have been able to extract the fermionic part of 
the gauge boundary improvement coefficient. After that, we have studied the cutoff 
effects in the step scaling function at different levels of improvement. In the x^F, 
after implementing boundary improvement, the remaining cutoff effects are small 
and automatic 0(a)-improvement is at work. For the standard SF, boundary and 
bulk improvement cancels large cutoff effects and the remaining lattice artefacts are 
essentially zero. We have also studied the sensitivity of p ij(L /a )  to the coefficients niQ 
and 2 /  of the action to estimate the uncertainties in the step scaling function induced 
by an uncertainty in mo and Zf. The dependence seems to be rather small which 
leaves a quite generous margin of tolerance for the uncertainties in the determination 
of niQ and zj.  Since both the SF and the ^SF setups are equivalent in the continuum 
limit, they yield the same continimm extrapolation o i / a) . This means that the 
coefficients to match the coupling to the MS scheme will be identical in both setups.

In section 6.4 we have re-examined the definition of the Schrodinger Functional 
coupling. By combining ~ĝ with another renormalised observable w, a whole new 
family of couplings gl  can be constructed, which depends on a single parameter u. 
This way we define the SF^ and xSF^ renormalization schemes. Since both 'ĝ  and 
V can be calculated sinmltaneously from a single numerical simulation, the whole 
family gl can be evaluated at no extra cost when analysing the data. We have 
calculated the 1-loop coefficient p\^{L/a)  of this family of couplings and the 1-loop 
step scaling function. The cutoff effects in the SSF show a very strong dependence 
on the parameter u. For the xSF, even if cutoff effects are already small at =  0, we 
observe that they can be minimised by chosing values u ^  0.1. In fact, for every lattice 
regularization minimal cutoff effects are obtained for a different value of u. This has 
been observed also for the two different regularizations of staggered fermions [103]. 
By deviating from the choice u = 0, very large cutoff effects can be introduced in 
the SSF. This might seem contra-productive, given the good behaviour of the cutoff 
effects after implementing 0{a) improvement. However, the strong dependence on 
u will be particularly useful when considering fermions transforming under 2-index 
representations of the gauge group in chapter 7. For these, cutoff effects in the SSF 
turn out to be very large even after 0{a) improvement. By using the couplings 
one can always find a value of v inducing large cancellations of lattice artefacts and
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end up in a situation where cutoff effects are minimal.
Using data extracted from the literature, we have been able to reconstruct the 2- 

loop coefficient p2 {L/a)  for the scheme and its 2-loop step scaling function. At 
this order, we also observe the dependence of the cutoff effects on i/ such th a t the 
scenario just described is preserved beyond 1-loop. We have obtained the m atching 
coefficients in the coupling between the SFj, and the MS schemes up to 2-loops. W ith 
the 1-loop matching coefficient, the Asf^ and the A^g parameters have been related. 
Finally, with the knowledge of the 3-loop coefficient of the ^5-function in the MS 
scheme, we have been able to  extract the 3-loop coefficient in the SF,  ̂ scheme. The 
matching coefficients and the 3-loop term of the /3-function are the same for the SF^ 
and the xSF^ since both schemes are equivalent in the continuum limit.



“Som etim es the only sane answer to an insane 
world is insanity. ’’

Fox Mulder

7
The coupling beyond QCD

T h e  t e c h n i q u e s  o f  QCD can be exported to studiy the more general class of 
theories consisting on Yang-Mills fields coupled to fermionic m atter transforming 
under arbitrary representations of the gauge group. These have been introduced in 
section 3.4, and are generically described by the lagrangian eq.(3.27). A particular 
theory is chosen by specifying the three parameters (N,  Nf,TZ),  i.e. the gauge group 
SU{N),  the number of fermionic flavours, and the representation under which the 
fermions transform, respectively.

In this section we will focus on theories where the fermions transform under the 
2-index representations, namely the adjoint, the 2-index symmetric and the 2-index 
antisymm etric  representations of the gauge groups SU  (2) and SU  (3).^ These theories 
are commonly studied in non-perturbative simulations following the finite size scaling 
strategy described in section 3.3. For this reason, we study them here in perturbation 
theory using the same techniques as for QCD in chapter 6. It is worth noting that

^For SU{2)  the anti-symmetric representation is trivial, and for SU{3)  it is equivalent to the 
anti-fundamental representation

177
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since all results in chapter 5 were given with explicit group theoretical factors which 
depend on the choices of {N, Nf,7Z), they are hence valid for the theories beyond 
QCD considered here.

In this chapter we calculate the Schrodinger functional coupling defined in eq.(6.1) 
to one loop in perturbation theory for the previous groups and representations. We 
perform the calculation in both the standard SF and the xSF setups. This will 
permit us to compare the size of the cutofT effects before and after improvement in 
both setups. The calculation follows very similar steps as for QCD, so the techniques 
explained in chapter 6 can be directly imported for the present computation. In 
section 7 we explain the necessary adaptations for the evaluation of the coupling 
and present the results of the perturbative calculation. In section 7.2 we perform 
the improvement of the coupling to 0{a),  and study the size of the remaining cutoff 
effects. As we will see, these can be very large. In section 7.2 we will study different 
strategies for a further reduction of remaining cutoff effects.

7.1 T h e  c o u p l i n g  a t  1- l o o p

In this section we calculate the fermionic 1 loop contribution p i^(L /a) to the running 
coupling in the SF and the ^SF, for a set of gauge groups and fermionic representations 
of the color group. The calculation follows very closely the discussion in section 6.3, 
so we refer to that section for all the details on the expansion of the effective action 
and the coupling. We first describe the ada])tation of the Wilson-Dirac operator to 
act over arbitrary representations, and then we present the results for pi i(L /a).

7 . 1.1 T h e  D i r a c  o p e r a t o r  in  a  g e n e r i c  r e p r e s e n t a t i o n

The massless Dirac operator in an infinite volume lattice is given by eq.(2.29). For 
QCD, the link variables Ufi,{x) in eq.(2.29) are SU{3) matrices acting on fundamental 
fermions, i.e. 3 x 3  matrices multiplying color vectors of dimension 3.  ̂ Eq.(2.29) can 
be easily generalised to an arbitrary representation TZ of the color group. For this, 
one simply needs to replace

U^{x)^U]^{x),  (7 A)

^For SU{2)  U^{x) are obviously 2 x 2  matrices multiplying color vectors of dimension 2.
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where Uj^{x) denotes the hnk variables in the representation 7Z. Let Tp and be 
tlie generators of the color group in the fundamental representation and in a generic 
representation TZ respectively. The conventions and notation used in this work are 
given in appendix A.3. If the link variables in the fundamental representation are 
written as

U^,{x) =  exp [iagoAl{x)Tp] , (7.2)

then the link variables in the representation TZ read

= exp [iagoAl{x)T^  , (7.3)

where the real functions are the same in both representations. It is possible 
to work out case by case an explicit relation between the link variables in different 
representations (see appendix A.3). For example, for the adjoint representation of 
SU{N)  the relation is given by

=  I*'- , (7.4)

The (massive) Wilson-Dirac D^, operator acts on a fermion field on an arbitrary 
representation as

D'^4{x) = {A/a + v i Q ) ' i p { x ) - ^ J ^ { { l - - ) ^ ) U f { x ) i l ] { x ^ f L ) +  (7.5)

+ (1 + %)Ul^{x -  fi)^^ix -  fi)] .

The fermion field ipix) is a vector of the dimension of the representation dim(7?.) and,
hence, the link variables will be dim(7?.) x dim(7?.) matrices.

When upgrading the background field Vfi{x) to an arbitrary representation the 
resulting V^{x)  might not be diagonal any more. For example, for an SU{2) abelian 
boundary link variable Wk with the phases eq.(4.29), the mapping eq.(7.4) yields the 
adjoint link variable

=

{  cos(|0 ) -sm{f(f>) 0 \
sin(f0) cos(f0) 0

V 0 0 1 /
(7.6)
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It is always possible to find a unitary transformation which brings back the boundary 
field to a diagonal form (see appendix C). For the case of SU{2) in the adjoint 
representation, the resulting diagonal boundary field will be given by

/
• 2 a  1

e I-^ 0 0 \

0 0

V 0 0 1 /

Thus, an abelian boundary field can always be written in an arbitrary representation 

as a diagonal matrix

= exp(aC ^), C f  = ^ d iag  ,..., ( p f j  , (7.8)

where the phases (j)f' are linear combinations of the fundamental ])hases. The same 
statem ent is true for the boundary field and thus the induced background field 
Vk{x)^ will still have a diagonal form.^

Note tha t changing the representation of the fermions does not affect the pure gauge 
part of the action. Even if the link variables in the Dirac operator are upgraded to an 
arbitrary' representation TZ, the link variables in the Wilson gauge action eq.(2.24) are 
left in the fundamental representation. In principle any other representation could 
he used for the gauge part of the action, but all choices lead to the same continuum 

Ihnit.^

7 .1 .2  T h e  9 p h a s e  ( r e v i s i t e d )

Before calculating the coefficient pi^i{L/a)  we recall the criterion in section 6.2.1 for 
fixing the value of the angle 9 of the spatial boundary conditions for the ferrnion fields. 
In section 6 . 2 . 1  6 is chosen such th a t the minimum eigenvalue A m i n  of the classical 
quadratic fermion operator A 2 is as large as possible.

Once the Dirac operator is promoted to an arbitrary representation TZ, the resulting

^It is interesting to see from eq.(7.7) that the third component of an adjoint SU{2)  fermion is 
not affected by the background field.

^However, it has been shown [106] that using a gauge action with a mixture between fundamental 
and adjoint link variables can avoid problems with a bulk phase transition.
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quadratic operator is simply given by

A ?  =  (© S ® S * )  . (7 .9)

Since the color structure of V ^ t is different from the one for the fundamental rep
resentation, the profile Amin(6*) will change and will have to be recomputed for each 
case considered. We calculate the profile of Aniin(^) for the standard choices of BF 
eq.(4.29) and eq.(4.30). The preferred choices of 9, leading to a maximal value for 

Amin are collected in table (7.1.1). In fig. (7.1.1) we show the profile Ainin(^) for the 
adjoint representation of SU{2) and for the symmetric and adjoint representation of 

SU{3).

L/a=6 
L/4=12 

* L/a=24

SU(3) adjSU(3) symmSU(2) adj

Figure 7 .1 .1: Lowest eigenvalue Amin (in units of L “ ^) as a function of 9 for the adjoint 
representation of SU{ 2)  and the symmetric and adjoint representations of SU{3) .  The BF are 
the standard choices eq.(4.29) and eq.(4.30) for SU{2)  and SU{ 3)  respectively. Their vertical 
discontinuous line denotes the selected value of 9.

SU {2) f  SU{2)a S U {3 ) f  SU{3)a SU{3)s  
9 0 27t/ 5  7t/ 5  7t/ 6  0

Table 7 .1 .1: Angle 9 in the fermionic boundary conditions in the spatial directions which leads 
to a highest Amin-
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7 . 1.3 C o n t r i b u t i o n  t o  t h e  c o u p l i n g  f r o m  f e r m i o n s  i n  a r 

b i t r a r y  REPRESENTATIONS

Finally, we are ready to compute the one loop coefficient pi {L/a). Since the gauge part 
of the action is not modified when considering other representations, the contributions 
coming from the ghost operator Aq and the gluon operator Ai will not change and 
hence neither does pifl{L/a).

We only need to calculate the fermionic contribution pi^i{L/a), which will be given

by
Pi,i{L/a) = — I nde t A^  . (7.10)

The normalisation k is the same as for the fundamental representation, given in 
in eq.(6.2). The calculation follows the steps sketched in 6.3, with the following 
adaptation. Once the operator is written in the time momentum representation, 
the eigeinfunctions factorise as

ip{x)  =  e'^”'"’U n J {x o ) ,  (7.11)

where now the canonical basis in color space is given by =  1,..., dim(7?.)}.
The original Dirac operator in the fundamental representation is diagonal in color 
space (for the abelian background fields). After upgrading to some representations 
it might be necessary to diagonalise the operator in color space, as shown in section 
7.1.1, before performing a factorisation of the form eq.(6.28). It is very simple to 
show that this diagonalisation can always be done (see appendix C), such that the 
determinant of the Dirac operator factorizes to

dirn(7?.) 

r i c = l  p

where P ^ j(hc ,p ) is the reduced Dirac operator on an arbitrary representation TZ, 
which acts on functions f { x o )  on fixed color iic and momenta p. The 1 loop coefficient 
P\^i{L/a) for a representation 71 is then given by

^ clim(7?.) Q  ^

P i , i ( L / a )  =  -  ^ l i i ^ e t P j i ( n c P )
n c = l  p

(7 .13)
77=0
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For evaluating this we use the same code prepared for the com putation of (L /a) 
in QCD (see section G.3 for further details). We perform the calculation for the ^SF 

setup for csw =  1 and csw =  0, and for the standard SF setup with csw =  1- The 
value of 9 is fixed to the values in table (7.1.1). Tables with numerical values of the 
series pi^i{L/a)  for the different gi'oups and representations considered in this chapter 
can be found in appendix E.

The first terms of the expansion of pi^ {L/a)  are shown in table (7.1.2) for the ^SF 
and in table (7.1.3) for the standard SF.

^0,1 So,l f'hi •5i,i
SU{2)f
SU{2)a
SU{3)f
SU{3)a
SU{3)s

-0.034266552(1)
-0.1302285(3)
-0.03466492(1)
-0.180341(2)
-0.1627196(5)

-0.0084433(2)
-0.03376(1)
-0.008443(1)
-0.05061(5)
-0.04219(4)

0.0137838(3)
0.05506(4)
0.013776(3)
0.0825(2)
0.068785(5)

0.000001(2)
0.001(2)
0.000001(1)
0.002(3)
0.002(3)

Table 7.1.2: Asymptotic expansion coefficients of p\^\{L/a)  for several gauge groups and 
representations for the xSF  calculated at Cgw = 1 and 0 fixed to the values of table (7.1.1).

0̂,1 •̂ 0,1 n ,i ■5l,l
SU(2) f
SU{2),
SU{3)f
SU{3),
SU{3)s

-0.034266653(1)
-0.1302287(1)
-0.034664940(1)
-0.180342(1)
-0.16271966(5)

-0.0084434(1)
-0.03376(2)
-0.0084436(2)
-0.05063(5)
-0.04220(1)

0.0382815(3)
0.15306(2)
0.038281(2)
0.2295(1)
0.1914(1)

0.000005(8)
0.0006(8)
0.00001(1)
0.002(2)
0.001(2)

Table 7.1.3: Asymptotic expansion coefficients of p i , i ( L / a )  for several gauge groups and 
representations for the SF calculated at csw =  1 and 9 fixed to  the values of table (7.1.1).

In all the studied cases we can confirm the expected value of the universal term

Tv
■§0,1 =  2^0,1 =  C^-14)

in the achieved numerical precision. The coefficient Si,i is compatible with zero, 
indicating the absence of 0 (a )  effects coming from the bulk.
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The precision obtained in the extraction of the coefficients for the adjoint or sym
metric representations is always lower than for the fundamental representation. This 
is an indication tha t the O(a^)  coefficients might not be small after all, as we will see 
in the following section.

7.1.4 0(a) IM P R O V E M E N T  A N D  T H E  R E M A IN IN G  C U T O F F  E F F E C T S

The coefficient for the improvement a t the boinidaries can be obtained for a 
representation TZ in the same way as in section 6.3.3 for QCD, by requiring the 
cancellation of cutoff effects hnear in (a /L ) in the Tloop coefficient p i,i(L /a). On 
the other hand, it is possible to see^ one can obtain for a representation TZ by 
scaling the value for the fundamental representation through

(7.15)
F

This relation has been used to check the consistency of the r’i,i coefficients extracted 
in our calculation (see tables (7.1.2) and (7.1.3)). However, since the quality of the 
extrapolations seems to be better for the fundamental representation than  for the 
two-index ones, for quothig a final value for we use the value of cp’’^(F)
scaled via e(i.(7.15). For convenience, the values for in the different setups
are collected in table (7.1.4).

SF XSF,  csw =  1 XSF, Csw == 0
SU{3)p
SU{3)a
SU{3)s
SU{2)p
SU{2)a

0.019141(1)
0.114846(6)
0.095705(5)
0.019141(1)
0.076564(4)

0.006888(1)
0.041328(6)
0.034440(5)
0.006888(1)
0.027552(4)

-0.00661445(5)
-0.0396867(3)
-0.0330723(3)
-0.00661445(5)
-0.0264578(2)

Table 7.1.4: Boundary coefficient for the groups and representations considered in this 
work. The values for the SF setup correspond to csvv = 1-

Once the improvement coefficients are known we can proceed to examine the cutoff 
effects in the SSF at the different stages of the improvement procedure, as it is done 
in section 6.3.4.

®Tlie Feynman diagrams which contribute to the coupling at 1-loop are tadpole diagrams. The 
fermionic tadpoles are proportional to T -ji for a given representation TZ.
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The fermionic contribution to the 1-loop cutoff effects defined in eq.(6.45) are 
shown for the representations of SU{2) in fig.(7.1.2), and for the fundamental and 
symmetric representations of SU{3) in figure (7.1.3). The adjoint representation of 
S U (3) has also been considered but, since it shows the same trends as the symmetric 
representation, we have decided not to display it in the present discussion.
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Figure 7 .1 .2 :  Cutoff effects 5i,i for SU (2) in the fundamental (top  panels) and adjoint (bottom 
panels) representations of the gauge group.

We calculate in all the cases for both the standard  SF (left panels of figures 
(7.1.2) and (7.1.3)) and the ^SF (right panels of figures (7.1.2) and (7.1.3)).

The cutoff effects for the fundamental representation of S U (3) have already been 
discussed in section 6.3.4 when studying the coupling for QCD.*’ For SU{2)  in the 
fundamental representation (fig.(7.1.2)), cutoff effects behave in a very similar way 
as for SU{3).  For the standard SF (fig.(7.1.2) top-left panel) i is quite large before

®We include them here again just for comparison to the other reprsentations
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Figure 7 .1 .3 :  Cutoff effects (5],i for 311(3) in the  fundamental ( top  panels) and symmetric 
(b o t to m  panels) representations of th e  gauge group.

improvement. After bulk and boundary improvement is implemented, is essen
tially zero except for the smallest lattices. For the X'SF (fig.(7.1.2) top-right panel) 
the remaining cutoff effects after improvement are larger than in S U (3) for the small
est lattices. However, they are already below the 20% level a t L/a  = 6. We recall 
here the observation made in section 5.4.1, where no simultaneous tuning of mo and 
Zf could be performed for L /a  =  4,5. Since, after all, for the xSF it might make no 
sense to consider these small lattices, one shouldn’t worry about the size of the cutoff 
effects in them.

The situation is drastically different when considering other fermion representa
tions. In the adjoint representation of SU{2) cutoff effects remain large even after 
0(a)  improvement is implemented. For the standard SF (fig.(7.1.2) bottom-left panel) 
one does not observe the dramatic cancellations present for the fundamental repre
sentation. Relatively large higher order cutoff effects are still present, and a regime 
linear in (a/L )^ is not reached until lattices of order L/a  ~  12. This issue might
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compromise continuum extrapolations in non-perturbative calculations.
This situation seems to be much worse for the ^SF (fig.(7.1.2) bottom-right panel). 

After implementing boundary improvement, the residual cutoff effects are still very 
large, reaching levels of about 150% for L /a  =  6 lattices. The linear behaviour in 
(a/L)^ is again reached quite late.

For SU(3), the symmetric (fig.(7.1.2) bottom panel) and the adjoint (not shown) 
representations show a very similar bad behaviour as the adjoint representation in 
SU(2).

The presence of large higher order cutoff effects for the non-fundamental repre
sentations is, of course, intolerable if one wants to extract meaningful information 
from the SSF. Thus, further strategies have to be examined to deal with these lattice 
artefacts.^

7.2 S t r a t e g i e s  t o  r e d u c e  h i g h e r  o r d e r  c u t o f f

EFFECTS

In section 7.1 we have shown that while after adjusting the boundary counterterm 
and the csw for the standard SF setup, the cutoff effects in the SSF are very 

small for fundamental rei)resentation, the situation seems to be much worse for other 
representations, and further work must be done to reduce the size of the remainnig 
lattice artefacts. In this section we will discuss different strategies to do so.

To begin with, one could think of carrjdng out the improvement programme up 
to O(a^). This would involve obtaining all possible operators of dimension 6 in the 
bulk and dimension 5 in the boundaries allowed by the symmetries of the theory, 
and the further determination of all the improvement coefficients that will come with 
each o])erator. Moreover, the numerical simulation of an action with these operators 
would become expensive and the remaining setup would not be useful hi practice.*

Instead, we will explore some simpler possibilities by re-examining the definition of 
the coupling in QCD and re-adapting it to deal with other gauge groups and generic

^Even if tlie presence of large lattice arteffacts in representations other than the fundamental 
has been pointed out on several occasions [101, 102, 107], many non-perturbative studies have been 
done up to date completely ignoring the issue.

*Note that 0{a?) improvement of the fermion action would involve the inclusion of counterterms 
with four fermion operators. The resulting ation would not be bilinear in the fermion fields and 
standard simulation algorithms would not be useful anymore.
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fermion representations. In particular we will reconsider the usual choices of BF 
which have been used in the past and, for the representations of 5(7(3), we will use 
the SF^ and xSFj, schemes introduced in chapter 6.

7 . 2 . 1  A  “ w e a k e r “ B a c k g r o u n d  F i e l d

The calculations of the running coupling in theories with higher dimensional repre
sentations are usually done [31-34] by importing directly the same setups that have 
proven to be very successful in QCD. Their success in QCD, however, does not mean 
that the same setups should be equally useful when considering other theories. As we 
have shown in section 7.1, the options chosen for QCD lead to very large lattice arte
facts in the step scaling fiuiction. Here we will reconsider the choice of background 
field from section 4.1.2.

One of the sources of cutoff effects in Schrodinger fiuictional setups is the presence 
of the background field. We have already noticed this in chapter 5 even at tree-level, 
when looking at the universality relations between tlie SF and the ^SF correlation 
functions, where the convergence to the expected continuum limit seems to be nmch 
slower in presence of the BF.

Considering the SU{2) theory, by looking at the relation eq.(7.7), one can observe 
that adjoint fermions are coupled to an abelian background field with phases twice as 
large as those for the fundamental fermions, given in eq.(4.30) (a similar statement 
can be made for the synmietric and adjoint fermions in SU{3)).

Following this observation we choose to modify the background field for the non
fundamental representations by scaling the original BF with a factor 1/2, expecting 
that a weaker version of the BF would induce smaller cutoff effects on the fermions. 
This is done simply by replacing the phases in eq.(4.29) by

Note that the modification of the phases (j)i affects as well the normalisation k in

W ith the new BF, which we will denote as halved BF (HBF), we proceed to cal
culate again the 1 loop fermionic contribution to the coupling p ij(L /a )  to determine 
the size of the cutoff effects in the SSF. Note, however, that a modification of the 
background field affects the spectrum of the Dirac operator, and hence the profile of

(7J6)

eq.(6.2).
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minimum eigenvalues Amin(^) as a function of the phase 6 must be scanned again to 
fix a value which minimizes the condition number. A list of values for the HBF is 
shown in table (7.2.1).

SU{2)f  SU{2)a SU{3)f  SU{3)a g [/(3 ),
9 0  7t / 6  7t / 1 0  7t / 8  0

Table 7.2.1: Angle 9 in th e  fermionic boundary condit ions in the  spatial directions which leads 
to  a highest  Amin for the  weaker background field HBF.

After fixing 9 again, we are ready to compute the I loop cutoff effects as we have 
done many times by now in this thesis.

The results for the fvmdamental and adjoint representations of SU{2) are shown in 
fig.(7.2.1). The large cutoff effects seen for the adjoint representation with the orig
inal BF have disappeared. Their behaviour for the HBF (fig.(7.2.1) bottom  panels) 
resembles the behaviour in the fundamental representation with the original BF. For 
the standard SF, (5i,i due to adjoint fermions is practically zero after improvement. 
For the xSF, some lattice artefacts are left in the smallest lattices bu t are already 
at the 15% level for L /a  =  6, which is an order of magnitude below the case for 
the original BF. We can conclude tha t for the HBF, the cutoff effects due to adjoint 
fermions are completely understood.

However, when switching from the BF to the HBF, the good behaviour of the 

fundamental representation is spoiled. For the HBF the cutoff effects due to 
fmidamental fermions are large in the SF (fig.(7.2.1) top-left panel) and very large 
for the xSF (fig.(7.2.1) top-right panel). Also, the regime linear in (a/L)^ is reached 
quite late. This is analogous to the cutoff effects due to adjoint fermions with the 

original BF.
The situation is very similar for SU{3). hi figure (7.2.2) we show the fundam ental 

and symmetric representations of 5(7(3) after switching to the HBF. As in the case 
for SU{2), the large cutoff effects for the symmetric representation have disappeared, 
but the good behaviour of the fundamental representation has been lost.

Once embarking on non-perturbative simulations, it is necessary to have cutoff 

effects as smaU as possible. In particular, if one trusts  the 1 loop cutoff effects, the 
situation for the non-fundamental representations w ith the original choice of BF seems
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panels) representations of the  gauge  group, using th e  weak version of the  background field HBF.

intolerable. The lattice artefacts for the lattice sizes currentlj^ used in simulations are 
too large, and the regime linear in {a/L)'^ is reached too late. This can compromise 
the continuum extrapolation. Considering the weakened version of the background 
field HBF seems a natural choice to avoid this problem. A more systematic study on 
these lines has appeared in [107], where they vary the parameters of the boundary 
fields within a specific window, seeking for values for which cutoff effects are minimal. 
Their conclusion matches the results presented here. A non-perturbative study of 
SU{2) with two flavours of adjoint fermions following the strategy presented here is 
currently being done [98].

A drawback of altering the background field along the way described, is that the 
HBF does not satisfj^ the criteria presented in section 4.1.2, which lead to a par
ticularly well behaved family of BF. Some numerical tests calculating the coupling 
constant seem to indicate that the HBF leads to a reduction of the signal to noise 
ratio, such that in order to obtain the same variance in the coupling as it is typically
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obtained for the original BF, with the HBF one would need roughly four times more 
statistics. Moreover, modifying the BF requires to recompute again the pure gauge 
contributions to the 1-loop coupling to know the to tal cutoff effects.

7 . 2 . 2  U s i n g  t h e  S F ^  s c h e m e

For SU{3) we can consider another strategy to reduce the large cutoff effects in the 
step scaling function. In section 6.4.2, after defining the  SF[, and xSF^ schemes, we 
have observed a very strong dependence of the cutoff effects on the param eter u. In 
fact, by considering large deviations from u — 0, we have shown th a t very large cutoff 
effects can be induced for fundamental fermions, reaching a situation which resembles 
tha t of the non-fundamental representations seen in section 7.1.4.

A natural question to ask is then whether the cutoff effects in the SSF for fermions
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transforming under non-fundamental representations display a similar dependence on 
the parameter ly. If so, adjusting u correctly could lead to a situation where the cutoff 
effects are minimal without modifying the background field at all.

We explore this idea by computing the observable v{L/a) for the symmetric and 
adjoint representations of 5(7(3), using the standard choice of BF given by the phases 
eq.(4.30). Then the SF^ and xSFj/ schemes are set up by combining g'  ̂ with v into gl 
through eq.(6.47). We calculate the cutoff effects on the SSF for the symmetric and 
adjoint representations in the SF^ and xSFj, schemes as was done in chapter 6. These 
are displayed in fig.(7.2.3) together with those for tlie fundamental representation 
calculated in section 6.4.2.

The cutoff effects for the non-fundamental representations show as well a very 
strong dependence on the parameter i/. By de]:)arting from the initial value =  0 it is 
always possible to find a situation where the cutoff effects are very small even at the 
smallest lattices considered. This is true in both the standard and chirally rotated 
setups. As can be seen from fig.(7.2.3), the xSF seems to prefer larger values of i/ for 
the minimization of j. For the synnnetric representation, a good choice of v for the 
SF is ~  0.3, while for the ^SF is ~  0.7. In the case of the adjoint representation, 
one would consider u ~  —0.6 for the SF and u ~  —0.9 for the x^F.

After considering the cutoff effects due to a single fermion, we study the u depen
dence of the cutoff effects for some examples of real theories. For doing this, we need 
the pure gauge contribution to the cutoff effects. These were calculated in section 
6.4.2. When combining the relative ferniionic cutoff effects with the pure gauge rel
ative cutoff effects one has to take into account the different normalizations used in 
the definition eq.(6.45). If we want the full 1-loop cutoff effects normalised to the 
1-loop continuum value of the full SSF

(7.17)

then we must combine 5i,o and 5i,i following

Si{a/L) — A  L) + B5i^\{a/L) ) , (7.18)

where B — Nfbo^i/bi^i and A = {1 + B)  ^
We consider three particular cases, i.e. S U (3) with Nf — A fundamental fermions
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(4 flavour QCD), with N f = 2 symmetric fermions and with N f  — 2 adjoint fermions. 
The cutoff effects in these cases as a function of u are shown in figure(7.2.4). The 
general picture is the same as already discussed for the pure fermionic part. However, 
when considering the full theories, the dependence of the cutoff effect in u seems to 
be weaker in 4 flavour QCD than what is seen for the pure fermionic part alone. On
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the contrary, the dependence on seems stronger for the full adjoint and symmetric 
theories than what is observed from the contribution of a single flavour.
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Figure 7.2.4: Cutoff effects as a function of u in the 1-loop SSF. Three theories are 
considered: SU{3) with four fundamental flavours (top panels), that  is, 4 flavour QCD; SU{3) 
with 2 symmetric flavours (middle panels); and SU{3) wirh 2 adjoint flavours (bottom panels).

Using this strategy has some advantages with respect to the modification of the 
background field proposed in section 7.2.1. To begin with, as we discussed in section
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6.4, considering different values of ly in the boundarj^ phases does not alter the BF 
since, after taking the derivative in eq.(6.1), the parameter t) is set to zero and any 
reference to ly disappears from the BF. Hence, the good statistical properties seen 
for the standard choice of BF are not spoiled. Moreover, g'  ̂ and v can be nreasured 
independently and then combined into gl at the data analysis stage. Thus no extra 
simulations are required for the measurement of the whole family of couplings g^. 
Since the BF is not modified, all the perturbative calculations for the pure gauge 
part remain the same and can be recycled from previous calculations.

This strateg}^, however, has 2 obvious drawbacks. The first is that it cannot be 
applied to SU(2), since there is only one abelian direction in the algebra su(2) and 
hence an observable like v cannot be constructed. The second drawback is that the 
statistial fluctuations in v tend to be quite larger than those for g^. These larger 
fluctuations will be transmitted into the coupling gl. Fortunately, if the value of u 
was kept different from zero but not too large (|i |̂ < 1), it is possible to find situations 
where the cutoff effects are reduced and the ciuality of the signal is kept at a tolerable 
level. One thus has to find a balance between the elimination of lattice artefacts and 
the preservation of a good statistical behaviour.

Finally, this strategy is easily extended to gauge groups with N  > 3 where, as 
explained in section 6.4, there are more abelian directions in the algebra and a set 
of renormalized observables w, can be constructed. This could be of use in studies of 
large N  gauge theories such as [77].

7.3 S u m m a r y  o f  c h a p t e r  7

In this chapter we have examined some of the most common theories studied in 
search of an infrared fixed point. Among these, the minimal candidate to display 
either conformal or walking behaviour is SU{2) with two adjoint fermions (popularly 
known as Minimal Walking Technicolor), which by today has received much attention 
from several groups. The techniques used to study these models are a direct heritage 
from QCD.

Here we have calculated the coupling g'  ̂ in both the SF and the xSF schemes 
for the fundamental and adjoint representations of SU{2), and for the fundamental, 
adjoint and symmetric representations of SU{3), to one loop in perturbation theory. 
We have derived the value of the improvement coefficient and computed the
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remaining cutoff effects in the SSF. These turn out to be intolerably large for the 
non-fimdamental representations.

In order to reduce the large lattice artefacts we have devised two different strategies. 
In the first, a modification of the boundary fields is done resulting in a weaker version 
of the BF. In the second, the SFj  ̂and ^SF^ schemes introduced in section 6.4 are used 
to define the family of couplings g^. The cutoff effects for the step scaling function 
in these schemes can be minimised by a proper choice of v.

Although both strategies seem to work a priori, an immedeiate outcome of using 
them is a worsening of the statistical behaviour of the coupling. In the first case this 
happens because the weaker HBF does not satisfy the criteria established in section 
4.1.2. In the second case, larger statistical fluctuations are induced by using the 
observable v to construct the family of couplings gl.

In real nmnerical sinuilations one desires to have small statistical fluctuations. 
However, cutoff effects are systematic errors that must be well understood in order 
to extract reliable physical information. Hence, a balance between a good statistical 
signal and a reduction of otherwise very large lattice artefacts must be obtained.

The strateg}' where the BF is weakened is currently under investigation for S U (2) 
with two adjoint fermions, and its real benefits in numerical simulations still remain 
inconclusive.

It is important to understand the difficulties associated to the reahzation of infra
red conformality in the lattice. Many studies performed so far represent the first 
attem pts of classification of theories in the {N, Nj)  phase diagram. Being exploratory 
studies, their standards are usually below those expected for traditional QCD.® In 
order to obtain conclusive evidence on the nature of such theories, it is important to 
revise the methods originally designed for QCD and adapt them carefully.

®An alarming fact is the following; in the last few years more studies of beyond QCD theories 
using SF schemes have appeared than studies for QCD in twenty years.
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8
Concluding Remarks

In  'I'HIS t h e s i s  we have stiidied several aspects of Sclirodinger Functional schemes 
in perturbation theory. In the first chapters we have reviewed some basic ideas of 
lattice QCD and the use of the Schrodinger Functional as a finite volume scheme for 
non-perturbative renormalization problems. The chirahy rotated (xSF) formulation 
of the SF was proposed in [1] as a way to restore the mechanism of automatic 0(a) 
improvement in presence of SF boundary conditions for fermions. If automatic 0(a) 
improvement is at work, any bulk 0(a)  effect in physical observables vanishes. Any 
remaining 0(a) lattice artefacts arise from boundary effects and must be eliminated 
by adding boundary counterterms in a similar way as for the standard SF. In order to 
achieve automatic 0(a)  improvement two parameters must be tuned to their critical 
values. The first one is the bare quark mass 771q, which must be tuned to rric- The 
need for this additive renormalization is connnon to any lattice regularization using 
Wilson fermions, since these break explicitly chiral symmetry. The second parameter 
Zf is the coefficient of a dimension 3 counterterm at the boundaries. It nmst be tuned 
to restore the symmetry broken by the lattice regulator. The parameter is

197
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exclusive to the ^SF formulation. After automatic 0{a)  improvement is implemented, 
the standard improvement terms proportional to the coefficient Csw and to any 0 (a) 
improvement coefficient for composite fields^ are not needed any more.^ In practice, 
the removal of boundary 0{a) effects from physical quantities can be performed by 
adding only 2 boundary counterterms. The first one, proportional to a coefficient 
Ct, is added to the gauge part of the action. The second one, proportional to dg, is 
needed for improving the fermion action, and is analogous to the q  counterterm in 
the standard SF. A perturbative determination of the bomidary coefficients will be 
enough for a reasonable cancellation of the 0{a)  boundary effects.

In chapter 5 we have presented the definition of a set of correlation functions in 
both the SF and the %SF setups. We have expanded them to one loop in perturbation 
theory and used the results of their numerical evaluation for discussing several aspects 
of the xSF. In particular, the following points have been addressed:

• For the standard SF we have considered the family of correlation functions given 
by f x ,  ky,  f i  and A,’i, where X  and Y  denote different combinations of gamma 
matrices in the fermion bilinears. For the we have considered the family 
given b}̂  the correlations ■> and where / i  and f <2 are flavour
indices.

• The previous correlation functions have been expanded to 1-loop in perturba
tion theory for a setup with a vanishing background field. A program has been 
written in Fortran for the numerical evaluation of all the correlation functions 
in both the SF and xSF setup. The simultaneous evaluation of all the corre
lation functions in a given setup can be done up to lattice sizes of L/a  =  48 
within reasonable time. For the SF, direct comparison could be done with data 
calculated in previous studies. In particular, we have used the Pastor package 
to generate data for small lattices with several choices of kinematic parame
ters and confirmed our results to machine precision. For the this is the 
first perturbative study to appear and no comparison has been done yet with 
an independent calculation. We have performed, however, a set of consistency 
checks on our data. For instance, we have checked that the final results are in
dependent from the choice of gauge, that paired diagrams contribute in exactly

'Like for example ca and cy for the flavour currents [24].
^When considering physical observables.
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the same way, and (as we will later explain) that some results as the critical 
mass calculated in the xSF setup converge in the contimuim limit to the value 
obtained in the standard SF setup.

• With the results of the perturbative calculation, we have been able to extract the 
1-loop coefficients m ^ \L /a ) ,  z ^ lL /a )  and Ss \ l / o)^ from which we extrapo
late their continuum values. The coefficients and have been obtained 
for the choices csw = 0 and csw =  1- As expected, the values for match 
exactly the known results from the literature, which is a confirmation of the 
correctness of our calculation, z'̂ p is evaluated using several renormalization 
conditions, all leading to the same continuum result. At finite lattices, the dif- 
fei'ences Az/ in the determination of zP{L/a)  from different conditions behave 
linearly in a/L  for csw =  0, and at a higher rate in a for csw = 1- has only 
been calculated for csw =  1- The coefficients z ^  and are presented here for 
the first time. These are given as explicit functions of group theoretical factors. 
Hence, they can be used for any group and representation.

• After determinnig mi^\L/a)  and zP(L/a)  we perform a set of tests to confirm 
that automatic 0{a) improvement is at work. First, the correct realisation of the 
boundary conditions are tested by studying correlation fimctions constructed 
with opposite projectors in the boundary operators. These vanish as a
0, confirming then that the correct boundary conditions are recovered in the 
continuum. Then, a set of odd correlation functions are studied. For csw = 0 
they vanish hnearly as the continuum limit is approached, which confirms that 
they are indeed an 0{a) effect. For the choice csw =  1, they vanish at a rate 
higher in a. The particular choice of parameters Csw =  1 and 9 = 0 yields a 
situation where cutoff effects are highly suppressed.

• Finally, we consider some universality relations of correlation functions between 
the SF and the x^F. hi particular we study the convergence of the ratios 
[sA'/\/gi] ^ [fx/VJi]  ̂ 1, with X  = A, P. At tree level we confirm 
the expected behaviour with and without the presence of a background field. 
It is remarkable that cutoff effects are much larger in the case where the BF is 
present. At 1-loop, we study only the case without background field, for which 
universality is again confirmed.
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In chapter 6 we move to a setup with an abehan backgroiuid field in order define 
the running couphng in the Schrodinger Functional in the usual way. We first discuss 
the definition of the step scaling function and its cutoff effects and we write their 
expansion to 2-loops. The chapter is then divided into two different parts. The first 
part is composed of sections 6.2 and 6.3. The main results achieved in this part are:

• In section 6.2, after reviewing the perturbative expansion of the coupling, the 
step scahng function and its cutoff effects, we re-consider the criterion to fix the 
boundary phase 6 of the spatial boundary conditions for the fermion fields. 6 is 
chosen as in ref [80] to minimise the condition number of the squared fermion 
operator A 2 . We review this criterion here for its later use in chapter 7.

• We have calculated the 1-loop contribution to the coupling due to fermions reg
ularised with the xSF setup. The calculation of the coefficient p\^i{L/a) in the 
;^SF has been done here for the first time. We have extracted the first coeffi
cients of the asymptotic expansion of in a/L.  The continuum coefficient is 
equal to the one obtained for the standard SF, which is a further confirmation 
of the universality of the two setups.

• The fermionic contribution to the boundary improvement coefficient of the 
gauge action has been calculated by demanding cutoff effects linear in a / L  to 
be absent from pi^\{L/a).  The value of has been obtained directly from 
the coefficient of the term  linear in a /L  in the asymptotic expansion of 
The value of has been calculated in this thesis for the first time, although 
it has already been presented in conference proceedings [101, 102].

• An im portant question to address for non-perturbative calculations is how pre
cisely the tuning of the coefficients mo and z j  should be done. Uncertainties 
in satisfying the tuning conditions will induce uncertainties in physical observ
ables. For tha t, we study the sensitivity of and of the step scahng function

to the param eters viq and Zf. The derivatives dpi^i/dz and dpi^i/dzf,  where 
z =  Lmo,  are calculated simultaneously to pi_i. We find th a t the uncertainties 
induced on E i j  are in fact small for a quite tolerant range of uncertainties for 

Zf and mo.

• Finally, we study the cutoff effects S\,i{a/L)  on the fermionic part of the step 
scaling function E i j  for both the xSF and the SF setup. For the cutoff
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effects are small after implementing boundary improvement. The form of the 
cutoff effects is very similar for the choices csw =  0 and 1. For the standard SF, 
after implementing boimdary improvement and fixing csw =  1, the remaining 
cutoff effects are essentially zero. It is remarkable that before improvement the 
size of the cutoff effects is quite large.

In the second part of chapter 6 we have combined the renormalized coupling with 
the renormalized observable v to construct a family of couplings gl which depends on 
a parameter u. The two observables and v can be computed in the same simulation, 
and hence all the family g^ can be calculated at no extra cost. This permits to define 
the renormalization schemes denoted by SFi, and x^Fj/. For the value u — 0 the 
standard SF and ^SF schemes are recovered. Also, in the chiral and continuum limit, 
the SFi. and the xSFj  ̂ are equivalent. For these schemes, we have performed the 
following studies:

• We have expanded the coupling gl to 2-loops in perturbation theory. The 1-loop 
coefficient p\i{L/a)  has been computed explicitely for the xSF.

• For both SFj, and xSF,y, we have studied the v dependence of the cutoff effects in 
the step scaling function. We find a very strong dependence on the parameter v. 
In fact, when going to large values of very large lattice artefacts are induced 
even if 0{a) improvement is implemented. Different ferniion regularizations 
seem to display minimal cutoff effects for different choices of u. The choice 
u = leads to minimal cutoff effects in the standard SF. For the x^F, the 
optimal value is ~  0.1. A similar observation has been made for staggered 
regularizations [103]. Using data available in the literature, we have been able 
to reconstruct the u dependence of the cutoff effects up to two loop order. This 
has been done for the pure Yang-Mills and the two flavor theory. The scenario 
dependence on u seen in the one loop cutoff effects is preserved at two loops.

• Finally, we have computed the coefficients to match the coupling 'gl with the 
coupling in the MS scheme to two loops. This will be the same for both SF,̂  
and xSFi/, since both are equivalent in the continuum limit. Making use of the 
1-loop matching coefficient, the relation between lambda parameters Asf^/Aj^ 
in both schemes has been established. Morover, since the 3 loop coefficient of 
the /^-function for the MS scheme is known, we have been able to obtain the 3 
loop coefficient in the SF,̂  as well.
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The apphcation of SF^ and xSFj. will be particularly useful when considering the
ories with fermions which transform under other representations of the gauge group, 
for which cuttoff effects can be extremely large.

In chapter 7 we study the application of the techniques discussed previously to 
other strongly interacting theories. In particular, we consider theories with the gauge 
groups S U (2) and SU(3), with fermions transforming under the fundamental, adjoint 
and symmetric representations (for SU(2) the adjoint and symmetric representations 
are equivalent). In the present chapter we have performed the following studies:

• We have adapted the Dirac operator to an arbitrary representation TZ by map
ping the fundamental link variables to the desired representation. A modifi
cation in the color structure impUes a change in the eigenvalues of the Dirac 
operator. Hence, we recalculate the oi)tinial value of 9 for all the cases consid
ered.

• The 1-loop fermionic contribution to the coupling j {L/a) has been calculated 
for the previous groups and representations in both SF and xSF setups. The 
fermion contribution to the boundary improvement coefhcient is obtained by 
scaling the values calculated for the fundamental representation in chapter 6. 
We have calculated the remaining cutoff effects on the step scalimg function 
which, for non-fundamental representations, turn out to be very large even 
after 0(a)  improvement.

• In order to reduce the large higher order cutoff effects we consider two differ
ent strategies. Firstly, we consider a weaker version of tlie background field 
by dividhig the boundary phases. This seems to cure the large cutoff effects 
for the non-fundamental representations, but spoils the good behaviour of the 
fundamental (In both SU{2) and SU{3)). Moreover, the quality of the signal 
in numerical simulations seems to be worse in this case. The second strategy 
consists in using the SFj  ̂ and xSFj. schemes defined in chapter 6. We can take 
advantage of the large dependence of the cutoff effects on the parameter u to 
find choices for which the remaining lattice artefacts are dramatically reduced. 
This strategy seems to work very well but, unfortunately, can only be applied 
with groups of rank > 2.

A non-perturbative study of the S U (2) theory with Nf = 2 adjoint fermions using 
the weakened version of the BF is currently under way [98].
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Summarising, in this thesis we have tested the chirally rotated Schrodinger func
tional scheme to  1-loop order in perturbation theory. W ith the results presented here 
the renormalization and 0 ( a )  improvement of the action in the xSF scheme to  1-loop 
order is completed. The universality of both SF and xSF has been confirmed. We 
have presented some strategies to deal with strongly interacting theories other than  
QCD. Our results are a starting point for the use of the xSF in non-perturbative 
simulations of either QCD or other strongly coupled theories. The codes developed 
are easily extendible to include highly improved gauge actions like the Liischer-Weisz 
action. Moreover, the perturbative calculations presented here are the basis for fur
ther perturbative conii)utations, for instance, of the renormalization coefficients Z x  

of composite operators.
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A
Notation and conventions

In the present appendix we specify the notatioual conventions used in the thesis, 
together w ith some useful group theoretical factors and relations.

A . l  I n d e x  c o n v e n t i o n s

Here we collect some notation involving the different indices used in the thesis. Any 
difference to  these conventions would be exphcitly indicated in the text.

• Lorentz indices are denoted fi, u^... and run from 0 to 3.

• Spatial indices are denoted k j , ... and run from 1 to 3. The tem poral component 
is denoted by 0.

• Dirac indices are denoted o;,/3,... and run from 1 to 4.

• Flavour indices are denoted and are used to denote specific flavour 
components rather than  to index the generators of the flavour group. They 
adopt values u ,u ' , d  and d'.

205
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• Color components are denoted a,b,... and rmi from 1 to d-jii where d-ji is the 
dimension of the representation of the color group.

• 4-vectors are denoted by variables in italic x , p , ....

• 3-vectors are denoted by variables in bold x, p , ....

• Sums over indices are in general written explicitly. If they are om itted for 
notational clarity, repeated indices are always assumed to be summed over. 
The contrary will be explicitly indicated.

• Scalar products of the form px = Pf^Xf  ̂ are always taken with Euchdean metric. 
In case the Minkowski metric is needed in a specific expression it will be stated

A . 2 D i r a c  M a t r i c e s  in  E u c l i d e a n  s p a c e  a n d  r e 

l a t i o n  TO M i n k o w s k i  s p a c e

The Euclidean metric is given by such th a t there is no difference between
covariant and contravariant vectors. We use the Dirac matrices in the chiral basis, 
which in Euclidean space is given by

where ak are the PauU matrices defined below. The Dirac algebra is given by

explicitly.

(A .l)

The 2 x 2  matrices are given by

Co —  “ 1 2 x 2 )  Cfc —  — icTfc, (A.2)

(A.3)

The fifth gamma m atrix is defined as 75 =  7 07i 7 2 7 3 - In the chiral basis it reads
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and satisfies

75 =  75 . 76 = I >  {7m,75} =  0. (A.5)

The herniitean tensor is defined as

(^nu =  2 [7/*, I v ] , (A.6)

The components of are exphcitly given by

=  I 0 - r ‘ (  0 “ I ^

The Wick rotation from Euchdean to Minkowski space amounts to a rotation of
the tem{)oral coordinate of a  =  tt/ 2 in the complex plane, such th a t the Euclidean
and Minkowski temporal coordinates are related by

= - i x l ' .  (A. 8)

The Minkowski metric is given by =  diag(—1, 1,1,1). W ith this metric, the scalar 
product of two 4-vectors x  = (ct ,x)  and p = ( E /c ,p )  is given by

px  =  p^‘Xf, = ĝ xuP̂ x'" -  - E t  +  px. (A.9)

The Dirac matrices in Euclidean space are related to their Minkowski versions via

7o^ =  - n o ^ ' 7 f  =  7 f -  (A .IO )

They satisfy the relations

(7 m  ) ̂  =  7 m 7 m 7 m  , {7m  > 7 m  } =  , (A . 11)

and their squares are

(7; ,) '  =  - I .  (A.12)

Finally, the relation between the covariant and contravariant versions of the Dirac



208 APPENDIX A. NOTATION AND CONVENTIONS

matrices in Minkowski space is given by

^0  ̂ M  ̂k  ̂ M  / 'AioN
7a/ — “ 7o ) 1 m  — Ik ■ (A. 13)

A . 3 G r o u p  T h e o r y

Here we collect all the concepts and notation of group theory appearing through 
the thesis. We denote by SU{N)  the special unitary Lie groups and by su{N) their 
corresponding Lie algebras. An element of SU{N)  is a complex, unitary matrix of 
determinant L

A group element U G SU{N)  is represented as the exponential of a complex, anti- 
hermitean and traceless matrix A G su{N)  as

(A.14)

which guarantees unitarity

U^U = l Û  = U - \ (A.15)

The most general matrix A  G sri{N) can be written as

^ 2 - 1

(A.16)

where a;“ are — 1 real parameters and are the N'^ — 1 generators of the algebra 
su{N).  The generators satisfy

[r,T‘] =  tr [r“T‘] = (A.17)

where are the totally anti-symmetric structure constants.

For the case of SU{2), the generators are usually constructed as
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where r “ are the Pauh matrices defined as

209

r  =
0 1 
1 0

0 - i
1 0

1 0
0 - 1

(A.19)

The generators of SU{3) are the constructed as

1
T “ = - \a .

2

w'here Xa are the Gell-Mann matrices given by

Ai —

Aa —

Afi —

At —

/  0 1 0 \
1 0 0

\ o 0 0 /
/  0 0 1 \

0 0 0

V 1 0 0 /
/  0 0 0 \

0 0 1
1 0 /

/ 1 0 0 ^
0 - 1 0

/  0 - i  0 \

\Q 0 0 /

VO 0 0 y

0 0 0

^ 0 0  0

(A.20)

(A.21)

An alternative basis to the su(3) algebra commonly used is the set of matrices Xa, 
which coincide with the Gell-Mann matrices A„ in all cases except for the two diagonal 
matrices, which read

V3
Xs — (A.22)

(A.23)

Another set of generators T" can be defined normalising the Xa matrices as,
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A .3.1 G r o u p  t h e o r y  f a c t o r s

In a generic representation of the group S U {N ) ,  the norniahsation of the generators 

is fixed by demanding that

K , T ^ ]  ^  (A.25)

where the structure constants have the same values in all representations. The 

normalisation of the trace in a generic representation Tti and the quadratic Casimir 

operator C 2 {TZ) are defined through

tr7̂  (T^T^) =  tr (T“T^) =  TnS^\ (A.26)

and

E  (A.27)
a

such that

Tn =  j^ ^ C 2 (Tl)d{R),  (A.28)

where d{Tl) is the dimension of the representation 71. The quadratic Casniir operator 

in the representation TZ can be computed from the Yoiuig tableau of the rei)resentation 

of S U { N )  through the formula

1 /  "* 2 \
C2(7 )̂ =  -  yiN  + Y^7ii{ni + 1 -  2i) -  ^  j , (A.29)

where n is the nvunber of boxes in the diagram, the range of i goes over the rows of

the Young tableau, m  is the number of rows and n, is the number of boxes in the z-th

row.

In table tab .(A .3.1) we collect the quantities d(JZ), T-ji and C 2 (̂ Tl) for the 2-index 

representations.

A . 3 .2  M a p p i n g  t o  2 - i n d e x  r e p r e s e n t a t i o n s

Starting from the fundamental representation of S U {N ) ,  other irreducible represen

tations can be obtained through the tensor product of vector spaces. The 2-index
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TZ d{TZ) Tn C'2(7^)
Fimdamental

Adjoint
Symmetric

Antisymmetric

N  
-  1 

N { N  + l ) / 2  
N { N  -  I ) /2

+ 
1

[ N  - l ) / 2 N  
N

C '2 (F )2 (iV  +  2 ) /( iV  +  l) 
C2{F)2{N - 2 ) / { N  + 1)

Table A .3.1: Group theoretical factors for the 2-index representations of SU{N).  

representations are constructed through

N { N - 1 )  N { N  + l)7V (g) TV = (A.30)

corresponding to the 2-index antisynniietric and 2-index symmetric representations, 

and
iV(8)7V =  l © i V 2 - l ,  (A.31)

corresponding to the trivial and adjoint representations. For 5/7(2) this will read

(A.32)
2(8)2 =  1 © 3, 

2(8)2 =  1 © 3,

where, since in S U (2) the fundamental 2 and antifundaniental 2 representations are 
equivalent, the adjoint and 2-index symmetric are the same representation with di
mension d{A)  =  c/(S) =  3, and the 2-index antisymmetric is simply the singlet repre
sentation. For SU{3),  the tensor product yields

3 (8 3  =  3 ® 6 ,  

3(8)3 =  1 © 8,
(A.33)

The antisymmetric corresponds to the antifundamental w ith d{As) =  3, the symmet
ric has dimension d{S) = 6 and the adjoint representation has dimension d{A) — 8.

To write elements U G SU{N)  in arbitrary representations we need the represen
tation function TZ which maps from the fundamental to a given representation TZ as

T Z : U ^ U ' ^ ,  (A.34)

For this purpose, we first have to define for each representation an orthonornial basis
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e^z for the appropriate vector space of matrices.

In the fundamental representation, the basis is taken to be formed by the anti- 
hermithean generators T^  constructed as follows. For each pair of integers 1 <  A: < 
I < N, we define two generators as:

/jJfc.+N _  { S m k ^ n l  +  ^ m l ^ n k )  i 

\  /  m n  Z

\ _ _ SmlSnk) ,
V /  mn Z

and for each 1 <  A: <  we define another generator as:

(A.35)

=  , (A.36)
fc+1 terms

The generators are normalized so that Tp =  1/2. For SU{2), the generators are 
Tp = T°‘j2,  where r “ are Pavili matrices. For SU{3), they correspond to Tp = A“/2, 
where A° are Gell-Mami matrices.

For the  adjoint representation we define the basis ca for the N  x N  traceless 
hermitean matrices to be

= a = l , . . . , N ^ - l ,  (A.37)
V-t F

For the 2-index symmetric representation the basis with i < j ,  for the N  x N  
symmetric matrices is:

^  > for i 7̂  j,
v 2  (A.38)

For the 2-index antisj^mmetric representation the base with i < j ,  for the N  x N  

antisymmetric matrices is:

^  -  ^jkki) ; where i < j.  (A.39)
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Finally, the maps TZ are given exphcitly by

=  2Trle^t/e^(/t]; a , 6 =  1 , iV" -  1, 

for the adjoint representation,

(A.40)

-
Uef^U^(n{S)u

for the 2-index symmetric representation, and

i < j, I < k ,  (A.42)

for the 2-index antisynuiietric representation. The group generators on a given rep
resentation are obtained by acting with the map TZ on the generators in the 
fiuidamental representation.

A . 4 M o m e n t a  o n  t h e  L a t t i c e

It is useful to define some expressions of the momenta which occur frequently in lattice 
calculations. Given a momentum variable p, we define

(f^)’ (A.43)

If boundary conchtions are periodic up to a phase 9, the phase usually enters expres
sions involving the momenta. Hence, we define

- 4 -  I

Pa =  P/i ±  T -
9„

(A.44)

Spatial momentum 3-vectors are denoted as

P =  { P l , P 2 , P 3 ) (A.45)

for which similar expressions as eq.(A.43) can be defined
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It is also useful to consider the squares

^ 2  ^  ~ 2  p =  2 ^ P k P k ,  P
k

A . 5  L a t t i c e  D e r i v a t i v e s

We define the lattice covariant derivatives acting on a field 'ip{x) transforming under
the color gi'oup. The covariant derivatives involve the link variables U^{x). For clarity,
we write the definition of the covariant derivatives acting on fundamental vectors. If 
other representations of the color group are considered, one should only replace the 
link variable Ufj^{x) with its associated link variable Uj^{x) in the representation TZ. 

The action on the right of forward and backwards derivatives is given by

S7^ij{x) =  -  [U^{x)il;{x + aji) -  i^{x)],
“ (A.48)

= -  [iPix) -  U^{x -  a f t ) ^ { x  -  a/x)] .

The action on the left is similarly given by

= -  \^ {x  + afi)U^,{x)^ -  i){x)] ,

_  « _  (A.49)
V* =  -  ^ { x )  -  i){x -  an)Ui,{x -  aft)] .

We can further define the symmetric lattice derivatives acting on the right and on 
the left as

^  (V^ +  V y  ip{x) = ^  [Uf,{x)ip{x +  afi) -  U^{x -  afiY'tpix -  ajj)] ,

-  1/t .  I  -
ip ix ) -  +  V* j  =  — \^{x  + afi)U^{xy -  ip{x -  afi)U^,{x -  afi)] ,

Finally, the covariant lattice version of the d ’Alembertian operator is given by

^  ^  + afi) + U^i{x -  a/i)V(a; -  a/i) -  ,

_  . . “l  _  _  (A.51)
' i p {x )V ly , ,  = ^  \tP{x  + afi)U^{x)^ + ip{x -  afi)U^{x -  afi) -  2i^{x)] .

fj-

"^PkPk-
(A.47)
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A . 6 M e a s u r e s

Here we collect definitions and properties for the Haar and the Grassmann measures 
used, respectively, in the gauge and the fermionic path integrals.

A .6.1 H a a r  m e a s u r e

Tlie Haar measure dU is the meeisure for integration over a continuous compact group 
G. It is invariant under left and right multiphcation with a group element V E G, 
i.e.,

When considering a gauge group SU{N),  the property eq.(A.52) ensures gauge in
variance of the measure in a path integral. The measure dU can be normalised as

where the subscript G denotes integration over all the group G. Let f{U)  be a 
function on an element U E G. Integration over G satisfies

where c is a normalisation constant to ensure that eq.(A.53) is satisfied, and g{uj) is 
a metric tensor in the group defined as

dU = d{UV) = d{VU). (A.52)

(A.53)

f  f { U ) d U=  [  f { V U ) d U =  I f {UV)dU  
J G  J g J g

and
/  f (U)dU  =  [  f{U' )dU 

J G J g

(A.55)

An explicit form for dU can be given for the special unitary group SU{N)  as follows. 
Let U = U{u) be a group element parametrised through the set of real numbers uj°‘ 
as in eq.(A.16). The measure is then given by

dU — C \ J det [p(o;)] (A.56)
a
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Since SU{N)  are compact groups, the parameters only need to be integrated over 
a finite interval for U (a;) to cover all group elements.

A.6.2 G r a s s m a n n  m e a s u r e

In the path integral formulation fermion fields are represented as anti-commuting 
rmmbers, called Grassmann numbers. A  set of Grassmann numbers r]i, i — 1,...,7V 
obey

Vi'ilj = ~VjVu (A.58)

This implies they are nilpotent, i.e., r]f = 0. Only polynomials can be functions of
Grassmann variables, since the power series terminates after a finite number of terms,

A = a + " ^  ail], +  ^  aijr]i7]j +  ... +  ai2...NihV2---VN, (A.59)
i i < j

with complex coefficients a, a,, a-ij, ..., ni2 ...N- The polynomials A  form the Grassmann 
algebra. Gra^jsmann numbers are the generators of the Grassmann algebra.

The rules of differentiation with respect to Grassmann variables are given by

d d
—  1 =  0, = h  (A.60)
Olh 07]i

and
d d d d d  5  w  /  • ^

% drij ~  ~

A Grassmann integral is a functional that takes polynomials A  in the Grassmann 
algebra to C J  d^T]A G C, (A.62)

where the measure d^r] is the product of the individual measures

d^ri = drji^driN-i...dri\. (A.63)

It is linear
J  d^T](XiAi  +  A2^2) — J  d^TjAi X2 J  d^riA2, (A.64)
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It satisfies

f  d ^ r ] - ^ A  — 0. (A.65)
J  O T)i

Tlie individual measures dr]i obey

j d r ] i l  =  0, JdT]iTii =  l ,  drjidrjj = -dr]jdrji. (A.66)

These properties imply

J  d^7]rjiri2...T]N =  1, and  J  d^i jA  ^  a i 2 ...N- (A.67)

The measure drji and the derivatives d/dr]i  obey the same algebraic properties.



r  i;̂ , ■-Ji'aŷ »-'''t.!:i ,.uuc*ijitji

I ' k • I
^ - ■ | \ ' T  i M ’ ,- : - "■ r ? \

S i ^



B
On the correlation functions in the SF and 

the %SF

Ferniion fields in the standard SF satisfy Dirichlet boundary conditions

P+'ip{x)\xo=o =  0, P_V'(a:)Uo=T =  0,

'ip{x)P-\xo=o =  0 , 'lp{x)P+\x^=o =: 0 ,

where P± = |(1  ±  70).

Assuming ■0 ' and -0 to be an isospin doublet satisfying the conditions eq.(B .l), 
the chirally rotated fields can be obtained in the xSF through a chiral non-singlet 
rotation

-ipix) =  R{a)ip{x), 'ip'(x) =  'ip{x)R{a), R{a) = exp(m 75r^/2). (B.2)

219
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For a = ■n/2 the rotated fields satisfy boundary conditions

Q+V’(.t) 1x0=0 =  0, Q_'0(x)Uo=r =  0,
(B.3)

i^{x)Q+\xo=o =  0, =  0,

with the projectors =  |(1  ±  7̂o75'^ )̂-

The boundary fermion fields (non-Dirichlet components) in both setups are given 
by the identification

C(x) = '0(O+,x), C(x) = ^ ( 0 + ,x ) ,

C'(x) = '0'(T_,x), C'(x) = '0'(T_,x).

The projectors P± and are not included here. They will be added explicitly to 
the definition of the boundary bilinears for the correlation functions.

Correlation functions in the SF and the ^SF are related by transforming the fields 
through R{a)

m ,  9 1 )sf  =  (C’|i?(7T/2)^, V^;?(„/2)]>,sf,

(0|</>, ii\)xSF =  (0|iJ(-ir/2)V >, Vi/f(-Jr/2)l)sF,

All the correlation functions considered through this thesis involve fermion bilinears. 
The list of all possible fermion bilinears is given by

K /' (a-0 =  -0 '̂ {^), (-x’) =  (x),

S h f i ^ x )  — = '0^*(a')75'0'^^(a;), (B .6 )

= 'tp̂ ' ffy^{x) = (x)75icr̂ V̂'-̂ (̂a;),

where explicit flavor indices are used instead of the usual labelling through the gen
erators of the flavor group.

The rotation eq.(B.2) is sensitive to the flavour content of the fermion bilinears 
used to build the SF correlation functions, so for every SF correlation function one 
obtains a family of ^S F  correlation functions with different flavour specifications. The
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fermion bilinears in eq.(B.6) transform under the rotation eq.(B.2) as

z/

L i s t  o f  b o u n d a r y  b i l i n e a r s

Here we give a list of the boundary bilinears appearing in the SF and the xSF for
mulations. Note the explicit subindex “± ”. The subindex “+ “ denotes the boundary 
o])erators which have been constructed with the standard choice of projector. The 
subindex ” denotes the boundary operators constructed with the opposite projec
tors. Correlation functions built with the ” —” operators must vanish if homogeneous 
bomidary conditions for the fermion fields are satisfied in the lattice construction.

B o u n d a r y  b i l i n e a r s  f o r  t h e  s t a n d a r d  SF  

B o u n d a r y  a t  xq =  0:

o l f  = j
=  /  d\jdh(,,{yh,P^Ct,i^Y

(B.7)

B o u n d a r y  a t  xq =  T :

J  d ^ y c P z ( ' j ^ { y ) ^ 5 P ^ C h i ^ ) ,

[  d̂ yd̂ zC'f̂  (y )7i.-̂ TC/2 (z) •
(B.8)
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B o u n d a r y  b il in e a r s  f o r  t h e  x S F

The transformation that takes to the chirally rotated basis is sensitive to the flavour 
content of the bihnears. Hence, we must account for the different flavour combinations 
that one can have.

B o u n d a r y  a t  x q  — 0.

Operators rotated from O^:

2r± = '̂  I  <̂ '̂ y(f̂ <uiyhoibQTCu{z),

Qt% = ± /  d ŷd ẑCa{yhoi5Q±Q{z),
/  _  (B .9 )

Q l %  =  J  d ^ y d ^ z C u { y ) l 5 Q ± C d { z ) ,

Q t ±  =  j  d V ^ d i y h ^ Q T C u i ^ ) -

Operators rotated from Ok-

QZ± = J  d^yd^zCMlkQ^Cu{z),

Q k %  =  f  d ^ y d ^ z C a { y h k Q ± Q { z ) ,
_ (B.IO)

Qk% =  c?^yc^^^C«(y)7o7fc<5 ±Cd(z),

Qt± = ^J dVzCdiyhoikQ̂ :Cuiz)-
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B o u n d a r y  a t  xq = T.

Operators rotated from 0'^\

=  ^  J  d ^ y d ^ ^ t u i y h o i b Q ± V u i ^ ) ,  

Q ’t±  =  ^  J  d ^ y d ^ z C ' d i y h o l b Q ^ r f a i z ) ,

QtX =  j  dVzC'uiyh5QTVdi^)^

Q 't± = I  dV< diyh^Q ±< {^)-

Operators rotated from

Q ' k X  =  J  d V ^ t u i y h k Q i C M ,  

Q k %  =  J  d ^ y d ' ^ z Z i i y h k Q T C d i ^ ) ,

QkX =  T  y  d-hjcPztiyhoikQ̂ a )̂, 

Q £  = =F j  dhjd^zC'aiyholkQ^Ci^)-

(B .ll)

(B.12)

L is t  o f  c o r r e l a t io n  f u n c t io n s  in  t h e  S F  a n d  t h e  x S F

The following is a list of the different correlation functions we will consider in this 
work. The Wick contractions are done leading to an explicit expression ready to be 
evaluated. For the sake of clarity in the discussion of chapter 5, we have avoided the 
±  subindex there. Whenever the subindex are absent in a correlation function we 
understand that this has been constructed with the standard choice of projector, i.e. 
we define fx,+ =  f x ,  and similarly for the other correlations. We only write the ±  
index explicitly here in the appendix.
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C o r r e l a t i o n  f u n c t i o n s  in  t h e  SF

The boundary to bulk correlations are

/ a-.±(x„,p ) = 2  E
y . z

(Tr a, y)Uo{0, yyTo^^^Uo{0, z)S{a, z; x )rx } ),

and

iY.±(x„,p)
fc=l y ,z

(Ti- {5(x; a, y)t/o(0, y ) tro , ^t/o(0, z)5(a, z: x ) ry ,}).

The boundary to boiuidary correlation functions are

/ i = ^  ^  e*P("-"V‘i(^ -^ ) (T r{ t /o (0 ,z )5 (a ,z ;T -a ,u )C /o (r -a ,u )
u ,v ,y ,z

ro',+ f̂ o (7" -  a, v)S'(T -  a, v; a, y)Uo{0, y)ros.+ }),

and

e*P(“- ’') e '^ (y -" ) (T \ - { t /o (0 ,z )5 (a ,z ;T -a , i i )C /o (T -a ,u )
k u ,v ,y ,z

r o i ^ U i i T  -  a,^,)S(T -  a, v ;a .y )f/„ (0 ,y jF o .,, }),

(B.16)

C o r r e l a t i o n  f u n c t i o n s  in  t h e  x S F

In the xSF, in practice, one can avoid the calculation of disconnected diagrams by 
considering a partially quenched setup with four flavours by replacing the quark 
doublet via
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This way, it is possible to consider correlation funtions of the same flavour type with
out having flavour singlets. In this situation, the Pauli matrix must be upgraded 
to

 ̂I2 (g) =  d iag(l,- 1 ,1 , - 1 ) .  (B.18)

The projectors will read

Q±
N f = 2

=  diag(Q±,Q:F), =  diag(Q±, Q±, Q^), (B.19)

with

<5± =  2 (1  ± * 7075)- (B.20)

The boundary to bulk correlation functions are given by

k{5(:I0.P) E
y>z

(Tr |5(a-;a,y)/2/2f^o(0,y)^rg^'^C/o(0,z)5(a,z;a;)/,/,rx|),

and

=5 EE®"”’''"’
k = l  y ,z

(Tr {5(x; a, y),,,,Uo{0, y)'rg'ltl7„(0. z)S(a, z,x) , , , ,  T,-,

(B.22)

The boundary to boundary correlation functions are given by

u ,v ,y ,z

F/2/1 f/J(T -  a ,v)S(T  -  a, v ;a ,y )/.,.( /„ (0 ,y )r^ *  }),
(B.23)

and

1 ^
'1 ’ = e E  E  e'‘><'-''>e'‘‘'>'-'>(Tr{C/„(0,z)S(o,z;r-a,u);,,.l/„(T-a,u)

fc=l u ,v ,y ,z

r“  C/„'(r -  a,v)S(T -  o,Via,y)^,,.t/o(0,y)rg* }),
(B.24)
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L is t  o f  c o m b in a t io n s  o f  g a m m a  m a t r ic e s

The spill matrices that can be inserted in the bihnear operators for the bulk are the 
following.
For Tx:

r . .  =  7075, =  70.

Tp =  75, Ts  =  I

For Fy,
^V k= lk ,

=  iCTfcO, =  hbf^kO-

The spin matrices for the standard SF boundary operators are

Tos.i =  =  Ap75,

Tofc.i =  r7fc>

The spin matrices that can be inserted in the boundary operators for the xSF are

(B.2G)

(B.27)

rS*.,* =  ± 7 o75<3t , r " ^  =  ± 7 o75 Q ± .

r g , *  =  7 5 <3 ± ,  =  7 5 0 ^ .

and
fdd

(B.28)

=  =F7o75<3±, =  T 7 o75<5t >
■^fud T^idu

(B.29)
r a L - 7 5 Q : p ,  F ' - ^ = 7 5 Q ± .

Finally, the spin matrices to be inserted in ^SF boundary operators with an open 
spatial index are

r Q L = 7 » Q T .  r g ^  =  ± 7 i < 3 ± ,

=  ±7„7tQ±, =  ±7o7/c<3t ,

and
rSL = 7»a±, rgf  ̂ = 7iQT.
Fq^.^ =  T7o7fcQT> ^Ok± ~  T7o7/cQ±-

(B.30)

(B.31)
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L is t  o f  2 - p o i n t  f u n c t io n s

Here we provide with a hst of the 2-point functions necessary to calculate the corre
lation functions considered in this thesis.

bPi^K{y)]F =  5 (x ;a ,y )f/o (0 ,y)^

['*/'(-'̂ )̂?(y)]F =  S{X]T -  a,y)Uo{T -  a,y),

[C(x )V'(|/)]f  =  ^7o(0 ,x )5 (a ,x ;y) ,

[C'(x)^/'(y)]F =  Uq{T -  a,x . yS{T -  a,x.]y),

[C(x)C(y)]F =  /7o(0 ,x)5(a,x ;a ,y)t/o (0,y)^

[C(x)?(y)]F =  C / o ( 0 , x ) 5 ( a , x ; T -  c , y ) f / o ( r -  a , y ) ,  

[C'(x)C(y)]F =  t / o ( T - a , x ) t 5 ( T - a , x ; a , y ) ^ 7 o ( 0 , y ) ^  

[C(x)C(y)]F =  Uo{T -  a,:>i)^S{T -  a,yi-,T -  a,y)Uo{0,y),

(B.32)

X y,
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Contribution to g from fermions in the 
XSF

In this appendix we give details on the calculation of the ferniionic contribution 
P i,i(L /a) to  the one loop SF couphng in the xSF. This discussion follows very closely 
th a t fovuid in Appendix A of [80]. There the coefficient pi^i{L/a)  for the standard  SF 
was calculated. We have recalculated it as well as a check of our calculations and to 
have an idea about the quality of our numerical da ta  compared to the known results 
in [80].

Moreover, we consider the derivatives

d d
^ ^ P i , i ( V « )  and — p i,i(L /a ), (C .l)

which are needed to study the sensitivity of the 1 loop SSF Ei_i(L/a) to the param 
eters iriQ and 2 /  of the x^F . As we will show below, the derivatives eq.(C .l) can be 
computed simultaneously to p ij(L /a ) .

Finally, we comment on the modifications needed to compute pi_i(L/a) for fermions

229



230 AP P E N D IX  C. CO NTRIBU TIO N TO FROM FERMIONS IN  TH E xSF

transforming under representations of the gauge gi'oup other than  the fundam ental

C . l  D e t e r m i n a t i o n  OF p i^ i ( L /a )

The contribution of the fermions to the 1-loop couphng p i j ( L /a )  is given in terms of 
A 2 in eq.(6.10).

Here we s ta rt our calculation from eq.(6.29), where the coefficient p i j { L /a )  is 
expressed as a sum of contributions from the different subspace at fixed color and 
spatial momentum. For clarity, we recall here eq.(6.29),

1 3 0
P i,i(L /a) =  ^  ^  — I n d e tP s . iK ,? )  ■ (C.2)

^ Tic=l p ri=Q

The com putation of d e i V ^ i  can be performed following the recursive technique 
introduced in appendix C of [23] for quadratic operators and extended to linear oper
ators in [80]. We review this argument here and to adapt it for the ^SF setup. Note 
tha t while for the standard SF the flavour structure is trivial [80], we have to take 
full care of it in the present calculation.

The reduced operator V^ i acts on functions /(xo) as a finite difference operator 
in time for the interval [0,T] (see eq.(4.97)), where /(.Tq) have spinor and flavour 
components. One can write the action of i as an infinite volume operator acting 
on functions for all times as explained in section 4.3.6. For this, the functions /(xq) 
must be extended outside the interval [0, T] requiring them to be zero always except 
within [0,T]. Moreover, one has to supplement them with the syntactic extension 

eq.(4.98) wdiich in term s of /(.Tq) will read

/ ( - a )  = -i7o75T"/(0); / ( T + a )  =  !7o75T=>/(r)^ (C.3)

This extension encodes the action of the operator on the functions /(xq) close to 
the boundaries in a lattice with an offset —a/2. For now until the end of the  section 
we set xq = t  and consider lattice units a = I

After doing the extension to all times, the infinite volume operator acts on f { t )  as

( ^ 5 ,1 / )  (t) = - 7 5 r ^ P - / ( i  +  1) +  -f5r'^h{t)f{t) -  7 5 r^ P + /( t  -  1). (C.4)
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The function h(t) is given by

h(t) =  1 +  mo + ^ ^  qk( t f  +  iqk(thk

—  (1  —  ^t,0 — ^t,T)-CsW'y0'ykP0k
(C.5)

+  ( t̂,o +  ^t,T) {zf — 1) +  z {ds — l)qk{t)

where we make use of the lattice notation

qk{t) ^ u t  + rk, 

qk{t) = sin qk{t) (C.6)

qk{t) = 2 sin for fc =  1, 2, 3,

and

~ /^^ r-k =  Pk + 4> njL . (C.7)

Moreover, pok = isinu; independently of the sj)atial direction k. Note that at the 
boundaries t = 0 and t = T,  the function h{t) contains the contribution coming from 
the boundary improvement countererms and that the term proportional to csw is 
absent there. For a one loop calculation the fermionic bounary coefficients Zf and ds 
ae only required to lowest order, and thus we set,

The Csw coefficient is set to either 0 (to exclude the clover term from the action) or 
to the tree-level value csvj =  = 1.

Following [23, 80], for calculating det the starting point is to consider the
eigenvalue equation

The functions f{t)  satisfy the flavour diagonal conditions eq.(C.3). If we multiply the 
eigenvalue equation by 'y^r^ from the left we obtain,

Z{ = Zf^^ = 1 , ds  =  d^°^ =  1/ 2 . (C.8)

(C.9)

(C.IO)
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where I>w and are the Dirac operator and counterterins acting at fixed color 
and momentum. We observe that the flavour components decouple for // =  0, which 
is the case of interest. In fact, is only kept non-zero in order to obtain the correct 
normalization of the characteristic polynomial and thus the determinant. Before 
setting // =  0, we must keep track of the non-trivial flavour structure all the way 
through the following discussion.

At this point it is possible to write eq.(C.4) as a first order relation. Although i
seems to act as a second order time difference operator, the first order structure of
eq.(C.4) can be recovered by introducing a new function F{t),^

F{t) =  P_f( t)  +  P+f{t  -  1), i ) < t < T + l -  (C .ll)

which, as a consequence of eq.(C.3), satisfies the boundary conditions

Q+F(0) = 0, (C.12)

g _ F ( r + !) =  (). (C.13)

In terms of F{t), the eigenvalue equation eq.(C.9) can be written as a first order 
recursion relation on F{t), which reads

F { t + l ) ^ A { t ) F { t ) ,  (C.14)

with

A{t) = {P_ [/? -  a(f)^ +  /i75T  ̂{ck{t)^k ~  bk{thk + 1)

Ckith'k {bj{t)^j -  1)] (C.15)

P+ [bk{t)^k -  /^7s -  1]}

^The functions F{t )  have spin an flavour components, just as f{ t ) .
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where a{t), bk{t) and Ck{t) are scalar functions of t given by

1 ^
(t) =  1 +  mo +  -  ^  qk{tT +  î t.,0 +  ^t,r) (zf -  1)

A:=l

b k { t )  — z [1 +  {Stf i  +  S t j ' )  {(is — 1)] q k { t )  “  2  ~  ~  c s w P o k   ̂ ^

Cfc(t) =  ?'[! +  (5f,o +  St^r) ( d s  — 1)] Qk{ t )  2  ~  ~  c s w P o k

The function F{T  +  1) after T +  1 iterations starting from an arbitrary prescribed 
value for F(0) is unique and depends linearly on F{0) through

F{T  +  1) =  A{T)A{T -  1)...A{Q)F{0) (C.17)

The boundary condition eq.(C.12) imi)Hes that

F(0) =  Q^S-, (C.18)

S  being an arbitrary spinor and flavour doublet. The other boundary condition 
eq.(C.13) implies that

Q^A{T)A{T -  1).. .A{0)Q_S = = 0; (C.19)

where M is a (2 x  4) x  (2 x  4) matrix in the subspace defined by the projector

Q -

In order to have a solution for eq.(C.19) for an arbitrary S,  the determinant of
M^ {n )  must vanish. Following the reasoning in [23], we can relate the determinant
of T>5 i to the determinant of  through

t = T

det ( ^ 5 ,1 — i-L̂  = det __ n (“ (')) (C.20)
t=0

In practice, the terms a{t) multiplying the determinant of  can be avoided
by defining the matrix

B{t) =  a{t)A{t) (C.21)
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and solving the recursion

F { T  +  1) =  B { T ) B { T  -  1)...j5(0)F(0) =  A^(/x)F(0) (C.22)

Again, the boundary conditions eq.(C.12) and (C.13) imply tha t

Q _ M {f i )Q -F {0 )  =  M { f i f _ F { 0 )  =  0. (C.23)

For simplicity in the following calculation it is convenient to write the matrix 
in term s of the P_ projectors. The two projectors and P_ are related through a 
unitary transform ation

= P_, where f/ =  (1 -  i r ^ ) / v / 2 .  (C.24)

Hence, eq.(C.23) will read in the F_ basis

P _ (l +  -  ir^'y5)P-F{0) = M'l_{fi)F{0)  =  0. (C.25)

Finally, for /i =  0 one finally obtains

det =  detA^L^J(O). (C.26)

However, as we have observed before, for /j, = 0 the two flavours decouple in 
eq.(C.9), such th a t the evaluation of eq.(C.26) accounts to consider the two flavours 

separately. Moreover, the hermiticity of 75 T̂ X>w implies th a t the Dirac operator is 
composed by two blocks

Dw =  d i a g ( p £ \ D g ) ) ,  (C.27)

with the operators for each flavor related through

(C.28)
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Hence, the determinant can be written in terms of a single flavour by

det (I>w +  mo) =  det det ( v[y  +  mo

= det +mo^  + mo^

=  det +  mo^ , (C.29)

It is thus possible to express eq.(C.26) in terms of a single flavour through

det — 2 det ^ ^ 5 ^ =  2det (C.30)

where V 5 = 7 5  (v[^^ + The matrix M  =  A^^^_(0), which is defined
for a single flavour, is constructed as in eq.(C.2 2 ) and (C.23) but with B{t) being 
trivial in flavoiu’ and with the projectors Q_ for a single flavour. The bar in A4 
denotes reduction in flavour space.^

Taking Nj  = 2 in eq.(C.2), the ontribution to pi,i at fixed color and momentum is 
given by

j;i,i(L/a)|„^ p = -^S^lndetPs =  ^T r ^ . (C.31)

At this stage the problem is reduced to calulate the trace in the right hand side of 
eq.(C.31). The trace involves the evaluation of the inverse and the derivative of a 2  x 2  

matrix. Calculating the inverse is a trivial task. For calculating drjM. we consider 
the derivative of eq.(C.22) (for a single flavour). Shice dj^Fifi) = 0 then dj,F{T + 1) 
is Ihiear in F ( 0 )

d„F{T  + 1) =  d„ {B{T)D{T  -  l). . .B{0)) F{0) = { d , M )  F(0). (C.32)

One can then extract Ai  and djjAd by simultaneously solving the 2  coupled recur
sions

F{t  +  l) =  B{t)F{t) ,  

dr,F{t  +  1) =  {dr,B{t)) F{t) +  B{t)dr,F{t),

using 2  linearly independent starting choices of F ( 0 ).
___p

^Due to the projectors P_, A4 (/i) is simply a 2 x 2 m atri the components of which are the
lower right components of the 4 x 4 matrix
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C . 2  D e t e r m i n a t i o n  o f  a n d  dzPi^i

In order to determine the sensitivity of S to the Zf and ^ =  Lirto parameters one 
needs to evaluate the derivatives

dxPi,i, x=^z f , z .  (C.34)

This can be done by extending the calculation of pi j .  The contribution of a partic
ular momentum and color sector to the derivative of with respect to a parameter 
X can by evaluated by differentiating eq.(C.31)

—  —  IndetP s =  Tx d ^ M +  • (C.35)

The derivatives and second derivatives of A i  can be obtained by applying Leibnitz’s 
rule for the product of matrices in the recursion eq.(C.32). Sincc dxF{Q) — 0 then 
dxF{T +  1) and dx,iiF{T +  1) are linear in -F(O) such that

S ,F ( T + 1 ) =  (S,:M )F(()).
  (U.3d)

dx„F{T + l) = {dx,r,M)F{0),

For determining the derivatives and second derivatives of A i  with respect to x  and 
/X, it will be necessary to solve simultaneously the 4 coupled recursions

F{t + l ) ^ B{ t )F { t ) ,  

dr,F{t + 1) =d,{B{t))F{t) + B{t)d,{F{t)),

d,F{t  + 1) =dx{B{t))F(t) + B{t)dx{F{t)), (C.37)

dx,r,F{t+l) =dx„{B{t))F{t)+dx{B{t))d,{F{t))

+ dr,{B{t))dx{F{t)) +  B{t)dx,,{B{t)),

starting from 2 independent conditions for F{0). The problem is hence very similar 
to the standard calculation of p ij(L /a )

Since we are interested in the derivatives with respect to the 2 parameters zj
and mo, a total of 6 coupled recursions have to be simultaneously solved following
eq.(C.37).
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C . 3  C o n t r i b u t i o n  t o  pi^i f r o m  n o n - f u n d a m e n t a l

FERMIONS

The generahsatioii of the calculation of p i,i(L /a) to fermions transforming under 
arbitrary representations is straight forward. When considering non-fundamental 
fermions, the Dirac operator is upgraded to the desired representation simply by

7?,. Explicit mappings to construct the 2-index representations are given in appendix 
A.3.2. The upgrade only affects the color structure of the Dirac operator, and the 
factorisation in momentum space is left intact.

We desire to decompose the eigenfunctions of the Dirac operator such that

where now Un̂  is the canonical basis in color space with components running from 
Tie = 1, ...,d(JZ). bi this way, the computation of pi,i factorises as in appendix C.l 
down to the evaluation of at fixed color and momenta. If the Dirac operator
in an arbitrary representation TZ is not diagonal in the upgraded color structure, it can 
always be diagonalised by means of a gauge transformation. One can then compute 
the ferniionic contribution to the coupling through

replacing the link variables U^{x) by their counterparts U^{x)  in the representation

(C.38)

(C.39)

which is an identical calculation to the discussion of appendix C .l, with the difference 
that the color sum will run through more color components.
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D
Argument for automatic 

0(a)-improvement

In th is appendix we review the argument for which massless Wilson fermions in a 

finite volume w ithout boimdaries are autom atically 0(o)-iniprovemed [21], and the 
reason for why it fails in the presence of SF boundary conditions.

Consider Wilson quarks in the massless limit, which is obtained by tuning the bare 
quark mass to  the critical value mo =  rric. Cutoff effects can be described through 
Symanzik’s effective continuum action is

In the chiral limit, and restricting only to on-shell quantities, the only term  appearing

‘S'eff — *50 +  ciS\ +  S 2 +  O(a^), (D .l)

w ith -S'o being the massless QCD continuum action

5o =  -
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(E.6)

ill is

S i  =  i c i  J  d ‘̂ x ^ p { x ) a ^ ^ F f , „ { x ) ^ l ; { x ) .  (E.3)

The effective description for a composite field reads

Oeff =  O0 +  aC i +  O(a"). (E.4)

Given an operator Ogfr constructed as a product of effective fields Oeff, a renormalized
correlation function is expressed as

(Oeff) =  (Oo)o — o (5 'iO o)o  +  a ( O i ) o  +  0{â ), (E-5)

where (-)o denotes the expectation value taken with the action 5q, and

0 0  =  Oo{Xi)...Oo{Xn),
n

0 1  =  '^Oo{xi)...Oi{xk)...Oo{x„).
fc=i

Consider the 75 transform ation

4) — )■ 7 5 ^, 'ip —  ̂ -'075- (E-7)

The continuum action Sq is chirally invariant and hence the 75-transformation b a 
symmetry of the continuum action. The 5 ] term , however, picks up a — sign

7= : ^  S„,

75 : Si  —  ̂ - S i ,

Since (75)^ =  I, any composite field Oeff will be the combination of 2 parts 0 |̂ ®" tnd 
Oeff*̂ , even and odd respectively under the 75-traiisformation,

■   ̂ Q ev en
75 • '-^eff  ̂ '^eff )

. ^odd 75 ■ O^fj — > -Ogff ■

Assuming th a t the measure is invariant under 75 transformations, a correlation func-

(D.9)
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tion of an even composite field must be even

75;(o:n-^(o:r)- (d.io)
The leading term  in eq.(D.5) is obviously 75-even. The second term, however, as
is 75-odd and Oq is 75-even, must be 75-odd. Moreover, the 0 (a) counterterm O i of
a 75-even field is 75-odd, and vice versa. Hence, the first term s in eq.(D.5) for
a 75-even field transform as

7 s  : (O o )o  —  ̂ (O o )o ,

75 : (■S'iOo)o — > —{SiOo)o, (D-11)

75 : (O])o — >■ -(O i)o .

Since the full correlation function is even (see eci.(D.lO) then

(5,Oo)o =  - ( 5 iO o ) o ,  ^  (5 i0 o ) o  =  0

( O i ) o  = ~ ( 0 ] ) o i  ( O i ) o  =  0.
(D .12)

so tha t correlation fimctions of 75-even fields are simply

{ O i r )  = (0o)o + 0{a^). (D .13)

Hence, correlation functions of 75-even composite fields have a finite continuum limit
and have corrections of order 0{a?). On the other hand, for a 75-odd composite field 

one finds the transformation properties

7s : (Oo)o — > “ (C)o)o)

75 • ('S'iOo)o —  ̂ + ( 5 ' i O o ) o ,  (D -1 4 )

75 • ( O i ) o  — + ( O i ) o .

Thus, correlation functions of 75-odd fields will be given by

= - a ( 5 iOo)o +  a(O i)o. (D .15)

Correlation functions of 75-odd fields are pure cutoff effects which vanish in the con
tinuum limit.
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Automatic 0 (a) improvement does not mean that 0(a)  effects are absent, but 
rather that they are contained within 7 5 -odd observables. In fact, 7 5 -eveu observables 
receive only even powers of a, while 7 5 -odd observables receive only odd powders of a.

The situation is different in presence of SF boundary conditions. The boundary 
conditions for the fermions involve the projectors

^ + i ’(x)lxo=o =  0 ; P - t/;(x )I^,=t  =  0
_  _  (D.16)
'lp(x)P- |o;o= 0  =  0; 1p(x)P+ \x o = T  =  0

The projectors P±, however, do not commute with 7 5 . Instead,

P±l5 =  15Pt - (D.17)

The non-Dirichlet components of the fields at the boundaries appear in the action as 
explicit chiral symmetry breaking terms

(D.18)

x o = T

which break down the argument for automatic 0 (a)-iniprovement, since the 7 5  trans
formation is not a synnnetry of the continuum action any more.

In order to render automatic 0(a)-improvement in the SF, one should modify both 
SF boundary conditions and the basic 7 5  symmetry transformation so that

7 5 ,-Pi =  0, (D.19)

where % and P± are the modified transformation and the modified projectors. In this 
situation, one can separate composite operators into a -^-even and a -%-odd part and 
repeat the previous arguments. This is the starting point for the ^SF formulation.



E
Tables

In this appendix we collect a set of tables with the raw data used in different contin
uum extrapolations in chapters 5, 6 and 7. We first collect the values at finite lattice 
spacing for the one loop coefficients miP and evaluated both at Csw = 1 and 
csw = 0. We then provide a set of tables with the values of the fermionic contribu
tion to the one loop coupling i in the ^SF, for the different representations of the 
gauge group studied in this thesis.
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E . l  T a b l e s  f o r  t h e  1 l o o p  c r i t i c a l  m a s s  m c ^ \ L / a )

L /a m^P{L/a) /cm
<̂ sw=i

rrSc\L/a) /C2{n)
<̂ sw=0

6 -0.20521519082593309 -0.31994335561538961
8 -0.20270516513645237 -0.32379382110998484
10 -0.20259569955818224 -0.32489257113907277
12 -0.20257077916164515 -0.32532297045662734
14 -0.20256297140220850 -0.32551942548036195
16 -0.20255985813386523 -0.32561787134839931
18 -0.20255840316415641 -0.32567037659027154
20 -0.20255764737506918 -0.32569955591464544
22 -0.20255722430466488 -0.32571616304772005
24 -0.20255697387151095 -0.32572567959937992
26 -0.20255681904544462 -0.32573105735317515
28 -0.20255671994510277 -0.32573395737954791
30 -0.20255665469613898 -0.32573534837026952
32 -0.20255661072519415 -0.32573581183233336
34 -0.20255658051804537 -0.32573570507691868
36 -0.20255655943374232 -0.32573525172413320
38 -0.20255654452389421 -0.32573459366516988
40 -0.20255653386911210 -0.32573382176812232
42 -0.20255652619289868 -0.32573299448192627
44 -0.20255652063020635 -0.32573214935582295
46 -0.20255651658498855 -0.32573131030833152
48 -0.20255651364051444 -0.32573049228999673

Table E.1.1: Values at finite lattice spacing for m^c\L ja ) / C2 {'R), evaluated at 0 =  0, for 
csw = 1 and csw =  0.
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E.2 T a b l e s  f o r  t h e  1 l o o p  c o e f f i c i e n t  z f \ L / a )

L /a z^p{L/a) , /C2[n)
g““'=0

z f [ L / a )
g“d=0

z^p{L/a) , IC2{n) =0
6 0.17383528686449767 0.17578831085117252 0.17480304566487481
8 0.16711129494238922 0.16788782949699255 0.16749073659019922
10 0.16720607933556930 0.16759454217930891 0.16739501278456559
12 0.16730476302801600 0.16752719333158739 0.16741284918744692
14 0.16737492923099165 0.16751418599667048 0.16744260500341213
16 0.16742327912725366 0.16751620889931695 0.16746844616782533
18 0.16745734834134662 0.16752242082838009 0.16748897219031522
20 0.16748208549710752 0.16752940255482751 0.16750507198420775
22 0.16750055992510673 0.16753602791780423 0.16751777968591999
24 0.16751470170384677 0.16754196179276271 0.16752792582415665
26 0.16752575958092564 0.16754715556690106 0.16753612885326463
28 0.16753456606929931 0.16755166191294404 0.16754284209964387
30 0.16754169193404025 0.16755556350289735 0.16754839882429096
32 0.16754753847881657 0.16755894547414263 0.16755304639105129
34 0.16755239427039514 0.16756188544695674 0.16755697060754482
36 0.16755647100252213 0.16756445070047210 0.16756031279202466
38 0.16755992676922873 0.16756669819938219 0.16756318174342510
40 0.16756288153785226 0.16756867565897027 0.16756566220400337
42 0.16756542765995966 0.16757042287834700 0.16756782090211431
44 0.16756763715608081 0.16757197303502028 0.16756971091916206
46 0.16756956685606553 0.16757335382927788 0.16757137488270327
48 0.16757126208792528 0.16757458845442486 0.16757284733004066

Table E.2.1: Values at finite lattice spacing for z ^ \ l / a)/ C2 {'n), evaluated using different 
improvement conditions and with the parameters Csw =  1 3nd 0 =  0.
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L/a z^p{L/a) , /C'2(7^) 
=0

z f \ L / a ) , /C2{n) z^p{L/a) , /C2{TI)
g;>“ =0

6 0.30165487691008419 0.32348266126791775 0.31288312280674513
8 0.31437001130402686 0.33247202171417173 0.32357589883649657
10 0.31925979932613152 0.33460006417710941 0.32702238532427802
12 0.32182478494078276 0.33509447957445887 0.32852231920179920
14 0.32338534259669860 0.33506045244917410 0.32926910156449868
16 0.32442427980271260 0.33483912917255104 0.32966775122107306
18 0.32516051522381639 0.33455660870498694 0.32988784604033050
20 0.32570690633225974 0.33426350683692441 0.33000972078934293
22 0.32612709151754787 0.33398054215152939 0.33007481425053747
24 0.32645947181709767 0.33371570792931937 0.33010590215639146
26 0.32672849045237395 0.33347136628893104 0.33011613193781386
28 0.32695039385455882 0.33324737203960014 0.33011339174146587
30 0.32713637367848231 0.33304250845898059 0.33010256126152271
32 0.32729437503689152 0.33285516307424867 0.33008673281373735
34 0.32743018493256587 0.33268364644610676 0.33006790284509352
36 0.32754811288120500 0.33252633825395167 0.33004737799369810
38 0.32765143070795766 0.33238174845161339 0.33002602100413458
40 0.32774266495689380 0.33224853661894027 0.33000440366451583
42 0.32782379623475943 0.33212551115623873 0.32998290412234527
44 0.32789639815835958 0.33201161933117795 0.32996177005330729
46 0.32796173613825363 0.33190593377723321 0.32994116037896865
48 0.32802083886419897 0.33180763824784787 0.32992117323206926

Table E.2.2: Values at finite lattice spacing for z ^ \ l / a)/ C2 {Tl), evaluated using different 
improvement conditions and with the parameters csw = 0 and 0 = 0.
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E . 3  T a b l e s  f o r  t h e  1 l o o p  c o u p l i n g  pi^i(L/a)

L/a Pi,i(L/a) SU{2)i.

6 -2.838305267080440603200870329316970£; -  0002
8 -2.946500990540234199275119344246290E -0 0 0 2
10 -3.071385149801776768484915384940230E -0 0 0 2
12 -3.188063950920156412030748257668610E -0 0 0 2
14 -3.293624239920124289016342534869770E -  0002
16 -3.388915684500859319750817572435240E -0 0 0 2
18 -3.475343148305483895757647837539670£; -0 0 0 2
20 -3.554223222629021196878685971535030E -0 0 0 2
22 -3.626668196910776141017735183717330£; -  0002
24 -3.693592178303065502983949813816340£; -  0002
2C -3.755742871680602180510910208827640E -  0002
28 -3.813734127538506821546237632161570£; -  0002
30 -3.868073403454466789361765045443270£; -  0002
32 -3.919183592453869371186449942988680E -  0002
34 -3.967420031471583563673488875824890E -  0002
36 -4.013083697068564668838620003324990-B -  0002
38 -4.056431470019790026529663119889470£; -  0002
40 -4.097684166811356195195672430042890£; -0 0 0 2
42 -4.137032870140576292140073466167690E -  0002
44 -4.174643958334966053983140719780340E -  0002
46 -4.210663133296338825032567354704780E -0 0 0 2
48 -4.245218671925743281217197662133780E -0 0 0 2
50 -4.278424070788799047533549565562080E -  0002
52 -4.310380212964162294591414377396970£; -  0002
54 -4.341177155724153523474086148746770J5 -0 0 0 2
56 -4.370895615087720965548591837670360£; -0 0 0 2
58 -4.399608206301140598289590339528170J5 -0 0 0 2
60 -4.427380486451606822422946855518280£; -  0002
62 -4.454271835625884537136261118910000£; -  0002
64 -4.480336205508755468761969732107200£; -  0002

Table E.3.1: Values a t  finite latt ice spacing of  th e  one loop contr ibut ion the  th e  coupling 
P i j ( L / a )  for the  fundannental representat ion of  SU{2),  with the  parameters  Csw =  0 
0 =  0 .
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L/a P i,i(L /a) 5 ^ (2 )^

6 -0.118456203904716327226061717511139
8 -0.115481305132688080034343323578017
10 -0.118058906973003583139660705134905
12 -0.121823733079375891640292473706251
14 -0.125640023171713250337955789039466
16 -0.129235085540358666368448152139907
18 -0.132561618424105959473417481363459
20 -0.135631285894214317963866446596068
22 -0.138469684835457953840228247187962
24 -0.141103575487392846753685768735391
26 -0.143557314087775702182274793351487
28 -0.145852098528507787364272417809606
30 -0.148006093088083083745017449468197
32 -0.150034800304124732979472564401004
34 -0.151951465927613951930795806173858
36 -0.153767447363645356825367772105555
38 -0.155492527950828742170502086466586
40 -0.157135177884149477049657708141323
42 -0.158702768437675029919800604813811
44 -0.160201747245419955703573231414875
46 -0.161637781809592803935961566477417
48 -0.163015877327991119584518706705159
50 -0.164340473825982829618692815524376
52 -0.165615526601252102171102061216774
54 -0.166844573178430575978362042765513
56 -0.168030789317369002070364202948383
58 -0.169177036100113316216395991642810
60 -0.170285899712596446981748032653231
62 -0.171359725215142152077455697661157
64 -0.172400645342382081012833907242918

Table E.3.2: Values at finite lattice spacing of the one loop contribution the the coupling 
P i , i (L /a )  for the adjoint representation of SU{2),  with the parameters Csw =  0 and 6 =  27t/5.
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L /a Pi,i{L/a) SU{2,)f

6 -2.797107487649481885064608606616750E -0 0 0 2
8 -2.952121609570845070718321331228820£; -0 0 0 2
10 -3.092923483490478470282098318474680£; -  0002
12 -3.216344709881011 192385949935663960-E; -0 0 0 2
14 -3.325378310672684914088174668194490E -0 0 0 2
16 -3.422728450148409467878283265039780E -0 0 0 2
18 -3.510494827936089305070465521795930£; -0 0 0 2
20 -3.590302190822934867316549367079010E -0 0 0 2
22 -3.663419069498683296885852276562150£; -0 0 0 2
24 -3.730846922659537213214975568052960£; -  0002
26 -3.793385901018072352608344483918570f; -  0002
28 -3.851683089118999583289585194248090£; -  0002
30 -3.906267919011201663249407493961250E -  0002
32 -3.957578324882152586403056038898060E -  0002
34 -4.005980240507101491487880514051250E -  0002
36 -4.051782293414677651947783485205940£; -0 0 0 2
38 -4.095247006348617579094055028966920^ -  0002
40 -4.136599433650809345985052331749910E -  0002
42 -4.176033893280016960711004462880580E -  0002
44 -4.213719269288184875455898761292700E -0 0 0 2
46 -4.249803229469812152464276795458610£; -  0002
48 -4.284415611112723253149478963557670£; -0 0 0 2
50 -4.317671162410475512774369314379410E -0 0 0 2
52 -4.349671780071035506088549915910940E -  0002
54 -4.380508349477336674834960869880160E -  0002
56 -4.410262268660115360501576697757040E -0 0 0 2
58 -4.439006718735032204230484307661460E -0 0 0 2
60 -4.466807729525925660142248689557060£; -0 0 0 2
62 -4.493725078572615534904389617056430E -  0002
64 -4.519813053702496415209486904604770E -0 0 0 2

Table E .3 .3: Values at finite lattice spacing of the one loop contribution the the coupling 
Pi,i(L/a) for the fundamental representation of SU{3), with the parameters csw =  0 and
6 =  7t / 5 .



250 AP P E N D IX  E

L / a P i A L / a )  S U { 3 ) a

6 - 0.194198918073781597916369651645421
8 - 0.171072797561370344129138826339286
10 - 0.168547345303305010216088378462813
12 - 0.171631089034195972801755688871968
14 - 0.176108629541938091195396904447573
16 - 0.180791773450543586538262219071169
18 - 0.185332333713297292494628067811203
20 - 0.189631293731949885013333517731319
22 - 0.193670385871097092385814331323308
24 - 0.197458997299470483107499819170836
26 - 0.201015589416326037216146670429690
28 - 0.204360690358007091588991275539369
30 - 0.207514190160392261093098813413018
32 - 0.210494359460953765367865440079224
34 - 0.213317586534842392143464225551220
36 - 0.215998413186936924878597352335813
38 - 0.218549686788511442821896579461570
40 - 0.220982747470993407746287996961293
42 - 0.223307615064454945614789482233468
44 - 0.225533161296419034699350528112197
46 - 0.227667262436157261309615886885935
48 - 0.229716931954878885526395246917679
50 - 0.231688434640191746193444112797769
52 - 0.233587384271864498067268355737621
54 - 0.235418827074810321059733928965406
56 - 0.237187313027526015250177951967293
58 - 0.238896956872821339040504005460010
60 - 0.240551490425613911717771585716767
62 - 0.242154307532952884260905261967028
64 - 0.243708502827490648427262189824851

T A B LE S

Table E.3.4: Values a t finite lattice spacing of the one loop contribution the the coupling 
P i j ( L / a )  for the adjoint representation of SU{3),  with the parameters csw =  0 and 6 =  x /6 .
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L ja P i,i(L /a) SU{2>)s

6 -0.147565383559363562308072557764138
8 -0.143996807502282594896928582214895
10 -0.147269641389473084467376590427741
12 -0.152026386282389962610228962321043
14 -0.156837461694934074572404830549868
16 -0.161361372085911430677768376024592
18 -0.165541609094164875833340082289616
20 -0.169395151996464945717945303715753
22 -0.172955687117814112904620792575168
24 -0.176257797726169125402495307932179
26 -0.179332691203868028643004030535309
28 -0.182207387091523238040874373564645
30 -0.184904956406053955789425878536125
32 -0.187445038911789019812169742905374
34 -0.189844382673215533459489331406724
36 -0.192117326250540076375357890914591
38 -0.194276205892029787704487244659016
40 -0.196331691390042225497947024740945
42 -0.198293060551025899352295633933705
44 -0.200168422995214806986003164069788
46 -0.201964902896064059847165512948351
48 -0.203688788695468861815609761766259
50 -0.205345656305402376597061157942093
52 -0.206940470993949411776824974214332
54 -0.208477672080616154575207095417669
56 -0.209961243709856142761508045479634
58 -0.211394774297007346130199175157924
60 -0.212781506711514961666534937933534
62 -0.214124380847462410492354578590452
64 -0.215426069905831337242016212468854

Table E.3.5: Values at finite lattice spacing of the one loop contribution the the coupling 
V \ , \ { L / a )  for the symmetric representation of SU{3), with the parameters csw  =  0 arid 6 =  0.
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L/a Pi,i(L/a) SU{2)f

6 -4.842025180205788019611131229516230E -0 0 0 2
8 -5.071630799731037205443506079516910£; -0 0 0 2
10 -5.269148316695122927501915535019600^ -0 0 0 2
12 -5.433987434602176302580271253243430£: -0 0 0 2
14 -5.573755320456669026077593417755620£; -0 0 0 2
16 -5.694570714236153937766236603263850£; -0 0 0 2
18 -5.800760089139467949114455291893660^; -0 0 0 2
20 -5.895387041424513812251981419896880E -0 0 0 2
22 -5.980671260071935771524559462024250f; -0 0 0 2
24 -6.058262203016785495925246231976080-E -  0002
26 -6.129414726734298308024452340727400E -  0002
28 -6.195103635952194639493393408246380f; -  0002
30 -6.256100207060838620290290057140040E -  0002
32 -6.313024588529634956269819834705200E -  0002
34 -6.366382531817125406062012716847630^ -0 0 0 2
36 -6.416591696697302199218139753631061E -  0002
38 -6.464000860145385797861155765143770E -0 0 0 2
40 -6.508904191893129943918781119259320E -  0002
42 -6.551552033507410768766839651198419^; -0002
44 -6.592159155271093035934476250165070£; -  0002
46 -6.630911164163511840919619899172080E -0 0 0 2
48 -6.667969536444208837249935858686100E -0 0 0 2
50 -6.703475613231407392834506506913000£; -  0002
52 -6.737553804509798520510277670978260£; -  0002
54 -6.770314182021562746911413049275830E -  0002
56 -6.801854595396164550352047949351280E -  0002
58 -6.832262412721973998992069591283260f; -  0002
60 -6.861615962616661047328602596354400f; -0 0 0 2
62 -6.889985737058588570471288738261780E -0 0 0 2
64 -6.917435400982871383681384607463790£; -0 0 0 2

Table E.3.6: Values at finite lattice spacing of the one loop contribution the the coupling 
Pi^i (L/a)  for the fundamental representation of SU{2) ,  with the parameters csw  =  1 and
9 =  0.
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L/a PiAL/a)  SU(2)a

6 -0.200249590422560095683231949162683
8 -0.201599163518216361903186047180644
10 -0.206749876846297403369343539811909
12 -0.212232251542574396014349439465360
14 -0.217280062441307944229456828109252
IG -0.221802453246844799807883318486873
18 -0.225852822650330870200377524800544
20 -0.229503352349653847126017411312306
22 -0.232818268248737086665388073485550
24 -0.235850169406624314725653301392710
26 -0.238641358499217861997066244712241
28 -0.241225891022434172270874321023722
30 -0.243631386273148134676306150511857
32 -0.245880455947280925198460681529186
34 -0.247991794693370322690047814850140
36 -0.249981006806816898540419559964248
38 -0.251861234825297831805869902968486
40 -0.253643640984451947805079831971061
42 -0.255337779307325593860904978134248
44 -0.256951885931350196498822604933735
46 -0.258493107812511412420010968823916
48 -0.259967684563269470525036159655977
50 -0.261381094313348490788592453425256
52 -0.262738171696412284462369446670764
54 -0.264043204046443564115613432095149
56 -0.265300010412998737111940323448629
58 -0.266512006918450480510479376326491
60 -0.267682261173470065058145252536575
62 -0.268813537862331186990367845099797
64 -0.269908337152589621599263616484365

Table E.3.7; Values a t finite lattice spacing of the one loop contribution the the coupling 
P i , i ( L /a )  for the adjoint representation of SU{2),  with the parameters csw  =  1 and 6 =  27t/5.



254 AP PE N D IX  E. T A B L E S

L /a Pi,i(L /a) SU(3)f

6 -4.812817311630878275567652691919650f; -0 0 0 2
8 -5.083913408519861604959661332776420£; -0 0 0 2
10 -5.295028775391429242206736120111290£; -0 0 0 2
12 -5.465347665983649441391107061553810£; -0 0 0 2
14 -5.607813317548754873264810205632640£: -0 0 0 2
16 -5.730173795004393381543698312483550£; -0 0 0 2
18 -5.837343524073831339018564108361710^ -0 0 0 2
20 -5.932637288576702598062179472926520-E -0 0 0 2
22 -6.018398144623111951623202854084310£; -  0002
24 -6.096342778962205524439992693969650£; -0 0 0 2
26 -6.167765593036432039937077937867760f; -0 0 0 2
28 -6.233666037112892803532189214252780J5; -  0002
30 -6.294831461622002204456767425093460E -0 0 0 2
32 -6.351892892543885101904277481679260 -  0002
34 -6.405363671448226684751431714870930^ -  0002
36 -6.455666893599083528529827995213450E -  0002
38 -6.503155316238288006931878450502040E -0 0 0 2
40 -6.548126080787032284488865450522000E -  0002
42 -6.590831785579145074099582240976940E -0 0 0 2
44 -6.631488940770695432960364080274830£; -  0002
46 -6.670284512880613768386545219412810E -0 0 0 2
48 -6.707381053433657795912761304110080£; -0 0 0 2
50 -6.742920763319445970579499538723990^; -  0002
52 -6.777028746842338828774809952664249£; -  0002
54 -6.809815641552057485304945291931140E -0 0 0 2
56 -6.841379762002799037544145680015020E -  0002
58 -6.871808861240865320323063549481610£; -0 0 0 2
60 -6.901181588884963792851934125106260£; -  0002
62 -6.929568706337665906248289320105361£; -0 0 0 2
64 -6.957034106045256522839410352802470S -0 0 0 2

Table E.3.8: Values at finite lattice spacing of the one loop contribution the the coupling 
Pi,i(L/a) for the fundamental representation of SU{3), with the parameters Csw =  1 and 
9 = 7t / 5 .



E.3. TABLES FOR THE 1 LOOP COUPLING Pi,i{L/A) 255

L / a p^^{L/a)  S U (3)a

6 -0.315869006857867891518174056982079
8 -0.299898121453092180647008146008827
10 -0.301413570416584368132317675698808
12 -0.307141875651361575603121624859275
14 -0.313499601092020126615634249411122
16 -0.319592379084413013983551056657173
18 -0.325230418845423167250212402232694
20 -0.330408593890246226050271025128349
22 -0.335168098970727165214102009408749
24 -0.339557899299406561723221628825169
26 -0.343623853252490387648881182234932
28 -0.347406070138149140879075214529541
30 -0.350938813339435520016690569658909
32 -0.354251145623380084721997137099616
34 -0.357367717825302205176799793127140
36 -0.360309505787220619567273363450813
38 -0.363094442237523916056001584753113
40 -0.365737940091840946854944598510578
42 -0.368253319661682554156105660831380
44 -0.370652155751823070665692407719980
46 -0.372944559699064142966552111218962
48 -0.375139409170976570647075899037780
50 -0.377244536175832751414584208350944
52 -0.379266881634091762522721188476659
54 -0.381212623123805702969786614609205
56 -0.383087281020821164419524709576670
58 -0.384895807158072767045387659692589
60 -0.386642659270199931032006128892188
62 -0.388331863819745434208114189495701
64 -0.389967069277709961345667967106049

Table E.3.9: Values at finite lattice spacing of the one loop contribution the the coupling 
Pi^i{L/a) for the adjoint representation of SU{3),  with the parameters csw =  1 and 0 = tt/6.



256 AP PE ND IX E.

L /a P i,i(L /a) SU{?,)s

6 -0.250638097818412666705551545108643
8 -0.252144742026420792622269688453097
10 -0.258468231811572230573090403643756
12 -0.265276998952876034986177803739768
14 -0.271567910409119269056005122313152
16 -0.277211113732565152376897526205241
18 -0.282268152350705380672178806342123
20 -0.286827367579237780200572042242820
22 -0.290968220087633470605584247928037
24 -0.294756039014978532578479341543930
26 -0.298243463030004551914080107098559
28 -0.301472913906532149463466518476144
30 -0.304478819916670183984506683810385
32 -0.307289380910824204375892828677945
34 -0.309927920036562396703308089096894
36 -0.312413910349812207482790646547048
38 -0.314763756395089228961195082813396
40 -0.316991393363778714679350963338415
42 -0.319108750453123246045648940670512
44 -0.321126112590704117084371705265443
46 -0.323052405496751312856773892073625
48 -0.324895422405643676836593001313206
50 -0.326662005979380395534258442712877
52 -0.328358195490863908126312451912902
54 -0.329989346848054406389337911432094
56 -0.331560231197718480719304787302201
58 -0.333075116497053655016955611766017
60 -0.334537835437623666182913230734498
62 -0.335951842353389235855582364055229
64 -0.337320261175517262921771717496453

TABLES

Table E.3.10: Values at finite lattice spacing of the one loop contribution the the coupling 
Pi,i(L/a) for the symmetric representation of SU{3), with the parameters csw = 1 and 9 = 0.
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