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Abstract

We simulate two variants of quenched twisted mass QCD (tmQCD), with degenerate Wilson quarks of
masses equal to or heavier than half the strange quark mass. We use Ward identities in order to measure the
twist angles of the theory and thus check the quality of the tuning of mass parameters to a physics condition
which stays constant as the lattice spacing is varied. Flavour symmetry breaking in tmQCD is studied in
a framework of two fully twisted and two standard Wilson quark flavours, tuned to be degenerate in the con-
tinuum. Comparing pseudoscalar masses, obtained from connected quark diagrams made of tmQCD and/or
standard Wilson quark propagators, we confirm that flavour symmetry breaking effects, which are at most
5%, decrease as we approach the continuum limit. We also compute the pseudoscalar decay constant in the
continuum limit, with reduced systematics. As a consequence of improved tuning of the mass parameters at
β = 6.1, we reanalyze our previous BK results. Our main phenomenological findings are r0fK = 0.421(7)

and B̂K = 0.735(71).
© 2007 Elsevier B.V. All rights reserved.

* Corresponding author.
E-mail address: filippo.palombi@desy.de (F. Palombi).
0550-3213/$ – see front matter © 2007 Elsevier B.V. All rights reserved.
doi:10.1016/j.nuclphysb.2007.03.051

mailto:filippo.palombi@desy.de
http://dx.doi.org/10.1016/j.nuclphysb.2007.03.051


ALPHA Collaboration / Nuclear Physics B 776 (2007) 258–285 259
1. Introduction

BK , the bag parameter of neutral K-meson oscillations, has been computed with several dis-
cretizations of lattice fermions. Until recently, the quenched Wilson fermion results of BK were
the least accurate, due to a limited control of those systematic sources of error, which arise
form the lack of chiral symmetry in the regularization. This trend has been reversed in Ref. [1],
thanks to the implementation of twisted Wilson fermions [2]. The simulations of Ref. [1], besides
introducing some novelties in the computation of BK (twisted mass QCD (tmQCD) regulariza-
tion, Schrödinger functional renormalization and RG running) have also been extensive from the
computational point of view. In particular two tmQCD variants of the fermion action have been
implemented (with twist angles π/2 and π/4) at several inverse gauge couplings β . Such a large
collection of data enables us to address, in the present work, several other issues related to the
tmQCD formalism, in the region of strange quarks. Clearly, the fact that we work in the quenched
approximation is a limitation of the scope of the present work.

In Section 2 we present the details of our formalism. In our first tmQCD variant we introduce
two twisted flavours, with twist angle π/2, and two standard (untwisted) flavours. In the second
variant we only have two twisted flavours with twist angle π/4. The tmQCD lattice action is O(a)

improved. All dimension-3 operators (currents, scalar and pseudoscalar densities) are improved
by introducing O(a) Symanzik counterterms. This is essential to O(a) improvement in the π/4
case and to those quantities of the π/2 case which are not exclusively composed of fully twisted
quarks. No improvement of the four-fermion operators is attempted.

In Section 3, we first of all examine the quality of the tuning of the mass parameters, fixed
so as to ensure that the twist angle is equal to a target reference value (in our case π/2 or π/4).
This, together with the requirement that all quark masses be degenerate and phenomenological
quantities be measured at a reference pseudoscalar meson mass, constitute our constant physics
requirement. It has to be maintained as we increase the theory’s UV cutoff (i.e. approach the con-
tinuum limit). The twist angle is then measured with the aid of Ward identities and compared to
its target reference value, used in the mass parameter tuning. We see that O(a2) cutoff effects are
responsible for statistically significant discrepancies, which are nevertheless only a few percent.

In Section 4, we measure the pseudoscalar masses and decay constants in both π/2 and π/4
setups. In the former case we are also able to monitor flavour breaking effects, arising from the
twisted mass term in the lattice action. This we do by comparing the pseudoscalar masses and
decay constants for mesons composed exclusively of twisted or untwisted valence quarks, as well
as those made of one twisted and one untwisted quark. For the pseudoscalar masses, we find that
statistically significant effects, which are nevertheless only a few percent at the coarsest lattices,
disappear as the lattice spacing is decreased. Thus flavour symmetry appears to be restored in the
continuum limit.

Our best results for the K-meson decay constant are based on a tmQCD Ward identity. They
are free of the usual systematic uncertainties arising from current normalizations and improve-
ment (i.e. ambiguities in the values of ZA, ZV and cA). Extrapolating π/2 and π/4 results to a
common continuum limit gives a result in full agreement with earlier estimates.

The more detailed analysis concerning the accuracy of the tuning of quark masses and twist
angles, presented here, was performed after the publication of Ref. [1]. The quality of the tuning
was found to be satisfactory in all cases, save for the simulations at β = 6.1, mainly in the π/4
case. This is signalled e.g. by relatively large differences between the value of the target twist
angle, set to π/2 or π/4 through the tuning of the bare (subtracted) mass parameters, and the
value obtained by computing the twist angle with the PCAC quark mass instead of the subtracted
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quark mass. The reason for this behaviour has been traced back to the value of κcr taken as
input from the literature. Indeed, for an accurate determination of κcr it is crucial to fix its O(a2)

ambiguities by following a constant physics condition in the approach to the continuum limit.
Instead, the value of κcr(β = 6.1) quoted in [3] comes from an interpolation of data obtained
from a constant physics condition at other values of β . While the effect of relaxing the constant
physics requirement was found to be negligible for the data of [3], its impact on the tuning of
twist angles is large. This is discussed in detail in Appendix A.

The β = 6.1 critical point has been hence determined afresh, and β = 6.1 simulations with
new mass parameters have been performed. Thus all results in the present work are generated
from the datasets of Ref. [1], except for those at β = 6.1, which are completely new. The new
BK(β = 6.1) results can be found in Section 5. They induce a reanalysis of the continuum limit
extrapolation of this quantity. Also in Section 5, we collect our detailed results of the kaon-to-
pion four-fermion operator matrix elements, involved in the �I = 1/2 rule. Strictly speaking,
these results are not physical, as they refer to four degenerate quarks, with masses close or above
half the strange quark mass. They have been used, however, in Ref. [4] in order to obtain the
relevant four-fermion operator renormalization with Neuberger fermions, through a matching
procedure of RGI matrix elements computed from both tmQCD and Neuberger regularizations.

2. General tmQCD formalism

Twisted mass QCD has been designed to eliminate exceptional configurations in (partially)
quenched lattice simulations with light Wilson quarks [2]. In its original formulation, it describes
a mass-degenerate isospin doublet ψ of Wilson quarks for which, besides the standard mass
term, a so-called twisted mass term iμqψ̄γ5τ

3ψ is introduced. The properties of tmQCD have
been studied in detail in [2], where, in particular, its equivalence to standard two-flavour QCD
has been established.1 We discuss here the main characteristics of this formulation, extended to
more flavours, in ways analogous to those discussed in [8] and [1].

It is convenient to formalize our variant of tmQCD in terms of a twisted and an untwisted
isospin doublet, denoted as ψ̄tw = (ψ̄1, ψ̄2) and ψ̄w = (ψ̄3, ψ̄4) respectively. All flavours will
eventually be tuned to be degenerate. The twisted (untwisted) isospin doublet is regularized in
the standard tmQCD-Wilson (plain Wilson) fashion:

(2.1)

SF = a4
∑
x

[
ψ̄tw(x)

(
Dw + m0,tw + iγ5τ

3μ0,tw
)
ψtw(x) + ψ̄w(x)(Dw + m0,w)ψw(x)

]
,

where Dw is the standard Dirac–Wilson fermion matrix (with a Clover term) and τ 3 the Pauli
isospin matrix. In this work, the Wilson plaquette action is the regularization of the pure gauge
sector of the theory. For the rest of the notation, relating tmQCD to standard QCD (concern-
ing field rotations, mass transformations, etc.) see [1]. Here, what we are mostly interested in
are the expressions for the renormalized quark mass in the twisted quark sector, given by the
combination of standard and twisted mass parameters

(2.2)MR,tw =
√

m2
R,tw + μ2

R,tw,

1 For reviews on the subject see [5–7].
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and the twist angle, defined in terms of renormalized masses as

(2.3)tanα = μR,tw

mR,tw
.

Also standard is the relation between renormalized and bare quark masses: the subtracted (un-
renormalized) quark mass for Wilson fermions in denoted by amq = 1/(2κ) − 1/(2κcr), κ being
the hopping parameter (2κ = [am0 + 4]−1). Whenever we need to identify the quark doublet f

(with f = tw,w), we will denote the corresponding quantities by amq,f and κf . In a Symanzik
O(a) improved framework, the renormalized quenched quark masses for the untwisted flavours
are given by

(2.4)mR,w = Zm

[
mq,w(1 + bmamq,w)

]
,

while the twisted quark masses renormalize as follows:

(2.5)mR,tw = Zm

[
mq,tw(1 + bmamq,tw) + b̃maμ2

0,tw

]
,

(2.6)μR,tw = Z−1
P μ0,tw(1 + bμamq,tw).

In terms of the last two expressions, the twist angle may be expressed as [9]

(2.7)tan(α) = aμ0,tw[1 + (bμ − bm)amq,tw]
ZPZm[amq,tw + b̃m(aμ0,tw)2] .

We now discuss an alternative expression for the twist angle, obtained in terms of Ward iden-
tities in [9]. For the twisted sector of our theory, the PCAC and PCVC Ward identities read

(2.8)∂̃ν(AR)ν,12 = 2mR(PR)12,

(2.9)∂̃ν(VR)ν,12 = 2iμR(PR)12,

and they are valid up to O(a2) for the Symanzik-improved operators [9]

(2.10)(PR)12 = ZP[1 + bPamq,tw]P12,

(2.11)(AR)ν,12 = ZA[1 + bAamq,tw][Aν,12 + acA∂̃νP12 − ib̃Aaμ0,twVν,12],
(2.12)(VR)ν,12 = ZV[1 + bVamq,tw][Vν,12 + acV∂̃ρTνρ,12 − ib̃Vaμ0,twAν,12],

where ∂̃ν denotes the lattice symmetrized derivative and the operator subscripts 1,2 indicate
quark flavours. By combining expressions (2.8)–(2.12) with the standard definition of the PCAC
bare quark mass [10],

(2.13)∂̃ν[Aν,12 + cAa∂̃νP12] = 2mtwP12,

the renormalized quark mass is computed as2

(2.14)mR,tw = ZA[1 + bAamq,tw]
ZP[1 + bPamq,tw]

[
mtw + aμ2

0,twb̃AZ−1
V

]
.

2 Eq. (2.13) is to be understood in terms of correlation functions involving these operator insertions. In the present work
Schrödinger functional correlation functions with pseudoscalar boundaries are implemented. The same considerations
hold for Eq. (2.16).
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Finally, the PCAC expression for the twist angle, in terms of the above, is [9]

(2.15)tan(α) = aμ0,tw[1 + (bμ + bP − bA)amq,tw]
ZA[amtw + b̃A(aμ0,tw)2Z−1

V ] .

Yet another variant of the twist angle is obtained by expressing μR,tw in terms of the PCVC
Ward identity. We define the PCVC bare twisted mass from3

(2.16)∂̃νVν,12 = 2iμtwP12,

and, using expressions (2.8)–(2.12), obtain for the renormalized twisted mass

(2.17)μR,tw = ZV[1 + bVamq,tw]
ZP[1 + bPamq,tw] [1 − amtwZVb̃V]μtw.

The PCVC expression for the twist angle, in terms of the above, is

(2.18)tan(α) = ZVaμtw[1 + (bV − bA − ZVb̃V)amq,tw]
ZA[amtw + b̃A(aμtw)2Z−1

V ] .

In the present work, expression (2.7) is used for tuning the bare mass parameters μ0,tw and
κtw, so as to fix the theory to a specific twist angle. One also needs the value of κcr for the
determination of amq,l . This is known from previous Schrödinger functional computations, based
on the Clover-improved theory with Wilson (untwisted) quarks.4 Once the bare parameters are
thus fixed to satisfy Eq. (2.7), one may use Eqs. (2.15) and (2.18) in order to obtain independent
estimates of the twist angle, which differ from the target value by O(a2) discretization effects.
This provides a measure of the systematic uncertainties related to the tuning of the twist angle.5

Finally, we specify the twist angles, following the two cases of [1]. In the first case, known as
fully twisted theory, the bare parameters of the twisted quark doublet are tuned so as to ensure
that α = π/2. This amounts to tuning Eq. (2.5) so that mR,tw = 0. The untwisted doublet is also
tuned (through an opportune choice of κw), so that mR,w = μR,tw up to O(a2); cf. Eqs. (2.4) and
(2.6). In the second case we switch off the untwisted doublet, keeping just two twisted flavours;
the twist angle is set to α = π/4. This amounts to tuning Eqs. (2.5) and (2.6) so as to have
mR,tw = μR,tw. The detailed expressions used for these tunings may be read off from Ref. [1].

In order to make contact with the physical results we will be presenting, we now identify the
four generic quark fields ψk (k = 1, . . . ,4) with physical (if degenerate) flavours. There is a dif-
ferent identification according to the problem in hand. When we discuss pseudoscalar masses,
decay constants and BK , in the π/2 case we identify the twisted doublet with ψ̄tw = (ū, d̄) and
the untwisted one with ψ̄w = (s̄, c̄). The same quantities in the π/4 case are addressed in terms
of a single twisted doublet of a strange and a down quark; i.e. ψ̄tw = (s̄, d̄). As our simulations
are quenched and mass degenerate, this is sufficient to model two valence quarks. In this way we
make full contact with the notation of the earlier tmQCD simulations of Ref. [1]. For the results
related to �S = 1 four-fermion operators, the physical flavour identification is more complicated.
The reader is referred directly to Ref. [4], where the issue has been addressed in detail.

3 The tensor term proportional to cV in Eq. (2.12) vanishes upon differentiation of the vector current (VR)ν,12.
4 The condition we implement for fixing the twist angle is neither the so-called pion mass determination, nor the PCAC

one of Ref. [11].
5 The (re)normalization constants (ZA, ZP, etc.) as well as the improvement coefficients (cA, bA, etc.) used in this

work are also taken from previous Schrödinger functional computations. Their values are all gathered in Appendix A of
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3. Cutoff effects of the twist angle

We now turn to the determination of the twist angle from PCAC and PCVC relations. The
simulation parameters are gathered in Table 1 for the π/2 theory and in Table 2 for the π/4

Table 1
The parameters of the run at twist angle α = π/2. The dataset at β = 6.1 is a new run, while all other data are those of
Ref. [1]

β
(
L
a

)3 × T
a

a
2r0

L
2r0

κw (κtw, aμ0,tw) Nconf

6.0 163 × 48 0.0931 1.49 0.1335 (0.135169, 0.03816) 402
0.1338 (0.135178, 0.03152) 398
0.1340 (0.135183, 0.02708) 402
0.1342 (0.135187, 0.02261) 400

6.1 243 × 56 0.0789 1.89 0.1343 (0.1356465, 0.031711) 100
0.1345 (0.1356510, 0.027123) 100
0.1347 (0.1356560, 0.022523) 122

6.2 243 × 64 0.0677 1.63 0.1346 (0.1357800, 0.0283240) 200
0.1347 (0.1357825, 0.0259850) 201
0.1349 (0.1357866, 0.0212897) 214

6.3 243 × 72 0.0587 1.41 0.1348 (0.1358118, 0.0246230) 200
0.1349 (0.1358139, 0.0222430) 205
0.1350 (0.1358157, 0.0198558) 175
0.1351 (0.1358174, 0.0174640) 201

Table 2
The parameters of the run at twist angle α = π/4. The dataset at β = 6.1 is a new run, while all other data are those of
Ref. [1]

β
(
L
a

)3 × T
a

a
2r0

L
2r0

κtw aμ0,tw Nconf

6.0 243 × 48 0.0931 2.24 0.134739 0.010412 200
0.134795 0.009142
0.134828 0.008397

6.1 243 × 60 0.0789 1.89 0.135320 0.00810 196
0.135358 0.00720
0.135403 0.00615

6.2 323 × 72 0.0677 2.17 0.135477 0.007595 73
0.135539 0.006125

6.3 323 × 72 0.0587 1.88 0.135509 0.0076 76
0.135546 0.0067
0.135584 0.0058

6.45 323 × 86 0.0481 1.54 0.135105 0.01459 105
0.135218 0.01185
0.135293 0.01002

Ref. [1]. Note that Eqs. (A.10) and (A.11) of that appendix contain misprints; they should read b̃A = 0.086CF g2
0 and

b̃V = 0.074CF g2
0 .
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Table 3
The critical hopping parameter κcr at several β-values, obtained from several sources. At β = 6.1 a second estimate has
been computed in the present work. When available, errors have been quoted

β κcr Ref.

6.0 0.135196(14) [12]
6.1 0.135496 [3]

0.135665(11) this work
6.2 0.135795(13) [12]
6.3 0.135823 ZeRo Collaboration
6.4 0.135720(9) [12]
6.45 0.135701 [3]

one. The data are those of Ref. [1], except at β = 6.1. As mentioned in the introduction, the
run had to be repeated at this coupling, for reasons which will be discussed in detail below.
The physical regime targeted in the runs of Ref. [1] is that of the K-meson, composed of two
degenerate valence quarks. As detailed in that work, in practice this means that the choice of
quark masses is such that the K-meson in the π/2 theory is computed in the range 640–830 MeV
and extrapolated to the physical point at 495 MeV (i.e. r0M

phys
K = 1.2544). In the π/4 theory we

are instead able to simulate with quarks corresponding to a physical kaon of about 495 MeV. The
only exception is the β = 6.45 case, in which extrapolations from higher mass values were the
only option, as simulations with quarks corresponding to a physical kaon require prohibitively
large lattice sizes. As the present work is based on the same runs, the same physical point for all
four flavours is targeted here.

Following the discussion of Section 2, the bare mass parameters (i.e. standard hopping para-
meter(s) and twisted mass μ0,tw) are tuned at each β value so as to keep the quarks degenerate
and the twist angle fixed at α = π/2, π/4. The κcr estimates used in the bare parameter calibration
are taken over from the literature; see Table 3. Those of Ref. [12], as well as the one provided to
us by the ZeRo Collaboration,6 are the result of a direct computation of the PCAC Ward identity
at the corresponding bare coupling, using O(a) improved (untwisted) Wilson fermions, whereas
the estimates from Ref. [3] are the result of an interpolation in β of the data of Ref. [12]. We will
see that this κcr estimate at β = 6.1 results in poor tuning of the bare tmQCD parameters. Thus,
following the procedure described in Ref. [12], we have recomputed κcr at β = 6.1, finding a dif-
ferent value. This has been done by an independent run, performed at lattice volume L/a = 16,
T/L = 2 and four PCAC quark mass values in a range 0.025 � mav � 0.05, similar to that of
Ref. [12] (where mav is defined). Our κcr result is obtained by linear extrapolation in the PCAC
quark masses, ensuring that our systematics resemble those of Ref. [12].

All observables computed in this work are obtained from the large time asymptotic limit of
operator correlation functions with Schrödinger functional (SF) boundary conditions. The no-
tation is standard, following closely that adopted in e.g. [1]. For instance, fA,12 denotes the
Schrödinger functional correlation with a fermionic operator A0,12 in the bulk and a time-
boundary pseudoscalar operator ζ̄2γ5ζ1 at x = 0. All such correlation functions are properly
(anti)symmetrized in time, when used to extract quark masses, effective pseudoscalar masses
and decay constants. The bare PCAC and PCVC quark masses of Eqs. (2.13) and (2.16) are

6 We thank I. Wetzorke for providing us with the κcr(β = 6.3) value, obtained in the context of Ref. [13].
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Table 4
Renormalized quark masses aμR,tw and amR,tw and twist angles, computed from different procedures, indicated by the
corresponding equations. Upper table: data for the π/2 case; lower table: data for the π/4 case

β aμR,tw
Eq. (2.6)

aμR,tw
Eq. (2.17)

amR,tw
Eq. (2.14)

cot(α)

Eq. (2.15)
cot(α)

Eq. (2.18)

6.0 0.07292 0.07458(2) 0.00427(15) 0.059 (2) 0.054 (2)

0.06016 0.06129(2) 0.00255(15) 0.042 (3) 0.039 (2)

0.05176 0.05245(2) 0.00141(16) 0.027 (3) 0.025 (3)

0.04321 0.04360(2) 0.00026(16) 0.006 (4) 0.004(4)

6.1 0.06097 0.06222(2) 0.00269(13) 0.044 (2) 0.041 (2)

0.05216 0.05305(2) 0.00176(13) 0.034 (2) 0.031 (2)

0.04332 0.04395(2) 0.00122(12) 0.028 (3) 0.026 (3)

6.2 0.05470 0.05545(1) 0.00043(09) 0.008 (2) 0.006 (2)

0.05018 0.05080(1) 0.00025(09) 0.005 (2) 0.003 (2)

0.04112 0.04152(1) −0.00017(08) −0.004 (2) −0.006 (2)

6.3 0.04769 0.04833(1) 0.00109(07) 0.023 (2) 0.021 (2)

0.04308 0.04364(1) 0.00100(08) 0.023 (2) 0.022 (2)

0.03846 0.03890(1) 0.00072(09) 0.019 (2) 0.017 (2)

0.03382 0.03418(1) 0.00054(08) 0.016 (2) 0.015 (2)

6.0 0.01986 0.020091(3) 0.01959(11) 0.980(6) 0.958(5)

0.01744 0.017646(3) 0.01734(11) 0.989(7) 0.968(6)

0.01602 0.016210(3) 0.01601(11) 0.994(7) 0.974(7)

6.1 0.01555 0.015718(2) 0.01482(10) 0.948(3) 0.933(6)

0.01383 0.013974(2) 0.01317(10) 0.949(7) 0.934(7)

0.01181 0.011938(2) 0.01120(11) 0.945(9) 0.931(9)

6.2 0.01465 0.014780(2) 0.01540(8) 1.047(5) 1.034(5)

0.01182 0.011922(2) 0.01261(8) 1.064(7) 1.051(7)

6.3 0.01470 0.014809(2) 0.01436(9) 0.973(6) 0.963(6)

0.01296 0.013056(2) 0.01266(9) 0.973(7) 0.964(7)

0.01122 0.011303(2) 0.01091(10) 0.970(9) 0.960(8)

6.45 0.02823 0.028417(2) 0.02733(5) 0.962(2) 0.951(2)

0.02294 0.023085(2) 0.02203(5) 0.956(2) 0.946(2)

0.01940 0.019523(1) 0.01852(5) 0.950(2) 0.941(2)

obtained from the ratios

(3.1)Rmtw = ∂̃0[fA,12(x0) + cAa∂̃0fP,12(x0)]
2fP,12(x0)

,

(3.2)Rμtw = −i
∂̃0fV,12(x0)

2fP,12(x0)
.

From these and Eqs. (2.14), (2.17) we compute the renormalized masses amR,tw and aμR,tw;
from Eqs. (2.15), (2.18) we compute cot(α). These results are reported in Table 4. The er-
rors are statistical; we have checked that systematic errors due to the uncertainties of κcr, the
(re)normalization parameters and the improvement coefficients are an order of magnitude smaller
than statistical ones.

Let us comment on our π/2 results first. The two aμR,tw values (computed from Eqs. (2.6) and
(2.17)) have a small but statistically significant discrepancy of less than 3%. Similarly, the result
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Fig. 1. Lattice spacing dependence of cot(α), computed at the physical kaon mass point, for twist angles π/2 (circles)
and π/4 (squares). The errors are smaller than the points.

for amR,tw is also statistically different from the target value amR,tw = 0. The two estimates of
the twist angle are only a few percent off the target value π/2, but the small discrepancies in
the aμR,tw evaluations do not carry over to the two results for cot(α), which are nearly always
compatible within errors. All observed deviations from the expected target values are attributed
to O(a2) discretization effects.

The π/4 results display largely the same characteristics, but the mass range spanned by the
data (for β < 6.45) is too narrow to discern the details of the dependence of the twist angle
upon the quark mass parameters. What we see is that the difference between the two twisted
mass estimates μR,tw and the standard mass estimate mR,tw is a small but statistically significant
effect. The same is true of the two Ward identity estimates of the twist angle, which also differ
from the target value π/4 by a small amount.

Finally, we study to which extent the Ward identity estimates of the twist angles approach
their target values π/2, π/4 in the continuum limit. We do this by first computing, at fixed
β value, the quantity cot(α) at the kaon mass reference scale MK ≡ M

phys
K = 495 MeV. This

is done by extra/interpolating our data as a function of the pseudoscalar effective mass-squared,
expressed in physical units.7 The result thus obtained is plotted against (a/r0)

2 in Fig. 1. A linear
extrapolation of cot(α) to the continuum limit turns out to be unreliable (very large χ2/d.o.f.), as
the data do not display a monotonic behaviour, with fluctuations which are much larger than their

7 The pseudoscalar mass in question is obtained from a correlation function consisting exclusively of twisted quark

propagators. In the next section, this effective mass is denoted as (r0Meff
ud

) for the π/2 case, while for the π/4 one we

use (r0Meff
sd

).
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errors. In any case, these fluctuations are only a small effect, reflecting the overall uncertainty of
the tuning of the twist angle to a constant target value (which amounts to a condition of constant
physics as we approach the continuum limit).

4. Flavour symmetry breaking, meson masses and decay constants

In order to investigate flavour breaking effects, we compare effective pseudoscalar masses,
obtained from correlation functions with different combinations of twisted and standard Wilson
quark propagators, on our quenched configuration ensemble of tmQCD at α = π/2. The ratio-
nale behind these computations is as follows: we are dealing with a (quenched) lattice QCD
model with four degenerate quark flavours, two of which are twisted. The massless continuum
theory has an SU(4)L ⊗ SU(4)R chiral symmetry with 15 degenerate pseudoscalar Goldstone
bosons; with massive fermions we are left with the vector flavour symmetry SU(4)V. In the reg-
ularized theory, the Wilson term breaks the symmetry induced by axial transformations, even
in the absence of quark mass parameters. In twisted mass QCD some of these axial symme-
tries are interpreted as part of the SU(4) flavour symmetry. With our choice of twisted mass
terms one then finds that on the lattice the SU(4) flavour symmetry is reduced to the subgroup
U(1)⊗U(1)⊗ SU(2). Thus, at finite lattice spacing, we expect that the “twisted” charged Gold-
stone bosons, the “untwisted” ones and the “twisted-untwisted” ones will differ in mass by terms
which are like O(a2) (recall that we work with a Symanzik-improved action). Based on this
approach, we have provided a first summary of our findings on this symmetry breaking in [1];
here we present our full results. The same approach for monitoring such flavour breaking effects
has also been implemented (with an action with two π/2-twisted isospin doublets and no Clover
term) in [14]. Both works focus on pseudoscalar masses in the kaon region. For similar results
closer to the chiral limit (for a single β value), see [15]. It is fairly straightforward to measure
these flavour breaking effects, as the corresponding correlation functions involve only connected
diagrams. Recall that there is also a flavour breaking effect between the charged and neutral
“twisted” pseudoscalar, which is harder to monitor, as the measurement of the neutral pion mass
involves disconnected diagrams; see [16]. Studying this flavour breaking is beyond the scope of
the present work.

We have measured pseudoscalar effective masses aMeff
ij (x0), using suitable time-dependent

correlation functions f(AR)ij (x0) (with i, j distinct flavour indices) of the temporal component of
the renormalized axial current (AR)ij

(4.1)aMeff
ij (x0) = 1

2
ln

[
f(AR)ij (x0 − a)

f(AR)ij (x0 + a)

]
.

These quantities are suitably (anti)symmetrized in time and averaged over plateaux, as detailed
in [1]. In the language of the twisted action Eq. (2.1) at twist angle π/2, the corresponding lattice
correlation functions to be used in Eq. (4.1) are:

• f(AR)sd (x0) → 1√
2

[
f(AR)sd (x0) − if(VR)sd (x0)

]
,

• f(AR)ud
(x0) → −if(VR)ud

(x0),
• f(AR)sc (x0) → f(AR)sc (x0).

The first correlation function is composed of a tmQCD Wilson quark propagator and a standard
QCD Wilson quark propagator. From it we derive the “K-meson” effective mass, denoted by
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aMeff
sd . The second correlation function, composed exclusively of the tmQCD Wilson quark prop-

agator, provides the charged “pion” effective mass aMeff
ud . Finally, the third correlation function,

composed exclusively of the standard QCD Wilson quark propagator, provides the “Ds -meson”
effective mass aMeff

sc . Since all quark masses are tuned to be degenerate, these are three of the
15 degenerate Goldstone bosons in the continuum limit of our quenched theory. At finite lattice
spacing tmQCD induces flavour breaking discretization effects, which are monitored by compar-
ing the values of the three effective masses.

The corresponding currents, inserted in the above correlation functions, are the following
Symanzik-improved quantities, taken over from Appendix B of [1]:

(4.2)(AR)ν,sd = ZA

[
1 + 1

2
bAamq,w

][
Aν,sd + acA∂̃νPsd − i

1

2
b̃Aaμ0,twVν,sd

]
,

(4.3)(VR)ν,sd = ZV

[
1 + 1

2
bVamq,w

][
Vν,sd − i

1

2
b̃Vaμ0,twAν,sd

]
,

(4.4)(VR)ν,ud = ZV[Vν,ud − ib̃Vaμ0,twAν,ud ],
(4.5)(AR)ν,sc = ZA[1 + bAamq,w][Aν,sc + acA∂̃νPsc].

Again the O(a) tensor-like counterterm in the above vector currents has been omitted, since it
drops out in the correlation functions (it is a sum over space, with periodic boundary conditions,
of a discrete spatial divergence).

Another estimate of the effective pseudoscalar meson mass, denoted as aM̃eff
ud , is obtained by

using the correlation f(PR)ud
in Eq. (4.1), with

(4.6)(PR)ud = ZP[1 + bPamq,tw]Pud.

The results are collected in Table 5. The agreement between Meff
ud and M̃eff

ud is excellent. In

Fig. 2 the ratio (Msd/Msc)
2, plotted against (Msd/M

phys
K )2 with M

phys
K = 495 MeV, is compared

to (Mud/Msc)
2. Note that the statistical errors of these ratios turn out to be very small, due to the

strong correlations between numerator and denominator. We see that at β = 6.0 the two ratios
are incompatible; their deviation from unity (which quantifies flavour breaking) is at most a 5%
effect. As we approach the continuum limit at β = 6.3, the two ratios become compatible and
their deviation from unity reduces to 1–2%. Our conclusion is that flavour symmetry breaking
effects at the mass ranges we are considering appear to be under control, diminishing fast as the
continuum limit is approached. Besides this general conclusion, there are a couple of observa-
tions to be made: (i) At β = 6.0 we find that Mud < Msd , in agreement to the findings of [14]
(see Fig. 13 of that work)8; (ii) at fixed reference mass (Msc/M

phys
K )2, these mass ratios do not

display a monotonic dependence on β . This is probably a small cumulative effect of the many
systematic uncertainties of the mass tuning procedure.

A similar analysis is performed for the pseudoscalar meson decay constants. In the
Schrödinger functional framework they are obtained from the axial current correlation func-
tions fAR , properly normalized by the boundary-to-boundary correlation function f1; see [17]
for details. For the tmQCD π/2 case under investigation, the specific expressions are (in the large
time asymptotic regime):

(4.7)Fsd ≈ √
2
(
Meff

sd L3)−1/2 exp
[
(x0 − T/2)Meff

sd

]f(AR)sd(x0) − if(VR)sd(x0)√
f1,sd

,

8 The authors of [14] call M + what we call M and “kaon with Wilson strange” what we call M .
K ud sd
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Table 5
The pseudoscalar meson effective masses in the π/2 case. The physical kaon in these units is r0M

phys
K

= 1.2544

β aμ0,tw r0Meff
sc r0Meff

sd
r0Meff

ud
r0M̃eff

ud

6.0 0.03816 2.089(6) 2.092(6) 2.054(5) 2.054(5)
0.03152 1.900(7) 1.907(7) 1.865(6) 1.865(5)
0.02708 1.771(7) 1.780(6) 1.738(5) 1.733(5)
0.02261 1.620(7) 1.635(6) 1.594(5) 1.587(5)

6.1 0.0317110 2.024(6) 2.039(6) 2.027(5) 2.023(6)
0.0271230 1.858(7) 1.874(7) 1.861(7) 1.860(6)
0.0225230 1.693(7) 1.715(6) 1.703(6) 1.700(6)

6.2 0.0283240 2.080(6) 2.079(6) 2.062(6) 2.060(5)
0.0259850 1.981(7) 1.980(7) 1.964(6) 1.959(6)
0.0212897 1.792(7) 1.795(7) 1.779(7) 1.777(6)

6.3 0.0246230 2.042(9) 2.050(9) 2.049(9) 2.047(9)
0.0222430 1.953(8) 1.962(8) 1.961(8) 1.958(7)
0.0198558 1.830(11) 1.839(10) 1.839(10) 1.833(9)
0.0174640 1.711(10) 1.722(9) 1.720(9) 1.720(8)

Fig. 2. Flavour breaking effects for the quantities (Msd/Msc)
2 (squares) and (Mud/Msc)

2 (circles), as functions of

(Msc/M
phys
K

)2, in the π/2 theory. In the β = 6.3 plot, the abscissae of the circles are slightly displaced for clarity.
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Table 6
The pseudoscalar meson decay constants in the π/2 case. Each decay constant value at the physical kaon mass r0M

phys
K

=
1.2544 has been obtained by linear extrapolation in the corresponding pseudoscalar mass squared (in r0 units) and is
reported in the lines indicated by an asterisk. The continuum limit results are obtained from linear extrapolations in
(a/r0)2

β aμ0,tw r0Fsc r0Fsd r0Fud r0F̃ud

6.0 0.03816 0.4279(48) 0.4543(52) 0.4833(52) 0.4818(57)
0.03152 0.4203(40) 0.4478(49) 0.4753(51) 0.4732(57)
0.02708 0.4123(39) 0.4370(43) 0.4629(43) 0.4617(49)
0.02261 0.4006(33) 0.4269(41) 0.4495(42) 0.4491(47)

* 0.3851(58) 0.4097(70) 0.4317(67) 0.4325(73)

6.1 0.0317110 0.4653(49) 0.4795(56) 0.4939(49) 0.4936(62)
0.0271230 0.4417(48) 0.4559(50) 0.4731(53) 0.4716(62)
0.0225230 0.4306(50) 0.4437(59) 0.4549(63) 0.4536(67)

* 0.3919(112) 0.4009(136) 0.4121(134) 0.4093(151)

6.2 0.0283240 0.4706(54) 0.4817(58) 0.4898(59) 0.4890(66)
0.0259850 0.4663(49) 0.4746(48) 0.4812(49) 0.4812(58)
0.0212897 0.4491(49) 0.4553(53) 0.4611(53) 0.4600(63)

* 0.4170(144) 0.4153(158) 0.4188(156) 0.4175(182)

6.3 0.0246230 0.4693(82) 0.4781(83) 0.4856(82) 0.4847(95)
0.0222430 0.4632(58) 0.4695(64) 0.4764(68) 0.4758(80)
0.0198558 0.4581(56) 0.4637(63) 0.4688(63) 0.4691(75)
0.0174640 0.4380(56) 0.4450(57) 0.4517(58) 0.4501(69)

* 0.4080(135) 0.4115(141) 0.4166(143) 0.4151(169)

cont. limit extrap.

all beta 0.430(18) 0.412(19) 0.401(19) 0.396(22)
w/o β = 6.0 0.437(32) 0.429(35) 0.424(35) 0.425(40)

(4.8)Fud ≈ 2
(
Meff

ud L3)−1/2 exp
[
(x0 − T/2)Meff

ud

]−if(VR)ud(x0)√
f1,ud

,

(4.9)Fsc ≈ 2
(
Meff

sc L3)−1/2 exp
[
(x0 − T/2)Meff

sc

]f(AR)sc(x0)√
f1,sc

.

The quantities Fsd,Fud and Fsc are obtained from these expressions in a range of x0 � 0 in
which the pseudoscalar effective masses have been extracted.

A second method for computing Fud is based on the PCVC relation Eq. (2.9), expressed in
terms of Schrödinger functional correlation functions:

(4.10)−Mudf(VR)ud
(x0) = 2iμR,twf(PR)ud

(x0).

The corresponding decay constant is computed as

(4.11)F̃ud ≈ −4
μR,tw

M̃eff
ud

(
M̃eff

ud L3)−1/2 exp
[
(x0 − T/2)M̃eff

ud

]f(PR)ud(x0)√
f1,ud

.

The results for the decay constants are collected in Table 6. Note the excellent agreement
between the Fud and F̃ud results, at all β values, which is analogous to the agreement between
the two cot(α) computations presented in Section 3. In Fig. 3 the ratio Fsd/Fsc is compared to
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Fig. 3. Flavour breaking effects for the quantities Fsd/Fsc (squares) and Fud/Fsc (circles), as functions of

(Msc/M
phys
K

)2, in the π/2 theory.

Fud/Fsc. The situation is qualitatively analogous to that of the mass ratios presented above, in
that flavour breaking effects tend to vanish as the continuum limit is approached. These effects
range form 13% to 3% with increasing β; however we show below that these estimates depend
heavily on the improvement coefficient of the axial current.

The above results have been obtained with the normalization constants and improvement co-
efficients determined in various ALPHA Collaboration publications. In order to monitor their
influence on our data, we have repeated the analysis using the LANL Collaboration results for
the same quantities (for details, numerical values and references see Appendix A of [1]). The
comparison of these results, extrapolated to the physical kaon point, is displayed in Fig. 4. From
it we draw the following conclusions:

• The ALPHA and LANL results for each of the decay constants are compatible, the only
exceptions being Fsc (incompatibility) and Fsd (near incompatibility) at β = 6.0. More de-
tailed tests indicate that the main source of incompatibility lies in cA(β = 6.0).

• The ALPHA and LANL results for Fud are fully compatible to those for F̃ud . All three are
independent from the axial current (cf. Eqs. (4.8) and (4.11)) and thus from cA. Moreover,
F̃ud does not depend on any normalization constants and/or improvement coefficients (cf.
Eq. (4.11)).
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Fig. 4. Pseudoscalar meson decay constants, obtained with ALPHA and LANL normalization and improvement coeffi-
cients at the physical kaon mass. The twist angle is π/2. The results for r0F̃ud (based on a Ward identity) are also shown.
The continuum extrapolation (linear in (a/r0)2) is obtained without the β = 6.0 data. The ALPHA and Ward identity
abscissae are slightly displaced for clarity.

• Unlike the ALPHA results, at β = 6.0 the three LANL estimates Fsc, Fsd and Fud are fully
compatible9 and show less scaling violations over the range of simulated couplings. This
implies that the O(a2) discrepancy shown in Fig. 3 is significantly reduced if cLANL

A is used
instead of cALPHA

A . Thus the tmQCD flavour breaking effects under scrutiny, when monitored
by decay constant ratios, appear to be obscured by the uncertainty in the cA determination.
The mass ratios of Fig. 2 are a more reliable monitor of tmQCD flavour breaking.

The continuum limit estimates for the various decay constants of the π/2 case are obtained
by linear extrapolation in (a/r0)

2. Strictly speaking, Symanzik-improved quantities such as the
decay constants, contain some improvement coefficients which are only known in perturbation
theory (cf. b̃A and b̃V). This means that there are also O(ag4

0) discretization errors. We have
explicitly checked that the influence of the corresponding counterterms is negligible in practice
and therefore the dominant discretization error is indeed O(a2).

9 The β = 6.0 LANL values at the physical kaon mass are r0Fsc = 0.4205(63), r0Fsd = 0.4275(74) and r0Fud =
0.4292(67).
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From Table 6 we see that our continuum limit results are compatible across all flavour com-
binations considered. Moreover we note that they do not change substantially if the point of the
coarsest lattice (β = 6.0) is removed.10 From Fig. 4 we see that the continuum limit extrap-
olations with ALPHA and LANL data are also compatible. We have also confirmed that this
conclusion remains valid if the β = 6.0 data are included in these extrapolations.

We now pass to the computation of the kaon masses and decay constants in the π/4 case. The
corresponding lattice correlation function to be used in Eq. (4.1) is:

• f(AR)sd (x0) → 1√
2

[
f(AR)sd (x0) − if(VR)sd (x0)

]
,

where now flavours s, d are both twisted. From it, the estimate Meff
sd is obtained. A second esti-

mate M̃eff
sd can also be obtained from the pseudoscalar density correlation function f(PR)sd , with

(4.12)(PR)sd = ZP[1 + bPamq,tw]Psd .

The decay constant is obtained from the correlation function

(4.13)Fsd ≈ √
2
(
Meff

sd L3)−1/2 exp
[
(x0 − T/2)Meff

sd

]f(VR)sd (x0) − if(VR)sd (x0)√
f1,sd

.

An alternative derivation is based on the continuum PCAC relation

(4.14)∂μ(AR)μ,sd = 2MR,tw(PR)sd = 2
√

2μR,tw(PR)sd .

The last equation is derived by taking into consideration that Eq. (2.2) reduces to Z−1
P

√
2μ0,tw

for degenerate quark masses mR,tw = μR,tw. We thus obtain the decay constant estimate

(4.15)F̃sd ≈ −4
√

2
μR,tw

Meff
sd

(
Meff

sd L3)−1/2 exp
[
(x0 − T/2)Meff

sd

]f(PR)sd(x0)√
f1,sd

.

The results for the decay constants, obtained with ALPHA estimates for the normalization
constants and improvement coefficients, are collected in Table 7. In most cases there is again full
compatibility between the masses r0M

eff
sd and r0M̃

eff
sd , as well as the decay constants r0Fud and

r0F̃ud , at all β values. The comparison with the LANL results, made at the physical kaon mass,
is displayed in Fig. 5. From it we draw the following conclusions:

• The ALPHA and LANL results are compatible, except at β = 6.0.
• Beyond β = 6.1, ALPHA and LANL results for r0Fsd are compatible to those for r0F̃sd , the

latter being independent of any normalization constants and/or improvement coefficients (cf.
Eq. (4.15)). As the ALPHA r0Fsd estimate scales like r0F̃sd for the whole β range, the two
have almost identical continuum limits.

• Compared to the ALPHA and Ward identity results, the LANL ones display a better scaling
behaviour over the whole range of simulated couplings.

10 This is not in accordance with the findings of Ref. [18] for Fsc , the continuum limit of which was obtained without the
β = 6.0 result. This difference is explained by the bigger statistical sample (O(1000) configurations) and the simulations
down to a finer lattice spacing (β = 6.45) of that work.
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Table 7
The pseudoscalar meson effective mass and decay constant in the π/4 case. The decay constant values at the physical

kaon mass r0M
phys
K

= 1.2544 have been obtained by linear interpolation (extrapolation at β = 6.45) in r0M2
sd

. The

continuum limit results are obtained from linear extrapolations in (a/r0)2

β r0Meff
sd

r0Fsd r0M̃eff
sd

r0F̃sd

6.0 1.326(4) 0.3918(33) 1.319(4) 0.3979(37)
1.253(4) 0.3861(33) 1.244(4) 0.3907(37)
1.207(4) 0.3826(33) 1.198(4) 0.3864(38)

1.2544 0.3864(33) 1.2544 0.3917(37)

6.1 1.235(6) 0.3938(44) 1.231(5) 0.4050(54)
1.170(6) 0.3895(43) 1.166(5) 0.4006(54)
1.088(6) 0.3844(42) 1.084(6) 0.3961(54)

1.2544 0.3951(44) 1.2544 0.4064(53)

6.2 1.299(6) 0.4110(63) 1.295(6) 0.4032(68)
1.182(6) 0.4044(63) 1.176(6) 0.3943(66)

1.2544 0.4084(62) 1.2544 0.4001(65)

6.3 1.338(9) 0.4113(66) 1.337(9) 0.4160(81)
1.259(9) 0.4051(63) 1.259(9) 0.4092(78)
1.175(10) 0.3987(59) 1.176(9) 0.4029(76)

1.2544 0.4048(61) 1.2544 0.4090(75)

6.45 2.054(10) 0.4776(66) 2.052(9) 0.4871(81)
1.848(11) 0.4569(65) 1.847(9) 0.4673(81)
1.702(11) 0.4433(63) 1.701(10) 0.4544(82)

1.2544 0.4089(69) 1.2544 0.4216(91)

cont. limit extrap.

all beta 0.420(6) 0.424(8)
w/o β = 6.0 0.419(9) 0.420(12)

The continuum limit extrapolations for the decay constants, linear in (a/r0)
2, are also displayed

in Table 7. We see that they are all in a good agreement and do not change substantially if the
point of the coarsest lattice (β = 6.0) is removed. The same extrapolations (for all β values)
performed with the LANL data yield r0Fsd = 0.404(6), which is incompatible to the ALPHA
and Ward identity estimates, due to its small error. If however the β = 6.0 point is removed, we
obtain the compatible result r0Fsd = 0.411(9), which is the situation displayed in Fig. 5.

The overall conclusion is that the continuum results are remarkably stable for the different
flavour combinations, and different tmQCD regularizations (i.e. π/2 and π/4 cases). The best
result for FK in the continuum limit is obtained with a constrained fit of F̃ud (for the π/2 case)
and F̃sd (for the π/4 case). This choice is dictated by the absence of (re)normalization and
improvement coefficients in these quantities, which amounts to the elimination of one source of
systematic errors. Our final FK estimate is

(4.16)r0FK = 0.421 ± 0.007

which agrees nicely with the previous ALPHA result r0FK = 0.415±0.009 of Ref. [18], and the
χLF Collaboration one r0FK = 0.410 ± 0.011 of Ref. [19].
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Fig. 5. Pseudoscalar meson decay constants, obtained with ALPHA and LANL normalization and improvement coeffi-
cients at the physical kaon mass. The twist angle is π/4. The results for r0F̃ud (based on a Ward identity) are also shown.
The continuum extrapolation (linear in (a/r0)2) is obtained without the β = 6.0 data. The ALPHA and Ward identity
ordinates are slightly displaced for clarity.

5. Four-fermion operators

We now pass to the discussion of our tmQCD results concerning the matrix elements of the
parity-odd four-fermion operators

(5.1)Q±
1 = [ψ̄1γμψ2][ψ̄3γμγ5ψ4] + [ψ̄1γμγ5ψ2][ψ̄3γμψ4] ± [2 ↔ 4]

between pseudoscalar states. After attributing appropriate physical quark flavours to the four-
quark fields ψk (k = 1, . . . ,4), we compute the ratios

(5.2)R± = 〈π+|Q±
1 |K+〉

〈π+|A0,ud |0〉〈0|A0,su|K+〉 .

These ratios are the core quantities for the calculation of the kaon-to-pion weak matrix elements
related to the �I = 1/2 rule. Note that our computations do not directly provide the physical
K → π matrix elements of interest, as our pseudoscalar mesons (pions and kaons) are degenerate
and at best as light as the physical kaon. Nevertheless our results have been used in Ref. [4] in
order to obtain the renormalization constants of Q±

1 with Neuberger fermions. This is achieved
through a matching procedure involving the corresponding RGI operators, computed with Wilson
fermions. For details on the method and the notation, see Ref. [4]. A different relabelling of the
operator quarks ψk (k = 1, . . . ,4), allows the identification of the matrix element of Q+

1 between
pseudoscalar states with 〈K̄0|Q�S=2|K0〉. Moreover, in the quenched approximation we have the
identification BK = (3/4)R+; see Refs. [1,20,21] for details.

Our aim here is twofold: First, we wish to report our BK results at β = 6.1, computed with the
new value of κcr. Second, we also list the values of R− at all couplings; the analysis of Ref. [4]
was based on these results. As the continuum extrapolation of R± has also been performed
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Table 8
Results for the pseudoscalar mass and the various ratios R+ at β = 6.1. The upper (lower) part of the table corresponds
to the π/2 (π/4) case. The error in r0Msd is statistical. The three errors of each R+ ratio are, in order of appearance:
(i) due to the statistical fluctuations of the correlations; (ii) due to the errors of ZA and ZV; (iii) the total error from the
two previous ones. The results of the extrapolations to the physical kaon mass value are shown at the bottom of each
β-dataset: the first error of the extrapolated R+ is that arising from type-(i) errors of the fitted values, while the second
is from type-(iii) errors

β
[ xmin

0
2r0

,
xmax

0
2r0

]
r0Msd RALPHA+ RLANL+ RALPHA;w/o cA+

6.1 [1.34,3.08] 2.039(6) 1.433(11)(10)(15) 1.403(11)(14)(18) 1.339(10)(8)(13)
1.874(7) 1.380(13)(10)(16) 1.351(13)(14)(19) 1.290(12)(7)(14)
1.715(6) 1.332(12)(9)(16) 1.305(12)(13)(18) 1.245(11)(7)(13)

1.2544 1.219(28)(37) 1.194(28)(42) 1.140(25)(31)

6.1 [1.18,3.55] 1.233(6) 1.239(14)(9)(16) 1.204(13)(12)(18) 1.126(12)(6)(14)
[1.18,3.55] 1.168(6) 1.218(15)(9)(17) 1.183(14)(12)(19) 1.106(13)(6)(15)
[1.26,3.47] 1.086(6) 1.190(17)(8)(19) 1.156(16)(12)(20) 1.080(15)(6)(16)

1.2544 1.247(12)(15) 1.211(12)(16) 1.134(11)(14)

Table 9
The RGI bag parameter B̂K for all lattice spacings. The second (third) column displays data from α = π/2 (α = π/4)
tmQCD. All results are from Ref. [1], except those at β = 6.1 in boldface, which have been obtained in the present work.
The errors, which incorporate both statistical and systematic effects, have been estimated as described in Ref. [1]

β B̂K(α = π/2) B̂K(α = π/4)

6.0 0.911(22) 0.926(13)
6.1 0.824(26) 0.843(13)
6.1 0.812(24) 0.779(13)
6.2 0.828(30) 0.798(14)
6.3 0.789(34) 0.775(15)
6.45 – 0.789(19)

in Ref. [4], it needs not to be repeated here. Nevertheless, we will discuss in some detail the
continuum extrapolation of BK (which is that of R+, since BK = (3/4)R+), as this amounts to
an update of our older BK result of Ref. [1]. This new BK analysis has also been presented in
Ref. [6].

All computational details are identical to those of Ref. [1]. Following that work, we construct
three versions of the ratio R±, differing in the structure of the O(a) bilinear counterterm opera-
tors in its denominator. The results for R+ at β = 6.1, are collected in Table 8; the corresponding
RGI bag parameter B̂K is shown, for all lattice spacings, in Table 9 and Fig. 6. The determination
of B̂K in the continuum limit involves a linear extrapolation in a, with the two different regular-
izations (π/2 and π/4) combined in a fit constrained to a common value at zero lattice spacing.
It turned out that one of the most relevant sources of cutoff effects is related to the arbitrariness
of the denominator O(a) counterterms mentioned above. For instance, using either the values for
ZA,ZV, cA determined by the ALPHA Collaboration or those obtained by the LANL group [22]
results in sizeable effects on BK at β = 6.0. At β = 6.1 we also discern discretization effects in
the π/4 case (see Fig. 6). This signals the presence of large O(a2) ambiguities in B̂K far from the
continuum limit. Combined linear + quadratic extrapolation of the data proved to be unreliable,
since the curvature of the quadratic term dominates the result also close to the continuum limit.
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Fig. 6. Uncertainties on B̂K related to the O(a) improvement of bilinears. The left panel displays π/2 data, while the
right panel shows π/4 data.

Linear fits, excluding the β = 6.0 data, give

(5.3)B̂K = 0.668(45), with cALPHA
A ;

(5.4)B̂K = 0.737(51), with cLANL
A ;

(5.5)B̂K = 0.744(42), with cA = 0;
whereas once also β = 6.1 is excluded we obtain

(5.6)B̂K = 0.735(71), with cALPHA
A ;

(5.7)B̂K = 0.771(80), with cLANL
A ;

(5.8)B̂K = 0.780(67), with cA = 0.

In the π/2 case, the error decrease in the extrapolations upon including the β = 6.1 point (for
which LANL and ALPHA data are fully compatible), is marginal. For instance, combined linear
extrapolations with cALPHA

A , excluding only the β = 6.0 data for π/2 and those at β = 6.0,6.1
for π/4, yield B̂K = 0.739(66).

The above results indicate that the extrapolation of the LANL data is the most stable. In spite
of this, the ALPHA data is considered to be the best estimate, on grounds related to the systematic
uncertainties in the derivation of ZA, ZV and cA, as explained at length in Ref. [1]. Since the
difference between ALPHA and LANL results is only significant at β = 6.0 and β = 6.1, we
have conservatively discarded these data points in the continuum extrapolation, illustrated in the
left panel of Fig. 7. The final results are:

(5.9)B̂K = 0.735(71),

(5.10)BMS
K (2 GeV) = 0.534(52).
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Fig. 7. Left: Continuum limit extrapolation of B̂K . The π/2 ordinates have been slightly displaced for clarity. Right:
Same as before, but with B̂K(β = 6.1) from [1]. Bottom: Comparison with other quenched results; different fermion
discretizations are as follows (from left to right): [23,24] domain wall; [25–27] overlap; [28] Wilson; [29,30] staggered.
The ALPHA point is that of the present work (Wilson tmQCD).

When comparing with the result (B̂K = 0.789(46)) quoted in [1], we must take into account
that the revision of the β = 6.1 data has important consequences for the continuum limit extrap-
olation. In the analysis of Ref. [1] (cf. right panel of Fig. 7), good scaling behaviour appeared
to set-in rather abruptly at β = 6.1, with continuum limit extrapolation becoming stable only
once the β = 6.0 points were discarded. On the contrary, the new β = 6.1 data interpolate in
a smoother way those at β = 6.0 and β = 6.2 (cf. left panel of Fig. 7). This however, implies
a worsening of the scaling behaviour, with continuum limit extrapolation becoming stable only
upon discarding our β = 6.0 and β = 6.1 results, as detailed above.

The value of B̂K is shown in the bottom panel of Fig. 7 alongside other representative results
in quenched QCD found in the literature [23–30]. Our result is the only quenched result which
has simultaneously eliminated the systematic uncertainties related to renormalization (both at
a reference scale and from the point of view of RG running), ultraviolet cutoff dependences, and
finite volume effects (within the available accuracy). On the other hand, the control of the mass
dependence of B̂K with Wilson fermions is still not as accurate as with e.g. Neuberger or domain
wall fermions.

The R− results for all β values are displayed in Tables 10 and 11. The extrapolation of this
data to the continuum limit has been presented in Ref. [4].
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Table 10
Results for the pseudoscalar mass and the various ratios R− for twist angle π/2. For an explanation of the errors, see
the caption of Table 8

β
[ xmin

0
2r0

,
xmax

0
2r0

]
r0Msd RALPHA− RLANL− RALPHA;w/o cA−

6.0 [1.30,3.17] 2.092(6) 2.632(32)(19)(37) 2.435(30)(25)(39) 2.293(28)(13)(31)
1.907(7) 2.732(43)(19)(47) 2.528(40)(26)(48) 2.381(38)(14)(40)
1.780(6) 2.809(45)(20)(49) 2.596(41)(27)(50) 2.443(40)(14)(42)
1.635(6) 2.852(46)(20)(50) 2.635(42)(28)(51) 2.480(40)(14)(43)

1.2544 3.009(66)(73) 2.778(61)(75) 2.614(58)(62)

6.1 [1.34,3.08] 2.039(6) 2.450(27)(17)(32) 2.400(27)(25)(36) 2.289(26)(13)(29)
1.874(7) 2.627(32)(19)(37) 2.574(32)(26)(41) 2.457(30)(14)(33)
1.715(6) 2.697(40)(19)(44) 2.641(39)(27)(48) 2.521(38)(14)(40)

1.2544 3.010(83)(94) 2.95(8)(10) 2.817(79)(85)

6.2 [1.29,3.05] 2.079(6) 2.414(28)(17)(32) 2.400(27)(25)(37) 2.312(27)(13)(30)
1.980(7) 2.449(30)(17)(34) 2.435(30)(25)(39) 2.347(29)(13)(32)
1.795(7) 2.623(39)(19)(43) 2.608(39)(27)(47) 2.513(38)(14)(40)

1.2544 2.92(10)(12) 2.91(10)(13) 2.80(10)(11)

6.3 [1.23,3.00] 2.050(9) 2.352(39)(17)(43) 2.366(39)(24)(46) 2.284(38)(13)(40)
1.962(8) 2.506(45)(18)(49) 2.522(45)(26)(52) 2.433(44)(14)(46)
1.839(10) 2.489(56)(18)(59) 2.504(56)(26)(62) 2.417(55)(14)(56)
1.722(9) 2.661(58)(19)(61) 2.677(58)(27)(64) 2.584(56)(15)(58)

1.2544 2.95(12)(12) 2.96(12)(13) 2.85(11)(12)

6. Conclusions

In this work we have completed our study of basic kaon weak matrix elements in quenched
Wilson tmQCD. Our final value for FK is the best controlled quenched result obtained with
Wilson fermions from the point of view of systematic uncertainties. We have also provided a final
value for BK , with an error that, in our view, reflects faithfully the best accuracy that can be
expected for this quantity in the absence of full O(a) improvement. Finally, we have performed a
thorough study of flavour breaking in our version of tmQCD, confirming that it does not introduce
any uncontrolled systematics in our results.

The dominant source of uncertainty left in the quenched approximation (certainly so for BK )
is related to the lack of full O(a) improvement, which amplifies the error of the continuum limit
extrapolation. Thus, if Wilson fermions are to be used in the future in the determination of weak
matrix elements, the use of tmQCD variants that embody automatic O(a) improvement [31]
may prove essential. Two important aspects of the tmQCD approach are crucial in the context
of weak matrix elements: the tuning of mass parameters, in particular of the twist angle, has
to be controlled to high precision; and flavour symmetry breaking effects should be reasonably
small, as in the present study. In conclusion, the present work demonstrates that, once the tun-
ing of the twisted angle and flavour symmetry breaking are under control, tmQCD may offer a
convenient alternative to other discretizations. As we are entering the era of tmQCD simulations
with dynamical quarks [32], it will be important to explore these issues in future unquenched
studies.
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Table 11
Results for the pseudoscalar mass and the various ratios R− for twist angle π/4. For an explanation of the errors, see
the caption of Table 8

β
[ xmin

0
2r0

,
xmax

0
2r0

]
r0Msd RALPHA− RLANL− RALPHA;w/o cA−

6.0 [1.30,3.17] 1.326(4) 3.202(40)(23)(46) 2.880(37)(31)(48) 2.657(34)(16)(38)
[1.30,3.17] 1.253(4) 3.306(47)(23)(53) 2.971(42)(32)(53) 2.739(40)(16)(43)
[1.30,3.17] 1.207(4) 3.379(54)(24)(59) 3.035(48)(33)(58) 2.798(45)(17)(48)

1.2544 3.304(46)(53) 2.968(41)(53) 2.738(38)(41)

6.1 [1.18,3.55] 1.233(6) 3.199(67)(23)(71) 3.112(65)(32)(73) 2.909(62)(17)(64)
[1.18,3.55] 1.168(6) 3.296(77)(23)(80) 3.204(74)(33)(81) 2.995(70)(17)(72)
[1.26,3.47] 1.086(6) 3.429(91)(24)(94) 3.330(88)(35)(95) 3.112(83)(18)(85)

1.2544 3.160(62)(65) 3.077(60)(68) 2.875(57)(59)

6.2 [1.35,3.52] 1.299(6) 2.999(58)(21)(61) 2.976(57)(32)(65) 2.828(55)(16)(57)
[1.35,3.52] 1.182(6) 3.127(72)(22)(75) 3.102(72)(33)(79) 2.945(68)(17)(70)

1.2544 3.050(62)(65) 3.026(61)(68) 2.875(58)(60)

6.3 [1.29,2.94] 1.338(9) 2.964(64)(21)(68) 2.983(64)(31)(71) 2.848(62)(16)(64)
[1.35,2.88] 1.259(9) 3.056(73)(22)(76) 3.081(73)(32)(80) 2.936(70)(17)(72)
[1.47,2.76] 1.175(10) 3.164(85)(22)(88) 3.204(85)(33)(91) 3.040(82)(17)(84)

1.2544 3.065(72)(76) 3.093(72)(79) 2.945(69)(71)

6.45 [1.30,2.84] 2.054(10) 2.262(41)(16)(44) 2.285(41)(23)(47) 2.203(40(12)(42)
[1.25,2.88] 1.848(11) 2.384(53)(17)(56) 2.408(53)(24)(58) 2.322(52)(13)(54)
[1.30,2.84] 1.702(11) 2.484(66)(18)(68) 2.508(66)(25)(70) 2.419(64)(13)(66)

1.2544 2.700(93)(98) 2.725(93)(99) 2.630(90)(93)
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Appendix A. The effect of an offset in the κcr estimate

In this appendix we present the results for cot(α), the pseudoscalar effective mass and the
decay constant, computed with quark mass parameters tuned with the value of κcr(β = 6.1)

quoted in Ref. [3]. As shown in Table 3, this value, obtained by interpolation over a range of
κcr(β), is roughly only 0.1% off the estimate of the present work, computed directly at β = 6.1.
This apparently small offset is nevertheless a discrepancy of 15 standard deviations and has
significant consequences in the quantities of interest, which we now examine in some detail.

We denote by κcr the value computed on the constant physics condition of Ref. [12]; at β = 6.1
this computation has been performed in the present work. The estimate at β = 6.1, obtained
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through interpolation of data computed at several other gauge couplings [3], is parametrized as
κ ′

cr = κcr[1 + δcr]. Let us keep track of the effect of this offset in the tuning of the various quark
masses, starting with the π/2 case. The tuning of the hopping parameter κw of the untwisted
doublet is done in our simulations by requiring that the pseudoscalar meson made of the two
untwisted flavours, has a mass Meff

sc equal to a given value, fixed between 640 MeV and 830 MeV.
This procedure is unaffected by κcr, as is the computation of purely untwisted quantities such as
r0Fsc. What is affected by the offset δcr is our estimate of the subtracted masses, which now
become

(A.1)am′
q,f = 1

2κf

− 1

2κ ′
cr

= amq,f + (δamcr) (f = tw,w),

with

(A.2)(δamcr) ≡ δcr/(2κcr) + · · · ,
where terms of O(δ2

cr) have been dropped. So now Eq. (2.4) becomes

(A.3)am′
R,w = amR,w + Zm(δamcr) + · · · ,

where O(a) counterterms are dropped, when multiplied by δamcr. The requirement of quark
mass degeneracy now reads m′

R,w = μ′
R,tw; i.e. the offset filters through to the twisted mass,

which now becomes

(A.4)aμ′
R,tw = aμR,tw + Zm(δamcr) + · · · .

This clearly induces an offset Z−1
P Zm(δamcr) in the tuning of the bare twisted mass parameter,

which we therefore denote as aμ′
0,tw. Finally, the hopping parameter of the twisted doublet is

tuned to a value κ̄tw, corresponding to

(A.5)am̄′
q,tw = 1

2κ̄tw
− 1

2κ ′
cr

= am̄q,tw + (δamcr),

by requiring the vanishing of the renormalized light quark mass, which is now written as

(A.6)am̄′
R,tw = Zm

[
am̄′

q,tw(1 + bmam̄′
q,tw) + b̃m(aμ′

0,tw)2].
It is important to note that the above quantity is not the true standard quark mass in the twisted
sector. Considering that κcr (and not κ ′

cr) is by definition the reliably estimated critical point, the
true renormalized quark mass, for the hopping parameter κ̄tw, is expressed in terms of m̄′

q,tw (cf.
Eq. (A.5)) as am̄q,tw = am̄′

q,tw − (δamcr). It turns out to be non-zero:

(A.7)am̄R,tw = Zm

[
am̄q,tw(1 + bmam̄q,tw) + b̃m(aμ′

0,tw)2] = −Zm(δamcr).

The second expression has been derived by implementing the vanishing of Eq. (A.6).
The bottom line is that we now have a theory characterized by the bare parameters κw, κ̄tw,μ′

tw
(or, equivalently, mq,w, m̄q,tw,μ′

0,tw) which correspond to the same heavy quark mass mR,w, a
small but non-zero light quark mass m̄R,tw and a twisted mass μ′

R,tw. A twist angle defined
through the ratio of mass parameters aμ′

R,tw and am̄′
R,tw, is tautologically equal to π/2. Instead,

the true twist angle of the theory is given by

(A.8)tan(ᾱ′) = aμ′
R,tw

am̄R,tw
= am′

R,w

am̄R,tw
= −amq,w

δamcr
+ · · · ,
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Table 12
Twist angles, computed with an offset critical hopping parameter κ ′

cr(β = 6.1) and from two different procedures, indi-
cated by the corresponding equations. The upper (lower) part of the table corresponds to the π/2 (π/4) case

aμ0,tw cot(α) Eq. (2.15) cot(α) Eq. (2.18)

0.0317110 0.102(2) 0.103(2)
0.0271230 0.141(3) 0.143(3)
0.0225230 0.188(3) 0.191(3)

0.00810 1.435(6) 1.413(6)
0.00720 1.495(7) 1.473(6)
0.00615 1.583(8) 1.561(8)

Table 13
Pseudoscalar effective masses and decay constants, for the π/2 case, computed with the offset critical hopping parameter
κ ′

cr(β = 6.1)

aμ0,tw r0Meff
sd

r0Meff
ud

r0M̃eff
ud

r0Fsd r0Fud r0F̃ud

0.0317110 1.979(6) 1.910(6) 1.904(6) 0.4697(55) 0.4745(55) 0.4746(60)
0.0271230 1.812(7) 1.739(7) 1.735(6) 0.4462(48) 0.4509(49) 0.4502(57)
0.0225230 1.647(7) 1.575(6) 1.568(6) 0.4311(55) 0.4284(56) 0.4284(60)

which may differ significantly from the target value π/2.
In Table 12, we show the values of cot(α). It is clear that they are completely incompatible

to the target value of π/2 (and π/4; see below), on which the mass parameter tuning is based.
This is in contrast to the small deviation from the target values of the cot(α) estimates given
in Table 4, which simply reflects the presence of O(a2) effects.

In Table 13, the results for the various pseudoscalar effective masses and decay constants are
presented for the π/2 case. The quantities r0M

eff
sc and r0Fsc are not reported here, as they are

identical to those of Tables 5 and 6. This is because they consist of untwisted flavours, the mass
tuning of which is independent of κcr.

There is a rough check which enables us to “predict” the discrepancy in our results, induced by
an offset δκcr in the critical point. The standard PCAC dependence of the squared pseudoscalar
mass on the average valence quark masses implies that:

(A.9)
(
aMeff

sc

)2 ∝ 2amR,w,

(A.10)
(
aMeff

ud

)2 ∝ 2
[
aμR,tw + Zm(δamcr)

]
,

(A.11)
(
aMeff

sd

)2 ∝ amR,w + aμR,tw + Zm(δamcr).

The above expressions have been obtained by keeping track of the offset in the various quark
masses (cf. Eqs. (2.2), (A.4) and (A.7)) in the tuning procedure, through straightforward lowest
order Taylor expansions in δamcr. Since, in the absence of offset δamcr, the quark masses are
tuned to satisfy amR,w = aμR,tw, we easily derive

(A.12)

(
aMeff

sd

aMeff
sc

)2

= 1 + Zm(δamcr)

2amR,w
,

(A.13)

(
aMeff

ud

aMeff
sc

)2

= 1 + Zm(δamcr)

amR,w
.
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Table 14
Comparison of the flavour breaking effects in the pseudoscalar masses, computed with the offset κ ′

cr(β = 6.1). In the last
column, we also show the results of the “prediction” based on Eq. (A.13)

β aμ0,tw (Meff
sd

/Meff
sc )2 − 1 (Meff

ud
/Meff

sc )2 − 1 Zm(δamcr)/amR,w

6.1 0.0317110 −0.044(1) −0.109(2) −0.06
0.0271230 −0.050(1) −0.124(3) −0.07
0.0225230 −0.053(2) −0.134(4) −0.09

This means that the offset of the first ratio, due to δκcr, is “predicted” to be half of that of the
second. This is roughly confirmed by the data in the case of β = 6.1 with the offset κcr. The
relevant results are gathered in Table 14. Clearly, as the whole procedure does not take into
account higher order discretization effects, our expectations are confirmed at a qualitative level.

We now turn to the π/4 case, in which the mass tuning proceeds in a different way (cf.
Ref. [1]). For a fixed bare twisted mass aμ0,tw, the mass degeneracy condition mR,tw = μR,tw
fixes the subtracted mass mq,tw, in terms of Eqs. (2.5) and (2.6), to the value

(A.14)amq,tw = 1

ZZA
aμ0,tw

{
1 +

[
1

ZZA
(bμ − bm) − ZZAb̃m

]
aμ0,tw

}
.

Now this value of amq,tw induces fixing the hopping parameter to say, κ or κ̄ , depending on
whether we are working with κcr or κ ′

cr:

(A.15)amq,tw = 1

2κ
− 1

2κcr
= 1

2κ̄
− 1

2κ ′
cr

.

When we perform simulations at hopping parameter κ̄ (based on the tuning with κ ′
cr), we are not

really at subtracted quark mass amq,tw, but rather at am̄q,tw = 1/(2κ̄) − 1/(2κcr). This implies
the following offset in the subtracted quark mass:

(A.16)am̄q,tw = amq,tw + δamcr.

The true untwisted quark masses of our simulation are then

(A.17)am̄R,tw = amR,tw − Zmδamcr + · · · ,
(A.18)aμ̄R,tw = aμR,tw + · · · ,

with higher orders omitted. Combining these two expressions, we finally arrive at the estimate
for the twist angle

(A.19)cot(α) = 1 − Zmδamcr

aμR,tw
.

This is again the source of a significant deviation from the target twist angle π/4; the Ward
identity results of Table 12 discussed above corroborate this conclusion.

In Table 15 we list the results for the pseudoscalar masses and decay constants. They are
significantly different to the ones obtained with the new κcr(β = 6.1) (cf. Table 7). We also
notice that the excellent agreement between r0M

eff
sd and r0M̃

eff
sd in Table 7 is lost in Table 15.

Recalling that the two quantities in question, essentially being the two sides of a Ward identity,
are equal up to discretization effects, we interpret this discrepancy as a signal of O(a2) flavour
symmetry violations. The comparison of r0Fsd to r0F̃sd confirms these conclusions.



284 ALPHA Collaboration / Nuclear Physics B 776 (2007) 258–285
Table 15
Pseudoscalar effective masses and decay constants, for the π/4 case, computed with the offset κ ′

cr(β = 6.1)

aμ0,tw r0Meff
sd

r0M̃eff
sd

r0Fsd r0F̃sd

0.00810 1.382(5) 1.372(5) 0.4001(36) 0.3325(34)
0.00720 1.326(5) 1.316(5) 0.3944(36) 0.3196(33)
0.00615 1.257(5) 1.247(5) 0.3862(36) 0.3025(33)

Table 16
Comparison of the effect of κ ′

cr(β = 6.1) on the pseudoscalar mass, measured in the simulation, with the “prediction”
based on Eq. (A.24)

β aμ0,tw (M̄eff
sd

/Meff
sd

)2 − 1 Zm(δamcr)/2aμR,w

6.1 0.00810 0.25 (2) 0.25
0.00720 0.28 (2) 0.28
0.00615 0.34 (2) 0.33

The previous analysis of the mass offsets in the π/4 case suggests two rough checks of the
observed discrepancies. First, we note that the twist angle “prediction” of Eq. (A.19) gives, for
the three twisted bare masses used,

(A.20)cot(α) ∼ 1.50,

(A.21)cot(α) ∼ 1.54,

(A.22)cot(α) ∼ 1.64,

which is in a good qualitative agreement with the Ward identity estimates listed in Table 15.
Second, we compare the pseudoscalar effective masses Meff

sd , computed with our hopping para-
meter κ (tuned with κcr) and listed in Table 7, to the ones computed with the hopping parameter κ̄

(tuned with κ ′
cr) of Table 15. Henceforth, the latter quantities are denoted as M̄eff

sd . PCAC suggests
that

(A.23)aMeff
sd ∝ 2aMR,tw,

(A.24)aM̄eff
sd ∝ 2aM̄R,tw = 2

√
am̄2

R,tw + aμ̄2
R,tw = 2aMR,tw

[
1 − Zmδamcr

2aμR,tw

]
.

A glance at Table 16 shows that the agreement between the measured quantity (aM̄eff
sd /aMeff

sd −1)

and the “predicted” value Zmδamcr/2aμR,tw exceeds expectations.
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