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Summary

The study of atmospheric somid propagation has become an important sub

ject since noise polhition problems emerged as a highly relevant m atter in 

several areas such as sociology, economics, regulations and standards. 

Modelling sound propagation over large domains represents a major chal

lenge for current numerical tools due the large computational resources re

quired to obtain accurate solutions.

In this thesis a “one-way” wave based field discretization method for solving 

the Helmholtz equation in large-scale problems is proposed and is referred 

to as the Forward Wave Expansion Method (FWEM). The FWEM is de

rived from a highly efficient discretization procedure based on interpolation 

of wave functions known as the Wave Expansion Method (WEM).

The Wave Expansion Method (WEM) is a very flexible, efficient full field 

method for solving the Helmholtz equation, which uses mesh densities as low 

as 3 nodes per wavelength and can model complicated ground topography, 

ground impedance inhomogeneities and inhomogeneous moving media.



The FWEM computes the propagated sound field by means of an exclu

sively forward advancing solution. This technique do not require the inver

sion of large system matrices and thus permits the solution of large scale 

acoustic problems where backscatter is not of interest. A computationally 

light model is thus proposed which retains many formulation advantages of 

WEM. At ranges where the propagating wave is nearly planar, the mesh 

spacing needed to obtain accurate results can be significantly reduced which 

further improves the overall computational efficiency.

The accuracy of the two dimensional implementation of the FWEM was 

tested for a number of benchmarking problems. Diffraction and refraction 

effects were included in the analysis. Comparisons to data computed with 

the standard WEM and with theoretical solutions (when available) show 

the forward approximation to be highly accurate using nodal spacings as 

low as 0.2 nodes per wavelength in the propagation direction and 3 nodes 

per wavelength in the quadrature (vertical) direction.

For the three dimensional implementation only the solution for the free 

propagation problem was compared with theoretical results. The method 

was successfully implemented to model diffraction effects in two propagating 

models. These models included continuous and finite barriers. Accurate re

sults were obtained for a limited part of the computational domain. Further 

refinements, however, are required to make the FWEM a viable modelling 

tool in three dimensions.
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Chapter 1

Introduction

1.1 R elevance o f m odelling long-range atm ospheric  

noise propagation

Noise pollution is a serious growing problem for many people worldwide, 

which causes annoyance, lowers quality of life and productivity. In severe 

cases it can lead to health problems and cognitive difficulties. Growing 

road, rail and air traffic tends to lead to strong adverse reactions from the 

citizens aflFected by it. Reliable evaluation and prediction of noise maps is 

therefore required in order to assess objectively the exact size of the noise 

problem and to monitor the efficiency of plans to control and reduce these 

problems. Consequently, assessment and prediction of outdoor sound propa

gation is important for decisions concerning environmental noise abatement 

plans and transport/industrial development.

1
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1.2 Introduction to  atm ospheric acoustics

Sound propagation in the atmosphere is a complex plienomenon tha t is 

dependent on geometrical spreading, molecular absorption, turbulence and 

scattering. Some other mechanisms occur for waves near the ground, where 

a major factor is the fact tha t different ground surfaces differ greatly in their 

acoustical properties.

Wind and temperature profiles all affect how sound propagates through the 

atmosphere. Variations in sound speed across the medium cause refraction of 

the sound waves either upwards or downwards, which can either decrease or 

increase sound pressure levels significantly. If the medium is not stationary 

sound waves are convected by the mean motion of the field.

1.3 Scope o f the thesis

Propagation of sound above a plane and heterogeneous ground in an homo

geneous or stratified atmosphere has been extensively studied analytically, 

numerically and experimentally. The influence of turbulence and wind gra

dients has been investigated considerably for the case of sound propagation 

over plane unobstructed ground. However in complex environments, the 

modelling of outdoor sound propagation nmst take into account the mixed 

influence of the terrain topography and the meteorological conditions.

The two factors that determine the usefulness of a computational method as 

a predictive tool for atmospheric sound propagation are accuracy and com

putational cost. The accuracy will determine the reliability of the method, 

the computational cost will determine the viability of the numerical scheme.
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There are a number of approaches available for exterior atmospheric noise 

propagation modelling. These can be grouped into two classes.

1. Semi-Empirical Methods

2. Physical Methods

Semi-empirical methods usually require relatively low computational re

sources and can be used to generate approximate noise maps over large 

areas. However, as they ignore phase information and rely on a number of 

approximations they are not accurate in many situations particularly those 

involving multiple reflections and diffractions and complex ground effects 

and geometries. In addition their frequency dependency is crude and they 

can only model gross atmospheric effects. However as sources are often 

crudely modelled these methods may be adequate for urban planning. On 

the other hand physical methods are much more powerful from a modelling 

perspective but they require significant computational resources. There is 

a continual need to improve this computational efficiency and Wave-based 

methods are promising in this regard.

The discretization method proposed in the present work, the Forward Wave 

Expansion Method (FW'EM), is a development of a novel wave-based method, 

the Wave Expansion Method (WEM) that considerably reduces the compu

tational resources required to obtain accurate results. The FWEM may be 

a significant step toward a more useful prediction method for long range 

outdoor sound propagation.
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1.4 Structure o f the thesis

Chapter 2 gives a review of the most widely used numerical methods for 

long-range problems. A general description of present semi-empirical mod

els followed by a brief description of the Fast Field Program (FFP) and 

Ray trace techniques. Special consideration is given to the most commonly 

accepted techniques for this kind of sound propagation problems, the Bound

ary Element Method (BEM) and the Parabolic Equation Methods (PEM).

A complete description of the Wave Expansion Method (WEM) is also in

cluded since it constitutes the base of the method introduced in the present 

work, the Forward Wave Expansion Method (FWEM).

The implementation of the FWEM for two-dimensional problems is de

scribed in chapter 3. A detailed explanation of the modelling issues en

countered during the development of the technique is presented. A number 

of benchmark sound propagation problems are presented to evaluate the ac

curacy and flexibility of the FWEM.

In chapter 4, the implementation of the FWEM is extended to three-dimensional 

propagation problems. The results for some propagation problems are dis

cussed.

Chapter 5 presents the general conclusions. Some issues for future develop

ment in the technique are proposed.
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R eview  of numerical 
m ethods for long-range wave 
propagation problems

2.1 In trod u ction

There is a continuous search for accurate methods to model outdoor sound 

propagation. These methods should take into account geometric divergence, 

refraction of sound, diffraction by obstacles, wind and turbulence effects, 

complicated ground topography and impedance discontinuities. Different 

source distributions and realistic source directivity should also be consid

ered in the models.

Different methods have been developed to compute sound propagation under 

some of these conditions. The resulting model is always an approximation, 

a simplified version of the real world. The accuracy of the result will depend 

on the approximations used in the derivation of each modelling method and

5
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different apphcations will require different levels of accuracy. The accuracy 

of the result is highly dependent on the accuracy of the input data.

Many numerical methods have been, and are still being under development 

in a search for an accurate, reliable and efficient solution to sound propa

gation in complex media, i.e. Ray Trace techniques. Fast Field programs. 

Boundary Element methods. Finite Element techniques. Parabolic Equation 

Methods, etc.

A brief description of the most widely used methods for modelling noise 

propagation in the atmosphere is given in the following sections. Descrip

tions will be limited to outlines of basic formulations. Special considera

tion is given to the Boundary Element Method and the Parabolic Equation 

Methods as these are the most commonly accepted techniques for this kind 

of sound propagation problems. A complete description of the Wave Ex

pansion Method is also included since it constitutes the base of the method 

introduced in the present work, the Forward Wave Expansion Method.

2.2 Sem i-em pirical M odels

Due to the limitations of physically based numerical methods, semi-empirical 

models based on geometrical acoustics, are normally used for assessment 

and management of environmental noise. Most of these methods consist in 

point to point calculations. That is, at certain receiver position, the sound 

pressure (or the equivalent SPL) produced by a source is calculated by in

coherent summation over the contributions from a number of propagation 

paths. To account for ground reflections, an approximation for the spherical 

wave reflection at an impedance plane is usually applied.
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The sources are usually represented as a number of incoherent point sources. 

In the case of road and rail noise propagation problems, each section of the 

road (or rail) is modelled as a line of point sources. A different approach 

is to consider the actual source as a line source. The line source may then 

be broken into a number of sections, each treated as individual line sources. 

Another technique is to model each source as a finite set of incoherent point 

sources, allowing the method to include some simplified directivity pattern 

of the source.

A number of “correction” terms are usually applied to the propagation paths 

to include effects of the atmosphere, the ground surface, and diffracting ob

stacles into the models. The surface of the ground between sources and 

receivers is usually assumed to be uniformly hard or soft, or hbrous.

Some examples of these methods are the IS09613-2 (biternational Organisa

tion for Standardisation) [5], the Nord2000 (Nordic Region’s Standard) [6], 

the XP S 31-133 (French National Standard), the CRTN (UK National 

Standard), the FHWA (USA), the RLS90 (Germany), ASJ Method - 1993 

(Japan), etc. Steele [7] presented an interesting review of some of these 

methods. These calculation schemes differ with respect to reliability and ac

curacy. The need for an “standardised” empirical modelling method comes 

from the fact that application of different empirical methods return differ

ent results. The selection of the “best” method to use is now an issue in 

itself. An example of this was the HARMONOISE  project [8], to find stan

dardised methods for noise mapping in all EU Member States. The main 

purpose of this project (Aug 2001 - Jan 2005) was to develop “unified”
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prediction methods for road and railway noise. In this project empirical 

modelling methods are considered as “engineering methods” . This methods 

are used together with more “physical” methods (Parabolic Equation meth

ods coupled with Boundary Element and Ray Tracing Methods) as reference 

models for “calibration” purposes. The physical methods are used only for 

calibration purposes due to the fact tha t their applicability is restricted to 

highly idealised problems and/or the computational resources required are 

still prohibitive for many of the conditions encountered in actual problems.

2.3 Fast F ield  P rogram

The fast field program (FFP) technique was developed for the prediction of 

underwater sound propagation and was later adapted to propagation in the 

atmosphere [9-11]. The FFP is based on a Fourier transformation of the 

wave equation from the spatial domain to the wave number domain. The 

transformed wave equation is solved numerically and the result is trans

formed back to the spatial domain.

FFP methods are conditioned to range-independent horizontally stratified 

atmosphere problems. The ground boundary has to be represented by a flat 

ground with range-independent properties. The effective sound speed can 

be an arbitrary function of height above the ground.

The FFP works numerically from an exact integral representation of the 

sound field within each layer in terms of coefficients tha t may be determined 

from boundary conditions. This method is based on the Hankel transform of 

the Helmholtz wave equation. The solution of the transformed equations is



Chapter 2 9

referred to as the height-dependent pressure. The inverse Hankel transform 

for the physical sound pressure is approximated by two Fourier integrals. 

The method gets its name from the fast Fourier transform used to evaluate 

these integrals.

The FFP is a powerful technique for sound propagation modelling in a range- 

independent environment. If the ground is uneven as, for example, in the 

presence of a hill or a soimd barrier; or if the atmospheric conditions are 

range-dependent the FFP methods fail.

2.4 Ray trace techniques

Ray tracing is a well known algorithm in acoustic modelling, specially in the 

area of room acoustics [12-16]. Ray trace techniques are based on geometri

cal acoustics, where the sound is supposed to act like rays. This assumption 

is valid when the wavelength of the propagated sound is small compared to 

the area of surfaces and large compared to the roughness of surfaces.

Ray model techniques consist on the calculation of the paths of all sound 

rays between the source and the receiver, and the computation of the sound 

pressure by summation of the contributions of these sound rays.

There are several variations of the algorithm. In the basic algorithm the 

sound source emits sound rays, which are then reflected at surfaces accord

ing to their specular reflection and the sound pressure at the receiver is 

computed as an incoherent sum of the rays tha t intersect the receiver. The 

receivers are typically spheres of proper radius, and the detection mecha

nism make it possible to compute the sound energy density inside the re-
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ceiver volume. The way sound rays are emitted can either be predefined 

or randomised. A typical choice is to have a uniform distribution of rays 

over a sphere. W ith the use of a predefined distribution of rays an accurate 

solution can be achieved with fewer rays.

The main drawback of ray tracing methods is that they may fail to find 

all significant propagation paths containing wedge diffractions [17]. The 

receiver position and diffracting edges are often approximated by volumes 

of space (in order to enable intersections with infinitely thin rays), which 

can lead to false hits and paths counted multiple times [18]. Moreover, 

important propagation paths may be missed by all samples. In order to 

minimise the likelihood of large errors, ray tracing systems often generate a 

large number of samples, which requires a large amount of computation [19].

Similar to the ray tracing technique are the the beam tracing methods 

[12, 13, 20] such as cone beam tracing and pyramid beam tracing. This 

methods find propagation paths from a source by tracing beams through 

the medium. For each beam, obstacles are casted for intersection with the 

beam in front-to-back visibility order. As intersecting obstacles are detected, 

the original beam is truncated to remove the shadow region and a new beam 

is created in a similar fashion to ray-tracing.

The primary advantage of beam tracing is tha t it leverages geometric coher

ence, since each beam represents an infinite number of potential ray paths 

emanating from the source location. The disadvantage is tha t the geometric 

operations required to trace beams through a 3D model (i.e., intersection 

and clipping) are relatively complex, as each beam may be reflected and/or
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obstructed by several surfaces [19]. As for ray tracing, diffraction contri

bution modelling is a problem for beam tracing methods [20]. Though the 

beam tracing methods may represent an attractive alternative to ray tracing 

techniques for some problems, they are very time consuming, and in many 

cases the pure ray-tracing method is still the best choice [14].

Ray tracing has been used to predict outdoor sound propagation [17,20-27]. 

Speed of sound gradients can be included in the models even though the 

mathematical conditions for ray solutions are seldom met in the real life 

problem [24]. In most cases the sound speed and wind speed are assumed 

to vary linearly w'ith height. Therefore, the ray models may not be very 

useful for accurate computations of the sovmd pressure field, particularly in 

situations with irregular sound speed profiles.

2.5 B ou n d ary  E lem ent IVLethods

The Boundary Element Method (BEM) is a numerical method for field prob

lems based on boundary integral equations. The main advantage of the BEM 

over other methods like the widely known finite element methods (FEM) or 

the finite differences (FD) techniques, is tha t it requires discretization of 

the surface instead of a discretization of the whole domain. This consid

erably reduces the computational requirements, especially in the field of 

aeroacoustical modelling, that usually deals with problems with a high ratio 

of volume to surface area. For large scale outdoor sound propagation mod

elling, methods like the FEM and the FD are inapplicable while the BEM 

remains an attractive solution for some problems. The BEM can easily ac

commodate complex boundary geometries in the solution.
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Another important characteristic that makes BEM a very useful numerical 

tool for outdoor sound propagation modelling is tha t radiation conditions 

can be naturally imposed. The use of BEM in acoustic applications include, 

for example, traffic noise control, interior car and aircraft cabin insulation 

and turbofan noise simulation. The BEM has been widely used for noise 

barrier performance assessment [28-35].

There are two kinds of boundary element methods, the direct boundary 

element method, based on the classical Helmholtz integral equation, and 

the variational indirect BEM. The indirect approach solves the Helmholtz 

equation in both the interior and the exterior domain sinniltaneously. An 

extended analysis of boundary element methods in acoustics can be found in 

references [36-38]. The basic formulation and implementation of the method 

is described in the Appendix A.

The BEM can be used successfully for the prediction of acoustic propagation 

and scattering in homogeneous media. Using Sornmerfeld radiation condi

tion, free field boundary conditions are satisfied exactly. This means simple 

and accurate modelling of problems involving infinite and semi-infinite do

mains.

There is no extra difficulty introduced in the method by considering im

pedance discontinuities, complicated ground topography, sound barriers of 

different shapes an materials, etc. On the other hand, difficulties arise when 

characteristics like inhomogeneous atmospheres have to be introduced in 

the model. Premant and Gabillet [39] developed a Green’s function tech-
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nique for predicting sound propagation over a sound barrier in the presence 

of downward refraction (Meteo-BEM) by inchiding meteorological effects in 

the Green’s function. The choice of this particular high dependent Green’s 

function allows only media with a positive constant sound speed gradient to 

be studied. This approach increases the computational cost of the method. 

Iterative techniques, like GMRES, can be applied to alleviate the matrix 

storage requirements. These methods are sometimes difficult to implement, 

this depends on the problem matrix characteristics.

Another extension of the BEM, which accounts for a refracting atmosphere 

as well as a non-uniform boundary was introduced by Taherzade et al. [40]. 

This time the Greens function is evaluated using the fast field program 

method. This method is known as B IE /FFP and represents considerable 

improvements on previous applications of BEM to barriers with a refracting 

atmosphere. The BEM has also been applied to transport noise problems 

in three dimensions, however this increases the computational times signifi

cantly.

It is important to note that the computational advantage over full field 

methods only applies when direct solutions of the system matrix equation 

is performed. When iterative techniques are used comparable efficiencies 

may be restored when fast multipole methods are integrated into the BEM 

formulation.

A very efficient boundary method in which the local basis are constructed 

using wave functions has been presented by Desmet et al. [41-43] for vibro- 

acoustic modelling, called the Wave-Based prediction Technique (W^BT).
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The dynamic response variables are described by a set of wave functions 

which exactly satisfy the governing differential equations. This allows a re

duced nodal density to be used for the boundary discretization which could 

potentially be an attractive alternative for large scale problems. To the best 

of the authors knowledge it has yet to be applied to model outdoor sound 

propagation.

In general BEM calculations are still very computationally demanding as 

the system matrices are fully populated and not always symmetric.

2.6 Parabolic Equation M ethod

One of the most accepted and widely used physically based method for large 

scale wave propagation problems is the Parabolic Equation method (PE). 

In acoustics, the PE approximates the elliptic Helmholtz equation with a 

parabolic equation by neglecting the backscattered field. The primary moti

vation for the PE generally has been to treat wave propagation in a compli

cated inhomogeneous medium. The advantage of the PE approximations for 

long-range problems is that a parabolic differential equation can be solved 

marching in range w’hereas the elliptic equation must be numerically solved 

in the entire range-depth region simultaneously.

The PE approximation was introduced in the 1940’s by Leontovich and Fock 

to solve electromagnetic long-range wave propagation problems. Thereafter, 

the PE  has been applied and developed to solve wave propagation problems 

in numerous scientific areas. In the early 1970’s, Tappert introduced the 

PE approximation method to the ocean acoustic community. Since then.
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a profuse num ber of developments have been carried out to  improve the 

accuracy and efficiency of the approxim ation [2,44-53], and to  expand i t ’s 

applicability to  more realistic conditions [54-61]. The parabolic equation 

was originally limited to narrow-angle propagation; the energy outside the 

angle of propagation is neglected. The narrow-angle PE  was later improved 

to  handle wide-angle propagation problems. An ample account of the histor

ical development of the m ethod for underw ater acoustics has been presented 

by Lee et al. [62].

The following is the basic derivation of the parabolic equation.

2.6.1 Parabolic approxim ation

The Helmholtz equation for the acoustic pressure, p, is

y ^ p  + k^p = 0 (2.1)

where wave number, cu is the circular frequency and

C(r.2 ) is the sound speed.

Equation 2.1 can be rew ritten in cylindrical coordinates as: 

d'^p 1 dp 1 d'^p d'^p , 2 „
 £_ j    _j_______________ I_i_ I l - ^ r i  —  n
d j - i  j .  Q j .  J . 2  Q 0 2  Q £ 2

For a problem  with azim uthal sym m etry the above equation becomes:

d^p 1 dp d^p , 2

Assuming a solution of the form:

P = ^(r,z) ■ ^{r)
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Equation 2.2 becomes

'd'^v 1 dv r

Qt2 r dr
ip +

/ I  2 dip d'^if 2
d r 2 \ r  ^  ly dr  )  dr  ^  dz^

1/  =  0

Through the choice of a constant reference wavenumber, ko, the elhptic wave 

equation can be decomposed into two equations:

d^u 1 du
Qr2 ^ y Qf =  - u k l

and
/ I  2 d u \  d p̂ d “̂ip , 2 2

(2.3)

(2.4)

ko is related to (̂r.z) f (̂r.z) =  ô?̂ (r.2 )- -̂(r,2 ) the index of refraction

defined as =  co/c(r,2 ) where C(̂ j..z) the sound speed and c q  is the

reference sound speed.

Rearranging terms, the equations become:

d^u
dr"^

1 du 
r dr

+  —  0 (2.5)

and
d'̂ ip) ( \  2 d v \ d i p  d ‘̂ if , 2  2  1 2  /r.

Equation 2.5 can be regarded as a second-order ordinary differential equation 

in the range variable r  [62]. It has a solution conformed by two waves, an 

outgoing wave involving the zeroth-order Hankel function of the first kind, 

H ^ \k o r ) ,  and an incoming wave involving the zeroth-order Hankel function
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(2)of the second kind, (kor). Neglecting the incoming wave, ^(r) has the 

solution

ly^Hi^^(kor)

For k^r 3> 1 (far-field approximation), the solution for can be written 

as:
2

. gj(fcor-7r/4)  ^2 .7 )
ttA'o?'

w'hich is the asymptotic expansion for large arguments [63]. If we substitute 

equation 2.7 into 2.6 we get

§  + + = 0 (M)
The resulting form is still an elliptic equation and is only valid in the far-field. 

It is from this far-field elliptic equation that the parabolic wave equation is 

olitained.

Assuming commutation of operators (small variations of (/? in r and z):

dr dz  ̂  dz  dr ̂

Equation 2.8 can be factored as:

+  j k a  —  i ^ o \ / l  +  +  j k o  -1- j k o ^ J l  -I- (y? =  0

where

By considering only the outgoing wave, equation 2.8 reduces to:
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The square-root pseudo-differential operator requires further approximation. 

Different approximate solution methods exist tha t derive different forms of 

parabolic equations.

2.6 .2  Standard P E

Tappert derived the parabolic equation assuming that the first term of equa

tion 2.8 can be neglected as usually varies slowly with r (paraxial

approximation). Equation 2.8 then reduces to

which is the narrow-angle parabolic wave equation.

An alternative derivation can be obtained approximating the square-root 

operator by the following expansion

If only the first two terms of the expansion are used for the approximation 

equation 2.10 becomes

( 2 . 1 1 )

(2 .12)

tha t is:

Rearranging terms we get:

which is exactly the same as equation 2.11.
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Equation 2.11 is the original PE  introduced to  the ocean acoustics com

m unity by T appert and is recognised as the  S tandard PE. The solution of 

the S tandard (narrow-angle) PE  is accurate up to  elevation angles of about 

<  10”. This restriction is imposed basically by the paraxial assumption.

2.6.3 W id e-an gle  P E

The narrow-angle PE  was derived from equation 2.10 using the first two 

term s of the  polynomial approxim ation to  the square-root operator. For 

many propagation problems, the narrow-angle PE  is not sufficiently accu

rate. A wide-angle PE  [44] can be obtained if the quadratic term  of the 

polynomial is also included in the approxim ation to  the square-root opera

tor. This is

Equation 2.13 allow propagation up to  elevation angles of about 40°.

A lternative wide-angle PE  equations can be obtained if the square-root op

erator is approxim ated by the rational function

where ao, fli, bo and b\ are arbitrary  constants. Different choices of this co-

Equation 2.10 becomes

(2.13)

(2.14)
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efficients result in different pseudo-partial differential equations of the form

Using ao =  1, ai =  0.5, 6q =  1 and b\ = 0, equation 2.15 is equivalent to the 

narrow-angle PE (Eqn. 2.11).

Claerbout [64] introduced the following rational approximation (ao =  1, 

ai =  0.75, 6o =  1 and =  0.25) for the approximation of seismic waves:

Expanded in a power series in Q, this rational approximation agrees with the 

expansion of y/l + Q through the quadratic term. Equation 2.10 becomes

This is Claerbout’s wide-angle parabolic equation. The main reason for us

ing the rational approximation instead of the polynomial one is that the first 

one leads to a tridiagonal matrix equation for a PE step, while the second 

one would lead to a matrix equation with more nonzero elements.

Gilbert and White [65-67] introduced an implementation of Claerbout’s 

wide-angle PE for atmospheric acoustics. Their method is based on an 

implicit Crank-Nicholson extrapolation of the sound field, and therefore is 

referred to as the Crank-Nicholson parabolic equation method (CNPE). The 

horizontal and vertical grid spacings A r and A z  in the CNPE method are 

limited to a maximum value of about A /10, where A is the wavelenght of the

(2.15)

(2.16)
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sound wave [65,68]. Two numerical approaches are commonly applied for 

the solution of the CNPE, a finite-difference approach [65,66] and a finite- 

element discretization [67]. In the finite-element approach it is possible to 

use a non-imiform vertical grid spacing, therefore, small scale vertical vari

ations in both density and sound speed can be more accurately treated.

Gilbert and Di [69] developed a “fast PE method” for computing sound prop

agation in the atmosphere, the Green’s function parabolic equation method 

(GFPE). The GFPE method is more efficient than the Crank-Nicholson PE 

method. This method is derived from the split-step Fourier parabolic equa

tion method (SSPE) developed for underwater propagation problems [46]. 

The SSPE method is more efficient than the CNPE method because larger 

range discretization steps can be used. However, the SSPE give inaccurate 

results when large impedance discontinuities occur. In atmospheric acoustic 

problems the impedance discontinuity at the air-ground interface is much 

larger than any encountered in ocean acoustics, hence, the standard SSPE 

method cannot be used directly [69]. The GFPE method incorporates the 

boundary condition at the air-ground interface into the solution. The ap

proach used is a split-step Fourier method derived from a general Green’s 

function solution to the one-way wave equation. In the GFPE method, the 

vertical grid must be of equal spacing. This mesh spacing is limited to about 

A/10. The horizontal grid spacing may be chosen considerably larger, usu

ally of about lOA [68]. The derivation by Gilbert and Di is based on the 

spectral theorem of functional analysis.
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The basic equations for the G F PE  m ethod are:

/   A K r

T^(r+Ar.z) ^ 

j A r  V^fc2-fc'2-fcr jk'.

j A r S h ^  /  1 /*0C

(2.17)

where

Jo

is the spatial Fourier transform  of tl (̂r,z)- In the equations, il> = y/rp, A r  is 

the finite-difference range step, R(^k') =  { k ' Z g  — k o ) / { k ' Z g  +  /cq) the plane- 

wave reflection coefficient, w ith Zg the normalised ground impedance and ko 

the wave number a t zero height, and j3 =  k^lZg  is the surface-wave pole in

contribution (range dependent bu t constant a t each range step), /c ,̂ and a 

contribution th a t varies with height;

The right hand side of equation 2.17 is the product for an exponential re

fraction factor and the sum of three terms. The first term  represents the 

direct sound wave, the second term  represents the sound wave reflected by 

the ground, and the th ird  term  represents the surface wave. The fast Fourier 

transform  (FFT) is used to  implement equation 2.17.

The splitting m ethod used be G ilbert and Di can cause some phase errors 

in the wide angle components of the field. An improved Green’s function 

parabolic equation m ethod was presented by Salomons [70]. Salomons re

ported th a t different numerical im plem entations of the G F PE  m ethod de-

the reflection coefficient. The squared wavenumber k^ is split into a constant
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rived in considerably different numerical accuracies. The accuracy of the 

GFPE method, at fixed values of the range step and vertical spacing, can 

be improved by using an improved approximation for the forward and in

verse Fourier integrals based on the midpoint rule of numerical integration. 

Salomons reported tha t the maximum acceptable range step required by 

the improved GFPE varies roughly between 5A and 50A for refracting a t

mosphere problems (typically lOA [68]). The vertical mesh spacing should 

not exceed about A /10 [68]. These results were obtained for regular meshes 

in rectangular domains. Salomons stated tha t the accuracy of the standard 

approximation for the Fourier integrals can always be improved by using a 

smaller vertical grid spacing, hence, in a sense, the improved approximation 

improves the efficiency rather than the accuracy of the method. Salomons 

derived equation 2.17 from a Kirchhoff-Helmholtz integral equation. A dif

ferent exponential refraction factor that improve the accuracy of the method 

was implemented in equation 2.17:

It should be noted tha t the GFPE method yields a solution for the sound 

field tha t may be considered as a solution of the narrow-angle PE. The 

GFPE is less accurate than the CNPE method in situations with wide-angle 

propagation and large sound speed gradients.

An alternate parabolic equation method with large extrapolation steps was 

presented by Sack and West [71], the Lagrange Pade parabolic equation 

(LPPE). The LPPE is based on a Lagrange series expansion of implicit func

tions. The power series are converted to Pade approximants. The method
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can be interpreted as a sequence of CN-hke steps with varying parameters. 

This parameters have to be determined numerically, and they depend on 

A r. The im plem entation of the field solution is best performed using a set 

of sub-ranges with increasing order of the Pade approxim ation and increase 

in horizontal step size. The vertical discretization, A 2 , remains the same as 

in the standard CNPE.

2.6.4 N um erical solution techniques

The numerical solutions of the parabolic equations derived in the previ

ous sections can be obtained by the following numerical techniques: the 

Split-Step Fourier algorithm, the finite-difference technique [47,65,66], the 

Ordinary-differential-equation approach [45], the Finite-elem ent discretiza

tion m ethod [67], and Pade approxim ations [2 -4 ,51 ,52 ,61 ,72],

The first numerical technique used to solve the parabolic equation was the 

split-step Fourier algorithm [73] introduced by Tappert. The split-step al

gorithm is an efficient method for solving initial-value problems, but it lacks 

flexibility for boundary modelling. It was already mentioned that this ap

proach fails to give accurate results when large impedance discontinuities 

occur. Thus, a more general purpose solution is required. For this reason, 

im plicit finite-difference and finite-elem ent schemes, and Pade approxima

tions m ethods have been developed to solve tlie PE. The three methods are 

described in Appendix B.

Recent m odelling developments on PE  m ethods have been directed at refin

ing and expanding the capabilities of these existing techniques.
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2.6.5 U pp er a tten u atin g  stratum

The numerical grid is truncated  at height z  =  z m . T o sim ulate radiation 

boundary conditions a t infinity, reflections from the  top  of the grid m ust be 

prevented. Such boundary conditions can be approxim ated by adding an 

artificial sound-absorbing layer a t the top  part of the sound-speed profile. 

To implement this, the impedance of the top layer [z =  zm)  has to be equal 

to pc {p is the density of the air), which implies th a t the plane-wave reflec

tion coefficient is equal to  zero for normal incidence. Below the top layer, 

at grid points w ithin the absorbing layer, a gradually increasing attenuation 

is introduced by adding an im aginary term  j A  \{z — Zt) /  ~  2()]^ to  the

wave num ber, k, where is a constant, and zt is the height of the bottom  

of the absorbing layer. It is most im portant th a t  the  dam ping is not ap

plied too quickly as this could produce reflections back into the lower part of 

the atm osphere. The configuration of the artificial absorbing layer so th a t 

the reflection back into the com putational region are minimised can not be 

determ ined by any straightforw ard analytical procedure [66]. An im por

tan t param eter for the absorbing layer is the thickness of the layer, namely, 

2 t  —  z m - A s a general rule, the m inimum thickness of the absorbing layer 

should be of aroiuid 30 wavelengths. The atteim ation  absorbs sound reach

ing the top of the numerical grid so th a t  the am plitudes of waves reflecting 

off the top end of the grid are greatly reduced.

The sound field should not be influenced by the  absorbing layer, so the 

height Zt of the bottom  of the  layer should not be chosen too small. The op

tim um  choice depends on the geometry, the frequency, and the sound speed 

profile [68].
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2 .6 .6  S ou rce sp ec ifica tio n

As an initial value problem in range, the parabolic equation approximation 

requires an initial value for the solution at range zero, r  =  0. The starting 

field should represent a monopole source. The exact expression for the field 

P(r,z) of 3 monopole source in an unbounded non-refracting atmosphere is

Cj k d

P{r,z) —

where d is the radial distance from the source. This expression cannot 

be used for the starting field because it diverges at the source position, 

and sound waves with large elevation angles are produced which generate 

numerical errors in a PE computation.

Gauss function for the source

The initial input nmst be normalised to approximate a point source in the far 

field. This can be represented by a Gauss function of the vertical coordinate, 

centred on z =  Zg [66]:

=  (2.18)

were r* and Zg indicate the position of the source and S  represents the source 

strength. The sharper the function is in the 2  domain, the more distributed 

is the transform becomes in the kz domain.

This function is essentially for a cylindrical source. In order to make the 

results apply to a spherical source, we simply multiply the output f^r.z) by 

exp{ ikor) /^ / r  at each range step.
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A similar approach that takes into accoimt the effect the ground in the 

starting field is given by [69,70,74]:

where Zg is the normalised ground impedance.

2.6 .7  N on-flat terrain  profiles and noise barriers

The methods described above compute the propagated sound over plane un

obstructed grovmd for 2D problems, or 3D problems considering azimuthal 

symmetry. The computational domain has to be rectangular and discretised 

with regular meshes.

A parabolic equation approach for the computation of sound diffraction by 

an infinitely long, thin screen on an absorbing groimd was presented by 

Salomons [74]. This approach uses the CNPE for the calculations and a 

finite-difference extrapolation technique [65]. To include the screen in the 

model, the position of the screen has to be chosen in such a way that it covers 

a number of grid points on a vertical line segment. The effect of the screen 

on the sound pressure field is approximated by setting the sound pressure 

equal to zero at the grid points covered by the screen. To evaluate the 

accuracy of the method the source was positioned at 2 m from the ground 

level and at 30 m and 100 m from the screen. In those situations the PE 

results were in good agreement with an analytical solution (Pierce [75]). 

The same approach, to set the sound pressure equal to zero at the grid points 

covered by the screen, was used by Rasmussen and Arranz [76]. Gauvreau
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et al. [4] apphed the same principle to a split-step Pade PE method. Both 

papers reported that the approach was reasonably accurate for thin barrier 

diffraction problems.

Different methods were developed to model sound propagation over non

fiat terrain profiles. Sack and West [77] presented a PE method for sound 

propagation over “smooth” terrain profiles, the generalised terrain parabolic 

equation method (GTPE). The spatial transformation used in the GTPE 

method follows the terrain profile and is incorporated in a matrix vector 

parabolic equation with range dependent elements. The GTPE is much more 

complicated and less efficient than the CNPE. A function > defining the 

terrain profile height as a function of range r  must be obtained to compute 

the GFPE solution. Large values of if(r) and dHf^^^/dr are not permitted. 

Blanc-Benon and Juve [78] stated tha t the GTPE “seem,s difficult to apply 

for a parabolic equation including wind terms'’. They proposed a different 

approach with a parabolic equation including wind terms. The non-fiat 

ground is treated as a succession of fiat domains. After each fiat domain the 

coordinate system is rotated so tha t the r axis stays parallel to the ground. 

The values of the pressure field of the domain N  is used as the initial solution 

for the domain N  + 1. Reasonably accurate results were reported. Errors 

were attributed to variations of the local impedance and fluctuations of the 

meteorological parameters.

2.6 .8  3D  P E  techniques

A number of PE techniques have been developed for 3D problems, specially 

for ocean acoustics applications [54,56,57,60,79-81]. The standard method 

consists in splitting the 3D PE into an N  x 2D part and an azimuthal part.
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This sphtting method offers the possibihty to update any 2D PE code to 

handle azimuthal coupling, which explains its popularity. However, solv

ing this azimuthal part (which characterises full 3D computations) increases 

the CPU time. Whereas the computation times are still acceptable at short 

ranges and low frequencies (in comparison with any 2D run), 3D compu

tations can become unreasonably intensive as the range increases, even at 

very low frequency. Indeed, as the desired maximum range increases, the 

required number of azinmthal points also increases and hence the compu

tational demand can become very large [81]. Fawcett [80] introduced a dif

ferent azimuthally coupled PE method. Fast Fourier transforms were used 

to solve the PE azimuthal operators. Fawcett compared his method with a 

N  X 2D PE method. He reported that the 3D coupled method could prop

erly model “qualitatively” the 3D refractive effects of modal propagation in 

a range-dependent wave guide while the N  x 2D method was unable to do 

that. He also reported tha t in order to correctly model the 3D refractive 

effects of the waveguide, a large number of angular Fourier components were 

required. The required number of components increase approximately lin

early with range, this limits the applicability of the method for very large 

domains.

The use of a higher-order finite-difference scheme in azimuth was introduced 

by Stum and Fawcett [81] allowing to reduce the required number of points 

in the azimuthal direction while still obtaining accurate solutions. The au

thors reported tha t the efficiency of this method was comparable to the 

one of the FFT-based methods, but that it could be use for PE operator 

expansions tha t can not be solved using FFT. The higher order schemes 

were derived using Taylor's expansion and thus implicitly assume high lev-
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els of regularity of the acoustic field. If the required regularity is absent, the 

advantages of using such higher-order schemes could eventually break down.

The propagation angles for the m ethods discussed above are “wide-angle” 

in the vertical plane and “narrow-angle” in the azimuthal plane. Chen et 

al. [82] introduced a three-dimensional azimuthal wide angle model for the 

PE. The authors demonstrated with an exam ple, the importance of the 

capability of handling the azimuth wide-angle. The numerical approach 

used in reference [82] to solve the azimuthal wide-angle equation applies 

a com bination of Finite-difference schemes. Ordinary-differential equation  

m ethod, and Rational function approximations. As a result the m ethod is 

called F 0R 3D . An exam ple presented in that work used mesh spacings of 

A r =  A/6, A 2  =  A/30 and AO =  1°.

2.7 W ave Expansion IMethod

Full domain discretization m ethods have the advantage over BEM that in- 

homogeneities in the propagation medium can be easily introduced in the 

model. The big disadvantage of techniques like the well known finite differ

ence (FD ) and finite element m ethods (FE) is that they require prohiljitive 

com putational resources for com putations on large domains. The compu

tational cost is closely related with the number of points per wavelength  

needed to accurately discretise each dimension of the domain under con

sideration. Existing standard FD and FE m ethods require a mesh spacing 

of about 6 - 1 0  points per wavelength to obtain acceptable accuracy in the 

solution of the Helmhotz equation [83].

In order to alleviate some of these lim itations a new physically based m ethod.
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the Wave Expansion Method (WEM) [83-85], was developed. This method 

was derived from the so called Green Function Discretization Method (GFD) 

[83] originally introduced by Caruthers et al.. The WEM solves the Helmholtz 

equation by domain discretization, relating the value of the unknown at each 

discrete point of the domain to the values at a selected set of neighbouring 

points. That is, given some point tq, it determines P(ro) terms of the 

value of P(T,n) a discrete set of neighbouring points, m. =  l , 2 , . . . , i l / .  

As ro is arbitrary, the WEM thus rej^resents a local interpolation formula 

to obtain the pressure field in the domain. This discretization methods of

fer an enormous improvement in computational efficiency by reducing the 

number of points per wavelength required to oVjtain accurate solutions and 

generate sparse system matrices which have a high bandwidth especially in 

3D. The discretization is perhaps optimal in the sense tha t it does not seem 

reasonable to expect that anything less than two points per wavelength, the 

classic Nyquist limit in DSP, is feasible [83]. It was shown [83,85] that the 

GFD and WED method fail precisely at a point corresponding to this limit 

in two dimensions for square grids.

2.7.1 G reen’s Function  D iscretization

As it was mentioned above, the method consists of determining the acoustic 

pressure p at a point ro, given the amplitude and phase data of a simple 

harmonic acoustic field at M  neighbouring points, r ^  (see Fig. 2.1).
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(unknown)

J,

...o

X

Figure 2.1: Illustration of the basic concept.

For each point in the domain, the pressure may be approximated by the 

superposition of the fields generated by N  hypothetical simple sources of 

strength 7„ which may be located, just as a m atter of convenience, at a 

constant distance R = |r„ — ro| from the subject point at tq.

Then
N

P ( r o )  =  ' ^ 7nG (ro;r„),  ro e Vm, (2.19)
n = l

where

G (ro; r„) =  (k |ro -  r„ | ) , in 2D,
4

and
g - j f c | r o - r „ |

G (ro; r„) =  ------  |ro -  r„ | , in 3D.
47T

Following the same procedure at the neighbouring points, we obtain

N

P{Tm) =  ' ^ ' y n G { r m - , r n ) ,  m  =  l , 2 ,  (2.20)
n = l
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In m atrix  notation,

P =  G - 7 , (2.21)

where P  and 7  are i\/ x 1 and x 1 m atrices, respectively, and G is an 

M  X N  m atrix. Solving equation 2.21 for the coefficients {7n}^=i we obtain 

the approxim ate pressure at tq from equation 2.19.

M in im u m  norm  so lu tion

By choosing N  > M, there exist an infinite set of solutions 7  to  equation 

2.21, all producing pressure vectors p which satisfy the Helmholtz equation 

exactly in Vm and m atch the M  given values a t [84,85]. The m atrix  

G can be “pseudo-inverted’’ (M oore-Penrose pseudo-inverse) in order to ob

tain , among the infinite possible solutions for 7 , the optimal one for which 

^ n = i  "in ^ minimum. The pseudo-inversion then ensures th a t all the 

constraints are satisfied exactly, and th a t the least “energetic” solution o th

erwise results [83,85].

Once the pseudo-inverse has been calculated, the solution for the coefficients 

7  equation 2.21 yields

7  =  G + p  (2.22)

Letting g represent the column vector w ith elements gn{^o) = G (ro ,r„ ) , 

then

P(ro) = g^ G + p (2.23)

Equation 2.23 is referred to as the Green Function Interpolation (GFI).

Repeated for each point in a grid network, it also represents a  discretization

for numerical solution of the Helmholtz equation and will be referred to
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simply as Green Function Discretization method (GFD)

Boundary conditions

Boundary conditions may be implemented by augmenting the row count of 

the matrix G in equation 2.21, including the possibility of multiple restraints 

which may occur at mesh corners [84,85]. Boundary conditions related to 

the normal derivatives of the pressure (i.e. Neumann or radiation) at cell 

points can be readily computed by taking the normal derivative of

the constraint equation 2.21

dn On •7, (2.24)

Equation 2.21 takes the form

9 P ( r m ) / 9 n

G

d G ( r m - . r „ ) / d n
• 7  “  G a u g  ■ 'y (2.25)

The interpolating formula so obtained is not only an exact solution of the 

contimumi equation at all neighbouring points, but also satisfies the bound

ary condition at up to N  — M  points along the boundary in the neighbour

hood of the subject point. After pseudo-inversion, the augmented matrix 

Gaug may be partitioned into (Gg^g)^ and (G^„g)^. Then, a modified tem

plate (Eqn. 2.23) with a forcing right hand side may be established as

p(r.) -  9^  p = /  p  26)

In addition, Dirichlet constraints may be directly imposed on the appropri

ate degree of freedom in the overall assembled stiffness matrix.
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Once the templates are formed, an overall sparse non-symmetric complex 

equation system

may be assembled with each template independently contributing a row. 

2.7.2 Plane Wave D iscretization

In theory, any complete solution of the governing equation may be used to 

interpolate the desired field variable [85]. A disadvantage associated to the 

use of Green’s functions, for acoustic problems in which the coefficients of 

the governing equation have an spacial dependency, is that it is not possible 

to determine a single universally valid free space Green’s function [85]. To 

avoid this problem, the infinite radial approximation of the Green’s function, 

plane waves, may be used. The formulation is completely analogous to that 

outlined above for the GFD method. The pressure at the central point in 

the cell, may thus be approximated as a combination of plane waves

K p = f (2.27)

N
- j A - ( d „ r o ) (2.28)

n = l

where d„ is the unit propagation direction vector of the plane wave with 

complex amplitude 7 „.

Using matrix notation equation 2.28 may be written as

*̂(ro) ~  ^(ro) ■ 'y (2.29)

where h(r„) is a 1 x row vector of plane waves functions evaluated at tq 

and 7  is a column vector of the wave strengths.
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If we apply the same approximation to the other nodal positions in the cell 

we can write

p =  H ■ 7  (2.30)

where p is a M x 1 vector of the pressures at each surrounding node 

and
f j  —  p - j k { < i n r m )

A computational template may then be formed by combining equation 2.29 

and 2.30 to give

P(ro) =  h(r„)H+p (2.31)

Equation 2.31 is referred to as the Wave Expansion Discretization (WED) 

method [85,86].

2 .7 .3  B o u n d a ry  c o n d itio n s

Because of the flexibility of the basic fornmlation, there is more than one

method to impose the boundary conditions. In this section, a method pro

posed by Caruthers et al. [84] will be explained.

D irichlet

For points lying adjacent to a boundary, Dirichlet boundary conditions are 

directly imposed by the partitioning

p =  [G^|Gg] 1̂  ^ =  G^p^ +  G^p^

where p ^  is the column vector of field points whose component values are 

unknown and p ^  are imposed at up to N  — M  arbitrary distributed points
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along the boundary. These conditions are implemented simply constraining 

the appropriate degrees of freedom in the assembled m atrix  equation 2.27.

N e u m a n n

W hen the subject point, fq, is part of a boundary, N eum ann boundary 

conditions may be imposed following the procedure described in Section 

2.7.1. This is, a t the subject point and each neighbour node th a t is also in 

the boundary, a normal velocity condition is applied

=  Vr, (2.32)

to augment the constraint equation 2.30

p H

T ~  ^^aug ■ 'y (2.33)

where n,„ is the direction of the outward normal a t the boundary point rj',,.

Applying the pseudo-inversion to Haug, substitu ting and left-right partition

ing the  resulting equation, the expression of equation 2.29 yields

P(ro) ~  ^{ro) (^aug)^ P +  ^(ro) (^aug);j ' ^  (2.34)

where v  is a vector of the corresponding normal velocities.

This is not a ‘‘natu ra l” boundary condition as would be the case in standard  

finite element m ethods [85].
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R a d ia tio n

Caruthers et al. [84], proposed a “naturally” imposed radiation condition at

a point Fq laying in a radiating boundary, by selecting the directions of the

fundamental solutions “travelling” outwards the computa-
I J n = l

tional domain, as shown in figure 3.4.

o •

Figure 2.2: “N atural” radiation boimdary condition implementation.

A special “radiating” template equation is then constructed including only 

outward propagating directions,

P =  H r a d  • 7

The pressure at the subject radiating point, is then given by

P(ro) ~  ^ ( r o ) ^ r a d P (2.35)
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An alternative [85], “non-natural” approach, is to  use the specific acoustic 

impedance of freely propagating plane waves {poc) defined as

(2.36)

where is any point lying on the radiating boundary, n is the radiating 

normal outward boundary, and pQ is the air density.

The im plem entation of these boundary condition follows a sim ilar procedure 

as described for Neumann condition im plem entation. In this case, equation 

2.30 is augm ented to

p  1 H

< 0 > =

: J
' I  —  H a u g  ■ T (2.37)

After pseudo-inversion and partitioning, the tem plate reduces to 

C om b in ation  /  C orners

It can happen th a t more than  one restrain t might need to  be imposed at 

the boundary points, such as may occur a t “corner” points. In this cases, 

the Neum ann and radiation boundary condition procedures outlined in the 

previous sections can be readily combined. If an impedance approach is used 

for the radiation boundary condition, then equations 2.33 and 2.37 may be 

used in conjunction to augment the tem plate m atrix  H  according to  the 

normal directions. For the natural radiation boundary approach, first a ma-
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trix radiating template H^ad is constructed from the correspondent outward 

directions only, and then augmented using the relationship 2.33.

As it was discussed in previous sections, the WEM represents a very im

portant improvement in numerical modelling over the traditional methods 

(FEM, FD, etc.) since it minimise the number of points per wavelength 

needed to discretise the domain in study, from 10 to less than 3. For 

very large problems, the computational cost of solving a problem with this 

method can still be prohibitive. Because of this, further improvement on 

this m atter is required. A possible answer to scattering problems in very 

large acoustical domains is to consider sound waves travelling in only one 

direction. The basic idea of this approach is to calculate the pressure values 

for every point in the acoustic domain by means of a “forward” advancing 

solution, a concept analogous to the PE.

2.8 D iscussion

In the previous sections, a general account of the most popular methods for 

outdoor sound propagation modelling was presented.

The most widely used methods for assessment and management of environ

mental noise are the so called semi-empirical methods. The reason for this, 

is tha t these methods require less computational resources than the physi

cally based methods. Many approximations and simplifications are required. 

This affects their accuracy and application of different empirical methods 

may return different results. The HARMONOISE model appears to address 

this issue. Another big drawback of semi-empirical methods is that they 

require large input data sets.
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Physically based methods have been subjected to a profuse body of research 

and developments in a quest for a more accurate solution to outdoor sound 

propagation modelling. The main challenge resides in modelling sound prop

agation through arbitrary complex meteorological conditions and irregular 

terrain profiles with varying characteristics. Most of the techniques are ac

curate for some defined conditions but fail in others.

The FFP method is conditioned to range-independent problems.

Ray racing techniques have frequency limitations given by the relationship 

between the wavenumber and the obstacle’s surfaces sizes and roughness. 

For situations with irregular sound speed profiles Ray techniques are not 

very useful.

Boundary element methods represent a powerful tool for modelling sound 

propagation over complicated land profiles with varying surface’s conditions. 

The use of BEM is limited when inhoniogeneous atmospheres have to be 

introduced in the model. Computational limits prevent the use of BEM 

over large ranges.

The PE method represents one of the most powerful alternatives for large 

scale sound propagation modelling. Range-dependent inhomogeneities in 

the atmosphere can be introduced in the model in a simple way. Some dif

ficulties arise when modelling sound propagation over complicated terrain 

profiles. The PE method seem to offer one of the best flexibihty-efficiency 

relation of all the physically based methods reviewed in this chapter. How

ever, arbitrary terrain profiles limit the applicability of this techniques. For 

3D problems, the efficiency of the method decrease very rapidly with the 

length (range) of the computational domain.
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The WEM method is a remarkably flexible method. Arbitrary shaped 

ground and range-dependent inhomogeneous atmosphere can be simply mod

elled with this technique. The WEM method is highly efficient as the re

quired node spacing is reduced to less than three nodes per wavelength. 

Nevertheless, the computational requirements for large problems remain pro

hibitive.

In the following chapters a development of the WEM method is presented, 

the Forward Wave Expansion Method (FWEM). The main goal for the 

FWEM is to extend the efficiency of the WEM whilst maintaining the flex

ibility and applicability of the method for long range soimd propagation. 

The FWEM computes the propagated sound field by means of an exclusively 

forward advancing solution, neglecting the backscattered field. The concept 

is thus analogous to the (one way) Parabolic Equation Method (usually 

discretised using standard finite difference or finite element methods). These 

techniques do not require the inversion of large system matrices and thus 

enable the solution of large scale acoustic problems where backscatter is not 

of interest.
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Forward-advancing Wave 
Expansion M ethod (FW EM )

3.1 In trodu ction

The FWEM computes the propagated sound field by means of an exclusively 

forward advancing solution, neglecting the backscattered field, a concept 

analogous to methods such as the (one way) Parabolic Equation Method 

(PEM) (usually discretised using standard finite difference or finite element 

methods). A computationally light model is then formulated whilst retain

ing many other fornmlation advantages of WEM.

At ranges where the propagating wave is nearly planar, the mesh spacing 

in the propagating direction needed to obtain accurate results can be signif

icantly reduced, further improving the overall computational efficiency. In 

the following section a detailed description of the FWEM implementation is 

presented.

43



C hapter 3 44

3.2 Im plem entation

To com pute the sound pressure d istribution of the domain shown in figure 

3.1a with FW EM , a “local mesh” is formed by using a few “columns” of 

nodes (see Fig. 3.1b). A minimum of 3 columns is required for each sub- 

domain. If the  solution is advancing to  the right, a free radiating condition 

is imposed on the right-hand side boundary of the local mesh. Neumann, 

Dirichlet, im pedance or radiation boundary conditions may be also applied 

to  the upper and lower faces as required by the model.

• • • • • • •
■ O *  ^

Complete "real" mesh 'Temporary” mesh

Normal nodes
with unknown pressure

(b)

•  •
e «■;;€' c
If, ■

"Temporary" mesh

(c) ( d l

"Temporary" mesh

I Boundary 
nodes

Nodes with known 
pressure values.

Figure 3.1: Domain representation.

The im plem entation of the general wave discretization m ethod utilised within 

each subdom ain now follows essentially the standard  W EM  formulations 

[85,86] and is repeated here for completeness.

For each point fq in the subdom ain, the pressure can be approxim ated by 

the superposition of N  plane waves of strength  7„:

N

=  (3.1)
n=l

where d„ is the  unit propagation direction vector of the  plane wave (see 

Fig. 3.2).
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0 0

• •
j> < r • •

A«

Figure 3.2; Example of a WEM com putational cell.

It is important to note that the set of propagation directions of the funda

mental solutions shown in figure 3.2 is the one used for the standard WEM. 

It will be shown later in this chapter that a different set of propagation  

directions may be applied for the FW EM.

Using matrix notation, equation 3.1 may be written as

P(ro) =  h(ro) • 7  (3.2)

where is a 1 x row vector of plane waves functions evaluated at ro

and "7 is a column vector of the wave strengths, 7 „.

If the sam e approximation is applied to  the other nodal positions in the cell 

we can write

Pm =  H • 7  (3.3)

where is a i\/ x 1 vector of the pressure values at each surrounding node

{rm }^ = i, and H  is an M  x N  matrix with values:
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If the number of plane waves used in the approximation is equal to the 

number of neighbours in the computational cell, this is TV =  M ,  then there 

is a unique solution for 7 , given by

7  =  (3.4)

However, the solution for vector 7  may be composed of high amplitude and 

phase variations, and may approximate by means of a large amount of 

destructive interference. This could lead to an artificially irregular behav

iour in the computed field.

If the system is under-constrained, N  >  M ,  an infinite set of solutions for 

7  would satisfy equation 3.4. This allows the selection of the best approx

imation for 7  from all the possible solutions. The solution with minimum 

norm would, for example, exclude the results formed by large amplitude 

and phase variations, and thus return an optimal result. The solution for 

which Yln=i '̂ n  ̂minimum norm can be obtained using a Moore-Penrose

pseudo-inversion of matrix H. Another advantage of under-constraining the 

system, N  > M ,  is that in principle, it is possible to accommodate up to 

N  — M  additional constraints on the equations. Boundary condition con

straints can then be conveniently added to the interpolating formula (see 

Sec. 3.2.1).

Ruiz [85] studied the behaviour of the WEM solution with different values 

for N  and different distributions of the directions of propagation of the 

fundamental solutions. A set of =  20 evenly distributed fmidamental 

solutions (plane waves) was then proposed. This approach is used in the 

present work.
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A com putational tem plate may then be formed by combining equations 3.2 

and 3.3 to  give

where the is a pseudo-inverse of m atrix  H .

The tem plate from equation 3.5 may be then used to  form individual rows 

of the system ’s dynamic stiffness m atrix, S. The row corresponding to point 

ro is

where p  is the solution vector of pressure values and f  is the forcing vector 

defined by the initial and boundary conditions of the problem.

After the sound pressure is calculated for the first subdom ain, the solution 

may be advanced in space. A new subdom ain is assembled. This new sub- 

dom ain is formed by the last column of nodes of the previous subdomain 

(with driving pressure values already computed) and a num ber of the follow

ing neighbour columns. As a “staring” field, Dirichlet condition is imposed 

on the first column of the new subdomain using precalculated values. Im-

P { ^ » )  ^ (ro )^  Pm (3.5)

^ ( p o . p n )

where p m  stand for the corresponding neighbour point, p o  is the subject 

point (central point of the cell).

The complete equation system is then given by

S p  =  f (3.7)
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pedance, velocity condition or volumetric loading could also be used. When 

possible, Dirichlet condition was used in the present work because it is the 

most straight forward implementation. It will be shown later in this chapter 

tha t a volumetric loading might be needed in some cases.

A free radiating condition is imposed on the opposite boundary of the local 

mesh. Neumann, Dirichlet, Impedance or Radiation boundary conditions 

may then be applied to the upper and lower faces as required by the model.

Figure 3.3 shows the restraint scheme applicable to each local mesh.

^  ^  ^  ^  ^  Q )  "Artificial" R a d ia t io n
^  w  W  w  L v  b o u n d a r y  c o n d i t io n

®  O O O O ^ " T r u e "
( 0  Q )  Q  Q )  Q )  "  b o u n d a r y  c o n d i t io n

( p )  O O O O ( ^ " A r t i f i c i a l "  D irichlet
0 ^  ^  ^  ̂  ^  ^  b o u n d a r y  c o n d i t io n

Figure 3.3: FWEM restraint scheme.

Once the subdomain is assembled and the “new” boundary conditions (true 

and artificial) are applied, the local equation system can be solved for 

acoustic pressure at these nodes. A neighbouring subdomain can then be 

formulated and the solution advanced (Fig. 3.1 a and b).

3.2.1 B oundary con d ition  im p lem en tation

When the subject point, fq, is part of a boundary surface the corresponding 

condition for each boundary node in the cell has to be introduced into the
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system of equations. As was mentioned earlier, in an under-constrained 

system it is possible to accommodate up to N  — M  additional constraints 

on the equations. Boundary condition constraints can then be conveniently 

added to the interpolating formula.

D irichlet boundary condition

This boundary condition is directly implemented constraining the appropri

ate degrees of freedom in the assembled stiffness matrix. This is:

(3.8)

®(Pri>Pd) ~

where points pj are lying adjacent to a boundary with Dirichlet condition. 

Equation 3.7 is now;

S • p =  f (3.9)

where the corresponding elements /(r^)) hi the forcing vector f, are given by 

the corresponding Dirichlet pressure values at r^.

N eum ann boundary condition

At each of the cell points lying on the surface with the Neumann boundary

condition, ri,, the normal velocity condition is given by

=  Vb (3.10)drif,

where n;, is the corresponding outward normal direction of the surface for 

the node, r^.
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Boundary conditions related to  the normal derivatives of the pressure can 

be com puted by taking the  normal derivative of the constraint equation 3.3, 

this is
P̂(r) ^ ^  
dn dn

Equation 3.3 may then be directly augm ented to

< \  

p H

hi ■

5h(r,)/3n,; T — H-aug'y

Equation 3.11 is not only an exact solution of the continuum equation at 

all neighbouring points, b u t also satisfies the boundary conditions a t up to 

N  — M  discrete points along the boundary in the neighbourhood of the sub

ject point.

Applying the pseudo-inversion to Haug, substitu ting  and left-right partition

ing the resulting equation, the expression of equation 3.2 then yields

V{rii) ~  ^̂ (ro) (^aug)/_ P ~  ^(ro) (H-aug)^Q (3-12)

where corresponds to  the first m  columns of and is

conformed by the B  rem aining columns where B  is the to ta l number of cell 

points in the Neum ann boundary.
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The equation system 3.7 is then modified by a forcing right hand side:

S p  =  f  (3.13)

where f  corresponds to  the right hand side of equation 3.12.

Im p e d a n c e  b o u n d a ry  c o n d it io n

Impedance boundary condition im plem entation follows a similar procedure 

as the one described above. If the condition for points r*, is given by

dP{r,) _  .pou;
On,

(3.14)

where r, is any point laying on the boundary, n* is the direction of the out

ward normal a t the corresponding node, to is the angular frequency, Z,; is 

the specific acoustic impedance of the surface a t th a t point, and po is the 

density of air.

Equation 3.3 is then  augmented to

p H

0

< ’ >

, = dh(^r , ) /dni  j  {po iv lZ)  h(r,) T — H-aug')'

After pseudo-inversion and partitioning, the tem plate reduces to

P{r,) -  h(r,) P =  0. (3.16)

The tem plate of equation 3.16 determ ine the corresponding row of the sys

tem  equation (Eqn. 3.7).
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N a tu ra l rad ia tion  b ou n d ary  co n d itio n

A simple m ethod to  implement a  natural radiation boundary condition [87] 

is to  restrict the propagation directions of the fundam ental basis solutions to 

a selection of those propagating outwards from the com putational domain 

as shown in figure 3.4.

o •
•

o

Figure 3.4: “N atural” radiation boundary condition im plem entation.

A special “radiating” tem plate equation may then be constructed,

P m  =  Hrad ' 7  

and the tem plate for the radiation point given by

P(ro) -  h(ro)HradPm =  0. (3.17)

In the same way as the  previously described tem plates, equation 3.17 deter

mine the corresponding row of the system equation (Eqn. 3.7).
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3.3 Specific m odelling issues

The actual implementation of the FWEM for long range propagation prob

lems requires further modification to the standard WEM presented in the 

previous section. The main points that need to be considered in the adap

tation of the standard WEM into the forward advancing one are:

• Free radiation boundary conditions.

• Modelling of the source.

• Selection of the propagation directions of the fundamental solutions.

In order to i)resent these modifications to the reader, a benchmark propa

gation problem consisting in a point source located in the corner of a rec

tangular computational domain is used (see Fig. 3.5).

Radiation condition
-V

Neumann
condition

Source
Neumann
condition

Radiation
condition

Figure 3.5: Geometry of the benchmark problem.

The operating frequency used for the calculations in this section was 1000 

Hz. The subdomains used in the examples where 1 metre long. A perfectly 

reflecting ground surface was assumed (however no reflection is expected as 

the source is located exactly at ground level).

To assess the accuracy of the sound pressure field computed with the FWEM, 

the results were compared with the theoretical solution for free field propa-
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gation, the Hankel function

^ th eo re tica l ~  i^ ^ ) -

( 2 )where ifg is a Hankel function of second kind and zero order.

To illustrate the importance of the modifications the sound pressure field was 

computed using the standard WEM discretization for the each subdomain. 

The sound pressure level (SPL) was used as the parameter for comparison

SPL =  -2 01og io

where po =  1 [Pa] was used as reference pressure.

The SPL computed at a line 3 metres above the ground level is presented 

in figure 3.6. The result is compared with the theoretical solution.

-30

-35 -

-50

-55 50 100 
Distance [m]

150 200

Figure 3.6: Sound pressure level (SPL) computed at a line 3 metres above the 

ground level with the standard WEM implementation for each subdomain. 

Hankel Function, FWEM.
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The SPL field computed with the standard WEM implementation at each 

subdomain is shown in figure 3.7. The theoretical solution is presented in 

figure 3.8 for reference.

   l j _ / j  - 1-

SPL[dB]: -51 -48 -45 -42 -39 -36 -33 -30 -27 -24 -21

Distance [m]

Figure 3.7; Sound pressure level (SPL) field computed with the standard 

WEM implementation for each subdomain.

~ ~ T  I 1 : i T  V  N
SPL[dB]: -51 -48 -45 -42 -39 -36 -33 -30 -27 -24 -21

Distance [nn]

Figure 3.8: Theoretical solution for the sound pressure level (SPL) field.
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The SPL field computed using the FWEM with the modified implementation 

is shown in figure 3.9.

SPL[dB]: -51 -48 -45 -42 -39 -36 -33 -30 -27 -24 -21
30 

20 

10

°6 50 Too 150 ^ 0
Distance [m]

Figure 3.9: Sound pressure level (SPL) field computed with the modified 

FWEM implementation (compare with Fig. 3.7).

Figure 3.10 shows the SPL computed at 3 metres above the ground level.

A detailed description of the different modifications of the standard WEM 

implementation for the FWEM is given in the following sections.

As mentioned before, the modifications mainly concern the source model, 

the free radiation boundary condition implementation and the selection of 

the propagation directions of the fundamental solutions.
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-30

-35

-50

-55, 100 
Distance [m]

150 200

Figure 3.10: Sound pressure level (SPL) computed at 3 metres above the 

ground level with the modified FWEM. Hankel Function, ■" —FWEM, 
• • • FWEM using the standard WEM for each subdomain.

3.3.1 Free radiation boundary cond itions  

U p p er  a tten u a tin g  bou n d ary  layer

A major problem of using domain-based techniques for soimd propagation in 

unbounded domains is that the computational domain has to be truncated. 

This truncation produces '‘fictitious” boundaries where perfect radiation 

condition should be imposed to prevent “artificial” reflections back to the 

domain.

The performance of the radiation condition developed for the original WEM 

(see Sec. 3.2.1) is poor when the angle of incidence of the sound waves on 

the boundary is very shallow. This happens in the upper boundary of the 

computational domain when the length/height relationship is large. This 

type of computational domain is common in long range sound propagation
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problems. F igure 3.11 shows a typ ica l example o f th is  type  o f domain.

30n .-̂ 3_______________
^0 500 1000

Distance [m]

Figure 3.11; Typ ica l leng th /he igh t p ropo rtion  in  a long range propagation 

problem.

In  these cases, i f  the F W E M  is implemented w ith o u t any “ special”  trea tm ent 

in  the upper boundary (w ith  rad ia tion  boundary cond ition ), the reflections 

in troduced in the com puta tiona l dom ain may Vje unacceptable. A n  example 

o f the computed sound pressure fie ld produced by a po in t source o f 1 KH z 

in  a com puta tiona l dom ain 200 metres long and 30 metres high, using the 

F W E M  w ith  standard rad ia tion  boundary cond ition  in  the upper boundary, 

is presented in  figure 3.12.

30

20

10

1  1
1  I iB

SPL[dB]: -51 -48 -45 -42 -39 -36 -33 -30 -27 -24 -21

50 100

Distance [m]
150 200

F igure 3.12: Sound pressure level (SPL) fie ld com puted w ith  the F W E M  

w ith o u t trea tm ent in  the upper boundary.
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The computed pressure field is highly contaminated with reflections “artifi

cially” generated by the upper boundary.

A plot of the SPL at a high of 3 metres above the ground level is shown in 

figure 3.13. The results are compared with the theoretical solution.

-30

-35

-40

-45

-50

-55

-60 100 
Distance [m]

150 200

Figure 3.13: Sound pressure level (SPL) computed at 3 metres above the 

ground level with standard radiation condition in the upper boundary.

Hankel Function, FWEM.

In the previous example, the length/height relationship is not as big as the 

one of figure 3.11, however, the spurious reflections introduced in the com

putational domain are already excessive. To reduce spurious reflections from 

the upper boundary back into the computational domain, additional treat

ment of the radiation boundary condition may be applied by introducing an 

artificial absorbing boundary layer [74], In this layer, an artificial attenu

ation is gradually increased with height, starting with zero attenuation at 

z = zt (where zt is the height of the bottom of the absorbing layer). This 

attenuation is achieved by adding an imaginary term to the wave number
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k{z)  according to  [66,68],

k = k o - j A  [{z -  zt) /  (zM -  z t ) f  (3.18)

where kg is the wave num ber in the  operational part of the domain, A is the 

dam ping constant, and z m  is the 2  coordinate of the top boundary (see Fig. 

3.14). The artificial dam ping constant, A,  should not be too large as this 

will produce reflections from the bottom  of the absorbing layer back into the 

lower part of the atm osphere. For this reason a quadratic variation of the 

wave num ber k  is chosen over, for example, a linear variation. Nevertheless, 

it is not clear how to  optimise the selection of A  in the  present context [66]. 

For the com putations in the present work, the value used for the param eter 

A  was chosen with a trial and error method.

Figure 3.14: Diagram  of the im plem entation of the artificial absorbing layer.

For this example, after approxim ately 5 trials, a dam ping constant of  A  = 1.5 

was chosen and the thickness of the boundary layer was 30 x A deep. This 

means th a t, as the operating frequency for was 1 KHz, a layer of approx

im ately 10 m etres had to be added to  the com putational dom ain which 

results in a com putational domain 40 m etres high in the calculations.
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The absorption effect o f the layer can be seen in  figure 3.15.

Distance [m]

Figure 3.15; Sound pressure level (SPL) field computed w ith  upper bound

ary absorbing layer.

The computed SPL for the o j)erational pa rt o f the domain is shown in  figure 

3.16.

Distance [m]

Figure 3.16: Sound pressure level (SPL) field computed w ith  upper bound

ary absorbing layer, operational pa rt o f the domain.
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It is clear from the figures how the reflections “artificially” generated in the 

upper boundary (see Fig. 3.12) are almost completely eliminated by the 

absorbing layer.

A plot of the SPL at a high of 3 metres above the ground level, computed 

using the absorbing layer, is shown in figure 3.17. The result is compared 

with the theoretical solution (Hankel function).

-30

-35

-50

-55 100 
Distance [m]

150 200

Figure 3.17: Sound pressure level (SPL) computed at 3 metres above the 

ground level with absorbing layer. Hankel Function, — — -  FWEM,

• • • FWEM without absorbing layer in the upper boundary.

Figure 3.17 shows the accuracy of the solution.
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P ro p a g a tio n  d irection s for th e  natural rad iation  b ou n d ary  con d i

tio n

The standard implementation of the radiation condition consists in restrict

ing the propagation directions of the fundamental basis solutions to a se

lection of those propagating outwards from the computational domain, i.e. 

propagation angle of 87t / 9  (see Fig. 3.18). For free radiating boundaries 

the central angle of the “cone” of directions (0'’) is parallel to the surface’s 

normal at the object point (see Fig. 3.18).

Figure 3.18: Directions of the fvmdamental .solutions for free radiating 

boundaries (160°).

This implementation is sufficiently effective for the standard WEM. In the 

FWEM, radiation condition is imposed to the vertical boundaries at the 

end of every subdomain. Any “small” error introduced by these boundaries 

implementation would build up as the solution advance and the computed 

sound field at long range could become completely inaccurate. Therefore, 

the radiation condition implemented must be very rigourous.
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If the implemented radiation condition is the same as for the standard WEM 

(like the one shown in figure 3.18) the sound field computed with the FWEM 

is highly distorted and contaminated with spurious reflections. Figure 3.19 

shows the SPL field computed using an angle of Stt/Q for the radiation 

condition implementation.

SPL[dB]: -51 -48 -45 -42 -39 -36 -33 -30 -27 -24 -21
30

20

10
-s.". A :  .

50 100
Distance [m]

150 200

Figure 3.19: Sound pressure level (SPL) field computed with an angle of 

87t/9.

It is apparent from the figure tha t the computed field is inaccurate.

If the propagation angle is restricted further, i.e. to an angle of tt/2 (see Fig. 

3.20) the accuracy of the computed sound field is clearly improved. This 

result is shown in figure 3.21.
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Figure 3.20: Directions of the fundamental solutions for free radiating 

])oimdaries (90°).

Distance [m]

Figure 3.21: Sound pressure level (SPL) field computed with an angle of 

7t / 2 .

The computed SPL field was noticeably improved but it is still inaccurate.



Chapter 3 66

Reducing the propagation angle even further, i.e. to tt/12 (see Fig. 3.22), 

the accuracy is yet improved, as shown in figure 3.23.

30"

-

Figure 3.22: Directions of the fundamental solutions for free radiating 

boundaries (30°).

30

20

SPL[dB]: -51 -48 -45 -42 -39 -36 -33 -30 -27 -24 -21

10

0 50 100 150

Distance [m]
200

Figure 3.23: Sound pressure level (SPL) field computed w ith  w ith  an angle 

of 7t/12.

Figure 3.24 shows the solution for the SPL computed at a line 3 metres from 

the ground level w ith  the three different sets of directions.
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Figure 3.24: SPL computed at 3 metres above the ground level with different 

propagation angles for the radiation condition implementation. Hankel

Function,  FWEM (Stt/O ),  FWEM (tt/ 2 ) , ------  FWEM (tt/12).

The result for the last 50 metres of the domain are shown in figure 3.24.
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Figure 3 .25: SPL at 3 metres above the ground level with different propa

gation angles for the radiation condition implementation, last 50 metres of 

the domain. Hankel Function, FWEM (87t / 9 ),

  FWEM ( t t / 2) , ------  FWEM ( t t / 12).
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It is clear from the figures that not even in the best case are the reflections 

from the vertical boundaries with “artificial” radiation boundary condition 

removed completely. However, figures 3.24 and 3.25 show tha t for the last 

case, the remaining reflections do not greatly aflFect the accuracy of the com

puted sound field in the far field.

Im p roved  natura l rad ia tion  b ou n d ary  co n d itio n

Although the treatm ent of radiation boimdaries presented above, in combi

nation with an absorbing upper boundary layer, gives good results for the 

calculations in the far field, some spurious reflections may be introduced and 

are noticeable in the “near” field.

An improved solution is obtained if “more information” of the radiation con

dition is introduced in the system of equations. A way of introducing this 

“extra” radiation information in the system is by considering as radiating 

boundary points not only the nodes tha t lay in a boundary with radiation 

condition, but also their neighbours.

Figure 3.26 shows the “normal” radiation boundary’s disposition (3.26 a) 

and the improved one (3.26 b).
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o o o c o o • € O "Natural" free radiation

o o o c o o • c boundary nodes

o o o 0 o o • €
9 "Artificial" free radiation 

boundary nodes

o o o c o o • 0 O Normal field nodeso o o c o o • e
• • • • • • • •

0 " R e a l"  boundary node

(a) (b)

Figure 3.26: Radiation condition for vertical “artificial” radiation bound

aries.

An example of the computed sound field produced by a point source in the 

left lower corner of a 100 ni x 30 m domain is used to illustrate the difference 

in the solutions. Figures 3.27 and 3.28 show the SPL fields computed using 

the normal cell disposition and the improved one respectively.

SPL[dB]: -51 -48 -45 -42 -39 -36 -33 -30 -27 -24 -21

°0 50 100 150 200
Distance [m]

Figure 3.27: Sound pressure level (SPL) field computed with standard radi

ation boundary condition.
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SPL[dB]: -51 -48 -45 -42 -39 -36 -33 -30 -27 -24 -21
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Figure 3.28: Sound pressure level (SPL) field computed with the improved 

radiation boundary condition.

The SPL computed with the improved radiation boundary condition at a 

line 3 metres above the ground level is shown in figure 3.29.
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Figure 3.29: SPL computed at a line 3 metres above the ground level with 
the improved radiation boundary condition. “  “  FWEM, Hankel

Function.
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The improvement in the sohition for the far field is apparent from the figures. 

Although spurious reflections are still present in both cases, the distortion 

of the wave present in figure 3.27 is removed in the second case (Fig. 3.28).

3 .3 .2  S ou rce m o d e llin g

As in the PEM, the FWEM will present some problems in modelling the 

sound sources and computing the pressure values in regions near sources or 

in locations where the curvature of the wavefronts in the sound field is high. 

Results show that the pressure values obtained in the acoustic field remote 

from these will not be influenced significantly by these local inaccuracies.

Using a larger number of columns for the first subdomain, or any part of 

the domain where the curvature of the wave front could be high, can reduce 

the inaccuracies in the results.

Source calibration

The wave expansion method, as implemented up to here, can be used to 

model sound propagation only in a qualitative way. To obtain accurate 

quantitative results, a source calibration has to be carried out. A calibration 

method was developed for the WEM by Birgersson [88]. This works as 

follows, if we consider two contiguous cells containing the excitation source, 

in node 0, the actual pressure at tha t point is unknown (see Fig. 3.30).
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F igure 3.30: C ontiguous cells contain ing  th e  ex c ita tio n  source in node 0.

T h e  produced p ressures a t  nodes 1 to  13 are given by th e  exact response to  

a  cylindrical source a t  th e  corresponding d istance.

From  th e  form ulation of th e  W E M , we have th a t:

P{5) P( i )

P(6) P{2)

P(9) P{3)

P(8)
> +  /o , P(5) =  h H +  <

P{4)

P(10)

P ( U) P{7)

P{\2) P{8)

P(13)\  / P(0)V /

From  th is  re la tionsh ips we have

P(0) =  fp(5) -  hH +(i,7) • I P(2) P(Z) P{ i )  P(6) P(7) P(8) } )
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Using the above relationship, can be eliminated from equation 3.19 and 

we get the following expression for / q:

P(5)

P(6)

P(9)

P ( 8 )

Pm
P( U)

P(\2)

Pin)

f o  = (p(5) -  • pi) /hH+(8) -  hH-

where p i  =  {P(5)P(6)P(9)P(8)P(10)P(11)?'(12)P(13) }'•

(3.20)

Using the above formulation, excitation sources can be introduced into the 

model aj)plying the computed /,; in the corresponding row of the force vector, 

f.

3.4 N um erical issues of the FW EM

A very important m atter concerning the stability of the method, is the con

dition number of the equation matrices. A poor conditioning will encourage 

the propagation of error particularly over large distances.

To study the behaviour of the condition number for the equation stiffness 

matrix S, the behaviour of a nine node square computational cell of dimen

sion 2dr X 2dr as shown in figure 3.31 was considered.
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dr

r
”0 P

P P P
P P P

Figure 3.31: Nine node com putational cell.

The position of the cell is determ ined by the general coordinates of point 1.

Figure 3.31 shows the resulting condition num ber for stiffness m atrix  as a 

function of the position of the cell for a propagation problem  in homogeneous 

media. The coordinates of the cell range from r =  (0, 0) to  r =  (0,1000).

!r 20

I 5̂
c
C 10 o

460
Position of the cell [m]

600

Figure 3.32: Condition num ber behaviour for homogeneous media.

For propagation problems in homogeneous media, the  condition num ber of 

the  stiffness m atrix  rem ained constant.
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To study the behaviour of the condition number for inhomogeneous media, a 

change in the wave number k for points 7, 8 and 9 of the cell was introduced. 

The variation in the wave number was produced using equation 3.18. Two 

different values of A, 0.01 and 0.05, were used.

Figure 3.33 show's that the condition number varies with the position of the 

cell.
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200 400 600 800 1000

10'°
10"*
10"“
10 '*

10’ “

10*
10“

Inhomogeneous media (A = 0.05)

200 400 600 800 1000
Position of the cell [m]

Figure 3.33: Condition number behaviour for inhomogeneous media.
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It is clear from the plots th a t the system becomes very unstable with dis

tance when dealing w ith inhomogeneous media. Fortunately, this problem is 

very easily resolved by always using local coordinates for each cell position. 

T ha t is, a t any cell in the com putational dom ain a new coordinate system is 

defined to  compute the local stiffness m atrix. The localised coordinates for 

the cell points will then  be: r  =  (0,0) for the point in position 1, r  =  {dr, 0) 

for position 2, r  =  {dr, dr) for position 5, etc.

The resulting behaviour of the condition num ber is shown in figure 3.34.
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Figure 3.34: Condition num ber behaviour for inhomogeneous media with 

local coordinate system.

Applying this simple change in the coordinate system , the equation system 

becomes completely stable.

3.5 E xplicit and sem i-explicit solution

In a  large num ber of practical problems a regular meshing scheme can be 

applied to  a considerable section of the com putational domain. In every 

section where a regular mesh is used, the advancing m ethod may be m ade
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completely explicit if there are no wavenumber parameter changes in the 

marching direction of the solution, i.e. range-independent atmospheric and 

boundary conditions.

For example, a regular mesh allows the use of symmetrical subdomains (see 

Fig. 3.35).

# 2 /  #22  %23 %24 *25  o 2 I  m22  # 2.? ®2.? m24  #25

916 mI7  0 2 0  9 / 6  0 1 7  0 1 8  0 IS 0 1 9  020

o i l  0 I 2 # / .?  0 l 4 0 l 5 o i l  0 l 2 0 l 3 q 1 3  0 l 4 0 l 5

q 6 # 7  08  09  0 IO q 6 # 7  08  q 8 * 9  0 IO

q1 #2  #.? #•/ #5  o  i  •  2 0  3 #.? 04  #5

Regular mesh Subdomain 1 Subdomain 2

Figure 3.35; Division of a regular mesh into symmetric subdomains.

The system equation stiffness matrix can be assembled for the first subdo

main using the procedure explained in section 4.2. From equation 3.6 we 

have

^iPi ,Prn) ~

where
U,   ̂ _  - j k i { d „ - r i )
“ (n) ~

and H “'“ is the pseudo-inverse of

  ( d r j - r m  )
77)7?. —  C
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As pointed out in section 3.4, a local coordinate system is used for each 

computational cell. Because of this, the local coordinates for each point of 

the two symmetric subdomains are exactly the same. If the wavenumber 

k is the same for every symmetrically corresponding point (i.e. A’l =  k̂ , 

kn =  A:i9 , etc. where fc, =  fc(ri)) matrix H and vector h are equivalent 

for every template, therefore the resulting stiffness matrix is identical. This 

allows the solver to compute the stiffness matrix for the first symmetric 

subdomain and apply it to compute the solution for the next ones. This 

considerably reduces the computing time required.

If the wavenumber parameters are constant across a computational front for 

the field nodes but there is a change in the boundary conditions a semi

explicit scheme may be applied. Changes in the values on a boundary with 

Dirichlet condition have no influence in the stiffness matrix. The new re

straint simply affects the corresponding value in the forcing vector f (Eqn. 

3.13). In case of Neumann or Impedance boundary conditions, the constraint 

equation 3.3 is augmented when the row of the stiffness matrix correspond

ing to the subject point is computed. Therefore, only these particular rows 

have to be re-assembled with the new boundary conditions/values, and the 

rest of the pre-calculated stiffness matrix can be used. The ratio of the 

boundary points (Dirichlet, Neumann and Impedance) to the field nodes is 

considerably small, consequently the semi-explicit technique still offers an 

important saving of computing time.
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E x a m p les

To demonstrate the advantages quantitatively, the CPU time required to 

compute the sound pressure field was assessed for two examples.

The geometries used consisted of two rectangular domains. The first one was 

50 metres long and 40 metres high (200,901 nodes) and the second one was 

100 meters long and 40 metres high (401,401 nodes). The sound pressure 

field was computed with the WEM, the FWEM, and the explicit-FWEM. 

The numerical implementations were programmed in Mat la b  Version 6.5, 

and the computations performed on an IBM, Pentiuni-IV machine with 882 

MB of R AM and a clock speed of 2.2 Ghz. The system matrix was solved 

using Gaussian elimination (backslash operator in Matlab).

The CPU time (in seconds) required by each method to compute the solu

tion is shown in the following tal)le:

50 X 40 [m] 100 X 40 [m]

WEM 5095 18777

FWEM 723 1403

explicit-FWEM 133 135

It can be seen that the FWEM requires less computational time. The ad

vantage of the explicit solution is evident from the results, enhancing the 

speed of the method.

This technique was used to compute the sound field in the examples pre

sented in section 4.4.
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3.6 Segm entation  o f th e com putational dom ain

Because of the fiexibihty of the FWEM a segmentation of the domain can be 

simply implemented. This could prove to be a very im portant feature when 

solving the sound field for very large problems. In a normal environmental 

application the computational domain would easily have dimensions in the 

order of 100,000 m^. The solution for a frequency of IKHz would require 

more than 10,000,000 nodes using a mesh spacing of 3 nodes per wave length 

(this mesh spacing is only necessary for the first part of the domain, once the 

wave front is sufficiently plane it can be considerably coarsened). A mesh 

with this number of nodes could be difficult to manage from the point of 

view of meshing and storage.

A much easier way of handle this is to divide the domain into a number of 

smaller segments. These segments are then much easier to mesh and manip

ulate. Figures 3.36 and 3.37 show an example of the segmentation. A large 

computational domain of dimensions 1000 x 50 metres is thus subdivided 

into 5 smaller segments of dimensions 200 x 50 metres.

Figure 3.36; Complete computational domain.

Figure 3.37: Computational domain divided into segments
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The FWEM can compute the soimd field for the first segment independently 

from the rest. Using only the last column of nodes of this first segment 

the solution for the next one can be computed. The same procedure can 

be followed to compute the sound field for the rest of the segments. The 

resulting sound fields presented in the following section where obtained using 

this procedure.

3.7 N um erical results

The advancing method was tested for four benchmark problems. The im

portance of a correct selection of the directions of jjropagation of the funda

mental solutions (plane waves) used for the discretization was analysed. A 

new advantage of the FWEM then emerged. When the proj)agating wave 

front is sufficiently plane, the mesh spacing in the direction of propagation 

can be considerably increased improving the efficiency of the method (this 

would be analogous to the signal demodulation used in the Parabolic Equa

tion Method).

Firstly, the FWEM is tested for a free field propagation problem over a 

perfectly reflecting ground. The results were compared with a theoretical 

solution, a Hankel function of the second kind and zero order,

^ th eoretica l ~

Secondly, the accuracy of the method for modelling diff^raction of sound is 

evaluated in two diffraction problems, sound diffraction by a simple wedge 

and by a thin sound barrier. In both cases the ground and the obstacles 

were considered to be perfectly reflective {dp/dn =  0).



C hapter 3 82

The insertion loss (IL) was the param eter chosen to  assess the accuracy of 

the solution for the diffraction problems. This param eter is defined by the 

following relationship:

where is the sound pressure in the presence of the obstacle and Po is the 

sound pressure th a t would be produced without the obstacle.

The insertion loss com puted with the FW EM  was compared with an ana

lytical solution, the Fresnel Integration M ethod [89] and w ith the standard  

W EM  for the sound barrier problem. For the wedge problem only the  stan

dard W EM  was used for validation.

Finally, the capability of the FW EM  for modelling sound propagation in 

a refracting atm osphere was tested. The sound field was computed under 

downwind and upwind refraction conditions. The results were compared 

with the standard  W EM.

For the  following examples, a representative operational frequency of 1000 

Hz was used. The dimensions and “shapes” of the geometries used in the 

examples were defined arbitrarily. There is no “special” relationship between 

the dimensions and angles used in the geometries and the sound wavelength. 

Similar results were obtained in tests carried out by the au thor for different 

operational frequencies and different geometries.
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3 .7 .1  Free field  p ro p a g a tio n

The geometry of the first problem is shown in Fig. 3.38.

Upper radiation conditionA.
Natural

Neumann
condition Neumann

condition

radiation
condition 

^  Source

200 m

Figui'e 3.38: Geometry of the problem.

The source was positioned at point (x,y) =  (0,0). The operating frequency 

was 1000 Hz. The domain was 200 m etres long and 40 m etres high. An 

absorbing layer 30 x A deep was applied. This setup leaves an operational 

altitude of 30 metres. A dam ping constant A = 1.5 was used. The compu

tational dom ain w'as meshed with a node spacing of 3 nodes per wavelength.

Selection  o f the propagation directions o f the fundam ental solu

tions

The selection of the directions of propagation of the plane waves is crucial 

for the FW EM . In this section three different sets of propagation directions 

were considered to  illustrate the im portance of this param eter. A propaga

tion angle of 2tt ([0, 27t]), tt ( [ f , —f])  and tt/2  ( [ f , —f])- Sets of 20 evenly

distribu ted  propagation directions were considered in all cases. A diagram 

of the sets of propagation directions is presented in figure 3.39. The subdo

mains used for these examples were 5 m etres long.
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F igure 3.39: P ropagation d irections o f the fundam ental basis solutions.

The theore tica l so lu tion fo r th is  problem  (Hankel func tion ) is presented in 

figure 3.40.

-
...

SPL[dB]: -51 -48 -45 -42 -39 -36 -33 -30 -27 -24 -21

100

Distance [m]
150 200

Figure 3.40: Resulting sound pressure level (SPL) fie ld, theoretica l solution.

The resu lting  SPL fields com puted using propagation angles o f 27t, tt, and 

7t / 2  are shown in  figures 3.41, 3.42 and 3.43 respectively.
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Distance [m]

Figure 3.41: Resulting SPL field using a propagation angle of 2n.

SPL[dB]: -51 -48 -45 -42 -39 -36 -33 -30 -27 -24 -21
30 ni

Distance [m]

Figure 3.42: Resulting SPL field using a  propagation angle of tt.
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SPL[dB]: -51 -48 -45 -42 -39 -36 -33 -30 -27 -24 -21

100

Distance [m]
200

Figure 3.43: Resulting SPL fie ld using a propagation angle o f tt/2 .

Plots o f the SPL com puted w ith  the Hankel function  and the F W E M  at 

0 and 3 metres above the ground level are given in  figures 3.44 and 3.45 

respectively.

-20

-25

CO .40

-45

-50 100 
Distance [nn]

150 200

Figure 3.44; Sound pressure level com puted at the ground level. Hankel 

F u n c tio n ,  F W E M  (t t / 2 ) , -------  F W E M  ( t t ) , ----------  F W E M  (27t ).
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-20

-25

m -30
TD
T  -35

CO . 4 0

-45

-50 20050 100 
Distance [m]

150

Figure 3.45: Sound pressure level computed at 3 metres above the ground

level.  FWEM ( t t / 2 ) , ------- FWEM (tt),-------  FWEM ( 27t ) ,------ Hankel

Fimction.

It can be seen from the figures that tlie source calibration technique, pre

sented in section 3.3.2, gives inaccurate results using propagation angles t t  

and 7t/2 (difference in the SPL values for the starting field), however the 

dissipation effects seem to be correctly modelled. The source calibration 

works perfectly when the complete range of directions (propagation angle of 

27t) was used. It is clear from figures 3.41 and 3.44 that the results obtained 

using a propagation angle of 2n an error is introduced to the solution at 

ground level. As the solution advances the error becomes more significant. 

It is im portant to point out tha t this error is not introduced by the forward 

approximation, but is intrinsic in the WEM.

In the FWEM, a combination of propagation angles can be used. Figure 

3.46 shows the computed sound pressure field using a propagation angle of 

27t in the first subdomain and t t / 2  in the following ones.
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SPL[dB]: -51 -48 -45 -42 -39 -36 -33 -30 -27 -24 -21
30 

20 

10

°6  50 Too 150 ^ 0

Distance [m]

Figure 3.46: Sound pressure level (SPL) field using a propagation angle of 

27t in the first subdom ain and tt/ 2 in the following ones.

P lots of the SPL com puted a t elevations of U and 3 m eters above the ground 

level with this combination, compared w ith the theoretical solution are 

shown in figures 3.47 and 3.48 respectively.
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150 200

Figure 3.47: Sound pressure level com puted a t ground level using a prop

agation angle of 2t t  in the first subdom ain and t t / 2  in the  following ones. 

Hankel Function, ”  “  FW EM .

il
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Figure 3.48; Sound pressure level computed at 3 m etres above the ground 

level using a propagation angle of 27t in the first subdom ain and tt/ 2 in the 

following ones. Hankel Function, ~ “  FW EM .

It is shown in the figures th a t the combination of the two sets of directions, 

27t  for the first subdomain and t t / 2  in the rest, gives accurate results.

As the calculation proceeds to  field positions more rem ote from the source, 

where the wave front is almost planar, the angular spread may be reduced. 

This perm its the use of lower nodal spacings in the propagation direction.

This concept was tested using a rectangular com putational domain 50 me

tres high and 400 m etres long. For positions a t long distances from the 

source (in this example more th an  200 m etres from the source) a propaga

tion angle of 7t / 1 2  was used (see Fig. 3.49). A mesh spacing of 0.2 nodes 

per wavelength in the propagation direction was applied. The vertical nodal 

spacing was kept a t 3 nodes per wavelength. An absorbing layer 30 x A deep 

was used with a dam ping constant A  =  1.5.
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Figure 3.49; Propagation directions of the fundamental basis solutions in 

the far field (15°).

The computed solution is presented in figure 3.50. The theoretical solution 

is shown in figure 3.51 for comparison. Plots of the SPL at elevations of 

0 and 3 metres above the ground level are shown in figures 3.52 and 3.53 

respectively.

SPL[dB]: -54 -51 -48 -45 -42 -39 -36 -33 -30 -27 -24 -21

Distance [m]

Figure 3.50: Computed sound pressure level (SPL) using propagation angles 

of 2n for the first subdomain, t t / 2  for the next ones until the 200m line (white 

line) and 7t / 1 2  for the remaining subdomains.
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Distance [m]

Figure 3.51: Sovnid pressure level (SPL), theoretical solution (Hankel func

tion).

CO . 4 0

150 200 250
Distance [m]

300 350 400

Figure 3.52: Sound pressure level (SPL) computed at ground level.

Hankel Function, ~ — FWEM.
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Figure 3.53: Sound pressure level (SPL) computed at 3 meters above the 

ground level. Hankel Function, — ~ FWEM.

The accuracy of the method is apparent from the figures.

In the next section the accuracy of the FWEM is tested for a larger comi^u- 

tational domain.

Free p rop agation  in large dom ain s

The geometry of the problem is shown in Fig. 3.54.

Upper radiation condition
A

Neumann
condition

..Source

V

Neumann
condition

Natural 
radiation 
condition "

► 40 m

1 Km

Figure 3.54: Geometry of the problem.
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The source was positioned at point (x.y) =  (0,0). The operating frequency 

was 1000 Hz. The dom ain was 1 kilometre long and 50 m etres high.

An absorbing layer 30 x A deep was applied. This setup leaves an opera

tional altitude of 40 metres. The absorbing layer was implemented using the 

model in equation 3.18 w ith a dam ping constant A =  1 for the first segment 

and A  =  0.6 for the following ones.

More th an  5,000,000 (5,012,505) points would be needed to  mesh this domain 

with a node spacing of 3 nodes per wavelength. To alleviate the com puta

tional requirem ents, the segm entation technique was applied. Five segments 

of 200 m etres long where used. A propagation angle of 2n  was used for the 

first subdom ain, t t / 2  was the propagation angle used for the rest of the 

subdom ains in the hrst segment, and an angle of 7t / 1 2  for the rest of the 

segments. A nodal spacing of 3 nodes per wavelength was used for the first 

segment (1,002,501 nodes were needed for this segment). For the following 

segments the mesh density in the propagation direction was reduced to  0.2 

nodes per wavelength (59,619 nodes were needed for each of these segments). 

Considering all the segments together the num ber of nodes needed to  dis- 

cretise the com putational dom ain was reduced from 5,000,000 to less than  

1,250,000 nodes. Each subdom ain was 5 m etres long for the first segment 

and 20 m etres long for the following ones. Each subdom ain was formed 

by 25,551 nodes in the first segment and 6,012 nodes in the following ones. 

Therefore, the largest size of system m atrix  to  be solved was reduced from 

5,000,000 X 5,000,000 m atrix  to  a 25,551 x 25,551 one.
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As a regular mesh was used and there was no parameter change in the prop

agation direction of the solution, the explicit property of the solution scheme 

was used after the second subdomain of each segment.

Figure 3.55 show the computed SPL in the complete computational domain. 

The effect of the absorbing layer in the top of the domain can be seen in this 

figure. The vertical white lines illustrate the segmentation used to compute 

the sound field.

Distance [m]

Figure 3.55: FWEM, Sound Pressure Level (SPL).

The resulting field in the operational part of the domain is shown in figure 

3.56.
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SPL[dB]: -70 -64 -58 -52 -46 -40 -34 -28 -22 -16 -10
40 

30 

20 

10
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Figure 3.56: FWEM, Sound Pressure Level (SPL). Operational part.

if/VV

Figure 3.57 shows the true vertical-horizontal scale. This shows that the 

problem has extremely shallow grazing angles on the upper boundary of the 

domain.

500 
Distance [m]

1000

Figure 3.57: True vertical-horizontal scale plot.

A plot of the real part of the sound pressure values obtained with the FWEM 

and the theoretical solution for the last 15 metres of the computational do

main at an elevation 3 metres above ground level is given in figure 3.58. The 

SPL obtained with the FWEM and the theoretical solution at an elevation 

3 metres above ground level is given in figure 3.59.
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985 990 995 1000
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Figure 3.58: Real part of the pressure values in the last 15 metres, at a line 

3 metres above the ground level. Hankel Function, ~ “  FWEM.
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Figure 3.59: Sound pressure level (SPL) computed at a line 3 metres above 

the ground level. Hankel Function, “  “  FWEM.

The solution shows to be very accurate in the entire range. It should be 

pointed out that an absorbing layer 10 metres deep (30 x A) was used in the 

calculations.
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3.7 .2  D iffraction  by a w edge

The FW EM  is m eant to  be applied to  sound propagation problems when 

the backscattered field is not of interest. An example of this kind of problem 

could be the  evaluation of the performance of a sound barrier. Most of the 

tim e, only the sound field “beyond” the barrier is of interest and the sound 

reflected by the obstacle back to the source is not of interest.

It was shown in the previous section th a t the FW EM  is highly accurate for 

modelling free field sound propagation. In this section the accuracy of the 

FW EM  for diffraction problems is tested. The geometry studied is shown 

in figure 3.60.

Radiation
condition

Radiation
condition

Neum ann
conditionSource 4  m

10 m

50 m

Figure 3.60: Geom etry of the problem.

The source was positioned a t point (x,y) =  (0,0). A wedge 4 m etres high 

with an elevation of 45° was positioned at a distance of 10 m etres from the 

source. The operating frequency was 1000 Hz. The domain was 50 m etres 

long and 40 m etres high. The top 10 m etres (30 x A) were changed into an 

absorbing layer whilst a loss free domain of height 30 m etres was m aintained. 

A dam ping constant A = 1.5 was used. In sections where a regular mesh 

was used and there was no param eter change in the propagation direction
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of the sohition and no obstacle was present, the explicit property of the 

solution scheme was used. It is im portan t to  note th a t the centre of the 

cone of propagation directions for the  fundam ental solutions (plane waves) 

was kept horizontal for the  whole dom ain. It did not follow the shape of the 

ground (wedge).

The standard  W EM  was used for validation of the results.

P ro p a g a tio n  d irec tion  o f  th e  fu n d am en ta l so lu tio n s

It was shown in section 3.7.1 th a t the selection of propagation directions of 

the fundam ental solutions is a very im portan t param eter in the FW EM .

It was shown th a t a propagation angle of 2-n was the best for the first sub- 

dom ain to  get a correct calibration of the source, and t t / 2  was the best 

propagation angle for the following subdom ains for free propagation m od

elling. It is clear th a t free propagation and diffraction problems involve 

different directions of propagation of the sound wave fronts. Because of 

this, the best choice of the propagation directions of the fundam ental so

lutions may not be the same for different problems {i.e. free propagation 

and diffraction effects). Three different sets of propagation directions were 

tested, 27t ([0, 27t]), tt ( [ f , —f] )  and tt/ 2 ( [ f , —f] )  (see Fig. 3.39). Sets of 

20 evenly distributed propagation directions were considered in all cases. 

For the following example, the first subdom ain was 9.5 m etres long. This 

length was chosen in order to locate the  first interface between two subdo

mains close to the wedge in order to  evaluate the effect of the  reflections 

produced by the presence of the wedge on the solution. The following sub- 

dom ains were 10 m etres long so the  wedge is completely included in one 

subdom ain. The sound pressure level fields com puted with the standard  

W EM  and the FW EM  are shown in figures 3.61 and 3.62 respectively.
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SPL[dB]: -90 -80 -70 -60 -50 -40 -30 -20

Distance [m]

Figure 3.61: WEM solution, sound pressure level (SPL).

Distance [m]

Figure 3.62: FWEM solution, sound pressure level (SPL)
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The insertion loss (IL) computed with both methods at 0.1 and 2 meters 

above the ground level are shown in figures 3.63 and 3.64 respectively.
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-16 25 30I 35
Distance [m]
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Figure 3 .63: Insertion loss (IL) computed at ground level. WEM,

-  -  FWEM ( t t / 2), -  -  FWEM (tt), -  “  FWEM (27t ).
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Figure 3 .64: Insertion loss (IL) computed at 2 metres above the ground 

level. -  -  FWEM ( t t / 2), -  -  FWEM ( t t ), -  -  FWEM (27t ),

  WEM.
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Figure 3.65 shows the insertion loss computed at 2 metres above the ground 

level for the last 10 metres of the computational domain. In this figure 

it can be seen that the diffraction effect is a little better modelled by the 

propagation angle of 27t. This may be due to the fact that in the region of 

the wedge there are significant components scattered in all directions. In any 

case the effect seems to be very slight. However, it may become important 

in long range problems.

-10

-15

=! -25

-30

-35, 48 5044 46
Distance [m]

Figure 3.65: Insertion loss (IL) computed at 2 metres above the ground

level, last 10 metres. ------  WEM, -  -  FWEM (tt/2), -  -  FWEM (tt),
-  -  FWEM ( 27t ).

For the previous calculations the subdomains were chosen in such a way that 

the complete wedge was included in one subdomain. To evaluate the per

formance of the interfaces between subdomains for modelling the diffraction 

effect a new subdomain distribution was tested. In the following example the 

subdomains were 2 metres long, therefore, the surface of the wedge was cov

ered by different subdomains. The insertion loss computed with the WEM 

and the FWEM are shown in figures 3.66 and 3.67 respectively.
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Figure 3.66: Insertion loss computed at ground level. WEM,

— — FWEM (one subdomain), — ~ FWEM (many subdomains).
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Figure 3.67: Insertion loss computed at 2 metres above the ground level.

WEM, ”  “  FWEM (one subdomain), ■” ■" FWEM (many subdo

mains).

This example shows tha t the interfaces between the subdomains do not in

terfere with the modelling of the difTraction effect.
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The results dem onstrate th a t the FW EM  is highly accurate for diffraction 

modelling of sound fields wlien the wave front deviates considerably from 

the free field case.

3.7 .3  D iffraction by a sound barrier

It was shown in the previous section th a t the FW EM  can accurately model 

the sound pressure field in the  presence of obstacles like a wedge w'ith an 

elevation of 45°. In the present section the FW EM  is tested in the presence 

of a highly reflective obstacle: a th in  vertical sound barrier. The geometry 

studied is shown in figure 3.68.

U p p er radiation condition

A ------------------------
N atura l radiation N atura l radiation I

*1 condition condition ^
B arrier

 ̂ S ou rce___________[]  ^4 m_________N eu m an n  condition____________

10 m

5 0  m

Figure 3.68: Geom etry of the problem.

3 0  m

The source was positioned at point (x,y) =  (0,0). The operating frequency 

was 1000 Hz. The domain was 50 m etres long and 40 m etres high. The top 10 

m etres (30 x A) were changed into an absorbing layer whilst a  loss free domain 

of height 30 m etres was m aintained. A damping constant A  =  l . b  was used. 

In sections where a regular mesh was used and there was no param eter 

change in the propagation direction of the solution and no obstacle was
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present, the exphcit property of the solution scheme was used. The sound 

barrier was 4 metres high and 0.1 metres wide. A very thin barrier was used 

in order to compare the computed field with the results obtained with the 

Fresnel Integral Method. The barrier was positioned at 10 metres from the 

source.

P ro p a g a tio n  d irec tio n  o f  th e  fu n d am en ta l so lu tio n s

According to the study presented in the previous section, the best results 

for diffraction modelling where obtained with a propagation angle of 27t. 

However, there was little difference in accuracy between the three sets of 

propagation directions studied. In the case of a vertical barrier more sig

nificant components of the sound field may be scattered in all directions, 

therefore, the difference in the results may become more significant.

To evaluate the accuracy of the method using different sets of propagation 

directions a propagation angles of 27t ([0, 27t]), tt ( [ f , —f  ]) and 7r/2 ( [ | ,  —f  ]) 

were tested. Sets of 20 evenly distributed propagation directions were con

sidered in all cases.

The insertion loss due to the sound barrier was the parameter used to asses 

the accuracy of the results. The results obtained with the FWEM were 

compared with the solutions obtained with the standard WEM and the 

Fresnel integral method [75,89]. Plots of the insertion loss computed at 

0.1 and 2 metres above the ground level are given in figures 3.69 and 3.70 

respectively. The results show tha t even though the diffraction effect seems 

to be correctly modelled (except for the field close to the sound barrier using 

a propagation angle of 7t/ 2), the resulting amplitudes are inaccurate for the
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three sets o f propagation angles. The cause o f these inaccuracies is explained 

in  the fo llow ing section.
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Figure 3.69; Insertion loss (IL )  computed a t 0.1 metres above the ground 

level. Fresnel In tegra l M ethod, “  “  W E M , F W E M  (tt/2 ),

  F W E M  ( t t ) , -------  F W E M  { 2 t t ) .

10

0

m -10

= ! -20

-30

-40 30
Distance [m]

Figure 3.70; Insertion loss (IL )  com puted at 2 metres above the ground 

level. Fresnel In tegra l M ethod, ” • ”  W E M , F W E M  (t t / 2),
  F W E M  (t t ) , -------  F W E M  (27t ).
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Effect o f the backscattered sound on th e resulting field

To explain the inaccuracy of the results, we have to take a closer look to the 

way the standard WEM and the FWEM work. In the WEM the solution 

involves simultaneously both, the forward and the backward propagating 

sound fields, for the entire computational domain (see Fig. 3.71a). In the 

FWEM the backscattered field is not “present” until the solution reaches 

the subdomain that contains the obstacle, the sound barrier in this case (see 

Fig. 3.71b).

Source

Source

Figure 3.71: (a) Solution scheme for the WEM , (b) Solution scheme for the 

FWEM (three subdomains).
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hi the FWEM the sound pressure values of the first subdomain were com

puted considering the forward advancing sound field and neglecting any 

backscattered sound field. To compute the solution in the subdomain that 

includes the sound barrier, the second subdomain in this example, the start

ing (driving) sound field is given by the precalculated sound values on the 

column of nodes on the left hand side of the subdomain. The sound pressure 

values imposed on tha t column of nodes do not correspond to the “actual” 

sound field tha t is produced by both, the forward advancing front and the 

backscattered field. This incongruence generate the errors in the resulting 

sound pressure field.

S o lu tio n  to  th e  p rob lem  o f  th e  d riv in g  pressu res and th e  b ack scat

tered  sou n d  incon gru en ce

To compute the soimd field for a subdomain like the one of figure 3.72, a 

“forward advancing” driving condition has to be applied to the left hand 

side of the subdomain instead of a simple Dirichlet boundary condition. To 

do this, the corresponding forcing vector has to be calculated.

Figure 3.72: Subdomain with sound barrier. • • • Points with precalculated 

sound pressure values. Radiation boundary condition.
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This “forward advancing” driving force is no other than the forcing vector 

tha t would “produce” the same pressure values (precalculated) on the left 

hand side of the subdomain.

Consider now the same subdomain but without the obstacle (see Fig. 3.73).

Figure 3.73: “Dirichlet-driven” boundary condition scheme. • • •  Points with 

precalculated sound pressure values, Radiation boundary condition.

Using Dirichlet boundary condition in the left hand side boundary of the 

subdomain, the pressure values for a forward propagating field can be com

puted as

Pinc =  S ^ fc l ir  (3.21)

where is the array of pressure values for a forward propagating field, 

is the pseudo-inverse of the stiffness matrix corresponding to the geometry 

of figure 3.73 and fair is the forcing vector corresponding to the Dirichlet 

boundary condition.
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Once the  pressure vector for the forward propagating field is computed, 

the “forward advancing” driving force can be calculated applying radiation 

boundary condition to the left hand side boundary of the subdom ain (see 

Fig. 3.74).

Figure 3 . 7 4 :  Boundary condition scheme to compute the ‘forward advanc

ing" driving force vector. Radiation boundary condition.

The force vector is given by

frad =  § 2  • P in e  ( 3 . 2 2 )

where frad is the “forward advancing” driving force vector and S 2 is the 

stiffness m atrix  corresponding to  the boim dary conditions scheme applied 

in the subdom ain of figure 3 . 7 4 .

The sound pressure values for the actual subdom ain (including the obstacle) 

may now be computed with the following equation:

P =  S +  • frad ( 3 . 2 3 )

where is the pseudo-inverse of the stiffness m atrix for the geometry of
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figure 3.75.

Figure 3.75: Boundary condition scheme for the FW EM . “Dirichlet-driven” 

scheme. Radiation boundary condition.

The sohition procedure presented above was tested to  solve the  soimd bar

rier diffraction problem of figure 3.68. The first subdom ain, containing the 

sound source, was 2 m etres long. The other subdom ains were 1 m etre long. 

The propagation angle used in the first subdom ain and in the subdom ain 

containing the sound barrier was of 2t t . A propagation angle of tt/2  was 

used for the rest of the subdomains. An absorbing layer 30 x A deep was 

applied. A dam ping constant ^  =  1.5 was used.
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The sound pressure level field computed with the standard WEM and the 

FWEM are shown in figures 3.76 and 3.77 respectively.

10

rn
SPLfdBl: -90 -81 -72 -63 -54 -45 -36 -27 -18

10 20 30
Distance [m]

40 50

Figure 3.76: WEM solution, sound pressure level (SPL).

rzL
SPL[dB]: -90 -81 -72 -63 -54 -45 -36 -27 -18 -9 0

20 30
Distance [m]

Figure 3.77: FWEM solution, sound pressure level (SPL).
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Plots of the insertion loss computed at 0 and 2 metres above the ground 

level are given in figures 3.78 and 3.79 respectively.

-15

-20

-25

-30 40
Distance [m]

Figure 3.78: Insertion loss computed at 0 metres above the ground level. 

“  “  WEM, FWEM, Fresnel Integral Method.

-20

-  -30

-35

40 5020 30
Distance [m]

Figure 3.79: Insertion loss computed at 2 metres above the ground level. 

“  “  WEM, FWEM, Fresnel Integral Method.
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The figures show the accuracy of the results. FWEM is accurate for diffrac

tion modelling, but care must be taken to ensure that a “forward advancing” 

driving condition is applied to the left hand side of the subdomain instead 

of a simple Dirichlet boimdary condition.

P rop agation  in large dom ain s

The geometry studied is shown in figure 3.80.

Upper radiation condition
------------- \ ----------------

Natural radiation
condition

Barrier

Natural radiation 1 
condition ^

Source ||I4  m Neumann condition

10 m

1 Km

Figure 3.80: Geometry of the problem.

The source was positioned at point (x,y) =  (0,0). The operating frequency 

was 1000 Hz. The domain was 1 kilometre long and 50 metres high. The top 

10 metres (30 x A) were changed into an absorbing layer whilst a loss free 

domain of height 40 metres was maintained. The absorbing layer was for

mulated using the model in equation 3.18 with a damping constant A = 1.5 

for the first segment and A  =  0.9 for the following ones.

More than 5,000,000 points would be needed to mesh this domain with a 

node spacing of 3 nodes per wavelength. To alleviate the computational 

requirements, the segmentation technique was applied, 5 segments 200 me-
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tres long where used. A nodal spacing of 3 nodes per wavelength was used 

for the first segment (1,002,421 nodes were needed for this segment). The 

mesh density was reduced to 0.2 nodes per wavelength in the propagation 

direction for the following segments (59,619 nodes were needed for each of 

them). Considering all the segments together, the number of nodes needed 

to discretise the computational domain was reduced from 5,000,000 to less 

than 1,250,000 nodes.

A propagation angle of 27t was used in the first subdomain and in the one 

including the sound barrier, and 7t / 2  was used in the following subdomains 

of the first segment. For the following segments a propagation angle of 7t / 1 2  

was used. Each subdomain was formed by 25,551 nodes in the first segment 

and 6,012 nodes in the following ones. This means tha t the largest matrix 

system to be solved was reduced from a 5,000,000 x 5,000,000 matrix to a 

25,551 X 25,551 one.

The semi-explicit property of the solution scheme was used in the first seg

ment (the explicit property was used from the second subdomain to the one 

containing the sound barrier, and from the one following it to the end of the 

segment) and the explicit property was used for the following segments.

Figure 3.81 show the computed sound field in the complete computational 

domain.
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SPL[dB): -120 -105 -90 -75 -60 -45 -30 -15

Distance [m]

Figure 3.81: FWEM sohition, sound pressure level (SPL).

The resulting sound field for the complete operational part of the domain is 

shown in figure 3.82.

SPL[dB]; -120 -105 -90 -75 -60 -45 -30 -15

Distance [m]

Figure 3.82: FWEM solution, sound pressure level (SPL). Operational part 

of the domain.
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Plots of the insertion loss computed at 0 and 2 metres above the ground level 

are given in figures 3.83 and 3.84 respectively. The results are compared with 

the Fresnel Integral Method [75,89].
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Figure 3.83: Insertion loss (IL) computed at ground level. Fresnel

Integral Method, “  “  FWEM.
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-40

-50 200 400 600 800 1000
Distance [m]

Figure 3.84: Insertion loss (IL) computed at 2 metres above the ground 

level. Fresnel Integral Method, “  ”  FWEM.
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A plot of the results in the first 100 metres is shown in figure 3.85.

-20

m -30
■ Q

-40

-50 20 100
Distance [m]

Figure 3.85: Insertion loss (IL) computed at 2 metres above the ground 

level. First 100 metres. Fresnel Integral Method, “  “  FWEM.

The accuracy of the method for diffraction modelling is apparent from the 

figures.

3.7 .4  Sound refraction under upw ind and dow nw ind atm ospheric  
conditions

In the previous sections modelling of sound propagation in a non-refracting 

atmosphere was considered. In general, for long distance sound propaga

tion, atmospheric refraction has large effects on the sound pressure field. 

Therefore, in atmospheric sound propagation modelling it is imperative for 

the numerical solution to consider refraction effects. In the following ex

amples the accuracy of the method for modelling sound propagation under 

downwind and upwind conditions was tested.
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Atmospheric refraction is m ainly caused by vertical gradients of the tem 

perature  and the wind speed. W ind and turbulence may have complex 

effects. In general, wind can be taken into account approxim ately by tre a t

ing wind speed as a contribution to the  sound speed. The resulting sound 

speed profile, the effective sound speed, can be approxim ated by the sum 

of the adiabatic sound speed and the component of the  wind velocity in 

the direction of sound propagation. In general, the effective sound speed 

approxim ation is valid in situations in which sound waves travel with rela

tively small elevation angles [68]. In the atm osphere, the vertical variation 

of the wind speed and the  tem perature is larger near the  ground surface 

and decreases with height. For the following examples, a  logarithmic sound 

speed profile [65,67,70] was introduced to  model the refraction effects:

where cq is the sound speed at ground level, zq is called the roughness 

length of the ground surface and 6 is a param eter th a t can be positive or 

negative. For downwind refraction b is positive and for upwind directions b 

is negative. This was directly implemented by allowing the  wavenumber k  

to  vary accordingly through the field.

A propagation problem including refraction and diffraction effects was cho

sen to  evaluate the performance of the m ethod. A com putational domain 

30 m etres high and 150 m etres long is used to  show the  resulting sound 

pressure level. The geometry of figure 3.86 was used in these examples. The 

presence of a sound barrier has the  advantage of dem onstrating the effect of 

a refractive atm osphere more clearly.

for z > Z q

for z < zo
(3.24)
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Upper radiation condition
Ar

< >
Natural radiation 
condition

Source
Barrier
jlj4m

Natural radiation 
condition 30 m

Neumann condition

10 m

150 m

Figure 3.86: Geometry of the problem.

Sound propagation imder downwind refracting condition is considered in 

the first example. The values used for the param eters b  and z q  of equation 

3.24 were b  =  2  and ;:o =  0.1. Figure 3.87 shows the sound pressure level 

com puted w ith the FW EM.

Distance [m]

Figure 3.87: Downwind refracting condition. FW EM  solution, sound pres

sure level (SPL).
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Figure 3.87 shows tha t the sound pressure field is enhanced behind the sound 

barrier due to the energy refracted back towards the ground.

To asses the accuracy of the method the results obtained with the FWEM 

and the standard WEM are compared . A computational domain 30 metres 

high and 50 metres long is used for the comparisons.

The insertion loss computed at 0 and 2 metres above the ground level is 

shown in figures 3.88 and 3.89 respectively.

-16

-18
CO
a  -20
_ i

-22 -

-24
20 30

Distance [m]
50

Figure 3.88: Downwind refracting condition: Insertion loss (IL) computed 

at 0 metres above the ground level. WEM, ”■ ”  FWEM.
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Figure 3.89; Downwind refracting condition: Insertion loss (IL) computed 

a t 2 m etres above the groimd level. W EM , ~ “  FW EM .

In figures 3.88 and 3.89 the SPL are higher than  the ones of figures 3.78 and 

3.79 because of the downwind refraction effects.

Sound propagation under upwind refracting condition is considered in the 

next example. The values used for the param eters b  and z q  of equation 3.24 

were 6 =  —2 and zq =  0.1.

Figure 3.90 shows the sound pressure level com puted w ith the FW EM . It 

can be seen in the figure the shadow zone behind the sound barrier produced 

by the upwind refraction.
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SPL[dB]: -90 -81 -72 -63 -54 -45 -36 -27 -18 -9

Distance [m]

Figure 3.90: Upwind refracting condition. FWEM solution, soiuid pressure 

level (SPL).

The insertion loss computed a t 0 and 2 metres above the ground level is 

shown in figures 3.91 and 3.92 respectively.
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-22

-24 -
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Distance [m]

Figure 3.91: Upwind refracting condition: Insertion loss (IL) computed at 

0 metres above the ground level. WEM, “  “  FWEM.



Chapter 3 123

-15 r

Distance [m]

Figure 3.92: Upwind refracting condition: Insertion loss (IL) computed at 

2 metres above the groimd level. WEM, ■" ~ FWEM.

The shadow zone effect is clear in figure 3.91 as, after some metres (where 

the shadow zone begins), the insertion loss increases with distance from the 

sound barrier. This effect is not noticeable yet in figure 3.92 because at 2 

metres from the ground level, the shadow zone becomes more evident at 

further distances from the barrier.

It should be noted that the previous examples are included only to demon

strate the accuracy of the method. The logarithmical sound speed profile 

used in these examples do not take into account additional wind speed gra

dients induced by the screen. These screen induced wind-speed gradients 

may enhance the downward refraction of sound waves [90]. More realistic 

sound speed profiles can be introduced into the model in a similar way.
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Soun d  refraction  and d iffraction  m od ellin g  w ith  th e  sou rce  lo ca ted  

ab ove  th e  ground level

In the previous examples the sound source was located at ground level, 

hi the present section the geometry of figure 3.93 is used to examine the 

accuracy of the method when the source is located above ground level.

30 m

10 m 

50 m

Figure 3.93; Geometry of the problem.

The source was positioned at point (x,y) =  (0,1). The operating frequency 

was 1000 Hz. The domain was 50 metres long and 40 metres high. The 

top 10 metres (30 x A) were changed into an absorbing layer whilst a loss 

free domain of height 30 metres was maintained. The sound barrier was 4 

metres high and 0.1 metres wide. The barrier was positioned a t 10 metres 

from the source.

The sound pressure level fields computed with the standard WEM and the 

FWEM are shown in figures 3.94 and 3.95 respectively.

Upper radiation condition
A -------

Natural radiation 
condition

o Source
BarrierJUfm

Natural radiation 
condition

Neumann condition
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SPL[dB]: -90 -81 -72 -63 -54 -45 -36 -27 -18 -9
30 r

Distance [m]

Figure 3.94: Source above the ground level: WEM solution, sound pressure 

level (SPL).

Distance [m]

Figure 3.95: Source above the ground level: FWEM solution, sound pressure 

level (SPL).
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The interference pattern characteristic of a source above a reflecting flat 

surface is clear in the figures. In figure 3.94, the reflections back from the 

sound barrier are present in the complete area behind it. For the FWEM 

solution (figure 3.95) these reflections are present only in the subdomain 

containing the wall.

The insertion loss computed with both methods at 0 and 2 metres above 

the ground level are shown in figures 3.96 and 3.97 respectively.

-10

CO . 2 0

-25 40 5020 30
Distance [m]

Figure 3.96; Source above the ground level; Insertion loss (IL) computed at 

ground level. WEM, ”  ”  FWEM.
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Figure 3.97: Source above the ground level: Insertion loss (IL) com puted at 

2 m etres above the  ground level. W EM , ~ “  FW EM .

The accuracy of the FW EM  is apparent from the figures.

The same geometry was used to  show the accuracy of the results under the 

effects of a refractive atm osphere. A com putational dom ain 40 m etres high 

and 150 m etres long is used to  show the resulting sound pressure level. An 

absorbing layer 10 m etres deep, with dam ping constant A  = 1.5 was used. 

Sound propagation under downwind refracting condition is considered in 

the  first example. The values used for the param eters b and zq of equation 

3.24 were b = 2 and zq =  0.1. Figure 3.98 shows the sound pressure level 

com puted w ith the FW EM .
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SPL[dB]: -90 -81 -72 -63 -54 -45 -36 -27 -18 -9

Distance [m]

Figure 3.98: Source above the ground level. Downwind refracting condition. 

FWEM solution, sound pressure level (SPL).

The refraction effects are evident in the figure.

To asses the accuracy of the method the results obtained with the FWEM 

and the standard WEM are compared . A computational domain 30 metres 

high and 50 metres long is used for the comparisons.

The insertion loss computed at 0 and 2 metres above the ground level is 

shown in figures 3.99 and 3.89 respectively. The figures show that FWEM 

remains highly accurate.
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Figure 3.99: Source above the ground level. Downwind refracting condition. 

Insertion loss (IL) computed a t ground level. W EM , “  “  FW EM .

-10

-15

_ i
Q- -25 
CO

-30

-35 50
Distance [m]

Figure 3.100; Source above the ground level. Downwind refracting condi

tion. Insertion loss (IL) computed at 2 m etres above the ground level.

  W EM , -  -  FW EM .

For upwind refracting condition the param eters b  and z q  of equation 3.24 

were set t o  b  =  — 2  and z q  =  0.1. Figure 3.101 shows the sound pressure 

level com puted w ith the FW'EM.
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SPL[dB]: -90 -81 -72 -63 -54 -45 -36 -27 -18 -9

Distance [m]

Figure 3.101: Source above the ground level. Upwind refracting condition. 

FWEM solution, sound pressure level (SPL).

The insertion loss computed at 0 and 2 metres above the ground level is 

shown in figures 3.103 and 3.103 respectively.
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Figure 3.102; Source above the ground level. Upwind refracting condition. 

Insertion loss (IL) computed at 0 metres above the ground level.

  WEM, -  -  FWEM.
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Figure 3.103: Source above the ground level. Upwind refracting condition. 

Insertion loss (IL) computed at 2 metres above the ground level.

  WEM, -  -  FWEM.

It is clear from the figures tha t the accuracy of the FWEM is maintained 

for these complex sound propagation problems.

3.8 D iscu ssion

In this chapter, the implementation of the FWEM for two dimensional prob

lems was presented and the accuracy of the method was tested. The bench

mark problems used for testing included not only long range free propagation 

problems, but also diffraction and refraction effects. No modification to the 

original implementation is needed to compute the solution for these prob

lems.

It can be seen from the results that the FWEM is highly accurate for mod

elling sound propagation problems in extensive domains with mesh densities
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as low as 0.2 nodes per wavelength in the propagation (horizontal) direction 

and 3 node per wavelength in the quadrature (vertical) direction.

In the examples presented for large domains the number of nodes needed to 

discretise the computational domain was reduced from more than 5,000,000 

(using a mesh spacing of 3 nodes per wavelength) to less than 1,250,000 nodes 

(using a combination of 3 and 0.2 nodes per wavelength in the propagation 

direction). Five “domains” (segments) were used. The sizes of the “actual” 

meshes used were reduced from 5,000,000 nodes to less than 1,002,501 nodes 

(1,002,501 nodes for the first segment and 59,619 nodes for the rest). This 

makes the meshing process much easier to handle.

Each subdomain was 5 metres long for the first segment and 20 metres long 

for the following ones. Each subdomain was formed by 25,551 nodes in the 

first segment and 6,012 nodes in the following ones. Therefore, the largest 

matrix system to be solved was reduced from a 5,000, 000 x 5,000,000 ma

trix to a 25,551 x 25,551 one. This considerably increases the efficiency of 

the method.

In sections of the computational domain where there were no obstacles or 

parameter changes in the advancing direction of the numerical sohition, the 

advancing method became completely explicit. This considerably reduced 

the computing time.

Although only regular meshes have been used in the calculations, the FWEM 

may also be formulated using irregular meshes thus enabling modelling 

around objects of arbitrary shape. An issue which will now arise is the 

identification of the advancing front.



Chapter 3 133

The only mesh data necessary for the FWEM implementation is the points 

coordinates and any information to identify the neighbouring points. This 

flexibility allows the FWEM to be compatible with FE or FD meshes.

The discretization method was shown to be highly stable, and the imple

mentation straightforward.
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Chapter 4

Im plem entation of the three 
dimensional FW EM

4.1 Introduction

It will be shown that a critical issue for the adaptation of the FWEM to 3D 

problems is to find an adequate selection of the propagation directions of 

the fundamental solutions. Another important issue is the implementation 

of the energy absorbing layer for the radiation condition in order to avoid 

“artificial” reflections tha t may contaminate the solution in the operational 

part of the computational domain.

4.2 Im plem entation

The 3D FWEM solution scheme follows the same implementation as the 2D 

strategy. The computational domain (see Fig. 4.1) is divided into a number 

of subdomains. To compute the sound pressure field in each subdomain a 

modified version of the WEM [85] is applied.

135
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Figure 4.1: Computational domain.

For the first subdomain, if the solution is advancing to the right, a free 

radiating condition is imposed on the right-hand side boundary of the lo

cal mesh. Neumann, Dirichlet, impedance or radiation boundary conditions 

may be also applied to the other surfaces as required by the model.

For the following subdomains, a Dirichlet condition is imposed on the left 

hand side surface of the new subdomain using precalculated values. If an 

obstacle is present, a volumetric loading should be applied. A free radiating 

condition is imposed on the opposite boundary of the local mesh. Neumann, 

Dirichlet, Impedance or Radiation boundary conditions may then be applied 

to the upper and lower faces as required by the model. Figure 4.2 shows the 

restraint scheme applicable to each local mesh.
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Figure 4.2: Computational domain. FWEM restraint scheme. Green colour 

represents Dirichlet boTuidary condition, radiation boundary condition is 

represented in white. Blue colour represent the surfaces with boundary 

conditions imposed by the “original” model.

4.3 Specific m odelling issues

The FWEM requires modifications to the standard WEM implementation to 

compute the sound pressure field for each subdomain. These modifications 

mainly involve the directions of propagation of the fundamental solutions to 

be used for the field nodes, the propagation directions used for the boundary 

nodes with radiation condition, and the application of an absorbing layer 

to prevent “artificial” reflections from the upper and lateral surfaces of the 

computational domain.
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To present these modifications, a benchmark propagation problem consist

ing in a point source located at groimd level in a rectangular computational 

domain is used. The domain was 10 metres long (0 < x < 10), 10 metres 

wide (—5 < y < 5) and 5 metres high (0 < z < 5). The sound source 

was located at point (x, y, 2:)=(0,0,0). The operating frequency used for 

the calculations in this section was 1000 Hz. A mesh spacing of 3 nodes 

per wavelength was used. The subdomains used in the examples where 0.5 

metre long. The two surfaces in contact with the sound source (the surface 

X =  0 and the ground surface) were assumed perfectly reflective.

4.3 .1  P ropagation  d irection  o f th e  fundam ental so lu tion s

The importance of a correct selection of the propagation directions of the 

fundamental solutions for the accuracy of the discretization method was 

shown in the previous chapter for the two dimensional implementation. This 

must also be considered for the 3D case.

A direction set based on the Buckminster Fuller geodesic dome (using the 

M atlab function “bucky” ) was shown to give accurate results for the stan

dard WEM implementation [85]. This set consists in 60 evenly spaced di

rections (see Fig. 4.3).

Only the directions propagating outwards the computational domain are 

used for radiation boundary condition in the standard WEM implementation 

(see Fig. 4.4). The number of wave functions used is dependent on the 

propagation cone apex angle. In the first instance only vector directions 

from the original bucky distributions were used.
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Figure 4.3: Propagation directions generated by “bucky” , a direction set 

based on the Buckminster Fuller geodesic dome.

Figure 4.4: Propagation directions for radiation condition using “bucky” .
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The result for the SPL computed with the FWEM using the standard WEM 

implementation for the solution within each subdomain is shown in figure 

4.5.

—  ■—  —     g ____I
SPL[dB]: -9 -6 -3 0 3 6 9 12 15 18

Figure 4.5: SPL computed with the FWEM using the standard WEM im

plementation in each subdomain.

The inaccuracy of the solution is evident from the figure.

In the second calculation modified sets of propagation directions were used 

for the FWEM implementation for internal and radiation templates. A 

number of distributions were explored before the parametric model described
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below was adopted. Figure 4.6 presents the param eters used to  define the

new sets of directions.

Figure 4.6: Diagram of the angles for the selection of the propagation direc

tions. (— ») Direction of propagation of the solution scheme (or direction 

of the normal to  a surface with radiation boundary condition when defining 

the directions for radiation condition), (— >) directions of propagation of 

the fundam ental solutions.

The set of propagation directions used (internally) in this FW EM  consisted 

of six arrays of vectors. The first three arrays had 8 vectors each, with /3 

ranging from 0 to 2tt in steps of 27t/8. The value of a  was tt/12  for the first 

array, 2 ttI \2  for the second one, and 37t / 1 2  for the th ird  one. For the next 

three arrays, (3 varied from 0 to  2tt in steps of 27r/16. The value of a  was 

47t / 1 2  for the first array, 57t / 1 2  for the second one, and (67r — 7t /3 ) / 1 2  for 

the th ird  one. The set of propagation directions is shown in figures 4.7, 4.8 

and 4.9.
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Figure 4.7: Propagation directions for the FWEM.

Figure 4.8: Propagation directions for the FWEM. View perpendicular to 

the propagation direction of the wave front.

X 
\
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Figure 4.9: Propagation directions for the FW EM . View parallel to  the 

propagation direction of the wave front.

The set of propagation directions used in the FW EM  for the  radiation con

dition consisted of six arrays of vectors. The first three arrays had 8 vectors 

each, with /3 ranging from 0 to  27t in steps of 27t/8. The value of a  was tt/24 

for the ftrst array, 2n/2A for the second one, and 37t/24 for the th ird  one. 

For the  next three arrays, /3 varied from 0 to  27t in steps of 2 n j l6 .  The value 

of a  was 47t/24 for the first array, 57t/24 for the second one, and 67t/24 for 

the th ird  one. The set of propagation directions is shown in figures 4.10, 

4.11 and 4.12.
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Figure 4.10: Propagation directions for radiation condition.

Figure 4.11: Propagation directions for radiation condition. View parallel 

to the normal of the surface.
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Figure 4.12: Propagation directions for radiation condition. View perpen

dicular to  the normal of the surface.

The solution computed with the new set of propagation directions for the 

fundam ental solutions is showai in figure 4.13.
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1
SPL[dB]: -9 -6 -3 0 3 6 9 12 1518

10

Figure 4.13: SPL computed with the FWEM using the standard WEM 

implementation in each subdomain.

Figure 4.13 shows an apparent improvement in the solution. Undesired “ar

tificial” reflections from the upper and lateral surfaces of the computational 

domain are still present in the computed sound field. Again an energy ab

sorbing boundary layer is required to prevent this undesired reflections from 

contaminating the solution.



C hapter 4 147

4.3 .2  Im p lem en tation  o f th e  energy absorbing layer for ra
d iation  boundary condition

For a rectangular com putational domain (see Fig. 4.14), the absorbing 

boundary layer can be simply implemented as a function of the radial dis

tances between the nodes w ithin the absorbing layer and the centerline run

ning along the lower surface of the domain. As a result the operational

part of the  com putational domain is now semi-cylindrical in shape (see Fig. 

4.15).

The absorption is progressively applied to  the wave number k ,  once a thresh

old radius is exceeded, by adding an imaginary term  following equation 4.1

where t t  is the  radial distance from the bottom  of the absorbing layer to  

the centerline of the half-cylinder, t m  is the larger radial distance from the

Figure 4.14: Com putational domain.

(4.1)
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centerline of the half-cylinder to the outer surfaces of the computational 

domain, A is the damping constant, and ko is the wavenumber that would 

correspond to the point without absorption.

Figure 4.15: Computational domain with absorbing boundary layer. 

Points laying within the absorbing boundary layer. □  Points in the op

erational part of the computational domain.

An absorbing boundary layer 4 x A deep (maximum thickness) was used 

to compute the solution for the free propagation problem presented in the 

previous section. A damping constant A = 1.5 was used. The computed 

SPL field is shown in figure 4.16.
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SPL[dB]; -9 -6 -3 0 3 6 9 12 15 18

Figure 4.16: SPL computed with the FWEM applying an absorbing layer.

The figure shows the effect of the absorbing layer which is successfully ab

sorbing the sound before it reaches the original perimeter.

The SPL field for the operational part of the computational domain without 

boundary layer is shown in figure 4.17.
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■ Z E ^ H Z n
SPL[dB]: -9 -6 -3 0 3 6 9 12 15 18

Figure 4.17: SPL computed with the FWEM without absorbing boundary 

layer. Operational part of the computational domain.

The sohition computed with the boundary layer is shown in figure 4.18.
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SPL[dB]; -9 -6 -3 0 3 6 9 12 15 18

Figure 4.18; SPL computed with the FWEM applying an absorbing layer. 

Operational part of the computational domain.

The figures show tha t the results are considerably improved with the imple

mentation of a boundary layer even though a relatively thin absorbing layer 

was applied in this example. An absorbing layer more than 7 times deeper 

was used in the 2D examples presented in the previous chapter). In this sim

ulation reflections are inevitably generated from the new internal boundary 

because of the sudden acoustic parameter change. For larger domains (in 

the propagation direction) deeper layers will be necessary.



Chapter 4 152

To assess the accuracy of the sound pressure field computed with the FWEM, 

the results were compared with the theoretical solution for free field radia

tion, -Pf(r), the Green’s function

where r is the position vector of a point in the computational domain and r 

is the distance from the point to the sound source. The theoretical solution 

is presented in figure 4.19 for comparison.

Figure 4.19: SPL computed with the theoretical solution.
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The resulting SPL for the plane y =  0 com puted w ithout an absorbing layer, 

w ith an absorbing layer and w ith the theoretical solution, is shown in figures 

4.20, 4.21 and 4.22 respectively.

0 2 4 6 8 10
Distance [m]

Figure 4.20: SPL com puted w ith the FW EM  w ithout absorbing boundary 

layer for the plane y = 0.

Distance [m]

Figure 4.21: SPL com puted w ith the FW EM  applying an absorbing bound

ary layer for the  plane y = 0.
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Distance [m]

Figure 4.22; SPL com puted with the theoretical solution for the plane y =  0.

The solution of figure 4.21 presents an improvement over figure 4.20 on 

account of the reduction of the spurious reflections. Figure 4.23 shows the 

three solutions for the SPL at a line defined by (0 <  x  <  10, y =  0 , 2  =  0.5).

20

_ i
Q -
CO

Distance [m]

Figure 4.23: SPL com puted at a line defined by (0 <  x <  10, y =  0 , 2  =  0.5).

 Theoretical so lu tio n , FW EM  (without absorbing layer),

- - FW EM  (with absorbing layer).
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The figures show a very good agreement between the two results and the 

theoretical solution. However, it should be noted th a t this dom ain is rela

tively short.

Figures 4.24 and 4.25 show the SPL computed a t the plane z — 1 (for points 

0 < y <  4) with the  FW EM  and the theoretical solution respectively.

Distance [m]

Figure 4.24: SPL com puted at the plane z = 1 with the FW EM  applying 

an absorbing boundary layer.
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4 p P[dB]; -9 -6 -3 0 3 6 9 1215 18
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0 2 4 6
Distance [m]

8 10

Figure 4.25: SPL computed at the plane z = 1 with the theoretical solution.

These figures show tha t although the results are accurate in the plane y =  0, 

the solution becomes less accurate away from the direct line of the source 

(in the propagation direction).

In order to get a better evaluation of this 3D FWEM formulation some 

simulations were then run on a longer domain.

4.4 N um erical results - Long D om ain

The FWEM was then applied to three different models. These included a 

free radiation problem and two diffraction problems. A simple “continu

ous” sound barrier and a “finite” sound barrier were used for the diffraction 

problems. In all cases the ground and obstacles were assumed perfectly re

flective {dp/dn = 0). Identical FWEM formulations were used in all three. 

In sections of the computational domain where there were no obstacles the 

advancing computation was completely explicit.
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The free propagation results were compared with the theoretical solution  

(Eqn. 4.2). The diffraction results were qualitatively assessed.

4.4 .1  Free field propagation

In the previous sections the FW EM  was already tested for a free field sound 

propagation problem. In this section a com putational domain two times 

longer (in the x  direction) is used.

A point source was located at ground level in a rectangular com putational 

domain. The com putational domain was 20 metres long (0 <  x <  10), 10 

metres wide (—5 <  j/ <  5) and 5 metres high (0 <  2  <  5). The sound source 

was located at point (x, y, z ) = ( 0 ,0 ,0 ). The operating frequency used for 

the calculations in this section was 1000 Hz. A mesh spacing of 3 nodes per 

wavelength was used, 1,035,351 points were required. Each subdomain was 

0.5 metres long, each conformed by approxim ately 25,000 points. The two 

surfaces in contact with the sound source (the surface x  =  0 and the ground 

surface) were assumed perfectly reflective. An absorbing layer 4 x A deep 

with a damping constant A =  1.5 was applied.

The computed SPL for the operational part of the domain is shown on the 

iso surface plot of figure 4.26.
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SPL[dB]: -9 -6 -3 0 3 6 9 12 15 18

12

Figure 4.26: FWEM sohition for the SPL field in the operational part of the 
computational domain. Isosurfaces graph.

It is clear from the figure that, as the solution advanced, the effect of the 

absorbing boundary layer used in this example becomes insufficient to avoid 

the undesired “artificial” reflections.
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The theoretical solution is shown in figure 4.27 for reference.

159

mm
P[dB]: -9 -6 -3 0 3 6 9 12 1518

Figure 4.27: Theoretical solution for the SPL field in the operational part 

of the  com putational domain. Iso-surface graph.

Figure 4.28 shows the SPL com puted in the plane y  =  0.
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SPL rdBI: -9 -6 -3 0 3 6 9 12 15 18

Figure 4.28: FWEM solution for the SPL field in the plane y =  0.

The theoretical solution is shown in figure 4.29.

SPL[dB]: -9 -6 -3 0 3 6 9 12 15 18

0
0 5 10 15 20

Figure 4.29: Theoretical solution for the SPL field in the plane y =  0.

These figures show how the “artificial” reflections produced by the surfaces 

with radiation boundary condition affect the accuracy of the solution.
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Figure 4.30 shows the SPL com puted in the plane 2 =  0.

4

2

0

-2

-4

SPL[dB]: -9 -6 -3 0 3 6 9 121518

0 5 10 15 20
Figure 4.30: FW EM  solution for the SPL field in the plane 2 =  0.

The theoretical solution is shown in figure 4.31.

Figure 4.31: Theoretical solution for the SPL field in the plane 2 =  0.

As it was mentioned in the previous section, for distances “close” to the 

sound source {i.e. less than  10 m etres in this example) the solution is less 

accurate away from the line of the source (in the propagation direction).
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As it would be expected, as the solution advances in the propagation di

rection the inaccuracies become smaller (if the effects of the “artificial” 

reflections are excluded) as the wavefront curvature decreases. Then the 

restricted range of directions of the fundamental solutions become better 

aligned with the propagating wave.

4.4 .2  D iffraction  by a “continuous ” sound barrier

In the following example, a problem of soimd diffraction by a thin sound 

barrier is considered. The barrier was 2 metres high, the thickness was of 

0.1 metres and it was considered infinitely wide. The wall was located at 3.2 

metres from the sound source. The surfaces of the barrier and the two sur

faces in contact with the source (the surface x =  0 and the ground surface) 

were assumed perfectly reflective. A mesh spacing of 3 nodes per wavelength 

was used, 1,035,351 points were required. Each subdomain was 0.5 metres 

long, and contained approximately 25,000 points.

The computed SPL is shown in the iso-surface plot of figure 4.32.
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SPL [dB]; -70 -64 -58 -52 -46 -40 -34 -28 -22 -16 -10 -4 2 8 14

Figure 4.32: FW EM  solution for the SPL field in the operational part of the 

com putational domain. Isosurfaces graph.

A view in the xz  plane is shown in figure 4.33.
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SPL[dB]: - 7 0 - 5 8 -4 6 -3 4 -2 2 - 1 0  2 14

0 2 4 6 8 10 12 14 16 18 20

Distance [m]

Figure 4.33; FWEA-I solution for the SPL field in the operational part of the 

computational domain. Isosurfaces graph.

The SPL computed at a plane y =  0 (centerline of the computational domain 

in the propagation direction) is shown in figure 4.34.

SPL[dB]: -7 0 -58 -46 -34 -22 -10  2 14

0 2 4 6 8 10 12 14 16 18 20
Distance [m]

Figure 4.34: FWEM solution for the SPL field in the operational part of the 

computational domain. Slice in the plane y = 0.
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The figures show clear shadow patterns and are consistent with the 2D cal

culations presented in the previous chapter (see figure 3.77).

4 .4 .3  D iffraction by a fin ite sound barrier

Sound diffraction by a “narrow” sound barrier was then considered. In the 

following example, the barrier was 2 metres high, 0.1 metres thick and 4 me

tres wide. It was located at 3.2 metres from the sound source. The surfaces 

of the barrier and the tv/o surfaces in contact with the sound source (the 

surface x =  0 and the ground surface) were assumed perfectly reflective. A 

mesh spacing of 3 nodes per wavelength was used, 1,035,351 points were re

quired. Each subdomain was 0.5 metres long, and contained approximately 

25,000 points.

The computed SPL is shown in the isosurfaces plot of figure 4.35.
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SPL[dB]: -7 0 -6 4 -5 8 -5 2 -4 6 -4 0 -3 4 -2 8 -2 2 -1 6 -1 0  -4 2 8 14

Figure 4.35: FW EM  sohition for the SPL field in the  operational part of the 

com putational domain. Isosurfaces graph.

A view in the xz  plane is shown in figure 4.36. In order to  see the diffraction 

over the upper edge of the barrier, a view of the results in the xz  plane for 

points —5 <  y <  0 is presented in figure 4.37.
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SPL[dB]: -70-58-46-34-22-10 2 14

Distance [m]

Figure 4.36: FW EM  solution for the SPL field in the operational part of the 

com putational domain. Isosurfaces graph.

SPL[dB]: -70-58-46-34-22-10 2 14

Distance [nn]

Figure 4.37; FW EM  solution for the SPL field in the operational part of the 

com putational dom ain. Isosurfaces graph for points lying between y  =  —5 

and y =  0.
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The results a t the plane y = 0 are shown in figure 4.38. A view in the xy  

plane is shown in figure 4.40.

SPL[dB]: -70-58-46-34-22-10 2 14

Distance [m]

Figure 4.38: FW EM  solution for the SPL field in the operational part of the 

com putational domain. Slice in the plane y = 0.

SPL[dB]: -70-58-46 -34-22-10 2 14

Distance [m]

Figure 4.39: FW EM  solution for the  SPL field in the  operational part of the 

com putational domain. Isosurfaces graph.
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In order to  see the flanking difi’raction effects on the sides of the barrier, a 

view of the  results in the xy  plane for points 2 <  1 is presented in figure 4.37.

SPL[dB]; -70-58-46-34-22-10 2 14

Distance [m]

Figure 4.40: FW EM  solution for the SPL field in the operational part of the 

com putational domain. Isosurfaces lying below the plane 2 =  1.

The results a t the plane 2 =  1 are shown in figure 4.41.
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SPL[dB]: -70-58-46-34-22-10 2 14

Distance [m]

Figure 4.41: FW EM  solution for the SPL field in the operational part of the 

com putational domain. Slice in the plane z  =  1.

The results are extrem ely encouraging as the expected mix of shadow zones 

are produced. However, no quantitative validation of these results were 

carried out in the present work.

4.5 D iscussion

Based on the detailed study of the FW EM  for 2D sound propagation prob

lems, an im plem entation for 3D problems was presented. The im portance 

of a correct selection of the propagation directions of the  fundam ental solu

tions was dem onstrated w ith a simple free propagation benchm ark problem. 

A set of refined propagation directions was then proposed and a significant 

improvement on the accuracy of the m ethod was obtained.
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An absorbing boundary layer to prevent “artificial’' reflections back from 

the upper and lateral surfaces of the computational domain to affect the so

lution in the operational part of the domain was implemented. A relatively 

thin layer was used all of these examples and the contaminating effect of the 

“artificial” reflections was seen to increase as the solution was advancing. 

A deeper boundary layer should be applied to increase the efficiency of the 

boundary layer.

The method was then implemented to successfully model some diffraction 

effects.

In sections of the computational domain where there were no obstacles the 

advancing method became completely explicit. This was taken advantage of 

to considerably reduce the computing time. There are still challenging issues 

associated with general computational details which are beyond the scope 

of this thesis but these are common with any large 3D modelling study.
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Chapter 5

Conclusions

5.1 C onclusions

5.1.1 T w o dim en sion al im p lem en tation

It can be seen from the results tha t the FWEM offers the basis of a highly 

accTirate discretization method to solve the Hehnholtz equation for extensive 

domains with mesh densities as low as 0.2 nodes per wavelength in the prop

agation (horizontal) direction and 3 node per wavelength in the quadrature 

(vertical) direction.

As expected, due to loss of reflections from obstacles and difficulties mod

elling wave fronts with high curvature, the FWEM gives inaccurate results 

in the near field. This problem can be circumvented to some extent by 

using the regular WEM for the near field calculations with which it has a 

natural interface. The method was tested with sources positioned not only 

at ground level but also at a higher level while maintaining the accuracy of 

the results.

173
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The selection of the directions of propagation of the fundam ental solutions 

was studied and some clear conclusions were reached. The propagation an

gle of the set of directions used in the subdomain th a t  contains the sound 

source/sources should be 2i t . The same angle should be used for any sub- 

dom ain containing an obstacle. The reason for this is th a t  the sound source 

and the diffraction effects are be tte r modelled using a propagation angle of 

27t. For free propagation, for the first hundred m etres approxim ately, an an

gle of 7t/2 should be used. Once the wave front has become approxim ately 

planar the propagation angle may be reduced to  t t /12 allowing the mesh 

spacing in the direction of propagation to be significantly reduced (to 0.2 

nodes per wavelength).

If a reflective object or some kind of “secondary source” produces a change 

in the wave front, the propagation angle should l)e changed back to  ?r/2 (a 

mesh spacing of 3 nodes per wavelength should then  be applied). Once the 

wavefront becomes planar again, the propagation angle may be once more re

duced to  7t/ 12 and a mesh spacing of 0.2 nodes per wavelength may be used.

The “improved” radiation condition developed in section 3.3.1 for the ad

vancing front is rem arkably robust. The treatm ent of upper radiation con

dition is critical bu t th is is a problem with any acoustic calculation in a field 

w ith shallow grazing angles and is not specific to  this m ethod. The results 

showed th a t an absorbing layer approxim ately 30 x A deep is enough in most 

cases. A correct selection of the dam ping constant is essential. Too weak a 

dam ping regime would allow some of the sound energy to  be reflected back 

into the  operational part of the domain. If, on the  o ther hand, the damping 

is too severe, the “fast” change in the media conditions would produce reflec

tions from the interface to  the absorbing layer. Unfortunately, there is not
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a clear analytical m ethod to  determ ine the best choice. In the present work 

the value for the dam ping constant was adjusted by a heuristic approach. 

In the present study, a num ber of around 5 trials was found to  be sufficient 

to find a suitable value for this param eter (not necessarily optim al). The 

optim um  choice for this param eter varies with frequency.

It should be noted th a t even a combination of an absorbing layer and a radi

ation condition cannot completely eliminate spurious reflections. However, 

the results presented in section 4.4 show the com puted sound fields to be 

highly accurate even for very shallow domains.

The im portance of using local coordinate systems to  reduce numerical noise 

was also noted. This problem is not specific to the FW EM , and can be a t

tribu ted  to the evaluation of trigonometric functions using large arguments.

Although only regular meshes have been used in the calculations, the FW EM  

may also be form ulated using irregular meshes thus enabling modelling 

around objects of arb itrary  shape. A specific issue which will then arise 

will be the identification of the advancing front.

In sections of the com putational domain where regular meshes are used, the 

advancing m ethod may be made completely explicit if there are no wavenum- 

ber param eter changes in the advancing direction of the numerical solution. 

A semi-explicit scheme may be used if the changes in the wavenumber pa

ram eters are located only in the boundaries.

It was dem onstrated th a t the FW EM  required less com putational tim e th a t 

the W EM  to  compute the sound pressure field and th a t the explicit property 

enhanced the speed of the method.
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The accuracy of the sound field com puted w ith the FW EM  was shown to  be 

highly accurate in all the benchm ark problems studied. The m ain purpose 

of this m ethod, long range free field propagation modelling, was successfully 

achieved, not only for non-refracting atm ospheres bu t also for refracting 

problems.

A representative operational frequency of 1000 Hz was used in the examples 

presented in the present work. The dimensions and “shapes” of the geome

tries used in the examples were defined arbitrarily. There is no “special” 

relationship between the dimensions and angles used in the geometries and 

the sound wavelength. Similar results were obtained in tests carried out by 

the au thor for different operational frequencies and different geometries.

W hen tested for modelling diffraction effects the FW EM  produced highly 

accurate results. Nevertheless, care m ust be taken when using the  FW EM  

to model sound diffraction in cases where there is significant reflection from 

the obstacles {i.e. diffraction by a  vertical barrier). Inaccuracies may arise 

as, if a Dirichlet loading is applied, the sound pressure values of the  starting  

field used for the solution at the subdom ain th a t contains the  obstacle is 

incongruent with the “actual” field th a t is affected by the reflections pro

duced. In these cases, the accuracy of the m ethod is m aintained using a 

volumetric ra ther than  a simple Dirichlet loading.

In the  examples presented for large domains the num ber of nodes needed to 

discretise the com putational dom ain was reduced from more th an  5,000,000 

(using a mesh spacing of 3 nodes per wavelength) to  less th an  1,250,000
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nodes (using a combination of 3 and 0.2 nodes per wavelength in the prop

agation direction). Five “domains" (segments) were used. This makes the 

meshing process much easier to handle. The sizes of the system matrix to be 

solved were reduced from 5,000,000 degrees of freedom to less than 1,002,501 

(1,002,501 nodes for the first segment and 59,619 nodes for the rest).

Each subdomain was 5 metres long for the first segment and 20 metres long 

for the following ones. Each subdomain was formed by 25,551 nodes in the 

first segment and 6,012 nodes in the following ones. Therefore, the largest 

matrix system to be solved was reduced from a 5,000,000 x 5,000,000 ma

trix to a 25,551 x 25,551 one.

5.1 .2  T hree d im ensional im p lem en tation

The implementation of the FWEM was extended to solve 3D soimd propa

gation problems. The importance of a correct selection of the propagation 

directions of the fundamental solutions was again demonstrated. Further 

research should be carried out to establish if greater improvement in the 

accuracy of the solution is possible.

An absorbing boundary layer to prevent “artificial” reflections back from the 

upper and lateral surfaces of the computational domain was implemented. 

In this study a very thin layer (less than 4 x A) was used in the examples 

and the eff'ect of the “artificial” reflections was increasing as the solution 

was advancing. A deeper boundary layer should be applied to increase the 

efficiency of the boundary layer. A change on the damping constant to lower 

values as the solution advance (as implemented for 2D problems) should also 

be applied.
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The method was implemented successfully to model 3D sound diffraction 

effects.

The largest matrix system to be solved was reduced from 1,035,351 x 

1,035,351 to 25,000 x 25,000 (for each subdomain). This considerably re

duced the computational resources needed to compute the solution.

In sections of the computational domain where there were no obstacles or 

parameter changes in the advancing direction of the numerical solution, the 

advancing solution method again became completely explicit considerably 

reducing the computing time.

The only mesh data necessary for the FWEM implementation is the points 

coordinates and any information to identify the neighbouring points. This 

flexibility allows the FWEM to be compatible with FE or FD meshes.

5.2 D evelopm ents

Only regular meshes have been used in the calculations presented in this 

thesis. The FWEM may also be formulated using irregular meshes thus 

enabling modelling around objects of arbitrary shape. The issue will now 

be the identification of the advancing front. A method to allow the solution 

scheme to follow the main direction of propagation of the wave fronts should 

be studied. No problem should arise if the meshing process is carried out 

in a way that the computational domain is divided into a number of subdo

mains each one with regular/irregular meshes once the interfaces are clearly 

defined between them.
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The boundary layer implementation requires an increase in the area/volume 

of the computational domain. If the thickness required for the layer is large, 

a significant increment of the number of points on the computational do

main might be needed. Further research should be carried out in order to 

obtain an optimal configuration for the absorbing boundary layer and/or to 

develop an alternative radiation condition implementation.

The importance of a correct selection of the propagation directions of the 

fundamental solutions was demonstrated. Further research should be car

ried out to establish if greater improvement in the accuracy of the solution 

is possible for the 3D implementation.

For the FWEM implementation presented in this thesis, direct solutions of 

the system of equations S ■ p =  f were used. For 2D problems this solutions 

are efhcient enough not to restrict substantially the are of the subdomains. 

For 3D problems, the sizes of the subdomains are still highly restricted. 

Iterative solvers should be implemented to allow the use of larger subdo

mains. Some efficient iterative solvers have been proposed to compTite the 

solutions to the systems of equations resulting from the WEM discretiza

tion [91]. These iterative techniques should be implemented and tested for 

the FWEM discretization.
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5.3 Final conclusions

The FWEM represents a computationally light modelling scheme capable of 

computing accurate solutions for sound propagation problems where other 

similar methods, like i.e. the WEM, would fail. The FWEM retains many 

other formulation advantages of the WEM.

The maximum mesh spacing needed to obtain accurate solutions was highly 

reduced (to 0.2 nodes per wavelength) comparing with other methods, in

cluding the highly efficient standard WEM.

The FWEM is suitable for long range propagation problems where the 

backscattered sound field is not of interest. This type of problems are very 

common in actual situations, i.e. study of noise barrier shielding, airplane 

noise pollution, etc. However further improvements should be carried out 

to the method to obtain a generally applicable modelling tool, specially for 

three dimensional problems.

FWEM offers a mathematically simple yet physically satisfying method of 

modelling large scale propagation problems. In addition all refinements are 

based on the tuning of a small set of parameters directly associated with the 

physics of wave propagation.
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Appendix A

Boundary Element 
formulation

The basics of the direct boundary element method are presented here. S tart

ing with the derivation of the fundamental solution in free space. Then the 

boundary integral equations are derived from Green’s second identity. The 

theory and implementation of the indirect BEM can be found in [36-38]. 

First, the formulation for interior problems is presented, followed by the so

lution of exterior problems, and finally the solution for scattering problems 

is derived.
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A .l  Fundam ental Equations 

A. 1.1 H elm holtz  equation .

Consider the acoustic wave equation:

(A.l)
c

where p represents the sound pressure, c denotes the sound wave speed in 

the medium and t is time.

If we look at time harmonic standing waves of frequency u, fimction p is 

defined as follows:

P(r.t) =  P(r) • (A .2)

where r represents the coordinates of the point in the sound field, 

satisfies the Helmoltz equation:

V^P(r) +  A-̂ P(r) =  0 (A.3)

where k = a)/c is the wave number.

Equation A.3 is the governing differential equation for the time-harmonic 

linear acoustics and must be satisfied in the acoustic domain. The solution of 

this equation represents the spatial part of the solution of the wave equation

(Eqn. A .l). The actual pressure time history is given by:

P{r,t) = -R<?[P(r) • (A.4)

If there is an harmonic source • e~^‘̂ ^) producing sound waves in the
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medium, the Hehnholtz equation get the form;

V̂ P(r) + k^P(r)  =  Q(r) (A.5)

In the following section we are going to  find the fundam ental solution for 

this equation.

A .1.2 Fundam ental so lu tion . G reen ’s kernel function .

If we consider a point source located at point q in the acoustic domain, 

em itting a continuous harmonic signal of frequency u>, the sound field G 

generated by this source a t any point in a free three dimensional space, 

obeys the following inhomogeneous wave equation:

where r  =  |r<j — r 3-|, denotes the distance between th a t represents the 

coordinates of the source, and r^, the point of the sound field. Note th a t 

this function becomes singular when the distance r becomes zero.

The complex solution of equation A .l for an harmonic plane wave is given

Now, any function f { k r  — uit) represents a wave moving away from r  =  0 

towards r  —> oo as < increases. On the other hand a function f { k r  +  wt)  

represents a wave travelling in towards r  =  0 from r  —> cx). The <5(̂ ) function 

in equation A.6 represents a disturbance at the origin; physically we expect

V 2G (,) +  =  (̂r) (A.6)

by:
■j{kr+u!t) (A.7)
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waves to propagate outward away from this disturbance and not inward 

from infinity towards the disturbance. This is our radiation condition: there 

should only be waves moving away from the disturbance at the origin. Thus 

we take i? =  0. So we get the Green'skernelfunction,

A .1.3  D irec t b o u n d a ry  in teg ra l form u la tio n .

D irect boundary integral form ulation for exterior problem s

Consider a body O of boundary surface S, and assume that the singular point 

q associated with the fundamental solution G(̂ r) located in the acoustic 

domain. Since Ĝ j.) is singular at r^, a tiny spherical volume Ve of radius 

/?i and surface S e  enclosing the singular point is excluded from the domain 

V, as shown in figure A.I. We also define a surface Sjj of radius R 2 that 

involves V.

g - j f c r
(A.8)

/
/

\
V \

\

\
\

\

Figure A .l: q excluded from an exterior domain.

At any point r^ in the domain V, bounded hy S, S e  and S r , the Green’s
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kernel function is non-singular, since the  point a t position is not 

located in V, and the function satisfy the Helmholtz equation,

+  k^G^r) = 0 (A.9)

The sound pressure a t any point in V  satisfy

V^P(r,) +  k^P{r^) = 0 (A .10)

and the Sommerfeld radiation condition.

| r i | —>oc C'lTxl

Application of G reen’s second identity to  functions G and p  produces

^ P ( T x )
/  ( 0 „ , v V ) - P ( r , ) V ^ 0 M ) r f v =  /  a „

JV -V f :  J s + S e + S r C 'n
)dS

(A.12)

where the normal vector n is pointing away from the acoustic domain. From 

equations A.9 and A. 10, we have =  —k^p and V^G =  —k^G. Therefore, 

the left-hand side of equation A.12 is simply zero due to  cancellation of the 

two terms. Therefore,
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It can be shown that, for the points located in the surface, by carrying out 

the integration in spherical coordinates and taking the limit as R\  goes to 

zero,

lim f  G ( r ) ^ ^ ^ d S  =  0 (A.14)
^ 1 -0  75b  '  ̂ dn

and

f  d G ( r )  f  d G ( j - )
lim /  P(r — dS =  p(r ) lim /  — — dS =  p(r ) (A .15)

Due to the Sommerfeld radiation condition, any physical solution P(r )̂ can 

be represented by an equivalent point source of certain strength when the 

solution in infinity is desired:

- j f c r

p ^  A -------

where A is some constant. For the points located in the surface S r , since p 

has the same form than G in the infinity, it can be shown that

Substituting equations A.14, A .15 and A .16 into equation A .12, we obtain 

the boundary integral equation:

This formulation estates that, for any pressure field, which satisfies the ho

mogeneous Helmholtz equation (Eqn. A.3) and the Sommerfeld radiation
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condition (Eqn. A. 11), the pressure at any point rg in the unbounded do

main V \ S ,  is related to the pressure distribution P(r^) on the closed surface 

S e -

When the point is located on the surface 5, as shown in figure A.2, 

the surface S e  becomes an hemisphere, then we get

I S e

and equation A. 17 becomes

1 f  dpir ) 9G(r)
jP.r., = /  ( G ( r | - ^  -  ''<-•>^>''•5 (A

Figure A.2: q on the boundary.

If the point is not located in the domain V, the surface S e  is no longer part 

of the boundary surface of the domain V, at least for i?i —> 0. Hence, the
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direct boundary integral formulation for any position outside V becomes

(G(r) ^P(r.)
dn

dG
dn

(A.20)

The formulations of equations A.17, A.19 and A.20 for smooth surfaces S 

may be combined into the general direct boundary integral formulation for 

exterior acoustic problems,

^ ( r , )  ■ P ( r q ) / ( G (
Js

9P{r.)
dn

dG (r)
dn

)dS

with

(A.21)

1 , r , e V \ S ,

0, Fy ^  V",

i  r ,  G 5

D irect b ou n d ary  in tegra l form u lation  for in terior p rob lem s

For interior problems with a bounded domain V, a similar derivation applies 

as for exterior problems, but only one spherical surface Se must be defined, 

as shown in figure A.3.
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Figure A.3: q excluded from an interior domain.

In this case we have

J s + s ^  ^  On dn

OG,
(A.22)

where tlie normal vector n  is pointing away from the acoustic domain. As 

in the exterior problem we find th a t

lim I Gf r̂)—7T-^dS =  0 (A.23)

and

dG (r)
dn

dS  = P(r,) i dG
lim (r)

d5  =  p(r,) (A.24)

Then, for in the domain V,
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For Tq located in the boundary,

and, if is outside the acoustic dom ain V

(A.27)

Finally, as for exterior problems, we can express the boundary integral equa

tion for interior problems as:

The body O can be either a  v ibrating structu re  (radiation problem ) or a 

passive obstacle (scattering problem ).

S ca tter in g  p rob lem

The system  studied in section A. 1.3 represents a typical scattering problem. 

An incident sound wave p* is striking an obstacle O in an unbounded acoustic 

dom ain V (see Fig. A.4).

(A.28)

with

1, r q 6 V ' \ S ' ,
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Figure A .4: Scattering problem.

The scattered sound wave is denoted by p*. The to tal sound pressure p is 

the  superposition of the scattered sound wave and the incident wave:

p = p ^+ p^  (A.29)

Therefore, p' should be interpreted as the sound field in the absence of the 

obstacle O. In most applications, the incident wave may be a plane wave or 

a spherical wave. For an incident plane wave,

p' =  (A.30)

where A is the am plitude of the incident plane wave and r is the direction 

of propagation. For an incident spherical wave,

p-jkr
p' = B   (A.31)

r

where B  is related w ith the strength  of the point source, and r  is the distance 

from the source. Both, p* and p* satisfy the  Helmholtz equation, bu t only 

p* has to  satisfy the Sommerfeld radiation condition.
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If we apply the exterior integral equation, equation A.21, to p* in the exterior 

domain V,  we get:

f dpL ) dG(r)
(A.32)

Applying the interior integral equation, equation A.28, to the incident field, 

if we keep the same normal direction n as in equation A.32, the interior 

integral equation for p* becomes:

<?(r.) ■ fir,) =  <A-33)

Working with equations A.29 and A.32, and taking into account that C(r^) + 

^(>,) =  1, we get:

<^lr,rPlr,> = +  (A-34)

This is the integral equation for a scattering problem. Notice that the only 

difference between this integral and equation A.21 is the free term due to 

the incident wave.

A .2 B oundary E lem ent Im plem entation.

The implementation of the boundary element method consist of two main 

steps. The first one is to determine the pressure and normal velocity distrib

ution on the boundary surface. In the second step, according with the results 

obtained in the first step, the pressure field at any point of the acoustic do

main is calculated.
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In section A.l we found the direct boundary integral equation for interior 

or exterior acoustic problems with a closed boundary S :

C { r g )  ■ P { r ^ )  —  /  { G ( r )  o  P(ra- )
J  s

w'here is the Green’s kernel function

Q - j k r

0 „ ,  =  —  (A.35)

For two-dimensional harmonic problems we consider the soimd field gener

ated by an infinite line source of amplitude q = —5(r)/(27rr), the resulting

soimd field can be expressed by:

=  (A.36)

where H q̂ \ x ) is the Hankel function of the first kind and zero order. And

Applying equations A.36 and A.37 to equation A.17, we get:

To determine the pressure and normal velocity distribution on the boundary 

5, the surface is discretised into a number of small subsurfaces (“boundary 

elements” ). We then place (singular point) at each of nodal points on the 

boundary successively. This procedure is called collocation.
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For each collocation point, assuming that the pressure and normal velocity 

distribution in each element is constant, and applying that C(r^) =  1/2 when 

Fg is in the boundary, equation A.38 becomes:

1 N e  . a  N e  , „
- n  a  g  t t ( 2 )  A C .

4  0{fcri) * ^ —' 4  P(rxi)  *
Z=1 7=1

(A.39)

where Ne is the number of elements in the surface, and A5j is the length of 

each element.

Expressing equation A.39 in matrix notation we get

where

and

[^] = . - A S4  O(fcr)

[5] =
^  A ^ l ( k r )

(A.40)

4 dn

Three types of boundary conditions may occur on the boundary surface S:

P on Sp,

S  = SpU S,,„ u S z ^  < j h - p - P  =  Vn o nS z ,  

p  =  Z n - V n  on Sz

where p, and are prescribed pressure, normal velocity and normal 

impedance functions, respectively. Equation A.40 is a set of Ne algebraic 

equations with 2Ne nodal unknowns. By means of the boundary conditions 

we can find either the pressure value P(rj,,) or the normal velocity value
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Vn(rj-i) each node point. The remaining Ne equations in the boundary 

element model can be solved using equation A.40.

In the  second step of the m ethod the pressure a t any position in the 

acoustic domain, which is not located on the boundary surface 5, is obtained 

from

{ P{rx)  } ~  [ A f i e l d]  '
Mr,)

dn - { B f i e l d ] -  { P( r , ) }  (A-41)

where dp^r,) /dn  are the surface results from the first step, r =

kq — Tx|, denotes the distance between th a t represents the coordinates of 

the boundary point, and r^, the point of the sound field, and

[■Afield] =

[Afield] —

W here the only unknown is the pressure vector for the field points.

S ca tter in g  prob lem s

As we saw in section A.4, the boundary integral equation for scattering 

problems is
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Following the same procedure th an  in the previous section, for the points in 

the boundary que get

Ne
■I _  j  r r ( 2 )  ^P(rxi) a  c  J rr(2) „  A  C  i

2 ^ ( * ' 9 )  ~  4  O(fcri) ^  4 l(fcr,) P{rxi)  *

Ne . a
J „(2)

i=l j=l
(A.42)

where

P{r,) 4̂ 0(fcr,„)
and r,,g =  =  Ir^ — r^l is the distance between the singular point and

the sound source, In m atrix  notation

^  { p m )  =  M  h  1^1 ■ +  H . ) ) (A.43)

where

and

[^] = .  ■ A S4 O(fcr)

[B] =
4 dn

The rest of the calculation is identical to the one explained in the previous 

section. The pressure a t any point in the acoustic domain is calculated using 

equation A.41.
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Numerical solutions of the  
Parabolic Equation

Different discretization techniques have been developed to compute the so- 

hition to the parabolic equations derived in section 2.6.

B . l  Split-step algorithm

The first technique developed to solve the Standard PE was the split-step 

Fourier algorithm. In the implementation of this algorithm for underwater 

problems an artificial horizontal boundary is introduced below the physical 

bottom boundary, and a zero boundary condition is assumed there.

The Standard PE (Eqn. 2.11)

j h )  ,^2  , 3

199
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can take the following operator form:

dr

where

—  j  { ^ (r . z)  +  ^ ( z ) )

^(r,2) =  y  -  1)

and
o  ^ ___

2ko d z ^

The second order operator in 2 , is then represented by the inverse transform  

of its Fourier transform . The split-step algorithm  applied a t range (r +  A r) 

is
 ̂ ^  _ ) A r . s ^  ^

‘P( r +Ar ) =e  2 F  f e

where F  is the integral Fourier transform  and s is the integration variable. 

The forward and inverse Fourier transform s are approxim ated by the fast 

Fourier transform  (FFT) in 2 .

The split-step algorithm  is efficient for a certain class of problems. The use 

of the fast Fourier transform  requires periodic boundary condition in 2 .

B .2 Finite-difference solution  

B.2.1 Standard PE

Lee et al. [47] presented an implicit-finite difference (IFD) form ulation to 

solve the S tandard  PE  for underw ater acoustic wave propagation problems. 

This m ethod has been adapted  to  atm ospheric acoustic problems by West 

et al. [66].



A])peiidix B 201

Equation 2.11 can be expressed in the form

(B.l)

where

and “  l) > m = 1 to M

M  is the total number of vertical mesh points, and rim — cq/ c^  , where Cm 

is the sound speed in layer m. Assuming that dipjOz is approximately linear 

over the interval Zm-\ to Zm+i, then

If ip is linear over the separate intervals to Zm and to 2m+ii then

The solution for tp at the next range step (or finite difference “level” ) r +  A r 

and at one z — Zm must incorporate the solution for (p at the distance r for 

three heights z =  Zm-i, Zm and Zm-\- This result in a marching solution. 

Given an initial field at some range r the field at the advanced range r + A r  

may be computed by solving linear equations. The same procedure may be
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applied to  compute the field values for the next range r  +  2A r, etc. until the 

solution is com puted for the hole range. This requires a tridiagonal m atrix 

formulation.

The m atrix  form of equation B .l is

dr

] ^ - 2  1 ^ /

<f2 1 - 2  1

— j
2koAz^

1 - 2  1 +

\  ‘Pm / I  1 - 2  J V

h

bM

+ J
2knAz^

0 

0

VO

where ipm represents function (p evaluated a t each vertical mesh point Zm, 

where zm  is the top of the atm osphere and zq is the ground surface. Only the 

nonzero elements are indicated in the matrices. The term  ipo, th a t represents 

the  field a t the ground level z q , is obtained as a  linear com bination of (pi 

and 1 ^ 2  (see Section B.2.3):
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then we get

^  = (aT + D ) g „

where is a column vector with the values v^(r)i T  and D  are

/

T  =

— 2 +  <T] 1 +  (72

1 - 2  1

\

(B.2)

a IS now

D  =
b2

bhi )

a = J
2 k ()A z ‘̂

Integration of equation B.2 for range r  to  r  +  A r gives

r+Ar
/

r+ l\r
(aT  +  D )g(^)dr

Provided this interval is small, (aT  +  D ) will be approxim ately constant so 

th a t the above equation can be w ritten

(*r+A r
[T

S(r+A r) (Q-T +  D ) J S(r ) dr

The Crank-Nicholson approxim ation can now be used, allowing the integral 

to  be replaced by A r times the average value of the integral over the A r
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interval. This gives

g ,« A D  -  g (0 =  («T +  D) Ar

Rearranging,

 Y  +  1^)^  g (r+ A r) ^  ^  S(^)

or

■̂ 2̂ ' S(r+A7') IVIj • S(r)

where

M l = I  +  ^ ( a T  +  D)

and

M2 =  I -  ^  (aT +  D)

where I is the identity m atrix. M] and M2 are known since T  and D  de

pend only on known constants (including the mesh dimensions A r, A z and 

A') and all the values of g  a t the range r  for the heights Zm determ ined in the 

previous calculation step. Then, the forward propagating field is obtained at 

a given range from the field a t a previous range and appropriated  boundary 

conditions a t the top and bottom  of the domain, in other words the  solution 

is marched in range.

The required acoustic pressure can be found by multiplying this solution by 

the exponential “carrier” factor in equation 2.7. This m ethod is called the 

Crank-Nicholson P E  (CNPE).



Ajjpendix B 205

B.2.2 Wide-angle CNPE

The derivation of Claerbout’s wide-angle PE (Eqn. 2.1G) was presented in 

section 2.6.3. This equation differs from the Standard PE (Eqn. 2.12) by 

the factor (1 +  Q /4) on the left hand side. In Section B.2.1 we defined (see 

Eqn. B.2):

(aT +  D ) = j / c o |  (B.3)

Equation 2.16 can be written as

{1 (oT "t" D ) \  dip (aT +  D ) /o

Applying the Crank Nicholson approximation, equation B.4 becomes 

2jfc()} “  S(f)) ~  (S(r+Ar) +  S(r))

where

E =  (aT +  D)

Rearranging,

/  Ar E \  /  Ar E \  ,^  j ^  j
The matrices M i and M 2 are then

Ar E Ar E
N^i =  I +  E —— +  ——— , ]Vl2 =  I — E +

2 2?'fco 2 2ifco

M l and M 2 have been modified only by the addition of the term E/2i/co. 

Equation B.5 can be solved using an LU transformation.
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B .2 .3  G rou n d  im p e d a n c e  b o u n d a ry  co n d itio n  

First-order accurate case

At the ground surface z = zq, have

u.
i wp s  d z

where ps is the air density ju st above the ground. 

The derivative ^  can be w ritten in finite form:

dp  P i -  Po  ______
d z  z\  — zq 

Substitu ting in Eqn(B.6) and rearranging gives

Po 1 (B.7)
P i  1 -  (^1 -  ^o)

This condition is imposed at each range increment.

Second-order accurate case

We take an expansion for p

P =  P o + ^ z + ^ , z { z - A z }  . _  =  _  +  _ ( 2 z _ A z )

and using the central finite difference formula for A ^ p o jA z ^  used in Section 

B.2.1:
dp Pi -  Po , P2 -  2pi +  Po A ^
T z =

At z=0
^  _  4pi -  3po -  p2 

dz 2 A z



Ai)pendix B 207

Applying the above relationship in equation B.6 we get

—2 i w p s A z p o

-  3po -  P2

or
4 p i -  P2

B.3 F in ite-elem ent d iscretization

Gilbert and W hite introduced a linear finite element discretization technique 

for sound propagation through a nonturbulent atm osphere overlying a  flat 

locally reacting ground surface [67]. W ith this approach it is possible to 

use a nonuniform vertical grid spacing. Vertical density variations are also 

included in the solution by replacing d^/dz'^ w ith p{d/ d z ) { \ / p){d/ dz)  in 

the equations.

This finite element approach is based on C laerbout’s PE  (Eqn. 2.16)

In the linear finite elements m ethod the interval [zq, z m \ is splitted into M

Applying the Crank-Nicolson approxim ation it becomes

Q  /  y^(r+Ar) +  V^(r) ^
2

rearrangm g

jk() A r </?(r+Ar)



Appendix B 208

intervals defined by il/ +  1 points given by z,„. We first expand ip in terms 

of Hnear finite element basis functions, h,„{z) given by

0

 ̂ ^m— 1
■2m ■Zm— 1

if 2: > ^771+ 1  •

The linear approximated functions ( “hat” functions), evaluated in the base 

hrn{z)  ̂ are given by
M

^{r.z) — ^{r,z,„)hjn(z)

and

m=0

M

‘Plr+Ar.z)  ^  ' ¥^(r+Ar,z,„)^;m(z)
m = 0

To obtain the matrix representation, the hat function expansion is substi

tuted into Eqn(B.8):

1 + j)  - j k o ^ A r
M

'  ^ { r + A r . Z m ) ^ m { z )  —
m = l

1 +  j )  + J k o j A r
M

m = l

Applying the definition of Q and rearranging we get

n? — 1 \  — 1 / I —jA:oAr \  9 ^ ' '
1 +  — ) - ; * o  — A r + ( —

—  11 , , f ' ^ + j k o ^ r \  d'^'

'  ^  '  ‘P l r + A r . Z n i ) ^ m { t )  
m = l  

A /

■ ^ { r , z m ) ^ m { z )
m = l

We introduce the vertical density dependence into the equations, this yields 

in a wave equation tha t contains the operator p{d/ d z ){ \ / p){d/ dz) instead
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of j d z ^ . M aking this replacem ent and dividing by p  in the above equation 

we obtain

Then, we m ultiply by hg(^z) integrate over 2 . The integration requires 

com putation of integrals of the form

^mg  J ̂rn{z)~^ ^ g { z ) ^ ^

From the definition of the basis h,,i .{z)^ we have th a t I ^ g  =  I ^ g  =  0 unless 

m  —  g , g  ± 1 .  T ha t is, the I  m atrices are tridiagonal, for the same reason, 

the limits of integration are:

Z g - l to -2̂ 5+1 for 7I
99 and P9 9 ’

Z g - 1 to Zg for n
S S - l and 99-1’

to + l for ri
.9.9+1 and 99+1

We take and to  be linear functions of z between the grid points.

Hence, between Zg and Zg+i we approxim ate this functions as
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p{zf~[z) = P~[Lf [L)  +

'  - I  - 2  _  - 1  - 2  '

P{Zm + l)^(Zm + l) P{Zm)^{Zm)

~rn+l ~

Inserting this linear approxim ations into the corresponding integrals gives 

1/ I  =  —  
99 12

{Zg 2 g _ l )  +  3 ( 2 g + l  Z g - \ )  Q +  {ZgJ^\  P{Zg+l)

iL  =
1

99 1 2

and

{Zg Zg-l) +  3 {Zg+l Zg-l) +  {Zg+l Zg) ^-1 ^-2

ss±i =  ±
12 P{z])  +  P{z]+i) , {Zg±l

n9±^= 12
, - l  „-2 - 1

P ( z , f ( z , ) + P ( z , ^ i f ( z , + i )

In order to  com pute we first integrate by parts to  obtain

4 g =  (%±1 -  ^g)  -  £

where Za and Zb are the lim its of integration discussed earlier. Since the 

product of hm.  and d h g i ^ ^ ^ j d z  is zero a t Za and z^  we have

=■nig
r-b dh. 

J z .

M z )  -1 ^ ^ g j z )  
dz  dz

d z

Inserting the approxim ation of obtained earlier we get

‘ m m ±  1 =  ± / P m  P( z„,±i )

■2m±l

r3 — _  ( I
^m.m  ' m m  —I
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This leads to a tridiagonal matrix equation of the form

M ' S (r + A r ,Z m ) ^  S (r .2 ,n )

The matrices M * are given by (see Ref. [68]):

=

1.2 I'lti
M ± M.±1,3

M

M -i.il/ 0.i\/

where the quantities  ̂ are given by

m-\-g
u = \

for m =  —1,0,1 and m =  1, 2 , 7 1 / .  The coefficients c j  are given by

±  3  1 ^
Cl =  4  T ^J^oAr-

±  1  , 1  • ,  AC2 =  4  ±  ^J^oAr 

—  —3 “  1.2Kq

On each range step, the equations are solved using Gauss elimination.

Although the computations with linear finite elements is more complicated 

than the finite-difference technique, there are two main advantages that jus

tify the added effort. First, nonuniform grid spacing is easily incorporated.
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The second advantage is th a t, since the acoustic field is defined between grid 

points, small-scale vertical variations in sound speed and density can be in

tegrated  over in the com putations. Thus, the grid spacing is determ ined by 

the acoustical wavelength and not by small-scale variation in the medium.

B .4 Split-step  Pade solution  

B.4.1 Pade approxim ations [1]

Let /(j.) be a power series
OC

j = 0

A Pade approxiniant is a rational fraction

i l /m ] =  + ■ ■; (B.io)
h{) b \ Z  h ^ f Z

which has a M aclaurin expansion which agrees with as far as possible.

There are L+1 num erator coefficients and M+1  denom inator coefficients. 

For definiteness we take =  1. So there are L+1 independent num erator 

coefficients and M  independent denom inator coefficients, m aking L+M +1  

unknown coefficients in all. Normally the [L/M] ought to  fit the power series 

B.9 through the orders 1,2, z ^ , . . . ,  In the notation of formal power

series,
OO r

^  6 0 -1 - 6 1 2 : -I h 6 A / 2 * ^
1= 0
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Example, for
1 1 9

we have
[1/0] = \ - ^ z  = /(^) +  O [z'^) ,

=  f { z )  +  O  (2 ^) ,

[i/i] = |4^ = /(.) + o(^') ■

B .4 .2  S p lit -s te p  P a d e  im p le m e n ta tio n  [2-4]

“Polinom ial” Pade approxim ation

To obtain  the spHt-step Pade sohition, we solve equation 2.10 analytically 

before applying a  Pade approxim ation. Given the field over all depth a t the 

arb itrary  range r, and assuming th a t the operator ^/Q  +  1 is slowly varying 

with range, the solution of equation 2.10 a t the range r + A r  is

LD, A X —  p * ^ o ( V Q + l - l ) A r'i^{r+Ar,z)  —  c  \  '  ^ {r ,z )
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The next and major idea of this method is to approximate this exponential 

operator by a second-order Pade expansion, which yields [3,4]

i f c o A r V ^  ~  1 +a\Q + a2Q'̂
1 +

where the coefficients are deduced from a fourth-order Taylor series:

_  3+ifc i iA r^1 4
( i fc o A r)^+ 6 ifc o A r+ 3

0-2 =  --------------48--------------

  3 —ifcnAr
4

r_?__
48

^   (ifcpA r)^—6?’fcoAr-t-3

Finally, the marching algorithm to obtain </̂ (r+Ar,z) from ^ [ r , z )  is expressed 

aij

V^(r+Ar,2)

The numerical scheme deduced from the above equation leads to a linear 

system with pentadiagonal matrices, solved at each step with a standard LU 

decomposition method.

“F irst p ow er” P a d e  ap p rox im ation  [5 2 ,6 1 ,7 2 ,9 2 ]

The implementation presented above is difficult to implement because pow

ers of Q  are involved. An approximation tha t involves only first powers is



Appendix B 215

based on the following Pade series [51]:

i=ij =

where n is the number of terms in the Pade expansion and

“J.n =  ^  Sin2 ( 2^ )  

h j . n  =  C O S ^  ( 2 ^ )

Going back to equation 2.10:

d(p
— i k o  ^ \/Q  + 1 — 1  ̂ •dr

applying the above apjiroximation we get

- I  d j . n Q  / - n

j = i

which we refer to as PE„. Equation B .ll  can be solved with the method of 

alternating directions [93].
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