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ABSTRACT
Performance based design o f structures require stringent serviceability criteria to be
satisfied based on functional requirements and economic implications. Thus, performance
evaluation o f structural dynamic systems not only helps to detect any deterioration,
alerting the user o f subsequent structural failure in advance, but also helps to estimate the
remaining service life o f the structure. This helps in deciding on the preventive measures
those are required to maintain design serviceability criteria during operation in the
remaining period o f service life. The objective o f this research work is, therefore, to
investigate the mathematical techniques to evaluate the performance o f structural systems
via system identification and their behaviour, when subjected to evolutionary stochastic
processes.
First o f all, a wavelet-based algorithm is developed to solve the inverse problem
so that the parameters o f a dynamical system can be estimated from the measured time
history o f the response. Although conventionally this problem o f system idenfication is
performed either in time domain (e.g. using Kalman filter technique) or in frenquency
domain (using Fourier transform), both the techniques are known to have their own
limitations in the estimation o f system parameters. In this context, time-frequency based
approach has gained momentum in the recent past. A wavelet-based time-frequency
analysis is adopted in the present thesis to estimate the natural frequencies and mode
shapes o f linear structural systems and their changes. The proposed wavelet-based
formulation, which is applicable for both off-line and on-line identification and
monitoring o f dynamical systems is then validated using numerical simulations and
experimental results. The proposed identification technique is further used to identify
localized modes o f a class o f non-linear systems.
Once the parameters o f the dynamical systems are identified, the estimation of
performance o f structures demands the study o f the response behaviour o f the system
when subjected to design loads, which are often non-stationary in nature. The prerequisite
to this study is to develop a proper model for the non-stationary input processes. The
characterization o f the non-stationary processes become more complex for the cases
involving both amplitude and frequency non-stationary (e.g. earthquake). A wavelet-
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based model is formulated to encompass non-stationary amplitude and frequency content
in the input. For this purpose, a concept o f frequency dependent amplitude modulation is
introduced in the present study. Using this frequency dependent amplitude modulation,
both single component as well as spatially varying earthquake ground motions are
modelled.
Finally, an input-output relation o f linear dynamical systems subjected to nonstationary processes is established using wavelet transform on continuoum models and in
a finite element framework separately. The discrete model in fiinite element framework is
then utilised to study the response o f multi-supported dynamical systems such as multi
span bridges and systems with non-classical damping such as primary-secondary
systems. The study reveals that due to frequency non-stationarity in the excitation
process, higher modes are often excited in structural systems such as bridges and
primary-secondary systems. Moreover, the effect o f rotational inertia involved in
primary-secondary systems often contribute to the frequency non-stationarity in the
response significantly. Hence, the fime-frequency analysis o f these structures are
important with serious design implications.
In the present thesis, the application o f wavelet tools in system identification uses
a modified form of Littlewood-Paley basis function. This basis function is completely
localized in frequency and can be used in sub-band coding leading to wavelet packet
transformation, which not only enables to evaluate parameters with desired level of
accuracy but also can be used to evaluate the closely spaced modes o f the dynamical
systems. Furthermore, the frequency localization characteristic enables estimation of
localized mode o f a class o f non-linear systems.
The representation o f non-stationary stochastic processes using frequency
dependent amplitude modulation as proposed in this thesis is general in the sense that it
can take into account the non-stationarity in both intensity as well as frequency content.
The proposed wavelet-based time-frequency model can be used for both single-variate
process as well as multi-variate processes.
The wavelet-based input-output relation presented in this study for continuoum
and finite element models can evaluate the behaviour o f the linear dynamical systems
subjected to evolutionary stochastic processes. The proposed model differs from

v

conventional random vibration analysis using Fourier-Stieltz integral in the estimation of
frequency non-stationarity in the output and is more generalized than other wavelet-based
formulation as it is valid for any wavelet basis function (without any restrictions to
orthogonality).
The principal findings o f this research work advocates the usages o f the waveletbased time-frequency analysis for system identification, modelling o f evolutionary
stochastic processes and random vibration analysis.
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Chapter 1: Introduction

1.1 General Introduction

Almost every structural system in the mechanical world deteriorates with time. Different
causes behind the structural deterioration are aging, operational complexities, and natural
and man-made hazards and/or accidents. Although performance deterioration o f many
structures has little impact, lifeline and other important structures possess serious threats
on safety. Examples o f these structures are bridges, communication towers, chemical
plants, pipelines, nuclear power plants, dams etc. Further, performance based design of
structures demand stringent serviceability criteria to be satisfied from the functionality
point o f view with serious economic implications. Thus monitoring o f structural health
forms the prerequisite to the safe operation o f structures, which not only helps to monitor
the overall performance o f the dynamical systems but also help to evaluate their residual
life and to adopt decision to prevent any structural as well as collateral damage. The
fundamental principle behind the evaluation o f structural health is the estimation of
structural properties such as mass, stiffness or natural frequencies and mode shapes, and
damping. The evaluation o f structural parameters helps to detect change on the overall
performance o f the dynamical systems and forms the basis o f further evaluation o f their
residual life. Besides identification of structural parameters, proper modeling o f the
dynamic response characteristics o f the structural systems as well as the external forces
acting on them plays a vital role in better assessment o f the structural behavior for
performance based design and operation.
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1.2 System Identification

System identification o f structures has emerged as an interesting and important problem
in the last two decades. Identification of structural systems involves an inverse procedure
to identify the structural parameters from the recorded response o f structures. The goal is
to estimate the dynamic properties such as natural frequencies and mode shapes of
vibration, energy dissipation, permanent deformation and strength deterioration o f
damaged structures from the measured responses under different conditions like ambient
vibrations, earthquakes, wind, impacts and several other t>pes o f excitations. System
identification o f structures is the preceding step for design o f active and passive control
o f structures [Meirovitch (1993)] and structural health monitoring [Micaletti et al (1999),
Segawa et al (2000), Sone et al (2000)]. Identified parameters provide design criterion
for both linear and non-linear structures subjected to seismic and other loadings
[Scneviratna and Krawinkler (1996), Chusilp (1999), Ewins (2001].

1.2.1 Linear Systems

The simplest way to model a structural dynamic system is to approximate it by a linear
dynamical system. Modal analysis o f the response o f structures is an important tool for
identification o f linear structural systems. Natural frequencies o f a structure depend on
its mass and stiffness distributions. The deformation patterns at these frequencies or the
mode shapes are informative o f the dynamical characteristics o f the structures. Analysis
o f response signals o f structures may be performed in two different paradigms: (i) time
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domain analysis and (ii) frequency domain analysis. Several approaches to time domain
system identification have been developed like state estimation using Kalman filter
[Hoshiya and Saito (1984)], stochastic analysis and modeling, recursive modeling and
least squares method.
The classical method o f frequency domain analysis is by means o f Fourier
transform [Newland (1993)], and its algorithmic implementation, the Discrete Fourier
Transformation (DFT). Though DFT has been widely used for modal analysis and other
system identification tasks, it has several limitations. Fourier analysis is inherently global
in nature and fails to capture the time varying nature o f a phenomenon. An approach for
signal analysis, which circumvents the above problem, is the time-frequency analysis
[Newland (1994a, 1994b), Prochazka et al (1998), Basu and Gupta (1997, 1998)]. In the
framework o f multi resolution time-frequency analysis, wavelet methods developed by
several researchers [Mallat (1989), Daubechies (1992), Chui (1992)] have been widely
popular and successful for signal analysis. Wavelets produce representation o f a signal
using time limited local functions having variable scales. Wavelet analysis has recently
been used for a number o f system identification tasks [Katida (1998)]. There have been
several research works in literature on the use o f wavelet to identify the modal parameters
[Piombo et al (2000), Lardies and Gouttebroze (2002)]. In some o f these studies modal
frequency, mode shapes and modal damping were identified. Random decrement
technique has been used in some studies, which is known to have certain drawbacks. A
shifted version o f wavelet transform proposed by Staszewski (1997) was used to detect
frequencies. This works better for closely spaced frequencies. In Lardies and Gouttebroze
(2002), modified Morlet wavelet was used which works better than the traditional Morlet
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wavelet. Though some studies on use o f wavelets have been carried out in system
identification, yet it remains to be seen how different wavelets perform or which would
be the suitable wavelet.
Significant amount o f research on system identification has been carried out in
relation to structural dynamic systems, which includes research by Hart and Yao (1977),
Beck (1980), Kozin and Natke (1986), Lin et al (1990), Ghanem and Shinuzoka (1995),
Shinuzoka and Ghanem (1995) amongst others. The application o f the information
available is useful for damage detection and health monitoring o f structural systems.
Recently, active and semi-active control of structures has received considerable attention
[Spencer and Nagarajaiah (2003)]. Effective implementation o f these control schemes
requires on-line identification of structural systems.
In identifying the structural systems once the model is decided on, the relevant
parameters need to be estimated. The most important parameter o f the structure is its
stiffness or natural frequency for a single degree o f freedom (SDOF) system. Similar
information may be obtained via natural frequency and mode shapes for a multi degree of
freedom (MDOF) structure. The information o f stiffiiess and the variation o f stiffness
with time are o f importance in designing control strategies e.g. in active and semi-active
tuned mass dampers (TMDs) (Soong [1990], Spencer and Nagarajaiah [2003], Yang et al
[2004]). Estimation o f parameters in the structural systems based on frequency domain
methods though popular due to their simplicity in application, suffers from the drawback
that they are based on average temporal information. Hence, these cannot be used for
time varying systems. Most o f these time domain methods are also based on identifying
models with time invariant parameters. Recent research efforts have been aimed towards
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identifying and tracking time varying parameters either by recursive and other modified
time domain techniques or by Hilbert/Gabor transformed analysis techniques (e.g.
Varadarajan and Nagarajaiah [2004], Spina et al [1996]). Among the time-frequency
analysis tools, wavelet analysis has gained popularity in identification o f systems. Being
capable o f retaining local frequency content information and its variation with time and
having the advantage o f flexible windowing over short time Fourier transform, wavelet
has become a powerful technique to identify time varying and non-linear systems [Katida
(1998), Lardis and Goattebroze (2002), Piombo et al (2000), Staszewaski (1997, 1998),
Ghanem and Romeo (2000, 2001), Basu (2003, 2004)]. Wavelet analysis provides a
variety o f bases function to suit specific purposes. For example, Newland (1983, 1994)
used Harmonic wavelet for vibration analysis; Lardies and Gouttebroze (2002) proposed
a modified Morlet wavelet basis while Basu and Gupta (1998, 1999) and Chatteijee and
Basu (2004) used a modified L-P basis function for reasons suitable for specific
applications.
Most o f the system identification strategies including those based on wavelet
analysis have concentrated on the off-line identification o f the time varying parameters of
the systems. Smyth et al (1999) had obtained on-line estimation o f the parameters of
MDOF non-linear hysteretic systems. The algorithm is based on the measurement of
restoring forces. While the wavelet analysis techniques have been successfully used
mostly in off-line identification o f the time varying structural dynamic parameters o f a
system, it has the potential o f on-line identification, using time-fi'equency properties. The
on-line identification o f system parameters can be achieved in a simple and
computationally straightforward way by using wavelet analysis useful for adaptive
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control of linear structural dynamic systems, which has not been explored much, so far.

1.2.2 Non-linear System: Mode Localization

The fundamental difference between the linear and non-linear system is that the principle
o f superposition does not hold for non-linear systems. Thus for system whose restoring
force contains non-linear terms, decoupling o f the governing equations based on eigen
analysis of the system matrices is not possible. However, a synchronous motion among
the degrees o f freedom is known to exist, which is commonly termed as ‘vibration in
unison’. According to Rosenburg (1966), all degrees o f freedom attain extremes or pass
through zero simultaneously during this synchronous periodic motion, which is
analogous to the normal mode o f linear system and hence is called ‘non-linear normal
mode’ (NNM). Among the popular solution techniques for non-linear systems are normal
form techniques [Jezequel and Lamarque (1991)], perturbation techniques [Neyfah
(2000)], method o f harmonic balance [Shaw and Pierre (1993), Peschek et al (2002)] and
method o f multiple scales [Nayfeh and Mook (1984)]. King and Vakakis (1994) proposed
energy based approach and constructed NNMs using transformed linear modal
coordinates. Besides these techniques, invariant manifold [Shaw and Pierre (1993a,
1993b)] based approach is known to have specific advantages for a class o f problems.
Estimation o f response o f non-linear system under both free and forced vibrations
are often performed using reduced order model [Shaw er a/ (1991, 1999), Vakakis et al
(1996), Vakakis (1997)], which has close resemblance with modal reduction techniques
that are often adopted for linear systems. Shaw and Pierre (1993a, 1993b) proposed
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response evaluation o f the non-linear systems using invariant manifold approach. In this
approach certain degrees o f freedoms are considered, as master and the rest are slaves.
The master and slave degrees o f freedom hold certain relations that are consistent with
the system dynamics. The invariant manifolds are tangent to their respective eigen modes
at the equilibrium points. The overall response o f the non-linear dynamical system is
evaluated based on the response at the master degrees o f freedom, which are related to
the slave degrees o f freedom through invariant manifolds. Bovin et al (1995) used
polynomial expression function to correlate master and slave degrees o f freedom and
formed NNMs for weakly non-linear systems. Neyfeh et al (1996) used similar technique
for cubic non-linear systems. Peschek et al (2002) proposed numerical technique to solve
invariant manifold equations for general non-linear system, where the master coordinates
are transformed into polar coordinates and Galerkin approach is adopted to obtain the
response. The advantage o f invariant manifold based approach is in their application to
tackle both conservative as well as non-conservative systems along with gyroscopic or
general damping. Although, there has been research on solving the response o f non-linear
dynamical systems by NNMs, not much attention has been focused by the researchers on
identifying the system from the vibration signals.

1.3 Non-stationary Excitation Model

Once the system parameters have been identified, evaluation o f structural response
requires modeling o f input processes. Characterization o f input processes is required not
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only for time history simulation, but also for carrying out random vibration analysis for
safe design o f the structures as the input excitation processes are often stochastic in
nature (e.g. earthquake).

1.3.1 Single Component Earthquake Ground Motion Model

Characterization o f earthquake ground motions for the purpose o f random vibration
analysis is mostly perform ed using stationary or am plitude m odulated stationary models.
Exact time history sim ulation o f earthquake ground m otions have been studied by various
researchers

and

physical

models

are

developed

provided

detailed

site-specific

information is available. Earthquake ground m otions are known to be non-stationary in
both intensity and frequency content arising due to reflection, refraction and attenuation
o f different seismic waves (such as S and P waves) through different soil strata [Clough
and Penzien (1993)]. Stationary or amplitude m odulated stationary m odels are incapable
o f addressing issues related to temporal variations o f the frequency content. Housner
(1964) proposed to model earthquake as a stationary white noise w hose intensity
represents the energy o f the recorded tim e history in an average sense. In separate studies,
Kanai (1957) and Tajim i (1960) proposed to model earthquake as the response power
spectral density function o f a second order linear filter subjected to G aussian white noise.
Parameters o f this linear filter represent site properties like soil dam ping and natural
frequency. This model is w idely used for random vibration analysis o f linear/non-linear
structures and is com m only called Kanai-Tajimi spectra. A lthough these stationary
models can incorporate local soil parameters, they are inherently incapable o f m odeling
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non-stationarity involved in earthquake ground motions. For this purpose, an amplitude
modulated stationary process model was proposed by Amin and Ang (1968), Shinuzoka
and Sato (1967) and Shinuzoka and Deodatis (1988) among the others. According to this
concept, a stationary random process model is multiplied by a deterministic uniform
amplitude modulation function. The parameters o f this deterministic envelope function
are evaluated from the recorded accelerogram. A number o f envelope functions are
proposed in the literature among which the model proposed by Shinuzoka and Sato
(1967) is the widely used. Der Kiureghian (1989) proposed uniform amplitude
modulation using exponential function, gamma function and piecewise linear function
and evaluated their parameter based on recorded time history o f Orion earthquake [Der
Kiureghian and Crempien (1989)].
From these studies, it can be noticed that earthquake is either modeled as
stationary process or amplitude modulated non-stationary process, which are incapable o f
modeling evolutionary nature o f the frequency content o f ground motions. A fully nonstationary earthquake ground motion model is proposed by Conte and Peng (1997),
where the ground motion is expressed as sum o f sigma oscillatory processes, each o f
which is amplitude modulated stationary process. The parameters o f the sigma oscillatory
processes are optimized so that the simulated power spectral density (PSD) function
matches with the recorded PSD. This is one o f the first and the only model that has been
proposed so far to account for non-stationary nature earthquake ground motions. Though
successful in representing the non-stationarity in frequency content, number o f unknown
parameters in their study was 105. Rofooei et al (2001) proposed a non-stationary KanaiTajimi model for earthquake simulation. Their model is relatively simple and is
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applicable to time history simulation but cannot be used for random vibration analysis.
Beside conventional techniques, contemporary signal processing tools like wavelet
analysis has gained popularity in the field o f random vibration in the recent past.
Mukherjee and Gupta (2002a, 2002b) proposed wavelet based model for spectrum
compatible earthquake simulation. In these studies, earthquake time history is simulated
as a summation o f time histories in a number o f non-overlapping frequency bands such
that overall time history matches with the design spectrum. Although these models focus
on the exact simulation o f earthquake records, they are too complex to use for random
vibration analysis o f linear or non-linear structures. Moreover unavailability o f sitespecific data poses serious challenges for exact modeling and simulation o f ground
motion time histories, especially in view o f evolutionary nature o f frequency content of
earthquake ground motions. Very few studies, so far, have been addressed the problem o f
developing models to account for stochastic variation o f frequency content with time,
which is often noticed in the earthquake ground motions.

1.3.2 Spatially Varying Earthquake Ground Motion (SVEGM ) Model

Besides response evaluation o f structures due to a single component o f earthquake
ground motions, seismic response analysis o f extended structures such as long span
bridges, large foundations, dams, pipelines and tunnels has drawn attention o f several
previous researchers. Seismic waves travel through different layers o f soil, where the
primary waves o f different frequencies travel with different speeds and are mixed with
secondary waves originating from reflection and refraction through different soil layers.
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These phenomena o f wave passage and loss due to coherency have pronounced effects on
the response o f extended structures. Moreover, it has been observed by the previous
researchers that the structures whose spatial extent is large i.e. extended structures like
bridges; tunnels suffer spatially varying earthquake ground motion. This is due to the fact
that besides phase shift effect and loss due to coherency, ground motion suffers
attenuation from one support to another. All these effects along with non-uniformity in
the ground motions due to local soil characteristics are commonly called spatial
variability effect. Recent research works based on the recorded seismological data o f
SMART-1 array in Taiwan show the importance o f the proper mathematical model to
analyze the effects o f spatial variability o f seismic ground motion on the stochastic
response o f the structures. Harichandran and Vanmarcke (1986), Loh (1995) showed that
the seismic ground motion could vary significantly over the spatial extent o f the structure
and proposed an exponential model for coherence between the support motions. Chen
and Harichandran (2001) used linear model to predict the response over the extent of
large structure like dam. In separate studies, Harichandran and Vanmarcke (1986), Hao et
al (1989), Hindy and Novak (1980), Abrahamson (1993) and Uscinski (1977) proposed
exponential models for loss due to coherency. Although, these studies were mostly
preformed in the framework o f stationary random vibration analysis, the problem
becomes more complex if non-stationary ground motions are considered.
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1.4 Stochastic Response Analysis of Structural Systems

Stochastic response analysis o f structures under random excitations has remained an
active area o f research over the last few decades. For this purpose, structures can be
classified into two categories; (a) single or multi supported structures whose spatial
extent is small like buildings and (b) large multi supported structures like bridges,
pipelines etc.

1.4.1 Structures with Small Spatial Extent

Although stationary analysis is relatively simple to perform, most o f the vibrations due to
earthquake ground motions lead to non-stationary responses. Conventional techniques to
tackle these problems have been discussed in texts o f random vibrations [Newland
(1993), Lin and Cai (1995)]. Researches by Caughey and Stumph (1961), Bamoski and
Maurer (1969) and Bomio and Paola (1988) have provided input-output relations of
dynamical systems subjected to random excitations. These studies mainly address nonstationary response o f a single degree of freedom (SDOF) system under amplitudemodulated white noise or other stationary processes. Gasprini (1979) and Gasprini and
DebChaudhury (1980) have proposed input-output relations o f multi degree o f freedom
(MDOF) systems, where the input is modelled as uniform amplitude modulated Gaussian
white noise. They used a state space model o f the MDOF system to estimate the
evolutionary response at the output as well as the first passage time o f failure. These
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studies are incapable o f addressing issues related to temporal variations o f the frequency
content in the input and hence the output. To account for the temporal variation in
frequency content, short term Fourier transform (STFT) based approaches exist in
literature. But the STFT based approaches have their own limitations as the resolution of
these techniques depends upon the width o f the time window used.
Conte and Peng (1997) have proposed an explicit analytical form for correlation
matrix and the time varying power spectral density function o f the response o f a MDOF
system. In this study, the input is considered to be a stationary random vector process
modulated by an envelope function proposed by Saragoni and Hart (1974). Although this
analytical form can model the response with non-stationary in both amplitude and
frequency content, it becomes difficult to implement such algorithm for real life
structures using series solution.
The conventional techniques can be used to account for amplitude nonstationarity; the techniques in dealing with frequency non-stationarity are far more
complex. For this purpose, wavelet based time-frequency analysis is a promising
alternative to account for both types o f non-stationarity. Basu and Gupta (1997, 1998)
have proposed input-output relations o f dynamical system under random excitations
using continuous wavelet transformation. A modified form o f Littlewood-Paley (L-P)
basis function, which is the real part o f the harmonic wavelet basis function [Newland
(1993)] was proposed to evaluate the second order moment statistics o f the response.
Tratskas and Spanos (2003) have recently proposed the discrete wavelet transformation
technique using harmonic wavelet basis function to study the response o f multi degree
freedom system under random support excitations. Spanos and Failla (2004) have
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proposed a generalized mathematical model for evolutionary random process. This work
provides a framework for generalized definition o f non-stationary random processes and
is valid for any wavelet basis function (orthogonal or non-orthogonal).

1.4.2 Structures with Large Spatial Extent

Earlier research work by Lin and Loceff (1980) showed that the assumption o f spatial
uniformity in ground motions for large structures leads to erroneous results. To overcome
this problem, DerKurieghan and Hofer (1992) and Loh and Ku (1995) proposed response
spectrum based techniques to take into account the effects o f spatial as well as temporal
variation o f the seismic ground motions. These studies mostly emphasized on the
correlation between the support motions and the different modes in stationary random
vibration framework. Berrah and Kausel (1992) proposed a correlation factor based
approach that depends on the structural properties and the wave propagation phenomenon
to study the effects o f spatial variation. Ail the above-mentioned studies were performed
to evaluate the effects o f spatially varying earthquake ground motions (SVEGM) on
extended structures. Previous researchers established the model o f SVEGM during their
studies on SMART-1 array data o f Taiwan. Harichandran and Wang (1988), and
Harichandran et al (1996) studied the response o f structures for which the seismic ground
motions could vary significantly over the spatial extent and proposed an exponential
model for coherence between the support motions.
Although the above-mentioned research studies mostly use stationary random
vibration theory, earthquake is known to be inherently non-stationary in both intensity
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and frequency content. The effect o f SVEGM on structures becomes more complex in the
light o f these phenomena and hence needs proper attention. To model the non-stationary
amplitude o f the ground motions, a uniform amplitude modulation using exponential
function or gamma function or piecewise linear functions were proposed by Der
Kiureghian and Crempien (1989). The parameters o f these amplitude-modulating
functions were evaluated based on the recorded time history o f Orion earthquake.

1.4.3 Primary-Secondary Systems

Besides structures with either large spatial extent, a fresh kind o f problem arises for
structures that house other small structures. These are known as primary-secondary (P-S)
systems. Several researchers have studied dynamic response analysis o f P-S systems in
the past [Singh (1975), Der Kiureghian et al (1983), Sackman et al (1983)]. Broadly,
these systems can be classified into two major groups - non-structural secondary systems
such as mechanical instruments and structural secondary systems such as piping
networks, which are firmly attached to the primary structure. It is a general practice to
evaluate the response o f the secondary system based on the response o f the primary
system at the locations where the secondary system is supported. This floor response
spectra based approach is widely popular among the engineers and different design codes
(4, 105) have specific guidelines based on this cascading approximation. Although this
approximation works better when the frequencies o f the primary and secondary systems
are well apart, it gives erroneous results during tuning between the primary and
secondary systems [Singh (1975)]. This tuning effect along with variations in mass
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imbalance between the primary-secondary systems often leads to significant dynamic
interaction between the responses of the primary and the secondary systems. Moreover,
the difference in material properties and damping characteristics o f the P-S systems give
rise to non-classical damping due to which decoupling o f the dynamic equilibrium
equation using modal matrix based on conventional eigen analysis is not possible. Under
this condition, the response can be evaluated by direct time integration or by modal
decoupling using complex modal matrix obtained from eigenanalysis considering
damping as proposed by Foss (1958). Besides complex eigenanalysis, some o f the earlier
studies by Der Kiureghian and Hoffer (1992) proposed a perturbation approach, where
the secondary stricture is treated as a system with small parameters and the response is
obtained using different modal combination rules.
A vast majority o f these research investigations deal with the response o f P-S
systems in a deterministic framework. But in reality, structures are subjected to random
inputs like earthquake induced ground motion or wind. Villaverde (1988) proposed a
modified form o f Rosenblueth’s modal combination rules for P-S systems subjected to
white noise. Sinha and Igusa (1995) have studied the response o f P-S systems subjected
to amplitude-modulated white noise. Although these studies consider the excitation to be
white noise or amplitude modulated stationary signal, an input like earthquake ground
motion is known to possess non-stationary intensity and frequency content. Conventional
non-stationary random vibration analysis based on short time Fourier transform (STFT),
whose resolution largely depends on the window width faces inherent difficulties due to
constant window width. Moreover, numerical instabilities like Gibbs phenomenon are
often observed in Fourier analysis, which renders
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implementation for spectral analysis o f complex structures such as P-S systems. Besides
numerical instability associated with Fourier based approach for spectral analysis,
simulation based approach has its own difficulties as it needs generation o f an ensemble
o f the input processes before their algorithmic implementation for direct time integration.
Exact simulation o f the time history records for random process like earthquake from a
single realization o f recorded time history is not only computationally exhaustive but also
challenging in absence o f detailed site information. An alternative to this problem is the
time-frequency based approach [Cohen (1989), Qian and Chen (1996)]. Due to the
difficulties

in

non-stationary

spectral

analysis

using

conventional

techniques,

contemporary techniques based on wavelet transform has gained momentum in the recent
past. Basu and Gupta (1997, 1998) have proposed wavelet based input-output relations of
linear systems. They have used continuous wavelet transform to obtain time varying
stochastic response o f the dynamical systems. Failla et al. (2003) used discrete wavelet
transform to study the non-stationary response o f multi-degree o f freedom non-linear
system.

1.5 Wavelet Transform

Since wavelet transform is used as a key mathematical tool in the system identification,
characterization of excitation processes and stochastic response analysis o f structural
dynamic system in this thesis, an overview o f the technique with some details is
presented. The wavelet transform has been used by researchers for several applications
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such as filtering, transient analysis, tim e-frequency analysis, non-stationary analysis,
discontinuity detection, data compression, and system identification and damage
detection among many others. The capability o f the w avelet for carrying out time
frequency analysis has been exploited in this thesis for the identification o f modal
param eters, characterization o f ground motions and non-stationary response o f dynamical
systems.
In w avelet analysis a signal x (/), a function o f tim e t, is expressed as a

com position o f several time localized shifted and scaled basis functions, y/

^t-b^

where

‘6 ’ and ‘(3 ’ are the shifting and scaling param eters respectively. The shift or translational
param eter centers the w avelet function so that inform ation can be obtained about the
signal around the location t = b . The dilation or scale param eter, 'a ’ can be varied to
com press or extend the basis function to control the range o f frequencies about which
information can be obtained in the vicinity o f the location

t - b , by wavelet

transformation. W avelet transform converts an initial data sequence representing a
chosen length o f input signal

into a new tw o-dim ensional sequence, w hich consists

o f the coefficients W^x{a,b) and is defined by [Chan (1995), Rao and Bopardikar
(1998)]

1
f t —h \
W x { a , b ) ^ - j = \x{t)i/ ------ dt
Vfl - i
\ a )
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The wavelet transform is an integral transform which convolutes the wavelet basis
function y/{t), called the mother wavelet with the function x{f) being analyzed to
generate the wavelet coefficients. The wavelet coefficients expressed in equation 1.1
provides temporal information o f the function x{t) at a scale o f ‘a ’ corresponding to the

frequencies at that scale given by the Fourier transformation o f

^t-b^

I.e.

4ay}{aco)e~'“''■, y/{o)) being the Fourier transform o f the mother basis y/(t). The
coefficient W^x{a,b), at a given scale o f ‘a ’, is a function o f a shift parameter "b\ which
reflects the concentration of the frequencies corresponding to the given scale, around the
time t = b . The admissibility criteria that is satisfied by the time function y/{t) to be a
mother wavelet is given by [Rao and Bopardikar (1998)]

C ,= J ! ! ^ a , < o o
-C O

I

(1.2)

I

where, iffico) is the Fourier transform o f the basis function y/{t). In the present thesis, the
following continuous basis functions have been used for wavelet analysis.

1.5.1 Harmonic W avelet Basis Function

Harmonic wavelet has the mother wavelet y/{t) whose spectrum is exactly like a box so
that its Fourier transform ^/ico) is defined as
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{J/{co) = —) =

=

\i2n<0)<An

0

(1.3)

elsewhere

Then by calculating the inverse Fourier transform y/{t), the corresponding complex
wavelet is

i2M

^

( 1-4)

with real and im aginary parts. The introduction o f a com plex function allows two real
wavelets to be represented by a single expression. The real part o f y/{t) represents an
even w avelet and the im aginary part represents an odd wavelet. The Fourier transform o f
the general baby wavelet, at level ‘j ’ (i.e. scaled by a = 2 ’ ), and translated by 'b \ is
defined as

=

0

elsewhere

On inverse Fourier transform , equation 1.5 gives
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( 1 .6 )

The harmonic wavelets have been found particularly suitable for vibration analysis
because their harmonic structure is similar to the naturally occurring vibration signals of
the structures and therefore they correlate well with experimental signals [Newland
(1993)].

1.5.2 Modified L-P Basis Function

An equivalent o f the Harmonic wavelet, when the basis function is real, is LittlewoodPaley wavelet. This wavelet basis function is defined by

(1.7)

A possible variation o f the wavelet is one, which retains the characteristic o f the basis
function (close to transient vibration signals, i.e. oscillatory and decaying) but could
reduce the frequency bandwidth o f the mother wavelet. Hence, the derived modified
wavelet is called the modified L-P wavelet and has been proposed and used by Basu and
Gupta (1997, 1998). The shifted and scaled version o f this is called the baby modified
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L-P wavelets. This wavelet basis has also been used by Basu (2003, 2004, 2005) for
damage detection in structures.
The modified L-P basis function is defined by

1

sin(2;rF,or)-sin(2;^F/)

^

W2^.(a-1)

^

^ ^

where a (is a scalar) > 1. In fi"equency domain the wavelet basis can be represented by

CO

-^471?, ( a - l )

In

otherwise

< (j F^

(1.9)

In the above equation, cr = 2 leads to conventional L-P basis function, which is the real
part o f the harmonic wavelet basis proposed by Newland (1993). F, is the initial cut-off
frequency o f the mother wavelet. By choosing appropriate values for the bandwidth, the
frequency content o f the mother wavelet can be adjusted. If for numerical computation
the scaling parameter is discretized as, Uj - a ’ (in an exponential scale), then the scaled
version o f the mother basis fijnction has mutually non-overlapping frequency bands and
are also orthogonal. This property can be conveniently utilized to detect natural
frequencies and modal properties for the dynamical systems as can be seen in the
following chapters in this thesis.
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1.5.3 M orlet Basis Function

Morlet wavelet basis function also has similar characteristics o f a vibrating signal (i.e.
exponentially decaying sinusoids), which is given by

il/{t) = e~‘

cos^At)

(1-10)

On taking Fourier transform, it can be shown that the frequency domain description of
the above basis function with central frequency at X is given by

(co+Xf ^

(co-Xf

+e

^

( 1. 11)

1.6 Organisation of Thesis

The work reported in this thesis is mainly focused on the identification o f the structural
parameters from the measured time history records and estimation o f their vibration
characteristics when subjected to evolutionary input. A generalized time-frequency
framework is proposed to model these non-stationary inputs with time varying frequency
content for obtaining the non-stationary output. The thesis has been segmented into eight
chapters following this chapter.

24

C hapter 1: Introduction

In Chapter 2, a methodology for identification o f modal parameters o f a
structural systems using wavelet analysis is proposed. The proposed technique differs
from the other works on using wavelet for this problem in the choice o f the basis
function. A modified form of Littlewood-Paley (L-P) basis function is used for the
identification of the parameters. This basis has the advantage being more closely
representing a vibrating signal. Further it is localized in frequency and hence can be used
to detect the frequency and the associated parameters better. The current work identifies
modal parameters such as natural frequencies and mode shapes o f a linear multi degree of
freedom (MDOF) system using the wavelet transform. Based on this wavelet-based
technique for parameter estimation an online identification o f variation o f stiffness in
structural systems has been presented. Further, an algorithm for detection o f variation in
modes shapes in time-varying linear multi-degree-of-freedom (MDOF) systems has been
developed. Several types of changes in stiffness such as a sudden jum p, a ramp change or
a sudden change with subsequent restoration o f stiffness have been considered as
illustrative examples in case o f single-degree-of-freedom (SDOF) and MDOF systems.
Chapter 3 presents a wavelet based identification procedure for obtaining the
fundamental frequency and the mode shape o f dynamical systems when the recorded time
history response is contaminated with measurement noise. For this purpose, a simply
supported bridge is considered, which is excited by a point-load moving with constant
velocity. A laboratory experiment is then performed using a reinforced concrete beam,
which is vibrated by an impulsive load at the middle. The fundamental mode and mode
shape is then estimated from the noise contaminated strain response time histories at key
locations.
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Chapter 4 presents wavelet-based identification o f localized normal modes o f a
non-linear system. Although conventional normal modes do not exist in non-linear
systems, a synchronous motion is known to exist for a class o f non-linear problems. This
‘’vibration in unison’ imposes a definite relation among the degrees o f freedom, when the
system vibrates close to their equilibrium points. A wavelet-based identification o f these
motion and the associated parameters have been discussed in this chapter.
In Chapter 5, the input excitation such as an earthquake process has been
stochastically characterized to represent the non-stationary amplitude and frequency
content in order to use it to analyze the response o f the identified structural dynamic
systems. A frequency dependent amplitude modulating function is proposed for the
characterization of seismic ground motions. Using this proposed characterization, a
generalized evolutionary model for earthquake ground motion is developed in the present
study. The earthquake ground motion process is modeled as a summation o f amplitude
modulated stochastic orthogonal processes in different frequency bands. A non-linear
least square technique is adopted to minimize the error between the temporal energy
growth o f the recorded time history and that obtained from the proposed model in each
frequency bands. This gives the amplitude modulating function in different frequency
bands for the purpose o f minimizing the error in temporal energy, wavelet based timefrequency analysis is used to evaluate the time varying energy content in different
frequency bands. Finally, the proposed wavelet-based model for single component
earthquake ground motion is extended to model the spatially varying earthquake ground
motions (SVEGM).
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Following the wavelet-based model for identification o f structural parameters of
dynamical systems and modeling of non-stationary input, Chapter 6 discusses waveletbased non-stationary response analysis o f boundary value problems. For this purpose, a
short span bridge is first considered; whose governing equation o f motion possesses nonhomogenous boundary conditions. The supports motions for these kinds o f structures do
not suffer spatial variations. The proposed formulation uses the continuous parameter
wavelet based random vibration theory coupled with Mindlin-Goodman transformation
(1950), to estimate the evolutionary power spectral density function o f the response o f the
bridge in closed form. For this purpose, modified L-P basis function has been used to
evaluate the stochastic response of the system. The basis function used in the present
study being completely localized in frequency, simplifies the numerical work
considerably. The proposed mathematical formulation can evaluate time varying
stochastic response with amplitude as well as frequency non-stationarity and is validated
through statistical simulation.
Chapter 7 presents a wavelet-based formulation o f the input-output relation of
the spatially extended structures in finite element framework. For this purpose, a bridge
has been modelled as a simply supported beam with multiple spans in the finite element
framework to obtain the dynamic properties. The non-stationary spatially varying support
motions are characterized following the proposed generalized wavelet-based approach.
An exponential coherence function is used to model the spatial variation o f the ground
motion. A wavelet based non-stationary response analysis o f a discrete primarysecondary systems is also proposed in this chapter, where the secondary piping network
is housed inside the secondary structure. The stiffness and damping characteristics o f the
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two sub-systems vary considerably and hence give rise to a system with non-classical
damping. The primary structure is subjected to random support motion with nonstationarity in both amplitude and frequency content. Continuous wavelet transform is
used to provide input-output relation between the base motion and the response of the
secondary system. Numerical examples based on statistical simulation are used to
illustrate the efficiency and accuracy o f the proposed wavelet-based model.
In the final chapter, a summary o f the work has been presented based on the
analytical and experimental results presented in the previous chapters. The overall
objectives of the proposed work and their advantages and disadvantages have been
discussed in this chapter. Finally, a few suggestions have been proposed for the further
research.
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Chapter 2: Identification of Modal Parameters of
MDOF Systems
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2.1 Introduction

In this chapter, a methodology is proposed for identification o f the modal frequencies and
mode shapes o f a time invariant structure using a modified version o f the LittlewoodPaley (L-P) wavelet for time-frequency analysis. Besides being close to the vibrating
signals, this wavelet basis function can be used to develop a sub-band coding leading to
the wavelet packets for better accuracy as desired. The basis is also localized in
frequency and hence does not suffer from the problem o f band overlapping. The
technique is presented for extracting the modal parameters o f a linear multi degree o f
freedom (MDOF) system by decomposition o f the original signal into frequency bands
via wavelet transform, and time dependent analysis o f each band using the basic
properties o f eigen-values o f vibration modes. Two example cases o f three degrees o f
freedom (3D 0F) and five degrees o f freedom (5D 0F) linear viscously damped systems
have been considered here. The vibration data are generated by simulating the response
o f the damped MDOF systems under free vibration conditions. The response signals are
used to identify the modal parameters.
Following this identification procedure, a wavelet based on-line identification of
stiffness o f structural system has been proposed for time varying systems. A modified
L-P wavelet basis with wavelet packets has been used in the proposed algorithm.
Formulations for a single degree o f freedom (SDOF) system and MDOF system have
been presented. Illustrations have been used to show the efficiency o f the proposed
tracking algorithm.
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2.2 Wavelet Based Algorithm for System Identification

The wavelet transform has been used by researchers for several applications such as
filtering,

transient

analysis,

time-frequency

analysis,

non-stationary

analysis,

discontinuity detection, data compression, system identification and damage detection
among many others. The capability o f the wavelet for carrying out time frequency
analysis has been exploited in this chapter for the identification o f modal parameters of
both time invariant as well as time varying dynamical systems.

2.2.1 Time Invariant Systems: Off-line Identification Strategies

A methodology to extract the natural frequencies, mode shapes and modal damping from
the ambient free vibration response o f a linear MDOF system is presented here. The
responses X{t) o f a «-DOF classically damped linear system under free vibration
condition is governed by the differential equation

[A/]{jr)+[c]{i-)+[;:]{x)=o

(2,i)

where, [m ], [c] and [/T] are the mass, damping and stiffness matrices with the over-dot
representing the differentiation with respect to time. To decouple equation 2.1 into nSDOF equations, the following transformation is used
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)^(()) = [®l|!/(/)}

(2.2)

where, O is the modal matrix or the matrix o f the mode shapes and U{t) is the vector of
modal responses. Assuming damping matrix to be proportional to the mass and stiffness
matrices, the

modal response can be obtained from the decoupled modal equations

w*+ 2

In equation 2.3,

k = \,2,...,n.

= 0;

are the

(2.3)

damping ratio and natural frequency respectively.

The m‘'' degree-of-freedom or state o f response can be represented by a linear
combination o f mode shapes and modal responses as

m = \,2,...,n.

(2.4)

+

(2.5)

k =\

The solution o f equation 2.3 is given by

=

where, C,^
(o) and

and

cos(^y^/)

sin(6>^/)]

are arbitrary constants tobe obtained from the initial conditions [i.e.

(o) ] and

-^1 - p i . Equation 2.5 can be written as
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( 2 .6 )

= a,{t)cos[(o,t^9,)

where
and

{t) is a slow ly varying function o f time for lightly dam ped system i.e. p ^ « 1 .0
is the phase angle. The response m^(?) can be reasonably considered to be a

narrow banded signal w ith frequencies around

.

The w avelet transform o f the response x^{t) at m"' degree-of-freedom can be
expressed as (section 1.5)

1

^t - b ^

dt

(2.7)

V

where, both x^{t) and the w avelet basis function y/{t) are real. In the present chapter, the
modified form o f the L-P basis function (section 1.5.2) is used. The scaling param eter is
discretized in an exponential scale ' aj ' and the discretization is perform ed as Uj =or^,
where cr is a scalar and the param eter ‘6 ’ is discretized in linear scale. On wavelet
transform ing both sides o f equation 2.4 gives

w=l,2,...,«.
k= \
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The norm alized energy E ■

) for the response

, in the frequency band corresponding

to a scahng factor a . = cr^ w ith the index ‘j \ can be represented by a proportional
quantity as

Ej

Let the natural frequencies co„ ,co„
dilation param eter indices,

(2.9)

( aj , b )d b ;

a.

be contained in the bands with scale or
th

■■■,]„ respectively. Smce, response o f the k mode u k

is narrow banded with frequencies around

(where

e

n an
a J,k

a ,J k

, for lightly

damped system) and i//[a -co) has frequencies in t h e b a n d w ithin the interval

7T an
aj

a.

t-b

On using equation 2.8 and 2.10, one gets

' / j ^ j k , k = \,2,...,n
-

i f j = j „ k = \,2,...,n
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Thus, equations 2.9 and 2.11 lead to

j = Jk, k = \ , 2 ,- , n
as 0

otherwise

(2.12)

To detect the bands o f frequencies in which the natural frequencies lie, the energy
corresponding to each band is calculated for a particular state o f response using equation
2.9. The bands, which do not contain the natural frequencies, lead to insignificant energy
contribution. Hence, the first n bands with significant energy content are the bands where
the natural frequencies are located. These bands are in increasing order corresponding to
the first

’ natural frequencies i.e. the lowest frequency band has the first natural

frequency and so on.
However, the chosen bands may lead to bands with relatively broad interval in
which the natural frequencies lie. To refine the estimates into finer intervals, so that
natural frequencies could be determ ined to a better precision, w avelet packets are used.
This is an extension o f wavelet transform to provide level-by-level time-frequency
description and is easily adaptable for the m odified L-P basis. The w avelet packet enables
extraction o f inform ation from signals with an arbitrary tim e-frequency resolution
satisfying the product constraint in the tim e-frequency window. In this technique, to
refine the estimation o f the h}'' natural frequency, co„ , located in the j f band, i.e. with

frequency band

n an
a h.

f lJ .k

, further re-division is carried out. I f it is required to further

subdivide the band in ‘M ’ parts, then again an exponential scale is used to divide the band
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so that the corresponding time domain function forms a wavelet basis function. In this
approach [also sometimes, termed as sub-band coding, (Chan 1995)], for the y f band,
the mother basis for the packet, y/^ (^) is formed with the frequency domain description

ij/'{co )=

.

j

^

io x K < \ c o \ < S ti

^27r{5-\)

=

0

elsewhere

(2.13)

= a [with S (a scalar) > 1]. The corresponding time domain description is

where
given by

The frequency band for the

1

s in (^ « )-s in (« )

7ryl{S -\)

t

sub-band within the original j f band is the interval

. The basis function for this is denoted by

j(?). The wavelet
Jk '

x^{cij^,b). Using the wavelet coefficients

coefficient in this sub-band is denoted by

in these sub-bands and then applying similar expression as in equation 2.12, to estimate
the relative energies in the sub-bands, the natural frequencies can be obtained more
precisely.
Once the natural frequencies are obtained and the corresponding bands are
identified, the sub-band containing the A:'* natural frequency with scale parameter
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the sub-band parameter

are considered to obtain the k'^ mode shape. From equation

2.8, we get

m = l,2 ,...,n

(2.15)

/t=i

Now, considering the responses o f two states or degrees-of-freedom in a MDOF system,
(with one arbitrarily chosen as m = l, without loss o f generality), the ratio o f wavelet
coefficients o f the two considered degrees o f freedom at an instant o f time t = b ,
corresponding to band

with sub-band,/?, (using equation 2.11 and 2.15) yields,

Thus it is seen that the computed ratio o f the wavelet coefficients are invariant with ‘6’.
Hence, computing these ratios for different states corresponding to different values o f ‘m ’
and assuming

= 1 (without loss of generality), the mode shape for the

mode (in

band with further sub-band division) can be obtained as

k != tn i‘ h

=

(2.17)

Thus, mode shape for any other mode can be obtained in a similar manner for k =
1.2,...,n.

37

Chapter 2: Identification o f M odal Parameters o f M DOF Systems

To estimate the modal damping o f a MDOF system, let us consider equation 2.6,
which gives the k “' modal response. This response «*(/) is narrow banded around
and is modulated by a slowly varying time function, « * (/)= A,^e

where,

,
is a

constant. Thus, if this expression is used to evaluate the wavelet coefficient in equation
2.8, then the term ai^{t) can be approximated by a^{b)= A^e

i.e.

at t=b, and considered as a constant over the integral. This is because, y/

evaluated
^t-b^

is more

oscillatory and faster decaying as compared to a^(?) and is localized around t=b.

y/

Further, since both cos(o)^ ^

f t-b^
y a J

arenarrow banded around co^ ,

evaluation o f the integral for the wavelet coefficient for the original band,

and the

sub-band, p containing the k"' natural frequency leads to

(2-I8)

where, K

is a factor depending on the p ”' sub-band containing the

natural

frequency. On evaluating equation 2.18 at ‘b ’ and (b + 27tJ co^^ ) and taking logarithm of
the ratio o f these expressions, the modal damping is obtained as

1

,

r
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2.2.2 Time Varying Systems: On-line Identification Strategies

Although, off-line procedures suffice from the point o f view o f structural health
monitoring or FE model updating, on-line identification tools are pream ble for
im plem entation o f vibration control algorithms.

Case I: On-line Identification o f SDOF System

The on-line identification problem for a linear SDOF system is first considered. The
natural frequency o f the system is tracked. Let us consider a linear SDOF system with
time varying stiffness. The equation o f motion o f this system m ay be represented as

x^2rio}„{t)x + col{t)x = f { t )

(2.20)

where, &>„(?) is the time varying natural frequency, rj is the dam ping ratio, x{t) is the
displacem ent response due to the excitation f { t ) . These param eters, Q)„{t) is a time
varying function w ith discontinuities at finite num ber o f points. H ence, the domain in
time can be segm ented in several intervals w ith the time indices
that the natural frequency a>„ {t) within the interval
Equation 2.20, thus becom es
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x + 27jco„{t)x + Q)l{t)x = f{ t)-te[ti_ ^,ti] i = \,2,3,...,n

(2.21)

^t-b^

On multiplying both side o f equation 2.20 by x^f ------ , integrating over b - s to 6 + f ,

I a ^

where b e

+ s] and if

(f) is a relatively slowly varying function o f time as

compared to the fast decaying function ij/

^t-b^

b+e

^t-b^

centred around ' t = b \ we have

^t-b^

j x{t)i// -— - dt + 2r]co^^ {b) j x i t ^ -— - dt +

(b) | x(t}// -— b -e
V “ y

b -e

~ \ /O V
A -

t-b
a
(2.22)

In equation 2.22, it has been assumed that <z)„ (i) is slowly varying and hence can be
taken out o f the integral as approximately a constant, evaluated around ‘ t = b \ where the

fast decaying function y/

\ a )

is centred. Since, \f/

't-b
\ aJ J

is a decaying function

centred around 't = b', it has the advantage that the integral in equation 2.22 may be
performed over a finite interval \ b - e , b + e\ around ' t = b' without much loss o f
information and hence the integral in equation 2.22 may be performed approximately.
f
The choice o f e would depend on the decay o f y/

t-b

V

\
or the related central frequency
y

band corresponding to the scale a j . On further using the approximation as discussed in
equation 2.22 and on integrating by parts [see Basu and Gupta (2000), Spanos (2004)]
leads to
40
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W ^x(aj,b )+

{ b ) ^ W^x(a.,b)+co^^ {b)W^x[aj,b) = f V ^ f ( a . , b )

(2.23)

For a particular, band w ith a corresponding scale o f a ^ , the partial differential equation
2.23 converts to an ordinary differential equation as

X

+ 27^y„ (b)fv;^X +

(b)fV^^x =

f

(2.24)

where, the prime denotes differentiation with respect to b and

for brevity

represents lV^{.){aj,b). In the present study, the m odified L-P basis function [Basu and
Gupta (1997, 1998)] is used for tim e-frequency analysis, w hich has a band-limited
support in frequency domain. Thus iJ/[ajCo) is supported over \ctF^ I a j , F J a j \ as
described in section 1.5.2. Hence, using equation 2.7 for m = \ , it follows that the
frequency content o f the signal fV^ x , a function o f b, will be also supported over
[<tF, / a . , F , / a . l .

Thus,

x

is

narrow

banded

w ith

the

central

frequency

+ l) F

(t>Q - --------------, which is the central frequency o f t h e b a n d and can be represented as
2
a.

(2-25)
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In equation 2.25, A.(b) is the ampHtude or the modulus o f the wavelet coefficient
function o f x{t),

x{b), and is given by

'lj(b)=\w^x{bj^

(2.26)

and (pj is the phase. On substituting, equation 2.25 in equation 2.24 leads to

>*',/(*)

(2-27)

where.

[< (6 )-tyoJ+ /[277^ y„

On squaring both sides o f equation 2.24, and integrating over b - s to 6 + f , to get the
local energy content o f x{t) i n b a n d around b, denoted by E.x{b), gives

b+ s

'V

«

1

j b -£

b+£

1

“ y
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if f { t ) is assumed to be a white noise, the local energy content o f f { t ) in any band
f{b"^ could be assumed to be almost over

would be almost equal and hence the term

the range o f the integral in equation 2.29. Thus, it follows that

H, {b)

E.x{b)^— ]\w ^x{bl(db^—
^

;

u

^

^

'' j b -e

:

u_r.

^

^ j b -e

(2.30)

:

if (»„ {b) is assumed to be invariant over the window [b - s,b + s}. It can be noticed that
the expression is minimum when co^ ib) is closed to
b+e

0)^^

{b). Alternatively, it may be

2

stated that Ejx{b)cc J

x(^))j d b l u j is maximum when co„. (b )e [ctF, / aj, Fj/aj J for

b -£

a lightly damped system
Hence,

the

energies

(7 «
in

l), which indicates that ty„ ip) is contained in t h e b a n d .
the

E -_^x{b)< Ejx{b)> Ej^^xib) if

different

bands

would

satisfy

the

inequality

(/j)e [ctF, I a j,F^ I a j\ . Thus it may be concluded that

provided the bands are narrow, then ty,, (b) ^ c o A b ) , \ i

Ejx{b) = max|£'^;c(Z?)};

= 1,...,

where, max{ } denotes the maximum over the set and
If the estimation o f

0)„

(2.31)

is the number o f bands.

{b) is desired with a still further precision then the

technique o f wavelet packet can be used. This is an extension o f the wavelet transform to
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provide further level-by-level time-frequency description and can be easily applied for LP basis. The estimation of the time varying parameter

(6)e [cxP, I a j,F^ / aj \ is refined

by further re-dividing the band. The frequency band for the
original

band is in the interval

denoted by

T Sp

sub-band within the

F J a j , 5 ’’F J a j \ . The wavelet coefficient is

x\a .,b). Using these wavelet coefficients, estimating the relative energy
'

./

'

in the sub-bands and using equation 2.31, the parameter co„ {b) can be obtained more
precisely.

Case II: On-line Identification o f MDOF System

Let us consider a linear MDOF system with m degrees of freedom represented by

\m I x \+ [c(<)]{i-)+[^:(<)]{a-) = (/;)/(<)

(2,32)

where, [m ], [c(/)] and [AT(;)] are the mass, time varying damping and time varying
stiffness matrices respectively; {r ] is the influence vector for forces at different degrees
of freedom and / ( ; ) is a forcing function. The displacement response vector is denoted
by

If the elements K y { t \ i , j = \,..,m in the stiffiiess matrix have discontinuities at

a finite number of points, then it is possible to divide the time in several segments with
indices arranged as t^ < ?, <tj <...<?„ such that all K y { t \ i , j = \,..,m are continuous
function in

Further, it is assumed that the variations of all Ky{t) are slower than
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the fundamental (lowest) frequency o f the system (corresponding to the longest period).
It subsequently follows that assuming a variation o f
amplitude
interval

^nd slowly varying frequency

with slow ly varying

(/) at the

mode, in the time

the displacement vector and its derivatives can be represented by

{A'(«)}=W<)}*

(2.33a)
(2-33b)

{

.

¥

{

(

)

)

*

(2-33C)

On substitution o f equations 2.33a to 2.33c in the homogenous free vibration equation
corresponding to equation 2.32, leads to the time-varying eigen value problem with eigen
values a>l{t) andeigenvectors |^(/)}* ;A: = l,2 ,..,m .

If the system in equation 2.32 is

assumed to beproportionally damped, then substituting

{^(^)} in termso f modal

responses, z^(?), using

=

(2-34)

In equation 2.32 and pre-multiplying both side by

[^(^)],^ = [{^(()},' {(^(0 }^. . { ^ (0 } ; J> leads

to the following m modal uncoupled time varying equations

( 0 + 2 7 * 0},^ {t)z, (?) + col

(0 = A (0 ; ^ = 12,.., m \ t &
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is the modal damping ratio, co] is the natural frequency in the

In equation 2.35,
mode in the interval

and /^(?) is the modal force given by

/.(') = “,/(')

(2-36)

where, aj is a scalar defined by

On considering the r''' degree o f freedom with the displacement response state denoted by
X^{t) and wavelet transform ing equation 2.34 yields

^y,^r(aj,b)=^W
k= \

¥

U ';^{t)z,{t% ij,b )\r =

(2.38)

Since the functions, <pl {t) are slowly varying compared to z^(f), hence in evaluating the
integral for w avelet transform ation in equation 2.38, ^ * (0

K ( b ) . as m

(t-b\
\

J

approxim ated by

ip) can be taken out o f the integral. This

is localized and hence

J

leads to
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r = l,2,..,m

(2.39)

k=\

Following similar steps as for the SDOF system in the previous, it can be concluded that
for each of the modal equation given by equation 2.39

1

2

E iZ,(by—

ib

^ j

parameter CL>i^{b) is invariant over \b - £,b + e \.

where, the
assumed

(2.40)

b-E

If the forcing function is

to bedescribed by a white noise aswas assumed in the case o f SDOF system,

then by calculating the relative energies in different bands and comparing, it might be
inferred that

1

2

db = m^x{ E^ Zj {b%\ f j = \,...,N
^J

k

(2.41)

b-e

where, N is the number o f energy bands. It implies that

(d) corresponding to the

mode is in the y f band i.e. cOi^ (^) e [f, / aj^ , crF^ / aj^ J and can be approximated as

<7 + 1 7T

CO

a.Jk
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for a lightly dam ped system (with t],^ «

Jk

1), where coq

band. Let the param eters co^ {b),co2 ,

is the central frequency o f the

(b) be contained in the bands with scale
respectively. Since, the response in the I^''

param eters identified by indices

mode, i.e. j f band is narrow banded with frequency around [f, I a

I a.^

J, it follows

that the bands not containing the natural frequency leads to insignificant energy i.e.

E . z , (b ) « Ej^ z , (b) ; y k = 1,2,.., m ; j ^ j ,

(2.43)

It follows from equations 2.41 and 2.43,

[aj,b]^

= 1,2,...,m

(2.44)

which leads to the approxim ation

(2.45)

On using equation 2.45 in equation 2.39 gives

K ^ r ( ^ j ^ b ) = (/>l;^{b)W^z,(aj,b) if

«0
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leading to

EjX,{b)cc— j

{b)J\ w^(aj ^ ,b ^ d b ify ^

; k = 1, 2 , . . . , m

(2.47)

b-e

Thus,

the 'm' bands with the ‘w ’ natural frequency parameters C0 i^ (b \k

correspond to m local maxima in the variation o f EjX^ip) [or its proportional quantity
b->re

(l/a J I

^

db] with different values o f the band parameter 7 ’- It can be

b -E

represented by the inequalities

Ej^^xXb) < E .xXh)> E j^^xXb)\^i = )y-,k = 1,2,..., w

(2.48)

if the modes are not too closely spaced. Once these bands are detected, the parameters
(i) can be obtained as

2

= 1^2,..., N

(2.49)

aj^

over the interval \ b - s , b + s \. The sub-band coding with wavelet packets could be
applied if the parameters CO/^ {b) are desired to be obtained with better precision as has
been discussed in the section for the SDOF system.
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Once the bands corresponding to the ‘m ’ m odes w ith the param eters C0 i^ {b) are
obtained, the time varying mode shapes {^(;)}- could be found by considering the
wavelet coefficients o f

with the scale param eters,

and sub-band param eter p.

These wavelet coefficients can be written as

(2.50)

Now, considering two different states o f response o f the M DO F system with one
considered as r = 1 (without the loss o f generality), the ratio o f w avelet coefficients o f
the considered states at the time instant ? = 6(equation (2.47) or (2.51)), gives the r*
com ponent o f the time varying

m ode as

(,„
5

=

Thus, com puting these ratios for different states w ith

r = \,2 ,...,m

and assuming

(j)!^ {b) = 1 (without loss o f generality), the tim e varying k!'' m ode shape is obtained as

{<z>*(6)}={;r/‘ (6)};r = l,2,...,m

50

(2.52)

Chapter 2: Identification o f M odal Parameters o f M DOF Systems

2.3 Numerical Results and Discussions

A series o f numerical example is presented in this section to illustrate the efficiency and
accuracy o f the proposed wavelet-based identification algorithm.

2.3.1 Case I: Off-line Estimation of Parameters of Time Invariant
Systems

A MDOF model is used to simulate the displacement response and to show the
application o f the proposed identification methodology. The MDOF system, as shown in
figure 2.1, is considered. The displacement o f the i"' mass relative to the support is
denoted by x,.(/). At first, simulation is carried out for a 3 D 0F system (n=3). The masses
are mi = SOOunit, m 2 = 200unit and m3 = 200unit and the spring stiffnesses are k/ =
36000unit, k2 = 24000unit and ks = 36000unit respectively. The damping ratio is
assumed to be 5% for all modes. The system is subjected to initial displacement o f
X, (0 ) = Xj (0 ) = X3(0 ) = 1 for the three degrees o f freedom. Using these, the ambient
vibration response is simulated.
Modified L-P wavelet is used to decompose the signals into different frequency
levels. Initially the response energy is calculated for each degree o f freedom in frequency
bands with cr = 2 '^'* to broadly identify the bands that contain the natural frequencies.
These bands are further divided into sub-bands using wavelet packets. Figures 2.2(a),
2.3(a) and 2.4(a) represent the ratio o f wavelet coefficients o f displacements Xjit) and
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Xj{t) with respect to the wavelet coefficients o f displacement x,(/) over time for the
three frequency sub-bands containing the three natural frequencies respectively. Since the
response for different degrees o f freedom attain same phase during modal vibration, these
ratios are practically constant over time. The natural frequencies are estimated as the
central frequency o f the corresponding sub-bands and the corresponding mode shapes are
obtained by averaging the ratios shown in figures 2.2(a), 2.3(a) and 2.4(a) using sub-band
coding as discussed in section 2.2.1. The results are summarized in table 2.1. Figures
2.2(b), 2.3(b) and 2.4(b) show the plot of the mode shapes estimated using the proposed
method and compared with the actual for the first three modes respectively. From figures
2.2(b), 2.3(b) and 2.4(b) and table 2.1, it can be noticed that the first modal frequency

m.

mi

Figure 2.1: MDOF linear time invariant model

52

Chapter 2: Identification o f M odal Parameters o f M DOF Systems

(a)

(b)
Figure 2.2: (a) Ratio o f modal responses at 1*' natural frequency, (b) actual and estimated
mode shape o f the 3D 0F system (‘__’ actual, ‘o ’ estimated)
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Figure 2.3; (a) Ratio o f modal responses at 2"'^ natural frequency, (b) actual and estimated
2"‘^mode shape of the 3D 0F system (‘__’ actual, ‘o ’ estimated)

54

Chapter 2: Identification o f M odal Parameters o f M DOF Systems

0
•1
■2
'i

IN

^

-e -

-4
•5
0

CO r o
-e -

1

2

3

4

5

6

7

3

9

10

2

(a)

(b)
Figure 2.4: (a) Ratio o f modal responses at 3'^^’ natural frequency, (b) actual and estimated
mode shape o f the 3D 0F system (‘__’ actual, ‘o’ estimated)
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Natural
Mode

Normalized Mode Shape

Frecuency
(rad/s)

Damping ratio (%)
Xi

Actual Estimated

^2

^2

^3

X3

Actual

Estimated

Actual

Estimated

Actual Estimated

1

5.39

5.40

1.00

2.13

2.10

2.54

2.51

0.05

0.04

2

13.99

13.40

1.00

0.06

0.36

-0.63

-0.83

0.05

0.02

3

21.34

20.60

1.00

-3.19

-1.32

2.07

1.14

0.05

0.01

Table 2.1: Actual and estimated modal parameters o f 3D0F system using modified L-P
wavelet
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along with other m odal parameters are estimated satisfactorily, w hich proves the
effectiveness o f the proposed method. It can also be observed that although the frequency
ratios o f wavelet coefficien ts for higher m odes are constant over tim e, the accuracy in
estimation reduces for the higher modes. This is due to the fact that the energy content in
bands containing the higher modal frequencies reduces with increase in m ode number.
To investigate the accuracy o f the estimation for higher m odes in further detail, a
5 D 0 F m odel with two additional m asses and springs {m^ = 250 kg and ms = 350 kg; /c4 =
20000N /m m and /cs = 15000N /m m ) are considered w hile the m odal dam ping ratio is kept
as 5% for all m odes. The displacement response relative to the base is simulated using
initial conditions ^ 4 ( 0 ) = .^5 (0 ) = 1 along with those used in the 3 D 0 F system . The first
three m odes are estimated in a similar w ay as in case o f the 3 D 0 F system and the results
are summarized in tables 2.2(a, b). Figures 2.5(a, b) - 2.7(a, b) show the corresponding
modal wavelet coefficient ratios and estimated m ode shapes for the first three modes.
From these results, it can be observed that the modal frequencies and m ode shapes can be
estimated with high level o f accuracy for the first two m odes as opposed to just only the
first modal parameters being estimated with high level o f accuracy for the 3 D 0 F system.
For the 5 D 0 F system the estimation accuracies start deteriorating from the third mode
onward and are poorer for the last two m odes. The results are consistent with the results
from the 3 D 0 F system . This indicates that more number o f m odes and their modal
properties can be identified with greater accuracy for system s with relatively greater
number o f degrees o f freedom. A lso, modal damping ratios can be estimated with
reasonable accuracy with the level o f accuracy deteriorating with higher modes. The
higher modal damping ratios tend to be underestimated.
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Figure 2.5: (a) Ratio o f modal responses at 1*^ natural frequency, (b) actual and estimated
1®' mode shape of the 5D 0F system (‘__’ actual, ‘o ’ estimated)
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Figure 2.6; (a) Ratio o f modal responses at 2"‘*natural frequency, (b) actual and estimated

2"^ m ode shape o f the 5 D 0 F system ( ‘
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Figure 2.7: (a) Ratio o f modal responses at 3^**natural frequency, (b) actual and estimated
3'''’ mode shape o f the 5D 0F system (‘__ ’ actual, ‘o ’ estimated)
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Natural
Damping ratio (%)

Frequency

Mode

(rad/s)
Actual

Estimated

Actual

Estimated

1

2,84

2.88

0.05

0.04

2

7.69

7.69

0.05

0.03

3

12.35

12.59

0.05

0.02

(a)

Normalized Mode Shape
Mode
X2

X2

X3

>^3

X3

X3

X3

^3

Actual

Estimated

Actual

Estimated

Actual

Estimated

Actual

Estimated

2.40

2.37

3.22

3.18

4.45

4.39

5.48

5.39

1

1.00

2

1.00

1.76

1.73

3
4

1.00
1.00

0.59
- 0.56

0.89
- 0.61

5

1.00

-

3.72

-

1.69
0.18
- 0.84
-

2.25

1.66
0.59
- 0.76
-

3.43

1.81

0.56
1.30
0.73

-

-

-

0.78

-

1.49

1.58

0.69

-

1.02
0.74

0.51
- 0.15

0.63
- 0.36

0.42

0.07

0.50

-

(b)

Normalized Mode Shape
Mode
X2

X2

^3

X3

^3

X3

X3

->^3

Actual

Estimated

Actual

Estimated

Actual

Estimated

Actual

Estimated

1

1.00

2.40

2.39

3.22

3.20

4.45

4.41

2

1.00

1.76

1.76

1.69

1.67

0.56

0.64

3

1.00

4

1.00

-

0.59
0.56

-

0.79
0.59

5

1.00

-

3.72

-

2.83

-

0.18

-

0.38

-

0.84

-

0.77

3.43

2.43

-

1.30

-

-

0.78

1.14
0.76

0.73
-

5.48
-

0.57

1.49

5.46
-

0.51
-

0.15
0.07

1.47
0.59

-

0.26
0.41

(c)

Table 2.2: (a) Actual and estimated natural frequencies and damping ratios o f 5D 0F
system using m odified L-P wavelet w ith 5% damping ratios in all modes, b) Actual and
estimated mode shapes o f 5 D 0 F system using m odified L-P wavelet w ith 5% damping
ratios in all modes and (c) Actual and estimated mode shapes o f 5 D 0 F system using
m odified L-P wavelet w ith 2% damping ratios in all modes
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To investigate the efficiency o f w avelet based system identification technique proposed,
the 5 D 0 F system is further considered with 2% damping ratios in all m odes. The other
parameters o f the system and the initial conditions are kept unchanged. The first three
m ode shapes are estimated in a similar w ay as done earlier and the results are presented
in table 2.2c. It can be seen that the m ode shapes are estimated accurately for this system
even with lower level o f damping as compared to the earlier one. H ow ever, it has been
found that the accuracy o f prediction o f modal damping ratios falls for system with low
level o f damping. This is possibly because o f the fact that the response and hence the
wavelet coefficients decay at a very slow rate, posing estimation problem.

2.3.2 Case II: On-line Estimation of Parameters of Time Varying
Systems

For the purpose o f illustration o f the proposed algorithm for on-line identification o f time
varying SDOF (figure 2.8a) and M DOF (figure 2.8b) system s, a band lim ited white noise
excitation has been simulated. The ranges o f fi-equencies are kept w ide enough to cover
the frequencies o f the system to be identified. To maintain stationarity, the excitation has
been generated by considering a number o f cycles o f an arbitrary number o f discrete
frequencies over the range so that the temporal mean square value remains almost
invariant. The excitation has been digitally simulated at a time step o f Af = 0.01045.
Figures 2.9a and 2.9b show the fime history and the Fourier spectra o f the excitafion
process. For the frequency-tracking algorithm, a m oving w indow o f 400 tim e steps equal
to 4 .1 65 has been chosen. The instantaneous frequency is identified based on the
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Figure 2.8: (a) SDOF linear time varying model, (b) MDOF linear time varying model
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Figure 2.9: Excitation process (a) Time history, (b) Fourier Spectrum
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proposed formulation using w avelet analysis on the tim e histories o f the response states
and is updated at every tim e step. The identified frequency is assum ed to be the central
frequency o f the frequency band for a particular identified scale o f the L-P wavelet basis
function.
Figure 2.10 shows the tracked frequency o f a SDOF system w ith time-invariant
natural frequency, co^ = 9 rad I s and damping ratio,

7

= 5% . Since, a w indow o f 4.16^ is

used, the tracking starts after an initial period o f 4.1 6 5 . The value o f the initial frequency
o f the first band o f the m other wavelet, Fi is 8.25 rad/s and a value o f the scaling
constant, a = 1.2 is used. Six bands are used in all and sub-band coding for packets are
not used for this case. To investigate if a sudden or a sharp change in the natural
frequency can be tracked, an exam ple where the natural frequency o f the SDOF system
has been changed suddenly from 9rad/s to 13.25rad/s has been considered. Figure 2.11
shows how the natural frequency is tracked using the proposed method. As expected it
requires certain period o f lag tim e to follow the change until it converges to the changed
frequency. It can be noticed that the system param eters change at 5.73s. But the proposed
on-line wavelet based tracking algorithm requires inform ation over finite tim e window,
which in the present case is 4s. Thus the changed param eters are detected at

8s

second

with a tim e lag. To further observe the tracking ability o f the m ethod, a case where the
change in the frequency o f the SDOF system is not so sharp has been considered next.
The natural frequency o f the system is linearly changed in form o f a ram p from 9rad/s to
13.25rad/s over a period ranging over 5s to 10s. Thus, apart from two discontinuities o f
slopes at 5s and 10s respectively, the variation o f the frequency o f the system is
continuous with no discontinuity o f slope. The frequency in this case can be tracked

65

Chapter 2: Identification o f M odal Parameters o f M DO F Systems

closely as seen in figure 2.12. However, as six bands are used over the range o f variation
in frequency considered, the identification of the frequency occurs in five steps.

Figure 2.10: Online identification o f natural frequency o f a time invariant SDOF system
(‘__’ actual, ‘— ’ estimated)

Figure 2.11: Tracking o f sudden change in natural fi'equency o f a SDOF system (‘
actual, ‘-----’ estimated)
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Figure 2.12; Tracking o f change (ramp) in natural frequency o f a SD O F system ( ‘

’

actual, ‘— ’ estimated)

The tracking can be m ore continuous by increasing the number o f bands o f frequencies
considered for computation.
N ext, to illustrate the application o f the tracking m ethodology for M DOF system s
an example o f a 2 D 0 F system has been considered. The system considered is a shearbuilding m odel with two degrees o f freedom. The m asses are lumped at the two nodes
with the m asses at first and second floors as m^ = \ Q u n i t and /Wj = \ 5 u n i t respectively.
The floor stiffness for the first and second floor are A:, = 1 5 0 0 unit and

^ 3

= A 5 0 0 unit

respectively. These parameters lead to the first and second natural frequencies,
=9 .0 Ar ad I s
shapes are

and co^ =30.2>0rad I s respectively. The first and the second mode
1.37}

and

{ ^ ,2

^2 2 } “ {^

- 0 .4 9 }

respectively. For the

identification o f the 2 D 0 F system, the parameters F, and a are taken as S.l Sr ad / s and
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1.2 respectively. Figures 2.13a and 2.13b show the tracking o f the first natural frequency
and the ratio ^21

corresponding to the first m ode shape (assum ing

= 1 without

loss o f generality). Sim ilarly, figures 2.14a and 2.14b show the tracking o f the second
natural frequency and the ratio

! (f>n corresponding to the second m ode shape

(assuming ^,2 = 1 without loss o f generality). It can be observed that for the second mode
shape, there is som e fluctuation primarily in identifying the m ode shape parameters. It is
known that the identification problem becom es difficult for the last few m odes o f an
MDOF system . H ence, the second m ode cannot be identified so accurately as the first
mode for a 2 D 0 F system . To further observe i f the proposed m ethod can track a sudden
change in the system parameters o f the M DOF system and follow the recovery to the
original value(s), the natural frequencies and the m ode shapes are changed at 5.73s to
0 ) ^- W

{‘Pu

.SlradIs\

^22

co^ = 2 > 5 . \ \ r a d I s \

and

^2 \ \ ‘

1.58};

“ 0 .4 2 }. Subsequently the system parameters are restored to the original

value at 12.48s. Figure 2.15a and 2.15b show the tracked first natural frequency and the
ratio o f (j)^^

. A s observed earlier, there is a time lag in tracking the frequency and

m ode shape. The change in the frequency is tracked in (three) steps corresponding to the
bands o f frequencies considered. The second modal estimate is poor as w as observed in
case o f tim e invariant system s and is not unexpected as discussed in the previous sub
section.
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Figure 2.13: Online tracking o f parameters o f a 2 DOF (a) fundamental frequency and (b)
fundamental mode shape (‘__’ actual, ‘---- ’ estimated)
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2.4 Conclusions

In this chapter, a w avelet based m ethodology for identification o f the modal parameters
o f a linear M DOF system from ambient vibration records has been proposed. The key
feature o f this study is to present a technique for identifying the natural frequencies,
mode shapes and associated modal dam ping ratios o f a tim e invariant M DOF system
using the concept o f w avelet packets, w here the wavelet basis function used is a modified
form o f L-P function. An efficient wavelet based algorithm using m odified L-P basis has
been used in the identification methodology, w hich is com putationally sim ple as well.
The exam ple cases shown that the m ethodology can estimate the param eters accurately.
The proposed m ethod can be extended to identify system param eters under various kinds
o f excitations, particularly when the input is unknown.
The proposed wavelet based structural dynamic param eter identification method
has been extended for on-line identification o f param eters o f tim e varying systems. The
developed theory can identify on-line variation in natural frequency o f a SDOF system
and the natural frequencies and mode shapes o f a M DOF system arising out o f change in
stiffness (es). The m odified L-P wavelet basis function has been used and has the
advantage o f adapting for wavelet packets for desired accuracy in estimation. The
analytical results confirm the ability o f the technique to track in several cases o f stiffness
variation considered here. The proposed m ethod is simple and easy to im plem ent for on
line identification and vibration control o f sfiffiiess varying structural systems.
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Chapter 3: Estimation of Parameters of Structural
Systems with Randomness in Output Signals
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3.1 Introduction

Following the wavelet based estimation technique o f the structural parameters from the
measured response as described in Chapter 2, the present chapter investigates the
efficiency and accuracy o f the proposed algorithm in the light o f simulated and
experimented noise contaminated response of the three different structures subjected to
non-stationary input.
First o f all, a bridge modelled as a simply supported beam, which is excited due to
a moving load with constant velocity has been considered. The response is simulated
using a distributed parameter model o f the beam and a broad banded white noise is then
simulated and added to the bridge response as measurement noise. Using this simulated
noise contaminated displacements at specific locations; a wavelet-based algorithm is
proposed to estimate the fundamental natural frequency and the mode shape. The
proposed model for estimation o f structural parameters from the noise-contaminated data
is then validated using experimental observations on a simply supported reinforced
concrete beam, which is excited by an impulse at the middle. A MDOF system, which is
excited by a random support motion, is considered next. The support motion is simulated
as amplitude modulated stationary process to represent earthquake ground motion. A
broad banded white noise is then added with the simulated response o f the MDOF system
as measurement noise. The proposed wavelet based algorithm is then used to evaluate the
system parameters from the random response o f the structure. The accuracy o f the
proposed algorithm is discussed in the light o f noise-contaminated measurement, which
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proves it to be efficient to im plem ent as a simple but robust non-destructive tool to
monitor structural health.

3.2

Estimation

of

System

Parameters

from

Noise

Contaminated Response

A wavelet-based algorithm for param eter estimation from the noise-contaminated
measurem ent is discussed in the present section for a bridge-vehicle problem , with the
vehicle assumed to move with a constant velocity and a M DO F system subjected to
random support excitation, like earthquake loads in the following section.

3.2.1 Continuous System: Bridge-Vehicle Problem

-►v(t)

A
^

1

1

2
^

1

3

1

---------------

T/

Figure 3.1: Bridge-vehicle model
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A bridge is modeled as simply supported beam and the vehicle is represented by a load
‘P ’, which is assumed to move with a constant velocity o f ‘v’ as shown in figure 3.1. The
governing equation o f motion o f the bridge can be expressed as

E I ^ +m

^ + c ^ = P S { x - v t)
dt^
dt
^
'

(3.1)

where, y {x,t) is the displacement of the bridge at a point ‘x ’ at an instant o f time 7 ’. In
the above equation El, m, c and P represent the flexural rigidity, mass per unit length,
coefficient of damping and weight o f vehicle respectively. The boundary conditions
associated with the above differential equation are given by - j;(0,?) = 0 and
while the initial conditions are given by >^(x,0) = 0 and j>(x,0) = 0 respectively, where
prime and over dot denote derivative with respect to space and time respectively. The
solution o f equation 3.1 can be expressed as

y (x ,t) = '^(p ,{x)u ,{t)+ e{t)

where,

(3.2)

(x) is the mode shape function while u^ (t) is the generalized response in the

mode. In equation 3.2, sif) represents Gausian white noise with zero mean that
represents the measurement error. It can be shown that the mode shape o f a simply
supported beam is [Paz (1987)]
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<j>i^{x)=s\n

; A: = 1,2,3

Using the relation given in equation 3.2 into 3.3, the

oo

(3.3)

modal response can be obtained

from the modal equation

Uk + 2

where,

and

(/) are the

+ 0}],

= fk (0

modal damping ratio, the

(3-4)

modal frequency and

the k'^ modal load vector respectively. It can be shown that the natural frequency o f the
bridge is given by [Paz (1987)]

k = \,2,...n

(3.5)

Taking wavelet transform on both sides o f equations 3.2, yields

j^b)

(3.6)

The normalized energy Ej (y) for the response y , in the frequency band corresponding to
a scaling factor a ■ ~ cr ^with the index ‘y can be represented by
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\w X (a ,,b)lb + \ \ E \ w ^ s ( a , , b y b

a-

=

aj

I,{y)*J,{y)

(3.7)

It can be noticed i\\dL iE ^ ^ U i^ {aj,byv^ e{aj,b)\= Q , where £■[.] represents the expected
value. In general, the frequency content o f a response quantity can be sub-divided into
‘m ’ bands with the indices for each band denoted b y i | , 7 2 v . 7 „- Let the first natural
frequency

be contained in the r^ band i.e. with index j \ . Thus, the component o f the

]^‘ modal responseM ,, in the r^ band i.e.M, , is narrow banded with frequencies around
(with

^

/ a ■, a n I a ■ ), for Hghtly damped system s) leading to

1^7,

w h e r e ,/= 1,2,....m .

5 «

For

the

noise

~ 0 , i / y,.

part,

y;

fV^£{ay,b)» S ,

(3.8)

j =

[where,

W^u^{aJ^,l^]. U sing equation 3.7 and 3.8, it can be show n that the energy in

different frequency bands

i,=j,

(3 .9)

To detect the frequency band in which the fundamental frequency lies, the energy
corresponding to each band is calculated for a particular state o f response using equation
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3.7. The band that contains the maximum energy corresponds to the first natural
frequency.
Once the fundamental frequency is obtained and the corresponding band is
identified, the band containing the 1^' natural frequency with scale parameter

is

considered to obtain the 1^‘ mode shape. From equations 3.2, 3.8 and 3.9, it can be shown
that

(3.10)

In the present study, mode shape is estimated based on the response at a few key
locations. Since the mode shape is defined as the state when all the degrees o f freedom
attain same phase, the mode shape is represented as the ratio o f the responses at those
degrees o f freedom during modal vibration. To identify the mode shape, the response at
three key locations at x = L ! 6 , x - L 1 and x = L H from the left end o f the beam are
considered in the present study. The responses at these three key locations are denoted by
y^=y{L!6,t),

y 2 ~ y { L I 3 , t ) and >^3 = _v(Z / 2 ,/) respectively. The ratio o f wavelet

coefficients o f y^ and y j with respect to y^ in both cases at every instant o f time
corresponding to band

(using equations 3.6 and 3.8) yields.
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Since, S «

it fol l ows that the ratio o f the wavelet coefficients are constant

for every b and can be expressed as

(3.12)

Hence, computing these ratios corresponding to different values o f ‘p ’ and assuming
^3 = 1 (without loss o f generality), the mode shapes for the

mode (in

band) can be

obtained as

(3.13)

Using the above mathematical formulation, the estimation o f fundamental frequency and
the corresponding mode shape o f a simply supported bridge subjected to vehicular load is
possible.

3.2.2 Discrete System with Random Input

In the present sub-section, the accuracy and efficiency o f the proposed wavelet based
method for parameter estimation from the measured random response o f discrete systems
subjected to random input has been demonstrated.
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Problem Formulation

Figure 3.2: MDOF system with random input

Figure 3.2 shows an MDOF system subjected to a random support motion ofJc^(/). The
governing equation o f motion this «-DOF classically damped linear system is given by

[m ]{x }+ [c]{x)+[/:]{A-) = [m ][i ]{x ^ (/)}

(3.14)

where, [m ], [c ], [at] and {/} are the mass, damping, stiffness matrices and influence
vector respectively with the over-dot representing the differentiation with respect to time.
Equation 3.13 can be decoupled using the transformation given by

the expression in

equation 2.2,which transforms it into a set n first order differentialequation. Using this
transformation,

modal response can be expressed as

+0)1 u, = f ^ { t ) , k = \,2,...,n.
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\

!

In the above equation, p ^ ,

and fi^{t) are the damping ratio, natural frequency and

i

forcing function in the

mode respectively and m^(?) is the

m odal response. Using

the transformation betw een natural and modal coordinates, response in the m

th

degree-of-

freedom or state can be represented by a linear com bination o f m ode shapes and modal
responses as

w = l,2,...,«.

(3.16)

k= \

On taking wavelet transform o f both side o f equation 3.15, it can be shown that

m = \,2,...,n.

(3.17)

k=\

In the present study, a zero initial condition is assumed. U sing zero initial conditions, the
k‘^ modal response

(?) can be evaluated using D uham el’s integral, w hich is given by

b

0

In the above equation,

(b) is the impulse response function o f a linear single degree o f

freedom system Paz (1987). Therefore, the norm alized energy E j { x ^ ) for the response

82

Chapter 3: Estim ation o f P aram eters o f Structural System s with R andom ness in Output
Signals
in the

frequency band corresponding to the scahng factor a . =<r^, can be

represented by a proportional quantity as

W = l,2 ,...,« .

(3.19)

F ollow ing the mathematical formulation presented in section 2.2.1, it can be concluded
that the natural frequencies co„

,...,co^

dilation parameter indices,

are contained in the bands with scale or

respectively. Thus follow ing the same analogy, it

can be shown that estimation o f equation 3.18 in bands other than 7 , , y 2 v--, 7 „ leads to
insignificant energy contribution such that

if j = j , , k = \,2 ,- ,n
«0

otherwise

(3.20)

Thus the first n bands with significant energy content represent first ‘n ’ natural
frequencies o f the M DO F system. The natural frequencies are estimated as the mean
values o f the limits o f the corresponding bands. A further refinement o f the estimation
natural frequencies is possible by introducing the concept w avelet packet as discussed in
section 2.2.1. F ollow ing this approach, the y'f band is further sub-divided into p parts.
U sing this sub-division, equation can be recast in to the form
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m = l,2 ,...,n

(3.21)

k= \

The mode shape can be evaluated by taking the ratios o f the wavelet coefficients of the
two different degrees o f freedom at an instant o f time? = b , corresponding to band

7

^^

with sub-band, p, which is given by

The above wavelet-based algorithm can be re-modeled with random measurement noise
as discussed in section 3.2.1. Finally, without loss o f generality, it can be assumed that
(j)( = 1 and

mode shape (in

7

^ band with further sub-division) can be obtained as

k ! = ln ;;l;

m =i,2,...,n,

(3.23)

Thus, mode shape for any other mode can be obtained in a similar manner for k =
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3.3 Support Motion Model

In the present study, supports motion 'x^(t) is modelled as a vector o f non-stationary
Gaussian random process. In this approach, the non-stationary random process is
represented as

x^{t) = e{t)w^{t)

(3.24)

In the above equation, e{t) is a deterministic uniform am plitude m odulating function and
Wg(?) is a Gaussian random process with zero mean and a specified pow er spectral
density function

An exponential form o f the am plitude m odulation as proposed

by Shinuzok and Sato (1967) is considered in the present study, w hich is given by

e{t) = « ( e x p ( - / / y ^ ) - e x p ( - r / / ) )

(3.25)

S ^ {c o ) is modelled as Kanai-Tajimi spectra, which is the output pow er spectral density
o f a second order linear filter subjected to Gaussian white noise,

/

X

\

y
77
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In equation 3.25, rj^and co^ are the parameters o f the second order filter. To simulate
the time history of3Cg(?), first

w ^it) is simulated from the above

power spectrum, which

is given by the equation

cos(/l„/)+5„ sin(A„;)

(3.27)

n= \

In the above equation, A„ and

are zero mean independent Gaussian random variables

with standard deviation cr„ is given by

« = 1,2,3...7V

(3.28)

co„

In equation 3.27, N is the total number frequencies considered in the time history
simulation o f {t).

3.4 Numerical Results and Discussions

Using the noise contaminated response o f the structures obtained fi'om simulation; the
proposed wavelet based system identification technique is used to estimate the structural
parameters.
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3.4.1 Vehicle-Bridge Problem

A simply supported beam as shown in figure 3.1 is considered to demonstrate the use
o f the proposed algorithm to estimate the fundamental natural frequency and the
associated mode shape. The length o f the beam is taken to be 45m. The mass per unit
length, flexural rigidity and damping coefficient o f the bridge are assumed to be 4625
kg/m, 1.62E11 N-mm^ and 1850 N-s/mm respectively. Using these values in equation
3.5, the fundamental frequency o f the bridge is evaluated as 28.85 rad/s. A vehicle o f
weight lOkN is assumed to travel at a constant velocity o f 15 m/s over the bridge deck.
The displacement response is simulated at three key locations L/6, L/3 and L/2 from left
support respectively. Let these locations be marked as 1,2 and 3. The displacement
response time histories at these locations are simulated based on the first three modal
responses only. To simulate the response, a direct numerical integration scheme is
followed using Wilson-6 [Bathe (1997)] technique with 9=1.4 as shown in figure 3.3. A
white noise with the magnitude as l/io "’ o f the peak bridge displacement response is
simulated and added to the simulated time history response o f the bridge as measurement
noise.
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Figure 3,3: Simulated responses o f the beam at locations 1, 2 and 3 due to a vehicle
moving at a constant speed; (a) location 1, (b) location 2 and (c) location 3

Figure 3.4 and 3.5 show the power spectral density (PSD) obtained from fast Fourier
transformation (FFT) o f the simulated samples o f white noise and probability distribution
function (PDF) o f the ensemble at / = 5^ respectively. It can be noticed that both PSD and
PDF match closely with their respective targets. Figure 3.6 shows the time histories o f the
simulated measurement-noise and figure 3.7 shows the noise-contaminated responses at
locations 1, 2 and 3.
Using these simulated bridge data, the inverse problem is solved to estimate the first
natural frequency and the first mode shape o f the bridge. For this purpose, the modified
form o f L-P basis function is used to calculate the energy content o f the responses at
different frequency bands using equation 3.7. Values o f F\ and crare assumed to be 4 Hz
and 1.25. Figure 3.8 shows the plot of integral quantity in equation 3.7, which is
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Figure 3.5: Probability D istribution Function (PDF) o f the sim ulated sam ples o f the
stationary process the support m otion at / = 5^ ;
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Figure 3.6: Broad banded white noise time history
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Figure 3.7: Noise contaminated displacement response of the beam at locations 1, 2 and 3
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proportional to the energy content o f the displacement responses m easured at key
locations in different bands. It can be observed that energy content are m axim um in band
2 while these are insignificant in other bands as described in equation 3.9 and the
frequency limits corresponding to band 2 are 25.13-31.42 rad/s. The central frequency o f
this band (i.e. 28.27 rad/s) is estimated as the first natural frequency o f the bridge
structure. This band can be further sub-divided into smaller bands to achieve desired level
o f accuracy.
To estimate the first mode shape, the wavelet coefficients o f the response at key
locations in band 2 are considered. U sing equation 3.10, m ode shape is estimated by
taking the ratio o f w avelet coefficients o f the response at L/6 and L/3 with respect to the
wavelet coefficients o f the response at L/2 in both cases. Figure 3.9 shows these ratios
over time. The wavelet coefficients at L/2 are taken to be 1 w hile the ratios are taken at
the peak values o f the wavelet coefficients only to avoid num erical instability near zero
crossings. It can be observed that the ratios o f wavelet coefficients are alm ost constant
over time, which is expected as seen from equation 3.11. The little variation in the ratio
o f wavelet coefficients over time m ay be due to the numerical instability. The mode
shape is estimated by taking the mean o f these wavelet coefficient ratios over time, which
is shown in figure 3.10. W ithout loss o f generality, the value o f the m ode shape at L/2 is
taken to be 1. From these results, it is observed that using the w avelet based algorithm
presented here, the fundamental modal frequency and the corresponding m ode shape can
be estimated with a high level o f accuracy.
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Figure 3.8: Energy in different frequency bands;
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Figure 3.9: Ratios o f wavelet coefficients o f the responses in the band 2;
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Figure 3.10: Fundamental mode shape of the bridge; - actual, * estimated

3.4.2 MDOF System with Random Input

The 5D0F system considered in this section has the same structural parameters as the
system that has been considered in Chapter 2. An ensemble of 100 support motions is
simulated following the model given in section 3.3.2. For this purpose, rj^ and

are

considered to as 40% and 20rad/s respectively and the envelope function parameters
a rea = 4.0, fi = 6.22 andy = 3.11 respectively. Based on equation 3.27, time histories
for w^{t) are simulated w i t h / / = 2’°. Figure 3.11 shows the original Kanai-Tajimi
spectra and that obtained from simulated samples using FFT. It can be observed that
simulated time history record for >Vg(/) closely matches with the target PSD.
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Figure 3.11: Kanai-Tajimi P S D ;
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Since a Gaussian model is assumed to simulate the stationary process; a statistical data
analysis

is perfomied randomly across the ensemble. Figure 3.12 shows the probability

distribution function (PDF) o f the random noise based on the simulated time history
record at t = 5 s . h close match has been observed between the theoretical PDF and the
simulated PDF. Figure 3.13 shows the uniform amplitude modulation used to generate
non-stationary time history record forXg(?), which has a maximum at ^ = 4.785. Figure
3.14 shows a sample o f the non-stationary time history records foriCg(/) as given in
equation 3.24. It can be noticed that the simulated support motion has an initial build up
phase, which is followed by a strong motion phase when the support motion reaches its
maximum and finally a decaying phase. These are general features observed in any strong
motion earthquake. Using a sample realization from the simulated time histories, the
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Figure 3.12: Probability D istribution Function (PDF) o f the sim ulated samples o f the
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Figure 3.13: Envelope function used for am plitude m odulation
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Figure 3.14: Simulated time history o f random support motion

response o f the 5D 0F system is simulated using Wilson-0 technique with zero initial
conditions and a simulated broad banded white noise is added as measurement noise.
Using the response time history records at different degrees o f freedom, a wavelet
analysis is performed to estimate the system parameters. For this purpose, ML-P basis
function is used to evaluate the energy content o f the displacement response in different
frequency bands as shown in figure 3.15 and 3.16. Based on the energy spectrum
obtained from wavelet analysis, bands 2.6-3.09rad/s and 7.0-8.32rad/s are obtained as the
band containing first two natural frequencies. The natural frequencies are estimated as
2.85rad/s and 7.66rad/s respectively. Figures 3.17 to 3.18 show the wavelet coefficients
in these bands. It can be observed that wavelet coefficients are in phase except at the
beginning and end in figure 3.18, which may be due to the edge effect in wavelet
analysis. Figure 3.19 to 3.20 show the ratio wavelet coefficients in these frequency bands.
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Figure 3.19: Ratio o f wavelet coefficients o f the modal responses at 1®’ natural frequency

Figure 3.20: Ratio o f wavelet coefficients o f the modal responses at 2"'^ natural frequency
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It can be observed that the ratio of the wavelet coefficients is fairly constant over the time
as expected. Figures 3.21 to 3.23 show the estimated mode shapes corresponding to
2"^ and 3'^'^ modes respectively. An effort has been made to estimate the third natural
frequency and mode shape in a similar manner. The third natural frequency is estimated
as 12.59rad/s, which is fairly close to the original value and the respective mode shape is
shown in figure 3.23. From this figure, it can be noticed that although the proposed
wavelet based algorithm can track overall shape o f the mode shape accuracy reduces in
higher modes. Hence, it can be concluded that modal frequencies along with mode shapes
can be estimated with the proposed wavelet based algorithm from the noise contaminated
measurement with desired level o f accuracy and the accuracy reduces in third mode as
has been observed in chapter 2.

u.

8

<t>

Figure 3.21: Actual and estimated 1*' mode shape o f the MDOF system (‘__’ actual, ‘o ’
estimated)
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- 0.5

0.5
<D

Figure 3.22: Actual and estimated 2"‘*mode shape o f the MDOF system (‘__’ actual, ‘o ’
estimated)

u.

8

Figure 3.23: Actual and estimated 3'^'^ mode shape o f the MDOF system (‘__’ actual, ‘o ’
estimated)
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3.5 Experimental Validation of Proposed W avelet Based
Identification Technique
The proposed wavelet-based model for system identification is validated using the
experimental results. For this purpose, a reinforced concrete beam is tested and the
fundamental frequency and mode shape are estimated from the noise-contaminated
measurement o f strain time history records. Figures 3.24 and 3.25 show the schematic RC
beam, which is 3.6m long and the cross section o f the beam respectively. The beam is
250mm wide and 300mm deep. It is made of M40 concrete with 2-T20 bars at bottom as
tension reinforcement and 2-T12 bars at the top. Figures 3.26 and 3.27 show the
experimental setup and the details o f the supports used for the RC beam. The beam is
excited as by an impulsive load at the middle as shown in the figure 3.24 and the axial
strains are measured at the location
Impulse Load

Strain gauges

L

L/2

Figure 3.24: Schematic diagram o f the simply supported beam
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2-T12

2-T20

300mm

250mm

Figure 3.25: Cross section o f the beam

Figure 3.26: Experimental setup: RC beam with impulse load at the middle
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(a)

(b)

Figure 3.27: Details o f RC beam; (a) Roller supports at the end o f the beam, (b) PL-60
strain gauge

marked as 1, 2 and 3 in the figure 3.11, which are at a distance o f L/6, L/3 and L/2 from
the left end respectively.
In the present study, the same experiment is performed repeatedly and the results
for two separate tests o f the same experiment are presented here. Figures 3.28a, 3.29a,
3.30a, 3.31a, 3.32a and 3.33a show the measured strain time histories at these key
locations. Figures 3.28b, 3.29b, 3.30b, 3.31b, 3.32b and 3.33b show the Fourier energy
spectra o f the measured strain records. It can be observed that the energy attains the peak
value at 206.9423rad/s, which corresponds to the first natural frequency o f the beam.
Using these strain time history records, the proposed wavelet packet based
algorithm for parameter estimation is adopted to evaluate the fundamental frequency and
mode shape o f the RC beam. For this purpose, the modified form o f LP basis function is
used, which is enables to adopt sub-band coding. The response energy in different
frequency bands for different degrees o f freedom are calculated based on the wavelet
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model as described in equation 3.9. Figure 3.34 shows the response energy in different
frequency bands. It can be noticed that the energy is maximum at second band, which
corresponds to frequency range 188.4956rad/s to 224.1603rad/s. The mean value o f this
frequency range is estimated as the first natural frequency, which is 206.3280rad/s.
Figures 3.35a and 3.35b show the wavelet coefficients for different degrees o f freedom in
second band for test 1 and test 2 respectively. The wavelet coefficients are in phase as the
system vibrates in its mode. To evaluate the mode shape, ratio o f the wavelet coefficients
are taken at peaks only. Figures 3.36a and 3.36b show the ratio o f the wavelet
coefficients in test 1 and test 2 respectively, which can be considered constant over time.
Without loss o f generality, the wavelet coefficients o f the response at location 3 are
considered as 1 in the present calculation. It can be noticed that the ratio o f the wavelet
coefficients are constant over time. The mean value o f these ratios over time is estimated
as the fundamental mode shape o f the RC beam.
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Figure 3.28: Measured strain records at locations 1 in Test 1; (a) strain time history, (b)
Fourier amplitude spectra
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Figure 3.29: Measured strain records at locations 2 in Test 1; (a) strain time history, (b)
Fourier amplitude spectra
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Figure 3.30: Measured strain records at locations 3 in Test 1; (a) strain time history, (b)
Fourier amplitude spectra
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Figure 3.31: Measured strain records at locations 1 in Test 2; (a) strain time history, (b)
Fourier amplitude spectra
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Figure 3.32: Measured strain records at locations 2 in Test 2; (a) strain time history, (b)
Fourier amplitude spectra
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Figure 3.33: Measured strain records at locations 3 in Test 2; (a) strain time history, (b)
Fourier amplitude spectra
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Figure 3.35: Wavelet coefficients in different frequency bands; (a) Test 1, (b) Test 2;
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Figure 3.36; Ratio o f wavelet coefficients; (a) Test 1, (b) Test 2
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Figure 3.22a and 3.22b show the estimated fundamental mode shape from test 1 and test
2 respectively. It can be observed that the proposed wavelet packet based algorithm for
system identification estimates natural frequency and mode shape accurately even when
the response time history is contaminated with measurement noise. Hence the proposed
wavelet-based time-frequency analysis for system identification an be adopted for
parameter estimation for dynamical systems.
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3.6 Conclusions

The present chapter has focused on wavelet-based identification o f fundamental modal
frequency and the associated m ode shape o f a linear sim ply supported bridge subjected to
a moving vehicular load. For this purpose, a m odified form o f L-P basis function is used
to locate the frequency band that contains the fundamental m odal frequency. The
numerical results presented in this paper shows that the proposed m ethodology can be
used to estimate the m odal frequency and the m ode shape o f structures w ith desired level
o f accuracy, especially when the input is unknown and the data is contam inated with
m easurem ent noise. This technique can be used to estimate the natural frequencies and
mode shapes o f M DOF structures subjected to non-stationary input like earthquake. The
modified form o f L-P basis function used in the present study has the advantage that it
could be used to further sub-divide the band that has m axim um energy content to achieve
desired level o f accuracy in the estimation o f modal parameters.
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4.1 Introduction

In Chapters 2 and 3, a wavelet-based m ethodology is proposed to identify the natural
frequencies and m ode shapes o f linear structures. The proposed w avelet based system
identification tool is used in the present chapter to estimate the localized normal modes o f
a non-linear system. Although orthogonal decom position based on eigen analysis o f the
system properties are not possible in non-linear system, a synchronous periodic particular
solution o f the governing non-linear equations are possible. M oreover this synchronous
periodic solution exists in the neighborhood o f stable equilibrium points o f H amiltonian
systems.

Using this property o f the non-linear dynam ical systems, the study in the

present chapter proposes to estimate the param eters o f the non-linear system s associated
with these ‘vibrations in unison’. For this purpose, a tw o-degrees o f freedom system with
non-linear springs is considered. A wavelet-based tim e-frequency analysis is adopted
here. A m odified form o f the real part o f the Harmonic w avelet basis function (i.e.
modified LP basis) is used.

4.2 Response of a Non-linear System using Invariant Manifolds

M any techniques exist in the literature for determ ining the response o f nonlinear systems.
In addition to brute-force simulations, there are a variety o f approxim ate analytical
methods, such as the m ethod o f multiple scales, harmonic balance, and averaging. When
the system is responding in a periodic manner, it is behaving like a low order system, and
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the question arises as to whether or not a reduced order model can be found that captures
the system response. In fact, the analytical techniques just mentioned do precisely this, by
imposing various types o f approximations. For free vibration problems one uses system
modes to construct reduced order models, and these techniques have been well developed
for both linear and nonlinear systems. One such technique, defines the normal mode of a
nonlinear oscillatory system in terms o f invariant manifolds in the phase space that are
tangent to the linear (eigen) modes at the equilibrium point. In such a formulation, a
master mode is selected (the mode of interest), and the normal mode is constructed by a
formulation in which the remaining linear modes o f the system, i.e., the slave modes,
depend on the master mode in a manner consistent with the system dynamics. This
dependence defines the invariant manifold for the nonlinear normal mode (NNM). The
construction o f the NNM invariant manifold is equivalent to the determination o f the
constraint relationships for all o f the slave coordinates
While it is possible to obtain the non-linear normal modes for a non-linear system
if the system parameters are known, the inverse problem o f identifying the modal
parameters for the system from the response is still a challenge.

4.3 Wavelet Based Identification of NNM

In this section, a wavelet-based methodology has been proposed to solve the inverse
system identification problem by estimating the localized normal modes o f a class o f
non-linear system from the simulated time history records o f the ambient vibration
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response. Figure 4.1 show s a 2 DOF dynamical system connected to each other by non
linear spring o f pow er ‘w ’ with the stiffness coefficient ' K \ The springs at the fixed ends
are combinations o f linear springs o f coefficients 1 and non-linear springs ( o f power m)
with coefficients 1. The governing equation o f m otion o f this non-linear system are given
by

X, + X, + x,™ + AT(x, - X )” = 0

(4 .la)

X + Xj + x ” - AT(x, - Xj Y = 0

(4.2a)

2

2

In this study, the system is assumed to be excited by initial conditions only. The non
linear system is known to possess synchronous m otions similar to linear system in the
vicinity o f the stable equilibrium points, if any synchronous m otions o f the m asses in the
system exist. The linear relation among the dependent variables corresponding to similar
normal m odes is given by

x2(/) = c x ,(0

(4.2)

where c is a constant. The constant c for a linear system (called the m ode shape)
represents modal ratio. B esides the values o f c corresponding to linear normal mode,
possible additional m odes are known to exist for the non-linear system corresponding to
other values o f c for w hich the above synchronous relation is still valid. Although these
values

o f c do not help

to decouple the governing equations o f m otion, the response

attains m axima and m inim a simultaneously. This synchronous periodic nature o f the non-
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linear system is analogous to normal m ode o f linear system and is com m only called
‘vibrations in unison’. The response o f the system can be represented in terms o f these
non-linear normal m odes.

—
I

— C v A /'V — /

w r—
K

()

()

1

Figure 4.1: 2-DO F non-linear system

On taking w avelet transform o f both sides o f equation 4.1a and 4.1b as proposed
by Basu and Gupta [2000], the governing equations o f m otion in

frequency scale or

band in w avelet domain can be expressed as

-W^x,(aj,b)+W^xXaj,b)+W^{x:'laj,b)+KW^{{x,-x,Y\aj,b)=0

(4,3a)

W^x^ ( a j , b ) + W^x^ [ a j , b ) +

(4.3b)

db^

{x^ \ a j , b ) ~ KW^ {(x, -

db^
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The synchronous

periodic particular solution o f the

non-linear system in the

neighborhood of equilibrium points as given by equation 4.2 can also be represented in
wavelet domain as

W^X2[aj,b)=cW^xXaj,b)

(4.4)

Using equation 4.4 into equation 4.3, the governing equation in the

frequency band is

given by

^

(a ,,* )+ W,x, (a, .*)+ [l + A:(1 - c f

do

K

{i,* )(<!,. , i ) =

0

^W ,x ,(a i,h )+ W ^ x ,[a ,,b ]-(\lciK (\-cY + c ']v ,{,:la ,,b )= 0

(4.5a)

(4.5b)

Ob

Besides similar linear normal modes, the proposed non-linear system is known to have
additional normal modes, which can be evaluated by solving the non-linear relation
obtained from coefficient o f the similar terms and is given by [for details see Vakakis et
a / (1996)]

/:(l + c \ c - 1)™ = c(l - c ”- ' )

c^O

(4.6)

From the above equation, it can be concluded that the above relation is in parity with that
obtained from research work done by Lyapunov and c = ±1 corresponds to linear normal
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modes. Moreover, according to Lyapunov’s theorem, the synchronous periodic solution
o f the non-linear equation is possible in the vicinity o f the stable equilibrium points,
which correspond to the normal modes o f the respective linear system i.e. c = ±1. Since
the solution to the governing equation o f motion as given by equation 4.1 exists near the
equilibrium points, the energy must be concentrated in the frequency band that contains
the natural frequency o f the corresponding linear system. The normalized energy E -ix^)
for the response
the index j

in the frequency band corresponding to a scaling factor aj with

can be represented by a proportional quantity as

(4.7)

Let the frequency band

contains the fundamental frequency o f the respective linear

system, which is obtained by removing the non-linear terms in the governing equations o f
motion. Then it can be concluded that according to Lyapunov’s theorem

i f j = j ^ , k = \,2 ,- ,n
otherwise

(4.8)

Thus to detect the localized normal mode o f the linear system, the response energy is
evaluated in different frequency bands. The band that contains maximum energy
corresponds to fundamental frequency o f the corresponding linear system. Thus if a
normal mode exists, this ratio o f the wavelet coefficients in the band that possesses
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m aximum energy will be constant. This constant is evaluated as the param eter
corresponding to the localized normal mode o f the non-linear system, which from
equation 4.4 is given by

c-

W^x^[aj,b)

(4.9)

For num erical ease and to avoid the cases with zero values o f w avelet coefficients, the
parameters o f the non-linear normal mode is evaluated as the m ean o f the ratio o f the
wavelet coefficients at the peaks corresponding to W ^ x \a j,b ) and W^X 2 {aj, b) (as they
are in phase).

4.4 Numerical Results and Discussions

In the num erical example, the 2-DOF model discussed in section 4.3 is used to simulate
the displacem ent responses o f the non-linear system and to show the application o f the
proposed m ethodology for the identification o f non-linear norm al mode. At first, the time
history sim ulations using W ilson-6* are carried out for the 2-D O F system for two
different springs with m - 3 and m = 5 respectively w ith non-zero initial condition for
the velocities corresponding to the two degrees o f freedom such that the m ode is excited.
Using these simulated am bient vibration records; the inverse problem is solved in each
case as proposed, to evaluate the localized normal modes o f the non-linear system.
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For the w avelet-based identification, a m odified form o f the L-P basis function is
used to decom pose the signals into different frequency levels w ith cr = 2'^'* to broadly
identify the bands that contain the m aximum energy. Figure 4.3 shows the energy content
o f the displacement response for different degrees o f freedom in different fi'equency band
for the case with m = 3. The wavelet coefficients are evaluated based on the mother
wavelet w hose initial cut-off frequency is given by F, = \ . l 5 r a d / s as described in
equation 1.7. It can be noticed that the energy is m axim um corresponding to band 2 while
the

other band

contains

insignificant

am ount o f energy.

The

fi'equency limit

corresponding to band 2 is 1.15-1.73rad/s, which contains the fundam ental natural
frequency o f the linear system (1.44rad/s) obtained by rem oving non-linear element.
Figure 4.4 shows the w avelet coefficients in different degrees o f freedom, which are in
phase as expected. The ratio o f the wavelet coefficients in band 2 as discussed in the
previous section is evaluated as the corresponding value o f the norm al m ode o f the non
linear system. For this purpose, the ratio is taken at the peak values o f the wavelet
coefficients to avoid num erical instability near zero crossing. Figure 4.5 shows the ratio
o f wavelet coefficients, which is constant over time. The mean value o f the ratio o f the
wavelet coefficient is evaluated as the value corresponding to the localized normal mode
o f the non-linear system. It is estimated as -1.47, which is very close to the original value
of-1.5.
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Figure 4.2: Displacement time history o f the 2-DOF non-linear system for w = 3
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Figure 4.3: Energy o f the displacement response in different frequency bands for w = 3
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Figure 4.4: Wavelet coefficients of the response in 2"'* frequency band for m = 3

Figure 4.5: Ratio o f the wavelet coefficients in the 2"^ frequency band for w = 3
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To investigate the accuracy o f the proposed model further, the 2-DOF system is
considered with m = 5 . Figure 4.6 shows the sim ulated displacem ent response time
histories. Using these response time histories, energies are again evaluated in different
frequency bands as has been done for m = 3. Figures 4.7 and 4.8 show the energy
content for the displacem ent response and the w avelet coefficients in the band that
contains m aximum energy respectively. The wavelet coefficients in different degrees o f
freedom are noticed to be in unison. Figure 4.9 shows the ratio o f the w avelet coefficients
at different time instants (corresponding to the peaks o f the w avelet coefficients), which
can be considered constant over time. The little variations m ay be due to the numerical
error and edge effects in wavelet analysis. The localized normal m ode is estimated as 1.48 against the original value -1 .5 .
Figures 4.10 and 4.11 show the estimated non-linear norm al m ode for m = 3 and
m = 5 for different values o f ' K' respectively. It can be noticed that the proposed
wavelet-based m ethodology can effectively and accurately estimate the localized normal
mode o f a non-linear system. In this context, the proposed w avelet-based algorithm has
limitations that the corresponding localized normal m ode o f the non-linear system must
be excited in the response time history. It is imperative that the estim ation o f system
param eters o f a linear system is often executed by exciting the system by either an
im pulse or a broad banded input to excite the fundamental frequencies and should not
pose any m ajor lim itation to the proposed m ethod and its accuracy. From figures 4.10 and
4.11, it can be noticed that at c ~ - \ , the nonlinear system bifurcates at K = 0.25 and
AT = 0.125 for w = 3 and m = 5 respectively. It may be noted that the proposed waveletbased method can estim ate the localized multiple modes, when the system bifurcates.
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Table 4.1a and 4.1b show the values o f ‘K ’ estimated from the identified values of
localized mode (i.e. c) in equation 4.6. It requires a prior knowledge o f the type o f system
non-linearity (i.e. m), but the estimated values o f ‘K ’ matches closely with the actual
values, which proves the efficiency o f the proposed wavelet-based algorithm for
parameter estimation. Further, the system response can be simulated by using the
estimated value o f ‘c’ of the NNMs.
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Figure 4.6: Displacement time history o f the 2-DOF non-Unear system for m = 5
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Figure 4.8: Wavelet coefficients of the response in 2"^ frequency band for m = 5
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Figure 4.11: Estimated non-linear normal mode for w = 5 with different values o f ATand
c; ‘

’ theoretical values and

Estimated values using wavelet analysis
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0

K(actual)

K(estimated)

-1.5
-2.06
-2.92
-3.63
-4.44
-5.51
-6.93
-7.87
-1.04
-1.01
-4.24
-9.38
-1.61
-2.79
-4.28

0.2400
0.2200
0.1900
0.1700
0.1500
0.1300
0.1100
0.1000
0.0800
0.0100
0.0400
0.0800
0.1200
0.1700
0.2100

0.2400
0.2200
0.1900
0.1693
0.1500
0.1299
0.1102
0.1000
0.0801
0.0099
0.0390
0.0784
0.1194
0.1706
0.2102

(a)

c

K(actual)

K(estimated)

-9.7608
-8.7881
-7.0528
-5.6609
-4.4184
-3.2082
-2.6251
-0.0103
-0.0279
-0.0410
-0.0554
-0.5671
-0.1023
-0.1415
-0.1985
-0.2590
-0.3820
-0.9998

0.0700
0.0750
0.0850
0.0950
0.1050
0.1150
0.1200
0.0100
0.0250
0.0350
0.0450
0.0550
0,0700
0.0850
0.1000
0.1100
0.1200
0.1250

0.0699
0.0749
0.0851
0.0950
0.1052
0.1155
0.1199
0.0098
0.0250
0.0349
0.0448
0.1243
0.0700
0.0850
0.0999
0.1100
0.1200
0.1250

(b)
Table 4.1: Estimated values o f stiffness coefficients; (a) w = 3 , (b) m = 5
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4.4 Conclusions

In the present chapter a wavelet-based m ethodology is presented for the evaluation o f
normal m odes o f a non-linear system from the sim ulated sam ples o f the response time
histories. The success o f the proposed m ethodology is due to the use o f the LP wavelet
basis in estim ation o f the response energy in non-overlapping frequency bands. The
modified form o f the L-P basis function possesses com pact support in frequency domain
and hence does not suffer problem s o f band overlapping in energy estimation. The
numerical works show that the proposed method can effectively estim ate the localized
normal mode o f a non-linear system accurately. The adopted basis function can evaluate
the energy in non-overlapping frequency bands and hence can be used to evaluate the
system param eters with desired level o f accuracy when used in conjunction with the sub
band coding leading to w avelet packets. Once the localized m odes are identified, the
response o f the non-linear system can be represented in term s o f these NNM . M oreover,
evaluation o f stiffness param eter ‘K ’ helps to evaluate the overall perform ance o f the
non-linear system and may be used to identify any change in the perform ance o f the non
linear dynam ical system from the point o f view o f structural health m onitoring.
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5.1 Introduction

In the previous chapters, param eters o f the dynam ical systems have been identified using
w avelet-based tim e-frequency analysis o f the measured time history response. Once the
system param eters are identified, these can be used to evaluate the response o f the
dynamical system when subjected to stochastic input. The problem o f response
calculation becom es m ore com plex when the input contains tim e varying am plitude and
frequency. Thus, a proper m odelling o f the input especially in the light o f non-stationary
frequency content is the pream ble to the response analysis o f the dynam ical systems.
In the present chapter, a frequency dependent am plitude m odulating function is
proposed for the characterization o f seismic ground motions. U sing this proposed
characterization, a generalized evolutionary model for earthquake ground motions is
developed in the present study, which can take into account tim e varying stochastic
nature o f the ground m otion in both intensity and frequency content. The earthquake
ground motion process is m odeled as a summation o f am plitude m odulated stochastic
orthogonal processes in different frequency bands. A non-linear least square technique is
adopted to m inim ize the error betw een the temporal energy grow th o f the recorded time
history and that obtained from the proposed model in each frequency bands. For the
purpose o f m inim izing the error in temporal energy, w avelet based time-frequency
analysis is used to evaluate the tim e varying energy content in different frequency bands.
A statistical simulation is then perform ed to validate the proposed m odel and to confirm
its suitability for random vibration analysis o f structures using the frequency dependent
am plitude m odulation function. Follow ing the proposed m odel for single component
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earthquake ground m otion, a generalized wavelet based model for spatially varying
earthquake is proposed. Structures whose spatial extent are large and are supported at
multiple points are often subjected to these types o f ground m otions. The proposed
wavelet based evolutionary stochastic differential support m otions model can be used for
spectral analysis o f extended structures. The wavelet-based model is general in the sense
that this can be used to characterize other spatially correlated non-stationary excitation
such as winds and w ave motions.

5.2 Frequency Dependent Temporal Energy Growth

W avelet analysis is used in this section to represent the frequency dependent temporal
energy growth o f a non-stationary time signal. W avelet transform is an integral transform
that transforms a time signal into a two dim ensional function, w hich enables to extract
the local frequency variation. Let the ground acceleration signal z{t) be a square
integrable time function in Hilbert Space [i.e. z{t) e.

{R)], then w avelet transform o f

z{t) is given by [Chan (1995), Rao (1998)]

T '^

^ ^ z { a ,b ) = \z{tyi/^j,{t)dt
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where, W^z{a,b) is the wavelet coefficients o f the time function z{t) and y/{t) is called
the basis function or the m other wavelet. In equation 5.1,

is a family o f scaled and

dilated versions o f the original mother wavelet (called the baby w avelets) that convolutes
with z(/) to provide the two dimensional sequence
In the present study, param eter ‘a ’ is discretized in a logarithm ic scale [i.e.
a j = c T ' ] , which divides the frequency scale o f the time function z{t) into non
overlapping frequency bands and the time param eter ‘b ’ is discretized uniform ly [i.e.
b. = (/-1 )A 6 ]. Using this discretization scheme, it can be shown that the instantaneous
mean square energy o f z{t) is given by

£ [(z,z)]= £ [jz’ ( ( V < l = x X S — fiK zH ay.*,)]

(5.2)

J

'

Thus the growth in temporal energy o f z{t) in the frequency band 7 ’ is given by

(5.3)

where, ATis a constant, which is given h y K =

cr----4;rC,„ V
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5.3 Model for Earthquake Ground Motion: Non-stationary
Process

Using the expression for growth in temporal energy in different frequency bands, present
study proposes wavelet-based model for characterization o f earthquake ground motion.
The model is further extended to characterize spatially varying earthquake ground
motions.

5.3.1 Single Component Model with Frequency Dependent Envelope
Functions

Let z{t) be an evolutionary random process, then z{t) can be expressed as [Lin and Cai
(1995)]

+00

(5.4)

where, A{t,co) is a deterministic envelope function in both time and frequency and
dG{co) is orthogonal increment process such that

E\dG{co)dG{co'^ =

{(o)dcL)
0

o ) - (o'
otherwise

(5.5)

I

Chapter 5: Characterization o f Earthquake Ground Motions

In equation 5.4, A{t,co) represents the local frequency variations and dG{co) represents
the stochastic nature o f the time function z(t). In the above equation, Sgg{a>) can be
modeled as Kanai-Tajimi (1957, 1960) spectra, which is given by

\ + 4rjl(o)/coJ^

\-(co/co^y] +4?]l(co/co^y

where, a>^ and

(5.6)

represent the natural frequency and damping o f the soil layer at the

site. In practice, evaluation o f deterministic envelope function A{t,a>) often leads to
complexity. For this purpose, a wavelet based time-frequency analysis is used in the
present study to model the time varying stochastic nature o f the function z{t ).
The objective o f the present study is to develop a mathematical model of
earthquake ground motions for the purpose o f random vibration analysis, which is
compatible with the recorded time history in stochastic sense. For this purpose, the
evolutionary random process model that is given by equation 5.4 forms the basis o f the
present study. To characterize the local frequency contribution, a wavelet based timefrequency analysis is adopted here. Taking wavelet transform on both side o f equation
5.4, it can be shown that the evolutionary random process can be expressed as [Spanos
and Failla (2004)]

+00

(5.7)
— 00
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where,

E\dGXa>)dGXQ}'^=27ra\^^{ajO}^S^{(o)

co= co'

(5.8)

otherwise

=0

It can be noticed that the left hand side o f the equation 5.7 is also a random process that
has the same property o f z(t). The wavelet coefficients in equation 5.7 give information
about the local frequency content o f the function z{t) at a scale ‘f . Therefore the
deterministic envelope function A{b,o)) in equation 5.7 provides temporal variations of
frequency signature at scale 7 ’- In the present study, it is assumed that within the j
frequency band, the envelope function has a constant frequency signature i.e.

th

it is

function of time only. Hence the wavelet coefficients in equation 5.7 at scale 7 ’ can be
modified as

+00

W^z(aj,b)= A.(b) j e “^dGXo^)

(5-9)

-0 0

The deterministic envelope function Aj(b) represents the frequency signature o f z(t) at a
scale y \ Among the popular models o f A .(b), the model proposed by Shinuzoka and
Sato (1967) is widely used, which is given by
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Aj (b) = a j [e

(5.10)

- e

where, a^, /?• and y- are the parameters o f the envelope function for amplitude
modulation in r * support and in

frequency band. On multiplying both sides o f equation

5.7 with its complex conjugate and taking expectation and integrating over ‘6’, it can be
shown that

Aj(b)A](b)E jdG,{co)dG,{co)
db

(5.12)

Using the above equation and equation 5.3, it can be shown that the temporal energy
growth o f z{t) at a scale ‘y ’ is given by

+CO

E \\z \t)d t\^

db

(5.12)

On integrating both side o f the above equation, the growth in temporal energy up to t=b
at a scale aj is given by

(5.13)
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where,

is the variance at a scale j and is given by

+00

gg

(5.14)

= '^y/[ajCO^ S^{(o)do)

Simplifying the right hand side o f the equation 5.14, it can be shown that

\-e

-2Pj!

(5.15)
2X/

PjYj

Present study focuses on estimating the parameters on the right hand side o f the above
equation using non-linear least square technique. The error function representing the
difference between the estimated energy growth and that proposed by the wavelet-based
model is given by

£j=E[z^{t%-2KK<T^^a]

\-e

-2Pjt
—

2/?,

2

1- e

-{Pj+yj)>

1- e

2 r,

Pjyj

= E\z^{t)\-Cjz(Pj,yj)

In the above equation Cj defines the energy level o f z{t) at a scale
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7
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(5.16)
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5.3.2 Spatially Varying Ground Motion Model in W avelet Domain

Consider a simply supported multi-span bridge with n supports, whose supports are
subjected to non-stationary ground motionsic^ {t),r = \,...,n . The evolutionary random
process representing the r^ support motion is

(/) and can be expressed as

+C0

(?)= ^A^{t,co)e‘^‘dGXo})

(5.17)

—00

In equation 5.17, A''{t,o)) is a deterministic envelope function in both

time

frequency ‘ a) ’ represents the temporal frequency variations and dO^ {co)

and
is the

orthogonal increment process associated with the r^ support such that

E[dG^ {co)dG^ (<y')] =
=0

In equation 5.18,

[a>)dco

co = co'

(5.18)

otherwise

represents the two sided power spectral density function o f the

stationary part o f the random process and can be modeled as Kanai-Tajimi [Kanai (1957),
Tajimi (I960)] spectra, which is given by equation 5.6. To characterize the local
frequency contribution, a wavelet based time-frequency analysis as described in previous
section is adopted here. On wavelet transforming o f both sides o f equation 5.17, it can be
shown that the evolutionary random process can be expressed as
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(5.19)

where,

dG Xo))dG

jO )^ S
=

0

(5.20)

G > -(o'

otherwise

Equation 5.19 reveals that

(a,b) is also a random process, w hich has the similar

random characteristic as o f

(t). The wavelet coefficients in equation 5.19 give

information about the local frequency content o f the function

(?) at a scale ‘ fly’.

Following this, it can be concluded that the deterministic envelope function A X b ,o )) in
equation 5.19 provides the envelope o f the frequency signature at scale ' a j ’ and is
constant for a particular scale. Hence the wavelet coefficients in equation 5.19 at scale
‘a

can be m odified as

+00

W^X^(aj.b)=A'(b)\e“* d G M
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In the above equation, the envelope function A'j (ft) represents the amplitude modulation
for

{t) at a scale ‘ fly’- In the present study, the model proposed by Shinuzoka and

Shato (1967) is adopted for the amplitude modulation, which is given by

(5.22)

A'{b)=a'

where,
motion in the

and

are the parameters o f the amplitude modulation for the ground

band and in the r'^ support. Multiplying both sides o f equation 5.19 by its

complex conjugate and taking expectation, it can be shown that the cross correlation of
the wavelet coefficients o f seismic ground motions at two different supports V ’ and 7 ’
and at a scale a . ’ is given by

-

(“ /.

(

o

;

(* - '■)

(®VG,(ffl)l

(5.23)

where,

d G X < jo )d G ,{c o '^ = 2 m ^ y /{a jO )]^

S ^ i{co)

q)

= q) '

(5.24)

otherwise

=0

In equation 5.23, r represents the delay in arrival o f t h e f r e q u e n c y at l‘^ support i.e.
t - L i v j , where L is the distance between the supports ‘r ’ and 7 ’ and Vj is the wave
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velocity corresponding to scale

It can be noticed in equation 5.24 that

E[dGXco)dG,{co)\ represents the cross power spectrum o f the orthogonal processes
between the supports V and 7 ’, which represents the spatial correlation o f the ground
motion due to incoherence and wave passage effects. In the present study, the crossspectral density function S^, {co) between the ground accelerations at two supports ‘r ’ and
7 ’ is modeled as

Sr!

(<y) =

(5.25)

Yri

where, /,i{co) is the coherency function that relates the spatial variation o f the
ground motion from one support to another. In the present thesis, five different coherence
functions are used. The details o f the coherence functions are given in Appendix A

5.4 Model Validation and Discussions

In the present study, two different models for single component earthquake ground
motion and spatially varying ground motions respectively are presented.

5.4.1 Case I: Single Component Model
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The proposed wavelet based non-stationary model for characterization o f earthquake
ground motions is developed and validated using the E-W component o f the 1940
Imperial Valley earthquake ground motions measured at the El-centro site. From the
energy spectrum using Fast Fourier Transform (FFT), it is observed that the mean energy
lies around 9.89rad/s. The orthogonal increment stochastic process required for the
characterization

is modeled

as

a Kanai-Tajimi

spectrum

with

the parameters

co^ = 10 rad/s and rj^ = 5%.
Figure 5.1 shows the 3D PSD function o f the recorded acceleration time history.
For this purpose, wavelet based time-frequency analysis is used as proposed by Basu and
Gupta (1998). From this figure, it can be observed that most o f the input energy lies in
frequency range 0 to 20rad/s. Hence to cover this frequency range; the lower cut-off
frequency o f the mother wavelet is assumed as 1.5 Hz and cr is taken to be 2'^''. In the
present study, 28 frequency bands are used to covcr a frequency range o f 0.4953rad/s to
60.4021 rad/s. The band numbers increase with the increasing frequencies.
The error between the growth in temporal energy o f the recorded accelerogram
and that obtained from the proposed wavelet based model is minimized in a statistical
sense using the non-linear least square technique described in section 3.0. For this
purpose, the unknown parameters in equation 5.16 are evaluated using ‘nonlincurvefit’
function in MATLAB platform. Table 5.1 shows the optimized values o f a j ,

and yj

in different frequency bands. Figure 5.2 shows the optimized envelope function for
different frequency scales. It can be noticed that different envelope functions attain
maxima at different time instants, which indicates the difference in arrival o f different
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frequencies. This is consistent with the non-stationary nature o f earthquake ground
motion expHcitly representing the frequency non-stationarity.
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(a)

X 10 ^

‘(s)

° °

CO (rad/s)

(b)
Figure 5.1: E-W component of El-centro ground motion; (a) time history and (b) PSD
function
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Band

a

P

Y

1

30.00164

0.0449

0.049121

2

29.84299

0.0824

0.090256

3

330.2238

0.1042

0.105069

4

16.9489

0.0916

0.107558

5

19.91785

0.0908

0.104127

6

35.31626

0.0746

0.080555

7

44.75151

0.0663

0.07044

8

39.51282

0.1001

0.107269

9

27.63662

0.2103

0.231993

10

67.13471

0.0843

0.087818

11

24.77418

0.1859

0.207441

12

122.3684

0.0598

0.06113

13

64.63215

0.1085

0.113203

14

53.86207

0.1517

0.159536

15

130.6111

0.1146

0.116974

16

80.4373

0.1882

0.194651

17

156.5035

0.0978

0.099483

18

92.96335

0.1346

0.138561

19

71.48464

0.2797

0.29051

20

72.47266

0.1316

0.136592

21

130.0072

0.0797

0.081399

22

101.9085

0.1170

0.120184

23

90.42829

0.0777

0.080038

24

75.27222

0.1819

0.188585

25

89.29339

0.1022

0.105359

26

81.59732

0.1761

0.182101

27

106.5307

0.1390

0.142596

28

163.8518

0.1659

0.168679

Number

Table 5.1: Envelope function parameters in different frequency bands
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Figure 5.2: Scale dependent envelope functions; band 1 (0.50 to 0.59 rad/s), — band
10 (2.36 to 2.80 rad/s) and - . Band 21 (15.85 to 18.85 rad/s).
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Figures 5.3 to 5.5 show the growth in temporal energy o f the recorded
acceleration and from the proposed wavelet based model in frequency bands 2, 4, 6, 12,
14, 16, 24, 26 and 28 with frequency bands 0.59-0.70rad/s, 0.83-0.99rad/s, 1.981.40rad/s,

3.33-3.96rad/s,

4.71-5.60rad/s,

6.66-7.93rad/s,

26.66-3.96rad/s,

37.70-

44.83rad/s and 53.31-63.40rad/s respectively. An excellent match is seen between them
for all the bands. Using these frequency dependent envelope functions in different scales,
200 samples of ground motion are simulated. Figure 5.6 shows the E-W component of
the El-centro ground motions and a single realization o f the simulated sample. An
exponentially decaying tail is observed in the simulated samples, which is due to the
nature o f the amplitude modulations assumed in different frequency bands. However, the
non-stationary amplitude and frequency contents are clearly represented on the strong
motion phase.
Since the objective o f the present study is to a develop model for characterization
o f earthquake ground motions for the purpose o f random vibration analysis, the
simulation of the amplitude and frequency non-stationary features are vital, which has
been successfully represented in the present research. To have a conclusive validation of
this, a non-stationary random vibration analysis is performed using the wavelet-based
model, the details o f which is given by Basu and Gupta (1998). The results from the
wavelet based analysis using frequency dependent modulating functions are compared
from the statistical simulation results carried out using the 200 simulated samples. Figure
5.7 shows the expected pseudo spectral acceleration (PSA) estimated based on the
proposed model along with their limits o f exceedence corresponding to the probability o f
5% and 95% respectively and comparison with simulation.
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Figure 5.3: Growth in temporal energy in different frequency bands; (a) band 2 (0.59 to
0.70 rad/s), (b) band 4 (0.83 to 0.99 rad/s) and (c) band 6 (1.18 to 1.40 rad /s);
target,
— simulated

154

Chapter 5: Characterization o f Earthquake Ground M otions

0.2
0.15

0.05

g;
b 0.8

04

s 0.2

C.8

06
0.4
0.2

t(s)

Figure 5.4: Growth in temporal energy in different frequency bands; (a) band 12 (3.33 to
3.96 rad/s), (b) band 14 (4.71 to 5.60 rad/s) and (c) band 16 (6.66 to 7.93 rad/s);___
target, — simulated
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Figure 5.5: Growth in temporal energy in different frequency bands; (a) band 24 (26,66 to
31.70 rad/s), (b) band 26 (37.70 to 44.83 rad/s) and (c) band 28 (53.31 to 63.40 rad/s);
target, — simulated
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Figure 5.6: Time history o f El-centro ground motion; (a) recorded and (b) simulated
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<

CO
Q.

0.5

Figure 5.7: PSA obtained from the proposed wavelet-based model and simulated ground
motions;
95% exceedence limit,
5% exceedence limit, ‘___ ’ wavelet based
model with 28 frequency bands and ‘— ’ using simulated time history records with
frequency dependent amplitude modulation

It can be observed that the expected PSA o f the simulated samples closely match
the target in mean sense and remain well within the limit o f exceedence, which proves the
accuracy o f the proposed model. It can be observed that the proposed wavelet based
model has 84 unknown parameters for exact representation o f recorded ground motion.
An effort has been made to reduce the number o f unknown parameters further by
removing frequency bands, which has insignificant contribution on the overall energy
content of the recorded time history. In this process, bands 9, 10, 11, 13, 14, 16, 17, 18,
19, 20, 21, 22, 23, 24, 25, 26, 27 and 28 (18 bands) are considered for PSA estimation
neglecting the contribution o f other bands. Figure 5.8 shows the estimated PSA obtained
from exact wavelet-based model and reduced wavelet-based model with less number o f
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frequency bands. A close match has been observed between them, w hich ensure a further
reduction o f 30 param eters. From these results it can be concluded that the proposed

0.7

0.6

0.5

04
S

5a

0.3

0.2

10

Figure 5.8: PSA obtained from the proposed wavelet-based model w ith all frequency
bands and wavelet-based model with reduced num ber o f frequency bands

wavelet based model is valid in stochastic sense and hence can be used for the purpose o f
random vibration analysis o f dynamical systems. M oreover, it can be noticed that the
param eter

a^.

in equation 5.16 is associated with the total energy o f the respective band.

Therefore, if the Fourier spectrum o f the input is used in conjunction w ith the proposed
model, a further reduction o f 18 param eters is possible.
To justify the validity o f the wavelet based model for earthquake ground motion
in stochastic sense, energy growth o f two different oscillators is estim ated using wavelet
based model w ith frequency dependent amplitude m odulating functions and compared
with that obtained from simulated samples. Figures 5.9 and 5.10 show the growth in
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temporal energy for oscillators with time period 0.1s and Is respectively. From these
figures, it can be noticed that the temporal growth o f the mean square energy o f the
response using simulated time histories matches well with the temporal growth o f the
response energy using the proposed model. This justifies the validity o f the proposed
wavelet based model for characterization o f earthquake ground motions with frequency
dependent amplitude modulation.

E06

O 0.4

0,2

t(S)

Figure 5.9: Growth in temporal energy o f the response (T =0.1s);
based on the proposed wavelet-based model, — simulated
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Figure 5.10: G row th in tem poral energy o f the response ( T = l s ) ;

random vibration

based on the proposed w avelet-based m odel, — sim ulated

5.4.2 Case II: Spatially Varying Ground Motions Model

O nce the param eters are obtained for the envelope function to characterize the earthquake
ground m otion for a single support, the spatially varying ground m otions can be
generated from equations 5.25 [Shinuzoka and Jan (1972)] to account for frequency
dependent attenuation and a tim e shift to account for arrival tim es o f the w aves. F or this
purpose, the values o f a j ,

(3'^ and

are assum ed to be 4, 1 /6 .2 2

and 1/3.11

respectively for all ' f . T he prerequisite o f the digital sim ulation o f earthquake tim e
histories from the fully populated m atrix o f input PSD function is th eir decoupling using
eigen analysis. F o r this purpose, an orthogonal decom position is adopted based on the
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eigen vector of the PSD matrix, which decouples the fully populated matrix into
independent PSD functions. The digital simulation is then performed for each
independent process as described in section 3.3.2. Finally, the joint time histories for each
support is obtained form these independent time histories using the inverse
transformation to their original coordinate.
For the purpose of simulation, a uniform amplitude modulation in two different
supports is considered for all frequency bands. Figure 5.11 shows the auto PSD of the
orthogonal increment processes, which are evaluated with S^,

and

are 1x10'^,

0.4% and 20rad/s for support one and 2.1x10"^, 0.6% and 15rad/s for support two
respectively. In the present study, simulation is performed for two extreme values of
coherence i.e. 0 and 1. The coherence is assumed to be zero in the first case. Figures 5.12
and 5.13 show the PSD function o f the orthogonal process for support one and two
respectively and that obtained from inverse Fourier transform of the simulated time
histories. A close match has been observed between the target PSD functions and the
simulated PSD functions. Figures 5.14 and 5.15 show the cumulative distribution
function at / = 55 of simulated time histories for support one and two respectively, which
proves the Gaussian nature of the simulated time histories. Figure 5.16 shows simulated
sample time histories of earthquake ground motions after uniform amplitude modulation
for support one and two respectively. Since the support motions are assumed
independent, the simulation has been performed from their respective auto power
spectrum, which does not demand for orthogonal transformation to decouple them.
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Figure 5.16: Simulated time history o f random support motion; a) support one and b)
support two
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In the next case, the coherence is assumed to be 1. Figure 5.17 shows the PSD
functions at the two supports and the independent PSD after orthogonal transformation
using eigen analysis. Figures 5.18 and 5.19 show the PSD and cumulative distribution
function (CDF) o f the simulated time histories and their respective targets. It can be
observed that both of them closely match with their target implying the accuracy o f the
simulation. Once the ensembles o f time histories are generated from the independent PSD
function, they are finally transformed to their original coordinate, which has a correlation
of 1. Figures 5.20a and 5.20b show sample o f time histories for support one and two
respectively, which clearly show the initial build up phase followed by a strong motion
part and finally a decaying phase that are typically observed in a strong motion
earthquake ground motions.
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Figure 5.17: PSD o f the orthogonal processes for supports one and tw o ;
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independent process obtained from orthogonal decomposition
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5.5 Conclusions

A robust wavelet based model for the characterization o f non-stationary earthquake
ground motion is presented here. The proposed model can efficiently represent
earthquake ground motions with non-stationarity in both intensity and frequency content.
For the purpose o f representing the non-stationarity, wavelet based time-frequency
analysis is adopted to evaluate the temporal energy growth in different frequency bands.
A modified version o f L-P wavelet basis function is used to evaluate the energy o f the
recorded ground motion. Using this basis function, the earthquake ground motion is
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modelled as a summation o f random process in different frequency bands. Each sub
process is then modelled as product of a deterministic envelope fianction and a stationary
random process. The envelope functions are modelled as proposed by Shinozuka and
Sato and the random sub-processes are modelled by Kanai-Tajimi spectra. The envelope
functions in different frequency bands are different and hence this leads to frequency
dependent amplitude modulating functions. The proposed wavelet based model using
frequency dependent amplitude modulating functions can efficiently characterize an
earthquake ground motion process with non-stationarity in both intensity and frequency
content and hence can be used for random vibration analysis o f linear and non-linear
structures.
Finally, the proposed wavelet-based model is used to characterize the spatially
varying ground motions. It can be observed from the simulation results that the frequency
dependent amplitude modulation can be used to characterize SVEGM, which will be
further used to solve a non-stationary response of a boundary value problem in the
following chapter.

168

1

Chapter 6: Non-stationary Response Analysis: Continuous Systems

Chapter 6: Non-stationary Response Analysis:
Continuous Systems

169

Chapter 6: Non-stationary Response Analysis: Continuous Systems

6.1 Introduction

In Chapter 5, the m odelling o f the evolutionary random processes w ith am plitude and
frequency non-stationary has been discussed. In this chapter, continuous wavelet
transformation is used to evaluate the response o f a short span bridge subjected to random
differential support motions. A n input-output relation is proposed using a m odified form
o f L-P basis function, w here the output is based on modal response as w ell as interaction
between dynamic and pseudo static components. Further, a m ore generalized wavelet
based evolutionary spectral analysis o f simply supported beam subjected to stochastic
differential support m otions are presented. The non-stationary support m otions at the
ends o f the beam are m odelled using deterministic frequency dependent modulating
functions and orthogonal stochastic processes. A w avelet based input-output relation is
then developed for the time dependent pow er spectral density function o f the total
displacement response, which is com posed o f two parts (a) pseudo static and (b)
dynamic. The proposed model can evaluate time dependent second order moment
statistics o f the output using different wavelet functions and hence is m ore general from
the point o f view o f tim e-frequency analysis.

6.2 Wavelet-Based Analysis of Boundary Value Problem

In this section, attention is focused on wavelet-based evaluation o f the non-stationary
response o f a linear boundary value problem subjected to evolutionary stochastic
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processes as input. First, a simply supported short span bridge is considered, which is
subjected to differential random support motions defined in terms o f expected value of
the square of wavelet coefficients. Next, a generalized formulation for boundary value
problem is presented using the generalized model o f the input processes that has been
presented in chapter 5.

6.2.1 Short Span Bridges

Ui(t)

I

U2(t)

A
y

A

I

■> X

I

Figure 6.1: Simply supported beam with random differential support motions

In the present study, the bridge is modelled as a simply supported beam as shown in
figure 6.1. The beam is subjected to differential support motions u^{t) and u^{t)
respectively. The governing equation o f the beam is given by

(6 .1)
dx^

"

dt^

dt

In the above equation, E, I, nip and c are Young’s modulus, area moment o f inertia o f the
section, mass per unit length, and viscous damping coefficient o f the beam respectively.
The boundary conditions associated with equation 6.1 are given by
y{l,t)

= Uj i t ) ,

jk " (0 ,0

= 0 and

y ”{ l , t )

y {f),t) = u^{t),

= 0 while the initial conditions are X x,0) = 0 and
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j>(x,0) = 0 , where prim e and over-dot represent derivative w ith respect to space and time
respectively. In the present study, M indlin-Goodm an (1950) transform ation is used to
transform equation 6.1 into a set o f uncoupled m odal differential equations with
homogenous boundary conditions. Following this transform ation, the total response
y {x ,t) can be expressed in term s o f pseudo static and dynam ic com ponents, which is
given by

( 6 .2 )

where,

(x) and

(?) are the

m ode shape and

modal response respectively while

/?, (x) and hj (x) are the shape functions associated with the pseudo static response. Based
on the boundary conditions for sim ply supported beam, it can be shown that /z, ( x ) , /jj (x)
and (pi^{x) are given by l - ( x / / ) , x / l and sm {k m :/l) respectively w hile the 1^'' natural
frequency is given by [Paz (1987)]

(6.3)

Using the transformation given by equation 6.2, it can be shown that the governing
equation o f motion o f the total response can be expressed as a set o f uncoupled modal
responses with hom ogenous boundary conditions, which is given by
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{()+ (2?7*o),)z,{t)+ 0)1 z,{ t) = f , (/)

where, rj^ is the dam ping ratio in the

mode. The

(6.4)

modal load vector is given by

j / (x, t)<j)i^ {x)dx
-------------------

(6.5)

\mp(plix)dx

where, f { x , t ) = -{piph^ (x)u^ (t) + c/?, (x)u, (t) )-[m^ h^{x)ii {t) + ch ( x) u (t))2

2

2

First substituting the w avelet series expansion o f the functions on both side o f equation
6.4 and then taking the Fourier transform as proposed by Basu and G upta (1998), it can
be shown that

b, V

,,* ( o ) = S Z

(“ J. * > . (® V ., A (®)

«5.6)

where, Hi^{co) is the frequency response function in the 1^'' m ode and is given by
1/((&>^ - 0)1)+ i{2r]i^coQ))). On taking wavelet transform on both side o f equation 6.2 and
using equation 6.6, yields
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Z- Z7 —«,/
.

a,

A( ^ )

=Z ZE —

fk k - ’

A

+

(6.7)

Z ~ ( " y ’
/

+^ 2 ( ^ ) Z Z ~ ^ ^ “ 2 («;>b,)y/„, ,^ {co)

A

1

J

Multiplying the above equation by its complex conjugate and integrating over co and
taking the ensemble average, the second order moment statistics o f the total response
y{x,t) in t h e b a n d can be expressed as [see Basu and Gupta (1998)]

k

/

J

_oo
2

k m,m*k

i
2

+

{x ) Y , e \ w ^ u, {a^ ) f
/

+00

(6;)| dco + h] ( x ) ^ e \ w ^ u , {a .,6,)|
—00

(6.8)

/

2

+®
dco

-CO

^

<

-0 0
+00

+ 2 X A ^2 (^ )Z
A («> ,
A
/
+ 2h, {x)h, {x)e[w^u, { a ., 6,

«2

)]

2

A (")|

—CO

(a .6,)]

In the above equation, terms containing correlations o f wavelet coefficients at two
different instants o f temporal parameter

become zero due to cancellation o f oscillation

during integration [see Basu and Gupta (1998)] and hence are neglected here. This is
confirmed later in the following section for the numerical illustration. Moreover in the
present study, support motions are assumed to be uncorrelated and hence the last term of
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the above equation can be neglected. Using Perseval’s theorem and the above equation, it
can be shown that the energy o f the total response y{x ,t) in the/* band can be expressed
as [Basu and Gupta (1998)]

dco
k

i

do)

+
k

m ,m * k

+ h^{x)Y —

^b

E\w^u,{aj,b,)^\^y,„^,^{co)'dco + h l{ x ) Y ^ E \w ^ u ,{ a j,b : ) \
a

(6.9)

.

^y^ajA (")| dco + 2Y^(l)^h, ( x ) ^ -----------------{aj,b,)W^u, {a .b.)] \ h ^{coj^y/(co) do)
M

k

i

_oo

h2Z(t.*2WZ—

The modified form o f L-P basis function used in the present study divides the frequency
scale into non-overlapping (and hence also orthogonal) bands in logarithmic scale.
Furthermore the above integral equation can be considered true in point-wise for cr close
to 1 [Basu and Gupta (1998)]. Using the above expression point-wise, the evolutionary
power spectral density (PSD) function o f the total response y{x,t) can be obtained as
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=Z AT—

Ab
+

k

>rI". H V.,(®)

i

1 1
k
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^

•
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/
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k
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■

Equation 6.10 provides the output power spectral density o f the displacement response,
which is established using the expected value o f the wavelet coefficients o f the input
processes. Next, a generalized formulation for boundary value problem is established
using the proposed wavelet-based model o f the input processes as discussed in section
5.3.2, which does not require the expected value o f the wavelet coefficients o f the
excitation processes as input.

6.2.2 Generalized Formulation

A simply supported beam o f length / under random differential support motions m,(/) and
^2(0 respectively at the two ends is considered. Figure 6.1 shows the simply supported
beam, whose governing equation o f motion is given by equation 6.1. The boundary
conditions associated with equation 6.1 are given in section 6.2.1. In order to transform
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equation 6.1 into a set o f uncoupled modal differential equations with hom ogenous
boundary conditions, the transformation proposed by M indlin and Goodman (1950) is
used here. Follow ing this transformation, the total response y { x , t ) can be expressed as a
sum o f dynamic component y j { x , t ) and pseudo static c o m p o n e n t a n d is written
as

y { x, t) =

(x,

In equation 6.11,

(x, /) = ^ (j)^ {x)z^ {t) + K {x)u, {t) + h^ {x)u^ (t)

and z^(?) are the

(6.11)

m ode shape and A:'* modal response

respectively, and h \ x ) and /?2 (-^) are the shape functions associated with the pseudo
static responses. Based on the initial and boundary conditions for the sim ply supported
beam as given in section 6.2.1, it can be shown that the adm issible shape functions for the
sim ply supported beam are

/z,(x) = l - -

/?2(x) =

and

A (x) = sin

kTDC^

y
, A: = 1,2,3...00

(6.12a)

(6.12b)

(6.12c)

U sing the transformation given by equation 6.11, the governing equation o f m otion o f the
total response can be expressed as a set o f uncoupled m odal dynam ic response as
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'^k^)+{^rii^o)^)z,{t) + (olz^{t) = f , { t ) . A: = 1,2,3...CO

(6.13)

where, co^ and 7 ^ are the natural frequency and the damping ratio associated with the A:'*
mode respectively. It can be shown that the

natural frequency o f the simply supported

beam is given by

Using Galarkin technique and normalizing the mass associated with the inertia term in
equation 6.1, it can be shown that the !<!^ modal load vector f ^ { t ) in equation 6.13 is
given by

\f{x,t)(t>k{x)dx

A (0 = ^1-----------------

(6.15)

(x)dx

where,

/ (x, t) = -[piph^ (x)Ui (0 +

(x)u^ ( t ) ) - (wp/?2 {x)ii2 (0 +
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Neglecting the force due to damping, which decays faster than the other forcing terms,
the k''' modal load vector in equation 6.16 can be expressed as

In the present study, the differential support motions m,(/) and iijit) are assumed to be
non-stationary in both intensity and frequency content. Following the non-stationary
representation of a random process as proposed by Priestley (1981), w, (?) and
be represented as

+<c

«,(/)= ^AXt,co)e‘“ dG,{a))

(6.18a)

—00

-HX

U2{t)= \A2{t,o)y'^dG,{co)

(6.18b)

— 00

where,A^ [t, co) and

A^ {t, o)) represent the deterministic envelopefunctions and G, (<y)

and G2 {(o)are thestationary

orthogonal increment processes form,(?) and« 2(0 >which

are given by

E[dGXco)dGl{co')\= S.Xco)
=0
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E[dG^{co)dG\(co')\ =
= 0

co = co'

(6.19b)

otherwise

5',,((y)and iS (<y) in the equations 6.19a and 6.19b are the pow er spectral density
2 2

function o f the stationary processes represented by G,(<w) and

respectively. On

taking w avelet transformation o f both sides o f equations 6.18a and 6.18b, it can be shown
that [Spanos and Failla (2004)]

-KO

W ^ u ,( a j,b ) = ^AX b,o}y'^dG X o>)

(6.20a)

-0 0

+00

W ^ u ^ (aj,b)^ \ A , { b , o ) y ‘^dG2{co)

(6.20b)

-o O

In the above equations, dG,{co) and d G (o)) are the stationary processes in wavelet
2

domain corresponding to the scale 7 ’ and are given by

(<y) = ^ 2 m j y/{ajCo)dG^ (o>)

(6.21a)

dG2{o)) = ^ 2m j\pf{a -0)^102ipL>)

where,

(6.21b)

y/{a-co)is the Fourier transformation o f y /^ ^ it). From equations 6.20a and 6.20b,

it can be noticed that the tim e varying frequency content o f the supportm otions
w'2(0 are governed by the deterministic envelope function
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respectively. This is done by taking wavelet transform o f the support accelerations m, (/)
and M2 W ’ w hich gives localized frequency information around t = b
frequency

into different scales ‘j ’- Therefore it can be assumed

by dividing

that the deterministic

envelope function in different scales 7 ’ is a function o f tim e only,

w hose frequency

signature changes from one scale to another. F ollow ing this assumption, the wavelet
representation o f w, (^) and Mj W

given by equations 6.20a and 6.20b respectively can

be m odified to

+00

W^u, ( a . , b) = \ a / [ t y ^ d G , [co]

(6.22a)

-00

■KO

(«; >b) = \ a ( { b y ^ d G , {co)

(6.22b)

—00

where, A^ {b) and A^^ (b) are the band dependent envelope function in pseudo time
domain ' b \

E volu tion ary S p e c tra l A n a lysis o f B eam

On taking w avelet transform o f both side o f equation 6.13 and expressing the modal
response in pseudo tim e domain ‘b ’, the governing equation o f m otion can be expressed
as [Basu and Gupta (2000)]
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d

2

^^2

W^ z ,k (\ a j,' >. h )) + \( 2 7 , , a >QJy
,)^ W 2 X a ,.h )+ o lW
a , .Jb h Kt ff/ A
\f/ 2
k \ , ( ]■>
Jka
\ ,j . b )

(6-23)

where, W^z^.{aj,b) represents the wavelet coefficient o f the k!^ modal response Zj(?) at a

scale ‘f

and

is the wavelet coefficient o f the

modal load vector

(?) and

is given by

K fk (^ / ’

^ ^ “ 2

In the above equation, /, and

(«> ’ ^)] = A w ' l («i ’

+ ^2

“ 2

(«y»b ) (6.24)

are given by - 2 / { k 7 z ) and (- 1 )* 2/(A:;r) respectively.

Assuming zero initial conditions,

modal response z*(?) can be evaluated using

Duhamel’s integral, which is given by

^hi^{b-T)W^uXaj,r)dT + l^ ^ \ { b - T ) W ^ u X a j , T ) d T
0

where,

(6.25)

0

{b) is the response o f a linear single degree o f freedom system due to an unit

impulse [Paz (1987)]. Using expressions for m, (?) and W2 (?) in wavelet domain as given
in equation 6.20a and 6.20b respectively in equation 6.25, the wavelet coefficient o f the
k''' modal response

(?) is given by
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+00

+00

W ^z,(a j,b )= \M Xb,co)e“^dGXco)+ jM ^{b,co)e“^dG2{co)

(6.26)

where,

u

M ( {b, co) = /, \h , {b - t )a (

Jr

(6.27a)

Jr

(6.27b)

u

M i {b, co) = I, \h , {b - r)A i

From equation 6.27a and 6.27b, it can be noticed that the frequency dependent ampHtude
modulation is performed in each band using an exponentially decaying function as given
by equation 5.10, which decays slowly over time. The unit impulse response function
hi^{r) used in the equations 6.27a and 6.27b decays at a faster rate as compared to
deterministic envelope functions A^' (r) and A^ ( r ) . Moreover, wavelet transformation
provides localized frequency information of a time function around t - b . Using this time
localization property of the wavelet transformation along with less oscillatory nature of
the band dependent envelope functions, equation 6.27a and 6.27b can be approximated as

b

M ( [b,co)« /, A( {b)\h, {b - r)e-‘^^‘’-^^dT « /, A,^ {b)H, {co)

(6.28a)

0

b

M i [b,co)» l^A i {b)\h, {b -

» / , 4 [b)H, (^y)
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Using equations 6.28a and 6.28b into equation 6.26, wavelet coefficient o f the
response

modal

(?) can be expressed as

2

-KO

P =\

-00

Therefore, taking wavelet transform of equation 6.11 and using equation 6.29, wavelet
coefficient of the dynamic response o f the beam can be expressed as

N

2

(6.30)
*=1

p = l -0 0

where, W^y^{x,a.,b) is the wavelet coefficient o f the dynamic component y j{ x ,t ) of
the total response o f the beam. Similarly, wavelet coefficient o f the total response
W^y[x,a ■,b)cm be expressed as

N

2

2

W ,y{x,a,.b)= ^^,(x)'^\l,A l(b)H ^(a,y'^dG ,(o> )+ ^h,(x}V ^uX a,,b)
* =1

p =\

-0 0

(6.31)

P=1

Multiplying both o f equation 6.31 by its complex conjugate and taking expectation
subsequently and using the relation o f the derivative o f an evolutionary random process
in the Appendix B, it can be shown that the second order moment o f the wavelet
coefficient o f the dynamic response is
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E [ w y [ x , a j , b ) \ = E [ w ^ y ] [x ,a j,b )\+ E '^ ^ y ][ x ,a .,b )\+ E ^ ,

(6.32a)

where,
N

2 2

’^)1=S

(^)ZZ

(^K(^) (")l'

p = \q = \

i= l

("V"

-0 0

(6.32b)

=E

Z Z

t= l

do) (6.32c)

(^ K

p = l9=1

-0 0

^

and

E. - i

m m

to ,A

t =l

In equation 6.32c,

P = 1? =

1

(6.32d)
-0 0

^

represents the expected value o f the square o f the wavelet

coefficient o f the interaction between pseudo static and dynamic component o f the total
response. Once the second order moment o f the wavelet coefficients o f the total response
y{x,t) is found out, evolutionary power spectral density function S ^ { b ,w ) can be
estimated as [Spanos and Failla (2004)]

^

"h

S„(>’ ,< »)= f^C i(b\v(a,ay\
7=1
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where,

is the number o f frequency scales used in w avelet calculation and Cj ip) is a

tim e dependent coefficient, w hich can be evaluated by solving the following set o f
algebraic equations.

■0u

01,2

••

01.

02,1

02,2

• •

02.«*

0«i.2

'cM
cM

' E Wy,y]{x,a„b)
=

E

(6.34)

•

In the above equation, elements o f the square matrix Q is defined as

-H w

dco

Q r,s =

(6.35)

It m ay be emphasized that the w avelet transformation o f time function f(t) presented by
equation 6.24 is m dependent o f the choice o f the basis function provided it satisfies the
adm issibility criteria given by equation 1.2.

Characterization o f Input Processes

It can be observed from equations 6.25 to 6.30 that the input to the sim ply supported
beam at each support is m odelled as the product o f a stochastic process w ith appropriate
band dependent amplitude m odulating function. In the present study, the input motions at
the two supports correspond to the stochastic processes w ith the auto-PSD s S n and S 22
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respectively, each assumed to be equal to 5”, which is given by [Spanos and Failla
(2004)]

V
2
\ 2“

5 —5',, —S 22 —
/
ft)

1 V

where,

g J

y

+

(6.36)

f
\

«

y

and co^ are the natural frequency and dam ping ratio o f the soil at the site and

Sg is the intensity o f the white noise. The cross PSD function for the jo in t process
between support

1

and 2 ,

8 ^2 ,

is given by

= y{co)S = r{co\f~S,,{co)S 22io>)

(6.37)

where, y{a>) is the frequency dependent coherence function.
The processes « ,(/) and

the two supports can be generated [see Nigam

and Narayana (1994)] by using orthogonal decom position o f the PSD matrix and then
applying the frequency dependent am plitude m odulating function on the generated
orthogonal stochastic processes. In this chapter, the following am plitude modulating
functions A^{t) and A 2 (t) are used for all frequency bands to m odulate the orthogonal
stationary processes, w hich are defined as
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)]

(6.38a)

t j p ^ ) - exp(- t / y ^ )]

(6.38b)

A,(t)= A / (t) = a, [exp(- tj/3,) - exp(A,{t)= A i (r) =

OTj [exp(-

6.3 Numerical Results and Discussions

The numerical simulation results using the proposed wavelet-based model for nonstationary response analysis are discussed in this section. Even though the formulation is
independent o f the wavelet basis used, the characteristics o f wavelet basis largely affect
the end results and hence different wavelet basis functions have been proposed in
literature for specific end uses. In the present study two different types o f wavelet basis
functions are used to evaluate the time dependent stochastic response o f the beam, which
are - (a) a modified form o f LittleWood-Paley (L-P) basis function (section 1.5.2) and (b)
Morlet wavelet basis function (section 1.5.3).

6.3.1 Short Span Bridge

The wavelet based evolutionary spectral analysis o f a simply supported beam as
discussed in the previous sections, has been illustrated numerically. The fundamental
frequency o f the short span bridge is assumed to be 7.5rad/s while the damping is
assumed to be 5% uniformly in all modes. The effects o f first two modes are considered
in the time-frequency analysis here. An ensemble o f 24 ground motions is generated
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using SYNACC program based on the parameters o f Loma-Prieta earthquake measured
at Dumberton bridge site [Trifunac (1990) and Wong and Trifunac (1979)]. Using these
ground acceleration, velocity and displacement, evolutionary power spectrum o f the total
displacement is obtained using equation 6.10. For this purpose, the wavelet coefficients
are evaluated for j = - \ l to 4 and a = 2'^'^. The parameter ‘6 ’ varies continuously at an
interval o f 0.2s. Figure 6.2 shows the normalized instantaneous second order moment
statistics (i.e.

(x )J )

o f the total displacement at the quarter span fi'om the

left end support.
A good agreement has been observed between wavelet based result and
simulation, which shows the accuracy o f the proposed model. Although the variance of
the total displacement matches more closely with simulation, when the cross terms (as
discussed in equation 6.8) are included, the difference between the approximate wavelet
based model (ignoring the cross term) and the exact wavelet based model with cross
terms is marginal and is hardly noticeable. Figure 6.3 shows the evolutionary PSD
function of the dynamic response at the quarter span o f the beam. From this figure, it can
be noticed that the proposed wavelet based algorithm effectively accounts for both
amplitude and frequency non-stationarity.
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x 1 0 ‘"

^ 0.6

0,4

0.2

l(s)

Figure 6.2: Normalized variance o f the total response at the quarter span from the left end
support: - wavelet, -. wavelet with cross term, —simulation

Q){rad f s)

Figure 6.3: PSD o f the dynamic response at the quarter span from the left end support

190

Chapter 6: Non-stationary Response Analysis: Continuous Systems

6.3.2 Generalized Formulation

The wavelet based m odel for evolutionary spectral analysis o f beam under random
differential support m otions as discussed in the previous sections, is used for the
numerical illustration. For this purpose, two different w avelet basis functions are used.
The fundamental frequency o f the bridge is assumed to be 3.5rad/s and the dam ping ratio
is assumed to be 5% in all modes. Effects o f first two m odes are considered in the timefrequency analysis. Two different cases o f vector random processes are used in present
study to illustrate the effect o f non-stationarity in both intensity and frequency content. In
the first case, single am plitude m odulated zero mean stationary G aussian random process
is used as discussed in the previous section. An ensemble o f 200 ground m otion time
histories is simulated using equations 6.36 to 6.38 [see Shinozuka and Jan (1972)]. The
values o f

,a, ,

>

Vi

taken to be 1.0 cm^s~^, 4, 4, 0.25, 0.15, 0.5 and

0.3 respectively. Envelope functions y4,(f) and A 2 {t) has m axim um value o f 1 at 2.5s and
5s respectively.
Instantaneous root mean square (RMS) value o f the total displacem ent at quarter
span from the left support is obtained using equations 6.32a - 6.32b, w here the wavelet
coefficients are evaluated for j = - 5 to 14 for m odified L-P basis function and j = \ to 3
for M orlet basis function respectively. To ensure the accuracy o f the proposed
formulation, norm alized instantaneous RMS response is com pared w ith M onte-Carlo
simulation results. In this context, the normalized RM S response is obtained by dividing
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instantaneous

RM S

value

by

the

maxim um

RM S

response

over

time

(i.e. ^ E [ y \ x , t ) ] / m ax-^£’[y^(x,r)]). Figure 6.4 shows the norm alized RM S value at a

0.7
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s 0.6
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0.3
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t( s)

Figure 6.4: N orm alized RM S value o f the total displacem ent at 1/4 from the left end
su p p o rt;

M LP basis, —. M orlet basis and — Sim ulation

distance o f 1/4 from left end obtained from the proposed w avelet based model and from
simulation results obtained by direct time integration. Since the theoretical normalized
RMS value corresponds to the average o f the am plitude m odulations used to model the
input processes, an exact m atch has been observed betw een two different basis functions.
A good agreem ent betw een w avelet model and sim ulation results is observed, which
prove the accuracy o f the proposed algorithm. The little difference betw een the wavelet
results and the sim ulation results m ay be due to the initial transient effect present in the
sim ulation results. Figure 6.5 shows the instantaneous RM S value o f the dynamic
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response at quarter span for two extreme values of the coherency function y{o)) i.e. 0 and
1 respectively. It can be noticed that fully correlated support motion has significant effect
on the dynamic response as compared to uncorrelated motions. Figures 6.6 and 6.7 show
instantaneous PSD of the total response at t = 4s respectively using modified L-P basis
function and Morlet basis

0.045
—
—
0.04

MLP Basis (y=0)
Morlet Basis ( y = 0 )
MLP Basis (y = 1)
Morlet Basis (y=1)

0.035
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S 0.025

S
CO

I

0.02

0,015

0,01
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0

0
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10

15
t(s )
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25

30

Figure 6.5: RMS value o f the total displacement at 1/4 from the left end support
(Instantaneous RMS values for 7 = 0 and 1 obtained by using ML-P basis function and
Morlet basis function exactly match with each other)
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x10

Figure 6.6: Power Spectral D ensity function o f the dynam ic response at L/4 from the left
end support at ^ = 45 ( / = 1 ) ;

M LP basis and — Sim ulation

0,6

0.4

0,2

Q}{rad I s)

Figure 6.7: Power Spectral D ensity function o f the dynam ic response at L/4 from the left
end support at t = As { y = \ ) \

M orletb asis and — Sim ulation
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function in the proposed model and simulation for / = 0 . It can be observed that the
energy is concentrated around the first natural frequency as expected. Figures 6.8 to 6.11
show PSD o f the different displacem ent responses at the quarter span. From this figure it
can be observed that the proposed algorithm can estimate evolutionary spectral response
o f the dynamical system under non-stationary input. M oreover figures 6.10 and 6.11
show that interaction betw een dynam ic and pseudo static com ponents contribute much in
the total response and hence m ust be considered for the purpose o f safe design o f the
structure.
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o)(rad / s)

co{rad Is)

(b)
Figure 6.8: PSDF o f the dynamic response at L/4 from the left end support for / = 1; (a)
ML-P basis and (b) Morlet basis
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co{ra d I s )

30

40

t(s)

co(radls)

(b)
Figure 6.9: PSDF o f the interaction between dynamic and pseudo static responses at L/4
from the left end support for

= 1; (a) ML-P basis and (b) Morlet basis
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co(rad / s)

(a)

0){rad Is)

(b)
Figure 6.10: PSDF o f the pseudo static response at L/4 from the left end support for
X = 1; (a) ML-P basis and (b) Morlet basis
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m{rad / s)

(a)

a>{rad / 5 )

(b)
Figure 6.11: PSDF o f the total response at L/4 from the left end support for / = 1; (a)
ML-P basis and (b) Morlet basis
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To illustrate the effect o f frequency non-stationary, two independent processes
(i.e.

= 2) are added together for each support, where the first process is kept same as in

case one and the second process is simulated by shifting the peak o f the amplitude
modulation by 5s. Figure 6.12 shows the normalized RMS value obtained from waveletbased model using two different basis functions, which exactly match with each other as
has been noticed in the previous case. A good agreement is observed between the
proposed model and simulation. Moreover it can be noticed that peaks o f two different
independent processes arrives at two different time instants, which is typically observed
in earthquake ground motions. Figure 6.13 shows the envelopes o f RMS value for
coherence function varying from 0 to 1. Figures 6.14 to 6.17 show evolutionary PSD
function o f different response components. From these figures, one can notice that the
proposed wavelet based model can evaluate non-stationary response with non-stationarity
in both intensity and frequency content and hence can be used for the purpose of
evolutionary spectral response analysis o f the dynamical systems.
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Figure 6.12: Normalized RMS value o f the total displacement at 1/4 from the left end
support;

MLP basis, —. Morlet basis and — Simulation
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Figure 6,13: RMS value o f the total displacement at 1/4 from the left end support
(Instantaneous RMS values for / = 0 and 1 obtained by using ML-P basis function and
Morlet basis function exactly match with each other)

201

Chapter 6: Non-stationary Response Analysis: Continuous Systems

30

40

t(s)

co{rad Is)

(a)

30

40
a^ rad Is)

t(s)

(b)
Figure 6.14: PSDF o f the dynamic response at L/4 from the left end support for
ML-P basis and (b) Morlet basis
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(b)
Figure 6.15: PSDF o f the interaction between dynamic and pseudo static responses at L/4
from the left end support for ;k = 1; (a) ML-P basis and (b) Morlet basis
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Figure 6.16: PSDF o f the pseudo static response at L/4 from the left end support for
/ = 1; (a) ML-P basis and (b) Morlet basis

204

Chapter 6: Non-stationary Response Analysis: Continuous Systems

0){rad / s)

(a)

0){rad / s)

(b)
Figure 6.17: PSDF o f the total response at L/4 from the left end support for y = \ \ (a)
ML-P basis and (b) Morlet basis
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6.4 Conclusions

A wavelet based method for non-stationary response analysis o f short span bridge has
been presented here. Time dependent stochastic response is evaluated based on the
interaction between response in different modes as well as dynamic and pseudo static
components. The numerical results presented here show the efficiency and accuracy of
the proposed algorithm. The modified form o f L-P basis function used in the present
study is completely localized in frequency and thus can evaluate stochastic response in
non-overlapping frequency bands. The proposed wavelet based methodology is more
effective than conventional non-stationary response analysis as it can account frequency
non-stationarity more efficiently.
Next, a generalised wavelet based method for non-stationary response analysis of
simply supported beam subjected to random differential support motions is presented
here. The proposed methodology is easier to implement than conventional evolutionary
spectral analysis using Fourier-Stieltz integral as it estimates time variant stochastic
response from the input stochastic process using conventional frequency response
function and deterministic envelope functions at different scales in wavelet domain. In
this context, the ease o f the proposed method lies in construction o f wavelet coefficients
o f the response directly from the stochastic description o f the input process without
evaluating the wavelet coefficients o f the input time signal, and hence computationally
more efficient. Moreover, there is no assumption is made on the choice o f the wavelet
basis function to evaluate the time dependent stochastic response. The proposed wavelet
based methodology can evaluate time dependent frequency content o f the response and
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hence is more generahzed than conventional technique for non-stationary response
analysis. The numerical results presented show the efficiency and accuracy o f the
proposed algorithm. Furthermore the present methodology can be extended to the nonstationary response analysis o f multi degree of freedom system as well as non-linear
systems via equivalent linearization.
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Chapter 7: Non-stationary Response Analysis of
Discrete Systems
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7.1 Introduction

An evolutionary spectral analysis o f boundary value problem is presented in Chapter 6
with the input-output relation established using continuous system model coupled with
wavelet transform, hi this chapter, discrete systems in finite element framework are
considered.
First of all, an input-output relation for the response o f a long span bridge
subjected to random differential support motions is proposed in the present chapter. The
bridge has been modelled as a multi-span simply supported beam in the finite element
(FE) framework to obtain the dynamic properties. The non-stationary spatially varying
earthquake ground motions (SVEGM) at different supports are characterized following a
generalized wavelet-based formulation as proposed in Chapter 5.
Next, a wavelet-based non-stationary response analysis o f a typical primarysecondary (P-S) system is proposed in this chapter, where the secondary piping network
is housed inside the secondary structure. The examples o f these structures are mechanical
instruments installed inside buildings, piping network in industry or in nuclear power
plants. The stiffness and damping characteristics o f the two sub-systems vary
considerably and hence give rise to a system with non-classical damping. The P-S system
is modelled as MDOF system and the primary structure is subjected to random support
motions with non-stationarity in both amplitude and frequency content.
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7.2 Wavelet-Based Representation of the Response

The wavelet-based response analysis of multi-supported structural systems such as large
span bridges, primary-secondary systems is discussed in the following sections.

7.2.1 Structures Subjected to SVEGM

4
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Figure 7.1: Simply supported bridge with four spans subjected to spatially varying
ground motion

A simply supported bridge as shown in figure 7.1 is considered in the present study,
which is subjected to differential support motions. The bridge is modeled in the Finite
Element (FE) framework using 2D beam elements (for details, see Appendix C). The
governing equation of motion is given by

[m | z )+ [ c | i - ) + [/f]{A-} =
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where,

represents the vertical displacement vector relative to the vertical support

motions, which are represented by \x^ \,r = \,2,...n . In equation 7.1, \m \, [c] and [A!”]
are the N x N mass, damping and stiffness matrices and / is the N x n influence matrix
for the differential support motions. In the present study, the formulation is proposed in a
generalized framework such that the proposed model can be applicable for systems with
either classical or non-classical damping. For this purpose, the governing equation is
expressed in state-space, which is given by

[filly}=le(')}

where, A =

[o] [m ]]
[m]

[c]

■[Ml

[0]

[0]

[^U

(7.2)

are the 2 N x 2 N matrices. Equation 7.2 has 2 N complex eigen values and it can be
decoupled using the 2 N x 2 N complex eigen vector O . Using this complex eigen vector,
equation 7.2 can be decoupled by the following transformation, which is given by

[y]

(7.3)

=

Using this transformation, governing equation o f motion can be expressed into a set of
uncoupled first order differential equations as

(7.4)
r=l
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th

On taking wavelet transform o f both sides o f equation 7.4, the k modal response

•

m

the wavelet domain can be expressed as [see Basu and Gupta (2000)]

^

[aj,b)+

[aj,b) =

J

,

(aj b)

(7.5)

In the present study, the wavelet-based model for SVEGM as proposed in section 5.3.2 is
used for ground motion characterization. The solution o f equation 7.5 can be evaluated
using Duhamel’s integral, which is given by

n

lM;{a,,by“ dGM)
r= l

(7-6)

—00

where,

b

A /* {b, Q}) = \ h , {b -

t )A]

(7.7)

{T)e“^^^-‘’^dT

0

From the above equation, it may be noticed that the unit impulse response function
oscillates

ata faster rate as compared to the deterministic envelope functions

(r)
(r).

Furthermore, wavelet transformation provides localized frequency information o f a time
function

around

t = b . Using

this

time
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transformation along with less oscillatory nature o f the band dependent envelope
functions, equation 7.7 can be approximated as

M* ((., 0, ) » A] (b )\h , (b -

« /(* (b)H, (o,)

(7.8)

0

where,

{co) is the conventional frequency response function in

mode and is given

by

^

(7.9)

On taking wavelet transform o f both sides o f equation 7.3, it can be shown that

(«, >b)

(7.10)

i=l

where, W^x^{aj,b) is the wavelet coefficient o f relative displacement at p ‘^ degree o f
freedom. It can be shown that the auto-correlation o f the relative displacement o f the p ‘^
degrees o f freedom in wavelet domain is given by

E [» 'ix X a j.b l = ^ ^ < t:^ ,> S :^ ,E [w ,z,(a j.b )v ,z ,(a j,b l
^=1 m=l
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On using the expressions o f W ^ z \a j,b ) and W ^z„ \aj,b) as given in equations 7.6 and
7.8 respectively and simplifying it can be shown that the second order moment o f the
relative displacement along p'^ degrees o f freedom is given by

^=1 m =l

r=l

/=1

0

where,
(7.13)

In the above equation, S^,(co) represents cross-power spectrum between the supports ‘r ’
and

as discussed in equation 5.25.

Systems with Classical Damping: Special Case

The proposed model for non-stationary response analysis can be used in classical
damping framework. In this case, damping matrix C is expressed as a summation of
scaled mass and stiffness matrices M and K respectively, i.e.

C = aM + /3K

(7.14)

Using the above expression for C in the governing equation o f motion, equation 7.1 can
be decoupled by following transformation
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X = <X>Z

where, O is the real N x N

(7.15)

eigenvector obtained from eigen analysis o f mass and

stiffness matrices without considering damping. Using equation 7.15, the governing
equation o f motion can be expressed as

n

(7.16)
r =I

On taking wavelet transformation o f both sides o f equation 7.16, the dynamic equilibrium
in k''' mode can be expressed as

db‘

’

■■ ■ db

The solution o f the equation in kth mode can be obtained using Duhamel’s integral,
which is given by equation 7.6 to 7.8, with only difference lies evaluation o f frequency
response function H^{ q}), which is given by

« ,(< » )= -

A

coi^-co +2T]^co^ia)
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Evaluation o f Response Power Spectrum

Using the

second order moment o f the wavelet coefficients o f the relative

d i s p l a c e m e n t e v o l u t i o n a r y power spectral density function

w) can be

estimated as [see Spanos and Failla (2004)]

(7.19)

where, n^ is the number o f frequency scales used in wavelet calculation and Cj{b) is a
time dependent coefficient, which can be evaluated by solving the following set of
algebraic equations.

a ,2
02,,

Qi.i

Q nj,\

Q nj.2

•

•■■

Q i.n,

'c X b Y

Q i .Nj

C,{b)

' E W^x^,{x,a„b)
r

E }^^xl{x,a2,b)

(7.20)

I

Q n j.n ^ _

In the above equation, elements o f the square matrix Q is defined as

Q r,s

=

dco

216

(7.21)

Chapter 7: Non-stationary Response Analysis o f Discrete Systems

7.2.2 Numerical Results and Discussions

The wavelet-based model o f the long span bridge as discussed in the previous section is
used for numerical illustration. The bridge has four spans as shown in figure 7.1. Each
span is assumed to 100m long. The first five natural frequency o f the bridge are 0.34,
0.40, 0.53, 0.69 and 1.50 rad/s. Although, the proposed model can evaluate nonstationary response o f a system for both classical and non-classical damping, present
numerical illustration is performed using modal damping only, which is assumed to be
constant in all modes and is taken to be 5%. The ground motion is modelled as
summation of random processes in different frequency bands.
In each frequency band, the random process is modelled as a product o f a
deterministic envelope function and a stochastic orthogonal process. An exponential
envelope function as proposed by Shinozuka and Sato (1967) is considered here. Table
5.1 shows the value o f the parameters o f the envelope function for left end support. In the
present study, 28 different frequency bands ranging from 0.045rad/s to 30rad/s is used to
model the support motions. A logarithmic discretization as proposed by Basu and Gupta
(1998) is introduced in the present study. For this purpose, the parameter <j in equation
7.12 is taken to be 2 ''“*. Figure 7.2 shows the envelope function for left end support
corresponding to the frequency band 5, 15 and 28 corresponding to the frequency ranges
0.9907-1.1781 rad/s, 5.6040-6.6643rad/s and 53.3146-63.4021rad/s respectively. A wave
velocity o f lOOOm/s is assumed in the present study. Based on the distance o f the other
supports from the left end, a time shift has been introduced in these envelope functions
such that different waves with different frequency arrives at the other supports
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accordingly. Besides deterministic frequency dependent amplitude modulation, present
model for earthquake ground motions require characterization of stochastic orthogonal
processes for different supports and their spatial coherence functions. For this purpose,
the orthogonal stochastic process is modelled by Kanai-Tajimi spectra as discussed in
section 5.3. Table 7.1 shows the values of^,,, co^ and

to evaluate the Kanai-Tajimi

spectra as described in equation 6 for different supports. Figure 7.3 shows the orthogonal
spectra used for different supports. Using these envelope functions and orthogonal
processes in different frequency bands, earthquake ground motion is simulated for the left
end support, a sample of which is shown in figure 7.4. It can be observed that the
simulated time history shows an initial build up phase, intermediate strong motion phase
and finally an exponentially decaying phase, which is typically observed in strong motion
accelerograms. In the present study, five different spatial coherence functions are used as
given in Appendix A. Figure 7.5 shows
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Figure 7.2: Envelope functions in ifferent frequency bands for left end support
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Support

COg

So

Tig ( % )

Number
1
2
3
4
5

(rad/s)
1 .OOE-04
1.20E-04
5.00E-05
7.00E-05
1.40E-04

0.4
0.5
0.4
0.6
0.4

10
20
5
12
15

Table 7.1: Parameters for orthogonal stochastic processes in different supports
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Figure 7.3: Orthogonal processes used for different supports
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Figure 7.4: Simulated tim e history o f the ground m otion for left end support
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Figure 7.5: Coherency function used for spatial correlatio n ;
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different coherence functions used for numerical analysis. It can be noticed that the
model proposed by Abrahamson decays much faster as compared to the other models.
Using these models for ground motions as input, non-stationary response analysis
is performed as discussed in the section 7.2.1. The beam is modelled in FE framework
using 2D beam element, which has four degrees o f freedom (DOF) per element. The
details of element mass and stiffhess matrices are given in Appendix C. First a sensitivity
analysis is performed to identify the optimum number o f elements to be used in the FE
analysis. For this purpose, displacement at the mid point o f the left end span is
considered. Figure 7.8 shows the root mean square value (RMS) o f the displacement
obtained using 2, 4, 8 and 10 elements per span respectively. It can be noticed that the
solution converges after 8 elements. Using this optimum number o f

El 10

C 10

50
t(S)

Figure 7.6: RMS value o f the displacement at mid point o f the left end span for various
numbers of elements per span
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elements per span, a non-stationary response analysis is performed. Two different
locations on span 1 and span 2 are considered for numerical illustration. These are quarter
point and the mid point from the left end o f the respective spans. Figures 7.7 and 7.8
shows the time varying power spectral density o f the displacement at quarter point and
mid point in span 1, while figures 7.9 and 7.10 show the same for span 2. It can be
noticed that most of the response energy is concentrated in a frequency range o f 0 to 5
rad/s, which contains the first five natural frequencies. Furthermore, these figures reveal
that the response is non-stationary with peaks o f different frequencies arriving at different
time instants, which depicts the necessity o f proper mathematical model to realise the
behaviour o f the structures subjected to input with time varying frequency content.

o)(rad / s)

Figure 7.7: PSD o f relative displacement at quarter point from left end support o f span 1
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Figure 7.8: PSD o f relative displacement at mid point from left end support o f span 1

Figure 7.9; PSD o f relative displacement at quarter point from left end support o f span 2
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Figure 7.10: PSD of relative displacement at mid point from left end support o f span 2

Since, the structural response attains maximum value at different time instants and in
different vibration modes, the present observation reveals that the design based on the
peak response in the fundamental mode or ignoring the effect o f frequency nonstationarity might lead to non-conservative design for extended structures.
Figures 7.11 to 7.14 show the RMS value o f the displacement at mid point o f the
left end span for span length o f 50m, 100m, 150m and 200m respectively. The RMS
value is obtained using five different spatial coherence models as discussed in Appendix
A. A close match has been noticed between the responses obtained from different
coherence models for a span length o f 50m except for the model proposed by Hao. As the
span length increases, the response obtained fi'om Harichandran and Vanmarcke model
estimates less than other models while the response obtained using the model proposed
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by Hao provide conservative results. Therefore, from these figures, it can be noticed that
the proposed wavelet based model can evaluate non-stationary response with nonstationarity in both intensity and frequency content and hence can be used for the purpose
o f evolutionary spectral response analysis o f the extended structures subjected to spatially
varying ground motion.
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Figure 7.11; RMS value o f the displacement at mid point o f the left end span for span
length o f 50m
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Figure 7.12: RMS value o f the displacement at mid point o f the left end span for span
length o f 100m
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Figure 7.13: RMS value o f the displacement at mid point o f the left end span for span
length of 150m
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Figure 7.14: RMS value of the displacement at mid point of the left end span for span
length of 200m

7.3 P-S Systems Subjected to Evolutionary Support Motion

Secondary System

i i

m,

<—

►

Primary System

Figure 12 \ Torsionally coupled P-S system; • CG and O Center of rotation
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Figure 7.15 shows a P-S system that has been considered in the present study. The
combined system is subjected to a support motion o f JCg(0 as shown in figure 7.15. The
governing equation o f motion o f the combined system is given by

[A/]{jf}+ [c]{i-)+1 ^ ^ } = -[M ]{/}i,(/)

(7.22)

where, [m ], [c ] and [at] represent mass, damping and stiffness matrices respectively
and {/} is the influence vector o f the support motion. The details o f [m ], [c ] and [a^]
and {/} can be found in Appendix D. Over dot in equation 7.22 represents differentiation
with respect to time. {A'} ( = \ x ^ , X g ,
system relative to the support motion

,X

}') is the displacement vector o f the P-S

(t). Due to wide variation o f material properties

and damping characteristics between the primary and secondary systems, classical modal
decoupling based on real eigen values does not exist. To overcome this problem, a statespace representation o f equation 7.22 is proposed in the literature where the decoupling is
done based on the complex modal matrix obtained from the eigen-analysis considering
damping matrix, as given by equation 7.2, which can be decoupled using the
transformation given by equation 7.3. In the equation 7.3, O is the complex modal
matrix obtained from eigen-analysis o f the matrices A and B . Using this transformation,
governing equation o f motion can be expressed into a set o f uncoupled first order
differential equations as

z*

= A = ^ ji^ g (0
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7.3.1 Wavelet Based Evolutionary Response Analysis of P-S System
th

On taking wavelet transform o f both sides o f equation 7.24, the K m odal response

•

m

the wavelet domain can be expressed as [see Basu and G upta (2000)]

—
'■

z , [ a j ,b .

(0 + n W a , A (O} = «* Z Z ~

j

'■

j

("y ’

,i, (0(7-25)

^i

where.

=

(7.26)

It may be noticed that on taking wavelet transform o f equation 7.24, differentiation o f the
k'^' modal response
function

^

with respect to time

is shifted over the know n w avelet basis

and the dynamic equilibrium equation is established through the

wavelet coefficients. On taking Fourier transform o f both sides o f equation 7.25, it can be
shown that

where, H,^{co) is the

modal response function [H^{co) = \l{co + i y^)] and

the Fourier transform o f the basis function
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1 2 1 by its complex conjugate and taking expectation, it can be shown that the cross
and f '

correlation at a scale 7 ’ between the wavelet coefficients o f the responses in
mode is given by

+ 00

2

=

rf<»(7.28)
i

I

—00

On taking wavelet transform o f both sides o f equation 7.24 and multiplying by its
complex conjugate and using equation 7.28, it can be shown that the total expected
energy o f the relative displacement along R‘^ degree o f freedom in

frequency band is

given by [for details, see Basu and Gupta (1998)]

(7.29)

In the above expression,

represents the R‘^' element o f the m‘^ mode shape. Using

Parseval’s identity and equation 7.29, the instantaneous mean square energy o f the
relative displacement along the R‘^ degree o f freedom can be expressed as

e [xi (oL ,

=z —
j

^ j

) l 7z
-O 0

m

n
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It can be noticed that, as the value o f a tends to unity in the expression fo r^ ^ ^ ( o )), the
above integral equation can be assumed to be valid point-wise. Thus, using the relation
given by equation 7.30 in point wise sense, the instantaneous pow er spectral density o f
the relative displacement along R'^ degrees o f freedom can be expressed as

7.3.2 Numerical Results and Discussions

Using the proposed wavelet-based input-output relation for P-S systems, numerical
analysis is performed to establish the efficiency and accuracy o f the proposed model,
especially in the light o f non-stationary am plitude and frequency content. Figure 7.2
shows the P-S system considered in the present study. It can be seen that the secondary
structure is modelled as a 2 D 0 F system with masses
and dam pers

and

,

and

,

linear springs

and

which are mounted over a torsionally coupled prim ary

system. The prim ary system consists o f a mass ( w ^ ) supported by two linear springs
(

and

) and dam pers (

and

) respectively, allow ing it to turn around its

centre o f rotation, which is situated at a distance V ’ from the centre o f gravity. The
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details o f the mass, stiffness and damping properties are given in Table 7.3. The damping
is assumed to be 5% and 20% for primary and secondary system respectively. The natural
frequencies of the P-S system are 0.9980, 8.3475, 10.6201 and 33.9064rad/s respectively.

nip

10 kg

msi

0.5 kg

ms2
Kp] =Kp2

0.5 kg
1000N/m

Ks,

500 N/m

K s2
e
r

45 N/m
0.6 m
3m

Table 7.2: Structural properties o f the P-S system

The combined damping matrix is obtained from inverse analysis o f the individual modal
damping. From the values o f these parameters, it can be shown that the secondary system
is tuned at the fundamental frequency o f the primary system. It can be observed from
equation 7.32 that the input-output relation o f the P-S system is established through the
second order moment statistics. In the present study, numerically simulated samples of
the Loma-Prieta earthquake using SYNACC program [Trifunac (1990), Wong and
Trifunac(1979)] based on the parameters measured at the Dumbarton Bridge site is used.
Figure 7.16a shows a sample time history o f the Loma-Prieta earthquake. From this
figure, it can be observed that the input has non-stationary amplitude as well as frequency
content. Using an ensemble o f 20 time histories, expected value o f the wavelet
coefficients of the ground motion is evaluated, which is the basis o f the proposed inputoutput relation as established in equation 7.32. For this purpose, a modified form o f LP
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basis function as proposed by Basu and Gupta (1997) is used to calculate the wavelet
coefficients. Besides having temporal decaying characteristics similar to dynamical
system, this basis is completely localized in frequency. Hence it does not suffer from
problems due to band overlapping. This frequency localization characteristic o f the LP
basis function simplifies the evaluation o f the energy in equation 7.30 as compared to
other basis function [for details see Basu and Gupta (1998)]. The input wavelet
coefficients are evaluated for j = - \ l to 4 and cr = 2'^‘* while parameter ‘6’ varies
continuously at an interval o f 0.02s. Figure 7.16b shows a typical displacement time
history o f the secondary response X

relative to support due to the support motion,

which is shown in figure 7.16a. For the design o f P-S systems, the assumption of
cascading approximation is common in the engineering practise. It is generally assumed
that the output o f the primary system acts as an input o f the secondary system, where the
interaction between primary and secondary system is ignored. Figures 7.17 and 7.18
show the secondary system response

obtained from exact time history integration

with interaction between P-S system and using cascading approximation, when the
secondary system is tuned and de-tuned at the first natural frequency o f the primary
system respectively. It can be noticed that although during de-tuning, the initial response
o f the secondary system obtained using cascading approximation and exact simulation
are similar in their absolute values, the frequency signature o f the responses are
completely different when the cascading approximation is made. From this observation, it
can be concluded that cascading approximation lead to erroneous results especially when
the input has evolutionary frequency content. Figures 7.19(a), 7.19(b), 7.19(c), 7.20(a),
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7.20(b), 7.21(a) and 7.21(b) show the time history of the secondary response X
obtained from time history simulations with interaction between P-S system for different
ratios of the mass of the secondary system

to the primary mass

and the energy of

these time histories in different frequency bands. From these figures, it may be noticed
that the response has time dependent frequency content at low mass ratio with significant
energy contribution in different frequency bands. Besides ratio of the primary and
secondary masses, rotational inertia also plays vital role on the evolutionary nature of the
frequency content of the response of the P-S systems. Figures 7.22(a) and 7.22(b) show
the response of the secondary X

for different values of ‘r ’ and figures 7.23(a) and

7.23(b) show their respective time varying frequency content of the energy spectrum.
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Figure 7.16: Time history at input and output; (a) input and (b) displacement response
( X ^^) of the secondary system
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Figure 7.17; Time history o f the secondary response

when the secondary system is

tuned with primary system; (a) interaction between the P-S system and (b) cascading
approximation between the P-S systems
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Figure 7.18: Time history o f the secondary response

when the secondary system is

de-tuned with primary system; (a) interaction between the P-S system and (b) cascading
approximation between the P-S systems
235

Chapter 7: Non-stationary Response Analysis o f D iscrete Systems

0.01

'\mm

— M ass Ratio 10%
E
X
-

0.01

45

0.02
M ass Ratio 25%
E
X
-

0.02
45
0,05
M ass Ratio 40%

E
X

-0.05

45
t(s)

Figure 7.19: Time history o f the secondary response
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Figure 7.21: Time varying energy spectrum o f the secondary response

for different

mass ratios o f the P-S system; (a) 25% mass ratio and (b) 40% mass ratio
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Figure 7.22: Time history o f the secondary response

when the secondary system for
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Figure 7.23: Time varying energy spectrum o f the secondary response
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It can be noticed that the evolutionary frequency content is largely affected by the
rotational inertia, which is clearly visible in the range o f 10s to 25s o f the response time
histories. Moreover, with the decrease in the values o f ‘r ’, energy in frequency bands 2 to
7 (between frequencies 0.99rad/s to 5rad/s) decreases, which leads to insignificant energy
contribution in those bands. From these figures, it can be noticed that the output o f a
torsionally coupled P-S system contains non-stationarity in both intensity and frequency
content, which justifies the requirement o f more rigorous model to tackle these issues.
In the present study, mean square value o f the relative displacement

and the

growth in temporal energy obtained using proposed wavelet based model is compared
with statistical simulation. Figure 7.24 shows the normalized instantaneous second order
moment o f

(i.e. e \ x I

J)-

A close match in mean sense has been observed

from 5s to 7s and from 15s to 35s between the results from the proposed wavelet based
model and simulations except initially, which may be due to the effect o f the initial
transients that are present in direct integration based simulation results. Moreover, due to
lack o f data, a relatively low sample size is used in direct simulation, which is reflected in
the fluctuation o f the simulation results. Figure 7.25 shows the growth in the temporal
energy obtained from cumulative summation o f the instantaneous energy as described in
equation 7.31. It may be noticed that the wavelet based model matches closely with
simulation depicting the efficiency o f the proposed model. Figure 7.26 shows the
evolutionary spectral density function o f the relative displacement

. This figure shows

that the proposed methodology can effectively evaluate non-stationarity in both intensity
and frequency content. Hence the proposed model can be used for evolutionary stochastic
response analysis o f P-S systems with non-classical damping.
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Figure 7.25: Growth in temporal energy o f the secondary response
formulation;

242

simulation

wavelet

Chapter 7; Non-stationary Response Analysis o f Discrete Systems

50

30

(B (rad)

t(s)

Figure 7.26: Time varying power Spectral Density function o f the displacement response
of the secondary system

7.4 Conclusions

In this chapter, first a generalised wavelet based method for evolutionary spectral
response analysis o f extended structures subjected to spatially varying differential support
motions has been proposed. The input-output relation o f non-stationary response is
established in wavelet domain. The multi-supported bridge is modelled in finite-element
framework and response is evaluated directly from the wavelet-based characterization o f
the evolutionary stochastic processes at the input. The proposed method the modelling of
the non-stationary random processes is achieved by the summation o f random processes
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in different frequency bands in wavelet domain, where each sub-process is expressed as
product o f scale dependent deterministic envelope function and orthogonal stochastic
process. For this purpose, a modified form of the LP basis function is used, which has
compact support in frequency domain and hence can evaluate wavelet coefficients in
non-overlapping frequency bands. For the process o f response evaluation, conventional
frequency response function coupled with deterministic envelope functions at different
frequency scales in wavelet domain is used, which makes it easier to implement than
conventional evolutionary spectral analysis using Fourier-Stieltz integral. The proposed
wavelet based methodology can evaluate non-stationarity in both amplitude and
frequency content o f the response, which is shown in the numerical results presented.
Next, a non-stationary input-output relation o f P-S systems is presented. Attention
is mainly focused on the stochastic response of the secondary systems. The response is
obtained using second order moment statistics o f the input processes in wavelet domain.
An ensemble o f simulated time histories of Loma-Prieta earthquake based on the
recorded parameters at Dumbarton Bridge site, which has characteristic temporal
variations in the frequency content, is used as an input to the primary structure. The
wavelet-based evaluations o f the response statistics are obtained using a modified L-P
basis function. From the temporal variation in the energy spectrum, it is clear that the
response o f the secondary system contains strong frequency non-stationarity, which is
significantly affected by the rotational inertia and the eccentricity in the location o f the
secondary system. In addition, the cascading approximation even though acceptable for
design o f P-S systems in detuned cases from the peak displacement response point of
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consideration, is unable to capture the time varying frequency content in the response
particularly when the input is non-stationary.

245

Chapter 8: Summary and Conclusions

Chapter 8: Summary and Conclusions

246

Chapter 8: Summary and Conclusions

8.1 General Summary and Conclusions

The study in this thesis mainly focuses on the application o f wavelet-based timefrequency analysis for parameters estimation of linear and non-linear dynamical systems
from measured time history responses, modelling o f evolutionary stochastic processes
and evolutionary spectral analysis o f multi-supported multi degree and continuous
structures with classical and non-classical damping. The thesis is concerned with three
major topics - (a) system identification, (b) random process modelling and (c) random
vibration analysis o f dynamical systems.

8.1.1 System Identification

A methodology is proposed for identification o f the modal frequencies and mode shapes

of a structure by using the wavelet transformation with the modified L-P wavelet for
time-frequency analysis. The technique presented is used for extracting the modal
parameters o f a linear multi degree o f freedom (MDOF) system by decomposition o f the
original signal into frequency bands via wavelet transform, and time dependent analysis
o f each band using the basic properties o f eigenvalues o f vibration modes. First of all,
two example cases o f a three degree o f freedom (3D 0F) and a five degree o f freedom
(5D 0F) linear viscously damped systems have been considered here. The response time
histories o f the damped MDOF systems are generated using free vibration conditions.
The response signals are used to identify the modal parameters, namely natural
frequency, mode shape and modal damping. The numerical study reveals that the
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proposed wavelet-based system identification can estimate the modal parameters with
desired level o f accuracy. In this context, the strength and uniqueness o f the proposed
technique depends on the choice o f the wavelet basis function. The modified form o f the
L-P basis function works better being close to vibrating signals. Further, this can be used
to develop a sub-band coding leading to the wavelet packets for better accuracy as
desired. The basis is also localized in frequency and hence does not suffer from the
problem o f band overlapping.
Following the estimation o f system parameters o f the discrete systems from the
measured ambient vibration response, the proposed time-frequency analysis is further
applied

for

identification

of

system

parameters

from

the

noise-contaminated

measurement when the system is subjected to unknown input. For this purpose, a bridgevehicle problem is first simulated coupled with Gaussian white noise as measurement
errors. Using this simulated noise contaminated measurement, the fundamental frequency
and mode shape o f the bridge are identified. A laboratory experiment is then performed
using simply supported reinforced concrete beam, which is excited by impulsive load at
the middle. Axial strains are measured at a few locations along the bottom fiber o f the
beam using strain gauges. The proposed time-frequency analysis is then performed and
the modal parameters are identified. Next, a discrete system is considered, which is
excited by random amplitude modulated stochastic input. The measured response o f the
dynamical system is then analyzed to identify the modal parameters. In all the cases, the
wavelet-based identification algorithm is seen to perform satisfactorily to the desired
level o f accuracy and with greater ease, which proves the usefullness o f the proposed
algorithm.
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Besides off-line identification o f structural parameters, on-line identification is the
preamble for real time vibration control. For this purpose, a wavelet based on-line
identification o f stiffness o f structural system has been proposed. Formulations for a
SDOF system and a MDOF system have been presented. The developed theory can
identify on-line variation in natural frequency o f a SDOF system and the natural
frequencies and mode shapes o f a MDOF system arising out o f change in stiffness (es).
The modified L-P wavelet basis function has been used and has the advantage o f adapting
for wavelet packets for desired accuracy in estimation. The analytical results confirm the
ability o f the technique to track in several cases o f stiffness variation considered here.
The proposed method is simple and easy to implement for on-line identification and
vibration control o f stiffness varying structural systems. Illustrations have been used to
show the efficiency o f the proposed tracking algorithm.
The proposed wavelet-based algorithm for identification o f parameters o f the
dynamical systems has been extended further to identify the localized modes (NNMs) of
the non-linear dynamical systems. Besides other methods for response analysis like
perturbation techniques and method of averaging, the application o f non-linear normal
modes is also very popular among the scientists and engineers. Although, modal
decoupling using eigen analysis is not possible for non-linear systems, a synchronous
motion is observed among the degrees o f freedom, where all o f them vibrates in phase or
out of phase or pass though zero simultaneously. Since this localized phenomenon is
observed surrounding the equilibrium points, the wavelet-based identification algorithm
is further utilized for the estimation o f NNM of non-linear systems. For this purpose, the
advantage o f using the modified form L-P basis function is that it can evaluate response
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energy in non-overlapping frequency bands and is capable further division into sub
bands. For this purpose, a 2D 0F system is considered with non-linear springs. The spring
stiffness is assumed to vary with the odd power o f the displacement. The numerical
results suggest that the wavelet-based time-frequency analysis is capable o f evaluating
NNMs.

8.1.2 Random Process Modelling

The estimated structural parameters o f the dynamical system help to access the overall
performance from the point o f view o f structural health. To evaluate the remaining
service life and to decide the measures that are required to maintain the designed
serviceability criteria throughout the remaining service life, a detailed response analysis
due to the action o f the service loads are required. This needs modelling o f the excitation
processes.
Thus, a wavelet-based non-stationary model is proposed for the characterization
of earthquake ground motions for the purpose o f random vibration analysis, which
accounts for time varying amplitude as well as frequency contents. The fundamental
basis of the proposed algorithm lies in expressing the evolutionary process as sum of
random processes in different frequency scales. For this purpose, a modified form o f L-P
basis function is used to calculate the wavelet coefficients o f the recorded time history in
different frequency bands. The evolutionary sub-processes are then expressed as the
product o f the band dependent envelope functions and stationary random processes at
each frequency bands/scales. The parameters o f the band dependent envelope function
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are evaluated by minimizing the error between the growth in the temporal energy o f the
recorded accelerogram and the simulated time histories in each band using non-linear
least square technique. The different amplitude modulations in different frequency bands,
thus, represent the arrival o f different frequencies at different instant o f time. Moreover
each modulation function o f time corresponding to their scales represents the signature of
the dominant frequencies in that scale. Together, these represent the non-stationarity
associated with intensity and the frequency content o f the earthquake ground motions.
The proposed model is validated using statistical simulation based on the recorded
acceleration time history o f the 1940 Imperial Valley earthquake at the El-Centro site.
The numerical results reveal that the proposed wavelet-based model for earthquake
ground motion can capture non-stationary in amplitude as well as frequency content and
hence, can be used for the purpose o f evolutionary spectral analysis o f the randomly
excited dynamical systems.
The proposed model for single component earthquake ground motion has been
used further to model multi-variate stochastic processes. A special case o f multi-variate
stochastic processes in earthquake engineering is the spatially varying earthquake ground
motions. Seismic waves travel at different speeds and through different soil layers. In this
process, the seismic waves suffer reflection and refraction in different soil strata. The
proposed wavelet-based single component earthquake ground motion is used in this study
to model the spatially varying ground motions. This single component wavelet-based
model can be extended for differential support motions, where each support excitation is
modeled as a single component excitation and the correlation between the support
motions are modeled using conventional exponential correlation in the amplitude

251

Chapter 8: Summary and Conclusions

modulating functions (coherence) associated with the stationary processes at each
frequency scale and a time shift due to the different arrival times. The proposed timefrequency model for spatially varying earthquake enables to study the behaviour o f the
extended structures subjected differential support motions, especially in the light of
frequency non-stationarity, which has not been focused properly by researchers so far.

8.1.3 Evolutionary Response Analysis

Finally, an evolutionary response analysis o f the dynamical systems is presented, where
the input is modelled as discussed the previous sub-section. For this purpose, both
continuous parameter models as well as discrete parameter models are studied separately.
The input-output relation is obtained using wavelet-based time-frequency analysis o f the
dynamical systems.
At first, wavelet transformation is used to evaluate the response o f a short span
bridge subjected to random differential support motions using continuous parameters
model. An input-output relation is proposed using a modified form o f L-P basis function,
where the output is based on modal response as well as interaction between dynamic and
pseudo static components. Since the spatial extent o f the structure is small, seismic
motions do not suffer attenuation. The response o f the structural systems has been
obtained using second order moment statistics of the input processes. Then, a wavelet
based evolutionary spectral analysis o f simply supported beam subjected to stochastic
differential support motions is presented. The non-stationary support motions at the ends
of the beam are modelled using deterministic frequency dependent modulating functions
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and orthogonal stochastic processes. A wavelet based input-output relation is then
developed

for the time dependent pow er spectral density function o f the total

displacem ent response, which is composed o f two parts (a) pseudo static and (b)
dynamic. The proposed model is easy to implement than conventional evolutionary
spectral analysis as it utilizes the conventional modal frequency response function
coupled w ith continuous w avelet transformation to evaluate the square o f the expected
value o f w avelet coefficients o f the total displacement response at the output. The
proposed m odel can evaluate time dependent second order m om ent statistics o f the output
for different w avelet basis functions (both orthogonal and non-orthogonal) and hence is
general from the point o f view o f time-frequency analysis. The advantage o f the proposed
w avelet-based response analysis o f systems with random boundary conditions is that it
can be used for evolutionary spectral analysis o f any boundary value problem relating
plates and shells, which has not received much attention by the researchers till date.
A lthough, the continuous system dynamical model provides input-output relation
in a closed form in some cases, their im plem entation in real life structures becomes
increasingly difficult w ith com plexity involve in the geom etry o f the structural system.
An alternate solution to this is the use o f finite element (FE) analysis. Thus, a wavelet
based evolutionary spectral analysis o f a multi-span sim ply supported large bridge
subjected to stochastic differential support motions are presented in a FE framework. The
non-stationary m otions at each support are modeled as sum m ation o f orthogonal
stochastic processes m odulated by deterministic frequency dependent modulating
functions at different frequency scales in wavelet domain. An envelope function proposed
in literature (for uniform modulation) is used in this study for frequency dependent
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amplitude modulation, whose parameters at different frequency scales are evaluated by
non-linear least square technique. The spatial variability o f the support motions is
obtained through the coherency functions. A wavelet based input-output relation is then
developed for the time dependent power spectral density function o f the total
displacement response at different locations. Using this model o f earthquake ground
motion, the response o f the extended structures has been evaluated. A modified form of
Littlewood-Paley (L-P) wavelet basis function has been used, which offers certain
advantages such as non-overlapping frequency bands for wavelet bases at different scale.
Using the generalized definition o f non-stationary random processes, which is valid for
any wavelet basis function (orthogonal or non-orthogonal), a generalized model for inputoutput relation o f extended structures under spatially varying non-stationary earthquake
groimd motions is proposed in the present thesis. An interesting observation from the
numerical works reveals that the higher modes of the dynamical systems might be excited
through an input process with non-stationary amplitude as well as frequency content.
Hence, proper modeling for both input processes as well as the response o f the dynamical
systems are required from the point o f view of safe design o f the structure as often design
is based on the assumption o f the response being contributed by the fundamental mode.
The excitation o f higher modes would not be revealed in stochastic analysis unless
frequency non-stationarity is considered in the analysis.
Since the proposed model utilizes the FE analysis, it can also be used for any
structure modeled in a discrete parameter framework. A special case o f this is a structure
whose components have wide variations in material and damping characteristics (e.g.
primary-secondary systems). The proposed evolutionary model for response analysis is
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further used for evaluating the response o f the primary-secondary systems, which is
subjected to evolutionary stochastic input. Although, cascading approximation works
better for detuned systems, the analysis in this study reveals that it is unable to capture
the frequency non-stationarity in the system response. Moreover, the results show that the
rotational inertia affects the dynamic behaviour o f the secondary system significantly.
The effects o f detuning and rotational inertia together give rise to the frequency nonstationarity in the response o f the secondary systems and hence a time-frequency analysis
is advocated for proper response modeling. The advantage o f the proposed evolutionary
models are that it is easy to implement as it utilizes the conventional modal frequency
response functions together with continuous wavelet transformation are used to evaluate
the second order moment statistics o f the response. The proposed methodology can
evaluate time dependent second order moment statistics o f the response using wavelet
transform and can be used in conjunction with any available finite-element software.

8.2 Recommendations for Further Work

The aim in the present thesis has been study application o f the contemporary signal
processing tools using wavelet transform for different applications in the field of
dynamics and random vibrations; namely parameter estimation, process simulation and
stochastic response analysis. A few areas have been outlined here, which offers further
scope o f research.
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System Identification-. Although wavelet-based model have successfully implemented for
parameter estimation of the linear systems, great difficulties are associated in identifying
o f parameters o f non-linear systems. Although a class o f conservative system has been
studied in the present thesis, a generalized framework is required for both conservative as
well as non-conservative system. In this context, it may be noticed that the number of
NNMs for non-linear system may be more than the degrees o f freedom especially during
bifurcation and depends the degree o f non-linearity. The present identification technique
is applicable, when prior information is available about the nature and type o f the non
linear systems. Thus, a more general formulation is required, which may be applicable
without prior knowledge o f the non-linearity if the parameters are required to be
estimated from the measured time history response.

Random Process Modeling: The proposed model for single component earthquake

ground motion has been further used in this thesis for spatially varying earthquake
ground motions. But their validation using measured time history record has not been
performed due to the lack o f availability o f the spatially varying earthquake records.
Although the analytical response o f the structural system obtained by using the proposed
model for multi point earthquake ground motions has shown to perform satisfactorily
with numerical simulation, characterization and simulation o f spatially varying
earthquake requires further research based on the observed/recorded phenomena.

Evolutionary’ Response Analysis: In the present study, evolutionary response o f linear
dynamical systems is obtained using wavelet-based time-frequency analysis in both
continuous model as well as in FE framework. But a fi-esh kind o f problem arises if the
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non-linearity associated with the dynamical system is considered. Although the concept
of equivalent linearization is well studied for different types o f non-linearity, the
problems o f equivalent linearization offers several challenges when the non-stationarity
associated w'ith the frequency content o f the input processes are considered, particularly
for the continuous or FE models. Besides response analysis via equivalent linearization,
wavelet-based time-frequency analysis can be used for evolutionary response o f the non
linear systems coupled with conventional techniques such as perturbation technique,
harmonic balance technique etc.
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Appendix

Appendix A: Coherence Functions for SVEGM
In the present thesis, five different coherence functions are used to evaluate the stochastic
response o f the bridge.

a) Harichandran and Vanmarcke (1986) model:
r,i(co)= A exp

2v

a<0{cu)

{ l - A + ocA) + (l - ^)exp

2v
0{o))

{ [ - A + oA)

(A.a)

(A.b)

0{co) = k \ + {co/ cOqy

where, ‘v’ is the distance between the two supports ‘r ’ and 7 ’, a and A are constants
and ${ci)) represents frequency dependent spatial scale fluctuation. In the equations 14a
and 14b A = 0.636, a - 0.0186, k = 31200m, cOq = 9.49 rad/s, and b = 2.95.

b) H ao e / a / (1989) model:

-Av^)-exp

=

V7T-Q)

(A.1)

\2 7 T

Ina cob
a , = -------1
he;
(o I k

where,

/?, = 1 .1 0 9 ,

= 0.673,

iTid ea>
^
o-,
j/
= -------1------------- 0.314 < cy < 62.83 raaA
(o
In

a = 35.83,

i e = -0.0 16 and g = -1.905 .
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6 = -0.181,

c = 1.177,

(A.2)

J = 51.63,

Appendix
c) Hindy and Novak (1980) model:
\rr,{o)} = exp(-a{covy)

(A.3)

where, a = 3 . 0 0 7 E - 4 and /? = 0.9.
d) Abrahamson (1993) model;

\ r A f } = \ r X f ,v]h{f ,v)

C3W

h(/>'^)| = tanh

•+ (4 . 8 - C3 (v))exp(c6 (v )/)+ 0.35

3.95
>(v) =

■+ 0.85 exp(- 0.00013v)

(A.4)

(A.5)

(A.6)

1 + 0.0077V + 0.000023V'

0.4

^ l + (v /5 )\

C4(v) =

(A.7)

l + (v/190)4l + (v/180)^J

Cg(v)= 3 (e x p (-v /2 0 )-l)- 0.0018v

(A.8)

:,(v) = -0.598 + 0.106 ln(v + 325) - 0.0151 exp(- 0.6v)

(A.9)

h{f,v) =

(A. 10)

Cg(v) = exp(8.54 -1.07 ln(v + 200)) +100 exp(- v)

(A.11)

e) Uscinski (1977) model:
|r w H = exp(-a'(y^v^)
where, a = 2 E - 4 s/m.
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(A.12)

Appendix

Appendix B: Derivative of the Evolutionary Process

Let f { t ) be a random vector process, which is represented by

+C0

/ ( / ) = \A[co,t)e“^ dG{co)

(B .l)

-0 0

D erivative o f f { t ) w ith respect to time t is given by

}dG{co)

— /(/) =

(B.2)

-0 0

Since A{co,t) is slow ly varying envelope function as com pared to e ” , and thus, its
derivative w ith respect to time t can be neglected. Hence
I

d
—
dt

+00

^A{co,ty.coe“^dG{co)

(B.3)

Similarly,, it can also be shown that
,2

^ / ( ? ) « - \A[co,t)co^e“^dG{co)
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(B.4)

Appendix

Appendix C: 2D Beam Element

Figure B.l: 2D Beam element

Figure B.l shows a 2D beam element of length L^. It has 4 degrees of freedom (2
rotations and 2 translations). The element mass matrix M^ and element stiffness matrix
are gi ven by
156

224

54

134

156

134'
-3 4
-224

134

-3 4

-224

4^:

■6

34
^L]

-34

-3 4

6

22L,

"

420

^

54

34
-6

23

134

1
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-6

-

34

-34
-34 24

(C.l)

■

.

(C.2)

Appendix

Appendix^ D: Torsionally Coupled P-S System
The torsionallly coupled P-S that is considered in the present study is shown in the figure
7.2. It is subj(ected to random support motion x^i t ) and the governing equation o f motion
is given b y

(D .l)

where, M, C ;and K are the mass, damping and stiffness m atrices respectively and I is the
influence

vecctor. O ver dot represents differentiation w ith respect to time. The

displacem ent vector X is given by [ x ^ , X g , X^^, X

j and the influence vector is given by

{1,0,1,l}^ Thee mass and stiffness matrices are given by [Agarwal (2000)]

[A/] = J/ag[w^

nt.

(D.2)

and

K, r + K^e
Kg+K^

P

0

where,’ K P=

0

K P i + K „P2 .
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0
0

(D.3)

