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A discrete exterior calculus, is an analogue of differential forms defined on a

discretised space or lattice, together with well-defined operations. What we mean by

it depends on how much of the continuum properties one requires to tackle a specific

problem. A collection of discretised analogies of the operators {d, A, iv} acting on

some discrete analogue of forms is a discrete exterior calculus if it satisfies at least

some of the defining algebraic relations of the continuum mappings.

The interest in this field of research, at the interface between numerical analysis,

pure mathematics and theoretical physics, is motivated by the need for discrete ap-

proaches to concrete problems in enginering through the mathematical modeling of

fluids (discussed in Part II); but also in fundamental physics, in models of gravity

(we discuss metric and Riemannian geometry in Part II), and in finite models of high

energy physics (as we see in Part III) where algebraic and topological issues appear

and are crucial. Using the language of algebraic topology, one can show that there is

a doubling of fermionic particles on the lattice [1]. In both core areas of fundamental

physics, the need for non-perturbative approaches is itself a strong motivation to

discretise them with some exact algebraic properties being captured.

The discrete exterior calculus itself is regarded as an outstanding problem (see for

example [2]), in fact one finds that using chains and co-chains, respectively discrete

objects and continuum analogies of differential forms, and that the discrete wedge

is non-associative. It is common to accept this limitation, while it prevents the

consideration of modeling discrete analogies of continuous symmetries for example.

In terms of algebras, it prevents us from considering associative algebras for which

the objects are discrete versions of differential forms.

We put the algebraic properties at the forefront of the discrete theory, and we

adopt what is partly an axiomatic approach to its construction. The alternative

approach we proposed was to start with a class of discretisation schemes which we

can refer to as "geometric discretisation" (described in the introduction: Part I)

which gives rise to a triple of operators which we call T for topological,

T= {A, d,.}. (1)
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It is based on the simplicial or hyper-cubic homological complex and uses the so-

called Whitney map which maps a chain to a co-chain, the latter being effectively

a differential form. The construction of this map (denoted W) is guided by the

hypothesis of Stokes theorem. Our discussion starts with the hyper-cubic complex

since it is the most used in the literature. We found that by going to the product

space of chains and introducing a suitable product denoted J, one could define the

contraction operation iv and make it compatible with the other operations in T. Such

a modification was not trivial and leads to a new picture which is presented in Part

II. We introduce a new framework which we call £ for Lie,

£={iv, A,d,,}, (2)

and it contains the original theory T as a subspace.

With these structures in place, we could consider the Lie derivative as given by

the Cartan formulae which uses d and iv. We showed how the non-associativity of

the discrete wedge plays no part in the derivation of the Jacobi identities using the

new formalism. Then, a definition for the Lie algebra was given, and a Lie group

interpretation was found, thus completing the prescription for flows. The conceptual

picture is well under control, for example regarding the topology (i.e the de Rham

complex for the product space), and some preliminary numerical implementation has

been carried out on the torus.

With the discrete exterior calculus in place, we looked at the problem of metric

data. The metric of the embedding space is the flat Euclidean metric, which is itself

related to the Hodge star operator. So we considered also induced metrics by taking

hyper-surfaces in RN. We did not construct a discrete Hodge star for the induced

metric itself.

The aim of that part was to construct a covariant derivative, for which the metric

connection was required. This problem, does not a priori call for a unique answer

and we consider in turn two different pictures for the connection, one which is based

on the Regge approach; and the second one, which is more in line with the discrete

exterior calculus, is based on exploiting the Cartan structure equations. It amounts
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to providing the list of operators constituting 12 with a collection of one-forms,

vielbein. We end up with a theory we called ~ in a way that suggests metric,

the

= {{t)(~)}, i~, d, A, *}. (3)

We discuss both approaches and how they lead to curvature, although only the second

one leads to a satisfactory covariant derivative.

In Part III, we turn to the problem of discretising fermion fields. The theory

naively discretised gives rise to the so-called fermion doubling problem. This problem

is not resolved by refining the lattice and is a quite deep mathematical symptom. It

can be formulated using algebraic topology (and particularly using the index theorem)

ultimately leading to a relation between the number of right-handed and left-handed

particles, as was done by Nielsen and Ninomiya [1]. Grosso modo, the problem

comes from the fact that the lattice has a periodic structure and counting the fields

has something to do with topology.

It was found that the problem could be expressed using a theory based on dis-

cretising the operators {A, d, *} where for instance the Hodge star plays the role of

75 and hence can be used to construct chirality projectors. The equation that gov-

erns the theory is the Dirac-Kghler equation and after discretising the theory [3, 4],

spatial shift operators prevent some of the algebraic relations between the various

operators present. This discrepency prevents us from extracting a discrete analogue

of the Dirac field from the discretised Dirac-K/ihler equation.

An alternative formulation using the space T was constructed by us [16], in which

the Whitney elements are the basis set of fields and thus avoids the usual "lattice"

hypothesis of the Nielsen-Ninomiya theorem (e.g fermions are defined at vertices),

but this description was somewhat incomplete. Recently we found that the Clifford

product V could only be properly defined in the discrete theory if we used the space

£, and we have shown how this leads to a discrete model with SU(4) invariance of

the Dirac-Kghler equation exactly realized. This symmetry is exact in the discrete

setting because of the way we defined 12 in Part II. This constitutes a new result, and

we have not fully analyzed its consequences at this point. At the end of Part III, we
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discuss different ways the theory may accommodate gauge fields.

To guide the reader through this thesis, we list the new results (to our knowledge)

that are presented.

¯ Setup of a contraction operation, by introducing a product on the space of

chains. Whitney elements play a central part (Section 3.2).

We verify that the contraction operation satisfies the defining algebraic prop-

erties (Section 3.2). Also, we show that the extension of the original geometric

discretisation (i.e the space T) is consistent in that it contains T and remains

topology preserving (Appendix to Chapter 3, Section 3.6.2). So the old opera-

tors in T have a new meaning in £.

As an application of the new axioms, we construct a Lie derivative and verify

that it satisfies the Jacobi identities. A Lie bracket is constructed and a Lie

group is defined (Section 3.3).

We outline the way the model which is discrete can be put in equations to

be solved numerically, we used a singular value decomposition algorithm to

solve an equation used in fluid dynamics involving the Laplacian and the Lie

derivative. We singled out problems which can be solved exactly and those that

can be solved with a least square fit while still preserving the algebraic relations

which can be enforced in 12 (Section 3.4).

The metric is given in a way analogous to the vielbein approach which is the

natural one here. The approximation is presented (Section 4.1).

The curved geometry is then described following an analogous way to the Regge

approach (the connection hops from cell to cell), and secondly using the Cartan

structure equations, the neater way (Whitney elements vary in the interior of

the cell). The crucial point is that the formulation allows us to solve the Cartan

equations for the connection. Effectively we set-up the space G (Section 4.2).
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¯ A covariant derivative is constructed, and the connection coefficients are worked

out for a patch of the two-sphere (Section 4.2).

¯ Some general issues regarding the scheme are discussed and some potential

applications in theoretical physics (Section 4.3).

¯ For spinors we describe how the space T is well suited for posing the algebraic

conditions that capture fermion doubling (Chapter 5).

¯ A new discretised Clifford product based on the space/2 is defined which com-

plements what the space T provides us with (Section 6.2). We show how the

reduction to the Dirac field can be carried out in the discrete setting (Section

6.3).

¯ A discussion of various gauging procedures which may be considered, each of

which is a possible direction for future work. Special emphasis is placed on the

fiber bundle and the cohomology aspects of the theory (Chapter 7).

Before we start, a bibliographic note is in order. Chapter 2 and 3 are taken from

the article [82], Chapter 2 being a shorter version of the introduction in [14], Chapter

4 is part of the follow-up article in preparation. Chapter 5, is based on [15, 16].

Chapter 6 is the basis for an article in preparation. Chapter 7 is partly based on

discussions with Professor Siddhartha Sen.
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Chapter 1

Basic concepts of algebraic and

differential topology

Problems in physics can often be formulated using the coordinate independent lan-

guage of differential forms [5, 6]. The setup can be characterized in terms of the

following objects: a manifold M on which p-forms (anti-symmetric tensor fields) CJp

are defined, the presence of a differential operator d that maps a p-form to a (p + 1)-

form, a wedge product, A, which allows a p-form and q-form to be multiplied to

produce a (p + q)-form in a way that allows a Leibniz-type rule to be valid for the

operator d when it acts on the product and the Hodge star operator, ,.

The Hodge star operator requires that the manifold M have a metric. It maps a

p-form to a (D- p)-form where D is the dimension of the manifold M. Using the

, operator a scalar product between p-forms can be introduced. This immediately

allows the adjoint dt of d to be defined. The geometric discretisation scheme [7,

8, 9, 10, 11, 12, 13] constructs an analogous model involving discrete objects for the

continuum system described. Each of the elements (a~p, d, A, *, dt) now have discrete

analogies.

Two maps allow the approximation scheme to be defined precisely. The de Rham

map that maps continuum variables, such as czp, to discrete variables ap, "chains"

and the Whitney map which maps discrete objects Crp to continuous variables W[Crp]

"cochains". Results establishing the nature of the approximation and questions of
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convergence have been established [12]. One generic feature of the scheme needs to

be stressed. The discrete analogue of the Hodge star mapping Crp ~ *C~p produces

a different space of objects. Hence in order to properly work out discrete analogies

of dt it becomes necessary to work in the space which is symbolically MK ® *MK

where MK is the discretisation of the manifold M. We will also insist on the fact

that MK = * * MK. There is a doubling of spaces introduced [7].

The reference for current work in this area is the collection of papers presented

at the recent workshop [2]. In previous work it has been shown that the geometric

discretisation scheme captured topological features of a system very nicely [14]. Ex-

tension of the ideas to accommodate fermions, in a Dirac-K/ihler framework, have

also been carried out [15, 16].

Let us start with a short review of some concepts of topology.

Elements of topology

To introduce topology [17, 18], we will see how the natural starting point is that of

homotopy, and then that of homology, which leads to the topological invariants in

the simplicial theory. Yet, we stress that homotopy is somewhat more fundamental,

following [17] closely in the next subsection.

(i) Homotopy: We start by defining what is meant by two maps being hornotopic.

Given two spaces X and Y, let

Map (X, Y), (1.1)

be the space of continuous maps from X to Y. Then consider two such continuous

maps a and/3. Then, it is said that a and 13 are hornotopic, denoted by

c~/3, (1.2)

12



if there is a continuous map such that

F: [0,1] xX~Y,

(0, x)

(1, x) ~ ~ (x).

(1.3)

(1.4)

(1.5)

With this notion, one can divide the space Map (X,

maps written as

[x, Y].

Y) into equivalence classes of

(1.6)

Having alluded to homotopy in relation to maps, we now induce homotopy in relation

to spaces. A space X is said to be of the same homotopy type

which we denote symbolically by

X~Y,

as another space Y

(1.7)

if there exists continuous maps

(1.8)

(1.9)

such that

c~ot3~ Iy, (1.10)

t3oct~ Ix. (1.11)

where Ix and Iu are the identity maps on X and Y respectively. Note, that homotopic

equivalence between the two maps does not constrain them to be invertible.

Now, if one is to consider the circle S1 to form the space [S1, Y], it is necessary

to introduce a (fixed) base point in order to turn the space into a group under

composition of maps. This leads to the space of based maps

Map0 (X, Y), (1.12)
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which maps the base point of X to the base point of Y.

associated equivalence class

[x, Y]o.

As above, we introduce the

(1.13)

Of special importance is the first homotopy group, 7h (X) of a pointed space X which

is also known as the fundamental group and is defined by

71-1 (X)= [S1, X]0. (1.14)

Note that the higher homotopy groups are defined accordingly, introducing the spheres

Sn, n = 2, 3,..., we have

7rn (X) = IS~, X]0. (1.15)

Also, it is intuitively clear that

[X, Y]o / 71"1 (Y) ~ [X, Y]. (1.16)

We are now in a position to extract the cohomology groups.

(ii) Cohomology: Let us introduce the Eilenberg-McLane spaces denoted by K (G, n)

where G is a group and n a positive integer. They have the property that

if rn = n; (1.17)

otherwise.

In turn, we define the nth cohornology group of X with coefficients in the group G by

Hn (X; G)= IX, K (G, n)]0. (1.18)

We now turn to what is closer in spirit to our approach, namely using a differential

complex as introduced below. It will be seen in due course that this is the formulation

which leads to the use of a simplicial complex.

(iii) The de Rham complex: We take a pair {E" (X), d~} consisting of spaces E" (X)

14



and maps d, defined on,

dn-2 En_1 dn-1 En
sn+l

dn+l... ,    (x) (x) (x) ¯ ¯ ¯ , (1.19)

and we require the composition of two maps to be zero:

d~ o dn-1 = O. (1.20)

The pair {E" (X), d.} constitutes a complex.

ciated to the complex is defined by

The nth-cohomology group of X asso-

ker dn
g~: (X) = Im dn-l " (1.21)

If we take En = ft~ (X) where f~ (X) is the space of r-forms, and dn = d is the

exterior derivative; we have the de Rham complex which is the one we will consider

in this thesis. It can be shown that the cohomology groups for this complex are

isomorphic to the cohomology groups defined using the Eilenberg-McLane spaces,

that is

H~e Rham (X) ~ Hn (X, I~). (1.22)

This takes us now to the simplicial complex, by considering the dual complex which

arises through the theorem of de Rham [19]. Before we get to that central link in the

theory, we wish to consider another such theorem, that of Stokes, linking the exterior

derivative to the boundary operator.

(iv) The Stokes theorem: Let M be an oriented n-dimensional C~ manifold, and

w an (n- 1)-form on M with compact support. Then

fMdW = fOM02. (1.23)

This theorem is required in order to prove:

(v) The de Rham Theorem: Given M a real C~ manifold. A singular p-chain, cr on
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M is

cr = E aifi, (1.24)

where

fi:A-----~M, (1.25)

is from the standard simplex /~ to M is said to be piecewise smooth if the maps fi

extend to C~ maps on a neighborhood of/~ to M (2D manifolds).

Now, let us consider

Considering the space

the space of piecewise smooth integral p-chains

CP.~ (M,Z) = OC~ (M, Z) ,
P

C;~(M, Z).

(1.26)

it is clear that under the application of the boundary operator 0, the space C.ps (M, Z)

forms a sub-complex of C. (M, Z). It then makes sense to consider

HPS (M, Z)= Z~ (M’ Z)OCp<1 (M, Z) (1.27)

The inclusion map CP, S(M, Z) ~ C, (M, Z) induces the isomorphism

H~~ (M, Z) ~ Hp (M, Z). (1.28)

The statement of the de Rham theorem is then:

The map

H~)R (M) ~ H~ing (M, 1~), (1.29)

is an isomorphism.

Following [19], we point out that the isomorphism of de Rham is functorial in the

following sense: consider a map f : M ~ N which is differentiable on C~ manifolds,

and let ~ be a closed p-form on N which is the image of [~] � HPng (N, R) under the
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de Rham map, if (7 = ~ aifi is a piecewise smooth p-cycle on M then we have

(1.30)

(vi) The homology complex"

{E~, 0n} giving rise to

The dual complex to (iii) is then given by the pair

0n-- 2
¯ .. 1---- En-1 (X) ~ En (X) ~ En+1 (X) 0,~+1

+
. . . , (1.31)

and,

On_lOOn = O. (1.32)

The n-th homology group of X is given by

ker On_1
(1.33)HS (X) = ~,~On

(vii) Ring structure of cohomology groups: We introduce the ring H~ (X). The prod-

uct is called the cup product and is denoted by U. In the case of the de Rham complex,

the cup product coincides with the wedge product A. Then,

H* (X;R) = @ Hn (X; R), (1.34)
n>0

and,

u. Hm(X; R) Hn (X; R) ----+ Hm+n (X; R),

([~], [~]) ~ [~] U [~] = [~ A ~].

(1.35)

(1.36)

The cup product of two cohomology class is a cohomology class in the higher coho-

mology group.
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(viii) Poincar~ duality: If M is a compact m-dimensional manifold then

H"(M) ~- Hm-"(M). (1.37)

The proof of the theorem as given in [19] is very instructive for the purpose of

constructing a discrete analogue of the Hodge star, which is presented in the next

introductory chapter.

Finally, it is worth pointing out that homology and cohomology theories have been

axiomatized, these axioms define a homology theory as a covariant functor, they are

known as the Eilenberg-Steenrod axioms [20].

Simplicial complexes

We now introduce the basic definitions regarding simplicial complexes [21, 22].

(i) Simplicial complex: Consider the space RN for sufficiently large N. Take 1 + 1

points v0, Vl,..., vl in RN. These points are chosen in general positions, that is given

a point vk in the list above, one can form 1 linearly independent vectors with the

remainder of the list.

To a set, o = {v0, Vl,..., vl}, we associate the smallest convex set including those

points defined as:

o = {aoVo +... + alvl; ai >_ O, ao +... + al = 1}. (1.38)

This defines an 1-simplex. The points are then referred to as the vertices of the

simplex. Now that we have a simplex, we consider a collection of simplexes and

introduce a simplicial complex denoted K:

1) An arbitrary face of a simplex of K belongs to K, that is, if o E K and 0’ <_ o

then 0’ E K.

2) If o and 0’ are two simplexes of K, the intersection o N 0’ is either empty or

is a face of a in 0’.

We denote by K the union of all simplices belonging to the simplicial corn-
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plex K. For a topological space X, if we can choose a simplicial complex K and a

homeomorphism

t: I KI --~ X, (1.39)

then it is called a triangulation of X.

(ii) Singular homology: Given any r-simplex Icrl, we consider the standard r-simplex

denoted/~r which is

/~r _ {(Xl,...Xr) � ~klxi ~ 0, Xl -~-... q- Xr ~ 1}, (1.40)

in turn, a singular r-simplex is a continuous map

or: AT ~ X. (1.41)

We just mention the singular complex functor [20],

S.: {Space, continuous maps} ~-+ {Chain complexes, chain maps}, (1.42)

since it appears in the Eilenberg-Zilber theorem below.

(iii) C~ triangulations of C~ manifolds: It is crucial to understand the relation be-

tween the simplicial complex and the space from which it is extracted. This will be

by means of a triangulation of the space which will usually be a manifold, and the

relation is settled by the next theorem.

Taking the space X to be an n-dimensional C~ manifold M, the map t of Eq. 1.39

is called a C~ triangulation, if for any given n-simplex ]aI of K, the restriction of t

to [01 is a C~ embedding.

The Whitehead theorem states that any C~ manifold has a C~ triangulation, and

any triangulation of the boundary of a C~ manifold can be extended to a triangula-

tion of the whole manifold.

The next section mentions some material which is somewhat outside the scope of the

discussion, it is here for completeness and should play a part if one is to express the

results of this thesis in the language of categories [24].
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Homological algebras and product structure

In this section, we would like to mention the construction of the cup product, as it

is done rigorously in the literature [20, 23].

(i) The Eilenberg-Zilber theorem: Let TOP2 be the category whose objects are pairs

of spaces (X, Y) and whose morphisms are continuous maps. Then, the two functors

F: (X, Y)~ S. (X x Y), (1.43)

F’: (X, Y) ~ S. (X)® S, (Y), (1.44)

from TOP2 to the category of chain complexes are naturally equivalent.

The functorial property then implies that there are chain homotopy equivalence

maps called Eilenberg-Zilber maps:

A: S. (X x Y) -~, S. (X) @ 5’. (Y), (1.45)

and,

B: S. (X) @ S. (Y) ~ S. (X x Y). (1.46)

(ii) The cup product:

denoted/~ such that

Firstly, introduce a trivial mapping, the so-called diagonal map

Now, given a � HPX and b � Hqx then the cup product of a and b is defined by,

aUb= A*(a x b). (1.49)
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We thus have a map:

HPX ® Hqx ~ HP+qx,

a®b~----~ aUb.

(1.50)

(1.51)

For more details, we send the reader to the literature on algebraic topology and

homological algebras.

Let us now turn to the background material which we make direct use of in this

work.

21



Chapter 2

The original scheme: "geometric"

discretisation

Differential forms, manifolds and complexes

The general program of the topological discretisation is described at length in [14].

On a manifold, we have fields w(p) which are differential forms (antisymmetric tensor

fields), and the various operations of interest are: to consider a theory defined on an

arbitrary manifold M of dimension D. Suppose the theory has fields wP(1), where

:g E M and p = 0, 1,..., D. The theory is constructed using the following objects

which are defined on the manifold M: p-forms wp which are generalized antisymmetric

tensor fields, the exterior derivative d’f~P(M) --~ f~P+I(M), the Hodge star operator

, "f~P(M) ~ f~D-p(M), which is required to define scalar products, and the wedge

operator wp Acdq = 02p-t-q. On a manifold M of dimension D, the operations (A, d, *)

on p-forms, wp where (p = 0,..., D), satisfy the following:

1. cop A 02q --- (-1)Pqo2q /~ 02p.

2. d((.dp A 02q) -"- do3p A coq + (--1)Pwp A dwq.

3. ~�02p = 02D-p.

4. ** = (--1)Dp+I.
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5. d2=0, (d*)2=0.

6. dt = (-1)D(p+I)+I * d*.

The Laplacian on p-forms is

(dt is the adjoint of d).

(2.1)

and the inner product is

wp A *rF. (2.2)

We would like to discretise the fields of fF, the inner product (.,.) and the operators

(A, d, *) such that discrete analogies of the above interrelationships hold. To do

this it is necessary to first introduce a few standard ideas. We first discretise the

manifold M by replacing M by a collection of discrete objects, known as simplices,

glued together [18]. For p _> 0, a p-simplex 0-(P) is defined to be the convex hull in

some Euclidean space RTM of a set of p+l points Vo, Vl,..., Vp E ]~rn where the vertices

are independent in that
P

E Aivi = O, (2.3)
i=0

and
P

E~i = O, (2.4)
i=0

implies that Ai = 0 for i = 0,... ,p where A0, A1,..., Ap are real numbers. Geometri-

cally the barycenter of a given n-simplex 0-(n) = (v0, Vl,..., vn) is defined by

~(~) =
1

n+l(vO+Vl+’"+Vn).

Thus the barycenter of 0"(1) = [?20,721] is the midpoint between the vertices v0 and vl.

We can now describe a particular way that a given manifold M can be discretised.

Let S be a collection of simplices {0-!~)l ,...,j, n = 0, 1 D, with the property that the

faces of the simplices which belong to S also belong to it. The elements of S glued

together in the following way is known as a simplicial complex [18], [25]:

1 -(") fl _(k)       _(,~) _(k)oi oj 0 if have no common face.¯ = 0i ~ Oj
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.

a(~) VI _(k) cr(~) _(k) have precisely one face in common, along which theyi vj ¢Oif i ,vj

are glued together.

In many cases of interest (including all differentiable manifolds [25]), M can be re-

placed by a complex K which it is topologically equivalent to. K is then said to be

a triangulation of M (it is not uniquely defined). In this way of discretising M, the

building blocks are zero, one, ..., D-dimensional objects, all of which are simplices

e.g.generalized oriented tetrahedra.

Some manifolds can be discretised using a hyper-cubic complex (e.g the torus,

but not the sphere), others can be discretised using a complex in which triangles,

squares and other polygons are required (such complexes are called CW complexes,

discussed in Section 4.3.2). We will work with a hyper-cubic complex (Section 3.1,

and Part III), and it will be used as a discretisation of the torus (Section 3.4) and as

a patch of the sphere (Chapter 4) in this thesis.

The discrete operations

Let us first recall the construction of the discrete Hodge star for the simplicial complex

which leads to L. In analogy with the continuum property (3. above), a map from a

(D- p)-dimensional object to a p-dimensional object was introduced. Now consider

the barycentres of the building blocks of the system K. We first construct (D - p)-

dimensional objects whose vertices are barycentres of a sequence of successively higher

dimensional simplices, where each simplex is a face of the following one. In other

words, they are (D-p)-dimensional objects of the form {@, @+1,..., ~D}, where a~

is a face of cr~+l. The orientation of these are set so as to be compatible with the

manifold. Joining these objects together gives us the dual of ap.

We can now give the general rule for mapping an n-simplex cr~ = [v0,..., v~] to a

(D- n) dimensional object as follows: We think of a~ as an element of a simplicial

complex K. We have

*K : [Y0,-..,Vn] --+ U[o’n,O’n+l,...,O’D], (2.6)

24



½

A

v° Vl

Figure 2-1: Dual complex L.

where &n+l is the barycenter of an (n + 1)-simplex which has O-n aS a face (See Fig. 2-

1). ~n+2 is the barycenter of an (n + 2)-simplex which has an+l as a face and so on.

These objects have to be coherently oriented with respect to [v0,..., vn]. The set of

these cells constitutes the dual space K of K. By this procedure, a discrete version of

the Hodge star operation was constructed. Let us explain. The Hodge star operator

involves forms. It maps p-forms in D dimensions to a (D- p)-form. The ./~ map

involves not forms but geometrical objects. There is a simple correspondence relation

between these two cases. Given a p-form, co;, and a p-dimensional geometrical space,

Ep, the p-form can be integrated over Ep to give a number. Thus Ep and wp are

objects that can be paired. We can write this as a pairing

In order to proceed, we need to introduce some more structure. We start by associ-

ating with a simplicial complex K, containing {crp} (i = 1,...,Kp;p = O,...,D) a

vector space consisting of finite linear combinations over the reals of the p-simplices

it contains. This vector space is known as the space of p-chains, Cp(K). For two ele-

ments cry, aJ � Cp(K), a scalar product (c~p, cr¢) = 5} can be introduced. An oriented

p-simplex changes sign under a change of orientation i.e. if crp = [v0,..., vp] and 7- is

a permutation of the indices [0,... ,p], then [v,(0),..., v,(p)] = (-1)’Iv0,..., vp], with

z denoting the number of transpositions needed to bring [v,(0),..., V,(p)] to the order

[v0,..., vp].
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Given the vector space Cp(K), the boundary operator OK can be defined as

c~K ¯ Cp(I~) -~> Cp_l(I(). (2.7)

It is the linear operator which maps an oriented p-simplex G(p) to the sum of its (p- 1)

faces with orientation induced by the orientation of crp. If ap = [v0,..., vp], then

P

Oap = E(-1)i[v0,..., vi, . . . vp], (2.8)
i=0

where [v0,..., ~,..., Vp] means that the vertex vi has been omitted from crP to produce

the face "opposite" to it.

Given that Cp(K) is a vector space, it is possible to define a dual vector space

CP(K), consisting of dual objects known as cochains; that is we can take an element

of Cp(K) and an element CP(K) to form a real number. Since the space Cp(K) has

a scalar product, namely if ap, cr~ � Cp(K) then (a~, CrpJ) = 5ij. We can use the scalar

product to identify Cp(K) - CP(K), so that we can consider oriented p-simplices as

elements of CP(K) as well as Cp(K). We can write our boundary operation as

([V0,...,Vi,...,Vp],cgK[v0,...,Vp]) = (--1){. (2.9)

This suggests introducing the adjoint operation dK defined as

(dK[~o,..., ~,..., v~], [Vo,..., v~]) = ([~o,..., ~,..., ~p], OK[~o,..., ~]).(2.10)

This is the coboundary operator which maps Cp(K) --, Cp+I(K).

Indeed we have

dK[vo, . . . , vp] = E[v, Vo, . . . , Vp], (2.11)
V

where the sum is over all vertices v such that Iv, v0,..., Vp] is a (p+l) simplex.

The boundary operators OK and the coboundary operator dK have the property
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OKOK = dK dK = 0. Furthermore,

dK : Cp(I ) -----+

Oil: C,(K) ---,

(2.12)

(2.13)

These operators are the discrete analogies of the operators d and

d* = (-1)D(p+I)+I , d, (2.14)

which act on forms.

These operators could be defined only when a scalar product was introduced in

the vector space @(K). At this stage we have a discrete geometrical analogue of d,

dt and ,. We have also commented on the fact that the operation, maps simplices

into dual cells i.e. not simplices. If the original simplicial system is described in terms

of the union of the vector spaces of all p-chains then the space into which elements

of the vector space are mapped by * is not contained within this space, unlike the

situation for the Hodge star operation on forms.

Relation to the Whitney map

We now need a way to relate a p-chain to a p-form (see for example Harrison [27],

and other work by the same author on Chainlets). This together with a construction

which linearly maps p-forms to p-simplices allows us to translate expressions in the

continuum to a corresponding discrete geometrical objects. We start with the con-

struction of the linear maps from p-chains to p-forms due to Whitney [28]. In order

to define this map, we need to introduce barycentric coordinates associated with a

given p-simplex aP. Regarding aP as an element of some RN, we introduce a set of
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real numbers (#o,..., #p) with the property

E
i

,~ > o, (2.15)

,~ = 1. (2.16)

A point x � crP can be written in terms of the vertices of crp and these real numbers

as
p

x = EPivi. (2.17)
i=0

Note if any set ofpi = 0 then the vector x lies on a face ofap. One can think of

x as the position of the center of mass of a collection of masses (p0,..., Pp) located

on the vertices (v0 .... , Vp) respectively. Setting Pi = 0 for instance means the centre

of mass will be in the face opposite the vertex vi. These ideas suggest that the real

numbers #i may be replaced by functions satisying #i([j]) = 5~j (we will return to this

construction in Section 3.1 in the context of the hyper-cubic complex). The Whitney

map can now be defined. We have

(2.18)

where f~P(M) is the space of p-forms. If crp � CP(K) then

P

= p!
i=0

(2.19)

where dpi means this term is missing, and (#0,..., #p) are the barycentric coordinate

functions of ap.

We next construct the linear map from p-forms to p-chains. This is known as the

de Rham map. We have

AK " fF(M) ~ CP(K), (2.20)

defined by

(2.21)
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for each oriented p-simplex � K.

A discrete version of the wedge product can also be defined using the Whitney and

de Rham maps such that AK: CP(K) x Cq(K) ----, CP+q(K) as follows:

x AK y = AK (WF: (x) A WK (y)).

It has many of the properties of the continuous wedge product in that it is skew-

symmetric and obeys the Leibniz rule but it is non-associative.

At this stage we have introduced all the building blocks necessary to discretise a

system preserving topological structures. We summarize the properties of the maps

introduced in the form of a theorem. We have

Theorem (Whitney [28])

1. AKWK = Identity.

2. dWK = WK dK, where d: ¢P ~ ¢p+1

4. dKAK - AKd.

This theorem shows how dK can be considered as the discrete analogue of d. We

now show how ,K can be considered as discrete analogue of ,. For this we need

barycentric subdivision.

In order to construct the star map, two geometrically distinct spaces were intro-

duced. The original simplicial decomposition K with its associated set of p-chains

CP(K) and the dual cell decomposition L with its associated set of p-chains CP(L).

These spaces are distinct. However both belong to the first barycentric subdivision

of K. This allows the use of the ,K operation if we think of K and L as elements of
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BK.

K which contains both K and L.

The latter being the complex defined by the finer subdivision of the complex

Let BK and L denote the barycentricWe proceed as follows.

dual triangulation, and

subdivision and

(2.23)

However CP(K) and CP(L) are both contained in CP(BK) as we have seen. Let

WBK : CP(BK) ~ fF(M), (2.24)

denote the Whitney map. Then we have [9, 26], for x E CP(K), y � C~-p-I(L),

o < *Kx’Y >= fM WBK(Bx) A wBK(By),

< >= L,

.

oK : (__l)np+l ,L dL,K on CP(K),

0L = (_l)nq+l ,g dK,L on Cq(L).

for the hyper-cubic complex. These are the discrete analogies of the interrelationships

between d, dt, ¯ and <., > in the continuum.

Note K # L and that properties of OK, dK analogous to those for differential

forms only hold if K, L are both regarded as elements of BK. This feature will play

a role in the discussion of the metric and of spinors. This concludes the introductory

part.
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Part II

Geometry

31



Here we turn to the practical problem of capturing geometrical information present

in the original continuum problem in the discrete approximation scheme described

without spoiling topological structures that it encodes. The approach we introduce

tackles the problem of defining what is known as a discrete exterior calculus and

different attempts to address parts of this problem are available; Bossavit [29] has

introduced a discrete analogue of contraction by considering the dual mapping "ex-

trusion" in the context of the electromagnetic theory. Hirani and co-workers [30]

have developed part of a discrete exterior calculus which is closely linked in spirit

to the topological theory (the geometric discretisation described in Part I. being an

example), but they do not study the Lie derivative which is of much importance here.

In contrast to other works, in our approach the Whitney map which maps discrete

objects to continuum variables plays an essential role. Here, a product space of chains

allows the notion of contraction to be defined. This is essential for introducing an

analogue of the Lie derivative, an operation that describes the way objects change.

The structure constructed gives rise to a consistent discrete exterior calculus, which is

to our knowledge a new result. The original geometric discretisation scheme captured

topological data. Here we will consider the hyper-cubic version of it [26] as our

starting point. An alternative derivation of the Whitney elements is introduced

which suits our purpose. First, we point out the important shortcomings of the

original geometric discretisation method:

¯ The discrete wedge is non-associative.

¯ Operators are only exact as operations on the discrete chains, (i.e there is no

direct correspondence or "functor" between the discrete operations and the

continuum ones).

¯ Whitney elements play a spectator role and so the theory is topological only.

Recently, Samik Sen [26] has shown that by replacing a simplicial complex by a

hyper-cubic complex, two new features emerge compared to the original proposal:

firstly, the Hodge star operator satisfies ,K,C = Id and secondly, the associated dual
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complex being hyper-cubic as well, means it can be provided with explicit expressions

for the Whitney elements.

The second item of the list above is crucial to us, because we are going to take the

Whitney forms as the basic building blocks of the theory. Then, we use the product

space of chains to generate the appropriate collection of forms which will in turn

allow us to consider a discretised system with symplectic geometric data.

In contrast, the original scheme does not utilize the Whitney forms beyond pro-

viding a space that gives rise to the de Rham co-homology complex, so in that case

we need not know the explicit form of the Whitney elements to proceed topologically.

Here, we put the Whitney elements and the various combinatorial manipulations

of them at the forefront of the formulation. A discrete operation is then ezact if

when mapped to the continuum its algebraic properties hold exactly. Then in turn,

by accommodating the other operations in the theory (A, d, *) we can show that the

combinatorics of Whitney elements that we introduce is such that the topological

data is still captured. We find that:

The basis of Whitney forms encodes the topology and is very constraining that

way, but allows for the product space of chains.

Secondly, the problem of the non-associativity of the wedge is by-passed by not

relying on the wedge but on a new product in order to define the contraction.

These arguments both provide a strong motivation for considering the product space

of chains.

In Chapter 3 we derive a Whitney map in the context of a hyper-cubic complex.

Then, the main features of the new scheme are introduced in relation with the def-

inition of a contraction operation; then we proceed with the Lie derivative, the Lie

algebra and associated group action on the space of Whitney forms. We discuss the

convergence and a numerical implementation. In the Appendix we outline in what

sense the theory still captures topology, and display some calculations. In Chapter

4, we tackle the metric along with the covariant derivative and the curvature.
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Chapter 3

Setting up the axiomatics of a

discrete exterior calculus

The hyper-cubic complex

In what follows, we will consider a hyper-cubic complex, since it is the most used in

the literature, and we have already pointed out its advantages. We consider singular

homology rather than homology (see the definition of a simplicial complex [18]).

Let us describe how to handle the new setting. Consider the surface of the cube,

topologically the two-sphere S2. Consider the face [0123] in Fig. 3-1, and let us follow

the steps of the construction of the Whitney map given in the last section. The zero-

form Whitney elements are obtained by application of the boundary conditions and

are given by:

{#0 = (1 - x)(1 - y), #1 = x(1 - y), #2 = xy, #3 = y(1 - x)}. (3.1)
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[61

[9]

[4]

[2]

[II

Figure 3-1: The cube with labels used throughout the discussion. The thick loop is

a holonomy around the vertex [6], discussed in the next chapter.

The book-keeping for the co-boundary operator is as follows. Consider the simplex

[0123]. Then the application of dK is shown below.

dK[0] = [10] + [30],

dK[01] = [0123],

dK[10] = [1023] = --[0123],

dK[0123] = 0.

(3.2)

(3.3)

(3.4)

(3.5)

In addition, the orientation is fixed by specifying a two-chain, in this case [0123].

The way to check that the d operation is correct, is by verifying that the Stokes

theorem holds. However, by using the formulae of Whitney directly given the cubic

barycenter coordinates one finds that the requirement WKdK = dWK is not satisfied.

This makes the basis list of forms an incorrect basis of Whitney elements as noted

by Samik Sen [26].

To remedy this problem we derive the Whitney map by induction. A Whitney

map is defined as follows. Take the barycenter coordinates satisfying

p~([j]) =5~j, (3.6)
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and generate the Whitney elements by application of

dW(T) = w(r+l)dK,

_(~) W(~) ((~)< vi , ,aj ) > =Sij.

(3.7)

(3.8)

which is used as the definition of W(r+l) given W(T).

obtained satisfy automatically the Stokes theorem.

The Whitney elements thus

The reader may check that the Whitney elements given in the Appendix do indeed

satisfy this rule (and may skip the rest of this section).

We will sketch the proof by induction. The first observation is that for zero co-

chains, adopting the functional form of the example of the square above, we find that

any vertex [i] has within a given top dimensional simplex/ks of which it is a face the

following expression:

W([i]) = IIkfk, (3.9)

where each factor is either

fi = f+ = (1 - xi), (3.10)

or

= f(- = xi. (3.11)

The factors enforce the boundary conditions in Eq. 3.8, and depend on which bound-

ing simplex we are taking for the evaluation of the Whitney map. The claim is then

that we can extract the remaining elements, i.e of higher degrees. An immediate

observation is that application of d will suppress factors f~ and replace them up to

sign by a form dx~. Moreover, the factor fi that is suppressed relaxes one of the

boundary conditions relating to the simplex containing both the original one and its

extension caused by application of dK. In turn, this leads to a well-defined pull-back
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map for integration over a given simplex or}~) which we denote by

and the space of Whitney elements is generated by the image (denoted .~) of 1 � R

under the pull-back for each and every r-simplex in -(~) A(’)(K, R), oi �

W(r)A(’)(K, R) - ~(< AT(K), >* 1). (3.13)

_(r) then assume W(’)(a}~)) isThis map, gives us the Whitney elements. Take a vi ,

given. Then by application of the pull-back map after evaluating dW(cr}~)) using

Eq. 3.7 gives W(~+1) for a (r + 1)-simplex. This process is done until the list of

(r + 1)-simplices is exhausted.

Consider a basic example as given in the Appendix. Apply the exterior derivative

to get a linear combination of terms which match W([01]), W([03]) in the square

[0123]. Then select W([01]).

A side issue is that of completeness. One might be under the impression that we

are calculating W for exact forms in

Z~(K, R). (3.14)

Obviously, this is not true, the pullback allows us to evaluate the Whitney map on

the basis set of C~ (K, R) which is the collection of simplices /V (K). The Whitney

elements obtained are the correct ones (see the appendix).

To visualize the Whitney elements, we refer to Fig. 3-2. A one-chain with non-

zero coefficients along the edges parallel to the y-axis has the following shape, you

see that the form jumps over cells which are parallel to the l-chain but this does not

affect the differentiability of the form since d = dx A o on a @-form. In multiple

o
dimensions you get all derivatives apart from N.
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/

Figure 3-2: The two dimensional plane with a square complex, coordinates

and a Whitney form with function coefficient sketched in the W-axis.

(X, y)

At this point we take the topological theory above and modify it in order to

consider geometry. The key construction that leads us to geometry is the formula

given for a hyper-cubic interior product Eq. 3.17 and the numerous properties it

possesses as we proceed to describe.

Setting up the exterior calculus

In order to extend the range of applicability of the method we need to be able to study

"flows". This involves introducing the idea of a vector field in the discrete setting and

constructing an analogue of the Lie derivative. The vector field enters the discussion

in the interior product below as the coefficient function of a form Eq. 3.16, and since

we work in the space RN, we can identify upper and lower indices 1

To do this we need to define a discrete analogue of the interior product. Geomet-

rical information in the sense of introducing a metric in this frame corresponds to

following the vielbein formalism (Chapter 4). The metric of the embedding space is

the Euclidean flat metric (recall Part I, the introduction).

We now begin our construction by noting that the discretisation scheme is too

restrictive in order to consider a geometry. What we need is a contraction map iv in

1When one considers the induced metric on a hypersurface h~= O~go~ oxb~r"~’-Uab [38],         one can         still

integrate vector fields over edges in RN, so there is no ambiguity here, Chapter 4 addresses the
induced metric in more detail.
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order to consider vector fields and geometry. With d and iv we will construct the Lie

derivative Lv (and in turn, in the next chapter, with some prescription for the metric

and the Lie derivative we will be able to construct a covariant derivative Vv).

3.2.1 Interior product

The problem we start with is to construct a hyper-cubic analogue of the interior

product (or contraction) map:

i.w(T) =
1

¯ u #2

(r - 1)! v w,,~...,rdx A... A dx"~.
(3.15)

Our strategy is to apply the de Rham map to the dual one-form of the vector field

v represented as a one-chain (i.e a linear combination of edges) and to the degree

(r- 1)-form that results from w after contraction. Thus providing us with a pair of

chains. Let us extract it from the continuum by rewriting Eq. 3.15 as

1 v" ]Kw,,2...,dx"2 A A dx"~
(3 16)ivW(T) = (r - I)! "’" ’ "

and then notice that this expression, as a pairing of two forms, can be represented

on the chain space of the K complex as:

ia(1)Cr(r) = Ct(1)jK//(r-1)((T). (3.17)

where c~ is a one-chain, a is an r-chain and ~ an (r- 1) chain which results from

contracting a. It is similar to what we have in the continuum with exception that

c~, a one-chain plays the role of a coefficient function and so should be treated as

such. The second remark is that in fact this leads to a well-defined operation on

the complex and is exact when the form w and the dual to the vector field v are

in fact Whitney elements. Also, we introduced a generalized product on the space

of chains, denoted by ]K the choice of the symbol is made to stress that it comes

from the contraction operation. It clearly distinguishes between the chain on its right

and that on its left. Let us postpone the formal construction and consider examples.
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Start with a 1D example. Consider the edge [01] on the line. Then,

elements are

{W([0]) = 1 - x, W([1]) = x, W([01]) = dx},

the Whitney

(3.18)

and

i[01][01] = [01]JK([0] + [1]). (3.19)

That is, we took the sum of the two vertices that remain when we remove the edge

[01]. Also, the construction is guided by the embedding in the continuum:

W(i[ol][01])-- W([01])x W([O] + [1])= dx x 1= 1. (3.20)

Again we said that the one chain ct plays the role of a function coefficient so, in this

case it is 1 and hence the result. If you contract [0] or [1] with the edge [01], you get

zero because the edge [01] is not a face of either vertices. Consider the 2D example

of the square (Fig. 3-3).

[31 [2]

l l
[01 [11

Figure 3-3: Two parallel edges in a given square which

[0123] with one of the edges [01] or [32].

arise from contraction of

The Whitney elements are:

{W[O] = (1 - x)(1 - y), W[1] = x(1 - y), W[2] = xy, W[3] = (1 - x)y,

W([O1]) = (1 - y)dx, W([12]) = xdy, W([32]) = ydx,

W([03]) = (1 - x)dy, W([0123]) = dx A dy}.

(3.21)

(3.22)

(3.23)

This time there are many combinations of two chains which lead to a non-zero con-

traction, for example the contraction of the square with an edge, say [01]. Let us see
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two examples which will help us to specify iv.

i[ol][0123]-- [01]JK ([03] + [12]),

1[01][32] = [01]JK ([3] + [2]).

And they lead to

W(i[ol][0123]) = W([O1])JKw([03] + [12]) = (1 -- y)dxJK dy = (1 - y)dy,

W(i[ol][32]) = W([O1])JKw([3] + [2]) = (1 - y)dzJK y = (1 - y)y.

(3.26)

(3.27)

To comment, the first calculation shows how when contracting a 2-chain, we get a

linear combination of the edges perpendicular to the edge which specifies the vector

field. This generalizes obviously to higher degree chains: we get a linear combination

of the (r- 1)-simplices which are orthogonal to the vector field (an edge). The

second calculation is there because it shows that although [01] is not a face of [32],

the contraction still applies because they are parallel within the same cell of highest

degree which plays the role of the local open set.

We formalize a little the interior product we have constructed and in the next

sections, we will have to modify the other operators accordingly, notably dK the

co-boundary.

The discretised interior product is a map from the product space of chains to

the product space of chains. We have already seen in what sense it is exact by

constructing basic examples in this section. We define the map

i: C(1)(K, R) × C(<)(K, ---+ C(1)(K, R) × Cff-1)(K, ][{)

(v,

(3.28)

(3.29)

where rj(c~) is the (r- 1)-chain that results from the contraction by taking a linear

combination of faces of a(T). There is also a sense in which the contraction is done in

a "local" open set which is determined by the cell (or simplex) of highest dimension

which contains both v and a.
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Also, the Whitney map applied to ivCr treats the vector field as a function coefficient

i.e:

= w( )jK = A (3.30)

where ~0 deletes the constant form part of the Whitney element,

 °(wdx) (3.31)

The generalization of this operation when more than one contraction has been applied

to a chain, like for the Jacobi identities below, is done in the obvious way.

Having shown that the operation works in the cell, we return briefly to the consid-

eration of chains, we alluded to them in the discussion of FIG. 3.3. There is a pairing

of chains in ira which makes the map bilinear. It is clear that each simplex gives

rise to a co-chain with support over all cells that have that simplex as a face. This is

related to the notion of calculating in the "local" open set we alluded to. Otherwise,

we are left with the consideration of constant vector fields, we will return to that in

the discussion of the Lie derivative.

as

We write the bi-linearity of the interior product

= = E E (3.32)
i,j J {vii (vi,aj)<a(n)}

In words, given a one simplex vi from the one-chain v, and one term crj from the

then the

the discrete interior

chain a, if they are both faces of a higher dimensional hyper-cube cr(~)
k ’

terms contribute. It is then straightforward to establish that

product squared is zero.

Having introduced the interior product, we allow for geometry, but in doing so,

the closure of the operations is on the product space of chains. We will establish

that the other operations A, d and * can be modified in a way that makes the theory

consistent topologically. Also, we will see that the Jacobi identities work exactly,

thus limiting the result of the chain operation to the product of two such spaces,

while the intermediate steps involve three. So let us modify the discrete theory to
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accommodate the new operator iv.

3.2.2 Exterior derivative

A priori it is already under control, since if w is a Whitney form, we know how to

calculate dw, it is a linear combination of (r + 1)-degree Whitney elements using the

co-boundary dK = 5K on the complex. However diva = d(vJKr](a)) is problematic,

we need to make a prescription for it since it is an object in the product space of

chains. The outcome is that we can define it in a consistent way which also leaves

the cohomology intact. To see this, go back to the 2D example and let

dK(i[Oll[O123]) = dK([o1]JK([o] + [1])) = 2[01]JK([30] + [21]), (3.33)

while mapping both sides to the continuum we get the correct result which is

div((1 - y)dx) = -2(1 - y)dy. (3.34)

The operation is well-defined in general, when applying d after iv, we only take partial

derivatives with respect to the orthogonal directions to both v(1) and a(T) and r _> 1.

So we can apply the Leibniz rule for functions in a combinatorial way by writing

dK(iva) = 2vJK dKr](o), (3.35)

where dg is the original co-boundary map, and thus, the homology of the theory in

the product space is the same as that of the original theory and leads to the desired

result:

W(dKivo-) = dW(iv~7(cr)). (3.36)

To justify Eq. 3.35, we can give a proof, by taking the general Whitney form in a

hyper-cube which was discussed above. Let

r

liP �- 1-In-r �+W(O(r)) --,li=ldi "j=p+lyj A dxPk

k=l

(3.37)
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Then, starting with the right hand side of Eq. 3.35, we get

W(2vjK dKw(~)) = 2(W(v))jK (~-~ 0 dx, A)W(~7(c~))
Oxl

l

(3.38)

0the point is that when you move the derivatives ~ across to the left, you pick up all

the terms since the vector has at least every f~ factor that ~ has. There is a minor

sign issue which as to be watched out for, since as stated above, the contraction

operation with edges that are parallel to cr within a given cell has to be included, and

0 4-
oxlfl = ~:1.

Returning to the co-homology. The div-property in Eq. 3.35 can be used twice to

show that

(dK)2(ivo-) = vJK (dK)2~l(o) = O, (3.39)

since (dK)2 = 0 on the space of chains. We had the property that

(3.40)

and we have deduced that

(3.41)

The d/v-property is particularly convenient since it also helps to consider exact chains

as well as closed chains. Let us consider an (r + 1)-chain which is exact,

7](r+l) = dKo-(~). (3.42)

then, consider a one-chain representing the vector field v and assume that we con-

tracted an (r + 1)-chain to obtain vJKa. Then, immediately we get

vJ%7(~+I) = !dK(vjKa(~)) = vJK (dK~(~)).
2

(3.43)

which is a rewriting of Eq. 3.42 leading to the Homology groups

H(r)(M, R)~ B(~)(M, R)/Z(~)(M, R). (3.44)
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The picture is the following: we had the link between the de Rham co-homology and

the homology as a basis for discretising differential forms with the operator d. Now,

we have extended the theory to the product space of chains in a way that preserves

the content of the topological theory, and furthermore gives us access to the geometry.

Whitney elements have a central role in the theory.

3.2.3 The wedge product and the Hodge star

The discrete wedge product is a simple generalisation of the original one Eq. 2.22,

but it is worth pointing out how it co-exists with iv since we have to check that it

acts as an anti-derivation on the space of chains i.e

iv(o-(~) AK ~(P)) = (ira(~)) AK/3(p) + (-1)~a(~) AK i~(P).

Again, the criterion is given by the continuum analogue which is

W(iv(cr(r) AK/3(p)) = W(ivo-(~)) Ag ~(P)) + (-1)~W(a(~)) AK W(iv/3(P)). (3.46)

But we have already proved that because the interior product is exact on the space

of Whitney forms. So by using

iwvW = Wiv, (3.47)

we rely on the continuum identity and so Eq. 3.45 holds. As is known, the wedge

gives rise to the cohomology ring, and the discrete wedge (or cup product) is non-

associative, or it is only up to a factor. By acting with d on a/kK 7], we invoke

the Liebnitz rule which is exact only after integration (application of the de Rham

map) in the original geometric discretisation. The point is that Whitney forms were

only present as dummy integration variables which are compatible with d, while

here we want exactness before integrating thus preserving the topological properties

associated to d and to iv. Then, taking the wedge product of two "contracted" chains
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is done in the natural way (where ® is the tensor product)

(3.48)

again in a similar fashion as for d. As for the chain space, we then have a discrete

analogue of

H(T)(M, R)A H(P)(M, R) ~ H(T+P)(M, R). (3.49)

This can be seen by noting that the term under brackets is the ordinary wedge oper-

ation in the chain space.

The Hodge star has two representatives in the

subdivision and one in the L subdivision. We write:

discrete theory, one in the K

=

Then, the associated properties of ,K, ,C and (dK)t hold, since using Eq. 3.50, we

get

(dg)t = (*LdK*K)(*LdL*K) = *L(dL)2*K = O, (3.51)

where we used the fact that

(3.52)

and in much the same way as for the wedge, we still have the Poincar6 duality

H(T)(M, R)~ H(~-T)(M, R).

What is important at this point is that the operations (A, d, *) are essentially topo-

logical and the function coefficient is passive or gives rise to a factor of two which

does not modify the homology, a discussion of the co-homology of the theory in the

product space is given in the Appendix. Let us turn to the Lie derivative.
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Lie derivative and continuous symmetries

With the operations d and iv in place, it is a matter of consistency that the discrete

Lie derivative, as given by the Cartan formulae

Lv = ivd + div, (3.54)

should have the following analogue:

We will find that we can go quite a long way with it and consider a discrete version

of the Lie group. As we saw, we consider the vector field as being represented by

a one-cochain which is its dual differential form. The theory is seen as a theory of

differential forms and so this choice is imposed to us. If we were to consider the

vector fields in the dual complex as ,Kv in the L, we would lose the common support

that both the vector field and the form must have in order to carry through the

construction of the exterior calculus. We start with examples, since we already have

the operators.

[61

[9]

[5]

~ [3]

[01 [11

[41

[21

Figure 3-4: The cube with labels. The thick loop is a holonomy around the vertex

[6], discussed in the next chapter.

Example 1: (see the Appendix, and Fig. 3-4), to investigate the construction, we

start with the vector field (dual to) Eq. 3.157 and the form Eq. 3.158. These are

the continuum analogies of Eq. 3.162, Eq. 3.163. The vector and the form will be

considered on three faces, [0176], [1247] and [06531 for this purpose. To each of these
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corresponds a volume element two-form (i.e a constant form such as dx Adz). Due

to the orthogonality of the form with the vector chosen, we get ivvb -- 0. Next,

evaluation of dvb in the discrete setting Eq. 3.165 is obtained by means of applying

the rules for the hyper-cubic complex. After application of the Whitney map the

result (e.g Eq. 3.168) is obtained by using the rule we have introduced.

This means that the transcription into an ordinary differential form is obtained

by suppressing the form part (like a dx or a dx A dy) on the left hand side of the jK

symbol. So by substituting the list of Whitney elements given in the Appendix, and

the rule, we obtain Eq. 3.168 which leads to the identification of the various terms

in Eq. 3.161. We have found the following:

W(L++b) = Lw+W(+b). (3.56)

We now move to a more delicate case, for which we will need to clarify the notion

of the tangent space TaM of vector fields, where U is an open set taken to be the cell.

We wish to point out that we do not think of the tangent space TM as a fiber bundle.

The topology of the complex is too restrictive for that, open sets only overlap on a

common boundary. However, the Whitney elements, because their support overlaps

over boundaries guarantee as we will see, that we can consider properties of vector

fields.

Example 2: Take the vector u to be parallel and in fact identical to vb. In this

case, one has to be careful since if we use the proposed formulae for the interior

product, we get Eq. 3.175, which is clearly wrong since there should be some terms

with coefficient VZlVZ2 as shown in the appendix. This is the point at which we

introduce the rule above from which we get (3.176). Then,

di~Vb = 2(V~2

-- 2(--(V22 -- VZlVZ2)(1 -- X)+ (V~l -- VZlVZ2)X)dx,

-~ 2(Vz1 -- vz2)(vz2(1 - x) + vz, x)dx,

- Vz~Vz2)[O6]JK([IO] + [76])+ 2(v~ - VZ1YZ2)[17]JK([01] + [67]),

(3.57)
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as required to match the continuum expression. For the i~d-term, the problem of

support which led us to modify the coefficients does not arise and we get

i~dvb = (--v~2[06] -- Vz~Vz2[17] + v~ [17] + Vz~Vz2[O6])JK([OI] + [67]),

= (-v~72 (1 - x) - VZl Vz2X -31- V~Zl X + VZl vz2(1 - x))dx,

= (vz~ - vz2)(vz2(1 - x) + vz~x)dx, (3.5s)

which gives the correct matching on [0617], not forgetting the multiplicative factor

of two, specified by the rule for "div" This gives the correct matching.

The combination of Example 1 and Example 2 cover all cases of a pair of a form

and a vector field that can be expressed in the present framework (i.e parallel or

orthogonal). They constitute the two parts of the proof that the discretised Lie is

the correct one. What we are describing here is a flow from the face [0176] to the

face [0653] and check its z-component at the edge [06] which joins the two faces. The

tangent vector to the integral curve is thus rotated by a right-angle as it propagates

along its flow line. The component vx lives in [0176], the component vy lives in [0653]

while the component Vz lives in both.

Evaluating components of the discrete Lie derivative as we have done above will

be particularly useful when we turn to discuss the covariant derivative in the Chapter

4. But before we address this issue, we ought to check how the Lie algebra property,

and notably how the Jacobi identities translate to the lattice. This property gives

us a lifting of the Lie algebra of vector fields (which we have yet to define) to the

algebra of derivations acting on the space of forms. In the continuum we write:

[Lv, = (3.59)

Although we are in a position to evaluate the left-hand side of Eq. 3.59, we need

to make a prescription for the complex based bracket Iv, u], and in fact we know

that in the infinite dimensional representation of vector fields which we adopt, the
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continuum commutator is clear:

(3.60)

Or conversely, we need to show that starting with [Lv, L~], the vector field which

is the argument of the Lie derivative on the right-hand side is indeed the discrete

analogue of Iv, u] given in Eq. 3.60.

Given two one-chains, cr and r/, on a 2D complex, we introduce their bracket

["’]K’CI(K) x CI(K) ~C2(/() x CI(K), (3.61)

([a], It/I)~ [a, r/]K, (3.62)

where in components, assuming summation over the indices, we are given a = aij[ij]

and r/= rlij[ij], then,

[v, u] K = (aijrM- rlijOkl)[ijkl]JK[ij]. (3.63)

Example: Take the face [0671], and using the previous example, we take:

g = vx~[01] + vx2167], (3.64)

(3.65)

The continuum analogies are

W?_~ -- VXl (1 - z)dx + vx2zdx,

W~ = vz2 (1 - x)dz + vzl xdz.

(3.66)

(3.67)
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Application of Eq. 3.60, leads to

[Wu, Wv] -- (VXl(1- z)Jr- vx2z)(vz1- vz2)dz

+ (vz2(1 - x) + VZlX) (vx2 - Vxl)dX.

(3.68)

It is straightforward to reproduce this formula on the lattice by using Eq. 3.63.

The construction can be clarified further by considering the example of so(3), the

rotations in 3D. We will setup the Lie algebra and show that it is well-defined on

the complex. Second, we will explain how, although the Jacobi identities are found

to hold, the lifting to the group is only approximate which is because integral curves

are approximated by Whitney elements. Consider the so(3) generators and the form

w respectively given by

x = yaz - zG,

Y = zOx - XOz,

z = ya~ - xay,

w = W([65]) = (1 - x)zdy.

(3.69)

(3.70)

(3.71)

(3.72)

A direct calculation in the continuum leads to

L[x,y]W([65]) = [Lx, Ly]W([65]) = -z(1 - x)dx- yzdy, (3.73)

which are the continuum Jacobi identities for the Lie. We now proceed to analyse the

discrete version of the Jacobi identities by constructing the complex based version of

this calculation. We will use the rules we have introduced, notably the div-rule. The

central feature is that of closure, although we use a product space, we can recover

the exact expressions by simply identifying:

1A¢=¢, (3.74)

after applying the latter rule. In the 3D coordinates available, the generators are
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exactly represented by:

17 = ([17] + [24]) - ([67] + [54]), 2 = ([35] + [24])- ([65] + [74]). (3.75)

because a look at the table of Whitney elements in the Appendix, shows that these

are the dual one forms of the vector fields after mapping the chains to the continuum.

The bracket we proposed was guided by requiring 1) the closure of the algebra under

the bracket, 2) the functional form of [X, Y], 3) the Jacobi identities.

Ix, [z, z]] + [z, [z, x]] + [z, [x, y]] = 0, (3.76)

and at the level of the Lie derivative it reads:

L[x, y] = Lx Lz - Ly Lx , (3.77)

we will derive this relation below for the complex based theory. This means that we

seek a complex based bracket operation that maps to the continuum one by a Lie

algebra morphism. With the basis of forms we have, we can already set what the

answer is:

[X, ~]K= A([W(X), W(Y)]).             (3.78)

and this is satisfactory because it is an exact relation and not an approximation as:

w[2, z, (3.79)

the continuum Z, which means that W is a Lie algebra morphism. So this would be

enough to establish 2), and certainly proves the existence of the discretised bracket.

What we have is a Lie algebra g in the infinite dimensional representation of

vector fields. The map W is a Lie algebra morphism if and only if, the collection

of one-forms dual to the generators of g can be written as a linear combination of

Whitney elements.

The bracket in Eq. 3.78 is an implicit definition based on the continuum one. It
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is satisfactory as we were able to give an exact analogue of the vector fields X, Y, Z.

We proceed to the calculation of the Jacobi identities for the Lie, and first of all we

need the list of edges that are mutually parallel, so that we will know when to apply

the discrete contraction:

L1 = {{17], [06], {35], {24]},

L2- {{67], {54], {32], {01]},

L3 = {[65], [74], [12], [03]}.

(3.80)

(3.81)

(3.82)

The detailed calculation is done in the Appendix, since all the rules we introduced

play a part, we display in curly brackets the associated continuum calculation for the

purpose of illustration. The picture should be clear, the algebra of vector fields is

local and is exactly captured. The Jacobi identities for the algebra

ad([x, y])= lad(x), ad(y)], (3.83)

which are satisfied here, give rise to a local approximation of flows in the Lie group

(the notation is the standard one, see [32]), consider the vector fields Xx, Xy, satis-

fying

[Xx, Xy] = X[x,y], (3.84)

and the flow of Xx is given by

¯ x(t, a) = aexp(tx). (3.85)

This flow is only approximate since it cannot be captured in the space of Whitney

elements (for example a vector field rotating in the x, y plane). The limitation is easy

to understand, owing to the exactness of the vector fields in the theory, the algebra

is exact. However the space of co-chains as given by the Whitney elements does not

lead to the correct integral curves and the associated relations, we only obtain an

approximation, which is for the flow of a vector field ~x. Its discrete counterpart ~

is controlled by correction terms of order ~x - W(~).
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We now gather the results regarding continnous symmetries. A Lie group action

on the space of chains and associated Lie algebra of vector fields are such that:

1) The Lie algebra is exactly captured if the generators are elements of the space of

Whitney elements.

2) The associated Lie group G is exactly captured if the integral curves of the vector

fields leave the space of Whitney elements invariant. Otherwise it is approximated

by the Whitney forms.

We now address the issue of implementing the technique we have just presented

and discuss some numerical results.

Convergence of the model and numerical im-

plementation

We have seen that the results are exact on the space we have introduced, however

the Jacobi identity for the Lie is only satisfied in the local picture, flows in the group

are only approximate in general. Overall, this means that we have good control over

the convergence.

An issue related to convergence is that of refining the triangulation (which is here

made of squares). A discussion of this in the context of simplicial categories [24]

is worth considering. In that picture as here, one works with chain complexes C

and their dual co-chain complexes and it is argued that they are to be preferred to

homology. Due to the Whitehead theorem [24] they are invariant for simply connected

spaces. That is, taking subdivisions of the original complex and one can relate the

associated chain spaces. In turn, given the chain space and the dual cochain space,

one can define the various mappings we have introduced above.

In the present perspective, we insist on the fact that refining the triangulation

is the only means to obtain a better approximation to forms, which are themselves

approximated by Whitney elements.

Next, we discuss the example of a one-form field on the torus, satisfying the
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equation

(Lv - ~A)a = o, (3.86)

which is relevant to fluid dynamics

Navier-Stokes equation in this formalism.

lytically and then numerically. The square

Fig. 3-5.

[31], and is a first step toward setting up the

We start by tackling the problem ana-

"triangulation" of the torus is shown in

[12]

[8]

[4]

[0] [1] [2] [3] [4]

[13] [14] [15]

[9] [10 [11]

[5] [6] [7]

Figure 3-5:

[12]

[8]

[41

tO1 r 1 ] r21 [31 [41

Square complex as a discretisation of the torus T2

The vector field is constant, taken along the x-axis in the plane of the page

v = v=Ox. We seek a one-form solution as a linear combination of Whitney elements.

The Lie derivative is then:

Lvw = (y+ - y_)v=dy. (3.87)

The notation we use for components is such that it can be applied to every 2D cell.

The sign and i or j indices denote a specific edge. For example in [5, 6, 10, 9], x+ is the

component on the edge [9, 10] and y_ is the component on the edge [59]. Similarly

when a component outside the cell is needed, we take for example y+,j to be the

[10, 14] component. Next is the Laplacian term:

ddtw = (-(x+ - x+,-i + y-,j - y-) + (x+,i - x+ + y+,j - y+))[x+]

+ ((x+ - x+_~ + v-,j - y-) - (~- - x__~ + y_ - y_,_j))[y-]

+ ((x+,~- x+ + v+,j - v+) - (~-,~- ~- + y+ - y+,-J))[y+]

+ ((x_~- x_ + v+ - y+,-j) - (x_ - x_,_~ + y_ - y_,_j))[~-], (3.88)
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and

d*dw -- ((y+,y - x+,j - Y-d + x+) - (y+ - x+ - y_ + x_))[x+]

+ ((~÷ - ~+ - ~- + ~-) - (y- - ~÷_~- ~__~ + x_ _~))[y-]

+ ((y÷,~- x+,~- ~÷ + ~_~)- (~÷ - ~÷ - y_ + x_))[y+]

+ ((y÷ - x÷ - ~_ + ~÷) - (y÷_j - ~_ - y__j + ~_ _~))[x-]. (3.89)

The first solution is the constant zero-mode solution.

y-edges have equal coefficients

coordinates as the given edge,

these regions as ribbons.

Then, Lv is zero because the

across each square which has the same range of y-

say [48]. This is expressed by Eq. 3.90, we refer to

This implies the following:

Y-,-~ = Y- = Y+ = Y+,i = Y,

y_,j = y+,j = Y+,

y_,_j -- y+,_j = Y_.

(3.90)

(3.91)

(3.92)

In this case, Eq. 3.86 reduces to:

/~w = 0. (3.93)

To get zero we need either each component be zero or each pair of coefficients (e.g

the two [x+] components) to cancel out. Setting all x to be zero leaves only:

(3.94)

Our equation is finally

Y+-2Y+Y_=O.

This gives a constant form, w = Cdy, as an exact solution. Let us

Eq. 3.95. After all this is an approximation to the second derivative:

(3.95)

think about

(0x)2wy = Y+- 2Y + Y_, (3.96)
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using a finite difference rule for the derivative"

1 (w(x + h)- w(x)),
Dx = (3.97)

which is correct to order h. Since [y-] has the same coefficient as [y+], the associated

Whitney form has constant coefficient function, so having Whitney elements presents

no benefit compared to the usual finite difference approach.

In order to move to a more general example, we consider again a solution in y-

components, but this time we let y increase as we move from one y-ring to the next

one, that is in every cell we let y+ -y_ = 0. Then,

Lvw = (y+ - y_)vxdy = Ovxdy (3.98)

In order to cancel the Lie term, we require as before that all x-coefficients be zero

and so

y+ -- y_ = y+,j -- y_,j,

y+ -- y_ = y+,_j -- y_,_j,

y+ -- y_ = y+,j -- y_,j,

y+ -- y_ = y+,_j -- y_,_j.

(3.99)

(3.100)

(3.101)

(3.102)

Equate the second line and the third line of Eq. 3.88. We find that they have equal

coefficients after noting that using Eq. 3.99, we can rerite the second line of Eq. 3.89

as

y__,j -- y_ - y_ + Y-,-j = y+,j -- y+ -- y_ + Y-,-j,

similarly for the third line of Eq. 3.88.

(3.103)

Next, equate the second and the third line of

Eq. 3.89. Then,

y+ - y_ - (y_ - y_,_~) = y+,~- y+ - y+ + y-,

1
y+ - y_ =

(3.104)

(3.105)
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We are now in a position to write down a new solution.

ring parallel to the y-axis. Also, we have seen that

Let y be constant along each

y+-y_=O. (3.106)

If we enforce this for all squares we have a local (in the sense of a single simplex)

matching of Whitney elements. However, if we are to look at boundary conditions,

particularly for closed surfaces like the torus, we will need some further prescription

to guarantee closure of the field. To this end we consider

¢ = aei-~ dy, (3.107)

where a and b are constants to be determined. Then, in the interior of a given square,

we have
X

¢ = a(1 + i-g)dy + O(x2), (3.108)

and letting x = ix, leads to the usual expression, after we enforce the following

ansatz:

$ = ¢(11)(1 _ z__)
x

b + ¢(12 (-~),

¢(11) = ae bdy=aei~-.
ii

(3.109)

(3.110)

Moreover, if b = h the edge length of a small square, then we can match the function

with the Whitney map applied to a chain field ¢. We have the matching

¢ = w($) + (3.111)

To take the analogy one step further, note that one retains a bijection between the

function e~x and ix. i.e, the function ¢ oscillates over a large number of squares:

Ily+ - y-ll << (3.112)
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To guarantee closure, let Nx be the number of edges along a circle of the torus (parallel

to the x-axis), then require closure (recall y+ - y_ = 0 a constant)"

(y+ - y_)Nx = 2kTr. {k = O, 1, 2,...} (3.113)

Then, k = 0 leads to the zero mode we already got, the rest give the k-th mode

solution. Let us do the continuum calculation: The change of variable x H ix leads

to dx H idx, o H -i°, vx ~ -ivy. Applying this to the solution:

Lv¢ = Vx---
b Oix

¯ x a iS
e~-~ dy = Vx -re -~ dy,

0
(3.114)

(3.115)

This solves the equation provided v~ = ~- In order to strengthen analogy betweenb"

the continuum and the complex we evaluate:

!

din ¢ dy = -~dx A dy,
i

¢,
.dln!dy= ~,

¢,
ivd in ¢ dy = v~-~ dy.

(3.116)

(3.117)

(3.118)

Then,

d.dln!dy =

*d * d In ¢ dy =

¢,,¢- ¢,¢’
dx,

(-dy) = -=(-dy) +
2

dy.

(3.119)

(3.120)

Note that according to the discrete theory we get:

--- i(Xk+l -- Xk) Jr- O((Xk+l -- Xk)2)¯ (3.121)
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Using the modulus,

~ (3.122)

Therefore,

1[ ]/~ in ¢ - Lv in ¢ - ¢’’¢ vx ~ + O(e)2 = ~ -¢"- vx¢’ + O(e2)

: 1 - ¢] o(d)¢[A¢ Sv + . (3.123)

In the discrete approach this is written as

Al(ln¢): 3~. 9~[3.1j2]
2kiTrxj dy[jlj2] = E 2ki~mj [jljJ.

a                  a
J

(3.124)

Then apply the discrete version of the operator

L. - A, (3.125)

and solve the matrix equation. Next, with a varying vector field, the solution is

modified, that is the rate of change of the solution starts to vary. This does not

modify the calculation above with the minor exception that now

I < sup[ f(xk+l) l l]O(e2)~O(e2)f(xk) ’ , (3.126)

which leads to the same equation as before with a variable v~.

Regarding the inclusion of modes, we have studied the function in ¢ where in

principle we could include all the modes (along the x-circles)"

(3.127)

Let

X = fke’~, (3.128)
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then we will get

1
(A - Lv)ln(x) = -(-X" - vxx’),

X

---X1 _(1£,              - 2n1£            - ~21k)                                                   - vx(fk~ +/£)]e’~x.

(3.129)

Substituting functions, note the x2 term for fk.

(3.131)

(3.132)

leads to the following equations for the constant term and the x-term:

an2 + (2b- voa)n- 2c- rob = 0

bn2 + (4c- vob- vxa)n- vxb- 2Vo = O.

(3.133)

(3.134)

These equations are to be solved for a, b and c in principle.

back the solution into our trial solution:

We can then substitute

= (a + bx + cx2)e’~x, (3.135)

thus

X’ = (n(a + bx + cx2) + b + 2cx)e’~. (3.136)

The x term in this expression is then

(b + 2c + an). (3.137)

The approximation is given by:

2 = (< f >0 + < f >1 X)e~x,

=< f >0 q-(< f >0 n+ < f >I)X -+- O(X2).

(3.138)

(3.139)
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So

X’= (< f >o ec+ < f >l)(Xn+1 -- Xn) + 0(£2), (3.140)

which is to be compared with Eq. 3.121. The observation being that the theory cap-

tures the linear term. We now leave such considerations of matching the continuum

solution.

To gather our findings we note that the key features are the use of the logarithm

and the selection of the mode by specifying the relevant boundary condition. The

k-th mode is given by specifying the constant C which is a normalization and setting:

¢+=C, (3.141)

¢- = C + 2rrk. (3.142)

Numerical tests have been done on the torus we have displayed above (with a

few extra squares only), and although we have already discussed the convergence, we

would like to explain the numerical procedure. It consists of using a singular value

decomposition (SVD) algorithm [33].

Two key advantages to this method are first its well-known stability and second

that it solves a matrix equation by minimizing the square norm )¢2 in Eq. 3.145, so

in some cases were the present theory cannot be solved exactly as a matrix equation,

the algorithm gives us a good approximation. SVD is used to solve

Ax=b, (3.143)

and leads to the following decomposition (the Wy are the singular values):

A-1 = V.[diag 1----]uT.
wj

The solution is obtained by minimizing

(3.144)

x = IIAm - bll2 (3.145)
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We also note that the formal errors due to the X2 fit, are given by:

/~X2 = w~(V(1).Sa)2 +... + W2M(V(M).Sa)2, (3.146)

where V(1)... V(M) are the columns of the vector V given in Eq. 3.144, then the

boundaries of the confidence ellipsoids. Consider the graph in Fig. 3-6, we took the

following vector field:

(3.147)

and solved numerically Eq. 3.86 for a one-form field. The matrix equation was writ-

ten using the one-simplices as the basis vector space (there is an equation for each

simplex).
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log value of field
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Figure 3-6: One form field solution with values in the range [400, 1400]. Recall that

we are plotting the log (I) value. The (x, y)-plane contains the torus with vertices at

points a~ + bj, with a � [0, 5] and b � [0, 3]. The field is not plotted in the x-interval

[5, 6] as the field reaches the value 1400, which is identified with 400.

The boundary conditions are enforced on the solution, by modifying the matrix

A in such a way that C = 400 (Eq. 3.141) and we identify ¢+ = 400 with ¢- = 1400

(recall that we are considering the logarithm of the solution).

In this example the matrix A is 96 x 96, because there are (6 ¯ 4) y-edges and

the same number of x-edges, and each edge gives rise to two equations, since it has

non-zero Whitney form in two cells.

64



To comment on the result (Fig. 3-6), we note that the change in the vector field

(as specified by Eq. 3.147) results in a change of concavity in the graph.

For a constant vector field, we just get a straight line in each section. The inclusion

of a non-zero mode is achieved by modifying the matrix in a way that take into

account the quotient which leads to the principal value of i¢. The modes are then

treated one at a time, by specifying the appropriate matrix.

Summary

We have proposed a new discretisation scheme for differential geometry which is

deeply related to the corresponding continuum theory. The first step which is central,

was to accommodate an interior product. This required the introduction of a product

space. Then, preserving the de Rham complex motivated us to consider a ring of

operators composed of iv, d and *, and the introduction of a special rule for div,

for which a prescription was required. The Lie derivative, as an element of the

ring, required us to modify the coefficient of the chain so as to accommodate the

case in which the vector field varies over the cell as expressed by the sum of Whitney

elements. The bracket was also introduced for vector fields in the infinite dimensional

representation, for which the geometrical interpretation is crucial. Also, the Jacobi

identities for the Lie derivative are exact, but one bears in mind that in general the

flows are approximated by Whitney forms. We also have a numerical implementation

for the torus and a formal argument for convergence. We are now in a position to

introduce metrics in this scheme which we proceed to do in the next chapter.

Appendix

3.6.1 Hyper-cubic Whitney elements

The list of Whitney elements which are relevant to the discussion are listed in Ta-

ble. 3.1.
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Zero-cochains One-cochains Two-cochains

Po = (1 - x)(l - y)(l - z)
#l=X(1-y)(l-x)

#2 = my(1- z)

W([01]) = dx(1 - y)(1 - z)
W([03]) = dy(1 - x)(1 - z)

W([06]) = dz(1 - x)(1 - y)

#3 : y(1 - x)(1 - z) W([17]) = x(1 - y)dz

#4 -- xyz

#5= (1- x)Yz
#6 = (I - x)(l - y)z

#7 = x(1 - y)z

W([12]) = x(1 - z)dy
W([24]) = xydz

W([32]) = y(1 - z)dx
W([35]) = y(1 - x)dz
W([65]) = z(1 - x)du
W([67]) = (1 - u)zdx

W([74]) = ~zdy
W([54]) = (1 - z)zdx

W([0123]) = (1- z)dx A dy

W([1247]) = xdy Adz

W([0356]) = (1 - x)dx A dz
W([0167]) = (1 - y)dx A dz

W([6745]) = zdx A dy

W([3245]) = ydx A dz

Table 3.1: The Whitney forms for the cube in ]R3 Cartesian coordinates

3.6.2 Relation to the de Rham complex

Let us discuss the relation of the setup to the de Rham complex, which is extracted

from differential forms under the exterior derivative d. Having shown that on the

extended space (after application of iv), (dK)2 = 0 is a priori not sufficient. But note

that we have apparently lost one important feature, which is the de Rham theorem

[22], which states that the map A, defined as

A:/-L(M) x H"(M) ~ R, (3.148)

is bilinear and non-degenerate. This map could be expressed as

(o-, w(v)) = f~ w(v). (3.149)

However, with the construction introduced above, we seem to have lost the non-

degeneracy property of A. To see this, let ~T E CT(K, R), and let r](T+I) � cr+I(K, R).

Then using the rule we saw for mapping to the space of forms, we get

(3.150)
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to be compared with

f W((). (3.151)
T

Clearly, the space of forms spanned by products of chains is larger, but we have

shown, in the proof of the Hyper-cubic rule that the action of dK on the larger space

has some functorial properties which link it with d, we found that,

WdK iv = dWiv, (3.152)

and so we may put the various steps of that calculation under the integral symbol.

It means that we have a larger space of forms and that the co-homology is "intact".

This is another virtue that we extract from the div-rule.

(3.153)

A comment on the diagram (Eq. 3.153): we wrote A where we could have written

W, but we stress that we are using the inner product of a space of chains with the

space of differential forms. The vertical arrow on the right relates two larger spaces

than that on the left. The diagram being commutative entails the compatibility of

the present scheme with the original geometric discretisation. One could say that the

introduction of geometry does not modify topology.

In terms of the homology we have,

H"(K x K, R, d~) ~- HT(K, R, dK), (3.154)

while,

(3.155)

(3.156)

Hence, the extended space of chains consisting of elements of the form specified by
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the rule for immersion (i.e applying 7)(°)) form a larger subspace of the space of forms

under the modified Whitney map than does the ordinary chains under the Whitney

map. The extended space can be embedded into the product space which has the

same topology.

3.6.3 Examples

Example 1 Let

v = vx~(l - z)dx + vx2zdx + vy~(l - z)dy + vy2zdy

vb = vz2(1 - x)dz + vz2(1 - y)dz + vzlxdz + vzaydz

(3.157)

(3.158)

Note that

Next,

ivvb=O. (3.159)

dvb = -vz2dx Adz - vz2dy Adz + v& dx Adz + vz3dy Adz, (3.160)

Lvvb = ivdvb = -v&(vx~(1 - z) + vx2z)dz - vz2(vyl(1 - z) + vy2z)dz

+ vz,(vx,(1 - z) + vx2z)dz + vza(vy~(1 - z)+ vr2z)dz. (3.161)

Lattice calculation:

-- VXI[01]-+- VX2 [67]--k VYl[03] q- Vy2 [65],

Vb -- VZ2[06] --[- VZI[17] -+- VZa[35]"

(3.162)

(3.163)

Again, see the discussion of the interior product,

i~gb = O. (3.164)
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Then,

dVb ~- (Vz1 -- vz2)[6017] + (vz2 - vz3)[0653] + vz1[1724] + vz313542], (3.165)

and

io(vz1 -- Vz2)[6017] = (vzl - VZ2)(VxI([O1]JK[06] ÷ [01]jK[17])

+ VX~([67]JK[06] + [67]]K[17])),

i~(vz2 - vza)[0653] = (vz2 - vza)(vy, ([03]JK[06] + [03]JK[35])

+ Vy2([B5]JK[o6] + [65]JK[35])),

(3.166)

(3.167)

the continuum analogue of which

elements with a constant form,

is obtained by identifying the sum of Whitney

Wiv(Vz1 -- vz2)[6017] = (vzl - vz2)(vx,((1 - z)dxJdz) + vx2(zdxJdz)),

Wi~(vz2 - vz3)[0653] = -(vz2 - vz3)(vy~ ((1 - z)dyJdz) - vy2(zdyJdz)).

(3.168)

(3.169)

Which matches the continuum expression after use of the continuum identification,

simply by deleting the J sign and the constant differential which is part of the coef-

ficient form.

Example 2: Next, u is parallel to Vb. Then,

i~Vb = (VZ2(1 -- X) + VZ~X)2 + (Vz2(1 -- y)+ Vz3y)2, (3.170)

and,

diuvb = 2(vz,-Vz2)(vz2(1-x)+vzlx)dx+2(vz3-Vz2)(vz2(1-y)+vzay)dy" (3.171)

Next dvb was given above and,

iudvb = (Vz~ (1 -- x) + vZlX)(Vz2 -- Vzl)dX Af_ (vz2 (1 _ y)+ vz3y)(vz2 - vz~)dy, (3.172)
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and finally,

Luvb = (Vz~ -- Vz2)(Vz2(1 -- x) + vz~x)dx + (vz~ - vz2)(vz2(1 - y)+ vz2y)dy. (3.173)

Lattice calculation:

Then,

= vz2[06] + vz~[17] + vz3135] = Vb. (3.174)

i~,Vb = V2Z2 [06]J K([0] + [6]) + V~I [17]J K([1] + [7]) + V2z3 [35]JK    ([3] + [5]), (3.175)

in order to reproduce the cross terms we set:

i~,Vb = (V~2[06] + VzlVz2[17])JK([o] + [6])

+ (V~1[17] + Vz~Vz2[O6])JK([1] + [7])

+ (v~a[35] + vzavz2[O6])Jg([3] + [5]),(3.176)

and

dKi~,Vb= (V~2[06] + Vz~Vz2117])JK([10] + [76])

+ (v21[17] + Vz~Vz2[O6])JK([o1] + [67]). (3.177)

Next, we already calculated dvb, so that after retaining the components in [0653] and

[0176],

2i~dvb = --Vz2(Vz2[06] + vz1117])JK([01] + [67])

+ vz2(Vz2[06]- VZ3135])JK([03] + [65])

+ VzI(VZI[17] q- vz~[O6])JK([O1] + [67])

+ vz3((vz3135]- Vz2[O6])JK([03] + [65]). (3.178)
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Gathering the terms, we get

isdvb-- (--v~2[06] -- VZ1VZ2117] + v~1[17] + VzlVz2[O6])JK([01] + [67])

+ (v~=[06]- vz=vz~[35] + v2 [35] [06])JK~ - ~v~    ([03] + [65]). (3.179)

Example 3: The complex based calculation is as follows:

ix[65] = -([65] + [74])J ([6] + [5])

{= -z2(1 - x)},

iy[65] = O,

dKix[65] = --2([65] + [74])J ([06] + [76] + [35] + [45]),

dK[65] =

{=

ixdK[65] =

+

{=

iydK[65] =

-2z(1 - x)dz + z2dx},

[6574] + [6530],

(1 - x)dz A dy- zdx A dy},

-([65] + [74])J ([67] + [54]),

([65] + [74])J ([06] + [35])+ ([35] + [24])j ([65] + [03]),

y(1 - x)dy + z(1 - x)dz- z2dx},

(-[67]- [54])J ([65] + [74])- ([17] + [24])j ([03] + [65]),

-x(1 - x)dy- z2dy}. (3.180)

So~

Lx[65] = -([65] + [74])J ([06] + [35]) + ([35] + [24])J ([65] + [03]),

{= y(1 - x)dy- z(1 - x)dz, }

Ly[65] = iydK[65].

(3.181)

(3.182)
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Next,

iyLx[65] = ([65] + [74]) ® ([17] + [24])J ([0] + [6] + [3] + [5]),

+ ([65] + [74])® (-[67]- [54])J (-[7]- [6]- [4]- [5]),

{ = 2z(1 - x)x- xz(1 - x)},

dKiyLx[65] = 2([65] + [74])® ([17] + [24])J ([10] + [76] + [23] + [45]),

+ 2([65] + [74])® (-[67]- [54])J (-[17]- [06]- [24]- [35]),

{ = 22(1 - x)dx + 3z2dz- 2zxdx + 2(1 - x)xdz,

- z(1 - x)x + xzdx- 3z2dz- x(1 - x)dz}. (3.183)

dKixdK[65] = ([65] + [74])J ([6701] + [5423]),

-- ([65] + [74])J ([0617] + [3542]),

-- ([35] + [24])J ([6574] + [0312]),

{ = -zdx A d2 - 22d2 A dx - ydx A dy},

iydKixdK[65] = 2([65] + [74])® ([17] + [24])j (--[01]- [67] + [54] + [32]),

+ 2([65] + [74])® (--[67]- [54])J (--[35]- [42]- [06]- [17]),

+ (--[35]- [24]) ® (--[67] --[54])J ([65] + [74] + [03] + [12]),

{ = -z2dz- xzdx + 2z2dz + 2xzdx- yzdy},

iyixdK[65] = ([65] + [74]) ® (--[67] --[45])J (--[6]- [7]- [5]- [4]),

-- ([65] + [74])® ([17] + [24])J ([0] + [6] + [3] + [5]),

( = -xz(1 - x) - za},

dKiyixdK[65] = ([65] + [74])® (--[67]- [45])J (-[06]- [17]- [35]- [24]),

- ([65] + [74])® ([17] + [24])J ([10] + [76] + [23] + [45]),

{ = -z(1 - x)dx + xzdx- 3z2dz- x(1 - x)dz}. (3.184)
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then

LyLx[65] = -z(1 - x)dx + zxdx- 3z2dz- x(1 - x)dz

+ 2z(1 - x)dx + 3z2dz- 2zxdx + 2(1 - x)xdz

- z2dz - xzdx + 2z2dz + 2xzdx - yzdy

= z(1 - x)dx + x(1 - x)dz + z2dz- yzdy (3.185)

Exact matching is also found in the calculation of LxLy[65].
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Chapter 4

Capturing metric data

In the last Chapter, we introduced a new discretisation scheme for differential ge-

ometry. The starting point was topological and revolved around the homology and

co-homology of a manifold captured by the simplicial or hyper-cubic complex. The

geometric discretisation scheme was found to be too restrictive to capture geome-

try, in fact, what we had was a finite list of differential forms (the "cochains") in

one to one correspondence with lattice objects, namely, vertices, edges, faces etc.

This tight relation between lattice and continuum enforced stringent constraints in

the construction of well-defined analogies of the operators present in the continuum

(A, d, *) with exact algebraic properties, and was enough for the original purpose of

the theory (applied to topological theories in physics, Chern-Simons theory).

We now turn to the problem of incorporating realistic metric information in this

discretisation scheme. A first step in this direction was taken in Chapter 3. There the

notion of the Lie derivative was introduced in the discrete setup. The Lie derivative

captures how geometrical objects like tensor fields change. In order to introduce the

Lie derivative it was necessary to generalize the procedure by introducing the notion

of a product in the space of chains. The construction introduced was not obvious and

is motivated and described carefully. An example, fields on the torus, was considered

to show how the procedure worked.

Metric aspects can be treated in different ways. The way we proceed is motivated
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by the question: with the algebraic "kit" which gives access to symmetries

£={iv, d,A,,}, (4.1)

how can we represent the covariant derivative given by (for example):

1 dg (v, v)
(Vvv)b = Lvvb- -~ (4.2)

Equivalently we ask: What is the best way (in terms of both algebraic properties and

convergence) we can represent the term

(4.3)

using the algebraic kit which already provides us with Lvvby.

The starting point will be a discussion of the vielbein metric described in detail

below in the case of the two sphere. The idea is that we provide a collection of

one-form fields {~i, i = 1, 2} approximated by Whitney forms and then use the kit

to extract the metric data built into the embedding of the hyper-surface in RN.

In fact, we will see that there are two ways to do the connection, one we will refer

to as related to the Regge approach [35, 36], which is a way of doing the connection

as a matrix relating forms in two cells across a common bounding edge. The other

we refer to as based on the continuum formulation of Caftan [22], using the structure

equations, which is more in line with the description above. In Fig. 4-1, we have

sketched the two pictures of the connection, an important theme here.
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Figure 4-1: Two ways in which the connection (the thick link), may be represented,

on the left, a la Regge, on the right a la Cartan. The arrow is a one form, and the

two connection components are represented.

The end point is a new kit which gives access to geometry:

= {iv, d, A,., {O(a)}}. (4.4)

If T = (A, d, *) is the topological kit, we then have T C_ £ _C ~.

A brief summary of where we left the abstract construction in Chapter 3 is as

follows. Recall that we were able to construct an analogue to the Lie derivative

(4.5)

within our framework.

With these structures under control we thought about the Lie algebra commutator

for vector fields E(M) in the infinite dimensional representation, this operation was

given a clear finite geometrical meaning. After arguing the special case of g = so(3)

due to its generators matching the Whitney elements we showed how the Lie algebra

is "locally" (by which we mean within the local cell) exactly realized (Fig. 4-2).
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¯ - ......     J

Figure 4-2" The flow can only be approximated while the algebra is exact

One had then control over the lifting of the algebra which is captured in the Jacobi

identities, which we made exact on the space of Whitney elements.

L[~,v] = [L,, Lv]. (4.6)

Regarding the Lie group, the flow lines should coincide with the Whitney forms for

it to be exact. We have some control up to approximations, but strictly speaking,

the theory is exact on flows such as translations which can be captured exactly.

What remains is a discussion of metric aspects of the theory, having a locally

Euclidean metric is a priori satisfactory but we need to do more in order to accom-

modate the vielbein which will relate the theory to the underlying manifold. Then,

we consider two different routes to extract metric information, first in a way anal-

ogous to the Regge approach, and in the second section, we stay with the vielbein

formalism to extract more metric information.

The last part gives an overview of some applications of interest.

Vielbein formalism and the Whitney map

The vielbein for the two sphere is given by (see [22])"

~(1) = dO, (4.7)

~(2) = sin O&b. (4.8)
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Also, recall the definition of the vielbein and its relation to the metric:

~a = eaAdXA,

g = gABdXa ® dxB = 5ab~ ® ~B.

(4.9)

(4.10)

For the two-sphere, we write the matrix of coordinate components of the vielbein:

e~ = 1, e~ = O, (4.11)

eo2 = O, e~ = sin O. (4.12)

It is natural to respect the symmetry of these functions in the sense that squares

correspond in the embedding space R3 to the regions defined by intersecting parallels

and meridians on the sphere. The vielbein is taken to be, in a given square [0123]

with [01] along the O-axis and [03] along the 0-axis.

This indicates that as a complex based one-chain, the vielbein may be written

approximately as Whitney elements, the coefficients of the simplices have been cal-

culated through integration above.

Then,

~(1) __ dy ~ e°,

~(2) = ((1 - y)sin0([01])+ ysinO([32]))dx ~ e�,

(4.13)

(4.14)

since a unique 0 value characterizes edges such as [01] and [32] which are along the

parallels. In the square, this is approximated in "local" (x, y)-coordinates of R2 in a

way that approximates the hyper-surface -9 = (0, 0) by the plane ~ = (x, y) in the

embedding space Ra.
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Figure 4-3: A square, as part of the discretisation of the two-sphere. The ship flows

over a curvilinear path, which can be projected onto the square. In the case where

the flow has a constant direction within a cell, it can be captured exactly (up to a

parameterization along the flow line) since it leaves the space of Whitney elements

invariant.

We explained in Chapter 3 how the approximation is captured as we extract the

Whitney elements directly from the continuum problem. It is appropriate to adopt a

similar approach at this point; by using the exponential, we are relating the two sets

of coordinates. Start by labeling the vertices by pairs of integers, assuming there are

N parallels and meridians, we have the collection of vertices labeled by two integers:

kl .,~ ,.~. ._~ ^

(kl, k2) --eiTr-~-Uez~rr N~, {kl, k2 � [0, N- 1]}. (4.15)

In order to extract the Whitney elements we consider the small rectangle defined by

the four points (kl, k2), (kl+l, k2), (kl+l, k2+1), (kl, k2+l). Then the coordinates

on the surface of the sphere (0, p) locate a given vertex (kl, k2) and local coordinates

(el, e2) � R2 locate points in the square, so a function may be written

(4.16)

Next, consider the function

) (4.17)
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Note that f(0, 0) = 1, and zero at the other vertices of the cell.

in q, e2 and consider the ~1 term,

Expand the terms

¯ 2, (k1-t-1)ei,~O( ~ +q ) ~,~, . .-~---~. .
= 1+i7r

= 1 + ielA(kl, k2, kl + 1, k2 + 1)+ O(e12), (4.18)

and substituting Eq. 4.17 into Eq. 4.18 we get

f(el, �2) = (1 + iciA1)(1 + ie2A2) + O(e~, e~)

= (1 - x)(1 - y) + O(e~, e~) (4.19)

-- __ E2where we made the following change of variables x i~, y ix. We have extracted

a zero-form Whitney element after an approximation. It is easy to get the other

Whitney elements. So, in a given cell [0123], the vielbein is

__ [03]-4-[12],

= sin 001[01] + sin 032132].
(4.20)

(4.21)

In using the Whitney elements, new coordinates are taken in ~N SO that

d = dX-~x + dy
0

+ dz Oz’ (4.22)

as before.

element

Note that in spherical coordinates, for the unit sphere g2, we have the line

(ds)2 = (dO)2 + sin20(dO)2, (4.23)

this is normally reflected in d, however, we are using the local orthogonal system of

coordinates provided by (0, ~) and we identify it with a plane in the embedding space

with coordinates (x, y, z). The relation between the two sets of coordinates entails

the approximation. Let us return to the metric, we now evaluate the matrix O that

relates the vielbein in neighboring squares. It is a finite rotation of order 1 ~, because
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the change in the vectors is abrupt across the boundary. From Eq. 4.20, it is clear

that, for this regular "triangulation", the only factor that changes in the vielbein

is sin0, so that the vielbein changes across the northern and across the southern

boundary of a given square. This amounts to placing the connection a~ around an

edge. This will be discussed in the first part of the next section.

Also, the vielbein varies inside the cell so another viewpoint we will take is that

the connection can actually be defined within the cell.

4.2 Covariant derivative and curvature

In the first part, we follow what amounts to a Regge type approach, the connection

matrix acts on Whitney elements. We also discuss the curvature. In the second part,

we follow the program of the Cartan structure equations which leads to the covariant

derivative.

4.2.1 Procedure h la Regge

The connection as a matrix

At this point we can evaluate a dyad {e~} using co-chains. This enables one to

consider the link vector as we proceed to do. We will in part relate to the formalism

of a Hamiltonian lattice gravity model, for which a discrete moving frame formulation

has been given (we follow [37]).

The Lagrangian in 2 + 1-dimensions is

(4.24)

We will only use the Regge idea rather than such a Lorentzian model which poses

some interesting problems for our Euclidean signature formulation. The link vector

is obvious in our context and has components:

(4.25)
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Clearly there are two parallel edges in each square corresponding to each of the two

A in Eq. 4.25. Then, we can think about the link in the two squares of which it is a

boundary component. So, introduce a rotation matrix which maps the components

of the link vector in the square S1 to the components of the link vector in the square

o%:
a

b(s2)"lij(S1) : oab(s1, S2)lij (4.26)

Now let us write Eq. 4.25 for the approximated vielbein Eq. 4.20:

lo03 = 11°2 = 1,

10~1 = sin 001, 13~2 = sin 032,

(4.27)

(4.28)

the remaining four combinations being zero. We express the matrix 0ab in such a way

that it contains submatrices which act on the space of Whitney forms. We denote

the new matrix by (9. It has entries which are 2 x 2 submatrices relating Whitney

elements among themselves. That is, it ought to be considered in a basis of functions

{1, y} or preferably in a basis {y, (1 - y)}. Introducing

0
¯ , (k~ -t-1),

Sm[Tr ---W---)

sin(~)

(4.29)

where k~ = kl -t- 1 locates the Northern kl value of the square S1, given $2. We are

considering the matrix (9 that connects squares from North to South over which the

0 value changes. In the matrix above we could have added entries for x and (1 - x)

with 1 on the diagonal. The relation between (9 and the commonly used matrix O

is simply:

0ab = f[~j] Oiy + O2(1 - y). (4.30)

Let us return to the discussion in relation to the Regge approach. We have

digressed to show the way the veilbein is expressed using the Whitney elements and

how the matrix O (which is itself the spin connection) is given by a larger matrix

with constant coefficients. Now, following the usual procedure [37], Stokes theorem

82



can be used to show that the integral in the interior of the square and thus the spin

connection w satisfies

(~Aeb
bc c

- ~[AeB] = 0, (4.31)

leading to a null spin connection in the interior of the fiat region under consideration.

Then, assuming that the spin connection has only one non-zero component along the

perpendicular direction i.e perpendicular to the edge (denote by B, the coordinate

perpendicular to the A coordinate), Stokes theorem (not based on the complex but

by introducing a thin rectangle with two sides parallel to A and two infinitesimal

ones parallel to B, and using the ordinary Stokes, see [37]) gives,

(4.32)

where the term in parenthesis corresponds to an infinitesimal rotation, which is done

on the rectangle of width 5y with the edge [ij] as the side in S1 and [kl] the side in

$2. Now as is customary in the Regge approach for a simplicial lattice, the curvature

(which is related to a product of matrices O as in Eq. 4.26) is concentrated at the

vertices and is twice the deficit angle for a simplicial complex is given by

2 sin ei = RabGab. (4.33)

In the hyper-cubic setting, a similar formulae may be written as we proceed to de-

scribe. It is clear that the theory remains a linear one. In this way, we are not

inclined to make a different prescription for the way the curvature scalar enters in

the theory. The angles ei are evaluated in the embedding Ra. Furthermore, we are

led to think of the edges as straight lines in Ra, not approximately as parallels and

meridians. The approximation is captured by the use of Whitney forms and what is

effectively a change of coordinates from curvilinear (0, p) to Cartesian (x, y).

At present, the problem of discrete gravity in Lagrangian or Hamiltonian ap-

proaches [38] is the subject of much research. One example is the causal set formula-

tion [39], also, of special interest are the spin foam models [40] which would be closer

to what we have here.
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It is not the purpose of this Chapter to present a new model of lattice gravity,

but rather to propose new tools.

Curvature

Let us now turn to curvature. It enters the discussion in two natural ways. i) First

through the calculation of local holonomies. Consider a closed infinitesimal loop,

Introduce as isand look at the local holonomy given using local coordinates {rf}.

customary

(4.34)

from which it is found that

(4.35)

We consider the surface of the cube as a geometrical approximation to the 2-sphere.

Now, the sphere is a space of constant curvature i.e:

R
R°~’P° = g°~’D (D - 1) (g"~g~’P - g"Pg"°)" (4.36)

So we consider the holonomy shown in Fig. 4-4 where the field A changing abruptly

by a right-angle rotation according to/kAx = -Ax and/kAY = AY through its path

across [06], [65], and [67] in that order. In our approach, this is to be expressed as:

/kA~ = ([9, 10], A~) -([89], Ax) = -([8, 9], A~},

/kAy = ([9, 10], A~} -([89], Ay} = ([9, 10], AY);

(4.37)

(4.38)

where Ax, Ay are respectively the x- and y- components of the Whitney elements

obtained with

A = Ax([01] + [67])+ Ay([03] + [65]).           (4.39)
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Next, noting that with/kS = 2, we get

(4.40)

(4.41)

leads to R~xz =-1

of the cubic complex.

then

and RYyzy = 1. We see that curvature is given at the vertices

That is, if the label i in the summation below labels vertices,

R(x)=~. fs ~d2x~2(x-x~)R(x~)’         (4.42)

where R(xi) = Ri. Next, 2) In the global aspects of the theory, we make contact

with the topological features and have the Euler class [22] given by

e(A)e(A) = p~ (A), (4.43)

where in the case of the two sphere, we have (T£ = Tg~Z0~ A0z, the curvature two-form)

Pl (s2) :87r21 tr ~ = (27r-}-1 sin OdO A de)2, (4.44)

and as is well-known,

(4.45)

The link with the topology is through the Euler characteristic which is itself related

to the Laplacian (which is captured in geometric discretisation), acting on r-forms

by the important topological identity

m

x(M) = E(-1)T dim Ker/kT,
r=0

(4.46)

where

(4.47)
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which is clearly related to the harmonic forms and to homology. We now return to

Eq. 4.45 and we express its discrete version as

E Ri = 2. (4.48)
i

For the cube, the discrete symmetry implies that Ri = _R = 1
8 4"

[5] [41

R R

A
A’

N [81

R R

[i]

Figure 4-4: On the three faces respectively, there are three norms placed at barycen-

ter N, NI, N" for the vector field under consideration, there are two independent

connections placed on the dual L-edges denoted by thick lines, they are A, A’ and

there is one curvature scalar R placed at vertices of the complex K.

It is worth pausing for a moment to discuss an issue related to the simplicial

geometry which forces us to distinguish between shape (rescaling in the embedding

space) and metric. The shape of the piecewise square surface is fully determined by

one length, the edge of one square, and the way the squares are put together, if we

were to take rectangular cells, a finite number of length scales appear in the theory,

which is however not detected at the topological level. The metric remains the locally

flat metric but the surface areas of cells vary. In such a framework, we would need

to modify by some area factors our expressions for curvature.

Let us display how at the level of the Whitney map, the information of link lengths

disappears. Set the length of the x-axis edge to be dx and dy and d= for the other

edges. This modifies the scalar multiplicative factors in equations which involve the

Whitney map. For example we see that we now have the following cubic Whitney

86



elements:

z
y),#o = (1- d-~)(1

dy
zy, = d( __#2- dxdy #a 1

Y

#1 -- x(1

X

),
dx

(4.49)

(4.50)

which lead us to make the substitution

¯ Xi . dxi
xz’ = _ dzZ’ =

di di
(4.51)

and then

dx dxY )-- W[32] = y
(4.52)W[O1] = (1- d--~,

d~’ dy dx’

zx ~
d~X dYdy

(4.53)W[03]=(1-d--) , W[12]=

So what happens when we deform the unit cube to one with edge length given by

d~, dy, dz?

It is essential to note that any 2-simplex is locally fiat in the embedding space

which is R3. The metric in the interior of each and every 2-simplex remains the flat

metric. It is however clear that the shape of the closed 2-dimensional surface has

changed. This feature is captured by the starting data (or embedding in R3) which

is sensitive to the R3 coordinates of the endpoints of any given edge as

(4.54)

While the use of Whitney elements, and possible subdivisions to refine the complex

should not affect the metric. It makes some difference since the de Rham map then

gives

A (Vb) : E. ~aa~ yb [cri], (4.55)

-- V baverage( ai )A
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where the length are measured in the embedding space Ra. The modification of

the Whitney map affects the rescaling which guarantees that AW = Id which is

explicitly:

fa’ W (o"j) -- (~ij" (4.57)

In the next section we describe a method that gives access to the covariant derivative.

4.2.2 Procedure h la Cartan

We now return more closely to the vielbein formalism and construct the kit we

denoted by g including a discrete analogue of the covariant derivative.

The structure equations

In the last section, we have seen how one may express the vielbein for the sphere

(after a change of coordinates from spherical to Cartesian) as Whitney forms. These

have been used as a way to express the vielbein. This suggests in turn that the

connection w is actually defined within the cell, since we can calculate d0(1), d0(2)

which gives rise to Whitney forms while in the continuum we have the torsion-free

Cartan structure equation:

dr)~ + w~ A t)z = O,                 (4.58)

which means in the present case

d~2 = -cos Ode a dO = -~ f ~1. (4.59)

The approximate version of this equation leads to a matrix with one forms as entries

(we denote the one-chain analogue as wK, and the matrix in brackets) to get,

0
w( y) ]

= 0
(4.60)
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implying that

dW(O2K) = -W(w~K) A

which is an equation for wK.

(4.61)

This procedure gives a piecewise constant w in accor-

dance with the fact that the vielbein varies linearly as Whitney elements in a given

cell. Direct evaluation based on the explicit expression for the Whitney form vielbein

gives:
kl d

W(O321K) = (sin(Trkl; 1)_ sin(Try)) y, (4.62)

Recall that in the reference squarewhich is seen as an approximation of w~ = cos Odo.

[0123],

~IK = [03] + [12],

t02K = sin 00,[01] + sin 032132].

(4.63)

(4.64)

Thus, we rewrite Eq. 4.62 as

w~K = (sin 001 - sin 032)([01] + [32]). (4.65)

Now, consider the second Cartan structure equation:

(4.66)

where as the indices suggest,

(4.67)

For the two-sphere, we can read off the non-zero components of the Riemann tensor

after writing the equation in components leading to Rl12 = -R~121 = sin 0 and R~I2 =

-R~21 = - sin 0. However, in the present model, we do not expect to obtain by direct

calculation the curvature since the cell is manifestly flat. Instead, we resort to Stokes
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theorem after rewriting the second structure equation [41] in the more familiar form

dCOl2 = -K(p)(01 A ~2), (4.68)

where K(p) is the Gaussian curvature.

i.e

and using the Stokes theorem on the left-hand side of the equation, we get

Then, we can readily integrate this expression,

(4.69)

J~oc012 = -- I/~(XO)(~(2) (X -- xO)~I /~ ~2.
o"

(4.70)

where the delta function term K(xo)5(2) places the curvature at a point (as is well

known the delta function is a distribution, and so it is well defined under integration).

This equation allows a discrete version of the curvature to be defined at vertices. To

place the calculation in the context of the discretisation, we select a 2-simplex in the

dual complex L, this choice determines a unique vertex in K at which we placed

the curvature (denoted x0). The closed loop C = 0or}2) is the boundary of the two-

simplex. We then have for the left hand side of the previous expression a result as a

sum of integrals over L edges:

fC~00.}2) 0")’12---- Z~. f~}l)(’J12,

(4.71)

which gives a contribution from the two L-edges parallel to the 0 axis and the contour

C = {a}l)} listed in a path ordered way by the index i.

Note that we can evaluate the contour integral exactly. Recall that when we

introduced the vieblein, we set the exact value of sin 0 at the parallels, if we also

specify the sin 0 values for the parallels of the dual complex L, we have the exact

values we need to do the integral of w,
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The contour is the same as in the Regge analogue of the previous section. One

last point, regarding the Bianchi identities, they are obtained by taking the exterior

derivative of the structure equations. In the torsion free case, and using Eq. 4.68 as

the second structure equation

ddw - d(K(p)O1 A 02) = O, (4.73)

we immediately find in the present case of constant scalar curvature,

K(p)d(O1 A 02) = O, (4.74)

trivially holds.

The covariant derivative

We will consider two different formulae for which we construct an analogue. We have

I (v, v).
(VvV)b = Lvvb- -~dg

(4.75)

(4.76)

The second formula has the Lie in it, but the first one has the connection coefficients

explicit and is more general as one can pick any pair of form and vector field, not

just a vector v and its dual one form vb. The relation between the two is given by

the definition of the connection one-form

(4.77)

In our system, we have a discrete analogue of the vielbein 0 and the exterior derivative,

which is enough to write the Cartan structure

Riemannian geometry in the vielbein approach.

from the exterior calculus and the fact that we provided a vielbein.

equations which are the key to the

So we expect the connection to arise

First note that

(4.78)
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Then, recall that the covariant derivative is bilinear

component X~ with a-� ~,

so taking a vector field with

(4.79)

the case in which c~ = fl, one gets a minus sign for the second term. The result is

now in the convenient notation.

In order to keep track of coordinates, we see that between the (0, ¢) coordinate system

and the non-coordinate basis (~1, }2) we have the following change of variables which

is determined by the inner product for one forms and vector fields"

sin 0’

wo ~-~ wl = wo, we H w2 -- we sin 0.

(4.80)

(4.81)

It is then easy to see that with a~ = O J1~1,

X¢
w~ixdO~ = w0 sin----~ cos 0de = woXO cot OdO. (4.82)

¯ ^OLa~zxdO = we sin OX°(- cos O)d¢, (4.83)

from which we can read off the usual connection coefficients:

Fore = cot 0,

F~¢ = - sin 0 cos 0.

(4.84)

(4.85)

Let us return to the term dg(v, v).

dg( , d < 0
i

(4.86)
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,
i

Since < ~(i) v >= 5~vj, it is clear that in the case where we are dealing with a fiat

space,

d < O, v >2= 2vJdv,                 (4.87)

using the J symbol. In fact we verify this immediately, using the Euclidean version

of the covariant derivative for which:

= + u,
dg (v, v) = 2v’O~,v"dx~’,

(4.88)

(4.89)

and we get the familiar expression in the Euclidean setting:

(Vvy)b -- y#(~t~vbl, dxv"
(4.90)

Substituting the Whitney elements, the same cancellation of terms takes place as in

the continuum. Now, in the more general case,

(4.91)

which is the key to

dg(X,X) = 2 E O~(X)dO~(X) (4.92)
OL

The relation between equations (4.75) and (4.76) is explicit. Now, is parallel transport

well defined ?

Consider the following equation for w:

~XW = O.
(4.93)
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Let the curve be such that {X� = 1, Xe = 0}. Then, we get

ixdw = XCJK((201 - (232 -~- (212 - (203)([03] -~- [12]), (4.94)

by direct application of the definition of the discretised interior product and,

(2jixd~(~) = WlJXCJ (sin Ool - sin 032)([03] + [12])

- ((2oa[03] + (212[12])JXCJ (sin 001 - sin 032)([03] + [12]). (4.95)

The last equation is mapped directly to a differential form as

W((2JixdOc~) -- V)°(W(X¢)) A ~°(((2o3(1 - x) + (212x)dy) A (sin 0Ol - sin 032)dy

= ~°(W(X¢))((2o3(1 - x) +(212x)(sinOo1 - sinO32)dy (4.96)

while,

W(ixd(2) ~ ~°(W(X¢))/~ ((201 - (232 -~- (212 - (203)dy. (4.97)

Parallel transport then amounts to the following equations uniquely:

(4.98)

(4.99)

since the first one implies that the term (w03(1 - x) + (212x) is equal to a constant

which then allows to match the two terms of the covariant derivative after writing

the second equation. Our example gave a family of chains obeying the condition for

parallel transport.

We end this section with some remarks about coordinates. As in the previous chapter,

the vector field is an operator, so in the vielbein picture the object we work with is

the one-form and the dual vector field is only defined in relation to it by means of
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the inner product. For example look at

X~, X¢
( sin 0-------1 (1 - z) q sin 02 z)(sin 001 - sin 003) : (cot 01 -- O(z))(1 - z) + (cot 02 + O(z))z.

(4.100)

It is easy to spot that by the mean value theorem and the symmetry of the trigono-

metric functions, the result is well approximated on the L-edge, since there, the sine

values and cos values are approximated at the same angle and give a good approxi-

mation for the cotangent.

product is

Recall that the relation between contraction and the inner

ivO = O(v)=< 0, v >. (4.101)

We have just seen that we only have approximately the basis vectors specified by the

vielbein. This does not affect parallel transport and does not prevent the matching

with the continuum result in general, because the theory is one in which the objects

are differential forms and vector fields are operators.

Consider the one-form we have been dealing with so far v. It is important that we

understand the relation between the various coordinate systems we have. There are

effectively two, the polar coordinates (0, ¢) and the Cartesian one (x, y). Because

differential forms are coordinate independent objects, the choice is subjective. For

the basis, we have

< oi, ej > =(~},

< dx~, (:9,, > = 5;,

(4.102)

(4.103)

but in the model with Whitney elements, the Cartesian coordinates are required.

Remark on the Hodge star

In the construction of metric, we have not placed the Hodge star operator,

a Riemannian manifold is given by

which for

,(dx" A... A dx"r) -
dx~’~ +1 A ... A dxum, (4.104)
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at the center of the construction, which is what one might be tempted to do. In fact,

in the non-coordinate basis provided by the vielbein, we have the Hodge star in the
^

analogous way to the Euclidean space by replacing dx~’’ by 0~1. That is, when we

write ~}1 A 02 we do have an approximate volume form for the continumn problem.

So the formulae

(4.105)

can be defined combinatorially using the forms 0~ rather than the basis list of one-

cochains with unit coefficient.

Discussion, applications

The covariant derivative we have evaluated enables us to consider the second term in

the Euler equation
Ov

-V,v VP. (4.106)
Ot

It is important to have a sense of how the axiomatics of the covariant derivative apply

to the map we have constructed. We discuss it very briefly. Again, the exactness of

the operations on certain forms and the linearity of the mappings we have is of much

help.

4.3.1 Axiomatics

They are: 1) Viewed as a map with two entries, Vvw is bilinear, and,

2) Vvfw = (Lvf)w + f(VvW),

3) Lv(w, ~1 = (V~, ~1 + (w, Vv~),

4) V,w- VwV = [v, w].

(4.107)

(4.108)

(4.109)
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Briefly, we relate to these properties in the following way:

also impose 2) which then takes the obvious form

1) holds trivially: We can

V,fw = (Lvf) × w -t- f × (V,w). (4.110)

This equation supposes that f and w can be expressed as Whitney elements written

as f]w, so that we just need to apply the Liebnitz rule. Next, for 3), recall that the

inner product is given by integration, and so the left hand side is taken as a zero form

field which can be represented by A < w, z > on the chain space and for the right

hand side it is required that both Vvw and Vvz are exact. Finally, the last axiom is

satisfied due to the exactness.

So in summary, the approximation is at the level of the vielbein itself, once it is

included in the theory, the algebraic relations are exact.

4.3.2 Remark on 2D CW complexes

In practical applications, it might be of interest to consider a CW complex. Namely,

the generalization of the simplicial complex made of different gones, for the present

matter we will consider three gones (triangles) and four gones (squares). In this case,

the Euler characteristic

(4.111)

gives us a constraint on the number of edges, vertices and faces that are acceptable.

We discuss briefly a proposal for the Whitney map on a CW complex we are

currently investigating.
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[o]

[3] ~ [2]

[o] ~ [1]

Figure 4-5: To express the Whitney map for a CW complex in 2D, the left figure

shows the construction for an edge, and the right side figure shown the setting for a

square.

Consider the edge [01] in polar coordinates (Fig. 4-5) and let:

W([1]) = ~r(ei° + 1),

1
W([0]) = 1-W([1])= ~r(1- el°).

(4.112)

(4.113)

Then apply d, strictly speaking we should split the interval [01] into two, since one

segment has 0 = 0 and the other 0 = 7r, but it is trivial so we write:

f[01] all/V([1]) : o~[011 dr~(ei°+l)=               ~ljfl°    dr - - 21foo1dr= 1
(4.114)

The Whitney map for the CW complex seems not trivial, by taking N-gones as

the basic objects, what is sought is a multilinear map which satisfies the boundary

conditions as previously. In the case of the square, both coordinates r, 0 play a

role, so the analysis is a bit more complicated. Another issue is that there is no

algorithm such as the iterative process we described in the context of the hyper-cubic

complex in order to generate higher order elements. That is, when calculating d#,

we get a linear combination of the Whitney elements of the edges which have the

corresponding vertex, but it is impossible to select the individual Whitney elements

by pull-back of integration.

Another method due to Bossavit [42, 43] makes use of the elegant construction

known as the Poincar6 map. This relies on the topological retract as a means to

obtain the Whitney map for any 2D CW complex. The Poincar~ map is a tcchniquc

that goes through the exact sequence of homology by generating the basis of forms.
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The Whitney map for higher dimensional complexes remains an open problem.

4.3.3 Discussion

We have mentioned the Euler equation. Let us describe in a bit more detail the

basic application to fluids. First, it is customary to think of discrete flows, which is

described in the book by Arnold and Khesin [31]. The discrete flow in this context

is a composition of elementary hops between neighboring cells, using the notation of

[31]

’ (4.115)GkOO’k_10 ... OCt -- 0.

Next, we obtained the term

Vvv. (4.116)

We also have the topologist’s Laplacian (which differs from the analyst’s Laplacian

by a sign and by the Ricci curvature)"

(4.117)

if one is to consider the more general Navier-Stokes equation. In this picture, one is

interested primarily in the idealized situation of the steady, incompressible, constant

density flow in an embedding three dimensional Euclidean space,

(u. V)u = V~u = -VP, (4.118)

for which the vorticity field

W = ~7 X tt,

is frozen in the fluid. This condition can be expressed [44] very simply as

Luo2 --- O.

(4.119)

(4.120)
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In general fields that are frozen in the fluid satisfy

69Vt

Oq--T -t- Lutvt = 0. (4.121)

Now we would like to mention conservation laws (see [45] and the references therein).

These can be expressed using differential forms, thus generalizing the last equation.

Any local invariant such as conserved quantities, Lagrangian invariants, frozen-in

vector fields and Frobenius invariants can be recast by specifying a differential form

a~p of appropriate degree satisfying

002p

c9---~ + Lucz; = 0.
(4.122)

For example, co2 = S the momentum of a vortex ring.

In the article by Ricca [45], a classification is given of invariants which is thought

provoking:

(i) local ; (ii) global; (iii)topological,

which are then put respectively in relation with:

(i) pointwise, (ii)integral and (iii) algebraic,

In our picture, topology is captured, and so we ought to put respectively:

(i) cell-wise, (ii)integral, (iii)combinatorial.

This brings forward the aim of combining the purely topological virtues of geo-

metric discretisation with the present geometric insight in applications to the often

highly non-trivial problems of the mathematical description of fluid flow.
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Also regarding dynamics, one is in a position to think of Hamiltonian vector fields,

ivCO = -dH. (4.123)

It is tempting to write a discrete analogue of Noether theorem, and even tile more

topological moment map of Sourieau (see [46] for the symplectic formulation) in this

language and we outline the proposed route to the moment map. The latter relates

[47] the action of a Lie group G on a manifold M to the co-adjoint action of G on

the dual g*. It satisfies the generalization of (4.123)

d#X = ix~w,

where X~ = {exp tX I t E R}, and the equivariance property

(4.124)

(4.125)

where #x = (#,. } is the moment map. One then has to define the flow ~bt in the

discrete context, and clearly this would be a discrete flow through the various cells.

Associated to the flow is the map Adg : G -----+ GL(g) as

d
-~AdexptxY t=0 = [X, Y], VX, Y E g; (4.126)

the right-hand side being within our control in the discrete theory. Obtaining the

momentum P seems somewhat trivial in out approach. However, the moment map

is a very powerful tool in differential geometry and even in gauge theory [48]. We

would like to return to it in future work.

Another topic is an approach to the Poisson bracket based on the coherent state

approach [49] (we will follow section III of [50]). Briefly, one is given a Lie group,

SU(2) for example since it leads to the two-sphere as explained below. Let A = z + ig,

then the symplectic structure is,

(4.127)
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where the two non-zero elements of the matrix are:

1

(1 + AA)2’

CO~A --- --(.OA~.

(4.128)

(4.129)

Then, we introduce three functions as

2A
X+-

1 + AA’ (4.130)

2~
X_ q

1 + AA’ (4.131)

1- A~
x0=

1 + AA’ (4.132)

which describe the two sphere

X+X_ + X3 = 1. (4.133)

The Poisson bracket follows,

{X+, X_} = (co-1)A~OAX+O~X_ -Jr- (co-1)XAOqXX+~X_ -- 2iX0’

{x o, x+} = +x+.

(4.134)

(4.135)

Again, because we are dealing with the two-sphere,

coda A dA = 4rr. (4.136)

The analogous version of this would be made following the linearization

I+AA
- 1- AA + O(AA)2, (4.137)

from which one still gets the equation of the two-sphere and the algebra with the

modified

coax = 1 - 2AA + O(AA)2. (4.138)
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Finally a short note on non-commutative geometry. In that field, nmch use is made

of the so-called Moyal product [55], and one may be tempted to turn the contraction

jK into some non-commutative product. In [51], a non-commutative product for

multiplication of forms with some scalar function was introduced, and was applied to

the problem of fermion doubling. A (commutative) algebraic approach to the problem

is given in the next two chapters. Closer to the present work and non-commutative

geometry is the idea of a non-commutative differential calculus, in which one may

introduce contraction and a Lie derivative [52, 53]. It is worth noting the fornmla for

the interior product given in [54],

~V(COil A...win) = ~v(cgil A...o/is) A (cdi(s+l)...cdi~)

(--1)~
i j (~i,

A . 02is) A" (02i’+’ A 02in ail...in ),b fi * .. ztj ... (4.139)

where the * is the Moyal product which encodes the non-conmmtativity [55].

Summary

In this chapter, we have laid out a prescription for capturing metric data. We followed

two different roots after making a prescription for the vielbein. First by looking at

a connection matrix which hops accross cells in what constitutes an analogue of the

Regge approach, and second by considering the differential geometrical formulation

which is encoded in the Cartan structure equations. The latter was best because its

formalism is close to ours (differential forms) but particularly because the conceptual

picture was clear: in the torsionless case, we extract the connection one-form ~ by

applying the exterior derivative to a collection of N (in N-dimensions) specific forms

which encode the metric data. This construction in turn gave us access to curvature

via the second structure equation, and gave us the covariant derivative.

We have completed the space /2 = {iv, d, A, *} by providing it with a discrete

vielbein, which in tun gives access to induced metric data. This has led to the new

space ~ = {iv, d, A, *, {~a}}. We have commented briefly on how the indued metric

relates to the Hodge star operator in the discrete theory. The latter was defined for
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the embedding space RN. Chapter 3 was primarily about setting up the algebraic

relations for the objects, so in a way the most problematic operator was i~, but

accommodating it has determined the construction to a large extent.

This part serves as background theory for applications, we singled out the concrete

problem of fluid dynamics, for which the naturally present topological features of the

method, combined with the present geometrical complement should prove useful.

Let us now go back a few steps and start again with the space T in relation to the

problem of discretising fermions in theoretical physics. We will see that eventually,

we have to invoke the space E to progress further with the model.
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Part III

Spinors
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Spinors can be formulated using the language of differential forms [58]. In order

to extract the Clifford algebra, it is necessary to consider the space of inhomogeneous

differential forms (i.e Eq. 5.5) under the Clifford product [59] from which a represen-

tation of the Clifford algebra can be extracted (Eq. 5.6). This procedure, when the

fibration is trivial, is a special case of the Atiyah-Kghler bundle construction.

That such an abstract construction may be involved in the discretisation of

fermionic theories is, as we pointed out already, to be linked with the importance

of topological techniques as a means to count particles in the theory. A fact which

is reflected in algebraic relations which themselves encode algebraic topology (e.g

Poincar~ duality). In Chapter 5, we are concerned with approaching the problem of

discretising fermionic fields in relation to the so-called fermion doubling problem, in

a way that is analogous to that advocated independently by Rabin [3] and by Becher

and Joos [4]. A must is to avoid falling into the quite constraining hypothesis of the

Nielsen-Ninomiya theorem [1], and we do just that by considering fields as Whitney

elements, and within the original geometric discretisation which we called T, we can

enforce the algebraic relations alluded to above (done in Chapter 5).

A hint that the argument given in Chapter 5 is somewhat incomplete appeared

when considering the Clifford product in detail. As the picture of the theory we

called/2 was clarified we recognized that iv was formally what was needed in order to

introduce a discretised Clifford product that is satisfactory. If V was to be associated

to a Clifford algebra, it was clear that a spinorial Lie derivative [60] was acting in the

background, and so it became a matter of consistency that we introduce the Clifford

product in the space /2 rather than in the space T. So with the help of the space

/2 as the discretisation scheme, Chapter 6 contains a more rigorous account of the

proposed discretisation of the Dirac-K/ihler equation.

In the final Chapter, issues regarding gauging are discussed. It is such an interest-

ing problem that although the picture is not yet satisfactory for the minimal coupling,

other gauging procedures like the gluon-gluon term F A*F can be considered via the

non-abelian Stokes theorem. A discussion of the fiber bundle is also included.
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Chapter 5

Presentation of the problem in the

space 7"

The lattice provides a regularization of continuum quantum chromodynanfics [56]

which has played a central role in the study of non-perturbative effects such as quark

confinement. However, problems arose which seem to be inherent to the lattice.

Putting fermions on the lattice naively leads to degeneracy, as can be seen from

the dispersion relations obtained. When Wilson removed this degeneracy [56], it may

have seemed that the loss of chirality was perhaps coincidental but subsequent work

[1, 57], based on topological arguments, found that this was not the case.

The argument, proposed by Nielsen and Ninomiya (NN), shows that there are,

under reasonable assumptions such as exact conservation of discrete valued quantum

numbers (lepton number Q) and locality, an equal number of species of left and

right-handed neutrinos which means that you cannot have single fermions since they

occur in pairs. Handedness is then taken into account by considering the homotopy

class of maps from closed surfaces, enclosing the degeneracy points a~aeg embedded

in the Brillouin zone into the space of rays formed by the N fundamental fermion

components CIt~N-1. The degenerate fermionic states, w >, live in this space and

satisfy

H ~: >= ~:deg I 0: >. (5.1)

The Dirac-K/ihler (DK) formulation [59], which is differential geometric in nature!.
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is advantageous since it gives rise to a non-degenerate energy spectrum in the dis-

crete formulation, which means that the NN theorem is not directly applicable [61].

With this in mind a discrete DK theory [62, 4] can be expressed, using ideas from

algebraic topology to provide a natural discrete analogue to the necessary differen-

tial geometry. Becher and Joos [4] showed how doubling still arises in this theory

after reduction, even though topology is captured and NN is not applicable 1, as the

discrete operations used do not satisfy the desired properties.

The algebraic properties of the discrete analogies of the operators {A, d, ,}

are used to describe spinors and the action of the Clifford algebra on them. The

latter has a differential geometric analogue through the introduction of the Clifford

product (CP), both in the continuum and on the lattice. Its action, denoted by V, is

a combination of the operations in the triple {A, d, *} and plays an important role

in the construction.

We will discuss how the problem of discretising fermion fields is usually formulated

in the DK approach. We will then give a first part of the analogue that may be

constructed in our approach. We will use the space T, which is itself suited to

describe the chirality transformations (multiplication by % can be represented by

application of the Hodge star operator).

The discrete operations and the chain spaces K and L have an interesting inter-

pretation in such a framework.

We begin with a brief review of the DK equation in the next section. We then

look at how this is dealt with discretely; first, using standard methods where the

wedge fails, and then using the space T , we propose an alternative, particularly

the aspects related to chirality and the action functional are discussed; the reduction

being postponed to the next chapter.

1The no-go theorem of Nielsen-Ninomiya can also be avoided using Ginsparg-Wilson [63] meth-
ods; namely domain wall and overlap fermions [64].
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The Dirac-Kiihler formulation of spinors

In the language of differential forms the Laplacian is given by

A =dS+Sd. (5.2)

Thus we note that

-(d - ~)~ = A,

from which we obtain the Dirac-K/~hler equation (DKE) [59, 95]

(5.4)

the solution of which has the following functional form

¢ = l+f~dx"+~f~,dx"Adx +~fm,,xdx’Adff’Adx~+fo123dx°AdxlAdx2Adx3. (5.5)

In order to represent spinors in this language, we introduce the Clifford product,

which acts on the space of inhomogeneous differential forms and satisfies the following

relations:

1V1 = 1, (5.6)

1V dx~’ = dx~ V l = dx", (5.7)

dx~’ V dx~ = g~’~ . l + dxn A dx’, (5.8)

where g"~ is the Euclidean metric. Through the identification

which arises from representation theory, we relate the differential

CP to the algebra of gamma matrices. It is now immediate that

forms under the

(5.1())
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The Dirac field then belongs to a 16 dimensional representation of the algebra of

gamma matrices. Furthermore all the representations of the complex Clifford al-

gebra of the 4-dimensional Euclidean space can be decomposed into 4-dimensional

irreducible representations [67]; these being equivalent to those generated by the

standard gamma matrices.

As we have introduced the Clifford product, an important observation due to

Susskind is now in order, namely, that the DKE is invariant under the group SU(4),

referred to as a "global flavour symmetry" [4], which acts by right action of the

Clifford product with a constant differential U. That is,

(d - ~ + ~)(,I) v U) = ((d - ~ + ~)e) v U = O, (5.11)

this being established through the identification d- 5 H dec" V 0, (which can be

derived using (5.6)) and use of the associativity of V which is known to hold in the

continuum.

We can thus decompose the 16D space of differential forms l? = {(I)} into 4-

dimensional invariant subspaces

4

17 = 0 1?(b), (5.12)

b=l

on which the DKE implies the DE.

One can construct a collection of projection operators p(b) mapping forms onto

the irreducible subspaces 1?(b), where

V p(b) = ~, (5.13)

if (I) � 1?(b). We also know that q) V p(b) is a solution of the DKE from the argument

given above regarding the global SU(4) symmetry. With this subsidiary condition

Eq. 5.13, the DKE for fixed b is equivalent to the DE.

Considering

(~(b) ___ (~ V p(b), (5.14)
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where (I) is a solution of the DKE, we get

leading to the Dirac equation.

We note that the DKE can also be expressed using the set of equations

i(dco(p-1) -- (~o2(P+I)) -- --too2(p), p -- {0, 1,..., 4}. (5.16)

These are related. For instance, the p = 0 and p = 4 equations are equivalent; as

can be shown using ** = I and 5 = *d*. A solution to the p = 0 equation living in

one of the /)(b) is then a solution of the p = 4 equation (in the same /)b). If we did

not have ** = I and ~ = *d* then the relations between the equations would not be

captured and degeneracy would arise.

In this language, taking 75 = 70717273 and with the identification dx~’V ~ 7~’ it

is found that @ corresponds, up to a sign, to, ; (75)2 = 1 while ** = (-1)p. Thus

the Hodge star operator plays an important part in formulating chiral fermions [3].

Before we address the discretisation of this theory, it is worth looking at the

definition of the Clifford product in the continuum, which we express in the form

(I) V ¯ = E sign(p) (r/P(e,1j ... e,pJ(I)))A (e’lJ...e"PJk0)
p!

p>0

where sign (p) = (-1)-~(~-1) and rFJ = (-1)TaJ.

contraction J and that of wedging are both used.

We note that the operations of

The Dirac-K/ihler equation in the space T

After having stressed the importance of the subsidiary conditions above, we now

investigate their discrete counterpart 2. We will first explain the nature of the prob-

lem by describing the usual method and then propose our alternative in relation to

2Other approaches of interest are given in [66, 51].
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it. Again, this will turn out to be linked to the algebraic relations of the discrete

operators; particularly of the wedge A.

At this point we note that the (continuum) subsidiary conditions can be given the

form of a group property known as the reduction group denoted T~ and generated by

~- = idx1 A dx2 and e = dx1 V dx2 V dxa V dz4 under V-multiplication.

On the lattice, we represent p-forms as p-cochains. Thus the Dirac fields are

represented by inhomogeneous cochains. We now review the construction of the

discrete analogue of the reduction group.

0 /x O = ~ 0 ---

x x x 0 A zero-form at x

0 -.--- /x 0 --    {0} ×

X x+h x+h 0
X

0 A 0 ~ = 0
x+h x+h x x+h A one-form with base

point at x.

Figure 5-1: Role of the base point in the definition of the discrete wedge

In the approach [4] where the cup product is taken as the discrete wedge, the

operation is performed at a base point x. The left and right cochain arguments of

the wedge must have the same base point, as illustrated by the above Fig. 5-1.

In the continuum z A y is equal to y A z up to sign a which is no longer the case

on the lattice; unless we translate the right cochain in such a way that its base point

coincides with the other, enabling us to wedge cochains which do not have the same

base point.

In the continuum we have

dxI V (dx1 A dx2) = 1 A dx2 = dx2, (5.18)

because we remove any dzi’s which two arguments have in common before wedging

them, when taking their Clifford product.

So,

(dz A dy) V (dz A @) = 1 A 1 = I,            (5.19)

3The discrete wedges of Birmingham-Rakowski [8] and Albeverio-Sch/ifer [13] satisS" this property

also.
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whose discrete analogue is

(dx A dy) V T(dx A dy) = T~I,

where translation operation Te shifts simplices cr and r1 so that c~ A 7/and r/ Acr have

common support.

It is then found that [4]-

~]_2 = T_(el_[_e2), ~2 ~.. T_(el..]_e2_}_e3_]_e4);

"[- V ~_. --- e V 7- -- TelJr_e2’T~,

thus supplementing the group 7C with translation elements. This means that the

discrete reduction group does not close and it is not possible to impose the subsidiary

conditions.

Note that the presence of translation operators in the discrete analogue of the

reduction group is unavoidable in this formalism..

x+h

Figure 5-2: Discrete wedge in GD: the higher dimensional region, here a tetrahedron

gives common support to the vertex at x, the vertex at x+h and to the edge [x, x+h].

In geometric discretisation (GD), or more specifically in the space T, as we have

seen, we map any p-chains, crp, to p-forms, a~p, using the Whitney map W and wedge

these, before mapping the result back to the lattice, using the de Rham map A.

It is intuitively clear that using the maps A and W, the discrete wedge satisfies

xAKy = +yAKx with no translation element required. Thus T2 = I and the reduction

group closes (provided the discrete Clifford product is well-defined, in Chapter 6). \Ve
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note that the wedge product in the space T is only associative up to a multiplicative

factor which is a function of the degree of the cochains being wedged. Given three

cochains (7, r/, ( in K, of degrees p, q and r respectively, the rule is

/’~)~r +q + 1)’~ ((7 iK /]) AK ~
(5.23)(7 AK (r] AK ~) = + q + 1

The problem with the discrete Clifford product is dealt with in the next Chapter.

The emerging picture for the DK equation in the present framework is that one

has a hyper-cubic complex with fields represented by inhomogeneous cochains with

constant coefficients in front of simplices such as [i], [ij], [ijkl] and so on. The fact

that one has Whitney elements is of importance here in two related ways. First of all,

they provide support to the associated form and also are used in the wedge formulae

as we have seen.

To compare this with the method described previously, we point out that the

vertices at x and at x + h have overlapping support on the edge [x, x + h] (Fig. 5-2).

If one was to specify a base point to be x or x + h, as is done in turn in Fig. 5-1, one

would still get the correct non-zero answer. It follows that no translation is necessary.

In the argument given above, we assumed that the inhomogeneous differential

forms projected under the right action of p(b) remain solutions of the DKE. In the

continuum, this step involved the associativity of the continuum Clifford product. As

is apparent from Eq. 5.11 the associativity of the discrete Clifford is conditional on

the discrete wedge being associative. In other methods such as [4] the discrete Clifford

product is non-associative in general but does not affect the derivation of Eq. 5.11.

In the present framework we point out that we are given the exact expression for the

p(b) differentials in the discrete theory. Therefore, owing to the fact that the Clifford

product gives rise to the algebra displayed in Eq. 5.6, we can assert that

(5.24)

is also a solution of the D KE.

More explicitly, the p(b) are constant differentials. We will postpone to the next
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Chapter further consideration of the technical details related to V.

lattice field (I)K satisfies the discrete DK equation on the space C(K)"

Suppose the

(dK - 5K + rn)~K = O,

then the equations

(dK _ 5K + m)(~K VK p(b)) = O,

follow without requiring associativity of the discrete wedge, as we will see in the next

Chapter.

On the issue of chirality, our discrete Hodge star maps one space into its dual, so

we bear in mind that there is a doubling of the space of chains. As is customary in

lattice theories we then deduce the relation:

{%, = 0.

where

4D=d-5+m.

In the present DK formalism this is expressed

equally swap K and L superscripts) as

(acting on fields in K, but one can

{.,d_ 5}K - .g(dK --5K) + (dL -- sL).K, (5.29)

since * plays the role of % and 4D - d- (~. Using .L.K _ I and ~K _ .LdL.K’ which

are both satisfied in GD, we find

.K (dK

= (.KdK

= (.KdE

_ .LdL.K) + (dL - .KdK.L).K

_ .If .L dL.K) + (dL .K _ .K dK .L .g)

_ dL.K) + (dL .K _ .K dK) = O. (5.a0)

Note that % is identified with .K and "i"L, up to some sign factor, since (%)2 _ 1

whereas "kL’kK = -1-1. So we always have ** = 1 provided we insert the correct sign

115



factor, leading to the desired result. Again, there are two spaces involved here, since

,K4DK and ~L,K both map objects to their dual space, which is also the case in the

Ginsparg-Wilson [63] formalism.

The presence of the two spaces, K and L, is not necessarily a problem in the

discretised chiral fermion theory, at least as far as producing an analogue of the

action functional for the free fermion theory. In order to check this, we note that the

r)(b) thensubsidiary conditions carry through under application of *. Namely, if a~ E ~-’K

* w � D(b). Since the theory is well defined as we interchange K and L, a space such

as D(b) is well-defined. That is, in self-explanatory notation we can write an L-DKE

as we were able to write a K-DKE in Eq. 5.25 (see Chapter 6).

Given the inhomogeneous fields (I)K, represented by inhomogeneous chains in the

complex K, we can now consider the associated action functional SK:

SK =< ~n, (d - 5 + m)~n >, (5.31)

where (denoting complex conjugation by c)

and so (I)K belongs to the dual space L. It is worth pausing for a moment to appreciate

the role played by * both as 75 and as providing the volume form for integration.

The inner product < .,. >: CP(L) x cn-P(K) ~ C is given by

(n + 1)! /M WB(BaL) A WB(B~K),
< >= = pi -n )-)!

where B is the subdivided space containing both K and L and BcrL is the projection

of aL onto B.

The action is of the form

= s

where there is a subtlety since the field *K~K lives in L. Although there is a field
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in the original and dual complex, one is the image of the other. We can repeat

the argument starting with the L complex, and define SL (~L). This is in contrast

to methods such as [4] in which the volume element is induced by right Clifford

multiplication with e. Again, this is due to the close link between the lattice and

differential geometry in our method.

Finally we look at the partition function for which the action is a direct sum of

its components in the invariant spaces 7?(b).

S = E S(b),
b=l

(5.34)

which according to the argument above can be readily rewritten as

S

Furthermore, S~) and S(Lb) are functionals of the fields (I)K and (I)c respectively;

their associated representative in the dual spaces L and K. It follows then that

the counting of the fields is correct, while we obtain the partition function squared

given below Eq. 5.37. To see this, we introduce a matrix M determined by taking

The entries of MK are fixed, up to normalization (volume factors), by

=

We can fix this by normalizing the parameters in the general formula for the discre-

tised fields,
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The space of parameters hi determines the partition function measure:

(5.37)

which splits into two independent parts, one for fields defined on K and the other for

fields defined on L. So, there is no mixing between the two lattices K and L.

Summary

In this Chapter, we have pointed out the limitations of discrete models as a means to

reduce the Dirac-KS~hler equation to the Dirac equation. We saw that the doubling

of spaces is related to chirality and that displacement operators made the reduction

problematic. Also, following the argument of Rabin, we pointed out how the algebraic

relations of the operators d and, were crucial to the reduction. In that aspect, our

approach already differs from [3, 4] since we do have operators * and d satisfying the

desirable algebraic relations and the action functional is well defined. We need now

to introduce a deeper approach to the problem in which the Whitney elements play

a crucial role.

In the next Chapter we include more technical details of our method which is

better formulated in the space £.
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Chapter 6

Reduction with a new discrete

Clifford product

In the previous chapter, we have undertaken the description of Dirac-K/ihler fernfions

using the space T. It has proved useful, particularly in the way one handles the Hodge

star which acts as 75. We also argued how the action functional for the free fermion

field may be written. The previous Chapter raises some technical and conceptual

issues that we now turn to, by building up the model from the start.

The idea is that the description of fermions using the Dirac-KShler equation puts

the topological aspects of the doubling problem in the foreground. As is known, the

naive discretisation of the derivative using finite difference leads to doubling, and

this problem has a topological manifestation using the index theorem which gives a

simple relation between the number of right and left handed particles:

N+- N_ = 0, (6.1)

in contradiction with the chiral anomaly postulated by the standard model. One way

out, is to change the topology of the total space in order to change the index [88, 89].

The line of reflection that is the DK one, has been presented in the last chapter.

By producing analogies of d, A and * which give all the operators in the DK equation,

the discrete reduction does not lead to the Dirac equation. The Hodge star * (which
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plays the role of 75) leads one to introduce a dual lattice, a real nightmare for solving

doubling because then you have the fermions on one lattice K and the doublers on

the other, on L. This feature is unavoidable because the * maps a p dimensional

region to a (4- p) dimensional region. The property ** = 1 imposes one-to-one for

the discrete version and hence the dual complex. However, we have seen how the K

and L fields separate cleanly. To advance further, we need to analyse the tools at our

disposal. This will lead us to consider the space 12 of Chapter 3.

As we pointed out, the lack of associativity of the wedge is a problem since

it prevents the associativity of the Clifford product V which plays the role of the

multiplication operation in the associated Clifford algebra. That property is required

in order to isolate one Dirac equation via a projection [4]. We will discuss the proposed

solution to this problem.

Again, on the issue of a discretised Clifford product, the recent developments of

non-commutative geometry and the setup of a discrete differential geometry [90, 91]

provide some clue [66]. A model for fermions has been given along these lines [51].

However, since we just want fermions on a Euclidean lattice, we choose to stick to

the original description of DK fermions.

In Chapter 3, a discretisation of differential geometry was carried out, and it

motivated the introduction of a product which allowed us to describe the contraction

operation. We were then able to verify that by replacing the usual collection of

operations (A, d, *) acting on C(K) with the new "kit" (iv, A, d, *) acting on the

product space of C(K), we found that all the algebraic requirements were satisfied.

Since we have a discretised theory with a Lie derivative analogue, it is not surprising

that it plays a role in capturing the global SU(4) symmetry of the DK equation.

We propose to replace a discretisation of space out of which fields are specified

at vertices of a regular lattice by a discretisation of fields for which the underlying

discretised space gives support to a finite collection of continuum fields. We should

clarify these ideas below. We clarify the starting point of the program by introducing

the scheme concretely, covering the SU(4) algebra and in turn the reduction of the

Dirac-K/~hler equation to the Dirac equation.
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Before we proceed, we ask: what can we aim for ?

1) A finite theory with a finite subspace of the continuum fermion fields, with exact

algebraic properties that can be embedded in the continuum: Impossible, because the

theory is not fundamentally a discrete one (the non-commutative geometry presents

an alternative).

2) A finite theory with a finite subspace of approximated fermionic fields with exact

algebraic properties: the present picture.

Three levels, one theory

Let us think in terms of the following three levels; they are:

I) The continuum theory of fermionic modes Ck which is not within reach of the

discrete theory.

II) The continuum analogue of the discrete theory with fermion fields represented

approximately by a finite basis list of differential forms known as Whitney elements.

III) The discrete theory of chains ~k.

i.e the assignment of coefficients to hyper-cubes.

The second level is really an approximation to the fermionic modes. The convergence

is good because of the piecewise linear coefficients of the differential forms extracted

using the Whitney map. Convergence may be defined by the L2 norm:

(6.3)

It is not the best way to present the convergence since it looks like an order a (i.e

edge lenght) convergence but we can also compare directly W(~k) and ~k before

integrating. Considering

e~kXe~ky = (1 + ikx)(1 + iky) + O(x2, y2), (6.4)
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with

.X¯

and similarly for ?4, then, it is easy to obtain a Whitney form. We see that the first

part is in the range of the Whitney map for a hyper-cubic complex after complexifying

the fields. This was shown in Chapter 4. So there is a discretisation of the fields and

it is at that level that we need a certain number of exact properties which occupy

the rest of the discussion. There are two limitations of the original scheme which

pose a challenge for our purpose regarding the discretised wedge and consequently

the Clifford product. They are:

1) The discrete wedge is non-associative. There is a leading scalar factor which pre-

vents the property.

2) The discrete wedge is approximate. From the point of view of the Whitney ele-

ments, the function coefficients after wedging do not match.

These issues have been addressed in Chapter 3, the resolution is given by the space £

which we are now apply to the problem of spinors. We now turn to the discretisation

scheme we propose.

The Clifford product

To carry out the reduction, we require the following: 1) The Dirac K~hler equation

is invariant under application of right multiplication with a constant differential. 2)

Given the projectors p(b) and a solution ~p to the Dirac K~hler equation, the field

V p(b) satisfies the Dirac equation.

What we will find is that after the appropriate definition is made, the Clifford

product we introduce does lead to 1) and 2) however we require some exactness and

closure properties for this product. The closure property is important to formulate

the SU(4) symmetry, and is required to leave invariant the space of chains (not the

product space) when Clifford multiplication with a projector p(b) is involved. We

will derive this property. Another remark we already alluded to, is that the Clifford

product is (after applying the technique of representation theory) the product in
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SU(4), and we have argued that the geometric dicretisation needs to be supplemented

with the contraction operation in order to capture symmetries. The specific form of

the Whitney elements played a role in establishing the rules that lead us to a well-

defined discrete version of contraction

with the correct properties that lead us in turn to a discrete version of

(6.6)

L~o = (i.d + di~)a. (6.7)

In the spinorial context, provided cr is a Killing vector, which is trivial here, one can

introduce a Lie for spinors, and write

L~ = [i~, dK]. (6.8)

This indicate that the extra structure associated with the contraction operation is to

play a role when we consider the Clifford product.

Let us turn to constant differentials. The general expression that we found for

the Whitney elements is such that a constant differential can be expressed as a sum

of Whitney elements by taking the sum of all the ones which have the same form

part within a given cell. So let

pK(b)
{p(b) p(b)

-- ~ O,K,\1 k,k,-

k,kr 0

(6.9)

where p(b) C(kr)
- k, kr � (K). The last expression does not make the various chain degrees

explicit and is used below. Now we express the Clifford product in the following way:

V ¯ = Z(-1)P(P-1)/2((-1)P(io)p@) A (io)PqJ.

P

(6.10)
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The interior product is defined by

(6.11)

The interior product maps a p-form to a (p- 1)-form so using the notation

to indicate p-products of the interior product, we obtained the formula above.

example

(io)(3) = io, io,2io, a. (6.12)

In the summation, we specify that one should take an ordered r-tuple of coefficients

#1 ~ ... ~ #r. We show some examples:

dx2 V dx3 -- dx2 A dx3 = -dx3 V dx2,

dx4 V dx4 = (i04dx4) A (i04dx4) = 1 V 1 -- 1,

(6.13)

(6.14)

such manipulations give

(6.15)

The book-keeping is easy and leads to an associative and distributive product. This

provides us with a representation of the Clifford algebra. The role played by the

wedge product is explicit in the continuum equation Eq. 6.10 and leads provisionally

to the following definition of the discrete Clifford product:

A(W(o) V W(rl)) = a VK 77. (6.16)

The approximate nature of the wedge which we have mentioned is a challenge which

limits the range of applicability of the formula. To remedy this problem, we proceed

in a way similar to the construction of the discrete interior product, by considering

the product space of chains.

Definition ¯ Given two chains cr and r/, the discretised Clifford product is defined
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by

~" -- o" VK T/, (6.17)

where { � C* (K) x C* (K) and

(6.18)

Note that the Whitney map as applied to a product element GJKT/, is such that

w( j v) = (6.19)

The map ~D(°) extracts the function coefficient of the form W(G) thus extending the

space of forms within reach of the discretised theory (see Chapter 3). For the present

purpose we consider an example. Take the Whitney element

W([01]) = (1 - y)dx, (6.20)

in two dimensions for the square [0123].

after contraction with the vector

We are using the Euclidean 50 metric and

(6.21)

which is represented as a one-chain we obtain,

i[ol][01] = [01]JK([O] + [1]), (6.22)

and under the modified Whitney map we obtain,

i.W([O1]) = (1 - y)2 (6.23)

which is the correct result. In fact, on the complex, our knowledge of these mappings
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forces us to suggest the discrete analogue to be [0] + [1] as

W([0] + [1]) = (1 - x)(1 - y)+ x(1 - y) = (1 - y). (6.24)

When calculating a(P) VK or(q), we find that in all cases in which at least one of the

two chains is mapped to a constant form the result can be reproduced exactly on the

a single chain space (i.e not on the product space) by choosing the appropriate linear

combination of chains as the result1. However, in general, one needs the product

space of chains, as defined in Chapter 3 to express the result. We have for example

W([01]JK([03] + [12])) = (1 -- y)dy,

W([01]JK([0] + [1])) = (1 -- y)2

which in turn means that with the definition of the discretised Clifford product:

[01] VK [0123] = [01]JK([03] + [12]),

[01] VK [01] = [01]JK([0] + [1]),

(6.27)

(6.28)

which are correct. What we also need, is the Clifford product of two constant differ-

entials, namely of two one-forms in order to capture the Clifford algebra. Suppose

we picked [0#] to be the edge parallel to the z"-axis. Then, we write

{%, %,} = 25,~, (6.29)

in the specific representation we get the following version of the algebra

(6.30)

So the key is to consider symbolically within the four dimensional hyper-cube cr~4)

1Look at the table of Whitney forms in the Appendix to Chapter 3.
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the following chains:

leading to

Or# --" [ij],
{i<jl[ijl<a(4)}

Wo# -- dx#.

Then by application of the definition, we get

(6.31)

(6.32)

E [i]’ (6.33)

since it is the unique linear combination of chains that when mapped to the space of

forms gives unity. We now have the Clifford algebra exactly.

The Dirac-Kiihler equation in the space £

We have seen that there are three levels, the continuum DK equation is one, next,

a second level is that of the DK equation on the space of Whitney forms (which we

refer to as the W-DK equation):

(d- 5 = O, (6.34)

where cr is an inhomogeneous chain. At the third level there is a complex based

equation

(dK _ 6K + m)o- = O.                 (6.35)

The relation between the solutions of the three equations, which are the DK equation

itself and the two versions based on the discretised theory, Eq. 6.34 and Eq. 6.35 is

crucial. The last two are related up to an approximation which comes from the

co-boundary for which

5W � W5K,                   (6.36)

and leads to an approximation for the derivative which makes the result not exact,

in contrast to dK. The obvious example is in 2D where two squares al and a2 have
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the common edge boundary a0 then, starting with the continuum field ~ taken to be

a two-form, we obtain

and

which is a finite difference

Fig. 6-1).

+ [o2] ,~ k~. (6.37)
2

approximation (It is easy to visualize this

I
i

]

[01 [11 [21

Figure 6-1: 2-form field over a square lattice.

(6.a8)

problem in

We can write symbolically that

lim W(dK - 5K + m) = (d - (; + m).
a-----~O

(6.39)

In the limit, looking at the equation and the figure, the derivative ~ converges to the

continuum limit on the edge a0 by virtue of the mean value theorem. Convergence is

necessary but our requirements are stronger and we insist on having exact properties

in the approximate theory.

So what do we mean by solving the equation ?

Start with the zero-form equation and its analogue zero-chain equation. The given

fermionic mode has a representative as a chain

[¢] = A~. (6.40)
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To proceed, we start with the K-DK equation, the discrete DK equation on the chain

space:

Definition ¯ The complex based Dirac field is defined by

(d _ 5K + = 0. (6.41)

This is satisfactory if after the approximation is taken into account, we have

(6.42)

This condition is sensitive to the lattice spacing a (in the usual way, where a is the

edge length). It is easy to establish that there exists an a0 such that Va satsifying

0 < a < a0, the equality holds. Also, a0 is larger for lower modes as the variation

of the field is slower over space. So it is a matter of consistency that to a solution

9 of the continuum DK equation corresponds a complex based solution [~] given by

Eq. 6.40. Then

~q2 = W(dK - 6K + m)[¢] + h.o. (6.43)

where h.o refers to higher order terms in a. To summarize, given a solution to the

discretised equation on the chain space Eq. 6.41 it satisfies the condition Eq. 6.42.

The point is that the failure of Eq. 6.36 to hold is controlled by the following limit

lim WA = Id. (6.44)
a--*0

6.3.1 SU(4) invariance I" the proof

Let us reformulate the VP(b) invariance by means of a commutative diagram:

vp(b)
--+     9’

(6.45)
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If these transformations fit in this diagram then we can assert that the invariance has

an exact discrete counterpart. We have already pointed out how the action of VP(b)

is exact on Whitney elements because the terms in p(b) are constant differentials. By

virtue of the continuum invariance, we find that the invariance of the discrete DK

equation holds.

The global SU(4) invariance is embodied in the condition

(6.46)

Now, using the chain expression for p(b) given by Eq. 6.9 and the approximated

fermionic field ~ = W[~], and the definition of the discrete Clifford product,

we unwind the definitions to find

: W([~)] VK Z p(b)]
O,K],

0

(6.47)

(6.48)

by application of the continuum invariance. The key step is on the second line where

we move 4D to the left. The discrete transformation VP(b) is the exact analogue of

the associated continuum transformation.

The DK-equation (in components in the Appendix) leads to four independent equa-

tions out of the sixteen and this in turn gives the Dirac equation for a four component

spinor.

(/~+ m)O = O. (6.49)

This procedure is called reduction and we now turn to its discrete analogue.
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6.3.2 Reduction to the Dirac fields

Symbolically, the left-hand side of the DK equation on the space of chains is:

(d~ _ ~ + ,~)[¢] = ~ f(~)[~],
O"

where f(a) are the coefficients, and the sum runs over all chains of all degrees.

projection operators are given by
The

1.p(b) = -(1 + isignldX1 A dx2) V (1 + sign2 �),
4 (6.51)

where the pair of signs (sign1, sign2) are given by (-,-), (+,-), (-, +) and (+, +)

respectively for b = 1, 2, 3, 4.

Let us display how we do the continuum reduction. We start with the most general

inhomogeneous differential form in 4D.

2 .
f3uadxP Adx~ Adxa + f4234dxl Adx2 Adz3 Adx4 (6.52)q2 = fo + f l dx. + f ~,dx Adz~’ +

with the appropriate summation. Next, we choose one of the projectors, Eq. 6.51, i.e

we specify a pair of signs; take p(0) and solve the equation

V p(0) = ~. (6.53)

There are sixteen coupled equations, one for each basis elements starting with 1 and

ending with dxI A dx2 A dx3 A dx4. However we notice that they can be grouped in

four independent subsystems, for example one of them is

f0_ f4234 ÷ i f~2 + i f~4 = 4f0,

fl _ f334 ÷ if + if341 = 4fl,

¯ 3 -if~=4 3
f134 + f~ +zf234 f134,

f~% _ f0_ ~f~4 - ~fl~ = 4f%

(6.54)

(6.55)

(6.5G)

(6.57)
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These four equations are actually the first and the last two of the list of sixteen. They

can be solved by specifying one parameter f0 = ~1 and determining all the others

accordingly. The reason for such a choice of solution is simply that since we have

four independent subsystems, we have at least one free parameter in each of them,

so if one of them has two free parameters, this will lead to at least five independent

parameters. This is too many components for a spinor in 4 dimensions.

After considering the other three subsystems of equations, we find in total four

independent parameters (~1, ~2, ~3, ~4) which give us a P(°)-invariant field, namely

--- ~21 (1 -- dxI A dx2 A dx3 A dx4 - idx1 A dx2 - idx3 A dx4)

+ ~2(dxI - idx2 - dx2 A dx3 A dx4 - idx3 A dx4 A dx1)

+ ¢3(dx3 - idx4 - idxI A dx2 A dx3 - dx1 A dx2 A dx4)

+ ¢4(dx2 A dx4 - dxI A dx3 + idxI A dx4 - idx3 A dx2). (6.58)

As we pointed out above, in the continuum formulation, a solution of the Dirac-

K£hler equation with this ansatz can be found, which gives a four component Dirac

field. In turn, the identification of the Dirac equation can be made after noting that

it is a question of rewriting to find:

d- g = dx" V O.,

together with the representation which sets dx"V = 7". Let us return to our task.

Recall that we were searching for a relation between levels II and III of the description

of spinors. To make this relation explicit we proceed as follows: consider the functions

Ck, that is scalar functions which are expressed approximately as zero chains

= (6.60)
i

They are the most general function we can write within the framework. Then we see

that due to the use of Whitney elements, the function ¢k is modified, according to
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the formulae for the Whitney elements. So with

(d(T-l) - 6(r+l) -Jr- m)W(llJ) : 0, (6.61)

you see immediately that with the ~ given in the chiral representation, we obtain

various Whitney forms for different degrees. This is fortunately not a problem since

one can multiply the equation by the missing multiplicative function factor and get

c(T)(c~)(d(r-l) -- 5(~+1) -F m)W(qg) = O, (6.62)

and so we do have the original function Ck in the equation (i.e with all its factors). It

is superfluous to include this function since the solutions of the Dirac-K/ihler equation

are not modified by it as c(r) is not zero. Let us gather our findings.

Dirac-Kfihler equation : Given the field ¯ in the chiral representation, it is ap-

proximated by a zero-form Whitney element and the associated equation

(d- 5+m)~ = 0, (6.63)

is equivalent up to higher order term, to the equation

(d- 5 = O. (6.64)

The solutions of the discretised equation are in one to one relation with the various

modes of the Dirac equation and the invariance of the Dirac-K/~hler equation under

the SU(4) action is exact at the level of the discretised theory. We are able to express

the field in the chiral representation in such a way that the field ¯ can be recast as

a four function components spinor as given in the Appendix.

6.3.3 SU(4) invariance II: Exactness of the group action

We would like to insist on the closure of the operation P(b)v on the inhomogenous

chain: 1) Fermion fields are spanned by a finite set of continuous fields (the Whitney
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elements) over a hyper-cubic complex. It follows then that the Hilbert space of fields

is generated by a finite vector space. The norm is defined to be the L2 norm given

by

i w 2 = (w, w) = fM w A *w. (6.65)

The basis set is

r

(6.66)

Next, the "transformed set""

TIT = {~2 C= 0 SpancW(~) x SpancW(~)}.
r

(6.67)

But it turned out that in the case of the projectors, which have the virtue of being

constant differentials, we can identify:

Id
7"[T(p(b)) ~ 7"-{p. (6.68)

This is the more stringent closure condition that we required. We have encountered

this map as we noted that a constant form extracted from a chain adjoined as we did

above amounts to multiplying the various by the appropriate constant coefficient to

the various terms after the Clifford product has been done (this is reminiscent of the

discussion of the Jacobi identities in Chapter 3). So the group action on the complex

is given by

SU(4) × C*(K) ~ C*(K),

(p(b), (7) ~ ~’.

(6.69)

(6.70)

The closure of the group action leaving the finite space ~p invariant guarantees that

it is indeed a group, for instance that each element has an inverse.

2) We maintain exact properties, notably the SU(4) invariance.

3) Exactness of the properties is equivalent to closure of the theory.

adjoin various chains in the operations,

Although we

we maintain the invariance which is what
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matters.

Free propagator: outline.

The functional form of the propagator was given in Chapter 5, We are now in a

position to write it more explicitly, starting with

(6.71)

If l(a) is the coefficient for the cell a, we actually have a simple Lebesgue integral

where D is the dimensionality of the highest degree simplex, and N, the number of

hypercubes of that type,

(6.72)

Now let us turn to the main issue which is the calculation of the action. We will do

it for p(0). Let
D    Nr

o-(b) = ,~ V p(b)= E E ~i’[°-[’)]"
r=O i~=0

(6.73)

Recalling the discussion of the projectors and the fact that the only pair of chains

that give a non-zero value under the bilinear form are identical ones:

M W Oi A W. 03 = 5 i j . (6.74)

Then,

M                                         i,j (p)W(G(b)) A W. [(d - 5 + m)o-(b)] = A}’)M:,pAj

The matrix M remains to be calculated, but all the work is already done. The

calculation of the Dirac-Kghler term of the action is simple after recalling that 5 acts

like the boundary operator at the complex level. The matrix is therefore sparse. So

much for the theoretical model, a computational implementation, time permiting,
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would start at this point.

Summary

It was our intention here to propose new technical tools to think about discretised

fermion theories. We found that capturing the Clifford algebra comes at the cost of

introducing extra structure in a similar way to what has been done in Chapter 3 for

the discretisation of differential geometry. Our approach to the Clifford product is

new, and has the merit of being faithful to the continuum while being defined on a

finite space. This means that there is closure in the cases of interest.

The fact that we can carry out the reduction is a new result. It does not mean

however that we solve the fermion doubling problem, this would be a dangerous

claim. It would require more work to settle how we stand in relation to the problem.

We have more algebraic properties but the full QCD should be considered to answer

the question. Chirality still implies a doubling of spaces and so one might still say a

doubling of fields. We will address these issues in future work.

Other approaches based on the non-commutative geometry have been developed

regarding treatment of the fermion problem [92].

Appendix

The explicit form of the projectors which used (which lead to a different version of

1 1
p(1) _

4 4
1 1

p(2) _
4 4

p(3) 1
1

---- __ + --

4 4

p(4) 1
1

dx1 A dx2 A dxa A dx4 - lidxl A dx2 - lidx3 A dx4
4 4 ’

1
dx1 A dx2 A dx3 A dx4 + lidxl A dx2 + -idxa A dx44 4 ’

dx1 A dx2 Adz3 A dx4 - lidxl Adz2 + lidx3 A dx4
4 4 ’

dx1 A dx2 A dx3 A dx4 + l idxl A dx2 - lidx3 A dx4.
4 4

(6.76)

(6.77)

(6.79)
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The general ~ considered by Rabin is:

1
= ~¢1(1 + idx2 A dx3 - idxI A dx4 + dxI A dx2 A dx3 A dx4)

1
+ -~¢2(idxa A dx4 - idx1 A dx2 - dx2 A dx4 - dxI A dx3)

1
+ -~¢3(idx1 - dx4 - idx2 A dx3 A dx4 - dxI A clx2 A dx3)

.IL

1
+ --:¢4(-dx2 + idxa - dx~ A dxa A dx4 - idx~ A dx2 A dx4)

4"
(6.80)

Let us express the Dirac-Kghler equation in components where the input is the

given by Rabin. This calculation is not given in his article so it is interesting to have
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it here for the purpose of the discussion.

(d-6+m)~

+

+

÷

÷

÷

÷

1 11
--~(00¢31 -- 03¢3 ÷ 01¢4 ÷ i02¢4) ÷ ~lYt¢l

1 1 ]
~(i03~1 ÷ i01¢2 ÷ 02~2) ÷ ~m~3i dx°

1 1
]~o1~1 - ~(-o2~2~ - ~Oo~2 - o~2) + ~m(-~4) dx1

102~1 1 1 ]
-- ~(01¢11 ÷ 03¢2i -- 00¢2) ÷ ~7Yti¢4 dx2

1 1

]4°3¢1 - ~ -iOo¢1 + o2¢2~ - o1¢2) + ~m(-¢~) dx~
1 1 0 1
~(--101¢3 -- 00¢4) -- ~(-- 2¢3 -- i03¢4) ÷ ~rt(--i¢2)

1 1 1
~(--i02¢3 ÷ i00¢4) -- ~(-01¢3 -03¢4) ÷ ~7rt(-¢2)

1 1 1
~(--i03¢3 --00¢3) -- ~(’j÷02¢4 ÷ i01¢4)÷ ~(--i¢1)

1. zO 11 (02¢4 ÷ i01¢4) - ~(- 3¢3 - 00¢3) ÷ ~71~(i¢1)

[              1

1 1 (i02¢3 -- i0o¢4) ÷ ~m(-¢2)~(-0~¢~ + o~¢~) -

÷

÷

÷

÷

÷

÷

÷

÷

÷

dx° A dxI

dx° A dx2

dx° A dx3

dx1 A dx2

dxI A dx3

-        ]1 1 1
~(--02¢3 -- i03¢4 -- ~(--i01¢3 -- 00¢4) ÷ ~m(¢2i) dx2 A dx3

1
]

1 (-03¢1) ÷ m(-¢a) dx° A dx1 A dx2~(i0o¢1- i02¢2 + 01¢2) - ~

za ]~(i01¢1 -- i03¢2 -- 00¢2)- ~(2¢2)-Jr- ~7Yt(--i¢4) dx0 A dxI A dx3

[1(--02¢a--i03¢4- 1 ~ ]~(-ia1¢3 - 00¢4) + m(¢2i) dx° A dx2 A dx3

[
1I (00¢1) ÷ -[lm(--iCa) dxl A dx2 A dxa1 (i03¢1 ÷ i01¢2 + 02¢2) -

[1

1
~(--i00¢3 ÷ 03¢3 ÷ 01¢4 -- i02¢4) ÷ ~m¢l dx° A dx1 A dx2 A dx3

(6.81)

138



Chapter 7

Discussion of gauging

Minimal coupling of gauge fields to the fermionic

fields

The standard gauge transformations (see [51] for a discussion of gauging the DK-

theory) for fermions are

G
~ ~--~ G~, (7.1)

~G-l, (7.2)

where G is a Lie group valued zero-form, and for the connection:

A ~ GAG-1 + GdG-1, (7.3)

which has a local version of particular interest written as

where v is in the Lie algebra, tangent to the identity of the gauge group, and by

expansion, we have

G=l-v. (7.5)
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The parallel transporter U or link variable, which is inserted in the lattice action to

gauge it, transforms as

U H GUG-1, (7.6)

and lives in the groupoid formed by parallel transport along the links over all possible

paths [87], it is based on the group G, and the infinitesimal or local gauge transfor-

mation are Lie algebra valued. Let us turn to the discussion of gauging in relation

to the techniques of lattice QCD. In the DK picture the global SU(4) symmetry is

linked to the specific representation of fermions using the Clifford Product, and it has

been argued that one could attempt to make it into a local "flavour" gauge symmetry

[4].
However, we do not view the Dirac-K/thler equation as the fundamental equation

in the theory, but rather as a way to extract the Dirac equation. So, we add gauge

labels to the coefficients of the inhomogeneous differential forms, to obtain a Lie

algebra g-valued form.

The first observation is that the group action on the gauge labels should leave the

reduced spaces invariant. That is if ~DK is a solution of the Dirac K/~hler equation,

then it is a solution of the Dirac equation and satisfies

(7.7)

for a single value of b. Then in turn we require (G as in Eq. 7.1) that

(7.8)

In the continuum language one would say that reduction (which is an action of SU(4)

on f~) commutes with gauging the free fermions. Actually, this is trivial to establish

after noting that G is a Lie group valued zero form and the p(b) are a sum of constant

differentials. So it is obvious that the two actions commute, G only acts on the gauge

labels and does not affect the degree of the forms.

The well-known prescription that leads to the minimal coupling of the fermion

fields to gauge is to introduce the gauge fields A, (x) and consider the parallel trans-
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port operator from the vertex at x to the vertex at x +/2:

U, (x) = exp[ieaA, (x)]. (7.9)

The operator U is then inserted in the fermion bilinear term of the free Lagrangian.

The invariance of the Lagrangian under gauge transformation follows by the usual

manipulation of matrices and traces. In effect, we have coupled a zero-form (in

the spinor representation of DK only) gauge field to an inhomogeneous form field.

Furthermore, this guarantees that the 79(b) are left invariant as we have just seen.

In the usual Dirac-K£hler methods, one diagonalises the free Lagrangian leading

to

1 1 [Tr [(F})t
L = ad~¢(r) 2a2~ %F5+/~]¢ (r + @) - Tr [(F~)t

where r is the vector that locates vertices,/2 is the unit vector in the p-direction and

the F matrices are products of the ordinary ’7 matrices [68]. In this form Eq. 7.10, after

taking the trace, has one component of ¢ (this procedure is called "thining"). At this

point, one has the option of blocking the fields [69, 70]; this is done by introducing the

so-called block coordinates and by means of a unitary transformation. One obtains a

Dirac ® flavour representation.

in the Lagrangian Eq. 7.10.

The DK fermions, after thinning,

[70].

The gauging is then done by inserting link variables

may be identified with "staggered fermions"

In which case, the gauging is done after the thinning. One obtains directly:

LS
, - 1 [U. (r) ¢ (r + aft) - U~ (r - aft)6 (r - @)].

= adE ¢(r)4Tr [(F~)t %Fz+"]~a
2:T,. (7.11)

The reduction we have described can be interpreted as the analogue of diagonalising
d

and thinning, we reduce the degrees of freedom to obtain one fermion with 2: spinorial

components described in any given invariant subspace D(b) by an action based on a
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Lagrangian such as Eq. 7.11. However we can also be more general and consider

= u [(d - + (7.12)

where U = ]~-~l Ul is the displacement operator labeled by the degree of the cochain

it acts on.

We are then tempted to follow the lattice QCD type of approach, i.e by inserting

the parallel transport operator U in the action. The fact that the fields are chains of

various degree does not a priori pose a problem.

There is however an issue of interpretation: are the inhomogenous form fields to

be viewed as the actual physical fields, in the sense that they should be coupled to

gauge fields of various dimensions?

In this case, one does not end up with the theory of fermions coupled to gluon

fields, but rather with a generalisation.

Then, keeping the inhomogenous chains and coupling them by inserting the ap-

propriate U between them by calculation the various (p, q)-cases of

(a(r), (d - 5 + m)a(P)). (7.13)

In Fig. 7-1, we give a 2D example, where one might couple fields of various dimensions,

so the way the link variables may be inserted in the action Eq. 7.14 is not obvious.

Before we consider zero-form fermion fields, one can consider the parallel transport

operator connecting simplices. However, the chains of degree higher than a vertex

cannot be used as the basic fields in the theory (see [71]), since the gauge invariance

of the resulting extended objects is not well-defined 1, as illustrated by the no-go

theorem of Teitelboim [73].

Now let us take the connection as a one-form (gluon field), the interpretation is

that the Whitney elements which are used before integration in the expression for

1The theory of higher dimensional connections opens new possibilities, see the discussion below

and [72]
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the action
#

s = ! A w. ((d- 6 + (7.14)

play a dummy role as functions, the constant differential form part being used to

obtain the volume form (this is the way adopted in [4]) and is the one closest to the

current lattice models.

Figure 7-1:

[31 [31 [21

r01 rll

[21

[11 [01

Two types of couplings: two edges with a vertex in common and tile

entire square with one vertex.

Differential geometry enables us to extract a zero form fermion field which can in

turn be coupled to a one form gauge field. The simple formulae that enables us to

change the degree of forms is

(7.15)

The discrete Clifford product (Chapter 6) enables us to handle exactly the Clifford

product of any Whitney form with a constant form in a way that is exact. So in the

space Z2 the operation given by Eq. 7.15 is well-defined so we can rewrite any field (I)

as a zero form; not in the space of chains, but in the product space of chains (as we

have seen). It is then possible to consider an action of the form

(7.16)

where e is the volume element dxI A... A dx4 which can be gauged by inserting the

link variables.

Such models are somewhat disappointing because one ends up with the discrete

version of the naive action for which doubling is well known. After a Fourier transform

to momentum space, one finds spectrum doubling.
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After discussing these partly satisfactory treatments to the minimal coupling we

are tempted to propose the most natural one that follows after constructing the space

12. Namely, we do not attempt to consider the theory by inserting the link variable

as a brute force approach. Instead, we consider the action

S = / (F A *(d- ~ + LA)(I), (7.17)

where LA is obviously the Lie derivative, and the gauge fields A are taken in the

appropriate Lie algebra2. Recall that the adjoint representation is effectively

= [A,. ]. (7.18)

The observation that comes to mind is that this is the correct analogue of the contin-

uum minimally coupled action with fields approximated by the Whitney map. So, we

put to use the discreteness associated to the Lie algebra ~. This approach is appeal-

ing, essentially because it is well-defined and exploits the construction of the discrete

exterior calculus, the space £, in the context of gauge theory. Applying the gauge

transformations (see start of the chapter), is done in the usual way by multiplication

in the algebra. Regarding the discrete symmetries of the action, the obvious one such

as a discrete rotational symmetry are present.

An alternative description for the minimal coupling, which appears in the litera-

ture is via the Clifford product. Consider the gauge field

(7.19)

The inhomogeneous form field then is coupled to gauge as

(d- (5)~ = iA v c~.

This is an interesting construction, as it identifies the Clifford product as multipli-

2This requires to separate the gauge part from the spinor part by taking the tensor product, we

will return to this.
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cation of fields, the latter live in the product of the Atiyah-Kghler bundle with the

vector bundle of local color spaces.

Recent developments in Dirac-K/ihler formulations of continuum QFT can be

found in the context of the Weinberg-Salam model [74] and supersymmmetry [75].

Having the Lie derivative at our disposal, we are tempted to use a similar approach

to the problem of the quadratic term of the action. In lattice approaches, it is not

problematic and is generally done via the Wilson loop or holonomy as we proceed to

discuss.

7.2 Fiber bundle

In order to consider gauge theory in the way that is mathematically well-defined, one

needs to consider a principal gauge bundle.

AdP = P ×AdG. (7.21)

We discuss the bundle construction, the common wisdom is that it is not possible to

construct a discrete analogue of such a space (new approaches are being developed

[76] and [2]), but there seem to be no reasons why one may not construct the relatively

special case of a bundle besides the globally trivial bundle which is the product of two

spaces. The first problem one encounters is that the base space has a topology which

is special: if one associates open sets to simplices or hyper-cubes of all dimensions,

their overlap U(r) ~ V(r) is over a common face T(~-1), which is limited. For example,

the theory has no well-defined analogue of dT(T-:) in the overlap open set which is

of one degree less. A better approach is to set-up the gauge formalism with the tools

we have.
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The complex as the base space X

Importance of the local description

Recall that the fundamental objects here are differential forms. Moreover, one can

consider the Lie algebra of the group of gauge transformations (which is the space of

sections of AdP, see [17]), that is turning to the study of

adP = P XAdG t~, (7.22)

which is the local description of the group of gauge transformations. So we ought to

consider the local section of the gauge bundle Eq. 7.21. Locality is defined as within

the local cell of highest degree which is associated with the volume form in the theory.

The way forward is to consider the local sections of the bundle. Every principal fiber

bundle is locally trivial allowing us to choose a local section and in turn to write the

connection a~, not as a form on P but rather as a form on the base space M. This

leads to the gauge potential A which can be written as

(7.23)

so that A is a one form with value in the Lie algebra g. The physical interpretation

is that the choice of local section that leads to A is a choice of gauge. So the complex

constitutes a choice of gauge.

This picture is sufficient in order to consider the holonomy as we discuss shortly.

7.2.2 The complex as the bundle P

Primality of the Cartan formulation

In principle, the fiber bundle construction or more specifically the fibration of a space,

consists in identifying forms according to the fact that they are invariant, horizontal

or basic. Each of these notions can be phrased in the Cartan formalism using iv and

Lv by satisfying conditions such as ixa~ = 0 or Lva~ = 0 or both [77]. This encourages

us to look into the possibilities of this formalism. The setup is a principal bundle
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P and the Lie algebra g on the space f~(P) of differential forms on P. Precisely the

setup of the space £. The space with work in is then the convenient space

g ® f~(P). (7.24)

The operations (ix, d, Lx) act in the following way

ix(Y ® a)= Y ® ixa,

Lx(Y ® a)= Y ® Lxa,

d(Y ® a)= Y ® da.

(7.25)

(7.26)

(7.27)

Then, one recovers the Cartan formalism, reminiscent of the discussion of the theory

which is the topic of Chapter 4 where it was adopted. The various equations that

capture the fiber bundle are:

ixCO = X,

Lxw = [w, X],

(7.28)

(7.29)

which are satisfied Vx � g. They express the condition of verticality and equvariance

respectively. Finally, the curvature of the algebraic connection w is

= dw+wAw. (7.30)

Which satisfies in turn the properties of horizontality

ixf~ = O, (7.31)

VX � g, and equivariance.

This is what is best from our point of view, instead of constructing a fiber bun-

dle from the start, we extract it in the natural way through the space of forms by

putting conditions on them. This approach, which we leave here deserves further

consideration.
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Holonomy

7.3.1 Integration and cohomology of gauge fields

The holonomy:
f

i ~b A, (7.32)exp

Jc =OS

is the classical object which is the key to the quantum gauge theory if one adopts

the Feynman viewpoint. It is used in gauge theory extensively and in loop quantum

gravity as well. It also plays a central role in further mathematical developments in

gauge theory. Before we turn to it, we need to be able to integrate the gauge field

over a closed loop. We already have a notion of integration on the base space. The

connection A satisfies the Ad-equivariance condition

p;A = Ad(g-1)A, (7.33)

and its local Lie algebra version (p, is the push-forward associated to the group action

p: G ® P ~ P), which a version of Eq. 7.29 is

Lp.(x)W = -Ix, w]. (7.34)

The condition Eq. 7.33 enables one to show that if a one-form/3 is Ad-equivariant,

then d/3 + [A,/3] is also Ad-equivariant. This leads to

dA = d+A,

FA =dA + AAA.

(7.35)

(7.36)

A is a g-valued 1-form, so can extract its Lie algebra part A = AaTa.

the object A A A as

A A A = A~ A A~ ® T~T9.

We c~ti1 view

(7.37)

At this point, it is legitimate to ask what happened to the de Rham coholnology and to

Stokes theorem. The answer is well known, the Lie algebra has its own cohonlology
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(See e.g [83, 55]), or dA-cohomology. We see for example that if the curvature F

vanishes, then d~ = 0. When the space can be identified with a g-module V, the

cohomology associated to the Lie algebra g brings us back to the de Rham we already

have, ie, restricting the de Rham cohomology to left invariant differential forms, we

get

H/e Rham(G)= HZ(9, k). (7.38)

relating the de Rham cohomology of a space, namely G, to the algebra cohomology.

In the general case, it is found that A is fiat (i.e d~ = F = 0), if and only if the bundle

with connection (P, A) is localy diffeomorphic to the trivial bundle with connection

(M x G, we), where wG is the canonical Lie aglebra valued one-from which is left

invariant on G.

After these abstract considerations, we see that it is appropriate not to specialise

to the fiat connections. We start then by replacing the inner product

~ weR, (7.39)

by

~ w � Rg. (7.40)

It is not obvious (in the case of the G-bundle) how to relate this object to the

integration of dw since dA is not Ad-equivariant. With such an object, it is clear

that no Stokes theorem can be written. A solution is given by the non-abelian Stokes

theorem which gives a formula for the holonomy Eq. 7.32 and is a way to study the

cohomology of the loop group [78, 72] in simplicial language. The key observation is

that the loop is taken on the manifold M so one considers the gauge field A on M

(this is motivated by the discussion of the fiber bundle). Let,

A1 ~ A~[a] ® [cT]g, (7.41)

=/ A. (7.42)
Jo-

We take A in Eq. 7.41 to be an element of C(1) (K) ®C1 (K). This choice enables us
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to obtain a p-form part and a Lie algebra part (i.e in g).

we will separate the form and Lie algebra part locally,

So for the purpose below,

< a, A~[a] ® [cr]g >= A~crg.

Let us discuss the theorem that gives us the F A *F term in the non-abelian case.

Its analogue in the present context is easy to construct as we will see.

7.3.2 An adapted non-abelian Stokes theorem

In order to consider gauge theories on the lattice, various techniques have been devel-

oped, the mainstream one is to consider the parallel transporter U to be associated

to a link on a regular lattice. This technique avoids the construction of a principal

G-bundle as is done in continuum Yang-Mills theory. Another technique [59] is to

consider inhomogeneous differential forms as providing a representation of spinors by

means of the Clifford product. One thus describes fermions by means of the Dirac-

KShler equation, such a representation leads to gauge fields as being composed of not

just a 1-form but of all other dimensions as well [95].

A systematic study of gauge theories for any dimensions is given by Alvarez et

al [?], they consider models with a flat connection, which gives access to various

topological field theories such as the Chern-Simons theory. In a more general context

of a non-flat connection, the Wilson loop is

WR(C) = TrRP exp ~os A, (7.44)

where R denotes an irreducible representation of the Lie algebra g. The expression

Eq. 7.44 is given by the non-abelian Stokes theorem [87, 93, 96] which reads

TrPexpJ£sg-lFg TrT) exPfosA

The matching between the two sides can be done by Taylor expansion and taking the
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trace in the algebra, one obtains, using the Euclidean metric, the action

SYM -- ~S F A .F,

leading to the Yang-Mills equations

(7.46)

F -- .Y. (7.47)

A simple proof is given in [87]. Again, one uses the property that the parallel trans-

porters are elements of a groupoid satisfying by definition

( Ul ) = Ul ( ) ,

IU = UI = U,

U-1U = UU-1 = I.

(7.48)

(7.49)

(7.SO)

More precisely, as a group action, elements U of the groupoid satisfy:

I = U (x, x),

U-1 (Xl, x2) = U(x2, Xl),

U(xl, x)U (x, x2) : U (Xl, x2).

(7.51)

(7.52)

(7.53)

Briefly, the path ordering (the operator Ps,t below) is the trivial one. The key in-

termediate step is to construct the series made of parallel transporters around small

rectangles labeled by integers (m, n). One is then evaluating

P exp (i/A)=N-,cclim(Ps’t) Nl-Im’n=1U~lnWm,nUm,n. (7.54)
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It is then found that:

y X
Am,~Am,~) , (7.55)

i2

N2 (A~Ay - A~AX),
(7.56)

(7.57)

More details are given in the literature, what we are interested in for our discussion

here is the calculation done in Eq. 7.55, because that is how the matching is done per-

turbatively. So our prescription is to use both Eq. 7.41 and Eq. 7.43. The integration

being over a closed loop.

Calculate the path-ordered exponential in the algebra by setting:

A E A*(g, M) ~ LA � Aut g. (7.58)

So we change the representation: A ~ LA, and we rely on the Jacobi identities,

known to hold in the discrete exterior calculus, as discussed in Part II,

w = P (< A >

= P (Id+ < (71, A > [o1])... P (Id+ < aN, A > [aN]),

= (Id+ < cq, A > Lk, d)... (Id+ < ON, A > Lpu]) ,

and so, using the same (hypercubic) subdivision of the area S, we find

P exp (< or, A > [cr]) = ad FA.

(7.59)

(7.60)

Returning to the loop, what we have done is the following:

Adexp (i/A)=exp a’(’/’)

= (1 + A~,io’l)o (1 + Ao, o-g2) o...(1 + A°..4), (7.62)
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where o is the Lie algebra operation in the adjoint representation,

10 2 ~ LaI 2

O-g O’g Crg. (7.63)

One is in a position to recover Chern-Simon theory and possible variations on the

theme of topological quantum field theory. Not surprisingly, using the Non-abelian

Stokes theorem, one can calculate the Monodromy matrix, which is the key to calcu-

late the partition function [94].
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Part IV

Conclusions
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In this thesis, the central theme has been the development of a new discretisa-

tion scheme which is suited for approaching conceptual issues in the discretisation of

systems in theoretical physics. We adopted a partly axiomatic approach to establish

a discrete exterior calculus, a construction that was not previously available, and

showed its consistency in relation to the de Rham cohomology. A fully axiomatic

approach would require using the language of functors and categories which is con-

ceptually what we constructed. It was found that we could exploit the discreteness

in the algebraic relations and the algebras we require, we were then able to capture

them even though the fields themselves were approximated by Whitney forms.

We proposed a novel approach to constructing a discrete analogue of continuum

symmetries. This was particularly well suited to describe flows as we saw in Chapter

3, where the Lie derivative is given a rigorous discrete analogue. But also for the

formulation of spinors in Chapter 6, where we introduce a satisfactory discretised

Clifford product. The new discretised theory for fermions leads to the reduction to

the Dirac equation which was previously impossible (we described other methods

in Chapter 5) using discrete versions of differential geometry in the context of the

Dirac-K/~hler formalism.

In Chapter 4, we used the discrete exterior calculus in order to obtain the covariant

derivative. We also found that the Cartan formalism for describing the induced metric

(by taking a hyper-surface in RN) had a well-defined discrete analogue.

The Chapter on gauging proposes a discussion of various interesting possibilities,

we do not exclude at this point that we might end up with a "no-go theorem" for

the minimal coupling of fermions to gauge. Our formulation relies on Whitney forms

and we wish to address this question in the future. We worked in the product

space of chains, but when it was formally needed, closure of the operations on the

space of chains was established. This was done for the Jacobi identities and for the

Clifford product with a constant differential which was of central importance in the

discussion of the reduction of the Dirac-KShler field. We also benefited from the

elegant approach provided by the use of differential forms in constructing a discrete

analogue of the vielbein approach.
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Having moved away from the natural habitat of geometric discretisation which

was the Abelian Chern-Simons theory, in future work, we would like to address is-

sues in QFT related to theories for which the partition function cannot be evaluated

exactly. Some work on actions needs to be done, the partition function needs to be

expressed and studied more explicitly. Also, it would be very tempting to construct a

discertisation of models based on string theory in which much non-perturbative work

is needed and we think that both the work on spinors and on geometry we have done

would provide the necessary formalism.

We finish with two tables. The first three columns of Table 7.1 give the list of

operators defined, and the space on which they act. We denote by x C the prod-

uct space of chains. The last column gives some interesting operators that can be

deduced. These operators are well-defined in the discrete theory.

Theory Operators Space Other operators

T (A, d, *) C(K), C(C) 5

C£ (i~, A, d, *) ×C(K), ×C(C) Lv, v], V

({0(a)}, iv, A, d.) xC(L), xC(K) VY

Table 7.1: The discretisation schemes are specified by a space and a collection of

operators.

In Table 7.2, we point out the physics that we expect to find.
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Theory Physical content

T topological abelian gauge theories, topological invariants

"Chirality" or ~5

£ Lie derivative, conservation laws, geometry of flows
Dirac-K/ihler reduction with Clifford product

Euclidean models for gravity

Table 7.2: The schemes and their counterpart in theoretical physics.
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