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1.1 Introduction

1.1.1 Background

Due to challenges related to physical and electrical scaling, metal-oxide-semiconductor
field-effect transistor (MOSFET)-based memory technology is now suffering from
increased power leakage and endurance problems. For instance, static random access
memory (SRAM) and dynamic random access memory (DRAM) are both volatile,
and cannot maintain data when the supplied power is turned off. SRAM has a rel-
atively high cost and the involvement of six transistors makes it unsuitable for high
density integration. DRAM can sustain a very high density but suffers from energy
dissipation due to the need to refresh its charge. Replacing volatile memory with
non-volatile can eliminate standby power consumption and alleviate some of these
problems. A universal memory that fills gaps in the contemporary hierarchy presents
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a powerful driving force behind the development of fast, high density, non-volatile
memory technology.

Magnetic systems are promising candidates for next generation memory due to
their intrinsic non-volatility and low dissipation during switching [1]. Two good
examples of commercial magnetic storage systems are Hard Disk Drives (HDD)
and magnetic random access memories (MRAM). In these systems, information is
stored in the magnetization direction of nanometer sized magnets, while the switch-
ing/writing process is driven by an external magnetic field. In HDD the separation
of the read/write head from the storage units allows high density integration of nano-
magnets, but the data can only be accessed sequentially. In contrast a MRAM has
built-in wires in each memory cell that can generate magnetic fields to switch a mag-
net at any address. Although these technologies are relatively mature, fundamental
scalability issues exist with field switching [2]. The magnetic field is generated by
passing a current through a wire, making it hard to scale and creating a large dissi-
pative overhead which dominates the energy cost, even though the switching itself
is energy efficient. The extra wires in memory cells also complicate the circuit and
raise added concerns on the interference between different cells due to the non-local
nature of magnetic field [3].

Spin transfer torque magnetic random access memory (STT-MRAM) offers a
novel magnetic memory technology that overcomes some of those difficulties. In-
stead of field switching, STT-MRAM switches a magnet with a spin-polarized elec-
tric current through the so-called spin transfer torque effect (STT). This effect de-
scribes the transfer of angular momentum from electrons spin polarized by a fixed
magnet and delivered in the form of a torque to flip the magnetization of a free
magnetic layer. The use of spin-polarized currents instead of a magnetic field of-
fers a scalable solution for magnetic non-volatile memory. The ultimate goal for
STT-MRAM is to replace or at least complement DRAM and/or SRAM to serve as
a non-volatile memory in complementary metal oxide semiconductor (CMOS) cir-
cuitry. This, of course, requires STT-MRAM to meet all the criteria for conventional
memory, such as fast speed, high endurance and low error. Fortunately, STT-MRAM
inherits the advantages of MRAM in terms of fast switching ( < 10 ns close to
SRAM and better than DRAM), very high endurance and non-volatility[4]. The
employment of a current switching scheme allows for lower dissipation and high
density. The continuous scaling of STT-MRAM has achieved higher density than
SRAM and is expected to beat DRAM at the 20 nm technology node in the near
future [2].

As promising as STT-MRAM seems, it is not a low power device. In order to
switch a magnet with an acceptable endurance, the current density needs to be of
the order of 1010 − 1011A/m2[5, 6], which makes its energy dissipation about two
orders of magnitude larger than a CMOS switching energy. To fully capitalize on the
ultra-low dissipation intrinsic in magnetization switching, the electric current needs
to be eliminated or minimized. A possible route is voltage controlled magnetiza-
tion, proposed for single-phase or composite multiferroic materials[7]. Multiferroic
materials exhibit more than one ferroic order parameter and the coupling between
two order parameters, for instance the electrical polarization of a ferro-electric ma-
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terial and the magnetization of a ferromagnet, provides control on one another [8].
Over the last decade, a wealth of mechanisms have been proposed as ways to ro-
tate a magnet, ranging from giant spin hall effect (GSHE)[9], thermal torque[10],
and strain induced torque[11]. However, robust ultra-low energy magnetic switching
still remains an open topic of research.

The application of STT has in the meantime ventured beyond memory. For in-
stance, spin torque oscillators (STO) makes use of STT induced magnetization pre-
cession to generated microwave signals from a nanometer scale magnet [12]. STO
based networks have been designed to perform complex functions such as pattern
recognition [13]. On the other hand, All spin logic (ASL) uses spin for low power
computation. The idea in ASL is to avoid spin-charge signal conversion, simplifying
the circuit and minimizing energy dissipation [14].

1.1.2 STT modeling: An Integrated approach

In the following sections we will discuss the development of computational tools as
well as a broad physical understanding of STT-MRAMs, spanning different mate-
rials and device geometries. This will culminate with a multiscale, integrated ap-
proach (fig1.1). Given the description of the bandstructure of the magnetic tunnel
junction, the transport module is used to calculate the current and the spin torque
exerted on the free layer. The calculated spin torque is then fed into the stochastic
macrodynamic module which can calculate the changing magnetization of the free
layer. The band structure of the tunnel junction can be specified in 3 ways: a fully
atomistic model(section 1.3), a parameterized model using continuum grid (section
1.3.2), and a quasi-analytical physics based compact model (section 1.2.1.1). The
spin torque exerted on the free magnetic layer can be calculated at two levels of
complexity: Non-Equilibrium Green’s Function (NEGF) combined with atomistic
density functional theory (DFT) or with the parameterized continuum grid band-
structure (section 1.3.2), and a modified Simmons’ equation for the quasi-analytical
physics based compact model (section 1.2.1.2). Finally, the calculated torque from
the transport module is included in the micromagnetic module to calculate the mag-
netization dynamics in the free layer (section 1.4). The end result is a path from
material properties to circuit metrics such as read write errors (e.g. fig 1.24).

What is the merit of such an integrated model? To begin, there already exist
material challenges with down scaling, for instance maintaining adequate magneti-
zation with size. Reliable STT-switching has only been observed in a few material
systems, despite the large phase space of unexplored magnetic material combina-
tions. A suitable STT material needs to have high spin polarization, high anisotropy,
low saturation magnetization and low damping. There are similar constraints on the
electronic parameters of the MTJ such as the oxide barrier height and width, and
the various longitudinal and transverse electron effective masses in the contacts and
the oxide. The merit of an integrated and possibly high throughput combinatorial
study is ultimately to provide an overview of the various performance projections
and limitations of a wide class of materials before their experimental demonstration.
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Figure 1.1 Schematic diagram for the integrated approach.

From the point of view of device performance, there are three key metrics that we
care about: energy dissipation, switching delay and read/write error. Different crite-
ria apply to each, depending on the particular application. In general, an ideal device
should be fast, energy efficient and have a low error rate. However, implementing
all three requirements usually requires a subtle trade off among the underlying ma-
terial and device parameters. For example in STT-MRAM the write error rate can
be reduced by increasing the switching current or switching time, but the energy
dissipation/speed are compromised as a result. Thus, a simultaneous analysis of the
energy delay reliability tradeoff is essential[16].

We start in section 2 with a simple free electron transport model for qualitative
understanding of magnetic tunnel junction (MTJ) and spin transfer torque. At this
level, it is easy to explain observed features of the switching current, such as the
asymmetry between antiparallel to parallel (AP-P), vs parallel to antiparallel (P-AP)
switching. We argue that the two processes are intrinsically symmetric, involving
either the addition or removal of majority spins on the free magnetic layer. The ob-
served asymmetry comes primarily from the finite spin polarization of the contacts
contributing to the current driven torque, and partly from the field like torque due to
direct exchange between the layers. In section 3 we present results based on coupling
DFT the NEGF method. We use this to explore symmetric filtering in Fe/MgO/Fe
to reach a high tunnel magnetoresistance (TMR) and reduce the read current. The
method is also used to calculate the corresponding spin torque and write current
through ‘first principles’. In section 4 the torques are incorporated in the stochastic
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Landau-Lifshitz-Gilbert (LLG) equation for the time evolution of the magnetization,
or equivalently the Fokker Planck equation for its probability distribution. Analyti-
cal and numerical results are presented for the switching delay and write error rate
arising from stagnation points in the potential landscape. At the end we show how
the separate parts can be combined to give a complete description of STT switching
in MTJ, with examples all the way from material to device performance.

1.2 The physics of spin transfer torque

A typical STT-MRAM consists of a magnetic tunnel junction (MTJ) where all im-
portant functions arise from the interplay between two ferromagnetic (FM) layers
separated by a non-magnetic spacer (Fig 1.2). The FM layers have an intrinsic mag-
netocrystalline anisotropy that is dependent on the magnetic material used and a
demagnetization field which is dependent on the shape of the FM layer. The above
two factors result in the FM layer having two bistable states. There can be an addi-
tional interface anisotropy between spacer and FM layer[15, 17] that contributes to
the overall energy landscape of the free layer. Depending on the orientation its easy
axis, the magnetization can be ’in-plane’ (easy axis parallel to the junction plane)
or ’perpendicular’ (easy axis perpendicular to the junction). One of FM layers has
fixed magnetization while the other FM is free to rotate its magnetization. Two stable
configurations can be established accordingly: FMs with parallel magnetization (P
state) or anti-parallel (AP state). One bit information can thereby be encoded into
the bi-stable states of MTJ.

The read and write operations are conducted by passing an electric current through
the MTJ. For reading, a small voltage is applied across the spacer, causing electrons
to tunnel between the FM layers. Inside the FM there exists an internal exchange
field that breaks spin degeneracy and shifts the majority-spin, up, electronic states
with respect to the minority-spin, down, states (Fig 1.2). Because of the different up
and down spin densities of states at the Fermi energy, the electron current through
the MTJ becomes different for P and AP configurations, with usually P showing a
lower resistance because of the large overlap in states between the magnets, and AP
showing a higher resistance because of the reduction in overlap. In other words,
the tunneling current J(θ) and the resistance R(θ) depend explicitly on the angular
orientation θ between the two contact magnetizations. The magneto-resistance ratio
TMR := (Rap − Rp)/Rp has been used to characterize the difference in tunneling
resistance between P and AP configuration. With symmetry filtering (discussed in
the next section) the TMR ratio in an MTJ can theoretically rise up to more than
2000% [18] in a perfect MTJ junction, with over 200% observed experimentally at
room temperature [19]. Such a high TMR is important for differentiating the P/AP
configurations, allowing for a lower read current.

The writing operation is performed via the spin transfer torque effect. In 1989,
Slonczewski and Berger independently predicted the STT effect in magnetic tunnel
junction where two ferromagnets have non-collinear magnetizations [20]. This effect
has led to the possibility of current driven control and switching of magnetization in
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MTJs. At finite bias, the current gets polarized by the fixed magnet and thus carries
angular momentum from one magnet to another. In a spin valve with non-collinear
magnetizations, the misalignment between incoming spin and the local magnetic
moment induces a torque on both the spins and the magnetization through exchange
coupling. In the absence of spin-orbit coupling, this mutual interaction conserves
total angular momentum, generating a torque equal to the divergence of the spin
current within a given volume (see fig 1.16). This torque ultimately switches the free
layer when it exceeds the threshold to overcome the restoring damping forces.

1.2.1 Free-electron model for magnetic tunnel junction

Much of the MTJ switching can be qualitatively understood in terms of a simple free
electron model with a spin dependent barrier (Slonczewski, 1989[20]). By match-
ing wave functions across the MTJ boundaries, we get an angle-dependent charge
current J(θ), and thereafter express the TMR ratio in terms of the ’effective polar-
ization’ for the MTJ stack. The spin torque, which is perpendicular to the free layer
magnetization (the parallel component does not affect the dynamics, can be decom-
posed into two orthogonal axes as ( ~Mfree× ~Mfixed) and ~Mfree×( ~Mfree× ~Mfixed). These
two components will be shown to have completely different symmetries and voltage
dependences. In the limit of the magnet being a half-metal (100% spin-polarization),
the torques become symmetric and the P-AP/AP-P switching becomes identical.

1.2.1.1 Current and tunnel magnetoresistance Consider a magnetic tunnel junc-
tion. In the free-electron approximation, the longitudinal part of the spin-polarized
electron Hamiltonian across the MTJ can be written as:

H =
~2k2⊥
2m

− 1

2
~∆ · ~σ, x < 0 or x > d (FM contacts)

H =
~2k2⊥
2m∗

+ U(x), 0 ≤ x ≤ d (oxide)
(1.1)

where m and m∗ are the effective masses in the ferromagnets and the barrier respec-
tively, ~∆ is the exchange field and ~σ = (σx, σy, σz) are the Pauli matrices. If we
choose the local z axis to be along the magnetization direction, the energy disper-
sions of the longitudinal part for two spin channels are two parabolic bands shifted
with respect to each other, as shown in fig 1.2. In the following we will simply write
k⊥,↑, k⊥,↓ as k↑, k↓.

The magnetic tunnel junction can be broken up into three regions (Fig 1.2): (I)
x < 0 : the left ferromagnetic layer where the magnetization is pinned to the +z axis,
(II) 0 ≤ x ≤ d : the insulating tunnel barrier and (III) x > d: the right ferromagnetic
layer whose magnetization is free to rotate and is defined by the angle θ measured
with respect to the positive +z axis. The magnetization of the right ferromagnet is
parallel to the z’ axis of the coordinate system x’,y’,z’, which is rotated at θ degrees
to the original z axis. For simplicity, we first omit the transverse momentum k|| and
solve for the longitudinal part. The wave function in the three regions can be written
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Figure 1.2 Simple barrier model for magnetic tunnel junction. (Left). The band structure
of the ferromagnetic contact. The bottom of ↑ and ↓ conduction bands in ferromagnetic(FM)
contacts are separated by ∆. EF is the Fermi energy. If EF = EF1 both spin-up and
spin-down channels have non-zero density of states around the Fermi level. If EF = EF2

only spin-up electron exists at the Fermi level and the FM is 100% polarized. (Riight). When
a bias is applied on the MTJ, the insulating barrier has a linear ramp potential. d is the width
of the insulating barrier and U is is the barrier offset between the contact and the insulator.
The magnetization of the right contact is rotated for an angle θ from the magnetization of the
left contact.

as:
Region I: ψ↑ = 1√

kl↑

eik
l
↑x +R↑e

−ikl↑x

ψ↓ = R↓e
−ikl↓x

Region II: ψσ = 1√
κ(Ex,x)

[
Aσe

−Eb(x) +Bσe
Eb(x)

]
Region III: ψ′σ = Cσe

ikrσx σ =↑, ↓

(1.2)

The longitudinal spin-polarized electron momentum in each of the three region
can be expressed as

Region I: kl↑ =
1

~
√

2mE, kl↓ =
1

~
√

2m(E −∆)

Region II: κ(E, x) =
1

~
√

2m∗[U − eV x/d− E],

Eb(x) =

∫ x

0

κ(E, x′)dx′

Region III: kr↑ =
1

~
√

2m(E + eV ), kr↓ =
1

~
√

2m(E −∆ + eV )

(1.3)

Notice that the wave function in region III, ψ′↑ and ψ′↓, is written with respect to the
local axes, x’,y’,z’. In order to conform to the original axes, a spinor transformation
is required,

ψ↑ = cos( θ2 )ψ′↑ + sin( θ2 )ψ′↓
ψ↓ = −sin( θ2 )ψ′↑ + cos( θ2 )ψ′↓

(1.4)

By matching ψ↑,↓ and dψ↑,↓/dx at x=0 and d, the unknowns, R↑,↓, A↑,↓, B↑,↓and
C↑,↓ can be solved for. The charge current is obtained from,
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Je =
e~

2m∗i

[(
ψ∗↑ ψ∗↓

)(dψ↑/dx
dψ↓/dx

)
− (ψ↑ ψ↓)

(
dψ∗↑/dx

dψ∗↓/dx

)]
(1.5)

Since the charge current is conserved throughout the junction, the equation can
be evaluated at any point. Solving for the charge current to the leading order in
e−Eb(d)[21], we get

Je(E) = J0(1 + P 2 cos θ) (1.6)

where

J0(E) =
8e~κLκR
m∗

(κ2L + kl↑k
l
↓)(k

l
↑ + kl↓)

(κ2L + kl↑
2
)(κ2L + kl↓

2
)

(κ2R + kr↑k
r
↓)(k

r
↑ + kr↓)

(κ2R + kr↑
2)(κ2R + kr↓

2)
e−2Eb(d) (1.7)

P (E)2 =
(κ2L − kl↑kl↓)(kl↑ − kl↓)
(κ2L + kl↑k

l
↓)(k

l
↑ + kl↓)

·
(κ2R − kr↑kr↓)(kr↑ − kr↓)
(κ2R + kr↑k

r
↓)(k

r
↑ + kr↓)

=Pl(κL, k
l
↑, k

l
↓)Pr(κR, k

r
↑, k

r
↓)

(1.8)

Pi = (κ2i − ki↑ki↓)(ki↑ − ki↓)(κ2i + ki↑k
i
↓)
−1(ki↑ + ki↓)

−1, (i = l, r) are defined as
’effective polarization’ by Slonczewski because it is the product of the FM contact
polarization (ki↑ − ki↓)(ki↑ + ki↓)

−1 and the coupling between the spacer and the FM
contact, (κ2i−ki↑ki↓)(κ2i +ki↑k

i
↓)
−1. In order to obtain the total charge current through

the MTJ, one needs to sum over the transverse momentum and integrate over energy.
The TMR ratio can be related to the effective polarization:

TMR =
IP − IAP
IAP

∝ 2PLPR
1− PLPR

(1.9)

Note that this is the same formula as the famous Julliere model, except for the in-
terpretation of polarization: Julliere model is rather ambiguous on the definition of
spin-polarization (many people interpret it as the spin polarization of the bulk), while
Slonczewski model incorporates the coupling between contacts and the barrier.

1.2.1.2 Spin current and torque The spin current is calculated as

Jσ(E) =
e~

2m∗i

[
(ψ∗↑ ψ∗↓)σ

(
dψ↑/dx

dψ↓/dx

)
− (ψ↑ ψ↓)σ

(
dψ∗↑/dx

dψ∗↓/dx

)]
(1.10)

The spin current is not conserved inside the ferromagnetic contacts because of the
presence of the internal exchange field. We therefore evaluate it at x = 0+ within
the spacer where it is conserved. As shown in fig 1.16, we calculate the spin current
that enters/exits the FM layers and extract the torque, ignoring the z component Jz
which has no contribution to the torque.
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When the spin current goes from region I to region III, it deposits angular mo-
mentum on the right ferromagnet that can switch from the AP to the P configuration.
In the meantime, the first region also experiences a torque symmetrically induced by
the transverse spin currents due to the removal of angular momentum (however being
a fixed layer it stays pinned). This torque is analogous to the one we use for P-to-AP
switching, when a negative voltage is applied and angular momentum is removed
from the free layer. We will work out below the expressions for the two torques,
which we will invoke later on to explain the asymmetry in the switching processes.
When electrons are injected from I to III, the torques imposed on regions I and III
work out to be

Region I:

τ I→IIIx,I (E) =
e~

2m∗
J0PR sin θ

τ I→IIIy,I (E) = −4e2~2

m∗2
=
[
∆Rl

]
<[∆Rr] sin θe−2Eb(d)

(1.11)

Region III:

τ I→IIIx,III (E) =
e~

2m∗
J0PL sin θ

τ I→IIIy,III (E) =
4e2~2

m∗2
=
[
∆Rl

]
<[∆Rr] sin θe−2Eb(d)

(1.12)

where = and < respectively denote the imaginary and real parts. Here ∆Rl,r =
(Rl,r↑ − R

l,r
↓ )/2 is the difference in reflection coefficient for spin up/down electrons

between the non-magnetic barrier and the FM contact. In this free-electron model,
the reflection coefficient is Rl,r↑,↓ = (iκ− kl,r↑,↓)/(iκ+ kl,r↑,↓) .

For electrons injected from region III to region I, the spin transfer torque can be
easily written out by making the changes ( l ↔ r, θ ↔ −θ ) in the above equations.
We will see the importance of these four torque expressions later in the chapter.

Region I:
τ III→Ix,I (E) = τ I→IIIx,III (E)(l↔ r, θ → −θ)
τ III→Iy,I (E) = τ I→IIIy,III (E)(l↔ r, θ → −θ)

(1.13)

Region III:
τ III→Ix,III (E) = τ I→IIIx,I (E)(l↔ r, θ → −θ)
τ III→Iy,III (E) = τ I→IIIx,I (E)(l↔ r, θ → −θ)

(1.14)

1.2.1.3 Bias-dependent STT Let us only consider the torque in region III (as-
sumed to be free layer). First examine the y component which corresponds to the
field like term ∝ ~Mfree × ~Mfixed when written in the coordinate independent form.
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The total torque can be evaluated by integrating over energy (assume zero tempera-
ture for simplicity)

τy(V ) =
∑
~k||

∫ ∞
Ec

(τ I→IIIy,III + τ III→Iy,III )dE

=
4e2~2

m∗2

∑
~k||

[∫ EfL

Ec

sin θe−2E(d)=[∆Rr]<[∆Rl]dE

+

∫ EfR

Ec

sin θe−2E(d)=[∆Rl]<[∆Rr]dE

]
(1.15)

with Ec being the bottom of the conduction band. Notice that τy(V ) is an even
function of V , τy(V ) = τy(−V ), if the two ferromagnetic contacts are made from
the same material. Taylor expanding τy(V ) as a function of bias, we get

τy(V ) ≈ τy(0) +
1

2

∂2τy
∂V 2

V 2 + o(V 4) + . . . (1.16)

At low voltage the y component varies quadratically with V and is non-zero even at
zero bias, representing the exchange coupling between the two FMs [22]. In other
words, the magnets want to orient in parallel/antiparallel (depending on the sign of
τy , i.e., whether the exchange parameter is ferro or antiferromagnetic), regardless of
the sign of the applied bias.

τy(0) =
4e2~2

m∗2

∑
~k||

∫ Ef

Ec

sin θe−2E(d)=[∆Rl∆Rr]dE

≈ ~2κ2e2

2π2m∗2d2
sin θe−2κd=[∆Rl∆Rr]

(1.17)

In contrast, when evaluating the x component τx(V ) (the current driven Slonczewski
torque ∝ ~Mfree × ( ~Mfree × ~Mfixed) ), we get τ I→IIIx,III = −τ III→Ix,III . The total torque
can be evaluated as

τx(V ) =
∑
~k||

∫ ∞
Ec

(τ I→IIIx,III + τ III→Ix,III )dE

=
∑
~k||

∫ Ef+eV/2

Ef−eV/2
τ I→IIIx,III (E)dE

∝ J0(Ef )PL(Ef ) sin θV at low bias

(1.18)

The above equation shows that the current driven torque has a linear variation with V
at low bias. In other words, the free magnet gains majority current in one direction
and loses it in the opposite bias direction, making the torque antisymmetric. At
large bias τx deviates from linearity and becomes asymmetric between positive and
negative bias, the origin of which we will discuss now.
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1.2.1.4 Symmetry in P-to-AP/AP-to-P switching In experiments one observes
different switching currents for P-to-AP vs AP-to-P. This difference is often at-
tributed to two different processes involved, with the former arising from majority
electrons added to the fixed layer, while the latter arising from minority carriers in-
jected from the free layer and reflected back at the fixed layer/spacer interface to
induce P-to-AP switching. This picture is unnecessarily confusing. It would indicate
that a fully polarized free layer will have no minority carriers to inject and should not
switch P-to-AP (in reality, it switches easier). It would also suggest that increasing
the barrier thickness would quickly eliminate the P-to-AP process as the minority
carriers must travel through two lengths of the oxide giving twice the tunneling in-
duced decay constant e−4Eb . In reality, the P-to-AP switching is driven not so much
by the addition of reflected minority carrier angular momentum, but instead by the
removal of majority carrier angular momentum. The two processes are operationally
’symmetric’ in a sense that in both cases it is the majority carriers (their addition or
removal) that determine the free layer switching. In section 1.4 through real-time
magnetization dynamics simulation we will show that once the density of minority
spin approaches the majority spin density the switching starts to happen, both for
AP-to-P and P-to-AP switching. We will then demonstrate that for a half-metallic
contact the P-to-AP switching process is not inhibited by the lack of minority carri-
ers, but instead becomes equally efficient.

The observed asymmetry in switching current arises not from the simple differ-
ence in majority and minority carrier density of states, but from their energy de-
pendent polarization [21, 24, 25, 26]. To simplify the discussion we assume zero
temperature and just look at the electrons injected around the fermi energy (see fig
1.3). The key point is that the torques for the two opposite cases are exerted by spins
added to or removed from the fixed layer, involving filled states vs empty states in the
two cases that sit at different energies (below vs above the fixed layer Fermi energy).
Specifically, when a MTJ switches from AP to P, the polarized electrons are moved
from the filled states in the fixed layer lying in the bias window between EF and
EF − eV . From equations 1.11-1.12 we know the torque on the free layer is propor-
tional to the polarization of the fixed layer, which is higher for these low energy states
of the fixed layer. For P to AP switching, majority spins are removed from the free
layer into the fixed layer empty states sitting between EF and EF + eV at a lower
polarization. Since the effective torque on the free layer is proportional to the polar-
ization of the fixed layer, we obtain an asymmetric torque (|τx(V )| 6= |τx(−V )|).

In the half-metallic limit (see fig 1.2 when EF = EF2) electrons are 100% po-
larized around the fermi energy with kl↓ = ipl, kr↓ = ipr. The previous result for
torque τx on both Region I and Region III can be simplified and found to be the same
(see eq 1.19). The equality is understood by the fact that the polarization is constant
so that τx is symmetric between positive and negative bias from previous discussion.

τ I→IIIx,I = τ I→IIIx,III =
4e2~2

m∗2
κLκRk

l
↑k
r
↑

(κ2L + kl↑
2
)(κ2R + kr↑

2)
sin θe−2Eb(d) (1.19)
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Figure 1.3 Asymmetric torques on the free layer during AP-to-P and P-to-AP switching.
Top: AP-to-P switching. Electrons from the fixed layer deposit angular momentum on the
free layer. τx is related to the polarization of the fixed layer from EF − eV to EF . Bottom:
P-to-AP switching: Electrons are taken away from the free layer with its angular momentum.
The corresponding torque is related to the polarization of the fixed layer from energy EF to
EF + eV . The polarization of the fixed layer is determined by its density of states and is
energy depedent when EF is not in the gap of minority band.

Note that the y component (perpendicular torque) τy(V ) = b(V ) ~Mfree × ~Mfixed,
where b(V ) ≈ B0 +B1V

2 is the bias dependency, also contributes to the asymmetry
in AP-to-P/P-to-AP switching in an in-plane MTJ. A positive value of b(V ) prefers
the parallel configuration in the MTJ while a negative value prefers the anti-parallel
configuration for in-plane free layers, as we see in our micro-magnetic simulations
(Fig. 1.4). The switching behavior can be easily understood from the approximate
analytical solution to the micro-magnetic model (see section 1.4 for the definition of
the parameters), where the critical switching current is modified by the perpendicular
torque,

Ic − αB1 =
1

η

2e

~
αµ0ΩHKMS(1 +

MS

2HK
+

H

HK
) (1.20)

where H is the effective field due to perpendicular torque at zero voltage, H =
(HK~ηB0)/(4qΩK), and B1 is the additional perpendicular torque due to voltage
applied. The field like torque at zero voltage increases the thermal stability of the AP
configuration and decreases the stability at the P configuration [23].

∆AP =
HKMSΩ

2KBT

(
1 +

H

HK

)2
∆P =

HKMSΩ

2KBT

(
1− H

HK

)2 (1.21)
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Figure 1.4 Simulation for AP to P switching in an in-plane magnetic layer. Magnetic
properties of CoFeB, HK of 500Oe, MS of 1050 emu/cc and α of 0.02 are used. Positive
perpendicular torque helps AP to P switching while a negative perpendicular torque delays the
switching.

Figure 1.5 Simulation for AP to P switching in a perpendicular magnetic layer. Magnetic
properties of CoPd, HK of 20,000Oe, MS of 450 emu/cc and α of 0.1 are used. The
perpendicular torque do not effect the switching delay.
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In a perpendicular free layer, the field like torque only affects the precession of the
magnetization and does not affect the switching speed (see Fig. 1.5).

1.3 ‘First principles’ evaluation of TMR and STT

The simple barrier model described in Section 1.2 captures the salient aspects of
spin dependent transport. As we can see from Eq. (1.9) the TMR ratio increases as
the polarization of the contact increases. However, the free-electron approximation
is not always appropriate for real materials with complicated band structures. It is
well known, for instance, that large TMR ratios can be achieved in epitaxially-grown
crystalline Fe/MgO [27] and CoFeB/MgO [28] MTJs, reaching up to 604% at room
temperature and 1144% at 5 K [29, 30] for CoFeB. These large TMR values are
attributed to the phase coherent, transverse momentum conserving, transport arising
from the energy, orbital and spin dependence of the tunneling matrices. Extensive re-
views on the transport properties of crystalline MTJs can be found in Refs. [31] and
[32]. In this section we will present a practical scheme for evaluating both the TMR
and the STT of crystalline MgO-based MTJs from first principles. We will employ
the NEGF approach [33] combined with DFT for the electronic structure descrip-
tion. Our results are obtained with the SMEAGOL code [34, 35], which constitutes a
computationally-efficient (order-N ) implementation of the NEGF+DFT method.

The ballistic current through the junction is calculated by using the two-spin-fluid
approximation[36], where the spin-currents for majority (↑) and minority (↓) spins
do not mix. In other words, we ignore spin-flip scattering. We assume periodic
boundary conditions in the plane perpendicular to the transport and invoke Bloch’s
theorem in plane. The total spin-dependent transmission coefficient, Tσ(E;V ), for
electrons at energy E is calculated self-consistently at an applied bias across the
junction, V , and integrated to give the net spin current

Iσ(V ) =
e

h

∫
dETσ(E;V )[fL − fR] , (1.22)

where σ = {↑, ↓} is the spin index and fL,R are the bias separated Fermi functions of
the left and right electrodes, evaluated at (E − EF,L/R)/kBT (kB is the Boltzmann
constant and T the temperature). The Fermi energy of the left electrode is given by
EF,L = EF + eV/2, and the one of the right electrode by EF,R = EF − eV/2,
maintaining a zero average potential across the insulator (we can choose a differ-
ent voltage convention as long as we consistently include the average drop in the
insulator). Here EF is the Fermi energy of the semi-infinite electrodes at V = 0.
Translational invariance in the transverse direction allows us to write

Tσ(E;V ) =
1

Ωk

∫
dk⊥Tσ(E,k⊥;V ) , (1.23)

where the integral runs over the two-dimensional Brillouin zone (BZ) perpendicu-
lar to the transport direction with total area Ωk. The NEGF formalism yields the
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transmission coefficient for each transverse mode k⊥ as

Tσ(E,k⊥;V ) = Tr
[
ΓL,σ(E,k⊥)G†(E,k⊥)ΓR,σ(E,k⊥)G(E,k⊥)

]
. (1.24)

Omitting the spin and wave-vector arguments for simplicity, the retarded Green’s
function G(E) and the electrode-coupling matrices ΓL,R(E) are defined as

G(E) =
(
ES −H − ΣL(E)− ΣR(E)

)−1
,

ΓL,R(E) = i
(

ΣL,R(E)− Σ†L,R(E)
)
,

(1.25)

where H is the Kohn-Sham Hamiltonian matrix, S is the overlap matrix, and ΣL,R
are self-energy matrices, which account for the presence of the two semi-infinite
crystaline electrodes (leads) [33]. Tunnel junctions typically require large k⊥ sam-
plings in order to converge Tσ(E;V ). A 100 × 100 k⊥-point mesh is used for the
Fe/MgO/Fe junctions discussed in the following section.

1.3.1 The TMR effect in the MgO barrier

1.3.1.1 Symmetry filtering in Fe/MgO/Fe Calculations of the linear response cur-
rent predict very large TMR for MgO based junctions [18, 37, 38, 39, 40, 41]. The
TMR is found to be governed not only by the spin-polarization of the electrode DOS,
but also by the details of wave function matching across the barrier. This is analyzed
in detail in Ref. [18, 42], where it is shown that the decay of a wave function across
the barrier depends mainly on two factors: 1) the specific k⊥-point in the 2D BZ
perpendicular to the transport direction (assumed along z), and 2) the symmetry of
the wave function. The bands in Fig. 1.6 summarize the underlying physics. In
MgO, states with ∆1 symmetry at the Γ-point transform like a linear combination of
functions with 1, z and 3z2−r2 symmetry [18] and have no momentum components
in the x − y plane. These states share the symmetry of the conduction and valence
band edges and thus their complex bands must bend around to connect them, making
the corresponding decay constant particularly small when the Fermi energy lies at
midgap. Furthermore, the lack of angular momentum components in the x− y plane
maximizes their longitudinal energy and thus their decay lengths. In contrast, other
midgap states such as ∆5 created out of zx and zy symmetry, or ∆2 created out of
x2−y2 and xy states have much lower longitudinal energies for a given total energy,
and do not share the symmetry of the conduction bands. Their complex bands do not
need to bend around to connect with the two band edges, making them much less
dispersive. We therefore have a strong symmetry filtering, where ∆1 states decay
slowly across MgO but those with ∆5, ∆2 and higher in plane angular momentum
components decay much faster.

In order to convert symmetry filtering into spin filtering, we need to align the
MgO evanescent Fermi energy states with the propagating states in the contacts. For
Fe, Co or CoFe electrodes, the hybridization between s-like and 3z2 − r2 states
creates a band repulsion and opens a gap. Under these conditions, a metal like Fe
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Figure 1.6 (Top) The band origin of spin symmetry filtering. (a) LDA-based band structure
and (b) complex band of bulk MgO. The ∆1 complex evanescent band inside the bandgap
of MgO turns around to connect the conduction and the valence band edges with which it
shares an overall orbital symmetry. In contrast the ∆5 and ∆′2 bands have significant angular
momentum components perpendicular to the transport axis, so they do not share the band edge
symmetry and, as a result, they are non dispersive and strongly decaying. Plotted alongside,
(c) Fe enjoys a selective ∆1 majority spin band crossing the Fermi energy but (d) not one for
the minority spin, converting the MgO symmetry filter into an Fe/MgO spin filter. (Bottom)
From bulk to heterojunction (color online): unit cell used for the Fe/MgO/Fe(100) junction
with 4 MgO MLs. Periodic boundary conditions are applied perpendicular to the stacking
direction.

develops a propagating Γ-point ∆1 band at the Fermi energy only for its majority
(↑) spins but not for the minority (Fig. 1.6), leading to a spin selective injection at
the Fermi energy. The conjunction of energy placement, spin structure and orbital
symmetry implies that Fe electrodes separated by a MgO barrier filter minority spins
and effectively behave as half-metals. The corresponding TMR is expected to be
very large [18, 37].

MgO is an insulator with NaCl lattice structure, an experimental equilibrium lat-
tice constant of 4.21 Å [43, 44, 45] and a band gap of 7.8 eV [43, 45]. After DFT
geometry optimization at the local density approximation (LDA) level, we obtain a
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lattice parameter of 4.19 Å, which matches well the experimental value and also pre-
vious ab initio calculations [46]. The generalised gradient approximation (GGA), in
contrast, yields 4.29 Å, i.e. it slightly underbids. In Fig. 1.6 the LDA band structure
is shown for the equilibrium lattice constant. We note that the band gap at the Γ point
is only 4.64 eV, which is about 3.2 eV smaller than experiments. This discrepancy
is caused by the self-interaction error in the LDA exchange correlation potential,
but does not change the qualitative features of the problem. Iron is a ferromagnetic
metal and crystallizes in the bcc structure, with a room temperature lattice constant
of 2.8665 Å [47, 48]. The agreement of the LDA band structure and DOS with the
experimental ones is rather good [47, 49].

For bulk bcc Fe we obtain a relaxed lattice constant of 2.79 Å for LDA, and 2.88
Å for GGA, which agrees well with other calculations [50]. The LDA band structure
along the Γ-H direction is shown in Fig. 1.7a. This is also in good agreement with
other LDA calculations [51] and with experiments [49]. All calculations presented
in this section are performed at the LDA level, with the GGA results being rather
similar. Minor differences are caused by differences around the Fermi level in the
actual band structures obtained with LDA or GGA.

1.3.1.2 Interfacial configuration in Fe/MgO/Fe MTJ Although experimentally
the Fe/MgO interface structure depends on the order in which the layers are grown,
in all our calculations we use a completely symmetric Fe/MgO/Fe junction. Ac-
cordingly, we assume that the Fe electrodes are fixed to their bulk lattice parameters
(2.866 Å), while the in-plane MgO lattice adapts perfectly to Fe (lateral periodicity
is enforced), making its lattice constant

√
2× 2.866 ≈ 4.05 Å[55].

In Fig.1.6 we show the unit cell of a Fe/MgO/Fe(100) junction with a MgO bar-
rier 4 monolayer (ML) thick. Periodic boundary conditions are applied in the plane
perpendicular to the stacking direction. In all our transport calculations, based on the
NEGF technique as implemented in the SMEAGOL code, we use 8 Fe layers on each
side of the MgO in order to converge to bulk. We construct MgO barriers with an ar-
bitrary number of MLs by using 2.196 Å as the spacing between the MLs. Except for
the first interface layer, it is assumed that the Mg and O atoms always have the same
z coordinates [39]. A 7×7 k⊥-points mesh is used during the self-consistent cycle
to converge the charge density, while a 100×100 k⊥-point mesh is used over the full
BZ for evaluating the transmission coefficient in a single post-processing step. This
finer mesh is necessary in order to resolve sharp resonances in the transmission. We
use a real space mesh cutoff of 600 Ry and an electronic temperature of 300 K.

1.3.1.3 Transmission in Fe/MgO/Fe MTJ Let us first analyze the zero-bias en-
ergy dependent transmission. Fig. 1.7 shows T (E;V = 0) for the P and AP config-
urations [panels (b,c)], together with the electronic structure of the Fe leads. In panel
(a) we plot the Fe band structure for kx = ky = 0, while the last three panels show,
respectively, the average number of channels, nc, the bulk DOS, N , and the DOS at
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Figure 1.7 (a) Bulk Fe band-structure along the Γ → H direction (the bands with ∆1-
symmetry are thickened), (b) Tσ in the P configuration, (c) Tσ in the AP configuration, (d)
average number of open channels per k⊥-point for bulk Fe, nc, (e) bulk Fe DOS and (f)
interface Fe-layer DOS, all for both majority and minority spin (σ =↑, ↓). Note that the
∆1 band-edges coincide approximately with a rather sharp increase in both transmission
coefficients T↑,↓. Figure reprinted from ref[55] with permission from the authors.

the Fe interface layer for both majority and minority spins. By definition,

N =
1

πΩBZ

∫
dk⊥

N
(open)
k⊥∑
i

1

vk⊥,i
and nc = N v =

1

π

∫
dk⊥N

(open)
k⊥

, (1.26)

where the integral runs over the 2D BZ perpendicular to the transport direction,
N

(open)
k⊥

is the number of open channels for a given k⊥ and vk⊥,i is the group veloc-
ity for channel i.

For the MTJ P configuration, and for energies in the range of about±1 eV around
EF, the transmission for ↑ spins is much larger than that for the ↓ spins (note the
logarithmic scale). Very close to EF, however, there is a sharp peak in the minority
transmission (T↓), which is due to an interface (IS) state found close to EF. Below
about -1 eV, T↑ drops out as well as this is the energy of the band-edge of the majority
∆1 state, ∆↑1, at the Γ point (see Fig. 1.7a). At this energy we also find a IS in the
↑ spins, which causes the peak in the transmission. The sharp increase in T↓ at
about 1 eV to 1.5 eV is due to the fact that at 1.5 eV there is the band-edge of the
minority ∆1 states, ∆↓1, at the Γ point. For other energies inside the MgO band
gap the transmission varies, following also the change in the number of channels.
An increase in nc usually is translated in an increased transmission. For energies
outside of the MgO band gap the transmission is roughly proportional to the number
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Figure 1.8 (color online) k⊥-resolved transmission coefficient at EF for the ↑ and ↓ spins
in the P configuration, and for the ↑ spins for the AP, for different MgO thicknesses. In
each figure a different logarithmic color scale is used, where the red color corresponds to the
maximum transmission of each figure, Tmax, and the blue color corresponds to 10−10 Tmax.

of channels, with the scattering across the MgO bands leading to some variations.
As a first approximation, the transmission in the anti-parallel (AP) configuration can
be seen as a convolution of the majority and minority transmission in the parallel
one [52, 53]. Around EF it is much lower than the one for the P configuration. The
resulting 0-bias TMR is very large, namely 1780%.

In Fig. 1.8 we show the k⊥-dependent transmission coefficient at EF, for ↑ (first
row) and ↓ (second row) spins in the P configuration, and ↑ spins in the AP, evaluated
for 4, 16 and 24 MgO MLs. The color code is chosen in such a way that for each
graph the red color corresponds to the relative maximum transmission. Therefore the
red spots indicate in which parts of the BZ the transmission is large. The blue color
is chosen to be 10−10 times smaller than such maximum value. Hence, the main
contributions to the transmission originate only from k⊥-points close to Γ. The Γ
point filtering effect is enhanced when the thickness of the MgO layer is increased.

1.3.1.4 Bias dependent transmission The extension of the calculations to finite
bias is critical for extracting both the bias dependence of the TMR, as well as the
spin current needed to calculate the STT. Thankfully the self-consistent electrostatic
potential is trivial across the junction. The total potential is flat in the metals because
of the near complete screening, and it is dominated by the linear Laplace potential
across the MgO because of poor screening. Fig. 1.9(a) shows ∆VH, namely the dif-
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Figure 1.9 (a) Planar average ∆VH of the difference between the self-consistent Hartree
potential at 0.5 V and the one atV = 0 (full line). The dashed line indicates ∆VH applied in the
rigid shift approximation. Diamonds and dots indicate the location of the Fe and MgO layers,
respectively. (b) Comparison of the I-V curves for the P and AP configurations obtained with
the self-consistent solution (solid lines) and with the rigid shift approximation (dashed lines).

ference between the planar average of the self-consistent Hartree potential at finite
bias (0.5 V) and that at V = 0 along the junction stack (z-axis). ∆VH decays almost
linearly across MgO and it is flat in the electrodes. The dashed line indicates the
ideal linear potential drop, which we refer to as the rigid shift approximation (RSA).
In the RSA the finite bias transmission coefficient is calculated self-consistently only
at V = 0, and then modified under finite bias by applying a rigid shift to the elec-
trode DOS and the electrochemical potentials, bridged by a linear ramp inside the
MgO [40]. In order to isolate the effect of charging the junction on the transport we
compare the I-V curve obtained fully self-consistently against the one obtained with
the RSA, Fig. 1.9(b). We find that indeed the I-V is minimally affected by charging,
making the rigid shift approximation reasonable for Fe/MgO junctions. It is clear
from the currents in the P and AP configurations that the resulting TMR is expected
to be high at low biases and then to decrease with bias.

The calculated TMR ratio as a function of V is presented in Fig. 1.10(a), where
one can notice a clear non-monotonic behaviour. Firstly, there is a very sharp de-
crease of the TMR for a narrow voltage region around V = 0, followed by an
increase. For large voltages the TMR decays monotonically, leading to a peak at
about V = 0.3 V. The dependence of the TMR on the bias is determined by the
I-V characteristics of the P and AP configurations of the MTJ, which in turn can be
understood by looking at the evolution of the various transmission coefficients as a
function of bias. These quantities are presented in Fig. 1.11 and help us in driving
the discussion.

Three main features characterise the evolution of T (E;V ) with V . These can
be identified from the plot of T (E;V = 0) for the P configuration as: 1) a sharp
increase in transmission at around -1 eV for the ↑ spins, which is mainly determined
by the electronic structure of Fe alone and in fact corresponds to the ↑ spins ∆1 band
edge (peak 1); 2) a similar, although smoother increase in transmission at above
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Figure 1.10 (a) TMR as a function of voltage, V . Here δ is an imaginary energy added to
the Green’s function, which mimics the effects of scattering due to disorder. The black curve
is for δ = 0, the red for δ = 10−4 Ry, and the green for δ = 10−3 Ry. In the inset the TMR is
shown in the low-bias region for δ = 0.. T (E;V = 0) for different values of δ for the P (b)
and the AP (c) configuration. Figure reprinted from ref [55] with permission from the authors.

+1 eV for the ↓ spins (peak 2), which corresponds to the ↓ spins ∆1 band edge; 3)
a sharp resonance at EF for the ↓ spins (peak 3), which is attributed to the presence
of a transport resonance across ↓ spins surface states localised at the two interfaces
between Fe and MgO.

As a voltage is applied to the junction the minority resonance at EF for the P con-
figuration splits into two much smaller peaks and the transmission drops drastically.
This is because the surface state at the two sides of the junction drift in energy in
opposite directions and the resonant condition is lost. Such resonant condition is not
present for the AP configuration, since minority spins at one electrode tunnel into
the majority ones at the opposite electrode and viceversa. It is such drastic reduction
of the transmission in the minority channel of the P configuration that yields to the
reduction in TMR at low bias. Note that such reduction occurs on a voltage scale of
the order of 20 mV, which is comparable with the natural width of the surface states.

As the bias continues to increase the transmission for the P configuration becomes
entirely dominated by the ↑ spin channel, for which T (E;V ) is constant in energy
over the bias window. This produces a linear I-V curve, which saturates as soon
as the ∆1 majority band edge enters the bias window. In contrast the transmission
for the AP configuration remains small in the bias window up to relatively large
voltages. Then, for one of the two spin channels (in the AP case the spin channels
are defined with respect to one of the two electrodes) the majority spin ∆1 band
edge of one of the two electrodes starts to overlap in energy with the minority ∆1

band edge of the other electrode, causing a drastic enhancement of the transmission
coefficient and thus of the current. This is the point where the currents for the P and
AP configurations start to be similar and consequently the TMR ratio decays.
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Figure 1.11 Spin-dependent transmission coefficient, T (E;V ), as a function of energy, E,
and for different biases, V , for the P (left-hand side panels) and for the AP configuration (right
hand side panels). The vertical lines are placed at E = EF ± eV/2 and enclose the bias
window. Figure reprinted from ref [55] with permission from the authors.

In the analysis presented so far we have considered phase-coherent transport
across a perfectly crystalline junction, a situation that typically does not correspond
to an actual experiment [54]. Unstructured disorder can be introduced in the calcula-
tion of the transmission coefficients by simply adding a small imaginary component
δ to the energy when evaluating the Green’s function. The effect of such imaginary
energy is that of broadening the resonances in the transmission, i.e. in reducing the
life-time of the various surface states. This has the effect of smoothing the transmis-
sion function as it can be appreciated in Fig. 1.10. The consequence on the TMR
of such broadening depends on the details of the junction. In the case investigated
here the low-bias non-monotonic dependence of the TMR ratio is washed away and
at δ = 10−3 Ry the TMR decreases monotonically across the entire bias range. No-
tably the low-bias TMR is significantly larger for large δ, while it is not sensitive to
the broadening for large voltages, since in this case the I-V curve is dominated by
the relative position of the ∆1 band edges and not by surface states. A monotonic
decay of the TMR bias is what commonly observed in experiments for high-quality
junctions [27].

The calculations presented here predict a TMR significantly higher than the one
typically measured experimentally, which rarely exceeds a few hundred percent [27,
28]. This is consistent with other calculations [18, 38, 40, 39]. It has been shown,
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Figure 1.12 (color online) Isosurface of the local DOS of the VO defect band (purple color);
red spheres represent O atoms, and green spheres represent Mg atoms.

however, that oxidation of the interface Fe layers can lead to a drastic reduction of the
TMR, which can even become negative for asymmetric oxidation of the electrodes
[56, 40, 41, 57]. In Ref. [27] it is noted that lattice dislocations are found at the
Fe/MgO interface. These also can lead to a reduction of the TMR. Another possible
mechanism leading to a reduction of the TMR is the presence of defects in the MgO,
and at the Fe/MgO interface. Calculations for a Fe/vacuum/Fe junction indicate that
disorder at the interface can drastically reduce the TMR [58], in agreement with the
results of Ref. [57] for a disordered and randomly oxidized Fe/MgO/Fe junction.
Experimental results indicate that the density of defects in MgO depends on the
growth conditions [59, 60, 61]. Such a large defect density is found to lead to an
effectively reduced MgO band gap [60, 61]. In Ref. [60] it is shown that by annealing
the sample the band gap opens to the bulk MgO value, indicating that the density of
defects is reduced. Measurements of isolated defects indicate a defect level close to
the valence band, which is tentatively attributed to Mg vacancies (VMg), and a set of
levels between theEF and the conduction band, attributed to oxygen vacancies (VO).
The authors note, however, that this correspondence is not completely established at
this stage. In Ref. [61] a detailed study of the possible defects in MgO, grown
on an Ag substrate have been presented. They find different possible defects, with
energies spread over large part of the MgO band gap. One of the defects identified
is VO, whose energy lies approximately in the middle of the MgO band gap. This
agrees well with other theoretical predictions [62, 63, 64]. Ab initio calculations with
Fe/MgO/Fe junctions in Refs. [65, 66] show that for VO LDA predicts a defect band
centered about 1 eV below the Fe Fermi energy. In Ref. [67] experimental evidence
is shown on the decrease of the TMR with VO, supported by a theoretical model.

1.3.1.5 Interfacial defects: Oxygen vacancy In order to investigate the bias de-
pendent influence of defects on the transport, we perform calculations with a VO

inserted within MgO (Fig. 1.12). We find that such a defect has an s-type symme-
try (consequently contributes to ∆1 symmetry bands) and lies very close to the Fe
Fermi energy, in good agreement with the results of previous calculations [65, 66].
It is thus indicative of all defects that lead to a small additional DOS in the vicinity
of EF. The exact theoretical description of defects in MgO is a complex task; for
instance, it should include a relaxation of the lattice for all defects. Moreover, not all
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Figure 1.13 Role of oxygen vacancy on tunnel magnetoresistance. The figure shows the
spin-polarized current, I , for the P (top row of figures) and the AP alignment (middle row of
figures) of the Fe electrodes, as well as the resulting TMR (bottom row of figures). In the plots
for the current the red curves correspond to the ↑ current, the green curves the ↓ current, and
the black curves to the total current. The results are for 8 MLs of MgO with no VO (leftmost
panels), with a VO in the forth layer from the interface (middle panels), and with a VO in the
second layer from the interface (rightmost panels).

defects can be described accurately with DFT. However, previous calculations show
that DFT can accurately predict the properties of VO’s [62, 63, 64].

In order to keep the size of the calculations tractable, we use a rather high VO

density. We construct a 2 × 2 supercell in the plane perpendicular to the transport
direction. The VO is then obtained by removing one O atom in one of the MgO MLs.
The planar VO density is therefore 1/4, the total defect density for a 4 MLs junction
is 1/16, for a 8 MLs it is 1/32. In all the calculations in this section we do not relax
the structure around the defect, and for the Fe/MgO junction we use the unrelaxed
coordinates (Ref. [18]). We note that in our calculations the VO is in a charge neutral
state, whereas experimentally the vacancy can exist in different charging states. The
presence of a VO leads to a defect band lying approximately in the middle of the gap
(not shown here). Importantly, this defect level is not spin-split. The band shows a
rather large dispersion, which is due to the high in-plane defect density.

The bias dependence of the TMR is calculated for a defect-free and for two defec-
tive 8 ML junctions: one where the VO is located in the second ML, and one where
it is located in the forth ML from the Fe/MgO interface (Fig. 1.13). We find that the
main effect of the vacancies is to enhance the AP current. The closer the vacancy
is to the Fe/MgO interface, the stronger is the enhancement. In contrast, a VO does
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Figure 1.14 (color online) k⊥-dependent transmission for P↑ (first column), P↓ (second
column), AP↑ (third column), and AP↓ (fourth column), at an energy E − EF = −0.2 eV.
The first row of figures is for an ideal 8 MgO MLs junction, the second row is for a junction
with a VO in the second MgO layer from the interface.

not lead to a significant change of the P current, although there are some quantita-
tive differences with respect to the defect-free case. Overall we see that the TMR
is drastically reduced in the junctions containing the VO’s, and basically vanishes if
the vacancy is at or closer to the interface than the second ML.

Clues for the enhanced AP transmission in the defective junctions can be found
in the k⊥-dependent transmission presented in Fig. 1.14 for the ideal junction, and
for the 8 ML junction with the VO in the second ML. The plot shows T (k⊥) at an
energy of -0.2 eV belowEF. This is lower than the lowest energy of the surface state,
and lies in the region of high transmission for the AP configuration in the defective
junctions. For the ideal junction the transmission is highest for the P ↑ states, since
in that case there is a large density of the high-transmission ∆1-like states on both
sides of the junction. For the P ↓ the contribution of the ∆1 like states on both sides
of the junction is rather small, and the transmission is correspondingly reduced. In
the AP configuration the transmission is identical for ↑ and ↓, as the perfect junction
is completely symmetric. Since on one side there is a high density of ∆1 states,
whereas on the other side the density is low, the transmission is much smaller than
for P ↑, but somewhat larger than for P ↓.

For the junction with the VO in the second ML, the situation is very different.
Since the vacancy is not spin-polarized, the electrons flowing through the vacancy
states at this energy have approximately the same density of ∆1 states for both ↑ and
↓. On the left side of the junction to which the VO is very close, there is a large
∆1 DOS for both ↑ and ↓. On the right side and for P configuration, the ↑ has a
much larger contribution from the ∆1 states than the ↓, so that the P ↑ transmission
is similar to the one of the ideal junction, whereas the P ↓ transmission is similar to
the one of the ideal junction for AP alignment. For AP alignment of the defective
junction the situation is reversed, and the larger transmission comes from the ↓, and
is similar in size to the P ↑ transmission. The AP ↑ transmission on the other hand is
similar in size to the AP transmission for the ideal junction. We therefore conclude
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that the enhancement in transmission in the AP configuration in a defective junction
is caused by the depolarization of the ∆1 states at the vacancy site. If this sits very
close to the Fe/MgO interface, it effectively leads to a depolarization at the interface.
If the vacancy lies in the middle of the junction, the effect is less pronounced, since
the states need to tunnel to the vacancy site from both interfaces, where the ∆1 DOS
is small. However the TMR is reduced in this case as well. Our ab initio result agrees
qualitatively with the conclusions of Ref. [67].

1.3.2 Currents and torques in NEGF

After the extensive discussion on the TMR characterizing the read operation, let
us now move on to the spin torque relevant for the write operation. As outlined
in Sec. 1.2, the torque acting on a magnetic layer can be obtained by evaluating the
difference in spin currents on the left and right of this layer. We formulate the general
NEGF based formalism for evaluating such spin-currents in non-collinear systems
from first principles. The NEGF Hamiltonian is obtained either from DFT or else
from an empirical tight-binding (TB) model, projected over a localized orbitals basis
set. The so obtained single particle Hamiltonian, H , and the density matrix, ρ, can
be written as a sum of a spin-dependent part and spin-independent part

H = H0 · I + ~HS · ~σ
ρ = ρ0 · I + ~ρS · ~σ

(1.27)

where ~σ = (σx, σy, σz), with σx, σy, σz the three Pauli matrices, and I is the 2×2
unity matrix. H0 is the spin-independent part of H , while ~HS = (Hx, Hy, Hz) rep-
resents the spin-components of H corresponding to the exchange field. In the same
way ρ0 is split into its spin-independent part ρ0 and its spin-vector ~ρS = (ρx, ρy, ρz).
Note that Hα and ρα, with α ∈ {0, x, y, z}, are No × No matrices, with No being
the number of orbitals in the simulation cell.

UsingG, ΓL,R and fL,R introduced in section 1.3, we can define the lesser Green’s
function, G<(E), as

G<(E) =iGΓLG
†fL + iGΓRG

†fR. (1.28)

Analogous to H and ρ we can split G<(E) into its spin components

G<(E) = G<0 (E) · I + ~G<S (E) · ~σ, (1.29)

with ~G<S (E) =
(
G<x (E), G<y (E), G<z (E)

)
. The density matrix is then related to

G<(E) by

ρ =
1

2πi

∫ ∞
−∞

G<(E)dE. (1.30)

In Sec. 1.3 we introduced T (E) as the total energy dependent transmission
from left to right electrode. We can in addition evaluate the charge and spin cur-
rent resolved between any two orbitals i and j in the system. This is denoted as
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the bond current Jij[68], and can be separated in its spin components Jij(E) =

Je,ij(E) · I + ~JS,ij(E) · ~σ, with ~JS,ij(E) = (Jx,ij(E), Jy,ij(E), Jz,ij(E)), and the
energy dependent electron current Je,ij(E). Within the NEGF formalism, and for
systems with general overlap matrix S (of dimension No ×No), the spin-dependent
bond current is given by

Je,ij(E) =
4e

h
<
[
(H0,ij − ESij)G<0,ji(E) +Hx,ijG

<
x,ji(E)

+Hy,ijG
<
y,ji(E) +Hz,ijG

<
z,ji(E)

]
Jα,ij(E) =

4e

h
<
[
Hα,ijG

<
0,ji(E) + (H0,ij − ESij)G<α,ji(E)

]
,

(1.31)

with α ∈ {x, y, z}, and < denotes the real part. The total spin current is obtained by
integrating over all energies, and results to

Ie,ij = −4e

~
= [H0,ijρ0,ji − SijF0,ji +Hx,ijρx,ji +Hy,ijρy,ji +Hz,ijρz,ji]

Iα,ij = −4e

~
= [Hα,ijρ0,ji + (H0,ijρα,ji − SijFα,ji)] ,

(1.32)

with α ∈ {x, y, z}, and = denotes the imaginary part. Here we have introduced the
energy density matrix, F , which is given by[69]

F =
1

2πi

∫ ∞
−∞

EG<(E)dE (1.33)

In order to obtain the current from a subsystem, denoted as SS1, to another sub-
system, denoted as SS2, one needs to sum over all the possible orbital-to-orbital
currents

Iα,SS1,SS2
=
∑
i∈SS1

∑
j∈SS2

Iα,ij , (1.34)

with α ∈ {e, x, y, z}. In a layered system such as typical MTJs, we can evaluate
the current across different layers. We denote as Iα,n the current across a layer with
index n in our cell, so that SS1 includes all orbitals with centers on or to the left of
layer n, while SS2 includes all orbitals with centers to the righ of layer n. As dis-
cussed in Sec. 1.2 we can evaluate the total STT on any sub-system by evaluating the
difference of the incoming and outgoing spin current to/from the sub-system. This
is in line with the STT definition originally proposed for MTJs by Slonczewski [21],
based on the conservation of spin angular momentum and the free-electron Bardeen
theory for the tunneling current. The first NEGF-based formulation of Slonczewski’s
STT definition was proposed by Theodonis et al. [70]. More recently, other works
[71] focus on deriving approximate expressions for the STT involving only collinear
NEGF characteristics.



28 SPIN TRANSFER TORQUE: A MULTISCALE PICTURE

0 10 20 30 40
layer number, n

0

0.5

1

I α
,n

(1
010

A
m

-2
)

Total
α = x
α = y
α = z

Fe FeMgO

Figure 1.15 Layer-resolved spin current at 0.5 V for a Fe/MgO/Fe junction, with the layer
index denoted by n (n ∈ [1, 19] correspond to the Fe layers in the left electrode, n ∈ [20, 25]
are the MgO monolayers, and n ∈ [26, 41] correspond to the Fe layers in the right electrode).

1.3.3 First principles results on spin transfer torque

Ab-initio calculations of spin transfer torque habe been performed for various junctions[72,
73, 74]. We evaluate the STT for a the defect-free Fe/MgO/Fe tunnel junctions in-
troduced in Sec. 1.3.1. Here we use 6 MgO monolayers, so that the interface state
contribution to the current is suppressed. In Fig. 1.15 the layer resolved spin-current
is shown for the different layers in our simulation cell. We apply the bias voltage
non-selfconsistently within the RSA, since it gives a good approximation for the
current when compared to the fully self-consistent solution (see Fig. 1.9). The bias
voltage corresponds to 0.5 V, and the magnetic moment of the left electrode is along
the z direction, while the one for the right electrode is along the x direction. We
see that the current is fully polarized along z (x) deep in the left (right) electrode,
showing that the local spin-current is parallel to the magnetization in the electrode.
A torque is exerted at the layer index n where Iα,n changes significantly. We see
that the torque is localized mainly at the Fe/MgO interfaces. For example, Iz,n drops
from its left-electrode bulk value to approximately 0 within the first 4 Fe layers of
the right electrode, which implies that the total torque along z (the in-plane torque
for the right electrode) acts within these first 4 Fe layers. The out-of plane torque is
determined by the y components of the spin-current, and acts also mostly close to
the MgO/Fe interfaces, although it protrudes deeper into the electrodes. Importantly,
we note that the total electron current is constant over the whole system.

In the remaining part of this subsection we consider the total torque acting on the
right electrode, which is simply given by the spin-currents along z (y) in the middle
of the MgO spacer for the in-plane (out-of-plane) torque, since the total spin-current
deep in the right electrode is fully polarized along the x direction (see Fig. 1.16).
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Fig. 1.17 shows the first principles torque. As discussed earlier, the low bias current
driven STT is linear in V while the field like STT is quadratic in V , with a small non
zero component even at equilibrium. This small V = 0 out-of-plane torque is due to
the exchange interaction between the left and right Fe electrodes across the MgO. At
high bias above ∼ 1.5 V the torque shows a highly non-monotonic behavior and can
also change sign. This is due to the fact that at these high voltages the current in the
anti-parallel configuration increases rapidly and eventually becomes larger than the
one for parallel alignment (see Fig. 1.13 for the 8 MgO monolayer junction).

MgO FM1  
(Fixed layer) 

FM2  
(Free layer) 

𝑱 𝒔,𝒊𝒏 𝑱 𝒔,𝒐𝒖𝒕 ≈ 𝑱 𝒛′ 

𝝉 = −𝝁𝑩∫ 𝒅𝑽𝜵 ⋅ 𝑱 𝒔 = 𝝁𝑩𝑨 𝑱 𝒔,𝒊𝒏 − 𝑱 𝒔,𝒐𝒖𝒕  

𝜏𝑥′ In − plane = 𝝁𝑩𝑨 𝑱 𝒙′,𝒊𝒏 − 𝑱 𝒙′,𝒐𝒖𝒕 ≈ 𝝁𝑩𝑨𝑱 𝒙′,𝒊𝒏 

𝜏𝑦′ Out − of − plane = 𝝁𝑩𝑨 𝑱 𝒚′,𝒊𝒏 − 𝑱 𝒚′,𝒐𝒖𝒕 ≈ 𝝁𝑩𝑨𝑱 𝒚′,𝒊𝒏 
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𝒁 

Figure 1.16 Schematic of the definition of the STT at the right-hand-side electrode through
spin-current fluxes.

In the literature the total electron density is often split into a ”condensate” or
”equilibrium part” (EP), and a ”non-equilibrium part” (NEP) [34]. Within NEGF the
EP is usually written as

ρEP =
1

2πi

∫ ∞
−∞

(−1)
(
G(E)−G†(E)

)
[ξfR + (1− ξ)fL] dE, (1.35)

and the NEP as

ρNEP =
1

2πi

∫ ∞
−∞

iG(E) [ξΓL − (1− ξ)ΓR]G†(E) (fL − fR) dE, (1.36)

with ξ ∈ [0, 1], so that ρ = ρEP + ρNEP. Such a partitioning is not physically moti-
vated and the choice of the terms ‘equilibrium’ and ‘nonequilibrium’ is somewhat of
a misnomer. The true ‘equilibrium part’ would correspond to fL = fR and the par-
titioning thereafter would not be arbitrary, provided the voltage division among the
contacts is consistent with the intermediate Laplace potential matching all boundary
conditions. The drive to make the EP and NEP division is primarily computational,
since the so-called EP part in Eq. 1.35 involves just the imaginary part of G, whose
poles are localized entirely in one half of the complex energy plane. The simple pole
structure makes the corresponding EP integral easy to evaluate on a contour, leaving
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Figure 1.17 Bias dependence of the ‘equilibrium’ and ‘non-equilibrium’ components
(defined in the text) of the in and out of plane components of STT for a Fe/MgO/Fe junction
with 6 MgO monolayers, with ξ defined in Eqs. (1.35) and (1.36).

just an energy window over which the residual NEP integral needs to be computed
brute force. Since ξ can be chosen arbitarily in the range from 0 to 1, the splitting
in EP and NEP is not unique. In the same way the energy density is split into EP
and NEP. The EP of the torque is then obtained by using ρEP and FEP in Eq. (1.32),
while the NEP torque is obtained by using ρNEP and FNEP, so that the total torque
is the sum of EP and NEP torques. The results are shown in Fig. 1.17 for ξ = 0 and
ξ = 1. While the in-plane torque is identical for any choice of ξ, it can be seen that
the individual out-of-plane components change completely depending on the choice
of ξ. Importantly, the total out-of-plane torque is independent of the choice of ξ,
indicating that the only meaningful quantity is the total torque, and it is not really
meaningful to split it into the arbitrary EP and NEP parts.

We conclude this subsection by presenting the dependence of the torque on the
electrode composition. Typically a mixture of Co and Fe is used as electrodes [75].
We consider 4 different systems here: 1) Fe-MgO-Fe is the system considered so
far, 2) Co-MgO-Co is the system where we replace the Fe atoms with Co atoms,
3) CoFe-MgO-FeCo is a system where we put alternating layers of Fe and Co, and
where a Fe atom is placed at the interface to MgO on both sides, 4) FeCo-MgO-CoFe
is the same as system 3), but where we put a Co atom at both interfaces to MgO. The
resulting torque data are shown in Fig. 1.18. The general trends are similar for
all junctions, but there are significant quantitative differences. For the Co-MgO-Co
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Figure 1.18 Comparison of in-plane and out-of-plane STT for different electrode
compositions.

junction we find the onset of the non-linear behavior for the in-plane torque already
at about 1 V. The early onset of nonlinearity arises from the fact that Co has one more
electron than Fe, so that the Fermi energy is effectively shifted to higher energies.
For the mixed systems we see that the metal layer adjacent to the MgO is of key
importance: CoFe-MgO-FeCo shows the highest low-bias torque, while FeCo-MgO-
CoFe shows the smallest one. For randomly mixed FeCo systems we expect that the
overall torque corresponds to some average of the shown results, although clearly
the local torque will still be strongly dependent on the vicinal atomic structure. DFT
based calculations are the only practical means to evaluate the material and bias-
dependent variations in the STT for realistic interfaces. The microscopic insights and
physical understanding we drawn from these simulations are of clear significance to
the development of STT-MRAM technology.

1.4 Magnetization dynamics

1.4.1 Landau-Lifshitz-Gilbert equation

To generate a complete description of magnetization dynamics under the action of a
spin transfer torque, we need to go beyond atomic bandstructure to broader magnetic
parameters such as the geometry of magnet, magnetic anisotropy and damping. We
use the Landau-Lifshitz-Gilbert (LLG) equation to describe the precessional motion
of magnetization under various torques. For a nano size magnet such as the free layer
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in STT-MRAM, a single domain is often energetically favorable and the magnetiza-
tion switching ~M(t) can be determined by the normalized LLG equation,

d~m

dt
= −γ ~m× ~Heff + α

(
~m× d~m

dt

)
(1.37)

with ~m = ~M/Ms the unit vector along the magnetization direction, Ms the satu-
ration magnetization (kept constant during the switching), α the damping constant,
γ the electron gyromagnetic ratio (2.21 × 105 rad · m/A · s) and ~Heff the effec-
tive magnetic field contributing to the precessional torque (first term to the right of
Eq. 1.37)

~Heff = − 1

µ0Ω

dE

d ~M
(1.38)

Here µ0 is the vacuum permeability, Ω is the volume of the magnet and E is the total
free energy at zero temperature, bearing contributions from both the demagnetization
field and the external magnetic field E = Edemag + Eext. The second term in
Eq. 1.37 acts as a ‘viscous’ force that dissipates the kinetic energy and tends to drive
the magnetization back to its equilibrium position. To include the destabilizing spin
transfer torque that we calculated in the previous sections, we need to add extra
torque terms ~τs = ~τ|| + ~τ⊥ in Eq 1.37 where ~τ|| = a(V )~m × (~m× ~ms) and ~τ⊥ =
b(V ) (~m× ~ms) with a(V ), b(V ) being the bias dependent factors (quasilinear and
quadratic in V ) that we outlined in section 1.2.1.3 and plotted in Fig. 1.18

d~m

dt
=− γ ~m× ~Heff + α

(
~m× d~m

dt

)
− a(V )~m× (~m× ~ms)− b(V ) (~m× ~ms)

(1.39)

We have been referring to ~τ⊥ as the ’field-like’ torque because it resembles the
magnetic field induced torque in the LLG equation, or the ’perpendicular’ torque
since ~τ⊥ ⊥ ~m, ~ms. We refer to the other torque ~τ|| as the ’Slonczewski’ torque or
’in-plane’ torque. ~τ|| is similar in form to the damping term in LLG, but instead
of pulling back the magnetization to the easy axis it drives it into alignment with
the incoming spin ~ms. The competing components in the LLG equation are shown
schematically in figure 1.19.

The above LLG equation can be solved by numerical integration given a(V ) and
b(V ). From the previous section on ab-initio STT, we find that a(V ), b(V ) in general
have complicated dependences on bias, but at low voltage a(V ) is quasilinear and
can be approximated as a(V ) ≈ µBIη/eΩMs, where η is the polarization and I is
the charge current (recall eq 1.12). Since b(V ) ∝ V 2 and because the field-like term
induces magnetization precession rather than switching, it is often neglected in the
analytical solution. By balancing the spin transfer torque and the magnetic damping
at small initial angle, the critical switching current and switching time for AP-to-P
switching is obtained by J.Z.Sun for an in-plane uni-axial MTJ for small angles[77]

Ic0 =
2αe

η~
µ0MsΩHk

(
1 +

Ms

2Hk

)
(1.40)
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Figure 1.19 Different torques
in LLG equation. The field
like torque creates magnetization
precession. The damping term
restores the magnetization to its
equilibrium posistion while the
Slonczewski torque tries to align
the magnetization with incoming
electron spins (not shown, anti-
parallel to Heff in this figure).

𝜏⊥ 

Damping 

𝜏|| 

𝐻𝑒𝑓𝑓 

𝑀 

t−1 =
αγ

ln (π/2θ0)
(Hk +

Ms

2
)

[(
I

Ic0

)
− 1

]
, (I > IC0) (1.41)

with Hk the uni-axial anisotropy field and θ0 the initial angle between the magne-
tizations of the free layer and the fixed layer. For perpendicular MTJ the equations
are similar except the demagnetization field Ms now is collinear to Hk and should
be included as a correction to Hk. In other words, simply replacing Hk + Ms/2
with Hk −Ms, we get the equations for perpendicular MTJ. Ic0 is the minimal cur-
rent needed to start switching the free layer. Note that the switching time depends
on the initial angle θ0 and the actual overdrive current I > Ic0. When θ0 → 0,
t→∞, which corresponds to the case where the fixed layer and the free layer have
strictly parallel magnetization. Such orientations are called ’stagnation points’ and
ultimately determine the write error rate where the magnetization refuses to switch
under an applied bias. The reason for such a stagnation is that the incoming elec-
trons only deposit the angular momentum perpendicular to the magnetization of the
free layer, proportional to ~m × ~ms. A strict parallel or anti-parallel configuration
cannot induce torque on the magnetization, so that the switching time is very long
when the initial angle is small. Ways to initiate the switching, for instance using a
small magnetic field, form topics of research in STT-RAMs. In most experiments,
switching happens because of thermal fluctuation which nudges the magnetization
from its stagnation point whereupon the current driven torque takes over.

1.4.2 Switching with spin torque in presence of thermal fluctuations

Using our multiscale predictive model coupling DFT+NEGF+LLG, we can now
show real-time simulations of switching in the free layer. As discussed earlier, the
switching bears an inherent symmetry, in that both AP-to-P and P-to-AP switching
occur simply when the density in one spin channel overcomes the other. The differ-
ence is that for AP-to-P switching the majority spin is injected from the fixed layer
and accumulate at the free layer, while in P-to-AP switching the majority spin is re-
moved from the free layer, effectively building up the local minority spin population.
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Fig. 1.20 shows the local electron populations in the various spin channels to
illustrate this point. The STT-RAM model under study is fitted with a published
experiment for in-plane CoFeB/MgO/CoFeB MTJ[78] and the extracted parameters
are EF = 2.25 eV, U = 1 eV, d = 1 nm,m = 1.3me,m

∗ = 0.32me where me is
the vacuum electron mass (See section 1.2 for the definition of other parameters). For
an applied positive voltage, majority electrons from the fixed layer tunnel through the
barrier and accumulate at the insulator-free layer interface, as shown in Fig 3b. After
enough majority spin accumulates to overwhelm the minority spin density, the torque
suffices to start switching the free layer from AP-to-P configuration at 2.6 ns. By 5
ns, the magnetization of the free layer has completed its switching from AP-to-P
mode.
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Figure 1.20 AP to P switching at 0.3V. The free layer and insulator interface is at position
2nm. (a)Time=0ns: The free-layer is anti-parallel to the fixed layer, (b) Time=2.2ns: Majority
electrons with respect to the fixed layer tunnel through the barrier and accumulate at the
insulator-fixed layer interface. The accumulated majority electrons exerts a torque on the free
layer which causes its magnetization to switch. (c)Time=2.6ns: The free layer switching from
anti-parallel to parallel configuration. (d)Time=5ns: The final magnetization of the free layer
is parallel to the fixed layer.

Conversely for P-to-AP switching, a negative voltage is applied to the free layer,
which is nearly parallel to the fixed layer. At 6ns, there is an accumulation of minor-
ity electrons at the insulator-fixed layer interface as the majority carriers get siphoned
away. After enough minority spin accumulates to overwhelm the majority spin den-
sity, the torque starts switching the free layer from P-to-AP configuration at 7.6 ns.
By 8 ns, the magnetization of the free layer has completed its switching from P-
to-AP. Note that for the same bias magnitude, the anti-parallel to parallel switching
occurs much faster than parallel to anti-parallel switching (conversely, the voltage
required to switch within the same time pulse is larger for P-to-AP). We explained
this asymmetry in section 1.2.1.3 as arising from energy asymmetry, since the addi-
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Figure 1.21 P to AP switching at -0.4V. The free layer and insulator interface is at position
2nm. (a)Time=0ns: The free-layer is parallel to the fixed layer, (b) Time=6ns: Minority
electrons with respect to the free layer tunnel through the barrier, reflect back from the
fixed layer and insulater interface, and accumulate at the insulator-fixed layer interface. The
accumulated minority electrons exerts a torque on the free layer which causes its magnetization
to switch. (c)Time=7.6ns: The free layer switching from parallel to anti-parallel configuration.
(d)Time=8ns: The final magnetization of the free layer is anti-parallel to the fixed layer.

tion and removal of majority spins involve complementary energy states in the fixed
layer, below vs above its Fermi energy with higher vs lower net electron polarization.

1.4.3 Including thermal fluctuations: stochastic LLG vs Fokker Planck

As mentioned earlier, thermal noise plays an important role in initiating the magneti-
zation switching. This section will discuss how to incorporate thermal effects in the
otherwise deterministic LLG equation 1.39, in order to analyze the dependence of er-
ror rate on thermal noise. The effect of thermal noise is two-fold. First, thermal noise
creates a Boltzmann distribution of its initial angle that helps nudge the magnetiza-
tion out of stagnation points where the contacts are precisely collinear. Thereafter,
thermal noise compromises the evolution of the magnetization by introducing a net
diffusive component in the microspin dynamics. To capture all these effects of ther-
mal noise, a Langevin random field ~HL is added to the effective magnetic field to
represent the thermal perturbation,

d~m

dt
= −γ ~m×

(
~Heff + ~HL

)
+ α

(
~m× d~m

dt

)
+ ~τs (1.42)

where

~HL =

√
2αkBT

µ0γΩMs

~G (1.43)



36 SPIN TRANSFER TORQUE: A MULTISCALE PICTURE

with kB the Boltzman constant and ~G a three dimensional gaussian white noise with
mean 〈G(t)〉 = 0 and standard deviation of

〈
G2(t)

〉
= 1. One way to solve the

stochastic LLG equation is to run it for a large number of ~HL with a random number
generator, and then take the time average. The error rate can be extracted easily from
the distribution of magnetization orientation at given time. It is worth mentioning
that the noise in stochastic LLG is multiplicative and a proper discretization scheme
is necessary. Two common schemes (Ito and Stratonovich prescription) are used in
literature. Here we solve the stochastic LLG in spherical coordinates within the Ito
prescription[76] and validate our approach by comparing a separate evaluation of the
Fokker-Planck equation, described below.

Instead of the stochastic evolution of the magnetization under individual thermal
kicks, we can alternately track the evolution of the entire distribution function on
the spherical surface, leading to the Fokker-Planck equation (FPE) [79]. Let us first
recast the LLG equation in the form

∂ ~m

∂t
= L(~m)− γ

[
~m× ~HL

]
(1.44)

with L(~m) being all the deterministic torques from LLG equation,

L(~m) = LH(~m) + ~τS(~m) (1.45)

where LH(~m) includes the torques m̂× ~Heff from effective field, m̂× (m̂× ~Heff )
from damping and ~τs(~m) from the spin transfer torque. The corresponding Fokker-
Planck equation can then be derived from the Gaussian distributed multiplicative
white noise as

∂P

∂t
= −~∇ · (LP ) +D∇2P (1.46)

where the effective ’diffusion coefficient’ D is given by

D =
αγkBT

(1 + α2)µ0MsΩ
(1.47)

It is clear that we have switched variables from the magnetization ~M(t) in stochastic
LLG to the distribution function of magnetization P ( ~M, t) in FPE. Since the torques
are perpendicular to m̂, the saturation magnetization stays constant and P ( ~M, t)
becomes a function of the orientation P (θ, φ, t) in spherical coordinates.

Eq 1.46 can be numerically solved by the finite element Galerkin technique [81]
to give us the time evolution of P (θ, φ, t) on a spherical surface. Fig 1.22 shows
case studies for our 2D Fokker-Planck solver applied to a few simple systems. The
write error rate (WER) can be calculated from the numerically extracted P (θ, φ, t)
by integrating the probability density over the hemisphere (θ < π/2),

PWER(t) =

∫ π/2

0

∫ 2π

0

P (θ, φ, t) sin θdφdθ (1.48)
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Figure 1.22 (color online) Probability distribution of magnetization in cubic anisotropic
systems. Calculation starts with magnetization pointing at north pole (Gaussian distribution)
and then relaxes to easy axis by the magnetic anisotropy field at long time limit.

The Fokker-Planck equation is expected to yield comparable error rates as a brute
force solution of the stochastic LLG equation. However, it avoids having to solve the
latter millions of times to develop a statistics over time. Moreover for systems with
simple symmetry, it is amenable to analytical solutions. For instance, a perpendicular
MTJ with uni-axial anisotropy has cylindrical symmetry and its solution is indepen-
dent of the azimuthal angle P (θ, φ, t) = P (θ, t). The 2-D FPE then reduces to a
1-D equation and can be solved in an approximate analytical form for high overdrive
currents to get a write error rate [80]:

WER(t) = 1− exp
[

−π2∆(i− 1)

ie2αγHkt(i− 1)/(1 + α2) − 1

]
, i = I/Ic0 (1.49)

where I is the current, Ic0 is the critical current, and ∆ = µ0HkMsΩ/2kBT is the
thermal stability factor of the free layer that determines its static error rate and overall
endurance.

Fig 1.23 shows a comparison among a numerical multimillion trial solution of the
stochastic LLG, a numerical solution of the FPE and the analytical approximation in
Eq. 1.49 for a perpendicular magnet. The stochastic LLG and numerical FPE give
the same result, while the analytical result overestimates the error for low switch-
ing currents. As expected, the switching time or the error rate can be reduced by
increasing the scaled current overdrive i = I/Ic0, at the expense of an energy cost.
The numerical FPE offers an efficient route to estimating this error rate towards a
proper understanding of the delay-error-dissipation trade-offs and device to device
fluctuations. An example of such analysis for perpendicular STT-MRAM cell based
on analytical Fokker-Planck equation can be found in reference [16].
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Figure 1.23 Write Error Rate for various switching current in a perpendicular MTJ. The
perpendicular anisotropy energy is KV = 45kBT and Ic0 is the intrinsic critical current
calculated from LLG equation. Dotted line is for stochastic LLG, Solid line is for numerical
Fokker-Planck and dashed line is for analytical approximation.

1.5 Summary: Multiscaling from atomic structure to error rate

Combining all the tools discussed so far, we can now build a predictive material-
based approach for STT evaluation. The WERs for perpendicular materials has been
observed to be quite low [82], bringing back attention to the write current and the
need for a high TMR at room temperature. Both read and write currents depend on
material properties that will need to be optimized going ahead[84]. A high through-
put computational study of the combinatorial material phase space has immense
value, given that material development is a rather slow, meticulous and ultimately
arduous process. A proper understanding of the interface structure and the role of
defects can be quite critical to progress. The atomic structure of the junction can be
constructed either from experimental references or from the lowest energy optimized
structure in DFT, along with evaluation of thermal stability and heats of formation.
From the atomic structure, the electronic structure and system Hamiltonian are eval-
uated. The same Hamiltonian is then used to construct the Green’s function of the
MTJ, which contains all the necessary information for charge/spin current. The tun-
neling current and spin transfer torque can be evaluated thereafter with their full
angular and voltage dependence and fed into the LLG solver which also takes into
account other physical parameters such as the geometry of the magnet, external field
and thermal noise. Solving the magnetization dynamics self consistently with the
spin transfer torque ultimately provides useful information such as critical switching
current, switching time and read/write error rates.
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Figure 1.24 shows a demonstration of this integrated approach for an in-plane
Fe/MgO (4 layers)/Fe tunnel junction. For Fe/MgO/Fe, the parameters are taken
from [83] with a 170nm × 90nm × 3nm free layer, saturation magnetization Ms =
1430 emu/cm3 and in-plane uni-axial anisotropy with stability factor ∆ = KΩ/kBT =
30. The figure shows the computed IV obtained first principles from our DFT STT
+ LLG simulation. The voltage is swept from -0.5 V to 0.5 V and then back to -
0.5 V. A hysteresis shows up in the IV, signifying the switching of free layer. The
AP-to-P and P-to-AP switching show up at around 200 mV and the critical cur-
rent density is about 2.3 × 1011A/m, close to the intrinsic critical current estimated
from [83]. Notice that the ab-initio spin transfer torque is calculated from an ideal
Fe/MgO/Fe junction with perfect interface so the Ip/IAP is much higher than ex-
perimental value, the latter being very sensitive to interfacial defects and scattering.
Such a scattering process affects the small minority spin current, so that the majority
STT is still expected to be preserved in the presence of scattering.
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Figure 1.24 Ab-initio STT + Stochastic LLG simulation. Left: I-V characteristics for in-
plane FeMgOFe MTJ. Black arrows indicate the relative configuration for the magnetization
of the fixed/free layer. Right: error-delay plot at different voltage.

Figure 1.25 shows a further comparison of error rates between Fe/MgO(6 layer)/Fe
and CoFe/MgO(6 layer)/FeCo in perpendicular MTJs (Experimental FeMgOFe MTJs
usually have in-plane configuration because of high Ms. Here we assume a perpen-
dicular FeMgOFe in order to compare with the state of art perpendicular CoFeM-
gOFeCo MTJ). In the simulation, the free layer is set to be a nano-cylinder with
diameter 45 nm and thickness 2 nm. The perpendicular anisotropy is set to create
an energy barrier with stability ratio ∆ = 45. The error rate is plotted as a function
of switching time. The long lognormal tail arises from stagnation when the torque
vanishes, requiring the current to be significantly higher than the critical current at
a corresponding immodest dissipation cost. The ab-initio STT results indicate that
CoFe has a higher in-plane torque than Fe (out-of-plane torque doesn’t affect switch-
ing time in perpendicular systems). The big difference in error-delay plot is also due
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to different saturation magnetizations Ms (1430 emu/cm3 for Fe and 1050 emu/cm3

for CoFe).
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Figure 1.25 Ab-initio STT + Fokker-Planck simulation. Top-left: Ab-initio STT for
CoFe/MgO/FeCo. Bottom-left: Error-delay for perpendicular CoFe/MgO/FeCo. Top-right:
Ab-initio STT for Fe/MgO/Fe. Bottom-right: Error-delay for perpendicular Fe/MgO/Fe.

The figure is quite instructive. Given an acceptable write error and a delay (err
and τ0), we can use the curves to read off the switching current from the error-delay
and the switching voltage from the corresponding IV plot. The energy dissipation is
calculated using E(err) = IV τ0. If the material parameters are given, we can then
use the analytical equation 1.40 and 1.49 to get the critical current and error rate,
solve for the switching voltage by inverting the MTJ Simmons IV (eq 1.5 after inte-
grating over transverse k|| [20]). Fig.1.26 shows an example of such analysis based
on analytical expressions[16]. The switching delay corresponding to the lowest en-
ergy dissipation can be identified for any given configuration and be extrapolated for
nearby parameters (shown by the solid black line in Fig.1.26).

The purpose of this chapter is to illustrate the various aspects of an STT device,
brought out by an integrated modeling platform that connects the atomic geometry
with its electronic structure, quantum kinetics, stochastics and micromagnetics. At
the level of atomic structure, we saw how the energy, orbital chemistry and spin
texture of the contact and insulator bands promote a high spin filtering and a cor-
respondingly large TMR (reducing the corresponding read current). The calculated
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Figure 1.26 Energy-delay plot calculated from the analytical approximation for a
perpendicular MTJ with different magnetic properties. Figure reprinted with permission
from Electron Devices, IEEE Transactions on

TMR is however compromised by the interfacial structure, especially due to defects
created by oxygen vacancies. The write operation is driven primarily by the current
driven torque through the change in majority spin angular momentum at the free
magnetic layer. The calculated torque enters the macrospin LLG solver to describe
the destabilization, precession and ultimately the flipping of the spin beyond a cer-
tain threshold, with the error and speed dependent on the scaled current overdrive.
The error arises because of stagnation points along the magnet’s conformational po-
tential landscape where we have a precise cancellation of the precessional torque,
needing thermal kicks to dislodge the spins thereafter. Further exploration is needed
how to fully understand the tradeoffs, such as how to reduce the critical current and
switching voltage through material engineering, or the switching delay and error rate
using approaches such as hybrid switching with a field assist to eliminate stagnation,
or perhaps multidomain incoherent switching schemes.
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