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Hybrid DFT calculation of 57Fe NMR resonances and orbital order in magnetite
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The crystal structure and charge and orbital order of magnetite below the Verwey temperature are calculated
using a first-principles hybrid density functional theory (DFT) method. The initial atomic positions in the
crystal-structure calculation are those recently refined from x-ray diffraction data for the Cc space-group unit
cell [Senn, Wright, and Attfield, Nature (London) 481, 173 (2012)]. Fermi contact and magnetic dipolar
contributions to hyperfine fields at 57Fe nuclei obtained from hybrid DFT calculations are used to obtain
NMR resonance frequencies for magnetite for a range of external magnetic field directions in a relatively
weak field. NMR frequencies from hybrid density functional theory calculations are compared to NMR
data [M. Mizoguchi, J. Phys. Soc. Jpn. 70, 2333 (2001)] for a range of applied magnetic field directions.
NMR resonance frequencies of B-site Fe ions show large relative variations with applied field direction
owing to anisotropic hyperfine fields from charge and orbital ordered Fe 3d minority-spin electrons at
those sites. Good agreement between computed and measured NMR resonance frequencies confirms the
pattern of charge and orbital order obtained from calculations. The charge and orbital order of magne-
tite in its low-temperature phase obtained from hybrid DFT calculations is analyzed in terms of one-electron bonds
between Fe ions. The Verwey transition in magnetite therefore resembles Mott-Peierls transitions in vanadium
oxides which undergo symmetry-breaking transitions owing to electron-pair bond formation.
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I. INTRODUCTION

The crystal structure and associated charge and orbital order
of magnetite below the Verwey transition temperature, TV ∼
120 K, have been the subject of numerous experimental and
theoretical studies since the discovery of the transition in
1939 [1]. Resonant x-ray diffraction (RXRD) has been used
to probe charge and orbital order in magnetite [2–9], but no
conclusive picture of charge and orbital order in magnetite has
emerged from RXRD. The Verwey transition has also been
probed using infrared and Raman spectroscopies [10]. A 57Fe
Mössbauer spectroscopy study of magnetite across the Verwey
transition [11] found no evidence of charge separation at TV

on the Mössbauer time scale. Superconducting quantum inter-
ference device (SQUID) measurements of magnetization of
magnetite below TV have found a saturation magnetic moment
in the range of 4.1μB [12] to 4.3μB [13], implying that there is
some orbital contribution to the magnetic moment. However,
a spin-dependent Compton scattering study concluded that the
orbital contribution to the magnetic moment is less than 0.1μB

[14].
Recent x-ray diffraction (XRD) structure refinements for

the phase below TV have used P 2/c [15], C2/c [16], and
Cc [17] space groups. The observed space group of magnetite
below TV is Cc. Extensive twinning of the unit cell, which has a
monoclinic angle close to 90◦ (90.236◦) [17], has complicated
the solution of the crystal structure of magnetite below TV . The
study by Senn and coworkers [17] used a 40-μm grain with
one dominant domain to obtain the structure in the actual unit
cell and space group. Density functional theory + Hubbard’s
U (DFT + U) and hybrid DFT methods have been applied to
the problem of charge and orbital order of magnetite below
TV using both P 2/c [18–21] and Cc [20–23] space-group
representations of the crystal structure. Hereafter, magnetite
in the Cc unit cell is referred to as Cc magnetite.

Magnetite, Fe3O4, has an inverse spinel structure, AB2O4,
which formally has Fe3+ ions on A sites tetrahedrally coordi-
nated by O ions and equal proportions of Fe3+ and Fe2+ on
octahedrally coordinated B sites. The Cc unit cell of magnetite
has eight unique Fe A sites and 16 unique B sites, each of
which is symmetry related to one other site by a glide plane
parallel to the conventional unit-cell ac plane. B-site ions form
a tetrahedral network, and there are eight tetrahedra types in
the Cc unit cell (Fig. 1).

The Verwey transition is a metal-insulator transition in
which the conductivity changes by two orders of magnitude
[1]. It is accompanied by symmetry breaking from a cubic
Fd3m space-group structure with 2 formula units per primitive
cell to a monoclinic Cc structure with 16 formula units.
Verwey’s original conception of charge order in magnetite [24]
was freezing of rapid exchange of minority-spin 3d electrons
between B sites into ordered Fe2+ and Fe3+ ions.

The results of first-principles calculations presented here
strongly support an alternative viewpoint for minority-spin
charge distribution in magnetite which accounts for interme-
diate valence of B sites. Sixteen minority-spin 3d electrons
in the Cc magnetite primitive unit cell are shared between
neighboring B sites and form one-electron bonds between
those sites. One-electron bonds were first described by Pauling
[25]. They exist only between homonuclear species but can be
quite strong. For example, the binding energy in the hydrogen
molecular ion is 2.8 eV [26]. In Cc magnetite one-electron
bonds form when Fe B-site t2g orbitals are aligned, so that
they overlap to the greatest extent (Fig. 2). This interaction
shortens distances between ions where a bond is formed.

Recent measurements of short-range charge correlations in
magnetite above TV [27] follow earlier work on diffuse neutron
scattering, which was interpreted in terms of scattering by
molecular polarons [28,29]. These correlations may be caused
by sharing of single electrons between Fe ions in one-electron
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FIG. 1. (Color online) Arrangement of eight distinct Fe tetrahe-
dra in the conventional unit cell of Cc magnetite. B-site Fe ions
are represented as brown spheres. Each color represents a distinct
quasitetrahedral arrangement of Fe-Fe distances.

bonds. Figure 2 shows a molecular polaron coordinate similar
to that used to account for diffuse neutron scattering patterns
[29]. Sharing of minority-spin electrons between sites in mixed
valence magnetite in this way leads to lattice distortion. It is
reminiscent of electron pairing in metal-insulator transitions
in vanadium oxides such as VO2 [30–35]. There the electronic
configuration of V4+ ions changes markedly at the transition
temperature [33], and pairing of V 3d electrons on neighboring
sites to form electron-pair bonds leads to a Peierls-Mott
distortion and band gap opening at 342 K [32,34,35].

NMR is uniquely suited to probing charge and orbital order
in magnetite. 57Fe is a spin-1/2 nucleus and is sufficiently
abundant (2%) to be used for NMR measurements. Orbitally
ordered minority spins on B sites produce anisotropic hyper-
fine fields at 57Fe nuclei, which can be probed by measuring
NMR spectra as a function of applied magnetic field direction
in a single crystal. The degree of hyperfine anisotropy at a
particular Fe site depends on occupation of the minority-spin
Fe 3d orbitals at that site and dipolar fields from neighboring
sites. NMR frequencies from A sites are expected to be only
weakly dependent on crystal orientation in an external field.
The Fe3+ ion has a 6S5/2, spherically symmetric ground-state
electronic configuration in free space, whose shape is expected
to be similar in a crystalline environment. An entirely spherical
electronic distribution implies zero anisotropy in the hyperfine

FIG. 2. (Color online) (left) Molecular polaron coordinate lead-
ing to shortening and lengthening of Fe-Fe distances and (right)
orbital order about one Fe4 tetrahedron where a one-electron bond
has formed between Fe B31 and Fe B1b2. The labeling scheme for
Fe ions is described in the text.

field at the nucleus. In that case only the Fermi contact
hyperfine field contributes to the NMR resonance frequency, in
the absence of an external magnetic field. The NMR spectrum
of magnetite has been measured in the temperature range 4.2 to
135 K [36] using a spin-echo technique with no external field.
In this case the magnetization is expected to align with the
easy axis of magnetite [12] (c axis) below TV . A subsequent
NMR study [37], in which the spectrum was measured with a
1.3-T external field oriented in conventional unit-cell ac, bc,
and ab planes, showed considerable hyperfine field anisotropy
for B sites and weak anisotropy for A sites, as expected for a
state with orbital order on B sites only.

Here, isotropic Fermi contact and anisotropic magnetic
dipolar terms in the Hamiltonian for magnetite are calculated
using the charge and orbital ordered state obtained using the
XRD structure from Senn and coworkers [17] and the structure
which results when this is relaxed using hybrid DFT. NMR
resonance frequencies are calculated as a function of external
field direction. NMR resonances measured by Mizoguchi in
a spherical single crystal of magnetite [37] as a function of
external magnetic field direction for each of the 8 A and 16
B sites in the Cc unit cell are assigned to specific Fe ions
using these calculations. Good agreement between theory and
experiment, in terms of the numbers of ions with specific
variations and splittings of frequencies as a function of crystal
orientation in an external field, demonstrates that the charge
and orbital order found in hybrid DFT calculations is correct.
It is worth noting that the charge and orbital order found by
DFT calculations with the new Cc space-group structure [23]
differ markedly from the charge and orbital found with a P 2/c

space-group unit cell [18–21,38].
In the following sections, assumptions made in calculating

NMR resonance frequencies are outlined. The charge and
orbital order of Cc magnetite is presented. Methods for
calculating Fermi contact hyperfine fields are described, and
results for Fe ions are given. Variations of NMR resonance
frequencies with magnetic field direction from DFT calcula-
tions are compared to Mizoguchi’s measurements [37], and
the 8 A and 16 B sites in the NMR spectrum of magnetite
are assigned. This paper concludes with a discussion of the
results presented; the Appendix gives details of calculations.
Electronic configurations of Fe ions and electronic band
structures are given in the Supplemental Material [39].

II. THEORY

The Hamiltonian adopted in this work for electron and
nuclear magnetic moments, μS and μI , on 57Fe sites,

H = Hez + Hhf + Hnz, (1)

includes electron and nuclear Zeeman terms, Hez = −μS · B
and Hnz = −μI · B, as well as hyperfine terms [40], Hhf ,
which couple electron and nuclear magnetic spins, S and I, via

Hhf = I · A · S. (2)

The coupling constant A contains both an isotropic Fermi
contact term,

A0 = 2μ0

3
gβegnβnρspin(0)1, (3)
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and an anisotropic dipole-dipole coupling term,

A1 = μ0

4π
gβegnβnT, (4)

where 1 is the 3 × 3 unit matrix and T is a traceless, symmetric
3 × 3 tensor,

(T)ij =
∑
μνσ

Pμνσ

∫
dr φμσ (r)

(
r2δij − 3xixj

r5

)
φνσ (r). (5)

g and gn are the electron and nuclear g factors. βe and βn are the
Bohr and nuclear magnetons, and ρspin(0) is the electron spin
density at the nucleus. T tensors [41] in this work are calculated
using the full spin-polarized density matrix Pμνσ and Bloch
basis functions φμσ . Spin-orbit coupling is not included in the
Hamiltonian. The sum over single-electron spins σ in Eq. (5)
means that the spin S is a spin-half operator in a quantized
form of Eq. (2). When A is isotropic with positive diagonal
elements A0 and I and S are spin-half operators, Hhf has a
singlet ground state and a triplet excited state lying A0 above
the ground state. In this work the magnetic degrees of freedom
are treated classically, and the spin S is written as nS, where
n is a unit vector in three-dimensional space and S has a
magnitude of one half.

A. NMR resonance frequency

The order of interaction strengths in the Hamiltonian in
Eq. (1) in an external field of 1 T is Hez > Hhf (A0) >

Hhf (A1) > Hnz, with magnitudes of 50 000, 70, 10, and
1 MHz, respectively. Since the electron Zeeman term dom-
inates, orientations of electron magnetic moments are deter-
mined mainly by the external field orientation and magne-
tocrystalline anisotropy (MCA). The field used in Mizoguchi’s
work was 1.3 T [37], which is nearly sufficient to saturate the
magnetization along each of the easy, intermediate, and hard
(c, b, and a) magnetization axes [12].

Hyperfine terms in the Hamiltonian can be expressed
in the form of nuclear magnetic moments coupled to an
effective magnetic field BE . Rewriting the hyperfine coupling
of electron and nuclear spins [Eq. (2)] in terms of the nuclear
magnetic moment μn = gnβnI as

Hhf = −μn · Bhf , (6)

the hyperfine field can be identified from Eq. (2) as

Bhf = − A
gnβn

· nS. (7)

The effective field at the nucleus BE is the sum of the external
field and the field due to electron magnetic moments. NMR
resonance frequencies and quantization axes are determined
by the magnitude and direction of BE , respectively, at each Fe
site. Electron magnetic moments are assumed to be parallel
to the external field since a field of 1.3 T is sufficient to
nearly saturate the magnetization along each of the crystal
axes [12]. There is strong exchange coupling between Fe A

and B sites, which maintains the ferrimagnetic character of
magnetite. The magnetization is assumed to be parallel to Fe
B-site spins in the external field. The unit vector n is therefore
parallel (antiparallel) to the external field BExt for B (A) sites.

In this case, it is convenient to write the small external field
contribution to BE as ±BExtn and include it in the Hamiltonian
as part of the Fermi contact term [Eq. (3)]. When both A0

and A1 are included in the hyperfine coupling matrix A, the
magnitude of the effective field is

BE = S

gnβn

[
A2

0 + 2A0nT · A1 · n + (A1 · n)T (A1 · n)
]1/2

,

(8)

and the resonance frequency ν (in MHz) is

ν = S

106h
μn	MIBE, (9)

where 	MI is the change in nuclear spin quantum number
MI and is equal to unity for a spin-half nucleus. The first
term on the right-hand side of Eq. (8) is dominant, particularly
for A sites where hyperfine anisotropy is small. The third
term is relatively small, and the cross term between the Fermi
contact term and the dipolar coupling determines variations of
resonance frequencies with external magnetic field direction.
Note that A0 is positive for A sites and negative for B sites
since their spin orientations are antiparallel in ferrimagnetic
magnetite. The sign is determined by the sign of the electron
spin density at the nucleus in Eq. (3).

B. Electron g factor

The relationship between the electron magnetic moment μ̂e

and total electron angular momentum Ĵ operators is

μ̂e = −βeg · Ĵ, (10)

where g is the electron g tensor. In atoms, with spherical
symmetry and no angular momentum quenching, the Landé
g factor gL is the appropriate g factor, and the total electron
angular momentum operator is Ĵ = L̂ + Ŝ. For the neutral Fe
atom and the Fe2+ ion in their ground-state 3d6s2 and 3d6

configurations, the 5D4 states are the ground states [42], and
the experimentally measured gL value, 1.50020, is close to the
theoretical value of 1.5.

Scalar g values for magnetite from ferromagnetic resonance
experiments have been reported to be 2.06 [43] (below TV ),
2.20 [44], and 1.93 from gyromagnetic measurements [44].
Kittel has proposed an explanation for the different g values
obtained by these two methods [44]. Sharma measured the
g value in polycrystalline magnetite to be 4.06 at liquid-
nitrogen temperature [45] using ferromagnetic resonance. In
this work, the value of g in Eqs. (3) and (4) is adjusted to
give optimum agreement with resonance frequencies measured
by Mizoguchi [37]. This value is g = 1.56, and the same
(isotropic) value is used for all A and B sites.

III. RESULTS

A. Crystal structure

The crystal structure of Cc magnetite was calculated using
a hybrid density functional theory method described in detail
in Ref. [38]. Calculations reported in this work used the
same code [46] and basis sets as before. A variant of the
Becke three-parameter Lee-Yang-Parr (B3LYP) Hamiltonian
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FIG. 3. (Color online) Bimodal distribution of 48 Fe-Fe dis-
tances in Cc magnetite from XRD [17] and DFT calculation.

[47] was used in which the weight of Fock exchange was
reduced. Inclusion of Fock exchange in the DFT Hamiltonian
increases the band gap of a semiconducting oxide, compared
to, for example, a generalized gradient approximation (GGA)
DFT Hamiltonian. Our previous work [38] found that a GGA
Hamiltonian predicts the high-temperature phase of magnetite
with Fd3m space-group symmetry to be the ground state,
whereas hybrid DFT [38] and DFT + U [20,21,23] approaches
predict symmetry-broken structures typical of magnetite
below TV .

The structure from the recent x-ray refinement on a mon-
odomain microcrystal [17] was used as the starting geometry
for structure relaxation. Lattice parameters and the monoclinic
angle found by total energy minimization were 12.022, 11.966,
and 16.975 Å and 90.209◦, and these values may be compared
with values of 11.888, 11.849, and 16.775 Å and 90.236◦ from
XRD [17]. Distributions of Fe-Fe bond lengths from XRD and
this work are compared in Fig. 3. Lengths of short bonds and
Mulliken populations of 16 minority-spin 3d electrons which
occupy 16 bands just below the valence-band maximum are
given in Table I. XRD [17] finds eight short Fe-Fe distances
less than 2.86 Å, while DFT total energy minimization predicts
nine short Fe-Fe distances less than 2.89 Å. The median Fe-Fe
distance lies in the range 3.00 to 3.04 Å. These values mark the
boundaries between the two parts of the bimodal distribution of
Fe-Fe distances shown in Fig. 3. The difference in thresholds
is expected as hybrid DFT lattice relaxation overestimates
experimental lattice constants by around 1% (0.03 Å).

The main differences in short Fe-Fe bond lengths from XRD
and hybrid DFT are the B33-B1b1, B32-B1a2, and B34-B1a2
bond lengths. Other bond lengths agree to within 0.03 Å, while
these distances differ by 0.05, 0.12, and 0.05 Å, respectively.
Each of these bonds involves one of the capping ions in the
zigzag chain. Since these atoms are connected via delocalized,
asymmetric one-electron bonds, charge may transfer relatively
easily from one ion to its neighbor, leading to lengthening
or shortening of particular bonds. Six of the eight Fe-Fe
distances in each zigzag chain are short (B34-B1a2, B1a2-

TABLE I. Short Fe-Fe distances from DFT total energy mini-
mization and XRD (in Å) and minority-spin charge populations on
B-site ions (in units of e).

Charge (units of e) Bond length (Å)

Fe pair Left Right Suma DFT XRDb

B33-B1a1 0.45 0.63 1.08 2.818 2.820
B33-B1b1 0.45 0.65 1.09 2.881 2.832
B33-B44 0.45 0.64 1.09 2.858 2.838
B32-B41 0.45 0.60 1.05 2.836 2.813
B32-B1a2 0.45 0.61 1.06 2.973 2.853
B32-B1b1 0.45 0.65 1.10 2.877 2.848
B31-B1b2 0.44 0.48 0.92 2.834 2.820
B42-B2a2 0.52 0.39 0.91 2.839 2.837
B34-B1a2 0.26 0.61 0.87 2.864 2.914
B2b1-B2a1 0.53 0.29 0.82 2.884 2.913

aMulliken populations on Fe B sites sum to 14.2e out of 16.0e. The
remaining electrons in these bands are delocalized over O and Fe A

sites.
bReference [17].

B32, B32-B1b1, B1b1-B33, B33-B1a1, B31-B1b2), excluding
branching ions B41 and B44. Distances to the B32 ion are
elongated in DFT relaxation compared to XRD (+0.12 ÅB32-
B1a2 and +0.03 ÅB32-B1b1), while the B34-B1a2 distance
is contracted by 0.05 Å. The reason for these differences is
not clear. It could be a result of an experimental error in the
B32 position, strong coupling of charge distribution and bond
lengths in asymmetric one-electron bonds, etc. Differences
in atomic positions and charge distribution on relaxing the
structure away from the XRD structure in a DFT calculation
might be expected to produce corresponding changes in
predicted NMR frequencies. Supplemental Table III shows that
the largest changes in predicted frequency (with the external
magnetic field aligned with the crystal c axis) occur at sites
B44 (+3.1 MHz), B32 (−2.1 MHz), and B2a1 (−3.6 MHz).
All other sites have predicted frequency changes of less than
2 MHz on structure relaxation.

As noted above, Fe B-site ions in magnetite occupy a
quasitetrahedral lattice (Fig. 1). The Cc magnetite structure
can be regarded as one with four unique rows of B-site ions,
each with a period of four B-site ions, where each row is
parallel to either the a or b conventional unit-cell axis. The
naming convention for B-site ions introduced by Senn and
coworkers [17] is used here. The four unique rows of B-site
ions at different fractional heights in the unit cell z are the B1
row (z = 4/8), the B2 row (z = 6/8), and two mixed B3/B4
rows at z = 5/8 and 7/8. The B1 and B2 rows are parallel to the
a axis, and the B3/B4 rows are parallel to the b axis. Structures
of each of the eight unique Fe4 tetrahedra in Cc magnetite and
their orbital orders are given in the Supplemental Material.

There is one element of symmetry in the Cc space group, a
glide plane parallel to the ac plane with a translation of 0.5c.
B1 row ions lie very close to the glide plane, referred to by
Mizoguchi [37] as a “pseudomirror plane” in his assignment
of NMR resonances to particular B sites. Orbital order on
the B sites is described in terms of the usual labels for
sites with perfect octahedral symmetry. In the present case,
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FIG. 4. (Color online) Charge-density isosurface derived from
16 occupied minority-spin bands just below the Fermi level viewed
along the B1, B2, and B3/B4 rows of Fe B-site ions. Unique Fe B-site
tetrahedra are shown in different colors.

the Cartesian axes used to evaluate hyperfine anisotropy T
tensors are (nearly) parallel to the a, b, and c directions of the
conventional Cc unit cell. FeO6 octahedra are rotated by 45◦
about the c axis with respect to these axes, so that designations
of orbitals as 3dxy and so on function only as labels. Mulliken
populations range from 0.07e (B2b2 and B43 sites, not given
in Table I) to 0.65e (B1b1 and B44). However, total charge
and spin populations for B-site ions have a much smaller range
than minority spins in this group of bands (see Supplemental
Material).

B. Charge and orbital order

Charge and orbital order in magnetite arises mainly from
the 16 minority-spin electrons localized on Fe B sites. They
occupy a narrow, almost dispersionless group of states just
below the Fermi level (see Supplemental Material). Figure 4
shows a charge-density isosurface for these electrons. They
form eight one-electron bonds between neighboring Fe B-site
ions, and eight electrons are delocalized in a broken zigzag
chain. One-electron bonds consist of 3d orbital configurations
on neighboring Fe sites in which t2g orbitals are directed
towards each other and have a total charge population close

to one electronic charge, 1.0e ± 0.1e. One-electron bonds are
found between sites B31-B1b2, B42-B2a2, B34-B1a2, and
B2a1-B2b1 (Fig. 4). Electrons delocalized on the zigzag chain
are found on sites B1a2, B32, B1b1, B33, and B1a1 and the
chain branches at B32 and B33 to include B41 and B44 sites.
Zigzag chain B-site pairs which include B32 or B33 sites
(B32-B41, B32-B1a2, B32-B1b1, B33-B1a1, B33-B1b1, and
B33-B44) have ion-pair charge populations in the range 1.05e

to 1.09e.
The zigzag chain in Cc magnetite highlighted in this work

is obviously related to the “trimerons” postulated by Senn
and coworkers [17,23]. However, there are some significant
differences in the interpretation of the structure and minority-
spin charge distribution from DFT calculations in Refs. [17,23]
and this work. The trimeron concept is one where an Fe
minority-spin electron on a (formally) Fe2+ ion delocalizes
onto two neighboring (formally) Fe3+ ions, so that one electron
is delocalized over three sites. In this work it is shown that
minority-spin electrons are shared between Fe ions as discrete
one-electron bonds or in larger zigzag chain structures, which
branch to include B41 and B44 site ions.

Inspection of Fig. 4 shows that all orbitals except those on
the B2b2, B32, B33, and B43 sites are t2g orbitals. Orbitals
in the B1 row at z = 4/8 are either dxz or dyz and alternate
along the row. Orbitals on B sites in the layer below are either
dxz (B31), dyz (B42), or dxy (B41). Relative orientations of
orbitals in adjacent layers can be aligned (dxz-dxz or dyz-dyz),
perpendicular (dxz-dyz, dxy-dxz, or dxy-dyz), or parallel (dxy-
dxy). Pairs B1b2-B31, B1a1-B31, and B2a1-B41 are examples
of each kind. Within rows, orbitals may be perpendicular (dxz-
dyz) or aligned (dxy-dxy). Pairs B1a1-B1b1 and B2a1-B2b1
are examples of these kinds of relative orbital orientations.
When pairs of orbitals in adjacent rows or the same row are
aligned, a short Fe-Fe bond exists, and the bond on the opposite
side of the tetrahedron is the longest in the tetrahedron in
all but one case (see Supplemental Material). Charge density
in the minority-spin bands below the Fermi level is nearly
zero on the B2b2 and B43 sites. They will be referred to as
Fe3+ sites.

B32 and B33 ions are distinct in that they have “dz2 ” charge
densities which are directed along axes containing adjoining
tetrahedra. This hybridization on the B32 and B33 sites is also
seen in Fig. 3 of Ref. [23]. They are part of a zigzag chain
(B1a2, B32, B1b1, B33, B1a1) where short bonds are formed.
Short bonds are also formed between B32-B41 and B33-B44
pairs. Ions at the apexes of this chain (B32 and B33) have
a low charge (0.45e; Table I), and those in the center have
higher charges (over 0.6e). Senn and coworkers described the
charge order in this chain as trimerons in which Fe2+ ions
share minority-spin 3d electrons with two neighboring Fe3+
sites [17,23]. One-electron bonds between ions in the two
tetrahedra which contain the zigzag chain have a population
greater than 1.0e. Discrete one-electron bonds exist between
B31-B1b2, B42-B2a2, B34-B1a2, and B2b1-B2a1 pairs, and
the electron count is less than unity in these bonds (Table I).

The atom-projected densities of states (DOS) for 14 of the
16 Fe B sites are shown in Fig. 5. B sites which exist as Fe3+
have almost no minority-spin DOS in this energy range and
are not shown. Each of the top four panels shows the projected
DOS for pairs of B sites connected by discrete one-electron
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FIG. 5. Atom-projected densities of states for B sites in Cc

magnetite. DOS are grouped as pairs of ions which form one-electron
bonds or parts of the zigzag chain along the B1 row.

bonds. For each of these cases, the DOS for each site are
similar, as might be expected for single electrons shared by
those site pairs. The bottom two panels show DOS for the six
sites in zigzag chains. The DOS for each site shows three peaks
close to the Fermi level.

C. Fermi contact hyperfine field

The largest contribution to the hyperfine field at the nucleus
[Eq. (7)] is the Fermi contact part [Eq. (3)]. It is notoriously
difficult to calculate accurately as values obtained depend
markedly on basis sets used and there are contributions of
either sign to the spin density at the nucleus ρspin(0) from
successive ns shells. Magnetic susceptibilities were calculated
for Fe2+ and Fe3+ ions and are compared to previous work.

Early calculations of Fermi contact hyperfine fields in Fe
ions were carried out by Bagus and coworkers [48,49] and
Freeman and Watson [50,51] using unrestricted Hartree-Fock
(UHF) wave functions. These authors reported values of the
static magnetic susceptibility,

χ = 4π

NS

ρspin(0), (11)

where NS is the number of unpaired spins [51]. Table II
gives a comparison of static magnetic susceptibilities from this
earlier work to values from UHF and hybrid DFT calculations,
which used the same basis set as calculations for magnetite.

TABLE II. Magnetic susceptibilities from UHF and hybrid DFT
Hamiltonians for Fe ions (in atomic units).

Species Fe2+ Fe3+

UHFa −3.29 −3.00
UHFb −3.872
UHFc −3.763 −3.503
Hybrid DFTc −2.372 −2.377

aReference [51].
bReference [49].
cThis work.

A nonzero spin density at the nucleus of the Fe atom arises
because of an uncompensated exchange interaction between
electrons in the Fe 3d shell and electrons in 1s, 2s, 3s, and
4s shells. A negative sign implies that the spin density at the
nucleus has a sign opposite to that of the spin density of the
polarizing 3d shell. Calculations by Watson and Freeman [51]
for the Fe atom showed that the largest contribution comes
from the 2s shell (−7.72) and that this is largely canceled
by contributions from the 3s and 4s shells (+4.31, +2.92).
The tightly contracted 1s shell has little overlap with the 3d

wave functions and contributes −0.10. Atomic beam magnetic
resonance measurements found agreement between measured
[52] and calculated [48] values of the isotropic hyperfine
coupling constant for the 5DJ states of the Fe atom for
J = 1 to 4.

Contractions of Gaussian orbital primitives in the Fe basis
set (see the Appendix) were relaxed in this work to allow
adequate flexibility in describing spin polarization in inner
s shells. Susceptibility values from UHF wave functions for
Fe2+ and Fe3+ ions in Table II are in reasonable agreement with
literature values. There is a marked difference in susceptibility
values obtained using hybrid DFT and UHF spin densities.
Recent calculations have shown that a hybrid DFT approach
to calculating Fermi contact parameters in a number of small
molecules containing transition and main group elements [53–
55] yields improved agreement with experiment or coupled-
cluster calculations.

D. NMR resonance frequencies in magnetite

NMR resonance frequencies for A and B sites, which
include both A0 and A1 terms in the hyperfine field, are
presented in Figs. 6–9 as a function of external field direction
and are compared to frequencies from Ref. [37]. A single
parameter, a scalar value for the electron g factor, discussed
in Sec. II B, was adjusted to fit all A- and B-site frequencies
in Figs. 6–9. It was chosen to give the best agreement with
A-site resonance frequencies. Numerical values of resonance
frequencies with the magnetic field aligned with the c axis are
given in the Supplemental Material.

In Cc magnetite, the glide plane parallel to the ac plane
in the conventional unit cell generates equivalent pairs of Fe
ions for both A and B sites. Under this symmetry operation,
diagonal and xz entries in the T tensor are even, and the xy

and yz entries are odd. These symmetry properties determine
the number of predicted frequencies for a particular Fe site
and external field direction. For example, when the external
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FIG. 6. (Color online) NMR resonance frequencies of Fe A sites
from experiment [37] (crosses) and theory (solid curves). A-site labels
from Refs. [37] (left) and [17] (right) are used.

field lies in the ac plane, xx, xz, and zz entries in the T
tensor determine resonance frequencies, according to Eq. (8).
(By assumption, A- and B-site electron magnetic moments
are antiparallel and parallel to the external field, respectively).
By symmetry, ion pairs which are related by the glide-plane
symmetry operation have the same sign for these elements.
Hence a single degenerate frequency is predicted when the
external field is in the ac plane in Figs. 6–9. On the other hand,
when the field is in the bc plane, the yy, yz, and zz entries
determine the resonance frequencies. yz tensor entries for ions
related by the glide-plane symmetry operation have opposite
signs, and two nondegenerate frequencies are predicted for
each symmetry-related Fe ion pair.

Labels for sites (shown in Fig. 4) assigned to particular
resonances are given in Figs. 6–9 together with labels used by
Mizoguchi for particular NMR resonances. Data in Figs. 6–
9 are grouped according to the characteristic variation of

B14/B2b1 50

 60

 70

F
re

qu
en

cy
 (

M
H

z)

B8/B2a1

 50

 60

 70

a c b

F
re

qu
en

cy
 (

M
H

z)

Magnetic field direction

B15/B41

a c b a

Magnetic field direction

B16/B44

FIG. 7. (Color online) NMR resonance frequencies of Fe B sites
from experiment [37] (crosses) and theory (solid curves) with 3dxy

orbital order. B-site labels from Refs. [37] (left) and [17] (right) are
used.

NMR resonance frequency with external field direction. They
therefore show the number of sites with specific types of orbital
order. Figure 6 shows resonance frequencies for all A sites,
where there is no expected charge order and little variation
of frequency with applied field direction. Figure 7 shows four
B sites with 3dxy orbital order (by inspection of the charge
density shown in Fig. 4), Fig. 8 shows six B sites with 3dxz or
3dyz orbital order, and Fig. 9 shows one further site with 3dxz

or 3dyz orbital order, two sites with 3dz2 orbital order, and two
with essentially Fe3+ character and little orbital order. Data for
the B14, B15, and B16 sites in Fig. 7 have been redrawn from
Ref. [37] as single lines (and not split lines) since splitting is
small and Mizoguchi’s data for these sites are sparse. Curves
for these sites calculated using Eqs. (8) and (9) show very little
splitting.

Reasonable fits to experimental curves in Fig. 6 can be
found for most of the eight unique A sites. Weak dependence
on the external field direction is found for A4/A2 and A1/A3
sites. Frequencies for particular sites split when the external
field is in the bc plane for ions assigned to the A1, A4, A5,
A6, and A8 sites. These splittings occur because yz elements
of T tensors for these sites differ in sign for pairs of A-site
ions which are symmetry related by the glide plane. Splittings
also occur in experimental data when the external field is in
the ac plane for ions assigned to the A1, A4, A6, and A8
sites. This splitting is not predicted in our calculations. This
is discussed further below and is attributed to twinning [37].
The predicted degree of splitting is less than is observed in
experiment for A4 and A6 sites, and there is no apparent fit
for the line labeled A3 by Mizoguchi. It should be noted that
the degree of hyperfine anisotropy is very small for A sites
and that the frequency variation with external field direction
is always less than 1 MHz, as expected for nearly spherically
symmetric Fe3+ ions.

075134-7



C. H. PATTERSON PHYSICAL REVIEW B 90, 075134 (2014)

 50

 60

 70

F
re

qu
en

cy
 (

M
H

z)

B7/B1a1 B13/B1a2

 50

 60

 70

F
re

qu
en

cy
 (

M
H

z)

B12/B1b1 B5/B1b2

 50

 60

 70

a c b

F
re

qu
en

cy
 (

M
H

z)

Magnetic field direction

B6/B2a2

a c b a

Magnetic field direction

B10/B42

FIG. 8. (Color online) NMR resonance frequencies of Fe B sites
from experiment [37] (crosses) and theory (solid curves) with 3dxz

and 3dyz orbital order. B-site labels from Refs. [37] (left) and [17]
(right) are used.

Resonances in Fig. 7 are assigned to B sites with 3dxy

orbital order. They show strong dips in frequency when the
external field is aligned with the c axis. In that case, the zz

entry of the A1 tensor determines the anisotropic hyperfine
shift. Similarly, when the field is aligned with the a or b axes,
xx or yy entries of the tensor determine the shift. A1 tensors
for these sites have large positive zz entries and nearly equal
xx and yy negative entries. Since A0 is negative for B sites,
Eqs. (8) and (9) predict a reduction in resonance frequency
when the external field is aligned with the c axis. The upper
panels in Fig. 7 show predicted frequencies for the B2a1 and
B2b1 sites and compare them to measured frequencies from
sites denoted B8 and B14 in Ref. [37]. The B2a1 and B2b1
sites share one electron in a one-electron bond (see Fig. 4). The
B2b1 site has the largest fraction of the charge (0.53e; Table I)
compared to the B2a1 site (0.29e), and consequently, the B2b1
site has the largest dip in frequency when the external field is
aligned with the c axis. The B41 and B44 sites are assigned
to Mizoguchi’s B15 and B16 resonances. These sites have
large fractions of an orbital ordered 3dxy electron (0.60e and
0.64e, respectively; Table I) and, consequently, large diagonal
elements of the A1 tensor and large frequency dips when the
external field is along the c axis.

Resonances in Fig. 8 are attributed to B sites with 3dxz and
3dyz orbital order. Experimental curves show similar shapes:
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FIG. 9. (Color online) NMR resonance frequencies of Fe B sites
from experiment [37] (crosses) and theory (solid curves) with 3dz2

orbital order or an Fe3+ configuration. B-site labels from Refs. [37]
(left) and [17] (right) are used.

splitting when the external field is in the ac plane, splitting and
a downwards shift in frequency as the field moves from the c

axis to the b axis in the bc plane, and a large splitting with the
field in the ab plane. The latter splitting is predicted to go to
zero as the field becomes aligned with the a axis; however, it
does not go to zero for any of these sites. This may be because
the magnetization is not saturated when the external field is
along the hard a axis. This point is discussed further in the next
section. The B1a1, B1a2, B1b1, and B1b2 sites in the zigzag
chain and the B2a2 and B42 sites in a one-electron bond (see
Fig. 4) are assigned to sites labeled B7, B13, B12, B5, B6, and
B10 by Mizoguchi. All of these sites have 3dxz or 3dyz orbital
order and, consequently, similar variations of frequency with
external magnetic field direction.

The resonance at the site labeled B4 by Mizoguchi, shown
in Fig. 9, has a frequency dependence on external magnetic
field direction similar to other assigned sites with 3dxz or 3dyz

orbital order. It is assigned to site B31, which forms a one-
electron bond with site B1b2 (Fig. 4). The remaining B sites
in Fig. 9 are assigned to Fe ions at the apexes of zigzag chains
(B11/B32, B9/B33, and B3/B34) and the two B-site ions
with an Fe3+ configuration (B1/B2b2 and B2/B43). In each
case there is good agreement between theory and experiment
for the variations of resonances with external field direction.
In three cases (B1/B2b2, B2/B43, and B3/B34) the computed
frequency lies below the measured frequency by about 5 MHz.
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IV. DISCUSSION AND CONCLUSIONS

In this section the insight provided by hybrid DFT calcula-
tions into the electronic configurations of Fe A- and B-site ions
and the charge and orbital order associated with minority-spin
3d electrons in 16 bands just below the Fermi level is used to
gain further understanding of the variation in NMR frequencies
with external field direction. Possible reasons for the fact that
measured NMR resonances do not become degenerate for
specific Fe ions when the external field is along the a axis
and why resonances split when the external field is in the ac

plane are also discussed.
Degeneracy of predicted pairs of resonances with the field

aligned with the a axis is not found in the experimental data
but is predicted by Eqs. (8) and (9). This is likely to be because
the a axis is the magnetically hard axis and a field of 1.3 T
may not be sufficient to fully polarize the crystal when the
field is in this direction. Magnetization curves obtained at
10 K in Ref. [12] show that the magnetization saturates along
the a axis in fields greater than 1.5 T. If experimental data
shown in Figs. 6–9 were available for a significantly higher
external field, say 5 T, so that degeneracies were achieved
when the field is along each conventional unit-cell axis, then it
would be possible to make a quantitative fit for the A1 tensor
for a more direct comparison to data from DFT calculations.
Further resolution of the resonances assigned to B sites with
3dxy orbital order with the field along the c axis (Fig. 7) is also
desirable.

The observation of a pair of lines when the field is
in the ac plane may be caused by the existence of more
than one microdomain below TV , or it may be due to
magnetization lying slightly outside the ac plane. Eight distinct
microdomains are generated by application of the identity
operation and xy, xz, and yz mirror-plane operations to the
conventional lattice vectors. These elements are not present in
the Cc space group, but since the monoclinic angle (90.236◦)
is very close to 90◦, these domains may coexist at little energy
cost. Operations in which new a or b axes are generated do not
generate additional resonance lines along bc or ab directions,
but an inverted c axis will generate an additional xz element in
the T tensor with the opposite sign. Hence observation of pairs
of resonances with the field in the ac direction may be caused
by the coexistence of microdomains, as noted by Mizoguchi
[37]. Alternatively, since the a axis is the hard magnetic axis,
the magnetic moment may cant slightly out of the ac plane
when the field is in the plane. Even a small canting, of the order
of 5%, can cause a splitting of lines comparable in magnitude
to that seen in experiment. However, for the B sites assigned
to 3dxz and 3dyz orbital order, the curvature is opposite to that
seen in experiment. Hence the more likely cause of pairs of
resonances when the field is in the ac plane is the existence of
microdomains.

In summary, Fermi contact and magnetic dipolar contri-
butions to the hyperfine fields at nuclei of the charge and
orbital ordered state of magnetite which exists below the
Verwey temperature have been calculated using a hybrid DFT
method. The crystal structure used for calculations was refined
in the experimentally observed Cc space group [17]. The
charge and orbital order which is found for this structure
can be described in terms of one-electron bonds formed by

minority-spin 3d electrons on octahedral Fe B sites and by
branched zigzag chains of one-electrons bonds, or trimerons
[17,23]. Calculations of orbital order on Fe B sites show that
4 out of 16 unique B sites have 3dxy orbital order, 7 have 3dxz

or 3dyz orbital order, 3 (which cap zigzag chains) have 3dz2

orbital order, and 2 are essentially Fe3+ (3d5). NMR resonance
frequencies for each unique A and B site in magnetite,
measured as a function of external field direction for a spherical
single crystal at 4.2 K [37], can be fitted to predicted resonance
frequencies for this charge and orbital ordered state using
Fermi contact and magnetic dipolar contributions to hyperfine
fields at 57Fe nuclei. Further experimental measurements with
a stronger external magnetic field are desirable to allow a
quantitative fit to the computed tensor which couples nuclear
and electron spins in magnetite.

Cc magnetite bears some resemblance to the M1 gapped
phase of VO2 where the character of the metal-insulator tran-
sition in VO2 has been described as a Peierls-Mott transition
[32,34,35]. In that case both dimerization of d1 V sites and
strong Coulomb correlations contribute to the transition at
342 K. The structure transforms from a tetragonal conducting
state with the rutile structure denoted R to a monoclinic P 21/c

M1 structure. V-V distances change from 2.87 to 2.65 and
3.12 Å in the dimerized state. Dimerization occurs via dσ

symmetry orbitals oriented along the rutile-structure c axis,
which form a partly filled metallic band in the R phase and
split in the insulating M1 phase. The situation in magnetite
is different in that there is one minority spin per pair of Fe
B sites rather than one per site. Instead of forming covalent
dimer singlets, one-electron bonds generate a narrow band,
with a bandwidth of 0.3 eV.
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APPENDIX A: DETAILS OF CALCULATIONS

Calculations reported in this work used the CRYSTAL09 code
[46]. All electron Gaussian orbital basis sets used were an
Fe 20s14p5d basis contracted to 7s6p2d, previously used
to study hematite [56] (with a different contraction), and an O
14s6p1d basis contracted to 5s4p1d, previously used to study
NiO [57], where the d polarization function had an exponent
of 0.5. The effect of uncontracting various shells of Gaussians
in the Fe basis set on values of the spin density at the nucleus
(and A0 parameters) was investigated using Fe2+ and Fe3+ ions
in free space. Two contracted shells of Gaussian sp orbitals
in the Fe basis set were partly uncontracted. This adjustment
to the Fe basis set was found to be important in obtaining
converged values for A0 parameters. Total energy calculations
were performed using a 6 × 6 × 6 Monkhorst-Pack net [58]

075134-9



C. H. PATTERSON PHYSICAL REVIEW B 90, 075134 (2014)

for the Cc unit cell and a 12 × 12 × 12 net for the Fd3m unit
cell.

A variant of the B3LYP Hamiltonian [47] was used in
which the weight of the Fock exchange was reduced below
the standard value of 20%. Inclusion of the Fock exchange
in the DFT Hamiltonian increases the band gap of an oxide,
compared to, for example, a GGA DFT Hamiltonian. Our
previous work [38] found that a GGA Hamiltonian predicts the
high-temperature phase of magnetite with Fd3m space-group
symmetry, whereas hybrid DFT [38] and DFT + U [20,21,23]
approaches predict symmetry-broken structures typical of
magnetite below TV . The B3LYP hybrid density functional
[59,60] contains Hartree-Fock exchange with weight A; the
local-density approximation to exchange ELDA

x [61] with
weight (1 − A); Becke’s gradient-corrected exchange func-

tional EBecke
x [47] with weight B; the Lee, Yang, and Parr

approximation to the correlation functional ELYP
c [62] with

weight C; and the Vosko, Wilks, and Nusair approximation
to the electron correlation functional EVWN

c [63] with weight
(1 − C),

Exc = (1 − A)
(
ELDA

x + BEBecke
x

) + AEHF
x

+ (1 − C)EVWN
c + CELYP

c . (A1)

The weights of Fock exchange, A, tested in this work were
5%, 10%, and 15%. At 5%, a metallic state is predicted for
Cc magnetite, and at the higher weights, band gaps of 0.5 and
0.9 eV are predicted. The results given in this work are all for
10% Fock exchange.
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Rev. X 4, 011040 (2014).

[28] S. M. Shapiro, M. Iizumi, and G. Shirane, Phys. Rev. B 14, 200
(1976).

[29] Y. Yamada, N. Wakabayashi, and R. M. Nicklow, Phys. Rev. B
21, 4642 (1980).

[30] J. B. Goodenough, J. Solid State Chem. 3, 490 (1971).
[31] V. Eyert, Ann. Phys. (Berlin, Ger.) 11, 650 (2002).
[32] S. Biermann, A. Poteryaev, A. I. Lichtenstein, and A. Georges,

Phys. Rev. Lett. 94, 026404 (2005).
[33] M. Haverkort, Z. Hu, A. Tanaka, W. Reichelt, S. Streltsov, M. A.

Korotin, V. I. Anisimov, H. H. Hsieh, H.-J. Lin, C. T. Chen
et al., Phys. Rev. Lett. 95, 196404 (2005).

[34] T. C. Koethe, Z. Hu, M. W. Haverkort, C. Schüßler-Langeheine,
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