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We report hybrid density functional theory calculations on hole doped Ca2−xNaxCuO2Cl2 performed in 4
�4, 4�2�4�2, and 8�2 supercells with hole concentrations x=0.0625 and x=0.125. Holes at the lower
concentration form small polarons, in which the hole is mainly localized on four oxygen ions surrounding one
copper ion. The polaron is a spin one-half ferromagnetic polaron �Cu5O4�, in which the moment on the central
copper ion is parallel to those on the four neighboring copper ions and the moment on the oxygen ions is
opposed to that on the copper ions. This is therefore an Emery–Reiter spin polaron rather than a Zhang–Rice
singlet. At the higher hole concentration �x=0.125�, many cuprates form stripes. Hybrid density functional
theory calculations on linear chains of spin polarons separated by 4a0 show a group of bands localized mainly
on the stripe. Spins on neighboring copper ions in the stripe are parallel and so the stripe forms a magnetic
antiphase boundary between antiferromagnetically ordered blocks of copper spins. Stripes of this kind, which
run in one direction only, may explain recent scanning tunneling microscopy data from Ca2−xNaxCuO2Cl2 by
Kohsaka et al. �Science 315, 1380 �2007��. We also consider an ordered spin polaron phase where magnetic
antiphase boundaries intersect at right angles. In this case, sets of four copper ions in squares at stripe
intersections have parallel spins. This phase may be the 4�4 checkerboard pattern reported by Hanaguri et al.
�Nature �London� 430, 1001 �2004��.
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I. INTRODUCTION

Recent experimental1–7 and theoretical8–11 studies of tran-
sition metal oxides have emphasized the polaronic character
of their hole states. Early models for hole states in copper
oxide superconductors, in which the hole was localized
chiefly on oxygen ions, include the Zhang–Rice singlet
state12 and the Emery–Reiter spin polaron.13 More recent
first principles studies of hole-doped cuprates, which have
found states where holes reside mainly on oxygen ions, in-
clude an LDA+U study of La1.88Sr0.12CuO4 �Ref. 10� and
quantum chemical studies of clusters representing CuO2
planes in cuprates.11

These observations are in sharp contrast to density func-
tional theory studies which omit a Hubbard U term, in which
case the antiferromagnetic, insulating parent compound is
usually predicted to be metallic.14,15 An extensive model
Hamiltonian study of striped phases of cuprates found linear
chains of holes in a half-filled stripe state16 and the formation
of charged lines of holes on oxygen ions in CuO2 planes was
predicted using Hubbard models.17–19

A hybrid density functional approach,20,21 which includes
Hartree–Fock exchange with a weighting factor, is used to
study hole states in Ca2−xNaxCuO2Cl2 �Na-CCOC�, with x
=0.0625 and 0.125 in this work; inclusion of Hartree–Fock
exchange in the Hamiltonian leads to a polaronic description
of hole states in cuprates and other oxides8,9,22 and correctly
predicts an antiferromagnetic insulating state for the parent
compound of the doped cuprates studied here.23 An impor-
tant feature of the spin-polaron model for a hole state, vis-à-
vis the Zhang–Rice singlet state, is that transition metal ions
which are adjacent to the polaronic oxygen ion are coupled
into a ferromagnetic state by the hole localized on the oxy-
gen ion. This can be explained in terms of a simple double

exchange model.13 Polaronic states of transition metal oxides
therefore contain modified spin and charge order compared
to the undoped parent compounds.

By using 4�4 supercell calculations on Ca2CuO2Cl2
�CCOC� with one electron per cell removed or one calcium
ion replaced by a sodium ion, we show that isolated, small
polarons with repulsive Coulomb interactions form at x
=0.0625. These are similar to polarons found using quantum
chemical methods on clusters.11 By using 8�2 supercell cal-
culations with four electrons per cell removed or four cal-
cium ions substituted by sodium ions, we find that both half-
filled 4�� stripes of spin polarons and a 4�4 checkerboard
pattern of intersecting stripes of spin polarons form stable,
metallic states at x=0.125.

We use these findings to argue that spin-charge stripes in
cuprates, which were observed by scanning tunneling mi-
croscopy �STM�,24,25 neutron scattering,26–28 NMR,29,30 and
other experimental techniques,31 are due to ordered stripes
of spin polarons. Since polarons contain ferromagnetically
coupled transition metal ion spins, they must order in such a
way as to minimize disruption to the antiferromagnetically
ordered spins in hole-poor regions. Single, isolated polarons
may be accommodated in the antiferromagnetic background
of a CuO2 plane without disrupting it; when higher densities
of holes have to be accommodated, they can order in
one-dimensional �1D� stripes of spin polarons, which are
magnetic antiphase boundaries �APBs�. The universal nature
of stripes in cuprates is illustrated by the fact that common
stripe features are observed by scanning tunneling
conductance measurements in both Na-CCOC and
Bi2Sr2Dy0.2Ca0.8Cu2O8+� �Dy-Bi2212�.25

Further experimental evidence for polaronic states in cu-
prates is provided by the observation of strong electron-
phonon coupling: Very broad, Gaussian photoemission line
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shapes are widely observed in cuprates and attributed to
Franck–Condon broadening;3,6 pinning of charge carriers by
a crystallographic distortion in a low temperature tetragonal
phase of La2−xBaxCuO4 �LBCO�, with 0.11�x�0.14, can
be lifted and superconductivity restored by application of
hydrostatic pressure;1 new features in the midinfrared optical
absorption spectrum of doped transition metal oxides, in-
cluding cuprates,32,33 were attributed to polarons and mod-
eled using a model Hamiltonian approach.16 A phonon
anomaly was observed in LBCO �x=0.12� at a wave vector,
which corresponds to the 4a0 stripe spacing.34 a0 is the lat-
tice constant in CuO2 planes.

In the following sections of this paper, we give a brief
summary of applications of hybrid density functional calcu-
lations to doped transition metal oxides and results of hybrid
density functional calculations on Na-CCOC in the low hole-
density limit �x=0.0625� and at x=0.125 where stripes are
best formed. Results of calculations on 8�2 and 4�2
�4�2 magnetic unit cells of Na-CCOC with x=0.125 and
1D or intersecting stripes are given in the following sections.
These results are then discussed in the context of a number
of experimental and theoretical data and the paper is summa-
rized in the final section. Details of calculations are given in
the Appendix.

II. HYBRID DENSITY FUNCTIONALS

Hybrid density functionals, whose key feature is that they
incorporate combinations of Hartree–Fock exchange and
conventional density functional approximations to exchange
with weights that sum to unity,35 are becoming more popular
for solid state electronic structure calculations. Experience
with a range of oxides23,36–39 shows that exchange coupling
constants are correctly predicted for weights of the Hartree–
Fock exchange in the range of 0.3–0.4 �Refs. 37–39� and that
the particular choice of conventional density functional ap-
proximation used in combination with the Hartree–Fock ex-
change does not change the predicted values for exchange
constants by a large amount.35 On the other hand, experience
shows that band gaps of oxides are more accurately predicted
with weights for Hartree–Fock exchange around 0.2.23,36–41

The Becke-3 Lee–Yang–Parr �B3LYP� hybrid density
functional20,21 contains Hartree–Fock exchange with weight

A, the local density approximation to exchange Ex
LDA �Ref.

42� with weight �1−A�, Becke’s gradient corrected exchange
functional Ex

Becke �Ref. 43� with weight �1−A�B, the Lee–
Yang–Parr approximation to the correlation functional Ec

LYP

�Ref. 44� with weight C, and the Vosko–Wilks–Nusair ap-
proximation to the electron correlation functional Ec

VWN �Ref.
45� with weight �1−C�,

Exc = �1 − A��Ex
LDA + BEx

Becke� + AEx
HF + �1 − C�Ec

VWN

+ CEc
LYP. �1�

The B3LYP hybrid density functional, with A=0.2 and
also with A adjusted to 0.4 and B and C fixed at their canoni-
cal values, is used throughout this work. A heuristic argu-
ment for including a fraction of the Hartree–Fock exchange
in the exchange functional is that the dynamically screened
Hartree–Fock exchange is included in the GW
approximation.46 The extent of screening can be estimated as
the reciprocal of the electronic part of the macroscopic di-
eletric constant, which is around 5 in many oxides, including
the cuprates.47 Of course, the extent of screening depends on
electron or hole energies and it is not uniform in space, as it
is in hybrid density functionals. However, a recent calcula-
tion on NiO, which used self-consistent wave functions and
energy eigenvalues from a B3LYP calculation as a starting
point for a GW calculation, resulted in a GW band structure
which was very similar to that from the self-consistent
B3LYP calculation.40

The threshold weight of Hartree–Fock exchange for pre-
diction of a localized hole state in a 4�4 supercell lies be-
tween A=0.2 and 0.3 when the hole is generated by remov-
ing an electron and replacing it by a uniform, neutralizing
background charge. For values of A below this threshold
value, a delocalized hole state is predicted, and above this
value, a strongly localized small polaron state is predicted. A
similar threshold for localization of a self-trapped exciton
was reported48 in a hybrid density functional calculation on
sodium chloride. Localization of holes in manganites8,9 was
previously found using unrestricted Hartree–Fock �UHF�
theory �A=1.0� or hybrid functionals.22 UHF theory does not
predict the correct CE-type magnetic ground state of
La0.5Ca0.5MnO3 �Ref. 49�; instead it predicts an A-type
ground state;8 a hybrid functional calculation with a reduced

FIG. 1. Minority spin �left panel� and major-
ity spin �right panel� band structures for a 4�4
supercell with one localized hole introduced by
replacing a calcium ion by a sodium ion. The
valence band maximum occurs at −3.6 eV. Dis-
persionless states are found in the band gap for
either spin state. A weakly dispersive occupied
state at −4.0 eV in the minority spin band struc-
ture is the state where the wave function ampli-
tude is missing from the polaron. Band dispersion
is shown parallel to the Cu-O bond direction. The
Brillouin zone boundary of the primitive 1�1
unit cell occurs at �� ,0� in the units used for
wave vector magnitude.
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weight of Hartree–Fock exchange reverses the energetic or-
dering of the CE- and A-type states and predicts the correct
ground state.50

III. LOW HOLE-DENSITY LIMIT

Calculations where a single hole was introduced into the
supercell were performed on supercells of CCOC containing
32 copper ions in two 4�4 layers. Holes were introduced by
removing an electron and adding a uniform background
charge to maintain charge neutrality of the unit cell or by
replacing a calcium ion by a sodium ion. A localized hole
state is obtained in one of the CuO2 layers in the supercell so
that the hole density in that layer is 0.0625 per copper ion. If
the lattice is allowed to relax, localization of a hole is ac-
companied by contraction of Cu-O bonds around the copper
ion at the center of the hole wave function, i.e., a polaron is
formed.

The polaron is confined to one CuO4 unit, judged by per-
turbations to the charge and spin densities and modulations
of bond lengths when all atomic positions in the supercell
were relaxed. Formation of the polaron is accompanied by
the appearance of dispersionless states in the middle of the
band gap �Fig. 1�. Localized states appear in the band gap for
either spin state because of the Coulombic attraction of the
polaronic hole. Minority spin wave functions for the state in
the band gap and a filled state near the top of the valence
band where the amplitude on the polaron is “missing” are
shown in Fig. 2. Very similar pairs of empty and filled states
are found when the hole is introduced either by replacing a
calcium ion �Fig. 2� or by removing an electron �not shown�.

The degree of localization of a polaronic hole depends on
the weight of the Hartree–Fock exchange used in a calcula-
tion and whether the hole is introduced by removing an elec-
tron or replacing a calcium ion by a sodium ion. When the
hole is introduced by removing an electron and a hybrid
functional with A=0.9 is used, the hole localizes on one
oxygen ion, which has a moment of 0.60�B; its sense is
opposed those of the magnetic moments on the neighboring
copper ions, which each have a moment of 0.85�B.

The moment on the oxygen ion markedly decreases when
A is reduced. With A=0.4, the polaron is equally distributed

on four oxygen ions surrounding one copper ion. The mo-
ment on the central copper ion is 0.60�B �Table I�, the mo-
ments on the other copper ions in the polaron are 0.72�B,
while moments on copper ions in the CuO2 plane which
contains no hole are 0.75�B. Moments on each polaronic
oxygen ion are −0.05�B and polaronic oxygen ions have a
smaller net charge than other oxygen ions by 0.09e. When
the hole is introduced by removing an electron and A=0.2,
the hole state is delocalized. However, a localized state does
form when A=0.2 and the hole is introduced by substituting
a calcium ion by a sodium ion. The polaron spontaneously
forms on a CuO4 unit next to the sodium ion. Spin densities
around a polaron formed either way are compared in Fig. 3.
Spin density around the polaron which is formed by remov-
ing an electron has fourfold symmetry, while the symmetry
of the spin density around the polaron formed by substituting
a calcium ion is lowered to a mirror plane perpendicular to
the CuO2 plane, owing to the location of the sodium ion.

Magnetic moments on copper and oxygen ions in a po-
laron generated by substituting a calcium ion by a sodium
ion are given in Table I. The central copper ion has a moment
of 0.32�B while other copper ions in the polaron next to the
sodium ion have moments of 0.44�B and those away from
the sodium ion have moments of 0.49�B. Copper ions in the
CuO2 plane where there is no hole have moments of 0.49�B.
Magnetic moments on oxygen ions in the polaron next to the
sodium ion are 0.02, while oxygen ions away from the so-
dium ion have moments of 0.07�B �Table I�. These oxygen
moments have the same sense as those of the copper ions in
the polaron, whereas magnetic moments on oxygen ions in
the polaron formed by removing an electron have the oppo-
site sense compared to moments on the copper ions. Local-
ization of the state formed in the band gap, together with the
observation of a valence band state where there is missing
amplitude on the polaron site, suggests that hole localization
is accompanied by the vacated state being pushed into the
band gap.

The structure of the polaron introduced by removing an
electron from the supercell and with A=0.4 was determined
by relaxing positions of all ions in the 4�4 supercell. The
equilibrium Cu-O bond length in CCOC is 1.93 Å.23 When
the 4�4 supercell is relaxed, the oxygen bond length to the
central copper ion in the polaron decreases by 4% to 1.86 Å,

FIG. 2. �Color� Wave function amplitudes at the 	 point of the
Brillouin zone for Na-CCOC 4�4 supercell containing one sodium
ion. �Left panel� Wave function amplitude for occupied minority
spin state at −4.0 eV where amplitude is missing from the polaronic
CuO4 unit. �Right panel� Localized minority spin empty state at
midgap in Fig. 1. Almost all wave function amplitude is localized
on the polaron.

FIG. 3. �Color� Spin densities around polarons formed by re-
moving an electron from the 4�4 supercell �left panel� or by re-
placing a calcium ion by a sodium ion �right panel�. The sodium ion
is located just below the � symbol on the CuO2 plane.
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while the oxygen bond lengths to the other copper ions in the
polaron increase by 4.1% to 2.01 Å. Changes in other bond
lengths in the supercell are all less than 1%. A bond length
contraction of 5% around the central copper ion in polarons
was found in quantum chemical studies of cuprate clusters.11

Modulation of bond distances by the polaron is therefore
nearly completely confined to the Cu5O4 central complex of
the polaron—it is a small polaron.

Calculations were performed with two holes in a 4�4
supercell, with both holes in the same CuO2 plane, in order
to determine whether a bipolaron is formed and to discover
the repulsive or attractive nature of the interaction of pairs of
polarons. No lattice relaxation was performed owing to the
high computational cost of such calculations. Four arrange-
ments of polaron pairs in a 4�4 supercell were considered
�Fig. 4�. Three of these have polarons in a staggered arrange-
ment with separations of �2, �5, or 2�2a0 and one is a linear
bipolaron with a separation of polaron centroids of 2a0. The
relative energies of these bipolaron structures are shown in

Fig. 5; all arrangements of polaron pairs studied showed re-
pulsive interactions. The linear bipolaron is particularly un-
stable compared to polarons which are staggered along a
diagonal. The most stable configuration is where all polarons
in the lattice are maximally separated.

The Coulomb energy of two charges of magnitude e sepa-
rated by 2a0 and screened by a dielectric constant, 
�=5, is
360 meV. The charges on polarons in these calculations are
repeated in neighboring supercells, rather than interacting as
isolated pairs of charges. This calculation does suggest, how-
ever, that these small polarons have repulsive Coulomb in-
teractions which are screened by a dielectric constant of or-
der 5. The electrostatic repulsion would of course decrease if
the lattice were allowed to relax. The phonon contribution to
the dielectric constant of cuprates is around 30 �Ref. 51� and
so these repulsive interactions are expected to be signifi-
cantly reduced by lattice relaxation.

IV. STRIPE FORMATION HOLE DENSITY

In the previous section we reported calculations which
showed that small polarons with repulsive Coulomb interac-
tions form in CuO2 layers for low hole concentrations �x
�0.125�. Phases known as spin glass states are experimen-
tally observed at the upper end of this range of hole
concentrations.25,52 Closer packing of small polarons at hole
concentrations above x=0.125 is unlikley, owing to the high
energetic cost of their Coulomb repulsions. There have been
many experimental reports of stripe formation in cuprates for
x�0.125 and recent data from STM �Ref. 25� and neutron
scattering experiments28,53 show stripe charge and spin den-

TABLE I. Magnetic moments on copper and oxygen ions in
small polarons and stripes in units of �B.

Site
Cu moment

��B�
O moment

��B�

4�4 supercella

Center 0.32

Left, below 0.44 0.02

Above, right 0.49 0.07

No hole 0.51 0.00

4�4 supercellb

Center 0.60

Nearest neighbor 0.72 −0.05

No hole 0.75 0.00

8�2 supercellc

Stripe 0.51 −0.06

Antiferromagnetic 0.52 −0.01, 0.00

4�2�4�2 supercelld

Square 0.60 −0.14

Stripe 0.57 −0.13

Antiferromagnetic 0.55 0.00

aCa substituted by Na with A=0.2. Left, right, above, and below
refer to positions of oxygen ions relative to the central copper ion in
the polaron, as shown in the right panel of Fig. 3.
bHole generated by removing electron with A=0.4.
cHoles generated by removing four electrons with A=0.2. Stripe
refers to copper ions in the APB and oxygen ions in the center of
the APB. Antiferromagnetic refers to copper ions between stripes.
The oxygen ion adjacent to the stripe copper ion has a nonzero
moment.
dHoles generated by removing eight electrons with A=0.2. Mo-
ments given are for copper and oxygen ions within copper ion
squares at stripe intersections, stripes between intersections, and
antiferromagnetic regions. Moments on oxygen ions connecting
squares and stripes or stripes and antiferromagnetic regions are all
less than 0.005 in magnitude.

� � �
� � �
� � �
� � �

� � �
� � �
� � �
� � �

� � �
� � �
� � �
� � �

FIG. 4. Relative displacements of small polarons in a CuO2

plane used in the calculations. Two polarons separated by 2�2a0 are
shown with filled centroids. If the polaron at bottom left is fixed, the
other polaron centroids used in calculations are at locations shown
as hatched circles.
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sity modulations in CuO2 layers which are first observed at
lower hole concentration �x�0.1� but are generally best ob-
served for x�0.125. Scanning tunneling conductance mea-
surements in Na-CCOC and Dy-Bi2212 �Ref. 25� clearly
show stripes separated by 4a0. We propose that the striped
phase at x=0.125 is composed of chains of Emery–Reiter
spin polarons,13 in which the polaron is localized on a single
oxygen ion and its neighboring copper ions.

Polaronic oxygen ions, where a hole is partially localized,
favor ferromagnetic double exchange couplings of neighbor-
ing metal ions in transition metal oxides, while antiferromag-
netic superexchange couplings are favored in undoped ox-
ides. Superexchange is particularly strong in undoped
cuprates and is typically around 130 meV.54 When a certain
density of holes is reached, spin polarons are likely to order
in a way which accommodates ferromagnetic couplings of
copper spins which neighbor polaronic oxygen ions and an-
tiferromagnetic order for copper ions which neighbor other
oxygen ions. A stable structure is possible at x=0.125 for
ordered stripes of spin polarons separated by 4a0. Holes are
localized on chains of spin polarons which contain oxygen
ions whose neighboring copper spins are ferromagnetically
coupled �Fig. 6 �top panel��. They are separated by blocks of
antiferromagnetically ordered copper spins where the hole
density is small. There is one hole per pair of oxygen ions in
the stripe at this hole concentration and stripes exist at mag-
netic APB. Support for this explanation for stripes in cu-
prates comes from LDA+U �Ref. 10� and model Hamil-
tonian calculations.16

The schematic diagram in the top panel of Fig. 6 shows
blocks of antiferromagnetically ordered copper spins sepa-
rated by magnetic APB containing polaronic oxygen ions
and ferromagnetically ordered copper spins. The spin density
obtained from a hybrid DFT calculation with A=0.2 and in
which holes were introduced into the 8�2 supercell by re-
moving electrons is shown in the middle panel of Fig. 6.
Note that these spin polarons spontaneously form at A=0.2
at this hole concentration, whereas small polarons at lower
hole concentration only formed when the hole was intro-
duced by substituting a calcium ion by a sodium ion at A
=0.2. The electronic band structure for this phase is shown in
Fig. 7�a� and the Brillouin zone of the 8�2 supercell is
superposed on the Brillouin zone for the 1�1 primitive cell
in Fig. 7�b�. This is a metallic state and the band structure
around the Fermi energy shows a group of four nearly de-

generate bands which cross the Fermi energy at around k
=� /4 along the stripe direction. There is very little disper-
sion of these bands in the direction perpendicular to the
stripes and there is one such half-filled “stripe band” per
stripe in the supercell. The wave function for one of the
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FIG. 5. Relative energies of 4�4 supercells containing pairs of
polarons with different nearest neighbor separations in units of the
CuO2 plane lattice constant.

FIG. 6. �Color� Hybrid DFT wave function amplitudes and spin
density of stripes formed by magnetic APB. �Top panel� Schematic
illustration of spin order in an 8�2 supercell. Oxygen ions �large
circles� at the centers of APB are colored red or blue according
to their net spin density, and spins on copper ions �small circles�
are indicated by arrows. �middle panel� Spin density in a CuO2

plane in two 8�2 supercells from a hybrid DFT calculation. Cop-
per ions are shown as gray spheres and oxygen ions as red spheres.
Red and blue filled regions show where spin density exceeds
�0.0005�B Bohr−3. �Bottom panel� Filled state electronic wave
function amplitude at the 	 point of the Brillouin zone. Each panel
is to the same scale.

FIG. 7. �Color online� �A� Hybrid DFT electronic band structure
and �B� Brillouin zone for an 8�2 supercell �small rectangle� su-
perposed onto the Brillouin zone for the 1�1 primitive unit cell
�large square�. The Fermi energy in the band structure is marked by
a horizontal line in part �A� and by a pair of horizontal lines in part
�B�. The absolute values of energy band eigenvalues are shown.
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stripe bands at the 	 point of the Brillouin zone is shown in
the bottom panel of Fig. 6. Modulation of the wave function
amplitude from cell to cell along the stripe is caused by
alternation of spins on neigboring spin polarons. Wave func-
tions corresponding to this group of bands are strongly local-
ized on the Cu-O-Cu units which form the stripe and the
orbital shape resembles the Wannier function for the stripe
bands obtained in an LDA+U calculation.10 Filled and va-
cant states localized in the antiferromagnetic regions be-
tween the stripes lie below and above the filled and vacant
states �Fig. 7� localized on the stripe Cu-O-Cu chains. Stripe
regions are therefore metallic, while antiferromagnetic re-
gions between them are not.

Mulliken charge populations on copper and oxygen ions
in the stripe and in antiferromagnetic regions differ by only
0.005e �copper ions� or 0.015e �oxygen ions�; hence, al-
though the stripe band contains holes, net charges on ions
within and between stripes are almost the same. Magnetic
moment magnitudes on copper ions along the APB are
0.51�B compared to 0.52�B in the intervening antiferromag-
netic regions �Table I and 0.56�B in a hybrid DFT calcula-
tion with A=0.2 on undoped CCOC�.23 An LDA+U calcu-
lation on stripes in La1.88Sr0.12CuO4 found magnetic
moments of 0.74�B and 0.67�B on copper ions in APB and
between APB, respectively.10 There is a small magnetic mo-
ment of magnitude 0.06�B on each oxygen ion in the center
of the APB, which is opposed in sense to the copper ion
moments. The moment alternates in sign along the APB, as
shown by the changing color of the spin density along the
chain �Fig. 6�. Oxygen ions just outside the APB have small
magnetic moments �0.01�B� and the oxygen ion in the center
of the antiferromagnetic region is zero by symmetry.

V. 4Ã4 CHECKERBOARD PATTERN STATE

The first scanning tunneling conductance measurements
of 4a0 period stripes in Na-CCOC24 showed a 4�4 modu-
lation of the conductance of CuO2 layers in a structure,
which was described as a checkerboard pattern where 4�4
“tiles” fill CuO2 planes. However, a more recent study by the
same group found a one-dimensional stripe state with stripes
separated by 4a0.25 These scanning tunneling conductance
measurements are performed in a way that is not sensitive to
spin orientation and so only the charge periodicity is ob-
served in the experiment.

The stability of intersecting APB’s which have a 4�4
charge unit cell was investigated by performing hybrid DFT
calculations on a 4�2�4�2 supercell. If 1D stripes consist
of magnetic APB separated by antiferromagnetic regions of
width 4a0, then the 4�4 tiles that make up the checkerboard
pattern are likely to consist of coherent intersections of 1D
stripes, where magnetic ordering on stripes of either orienta-
tion is related. Since holes localized in magnetic APB induce
magnetic moments on neighboring copper ions to be oriented
parallel to one another, a quadruple of copper ions at a stripe
intersection must have its spins aligned parallel �Fig. 8�.
Since tiles in the checkerboard pattern have a width of 4a0,
spin orientations of copper ion quadruples must alternate ev-
ery 4a0 along either stripe direction to allow antiferromag-

netic coupling of all spins in a 4�4 block of spins confined
by magnetic APB. This results in the 4�2�4�2 magnetic
unit cell, as schematically shown in the top left panel of Fig.
8.

The spin density from a hybrid DFT calculation on a
4�2�4�2 magnetic unit cell is shown in the top right panel
of Fig. 8. Holes were introduced by removing eight electrons
from the supercell, which contained 64 copper ions. The dot-
ted blue line shows the magnetic unit cell and the solid blue
line shows the charge unit cell. Magnetic moments on Cu-
O-Cu units in 1D stripes alternate with period 2a0 along the
stripe, but in the tile structure, magnetic moments on Cu-
O-Cu units alternate with period 8a0, because the stripe in-
tersection breaks the period-2 alternation in a 1-D stripe. The
spin density from the hybrid DFT calculation closely re-
sembles that in the schematic diagram in Fig. 8.

The hybrid DFT band structure for the 4�2�4�2 super-
cell is shown in Fig. 9. The Fermi level is located in a group
of bands around −3.4 eV and a state at the Fermi energy is
shown in the bottom left panel of Fig. 8. There is a doubly
degenerate dispersionless state at −2.9 eV whose wave func-

FIG. 8. �Color� Spin density and hybrid DFT wave function
amplitude in a 4�2�4�2 tile supercell. �Top left panel� Schematic
illustration of spin order in a 4�2�4�2 supercell. Oxygen ions
�large circles� at the centers of APB are colored red or blue accord-
ing to their net spin density, and spins on copper ions �small circles�
are indicated by the arrows. �top right panel� Spin density in a CuO2

plane in 4�2�4�2 supercells from a hybrid DFT calculation. The
boundary of the 4�2�4�2 spin density unit cell is marked by a
blue dotted line and the boundary of the 4�4 charge density unit
cell is marked by a solid blue line. Copper ions are shown as gray
spheres and oxygen ions as red spheres. The red and blue filled
regions show where the spin density exceeds �0.0005�B Bohr−3.
�Bottom left panel� Electronic wave function amplitude in CuO2

planes for the highest energy filled state at 	 point and �Bottom
right panel� the lowest energy vacant state at 	 point of the Bril-
louin zone. All parts of the figure are to the same scale.
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tion amplitude is shown in the bottom right panel of Fig. 8.
Hybrid DFT wave function amplitudes for the highest energy
filled state and a vacant state in the band gap at the 	 point of
the Brillouin zone are shown in the bottom panels of Fig. 8.
The filled state shown occurs at the Fermi level and its wave
function shows a similar localization pattern to that found in
the 1D striped phase in Fig. 6, where it is mainly on Cu-
O-Cu units of one spin orientation in magnetic APB. The
vacant state lies in the band gap �0.5 eV above the Fermi
energy and is strongly localized at APB intersections.

Net charges on copper and oxygen ions are nearly uni-
form in 4�2�4�2 intersecting stripes; the range of net
charges on copper ions is only 0.013e and that on oxygen
ions is 0.030e. Magnetic moments on copper ions were
0.60�B, 0.57�B, and 0.55�B in square quadruples of copper
ions at stripe intersections, copper ions in stripes between
squares, and in antiferromagnetic regions, respectively
�Table I�. There are quite large magnetic moments on oxygen
ions located within copper quadruples �0.14�B� and in
stripes �0.13�B�, whereas moments on oxygen ions in anti-
ferromagnetic regions are very small.

VI. DISCUSSION

A. Limitations of mean field approaches

We begin this section by considering limitations of mean
field approaches for treating strongly correlated electron sys-
tems. The greatest limitation of conventional density func-
tional methods, when applied to insulating transition metal
oxides, is their tendency to predict them to be metallic.14,15

This limitation is removed either by using the LDA+U ap-
proach, in which a Hubbard U term is added to the density
functional Hamiltonian, or by adding a Hartree–Fock ex-
change term to the Hamiltonian, as is done in the hybrid
density functional methods used in this work. As noted
above, the B3LYP functional used in this work correctly pre-
dicts the undoped compound, CCOC, to be an antiferromag-
netic insulator.23 However, conventional density functional
methods predict Fermi surfaces of overdoped cuprates quite
accurately when the doping level is high enough to produce
a fairly good metal.55 Thus, we expect methods such as hy-
brid density functionals or LDA+U to give a good descrip-

tion of low doped systems when screening is limited and the
electronic structure can be described by a single electronic
configuration. Increased doping results in greater screening
of the Hartree–Fock exchange and the electronic structure
around the Fermi energy is well described by conventional
density functionals.

Mean field methods are not capable of treating situations
where there are strong fluctuations between electronic con-
figurations. For example, long range antiferromagnetic order,
which is observed in undoped cuprate compounds, is rapidly
destroyed by doping, even at doping levels as low as x
=0.02.52 This could be caused by motion of small polarons
leaving a temporary wake of disordered magnetic moments,
creation of noncolinear magnetic moments over some range
about a small polaron, or a lattice populated by disordered
polaron-ferron magnetic moments—a spin glass. Any of
these effects would destroy long range antiferromagnetic or-
der and none of them is described by a mean field wave
function of the type reported in Sec. III.

Stripes in cuprates are believed to exist either as fluctuat-
ing or static stripes.31 Pinning of stripes to the lattice depends
on the strength of the electron-phonon coupling. Experimen-
tal evidence from transport measurements,1 STM,24,25 and
neutron and x-ray scattering28,34,53,63 shows that a long range
order is frozen to the lattice in a wide range of doped cu-
prates. Obviously, mean field methods are restricted to a
single electronic configuration and can only describe static
stripes.

Finally, mean field methods cannot describe the singlet
spin fluctuations which are present in the Zhang–Rice
singlet.12 The latter contains two configurations, in which
spins of opposite orientation are localized on copper and
oxygen ions and are superimposed with a minus sign. Single
electronic configuration mean field methods such as those
used here only contain one of these configurations. These
methods therefore omit the resonance stabilization of the
Zhang–Rice singlet state which arises from a pair of configu-
rations. However, this energy is expected to be relatively
small. The Zhang–Rice singlet model only includes one cop-
per ion and four neighboring oxygen ions and therefore
omits coupling between the central copper ion and its four
copper neighbors. It does not predict whether a hole local-
ized on four oxygen ions around a central copper ion has a
ferron ground state, in which five neighboring copper ions all
have parallel spins.

The mean field methods used here are therefore expected
to yield a good description of systems where fluctuations
such as polaron hopping or stripe fluctuation are relatively
unimportant. Incorporation of such effects is not yet possible
in ab initio electronic structure methods. However, even for
systems where such fluctuations are important, the calcula-
tions presented above reveal important configurations in any
ensemble observed in experiment.

B. Low hole-density limit

Experimental evidence for localized, polaronic hole states
at low doping levels in cuprates comes from the frequency
dependence of the dielectric constant and conductivity56 and

FIG. 9. Hybrid DFT electronic band structure for 4�2�4�2
supercell. The band dispersion is shown parallel to the CuO bond
direction. The Brillouin zone boundary of the primitive 1�1 unit
cell occurs at �� ,0�.
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optical excitation of impurities47 in La2CuO4+y, with y in the
range 0.0001–0.01 and optical excitation data for a range of
low hole-doped cuprates.57 The binding energy of the hole to
interstitial oxygen ions in La2CuO4+y was determined to be
35 meV from Hall measurements.56 A power-law depen-
dence of conductivity on frequency was ascribed to ther-
mally assisted tunneling between localized states.56 Several
broad absorption features in the midinfrared have been re-
ported for a number of low doped cuprates47,57 and have
been successfully modeled as small polarons bound to
impurities.58 A combined NMR and NQR study of
La2CuO4+y with y in the range 0.06–0.12,59 showed that an
additional line in the copper NQR spectrum of La2CuO4+y
could be assigned to a hole pinned to the lattice.

In this paper, we have shown that holes in Na-CCOC
form small polarons which form preferentially adjacent to
sodium impurities at low hole concentration. The spatial ex-
tent of the polaron is approximately 2a0 by inspection of
dispersionless occupied and vacant states �Fig. 2� associated
with the polaron. Inclusion of nonlocal Hartree–Fock ex-
change in the Hamiltonian is partly responsible for localiza-
tion of the hole, as demonstrated by a threshold for formation
of small polarons which lies between A=0.2 and 0.3 when a
hole is introduced by removing an electron from the unit cell
and replacing it by a uniform background charge. However,
the important role of dopant sodium ions in polaron forma-
tion is demonstrated by ready formation of small polarons
adjacent to the dopant ion when A=0.2. Localization of holes
in calculations where nonlocal Hartree–Fock exchange is in-
cluded, for lattices where the periodicity is not broken, has
been demonstrated for a number of systems including
Sr2CuO3,60 La0.5Ca0.5MnO3,8 and Sr2CuO2Cl2.61 Relaxation
of the lattice when a localized hole is present results in a
significant contraction �4%� of Cu-O bond lengths about the
central copper ion. Small polarons with similar contractions
of four oxygen ions around the central copper ion in the
polaron have been found using quantum chemical methods
applied to clusters.11 Recently, Gunnarsson et al.62 demon-
strated that electron-phonon coupling in cuprates is suffi-
ciently strong for small polaron formation. We have not con-
sidered such dynamical electron-phonon interaction effects
here and these may further stabilize polaron formation.

The Zhang–Rice singlet state12 and Emery–Reiter spin
polaron13 are models for holes in cuprates, which were pro-
posed not long after the discovery of cuprate superconduc-
tivity. The ground state for a hole in the Zhang–Rice model
consists of an electron in a linear combination of O 2p
states around one copper ion with opposite spin to the dx2−y2

electron on the copper ion with an open-shell singlet cou-
pling of those spins. A key aspect of the Zhang–Rice singlet
model is that holes in cuprates can be mapped onto a one-
band Hubbard model on copper sites. The Emery–Reiter
ground state13 can be written as a linear superposition of
singlet states, in which the spins on neighboring copper ions
are parallel, the spin of the oxygen ion is antiparallel to the
copper spins, and there is a net magnetic moment of −�B /3
on the oxygen ion. These solutions to model Hamiltonians
are composed of more than one configuration, whereas the
first principles approach used here uses a single self-
consistent field configuration. Hence, spin fluctuations such

as those incorporated in the Zhang–Rice and Emery–Reiter
models are omitted. In common with the Emery–Reiter
model, we find that the state with the central copper ion spin
parallel to spins of neighboring copper spins is energetically
favored over a polaron where the central copper spin is an-
tiparallel to the neighboring copper spins. The energy differ-
ence is several tenths of an eV.

For the small polaron state, we find that the magnetic
moment on the central copper ion is significantly smaller
than that on the other copper ions in the Cu5O4 polaron unit
�by around 30% for a polaron generated by substituting a
calcium ion and by 20% by removing an electron according
to Table I�. Inspection of wave function coefficients for the
states in the band gap formed by the small polaron �Fig. 2�
shows that the hole is predominantly localized on the central
copper ion; the combined weights for the hole on the four
oxygen ions in the polaron amount to 30%–40% and most of
the remainder is on the central copper ion. This observation
accounts for the reduced magnetic moment on the copper
ion.

The magnetic phase diagram of Ca2−xNaxCuO2Cl2 has
been determined by muon spin resonance.52 The antiferro-
magnetic insulating state of the parent compound vanishes
beyond a hole concentration of 0.02 and is replaced by a spin
glass state in the range 0.02�x�0.12. Superconductivity
first appears around x=0.10 and the volume fraction of the
superconducting phase is maximal �60%� at x=0.15. Fast
relaxation of the muon spin polarization without any detect-
able oscillation was observed for x=0.05 and was attributed
to disordered magnetism.52 We have shown that relative
Coulomb repulsion energies of small polarons which are next
to each other in this hole concentration range �x=0.0625� in
the absence of lattice relaxation are of order 350 meV. Since
lattice relaxation effects will reduce this repulsion energy, the
energy which may dominate the sites on which polarons lo-
calize may be the binding energy to the impurity.

C. Stripe and checkerboard hole density

La2−xBaxCuO4,34,53,63 YBaCuO6+�,28

La1.28Nd0.6Sr0.12CuO4,64,65 and La1.85Sr0.15CuO4 �Ref. 65� are
systems in which charge stripes have definitely been ob-
served by magnetic28,34,53 and phonon34 inelastic neutron
scatterings, photoemission,64,65 and resonant x-ray
scattering.63 Scanning tunneling spectroscopy on
Ca2−xNaxCuO2Cl2 with 0.08�x�0.12 has revealed a 4�4
checkerboard pattern24 and 1D stripes.25 However, a recent
resonant x-ray scattering study of Ca2−xNaxCuO2Cl2, with x
=0.08,66 failed to find a 4�4 modulation of the density of
states, whereas an earlier similar study of La1.88Ba0.12CuO4
�Ref. 63� did show static charge order. A three-band, t-t�-U,
Hubbard model study of the CuO2 plane, where the ratio of
�t� / t� was varied, found stripes or checkerboards to be stabi-
lized for different values of this parameter at doping levels
x=0.06 or 0.125.67 The authors of that study concluded that
1D stripes separated by 4a0 are favored when the ratio �t� / t�
is relatively small �0.2� but that checkerboards are favored
when this ratio is large �0.5�. Inspection of the lower right
panel of Fig. 8 shows that holes in the 4�4 checkerboard
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state studied in this work are mainly localized on quadruples
of copper ions at stripe intersections. In contrast to the small
polaron state in Fig. 2, the hole density is predominantly on
oxygen sites rather than the copper site at the center of the
small polaron. Hole density in our checkerboard calculation,
judged by distribution of wave function amplitude for the
vacant state in the gap in Fig. 8, most closely resembles the
small ferron checkerboard shown in Figs. 1�b� and 1�c� of
Ref. 67. Seibold et al.67 concluded that the known value of
�t� / t� for Na-CCOC places it close to the phase stability
boundary between stripes and checkerboards.

A peak identified as a mobile carrier peak which lies
around 2 eV below the upper Hubbard band peak is a com-
mon feature of resonant x-ray scattering experiments. This
peak is found in La1.85Sr0.15CuO4,68 La1.88Ba0.12CuO4,63 and
Ca1.88Na0.12CuO2Cl2 �Ref. 66� and is absent from undoped
La2CuO4.68 It seems likely that the dispersionless state found
in the checkerboard band structure around 2 eV below the
vacant dx2−y2 states in Fig. 9 is the state responsible for the
mobile carrier peak.

In a three-band Hubbard model for a 1D stripe,69 the
weight of holes projected onto oxygen ions in the CuO2
plane was greatest �0.121� on the O 2p state on oxygen ions
bonded to copper ions in the stripe which are “legs” rather
than “rungs” of the stripe ladder. The weight of holes on
rungs was next greatest �0.095� and the weight on oxygen
ions midway between stripes was 0.034. An LDA+U
calculation10 on La1.88Sr0.12CuO4 found holes on copper ions
in the stripe to have the greatest weight �0.076�, while holes
on rungs of the stripe ladder had weight 0.066 and holes on
legs of the stripe ladder had significantly smaller weight. As
noted above, the distribution of wave function amplitude in
the stripe band shown in the bottom panel of Fig. 6 is similar
to the Wannier function for the stripe band in the LDA+U
calculation just mentioned. Inspection of Fig. 6 shows that
hole amplitude is mainly localized on oxygen ions in rungs
of the stripe and that there is also large amplitude for the hole
on the copper ions in the stripe.

We now make a comparison between the shape of the
Fermi surface predicted by hybrid DFT calculations, an
LDA+U calculation10 and experiment. The hybrid DFT band
structure for the 8�2 supercell in Fig. 7 shows four stripe
localized bands with a bandwidth of approximately 600 meV
and the Fermi level falling roughly in the middle of the band
at �k�=� /4. There is little dispersion of these bands in a
direction perpendicular to the stripes, whereas there is some
dispersion of the bands perpendicular to the stripes in the
LDA+U calculation of Anisimov et al.10 The shape of the
Fermi surface predicted for 1D stripes by these calculations
is therefore a pair of parallel lines �hybrid DFT calculation
on Ca1.88Na0.12CuO2Cl2� or a slightly wavy pair of nearly
parallel lines �LDA+U calculation on La1.88Sr0.12CuO4� in k
space, perpendicular to the stripe direction; the component of
the Fermi wave vector parallel to the stripes is approximately
�� /4.

Photoemission studies of La1.28Nd0.6Sr0.12CuO4 and
La1.85Sr0.15CuO4,64,65 in which photoemission intensity was
integrated in a window within several hundred meV of the
Fermi level, found that this intensity was sharply confined
within a pair of bands in a cross shape where �kx� or �ky�

�� /4. This pattern of photoemission is consistent with the
electronic structure found in the stripe calculations in Figs. 6
and 7. The cross shape is expected to arise from two domain
orientations of the stripes.

Photoemission studies of Ca2−xNaxCuO2Cl2,70,71 with
x=0.12, obtained the Fermi surface, but integration of
photoemission intensity in a window close to the Fermi
level was not reported. The Fermi surface consists of half-
moon regions at 45° to the Cu-O bond directions, which
are quite distinct from the perpendicular stripe photoemis-
sion intensity distribution reported for La1.28Nd0.6Sr0.12CuO4
or La1.85Sr0.15CuO4. However, La1.88Ba0.12CuO4, which
is known to form statically ordered stripes, has a
Fermi surface,72 which is quite similar to that of
Ca1.88Na0.12CuO2Cl2.

VII. SUMMARY

Hybrid DFT calculations on Ca2−xNaxCuO2Cl2, with x
=0.0625, in 4�4 supercells result in small polaron wave
functions where the hole is localized on one Cu5O4 unit. All
copper ions in the polaron are ferromagnetically coupled.
The formation of this small polaron is accompanied by ap-
pearance of a localized occupied minority spin state less than
0.5 eV below the valence band maximum. Localized, empty
majority and minority spin states appear in the band gap
when the polaron forms. Holes in these calculations were
generated either by removing one electron from the unit cell
and replacing it by a uniform, neutralizing background
charge or by replacing one calcium ion by a sodium ion. In
the former case, the spin density on the polaron has a four-
fold symmetry and oxygen ions in the small polaron have
opposite net magnetic moments to those of the copper ions in
the polaron. However, when a hole is generated by replacing
a calcium ion, the polaron forms on a Cu5O4 unit adjacent to
the sodium ion and the net magnetic moment on the oxygen
ions has the same sense as the copper ions in the polaron.
Inspite of this difference in net magnetic moment on oxygen
ions in the polaron, the localized states associated with the
polaron are very similar and are therefore independent of the
means of generating the hole. Pairs of polarons in a 4�4
supercell have purely repulsive interactions, which can be
characterized as a screened Coulomb potential with dielectric
constant 
�=5.

The picture of stripe order in cuprates which emerges
from these calculations is one where holes are largely con-
fined to magnetic antiphase boundaries �stripes� which sepa-
rate regions where spins of copper ions are ordered antifer-
romagnetically, either in long blocks which may contain 4
� �10 copper ions in 1D stripes25 or in 4�4 blocks in
tiles.24 Magnetic moments of copper ions in these striped
phases are close to their values in the antiferromagnetic in-
sulating parent compound and there is a small magnetic mo-
ment on oxygen ions within stripes. A group of half-filled
bands is predominantly localized on Cu-O-Cu units in the
stripe which makes antiphase boundaries metallic. Regions
between them remain insulating. These linear, metallic
stripes are likely to be the origin of 1D stripes in
Ca2−xNaxCuO2Cl2 observed by STM.25 Hybrid DFT calcula-
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tions on Ca2−xNaxCuO2Cl2, with x=1 /8, with intersecting
antiphase boundaries separated by four lattice constants also
result in an electronic structure where wave functions are
localized on Cu-O-Cu units. These may be the origin of the
4�4 phase in earlier reports of STM conductance maps.24
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APPENDIX: DETAILS OF CALCULATIONS

Hybrid DFT calculations were performed using the CRYS-

TAL program.73 Spin density plots were generated using the
XCRYSDEN program.74,75 Gaussian orbital basis sets were

standard all electron basis sets for Na,76 Ca,77 Cu,78 O,79 and
Cl.80 The Cu basis was supplemented by an extra d orbital
with an exponent of 0.20 Bohr−2 and the outer exponent of
the standard Cu basis78 was adjusted to 0.43 Bohr−2. The
outer sp exponents of the Cl basis were modified to 0.294
and 0.090 Bohr−2. Tolerances for lattice sum convergence
within the CRYSTAL program were chosen to be 7 7 7 7 14.

Calculations were performed using the Pm space group
symmetry with the mirror plane parallel to CuO2 planes. Un-
der this space group, all copper and oxygen ions are unique
and Cl and Ca ions are equivalent in pairs. The use of a much
lower symmetry than is present in undoped parent com-
pounds is important as low energy localized polaronic states
tend to break that high symmetry. Localization of holes is
observable either from total charges and magnetic moments
projected onto sites in Mulliken population analyses or by
plotting the total spin density. In the latter case, hole density
is apparent because of uncompensated spin of the remaining
electron on the site where the hole is localized.
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