
COVARIATE MODELS FOR ACCIDENT DATA

GILBERT MacKENZIE*
DEPARTMENT OF COMMUNITY MEDICINE, QUEEN'S UNIVERSITY,

BELFAST

(Read before the Society, 12 December 1985)

1 INTRODUCTION

The statistical analysis of accident data has
historically relied on the mathematical precepts of
classical discrete distribution theory Since the first test
of the standard null ("pure chance") hypothesis on accident
mortality data, relating to horse-kicks in ten Prussian Army
Corps during 1875-1894 (von Bortkiewicz, 1898), various
models have been advanced to explain departure from
Poisson's (1837) law

The ostensibly separate hypotheses of "proneness"
(termed "unequal liability" Greenwood and Yule (1920) and
"false contagion" by others Bates, et al , (1952), and
"contagion" have received extensive attention in the
literature (Newbold, 1927, Anscombe, 1950, Bliss and Fisher,
1953, Neyman, 1939, Cresswell and Froggatt, 1963, Kemp and
Kemp, 1965 and Kemp, 1967) However, despite considerable
development of the associated statistical models, formidable
problems of interpretation remain (Froggatt, 1968a)

One complication of the classical approach to the
analysis of the accident data arises from the observation

* I would like to thank Sir Peter Froggatt, Vice-Chancellor
of Queen's University of Belfast and formerly Professor of
Epidemiology in the Department of Community Medicine,
Queen's University Belfast, for many interesting discussions
on the analysis of accident data, and Dr Richard Kay,
Department of Statistics, University of Sheffield, for a
first introduction to Cox model and much valuable help
thereafter
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that apparently fundamentally different sets of defining
assumptions may generate the same statistical model Such
duality of interpretation (for example, the Neyman Type A,
Short, and Negative Binomial may each be derived on either
of the hypotheses referenced above) appears characteristic
of compound Poisson models which are generalised Poisson
distributions (Kemp, 1968)

Consequently, it is methodologically difficult (if not
impossible) to discriminate between models on the evidence
of the data above

Another difficulty relates to the compounding process
per se The result of modifying the basic Poisson
distribution by permitting "liability" to vary over
individuals is well known - we arrive at the Compound
Poisson

This procedure makes allowance for the hypothesised
inter-individual variation in \ but, unfortunately,
provides no direct measure of a particular individual's
liability The absence of such a measure hampers the twin
processes of hypothesis formulation and testing in relation
to the possible influence of measurable social and
biological characteristics In this respect the contemporary
analysis of accident data seems peculiarly unique

A further difficulty arises in relation to the design
of the accident studies Adelstein (1952) commented "The
statistical approach is to observe a group of persons equal,
as far as possible in all relevant respects and exposed to
the same essential conditions for a period of time" These
requirements would appear unnecessarily rigorous and are, in
any case, unlikely to be fulfilled in practice

The purpose of the present paper is to attempt to
obviate some of these constraints by modelling the
underlying transition probabilities intra-individual on the
real-time axis By adopting a proportional hazards
parameterisation (Cox, 1972) the effects of covariates on
the accident-incidence can be assessed directly The
resulting class of stochastic models assumes less structure,
a priori, than the point processes discussed by Cox and
Isham 1980
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2 MODEL FORMULATION

In the development which follows accident-incidence is
modelled intra-individual on the real-time axis Let A =
(aO9al9 ,ar) denote the finite collection of ordered
transient states traversed by an individual on study for
time Tr The state ao corresponds to an initial, accident-
free, state while states ak(k=1, r) represent accidents
Associated with these latter states are times T k at which
transitions occur from states ak-i to ak so that the
underlying stochastic process may be represented by
(ao,T1,a1,T2 )

Following Cox (1972) the instantaneous incidence rate
for the kth accident may be modelled as

Xk(tk,xk) = Xok(tk) exp (xk 3k) (1)

where the vector of unknown parameters 3k =
measures the influence of the covariates xk = (x^, >xkp),
and 1^ k ^ r Equation (1) specifies a proportional hazard
regression model of considerable generality in which the
underlying hazard and regression component is allowed to
vary with k

In practice, however, some additional restrictions
among the instantaneous incidence rates themselves, or, in
the underlying state space, may be necessary for reliable
parametric estimation One of many possible simplifying
assumptions is that

Aok(tk} = Ao ( tk } exP(ek> < 2 )

from which it is clear that the intra-individual event
incidence rates are not proportional in the usual sense

From (1) and the nature of the process, the
contribution to the likelihood from a single individual on
study for time Tr can be written as

n [ Xk (V xk ) ] sk(tk'xk} (3)

K.
where the indicators take the following values
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f r1 uncensored

6 = J
0 otherwise r [ 0 otherwise (4)

whence exactly r events are observed in the uncensored case
and r-1 otherwise

The conditional event specific survivor function is

Sk(tk,xk) =exp[-Ak(tk,xk)] (5)

and the conditional event specific cumulative hazard is
defined as

Ak(tk,xk) =/Ak(t,xk)dt ( g )

where for convenience t = 0
o

Kalbfliesch and Prentice (1980a) discuss the method of
construction of likelihoods similar to (3) in the context
of multivariate failure time data For a sample of
n individuals the full likelihood is

where 1<i^n and

Now suppose that f-j (j =0,1, ,r*) individuals
experience exactly j events such that n= Efj where r^ is

max [r±] the maximum number of events experienced by
individuals in the sample and let R-k(t) denote the set of
labels for individuals at risk of experiencing the
transition from state ak_i to av, then the numbers at risk
are n1 = n and n^ = fk-1*2 ^k<r* Furthermore, if T\(t)
denotes those individuals who undertake this kth transition
then d[T*k (t)]=fk for 1 <k<r*and Rk(t)=T*k-i (t) for2^k<r*
(The use of a subscripted t in parenthesis in the risk set
notation will imply a time ordered risk set as in Cox
(1972) )

For the purposes of function and parameter estimation
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it follows that Equation (7) mav be factonsed into r*
separate components Thus (7) may be re-written as

for 1 <<k^r* andu e Rk(t) f a form which depends on*"* unknown
functionsAok(tku) , andr* unknown parameter vectors 3k by
virtue of (1) Although (8) permits the instantaneous event
incidence function to depend on different covariate vectors
throughout the time trajectory, such generality may not be
required, especially in randomised controlled trials when
the covariates may be the treatment group indicators on
entry to the study

3 ESTIMATION OF

Let tk-| < tk2<
 <t:tn^ be the distinct ordered times

associated with the nk individuals at risk of making the
transitions from states â .--] to ak Furthermore let T>u(t)
comprise t*k| < t \ 2

 < <t:*kf ' a subset of the times given
above at wnich the f, transitions actually occur The
remaining nk-fk ^lmes are censored Cox (1972) writes the
conditional probability that the sth individual is incident
at time t^ as

X o k ( t \ s )

I Xok(t*ks> 6 X p ( xk£
for s = 1, ,ffc and ̂ Rk(t* k s) The nuisance function
^ok^t*ks^ cancels throughout and the partial likelihood
(Cox, 1975) is the product of f terms like (9)

k
Lk(3k) = n [exp(x*ks 3k) /Z exp(xk£ ^ ] (10)

b JO

The estimator 0 k of 3k which maximises (10) is
asymptotically N(3k,v(3k)> where V(8k) m ay be consistently
estimated in finite samples byi (3k) , the ̂ inverse matrix
of second partial derivatives evaluated at 3 k (Cox, 1975)
Partial likelihood estimators may be obtained for each set
of parameters 3k,1:<k<r* m turn Equation (7) is different
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from Cox's (1972) model only in the construction of the risk
set indicators

4 ESTIMATION OF \ ( t )
ok k

Function estimation forAok(t) is usually based on a
two stage procedure, analogous to the method of relative
maximum likelihood (Kalbfliesch and Sprott, 1970), in which
^ok^k) l s estimated at the partial likelihood estimate gk

Some precision is inevitably lost at both stages first 0^
is not in general fully efficient and, especially if of high
dimension, may induce considerable uncertainty in the
^ O K ^ K ^ estimates However despite these theoretical
disadvantages the methods are known to work well in
practice

Perhaps the most direct method in relation to fitted
proportional hazard models is based on Breslow's (1974)
modification to the cumulative hazard estimator given by
Nelson (1969) In terms of the present ordered multi-state
framework

u I

for s = 1, ,fk> JteRk(t-ks)
 T h e right-hand member of (11)

takes non-zero values at the distinct incidence times
t*Ki< <t;ckfi< i n which cases dks = \ When k = 1 and 3-| = 0
Equation (11) is a relative of the usual Kaplan-Meier
estimator for the survivor function (5) Plots of (11)
against t fort=min[t*s],where thet's are the entry times in

T''k-1 (t)associated with the fk individuals in T'(t) provide
information on the incidence intensity over the appropriate
portion of the time trajectory

An alternative method which is computationally more
taxing is based on an arbitrary division of the time scale
Given originally by Kalbfliesch and Prentice (1973) it has
been adapted recently by Kay (1982) to the multi-state
framework Let

(Q\

Xok(t) = X ok f o r t e ( V i , V =h (12)

for 1<£<i and where b = 0<bX <b , <b =°°is some sui table
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(£)
sub-division of the real-time axis Let w be time spent
in state \_i by the ith individual during L and let 6 =1
if this individual undertakes the transition to a in I. and
6 = 0 otherwise for I eR^CO T h e n g l v e n the partial
likelihood estimator^ of £ , the likelihood for the A . (jl)

becomes

for l<i<n whence it is easy to show that

where E6 n = d
I

Furthermore, I(u,v) the uth , vth element of the
information matrix with respect to X ,^u^ , X v^

v^ is

Ku.v) = ̂  e kW/ Q Q k W ]
 2 ° (U = v°)

= ° (i) a) (u ̂  v) rn
Where, of course \ . e, is E(E 6 ) and 6^ ; is the
conditional probability or ^incidence1 in I. With these

t X ( X ^ 1 ) X ^ ) ) S

p i y ^
arrangements X Q = ( X Q . ^ 1 ) , »X0^j)), IS approximately
asymptotically N(X k,V(X0 )) where the dispersion matrix
V(X , ) is a jxj diagonal vnth typical element reciprocal to
(15) The likelihood (13) together with the results above
provide a convenient test of the following hypothesis of
constant underlying hazard

H X = y .
o ok ok

\ , (16)
Hl \k^0k

where y Q k = ( V . . . , y Q £ V
WhenAH0 is true the maximum likelihood estimator of y , at
B- = 3, i s , from (13) °
k k

y = E E 6 1 t exp(Xl . R )
ok * iSL I k i r k i k

where I H = f

Accordingly, an approximate asymptotic test of H may be
based on °
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A A A — 1

k" V ' ( V

ok .

where v = j - 1 and

lag Ql d/dk( k ) = dlag Qol d/dk
( 1 )

f

Using either procedure outlined above the cumulative hazard
plotting methods of Kay (1977) may be employed to further
explore the structure of the underlying hazard

5 REDUCED MODELS

Since the dimension of the risk set is a decreasing
function of k, efficiency considerations will usually
dictate some reduction of the parameter space associated
with the full likelihood (7), especially in studies of rare
incidence in which case only the estimation of 3. and 3o may
be feasible

However, reduced models are of interest for other
reasons While, in general, the types of hypothesis to be
tested will be governed by the obiectives of the study and
its particular design, for some accident studies the
covariate vectors may be of the same type and dimension
Such data structures arise naturally when the covanates are
sensory or perception measurements made initially and after
each subsequent incident Then, an obvious hyoothesis of
interest is

^) Ho 3 k = 6 % (20)

which specifies arbitrary underlying hazards and a common
regression relationship throughout the time trajectory

Alternatively, from the structure of (1), it may be
reasonable to postulate

(B) H L (t) = X (t) ^ (21)
0 ok o k

H X (t) ̂  X (t) -¥-
1 ok l o k

so that the common underlying hazard X (t) is modulated by
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arbitrary regression components $,

A more restrictive hypothesis than either considered
above is of course

(C) Ho Xk(t,xfc)
 = X(t fx k) -¥-fc (22)

Hi Xfc(t,xk) * *(t,x t) ^

When (22) holds the hazard depends on k through event times
and the covariate structure the resulting model is closely
related to the non-homogeneous Poisson process

The consequence of the hypothesis outlined above are
developed in more detail below With regard to testing, an
obvious general strategy is to compare particular reduced
models with the full model in terms of maximum log
likelihoods achieved

In order to derive suitable test procedures for
hypothesis (A) above, the arguments leading to (10) may be
exploited again The full likelihood (7) depends on r*
nuisance functions, ^o^(t), when (A) holds Accordingly, a
partial likelihood for the parameters Bi f.. f3 Ais given
by r

L(3i, ,3 *) = HL (B ) (23)
r k K K

in which the nuisance functions have been eliminated When
Ho is true (23) reduces simply to

L(e) = U Lk ( B ) (24)

If the vector of partial derivatives with respect to Bk is
denoted by u

k(3^) and the matrix of second partial
derivatives by 1,(3,), numerical estimation of the common
value proceeds on an iterative basis using

and

U(B) = E n (B) (25)
k k

KB) = Zi (B)
k R

In addition Equations (25) provide a convenient framework
for testing the hypothesis that 3 = Bo<an assigned value)
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Following Cox (1972) the test may be based on the score
statistic

X^ = U'(Bo) ^ ( B o ) U(B0) (26)

where the degrees of freedom are given by v = £ d Q3 J
k k

Equation (26) has wider applicability than the
framework invoked in its derivation since in general there
are no restrictions placed on the dimension of the parameter
vectors 3k

In the case of hypothesis (B), specification of a
common underlying A0(t) leads to no important simplification
of the likelihood (7) The arbitrary regression parameters
3, coupled with the non-homogeneity of the process together
imply that partial likelihood arguments must be based on the
same risk sets as before Thus, since only individuals who
have experienced the k-lth event are at risk of experiencing
the kth event, the partial likelihood given by (23) is
appropriate irrespective of the condition imposed by
hypothesis (B).

Although similar considerations lead to the same
conclusion in relation to hypothesis (C) it is clear that
tests of these latter hypotheses can be constructed when the
underlying hazard function is suitably parameterised

6 GENERALISATIONS

The model formulated in Section 2 assumed that the
accident incidence was of a single homogenous type However,
competing types based on some suitable categorisation may be
incorporated into the proportional hazards model (1) This
approach may be warranted when some of the events are of a
qualitatively different nature - for example, with respect
to severity, or when the events occur in materially
different environmental conditions, as with the operation of
a variety of equipment types Then the instantaneous
incidence rates may be written as

\ (t- ,x. ) = A , (tL ) exp fx, 3- )
km km Tun okm km r km km
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for l^m^c competing accident types

The resulting likelihoods arise naturally in the theory
of competing risks associated with multi-variate failure
time data and have been considered briefly by Kalbfleisch
and Prentice (1980a) and Kay (1983) Partial likelihood
estimation of the parameters 3km proceeds along lines similar
to these described above An important feature of these
models is that the estimates 3km a r e obtained in the absence
of any independence assumptions about the underlying
mechanism generating the different event types (Kalbfleisch
and Prentice, 1980b) Dependencies between transition types
however may be explored using the risk indicator approach
suggested by Prentice, et al , (1978)

A further generalisation of the proportional hazards
model (1) involves the incorporation of internal covariates
in the overall covariate structure Neglecting, momentarily,
simultaneous incidences, it has been assumed in (1) that the
covariate vectors xk are measured either at the start of the
study (k=l) or immediately following the k-lth event (k>l)
Thus while the covariate vectors x^ are clearly the output
of the stochastic process generated by a single individual
they are conditional on the number of previous incidences
experienced However, this structure permits the inclusion
of, more usual, internal covariates which are observed on
individuals in Rk^) only so long as the individuals are not
in T^(t) Since this type of internal covariate, :%(t) ,
carries information on the incidence time of the t̂  event it
is clear that the interpretation of the effects of such time
dependent covariates requires additional care (Kay, 1982)

Nevertheless, the availability of these twin devices
within the partially parametric proportional hazards
framework offers the statistician considerable flexibility
in the choice of model

7 DISCUSSION

By focusing principally on the more general concept of
accident-incidence, per se, this paper attempts to avoid
much of the extensive terminology surrounding the analysis
of accident data which exists in the literature (Froggatt,
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1968b, Kemp, 1968)

A major advantage of the methods discussed lies in
their ability to model covariate information collected
throughout an individual's period of observation in a
consistent and very much general manner This has been
achieved using a log-linear parameterisation of the
individual time-dependent transition probabilities
Estimation of, and test of, hypothesis concerning the
effects of factors measured during the study are thus
facilitated without the need for stratification of the data
by observed covariate values In addition, the components of
the covariate vector may be freely chosen to include factors
specific to the individuals under study ("proneness") or
factors relating to their environment (external) or both
("liability") The methodological advantages of this
approach which cases the analysis of accident data in a
standard statistical mould would have been appreciated
equally by Newbold (1927) and Froggatt (1968b)

Alternatively, other aspects of the stochastic process,
for example, E[N(t) ] might have been modelled Such methods
are, however, less fundamental as they require, a priori,
the choice of an appropriate statistical distribution for
the number of events in(o,t] Furthermore, different
distributions, such as the time-dependent Poisson or the
time-dependent negative binomial in which identical
assumptions were made about the form of E[N(t)] would lead
in general to transition probabilities with different
parametric structures

Equation (1) and its generalisation (27) define a
family of conditional transitional probabilities of great
generality A transition from state â _̂ j to a^ at time tg is
made conditional on the whole history of the process prior
to t|, sayH(t£) , which includes information on all previous
incidence times and types together with information on
censoring (Kalbfleisch and Prentice, 1980c) Likelihood
construction is then so straightforward that the method
would have been considered an advance even in the fully
parametric case ( \o(t) specified) However, the
availability of partial likelihood methods (Cox, 1975)
permitting the estimation of 3 irrespective of the
functional form of \>(t) completely relieves the
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investigator of this awkward problem of specification

What then are the implications for data analysis7

First, longitudinal study designs will best facilitate the
use of the model, both in relation to (a) the accurate
recording of events and their incidence times, and (b) the
testing of well-formulated hypotheses within the standard
framework of randomised controlled trials [see Kay (1983)
for a related paper] It would appear unlikely that the
model could be fully utilised in a purely observational
study since the choice of covariates following incidence may
not be clear cut, although a simple expedient here may be to
repeat some of the original covariates and condition on the
absolute or relative change as appropriate

Second, since the risk set (R^Ct) is a decreasing
function ofk , inevitably the estimation of 3^ will become
infeasible In order therefore to maximise the numbers at
risk, studies could be organised on a multi-centre basis
The efficiency of 3, for the specialised single failure
situation (k E 1) has been investigated by Efron (1977) and
Oakes (1977) However, further work comparing the
information in (8) with that available from (23) is
required

Nevertheless, the proportional hazards regression model
should prove more informative than existing procedures and
its application to the analysis of accident data will
inevitably lead to a reduction in Greenwood and Woods'
(1919) "motley host '
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Von BORTKIEWICZ, L 1898 Pas Gesetz der Klemen Zihlen,
Leipsig Teubner

M A Moran I am delighted to be associated with the welcome
to Dr MacKenzie here tonight and to have been invited to
propose the vote of thanks on behalf ot the Society

In his introduction, Dr MacKenzie gave a brief review
of the classical treatment of accident data which primarily
involved the fitting of the Negative Binomial or more
complicated discrete distribution He then proceeded
directly to an alternative model formulation based on the
proportional hazards model The former makes no provision
for covanates, the latter does However, there are
intermediate models which do allow for covanates and it
might be useful to put the two discussed in tonight's paper
in some overall context

The original Greenwood and Yule model envisaged that
the number of accidents y in a period t for a given
individual had a Poisson distribution with mean and variance

E(Y) = At

V(Y) = Xt

This model will not fit a group of individuals unless
they all have the same accident rate A Individual variation
in \ , whether from sources internal or external to
individual causes an increase in variance over that
indicated by a Poisson model If this variation in A is
modelled by a Gamma, a Negative Binomial distribution for Y
results with

E(Y) = At 2

V(Y) = At + M -
K.

but a similar inflation in variance can result from
alternative models

Disaggregation of groups into homogenous groups on the
basis of factors logically associated with variation in the
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accident rate would be expected to produce a within group
variation more in conformance with the Poisson model Thus
Weber (1971) described data from a California Driver Study
on the accident record of 148,000 motorists over the period
1961-63 in which the overall accident distribution was
fitted extremely well by a Negative Binomial When the
individuals were partitioned, however, into 2,880 groups
according to sex, age, marital status, area of residence,
conviction history and accident history, 87 per cent of
cells containing 100 observations or more were found to be
fitted very well by Poisson distributions Weber went on to
express the accident rate A as a linear function

A - 3Q + 3 ^ + 32x2 + 3pxp

of the Covanates which he estimated by iterative weighted
least squares Such a model would not be considered as a
particular case of the class of generalised linear models
introduced by Nelder and Wedderburn (1972) It and plausible
alternatives such as

log A = 3o + 3 ^ + + 3pxp

are easily fitted using the GLIM program

It is possible, of course, that even with
disaggregation and the introduction of covanates that
variation in Y in excess of that indicated by a Poisson
would still obtain A case in point is the analysis of
mortality rates from lung cancer described by Manton,
Woodbury and Stallard (1981) They assumed that, after
disaggregation, within cell variation in Y, the number of
deaths, has a Negative Binomial in which both A, the death
rate and k the measure of excess variation within a cell,
are functions of the covariates Thus there are many
possible covariate models for accident data apart from the
proportional hazards model The latter incidentally assume
that all variation between individuals can be attributed to
the covariates

Now we come to the substance of tonight's paper which
is the modelling of the pattern of accidents over time to
allow for repeated incidents At first sight the basic
formulation resembles that of Prentice, Williams and
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Peterson (1981) who consider two forms for the hazard
function

XQk(t) exp(xk, 3k)

X[t | N(t), X(t)] = or

Xok ( t " '(n) e x p ( x k ' 6k }

The first of these, which is very similar to Equation (1) of
Dr MacKenzie's paper, implies that the chance of having an
accident at time t, given N(t) = n(t) accidents to date and
covariate values X(t) = x(t) is dependent on the total time
that the individual has been under observation The second
form implies a dependence on time elapsed since the last
accident It seems plausible that an accident might
introduce a change in the baseline hazard and the dependence
on the covariates, but that otherwise one starts from
scratch Dr MacKenzie might like to comment on how his
formulation related to that of Prentice, et al

As a statistician with an interest in applications, I
wondered how one would in practice fit the models described
tonight It seems to me looking at Equation (7) that the
ordered transient states defined in the paper may be treated
as distinct strata, note being taken of the conditional
nature of the survivorship functions for the second and
subsequent strata when it comes to lrteroretation Thus the
usual log minus log plots of the estimated survivor
functions in (5) would establish whether the functions for
different accident states were proportional, in which case
differences between states could be accommodated as a
covariate on the lines of Equation (2) A test of equality
of such parameters would correspond to test B of
Equation (21) For accidents of a single type the fitting
and comparison of separate strata can be done using a
program such as BMDP2L Alternatively, the approach of
Whitehead (1980) could be used in which a set of independent
Poisson variables is defined for each risk set with
expectations dependent on the covariates in such a way as to
produce estimates 0 and likelihood ratios identical to the
proportional hazards model This auxiliary Poisson model can
be fitted using GLIM If strata or accident states are
incorporated as a tactor S , then the main hypotheses of
interest can be tested using the sequence of models
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R

R + S

R + S + X

R + S + X + S X

where the levels of Rcorrespond to the distinct risk sets
and effectively fit the baseline hazard Thus, for example,
hypothesis A in (20) is tested by comparing the fit of
R + S + X withR + S + X + S X The underlying hazard
functions can be recovered from the parameter estimates for
Rand s

I think it a pity that Dr Mackenzie chose not to
include any applications or to discuss to what extent
accident data in practice are detailed enough to support
estimation of the models he has described tonight It is an
important topic and there is obviously much to be done I
look forward to further contributions from Dr Mackenzie and
congratulate him on his initiative in submitting this paper
and on his presentation tonight I formally propose tne vote
of thanks
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P J Bo land I have found over the past few years that one
aspect of the Statistical and Social Inquiry Society of
Ireland which I particularly enjoy is the broad diversity of
papers that are presented at its meetings Recently I have
enjoyed presentations on new plans for the CSO, statistics
in the secondary schools, agricultural statistics and
tonight a paper on proportional hazard models for accident
data I am also glad to see, as is evidenced by tonight's
presentation, that papers of a theoretical nature are
welcome from time to time at meetings of the Society

Dr MacKenzie has presented a model for analysis of
accident data which generalises the log linear proportional
hazard model introduced by Cox in 1972 Use of prooortional
hazards as a basis for modelling has become very popular
ever since I note that according to the 1984 Current Index
to Statistics (which lists most papers in statistics
published in 1984) there were at least 20 Dapers dealing
principally with proportional hazard models

Although I feel strongly that theoretical papers should
have a role in the society, I was hoping that Dr MacKenzie
would have presented a case study or data analysis
illustrating his theoretical considerations It would be
interesting to know if say "traffic accidents' or "health-
related accidents (such as heart attacks) can be well
modelled using the proposed models Some discussion of the
specific types of covariates that would be used in accident
modelling could also prove very interesting I suspect that
time dependent covariates such as the "accidents incurred/
time elapsed at the last previous accident' are of prime
importance

I have a few comments related to some technical
aspects

(a) I was wondering if the incidence rate functional form
defined in Equation (1) precludes the possibility of a
kth accident being fatal for some but not all
individuals Also it seems that r* , the maximum
accidents experienced, is a random variable This seems
to imply that theoretically at least there are an
infinite number of initially unknown parameters
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(b) I had some difficulty with the terminology for time
ordered Risk sets R k ^ ^ 1S defined as the set of
labels for individuals at risk of experiencing the
transition &]<i-\ to a^ But does this refer to those at
risk of making this transition *t finiP t, or at some
time during the interval (0,t)9 If it is the former,
then the size of the risk set R^Ct) need not be
decreasing (as claimed) If it is the latter, then the
notation concerning n^ and f^.^ should indicate that
they are functions of time as well The notation of Cox
and Oakes (Analysis of Survival Data) seems to suggest
that R^(t) = those individuals who up until time t have
not experienced a k accident but have experienced k-1
accidents

(c) In the estimation of the baseline hazard functions
A i (t) in Section (4) it is stated that a two stage
procedure can be used in which A ,(t) are estimated at
the partial likelihood estimates^ This seems to be
intriguing since the defining equations for the
baseline hazards seem to indicate that the A , (t) are
independent of the 3

(d) Some practical examples where the test of hypothesis
given in (16) (where the null hypothesis is that the
k ^ hazard function is a step function) might be
useful I suspect that in many cases u^1) would be
increasing in 1 UK-

I have mentioned some technical criticisms I have of
the paper However I have enjoyed the oaoer and would like
to firmly second the vote of thanks proposed by
Professor Moran Dr MacKenzie has introduced a new class of
models which will hopefully prove useful and I wish him luck
in promoting their use in practical situations

Reply hy Dr MacKenziP I am very grateful to both
contributors for their constructive and helpful comments on
my paper

The development of models for the analysis of accident
data shares a common history with developments in classical
discrete distribution theory The close synergism which has
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existed between these two areas is well illustrated in
recent work by Xekalaki (1984) However, it is now clear
that a number of useful innovations have been overlooked by
practitioners and theorists alike In particular, a rather
obvious deficiency has been the absence of general models
which account for the effect of explanatory variables
Accordingly, the main thrust of tonight's paper has been to
draw attention to this problem and offer one possible
solution in the form of a semi-Markov proportional hazards
model

Professor Moran and Dr Boland raise a number of cogent
points The proposed model is only one of a large class of
possible alternative formulations Nevertheless there are
some compelling reasons for its consideration

First, the model,

for k=l provides a direct test of the hyoothesis of no ab
mi tm unequal "liability7' (and hence "proneness") allowing
for different exposure times among individuals at risk This
hypothesis is rejected when 3-^0 and then the non-zero
components can be identified readily

Second, one can model, conditionally, the incidence of
subsequent events (k>l) mtra-individual in a similar
fashion In this way the influence of particular covariates
on each event can be studied and hypothesis A (Equation 20)
tested

This approach seems more fundamental than that adopted
by Weber (1971) and Manton, Woodbury and Stallard (1981)
since the kth step transition probability [Equation (1)1
associated with the process is parameterised directly in a
systematic and very general manner By contrast, the
post-hnc parameterisation of function of the first two
moments by different linear combinations of the covariates
appears, at least, rather inelegant One disadvantage of the
semi-Markov model, noted by Dr Boland, is that r1 is a
random variable so that estimation and inference must be
made conditionally on the value observed In practice,
however, the number of parameters need not be large as it is
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often sensible to group-up the tail of the accident
distribution Thus k may run from 1 up to m where m»r*

Dr Boland comments on the respective roles of
the underlying hazard, and exp(x^ & ) , the regression
component, in Equation (91) Usually the principal problem
is the estimation of ̂ (k=lf . ,m) and this is elegantly
solved by the method of partial likelihood irrespective of
the functional form of ̂ ok^k^ Estimators for this latter
function ^Section 4) utilises the partial likelihood
estimates, 3^ Such two-stage procedures are not
particularly unusual

The hypothesis of "contagion" may be appropriate when
3^ = 0 (all k) and ^ok^k^ 1S a n l n c r e a s i n& (step) function
in k, it is important to note that, contrary to
Professor Moran's conjecture, the exposure times also
contribute to the inter-individual variation This fact may
be exploited to construct a test for "local" exponentialty
of the underlying hazard [Equation (16)]

The risk sets are constructed in the usual way (Cox,
1972) as the table below shows However, it is notationally
more cumbersome to cope with the index k

Transition No at No undertaking No of
type k risk transition censorings

ao'al X nl fl nl"fl

al'a2 2 n2 f2 n2~f2

ar-l'ar* r* nr* fr*

NB . n1= n and n k = fJc_1
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Thus Dr Boland's remark on the dimension of the risk set is
correct when all the individuals at risk of the kth event
actually experience it Perusal of the literature on
accident data indicates, however, that this phenomenon is
exceptionally rare

Both discussants have commented on the absence of
example data and I am bound to agree with their comments
Part of the problem relates to the non-availabi1lty of
accident data collected prospectively in the format required
by the model It is important to note that the 3 priori
adoption of the proportional hazards model will lead to
major improvements in the design of future studies in this
field A variant of the model has been used to analyse
survival data (Kay, 1983), and the full model is currently
in use in Belfast in a study of the incidence of subsequent
mitral valvotomies

In these studies specially adapted FORTRAN programs
have been employed to estimate the unknown parameters
Professor Moran's suggestion that the model might be fitted
using GLIM is a useful one and requires further
investigation In this connection it may be observed that if
N(t) is the random variable denoting the number of events in
(O,t) then N(t) is Poisson with parameter

A(t,x) = /tX(u,x)du
o

where X(t,x) = Xo(t) exp(x (3) from hypothesis (C)

This formulation by Prentice, et al , (1981) is
identical to that proposed tonight (my reference Kalbfleisch
and Prentice 1980a) and I am grateful to Professor Moran for
pointing this out Prentice's gap (time from last accident)
model may indeed be appropriate and this hypothesis may be
the inclusion of the appropriate time-dependent covariate in
Equation (1) The use of total time on study merely provides
a general ordering relation which establishes a framework
within which many interesting hypotheses may be tested
Hypotheses (A), (B) and (C) form one natural group and to my
mind the reduction to gap models appears to form another It
must be emphasised, however, that the choice of time origin
clearly affects the estimation process because of the method
of constructing the risk sets and re-estimation of the

94



parameters may be required

In conclusion, I would like to thank the discussants
again for their kind contributions
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