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THE EQUIVALENCE AND THE EMBEDDING PROBLEMS FOR

CR-STRUCTURES OF ANY CODIMENSION

SUNG-YEON KIM AND DMITRI ZAITSEV

Abstract. We give a solution to the equivalence and the embedding problems for smooth CR-
submanifolds of complex spaces (and, more generally, for abstract CR-manifolds) in terms of
complete differential systems in jet bundles satisfied by all CR-equivalences or CR-embeddings
respectively (local and global). For the equivalence problem, the manifolds are assumed to be of
finite type and finitely nondegenerate. These are higher order generalizations of the corresponding
nondegeneracy conditions for the Levi form. It is shown by a simple example that these nondegen-
eracy conditions cannot be even slightly relaxed to more general known conditions. In particular,
for essentially finite hypersurfaces in C2, such a complete system may not exist in general. For the
embedding problem, the source manifold is assumed to be of finite type and the embeddings to be
finitely nondegenerate. Situations are given, where the last condition is automatically satisfied by
all CR-embeddings.
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1. Introduction

1.1. The scope of the paper. One of the main result of this paper is to give a solution to the
equivalence problem for (Cκ-smooth) CR-structures having nondegenerate Levi forms or, more
generally, satisfying nondegeneracy conditions in terms of “higher order Levi forms”. The equiva-
lence problem, that goes back to H. Poincaré [P07] and E. Cartan [CaE32], can be stated as
follows:

Given two manifolds with CR-structures, when does there exist a CR-diffeomorphism between
them?

This problem is an important case of the more general equivalence problem for the so-called
geometric structures (see e.g. [St83]) introduced by E. Cartan. It is also closely related to
the biholomorphic equivalence problem for bounded domains in C

N . Indeed, by Fefferman’s
theorem [Fe74], two strongly pseudoconvex smoothly bounded domains are biholomorphically
equivalent if and only if their boundaries have equivalent CR-structures.

Two main approaches are known for the solutions of the equivalence problem: the one of normal
forms and the one of differential systems. The normal form approach works for CR-submanifolds
of CN (i.e. for embedded CR-structures) and concerns with normalization of the Taylor series
of their defining equations at a given point (see e.g. the survey [BER00b] for the references).
Once a normal form is established, it solves the local biholomorphic equivalence problem for real-
analytic CR-structures but gives neither a solution of the local equivalence problem for smooth
CR-structures nor of the global equivalence problem.

In this paper we follow the second approach. Pioneer work here was done by E. Cartan [CaE32]
who gave a solution of the equivalence problem for smooth Levi-nondegenerate hypersurfaces in C2

and later by N. Tanaka [Ta62, Ta67, Ta70] and by S.S. Chern and J.K. Moser [CM74] (see
also D. Burns and S. Shnider [BS75a, BS75b] and H. Jacobowitz [J77]) in C

N , where the
problem is reduced to the equivalence problem for the so-called absolute parallellisms. The latter
means a choice of a frame in each tangent space. The reason that the equivalence problem for
absolute parallellisms is well-understood (see e.g. [St83]) is that the condition for a diffeomorphism
f to send frames into frames can be reduced to ordinary differential equations for f along smooth
real curves. Further reductions to absolute parallellisms have been obtained by R.I. Mizner

[Miz89], T. Garrity and R.I. Mizner [GM97], V.V. Ezhov, A.V. Isaev and G. Schmalz

[EIS99], A. Čap and H. Schichl [CSi00], G. Schmalz and J. Slovak [SS00], A. Čap and
G. Schmalz [CSm00] for certain Levi-nondegenerate CR-manifolds of higher codimension and
by P. Ebenfelt [E99] for certain uniformly Levi-degenerate hypersurfaces in C3.

In the present paper, instead of reducing the problem to the equivalence of absolute parallellisms,
we follow a more direct way of reducing the equivalence problem to solving ODE’s. This different
way allows us to treat more general cases of CR-structures, in particular, all Levi-nondegenerate
CR-structures in any codimension. We further treat the case, where the Levi form may change
its rank from point to point. To the author’s knowledge, no reduction to absolute parallellism is
known in this case. A natural example of such a CR-structure is given by a connected oriented
hypersurface in CN that has both strongly pseudoconvex and strongly pseudoconcave points. Then
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it is clear from the continuity that there must exist also Levi-degenerate points. It is also clear
that such points cannot be avoided by any small perturbation of the hypersurface.

The reduction to ordinary differential equations is obtained by adapting the method of complete
systems to the equivalence problem. A PDE system is called complete if all partial derivatives
of the highest order can be expressed through the lower order derivatives. In §1.3 we state
Theorem 1.1 establishing a complete system for CR-diffeomorphisms and explain in more detail
how it can be used to solve the equivalence problem. Example 1.2 shows that the nondegeneracy
conditions in Theorem 1.1 cannot be weakened. In §1.4 an analogous statement gives a solution of
the embedding problem which is a natural generalization of the equivalence problem. The reader
is referred to this paragraph for more detailed discussion of the embedding problem. Then in §2
we establish complete systems in a more general context containing both diffeomorphisms and
embeddings as well as some other situations.

The method of complete system has been successfully applied to other problems related to CR-
manifolds [Han97, Hay98, Ki99b, E00] and to related problems in differential geometry [Han89,
CHY93, Ki99a, CH00]. In fact, the present paper was very much inspired by the work of Ebenfelt

[E00] (that was, in turn, inspired by the work of C.-K. Han [Han97]), where complete systems
were applied to local jet parametrizations and unique determinations of CR-diffeomorphisms for
smooth finitely nondegenerate hypersurfaces in CN (see below for the definition). On the other
hand, both methods of [Han97] and of [E00] to derive complete systems are very different from
ours and yield in their cases systems of higher order than that given by Theorems 1.1 and 2.1
below.

The method to derive complete systems in this paper is based on a development of the Segre set
method (originally due to M.S. Baouendi, P. Ebenfelt and L.P. Rothschild [BER96]). The
Segre sets method proved to be a powerful tool for studying the space of (real-analytic) CR-maps
between given real-analytic CR-submanifolds. The applications of the Segre sets method include
a characterization of the finite type [BER96], unique determination and an (explicit algorithmic)
holomorphic parametrization of CR-maps by their jets [BER97, Z97, BER99b, Ki99b, L99b],
algebraicity of (real-analytic) CR-maps between real-algebraic CR-manifolds [BER96, Z99] and
convergence properties of formal maps [BER00a, L99b, BRZ00, Mir00a, Mir00b, BMR01] (see also
the references in the quoted papers about related results obtained by other methods).

The construction of the Segre sets can be directly extended neither to abstract non-embed-
dable (into some CN) nor to smoothly embeddable CR-structures because it makes use of the
complexified defining function: If a submanifold of C

N is locally defined by a power series ρ(z, z) =
0, the complexification ρ(z, w) with z 6= w is needed already for the definition of the Segre
varieties Qw := {z : ρ(z, w) = 0}. The Segre sets are then defined inductively by Q1

w := Qw,
Qs+1

w := ∪z∈Qs
w
Qz through the Segre varieties. Because of this analytic nature of the Segre sets,

the above mentioned applications of the Segre set method cannot be directly extended to the case
of smooth CR-structures considered in this paper. In this paper we develop approximate Segre
sets method that is applied to any smooth CR-submanifold of CN and, more generally, to any
abstract smooth CR-structure.

We would like to mention that the approximate Segre sets method in this paper yields a complete
system in an explicit and algorithmic way. In particular, CR-manifolds of finite smoothness are



4 SUNG-YEON KIM AND DMITRI ZAITSEV

treated with explicit estimates for the required initial regularity in terms of their “degree of
nondegeneracy”.

1.2. Levi-nondegeneracy and higher order nondegeneracies. We begin with CR-submani-
folds of CN that serve as basic examples of (abstract) CR-manifolds. A submanifold M ⊂ CN is
called CR if its complex tangent space T c

pM := TpM ∩ JTpM has constant dimension for p ∈M ,

where J : TC
N → TC

N denotes the standard complex structure. A (1, 0) (resp. (0, 1)) vector field
on M is a section of the subbundle T 1,0M ⊂ T cM ⊗ C (resp. T 0,1M ⊂ T cM ⊗ C) consisting of
all vectors of the form X − iJX (resp. X + iJX) for X ∈ T cM . If M is of class Cκ, its (1, 0) and
(0, 1) vector fields can be considered of class Cκ−1. The best known invariant for CR-manifolds is
the Levi form defined to be the (unique) hermitian form

Lp : T 0,1
p M × T 0,1

p M → (TpM/T c
pM) ⊗ C (1.1)

satisfying

Lp(L1(p), L2(p)) =
1

2i
π[L1, L2](p) (1.2)

for all (0, 1) vector fields L1, L2, where π : TM ⊗ C → (TM/T cM) ⊗ C is the canonical projec-
tion. According to V.K. Beloshapka [Be89], the Levi form Lp is called nondegenerate if (1)
Lp(L1, L2) = 0 for all L2 implies L1 = 0 and (2) the vectors Lp(L1, L2) for all L1 and L2 span the
vector space (TpM/T c

pM)⊗C. In [Be89] Beloshapka showed that, if M is a real quadric of the

form {Imw = H(z, z)}, where H : Cm × Cm → Cd is hermitian, this condition of nondegeneracy
is necessary and sufficient for the local stability group (i.e. for the local biholomorphisms fixing a
point) of M to be a (finite-dimensional) Lie group.

For manifolds that are more general than quadrics, the nondegeneracy of the Levi form appears
to be only a sufficient condition for the finite-dimensionality of the local stability group. For
instance, the tube over the light cone in CN given by (Re zn)2 = (Re z1)

2 + · · · + (Re zn−1)
2 is

everywhere Levi-degenerate but has a finite-dimensional stability group. In order to have opti-
mal conditions, one often has to replace Levi-nondegeneracy by finer higher order nondegeneracy
conditions (see e.g. the survey [BER00b] for related references). Natural generalizations of the
conditions (1) and (2) in the above definition of the nondegenerate Levi form are conditions of
finite type and of finite nondegeneracy. Recall that a CR-submanifold M is said to be of finite
type at a point p ∈M (in the sense of J.J. Kohn [Ko72] and T. Bloom and I. Graham [BG77])
if all (1, 0) and (0, 1) vector fields on M together with all their higher order commutators span
the space TpM ⊗ C. The minimal length ν ≥ 1 of the commutators required to span TpM ⊗ C is
called the type of M at p and is denoted here by ν. The type of M (without specifying a point)
is the maximal type of M at p for all p ∈ M . A CR-submanifold M ⊂ CN is called finitely
nondegenerate at p if there exists l ≥ 0 such that for any (0, 1) vector field L on M with L(p) 6= 0,
there are (0, 1) vector fields L1, . . . , Lk on M , 0 ≤ k ≤ l, satisfying

[L1, . . . , [Lk, L] . . . ](p) 6∈ T c
pM ⊗ C. (1.3)

We call the minimal number l with this property the degeneracy of M at p and M to be l-
nondegenerate at p. The degeneracy of M is the maximal degeneracy of M at p for all p ∈ M .
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The reader is referred e.g. to [BRZ01a] for further discussion on this condition for real-analytic
CR-submanifolds. Both conditions to have a type ν and a degeneracy l at p involve finite number
of differentiations and therefore are meaningful for Cκ-smooth CR-submanifolds provided ν ≤ κ
and l ≤ κ− 1. In contrast to the Levi-nondegeneracy, the condition of finite nondegeneracy and
of finite type can be always achieved by small perturbations (see [BRZ01b]).

1.3. Complete systems for CR-diffeomorphisms. In this section by saying “smooth” we
always mean C∞. Recall that an abstract CR-manifold of CR-dimension n and of CR-codimension
d (see e.g. [Bo91, BER99a]) is a real (2n+ d)-dimensional (smooth) manifold M together with a
subbundle T cM ⊂ TM of rank 2n and a complex structure J viewed as a bundle automorphism
J : T cM → T cM with J2 = −id satisfying the following integrability condition: for any two (0, 1)
vector fields (defined the same way as before), the commutator is also a (0, 1) vector field. Here
(1, 0) and (0, 1) vector fields, finite type and finite nondegeneracy are defined by repeating the
definitions in the embedded case given above.

Given two manifolds M and M ′ and an integer k, denote by Jk(M,M ′) the bundle of all k-jets
of smooth maps between (open pieces of) M and M ′. If, in addition, dimM = dimM ′, denote by
Gk(M,M ′) ⊂ Jk(M,M ′) the open subset of all jets of invertible maps. One of the main results of
this paper that gives a solution of the equivalence problem is the existence of complete systems
in the jet bundles of CR-diffeomorphisms:

Theorem 1.1. Let M and M ′ be smooth (abstract) CR-manifolds, both finitely nondegenerate and
of finite type. Then there exist a number r and a smooth map Φ: Gr(M,M ′) → Jr+1(M,M ′) such
that every smooth CR-diffeomorphism f between open pieces of M and M ′ satisfies the complete
differential system

jr+1
x f ≡ Φ(x, jr

xf) (1.4)

for all x in the domain of definition of f . The number r can be chosen to be 2(d+ 1)l, where d is
the CR-codimension and l is the degeneracy of M .

Remark. Since both conditions of finite type and finite nondegeneracy are invariant under
CR-diffeomorphisms, it is sufficient to require them only for M or only for M ′.

Theorem 1.1 and Corollaries 1.3–1.5 in this paragraph are special cases of the more general
statements given by Theorem 2.1 and Corollaries 2.2–2.4 below.

The condition of finite nondegeneracy in Theorem 1.1 cannot be replaced by a weaker known
condition, i.e. by essential finiteness (see e.g. [BER99a]) as the following example shows.

Example 1.2. The hypersurface

M := {(z, w) ∈ C
2 : Imw = |z|4}

is essentially finite and of finite type but not finitely nondegenerate at 0. We claim that the
statement of Theorem 1.4 does not hold for M and M ′ := M . If it held, Corollary 1.5 below
would imply that the dimension of the local stability group Aut(M, q) is upper-semicontinuous
with respect to q ∈ M . (Recall that Aut(M, q) consists of all germs at q of biholomorphic maps
of C

2 fixing q and sending M into itself.) On the other hand, M is locally biholomorphically
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equivalent to the quadric Q := {Imw = |z|2} at any point (z, w) with z 6= 0 via the map
(z, w) 7→ (z2, w). Hence the group Aut(M, q) can be computed directly and it is easy to see that
its dimension is not upper-semicontinuous which is the contradiction proving the claim.

In the case where M and M ′ are hypersurfaces in CN , a similar conclusion has been recently
obtained by Ebenfelt [E00] with the order r = l3 + l2 + l + 1 which is larger than r = 4l given
by Theorem 1.1 in the hypersurface case (d = 1).

Given the complete system (1.4), a solution of the equivalence problem for M and M ′ can be
obtained as follows. For each initial value of the jet λ = jr

xf at a given point x ∈M , the whole map
f can be uniquely reconstructed by solving ODE’s along real curves in M . Then M and M ′ are
equivalent if and only if there exists an initial value λ ∈ Gr(M,M ′) such that the corresponding
map f with jr

xf = λ extends to a CR-equivalence between M and M ′.
Recall that, given a fiber bundle π : F → B, a connection on π is a subbundle H of the tangent

bundle TF such that the restriction of dπ on each Hx ⊂ TxF , x ∈ F , is an isomorphism onto
Tπ(x)B. Given a connection H , a section s : U → F of π (with U ⊂ B open) is called horisontal
if ds(TyB) = Hs(y) for every y ∈ U . Under the above nondegeneracy assumptions we obtain a
differential-geometric solution of the equivalence problem:

Corollary 1.3. Suppose that the conclusion of Theorem 1.1 holds. Then there exists a smooth
connection on the fiber bundle π : Gr(M,M ′) →M such that a smooth section s of π is horisontal
if and only if s(x) ≡ jk

xf for some CR-diffeomorphism f between open pieces of M and M ′.

Thus the equivalence problem is reduced to finding horisontal sections of the given connection.
Another application of Theorem 1.1 is the following unique determination result:

Corollary 1.4. Suppose that the conclusion of Theorem 1.1 holds. Then CR-diffeomorphisms
between connected open pieces of M and M ′ are uniquely determined by their r-jets at any point,
i.e. if f, g : U ⊂ M → M ′ are CR-diffeomorphisms, U is connected, p ∈ U and jr

pf = jr
pg, then

f ≡ g.

Furthermore, we obtain a local jet-parametrization, meaning that the CR-diffeomorphisms are
not only uniquely determined by their r-jets but also depend on them in a smooth fashion. We
denote by Gr

p,p′(M,M ′) the fiber in Gr(M,M ′) over (p, p′) ∈M ×M ′, i.e. the r-jets of maps with
fixed source p and target p′.

Corollary 1.5. Suppose that the conclusion of Theorem 1.1 holds. Then for any p ∈ M and
p′ ∈ M ′, there exist an open neighborhood Ω of {p} × Gr

p,p′(M,M ′) in M × Gr(M,M ′) and a
smooth map Ψ: Ω → M ′ such that every smooth CR-map f from a neighborhood of a point q ∈M
into M ′ with (q, jr

qf) ∈ Ω satisfies the identity

f(x) ≡ Ψ(x, q, jr
qf) (1.5)

for all x ∈M sufficiently close to q.

We remark that Corollary 1.5 gives a stronger statement than in [BER97, Z97, BER99b, Ki99b,
L99b] in the cases considered there. The main difference is that the parametrization in Corol-
lary 1.5 is obtained simultaneously for all points q near a given one and for all local CR-maps in
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a neighborhood of q. The idea of the proof of Corollary 1.5 is to integrate the system (1.4) along
curves in M chosen in a proper way. Vice versa, given a parametrization (1.5), the statement of
Theorem 1.1 can be obtained by differentiating (1.5). Here the mentioned stronger version of a
parametrization with the varying point q is essential.

Using recent results of [BRWZ01] we obtain, as an application of Corollary 1.5, a Lie group
structure on the group Aut(M) of all (global) smooth CR-automorphisms of M . We view Aut(M)
as a closed subgroup in the topological group Diff(M) of all smooth diffeomorphisms of M . Here
a sequence in Diff(M) converges to an element there if it converges uniformly on compacta with
all derivatives.

Corollary 1.6. Let M be a smooth abstract CR-manifold that is finitely nondegenerate and of
finite type. Then Aut(M) is a Lie transformation group. If M is in addition real-analytic, then
the action of Aut(M) on M is also real-analytic.

In contrast to the global automorphism group Aut(M), the behaviour of the local stability group
Aut(M, p) (that consists of germs at p ∈M of all local CR-automorphisms of M fixing p) is very
different for smooth and for real-analytic CR-manifolds. In the real-analytic case, under the same
assumptions as in Corollary 1.6, it was shown in [Z97] that Aut(M, p) is a Lie group whose local
action on M is real-analytic. In the smooth case Aut(M, p) has in general no Lie group structure
(see [Z01]).

Finally we give a deformation version of Theorem 1.1 that follows directly from Theorem 4.1
below.

Theorem 1.7. Under the assumptions of Theorem 1.1 suppose that M = M(t) and M ′ =
M ′(t) depend smoothly on a parameter t ∈ Rm near the origin and fix a smooth identifica-
tion Gr(M(t),M ′(t)) ∼= Gr(M(0),M ′(0)). Then, for every p ∈ M(0), p′ ∈ M ′(0) and Λ ∈
Gr

p,p′(M(0),M ′(0)), there exist a neighborhood U of (p, p′,Λ) in Gr(M(0),M ′(0)), and a smooth

family of maps Φt : U → Gr+1(M(0),M ′(0)) such that, for t ∈ Rm near the origin, every smooth
CR-diffeomorphism f from a neighborhood of a point q ∈ M(t) into M ′(t) with (q, jr

qf) ∈ U sat-

isfies jr+1
x f ≡ Φt(x, j

r
xf). If M and M ′ are real-analytic, the family Φt can be also chosen to be

real-analytic.

1.4. Complete systems for CR-embeddings. A fundamental problem which is a natural gen-
eralization of the equivalence problem is the embedding problem:

Given two manifolds with CR-structures, when does there exist a CR-embedding of one manifold
into the other?

The CR-embedding problem is related to the existence of proper holomorphic embeddings be-
tween smoothly bounded domains of different dimension the same way the CR-equivalence problem
is related to the biholomorphic equivalence problem. Here the existence and regularity proper-
ties of embeddings are much less understood (see the survey [Fo93] for related results). Complete
systems in this case were constructed for real-analytic hypersurfaces due to [Han97, Hay98, Ki99b].

In this paragraph we show how to extend the results from the previous paragraph to treat
CR-embeddings between smooth (abstract) CR-manifolds (of any codimension). We begin by
adapting the finite nondegeneracy condition. An embedding of an (abstract) CR-manifold M into
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an (abstract) CR-manifold M ′ is called finitely nondegenerate at a point p ∈ M if there exists
l ≥ 0 such that for any (0, 1) vector field L on M ′ with L(p) 6= 0, there are (0, 1) vector fields
L1, . . . , Lk on M ′, 0 ≤ k ≤ l, that restrict to (0, 1) vector fields on M satisfying

[L1, . . . , [Lk, L] . . . ](p) 6∈ T c
pM

′ ⊗ C. (1.6)

If l is the minimal number with this property, we call the embedding l-nondegenerate. It is easy to
check that if an embedding of M (into some M ′) is finitely nondegenerate, then M is itself finitely
nondegenerate. The converse is not true: the simplest example is the standard linear embedding
of the sphere M = S3 ⊂ C2 into the sphere M ′ = S5 ⊂ C3.

In Theorem 1.1 we had a complete system defined for all invertible jets of smooth maps between
M and M ′ whereas the nondegeneracy conditions were put on M and M ′. In the case of embed-
dings we have the same finite type condition on M but the condition of finite nondegeneracy on
M ′ is replaced by finite nondegeneracy of an embedding. In fact, the last condition involves only
finitely many derivatives and hence can be considered as a condition on the jet of an embedding.

We write here Dr,l(M,M ′) for the (open) subset of all r-jets of smooth embeddings that are l̃-

nondegenerate for some l̃ ≤ l. (The reader is referred to the next paragraph for a more precise
definition and discussion of this notion). We then have the following version of Theorem 1.1 for
CR-embeddings:

Theorem 1.8. Let M and M ′ be smooth (abstract) CR-manifolds, where M is of finite type.
Then, for any l ≥ 0 there exist a number r > 0 and a smooth map Φ: Dr,l(M,M ′) → Jr+1(M,M ′)
such that every smooth l-nondegenerate CR-embedding f of an open piece of M into M ′ satisfies
the complete differential system

jr+1
x f ≡ Φ(x, jr

xf) (1.7)

for all x in the domain of definition of f . The number r can be chosen to be 2(d+ 1)l, where d is
the CR-codimension of M .

Theorem 1.8 is obtained as a special case of the more general statement given by Theorem 2.1
below. As a consequence, we have a solution of the embedding problem for finitely nondegenerate
embeddings and the results analogous to Corollaries 1.3–1.5 for them.

A prototype of the above condition of l-nondegeneracy (in connection with a different problem)
appeared in a paper of J.A. Cima, S.G. Krantz and T.J. Suffridge [CKS84] and was later
improved by J.J. Faran [Fa90]. Faran gave his condition in different terms but it can be shown
to be equivalent to that of 2-nondegeneracy in his case, where M ⊂ CN and M ′ ⊂ CN ′

are
strongly pseudoconvex (or Levi-nondegenerate) real-analytic hypersurfaces. Later C.-K. Han

[Han97] gave a condition equivalent to that of l-nondegeneracy in this case. In all these cases
a certain partial normalization of the defining equation of M ′ has been used (that is known to
exist due to the Chern-Moser normal form [CM74]). Note that such a normalization is not
possible in general if M ′ is not a Levi-nondegenerate hypersurface. More recently the condition of
l-nondegeneracy was extended by the first author [Ki99b] to general real-analytic hypersurfaces
and by B. Lamel [L99a, L99b, L00] to smooth embedded CR-manifolds of any codimension.
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Remarkably, the condition of finite nondegeneracy for CR-embeddings that may look restrictive
at the first glance, holds sometimes automatically for all embeddings of manifolds of certain
classes. We give two situations where this phenomenon occurs. The first situation was considered
by S.M. Webster [W79] in the case of a smooth CR-manifold M of hypersurface type embedded
into the unit sphere M ′ = S2n+1 ⊂ Cn+1 such that M has the real codimension 2 in M ′. In this
setting Webster established a fundamental relation between the pseudo-conformal curvature
tensor SM of M defined by Chern and Moser [CM74] and the second fundamental form of the
embedding of M into M ′. In fact, it follows from his formula (2.14) that if SM does not vanish at
a point p ∈M , then the restriction of the fundamental form to T c

pM also does not vanish for any
embedding of M into M ′. But the last condition means exactly 2-nondegeneracy of the embedding
as was shown by Faran [Fa90]. Hence we obtain the following application of Theorem 1.8:

Corollary 1.9. Let M ′ = S2n+1 ⊂ Cn+1 be the unit sphere and M be any smooth strongly pseu-
doconvex CR-manifold of hypersurface type of dimension 2n− 1 whose tensor SM does not vanish
at any point. Then the conclusion of Theorem 1.8 holds for all CR-embeddings of an open piece
of M into M ′ with r = 8.

Recall that SM always vanish when M is 3-dimensional. On the other hand, in any higher
dimension, if (M, p) is not locally equivalent to the sphere for some p ∈ M , then SM does not
identically vanish in a neighborhood of p.

We conclude by giving another general situation where all embeddings are automatically finitely
nondegenerate. This time a condition is put only on the target manifold M ′. We call a smooth
CR-manifold M ′ finitely nondegenerate in dimension n at a point p ∈ M ′ if for any linearly
independent (0, 1) vector fields L1, . . . , Ln on M ′ near p and another (0, 1) vector field L with
L(p) 6= 0, there exist a number k ≥ 0 and indices j1, . . . , jk ∈ {1, . . . , n} such that

[Lj1 , . . . , [Ljk
, L] . . . ](p) 6∈ T c

pM
′ ⊗ C. (1.8)

The notion of l-nondegeneracy in dimension n is defined in the obvious way as above. It follows
directly from the definition that if M ′ is finitely nondegenerate in dimension n at a point p′

and if M has CR-dimension at least n then any embedding of M into M ′ through p′ is finitely
nondegenerate at this point. The following example shows that nondegenerate manifolds in the
above sense exist already in the lowest dimension.

Example 1.10. We claim that the hypersurface M ′ ⊂ C
3 given by

M ′ := {(z1, z2, w) : Imw = |z1|
2 + |z2|

2 + Im
(
z2
1z1 + (z1 + z2)

3(z1 + z2)
)
}

is 3-nondegenerate in dimension 1 at p = 0. Thus any embedding of any hypersurface M ⊂ C2

into M ′ through 0 is automatically l-nondegenerate at 0 for some l ≤ 3. Indeed, given any
(0, 1) vector fields L1 and L with L1(0) 6= 0, L(0) 6= 0, one has [L1, L](p) ∈ T c

pM
′ ⊗ C if and

only if L1(0) and L(0) are orthogonal with respect to the Levi form |z1|
2 + |z2|

2. If, in addition
[L1, [L1, L]](p) ∈ T c

pM
′ ⊗ C, then either L1(0) = (a, 0) and L(0) = (0, b) or L(0) = (a, 0) and

L1(0) = (0, b) for some a, b 6= 0. But in this case one always has [L1, [L1, [L1, L]]](p) 6∈ T c
pM

′ ⊗ C,
which proves the claim.
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We now have the following consequence of Theorem 1.8:

Theorem 1.11. Let M and M ′ be smooth (abstract) CR-manifolds, M being of finite type and
CR-dimension n and CR-codimension d and M ′ being l-nondegenerate in dimension n. Then
the conclusion of Theorem 1.8 holds for all CR-embeddings of an open piece of M into M ′ with
r = 2(d+ 1)l.

2. Statements of main results

We now allow M and M ′ to be abstract CR-manifolds of possibly different CR-dimensions and
CR-codimensions and consider CR-maps of finite smoothness that are not necessarily embeddings.
If M is of class Cκ, the condition on M to have the (finite) type ν at a point p ∈M makes sense for
ν ≤ κ. We further extend the finite nondegeneracy condition from §1.4 to arbitrary CR-maps. As
before, this condition will require a restricted number of differentiations and hence will make sense
in the case where the map f and the manifolds M and M ′ have finite degree of smoothness. For
an n-tuple of integers α = (α1, . . . , αn), we write |α| := α1 + · · ·+αn and Lα := Lα1

1 . . . Lαn
n , where

L1, . . . , Ln is a basis of (0, 1) vector fields near p. Suppose for a moment that M ′ is embedded in
CN ′

with a local defining function ρ′ = (ρ′1, . . . , ρ′d
′

) near a point p′ ∈M ′. A Cr-smooth CR-map
f between M and M ′ with f(p) = p′ is said to be l-nondegenerate at p if

spanC{L
αρ′jZ′(f(Z), f(Z))(p) : 1 ≤ j ≤ d′, 0 ≤ |α| ≤ l} = C

N ′

, (2.1)

where ρ′jZ′ = (∂ρ′j/∂Z1, . . . , ∂ρ
′j/∂ZN ′) denotes the complex gradient, and if l ≥ 0 is the minimal

number for which (2.1) holds. The definition makes sense for l ≤ min(r, κ − 1). In this form
it is due to [Ki99b, L99a, L99b]. The arguments in [L99a, L99b] show that this definition does
not depend on the choice of the basis L1, . . . , Ln, the defining function ρ′ and the coordinates Z ′

(where the gradient ρ′jZ′ is computed). In particular, the given definition does not depend on the
embedding of M into CN ′

.
An inspection of the above definition shows that it does not really use the whole CR-map f

but rather its l-jet at p. Moreover, condition (2.1) can be written for any map f : M → M ′, not
necessarily CR. It will be still independent of the choice of L1, . . . , Ln and of ρ′ but will in general
depend on the coordinates Z ′. In order to eliminate this dependence, we restrict ourselves in this
definition to the r-jets that we call CR r-jets and that are defined to be those r-jets at a point
p ∈ M of Cr-smooth maps f : M →M ′ that satisfy Lf(p) = o(|x−p|r−1) for any (0, 1) vector field
L on M . Any jet of a CR-map has this property but, in general, there might be more CR r-jets
at p than CR-maps defined near p. We now call a CR r-jet (p,Λ) ∈ Jr(M,M ′) l-nondegenerate
(l ≤ r) if (2.1) holds for some (and hence for any) representative f of (p,Λ). Again, the arguments
of [L99a, L99b] show that this definition is independent of the choice of L1, . . . , Ln, ρ′ and Z ′.

We now extend the notion of l-nondegenerate maps to the case, where M ′ is not necessarily
embedded in the same spirit as it was done in §1.2 for l-nondegenerate CR-manifolds and in §1.4
for CR-embeddings. Since we wish to allow CR-maps that are not embeddings we cannot in
general push (0, 1) vector fields from M to M ′. The trick to avoid this difficulty is to push these
vector fields to M ×M ′ via the graph of f . In the product M ×M ′ we identify a vector field L′

on M ′ with the “vertical” vector field L̃′(x, x′) := (0, L′(x′)) and a vector field L on M with the
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“pushed” vector field L̃(x, f(x)) := (L(x), f∗L(x)) along the graph of f . We now call a Cr-smooth
CR-map f as above l-nondegenerate at p if, for any (0, 1) vector field L′ on M ′ with L′(p′) 6= 0,

there are (0, 1) vector fields L1, . . . , Lk on M , 0 ≤ k ≤ l, and their extensions L̃1, . . . , L̃k from
the graph of f to (0, 1) vector fields on M ×M ′ such that

[L̃1, . . . , [L̃k, L′] . . . ](p, p′) 6∈ (TpM ⊕ T c
p′M

′) ⊗ C (2.2)

and l ≥ 0 is the minimal number with this property. We call l the degeneracy of f at p. If f
is defined on an open subset U ⊂ M , we call it l-nondegenerate if l is the maximal degeneracy
of f at p for all p ∈ U . Characterizations of l-nondegeneracy as in [BRZ01a, §3] can be also
extended to this more general case in an analogous way. In particular, if M ′ is embedded, the
above two definitions are equivalent. On the other hand, if M ′ is merely abstract, it can be
“approximately embedded” of sufficiently high order in the sense of Proposition 3.1 below and
then l-nondegeneracy of CR-maps into M ′ can be defined through any such embedding. Finally,
the notions of CR r-jets and their l-nondegeneracy introduced above can be also directly extended
to abstract CR-manifolds in the obvious way.

As the main result of this section, we obtain a complete differential system on the jet bundle
Jr(M,M ′) that is satisfied by all l-nondegenerate CR-maps between M and M ′. We express it as
a section of the fiber bundle Jr+1(M,M ′) → Jr(M,M ′). A natural replacement of the open subset
Gr(M,M ′) ⊂ Jr(M,M ′) of all invertible jets (considered in Theorem 1.1) is the invariantly defined

open subset of all those r-jets in Jr(M,M ′) that are either not CR or CR and l̃-nondegenerate

for some 0 ≤ l̃ ≤ l. We denote this subset by Dr,l(M,M ′) ⊂ Jr(M,M ′).

Theorem 2.1. Let M and M ′ be Cκ-smooth abstract CR-manifolds and denote by d the CR-
codimension of M . Suppose that M is of the type 2 ≤ ν ≤ κ, fix a number l ≥ 0 and set
r := 2(d+ 1)l and

k := 4(d2 + d)νl + 4(d2 − 1)l + 2dν − 2d+ 1. (2.3)

Then, if κ ≥ k + 1, there exists a Cκ−k−1-smooth section Φ: Dr,l(M,M ′) → Jr+1(M,M ′) such

that, for every open subset U ⊂M and every 0 ≤ l̃ ≤ l, every l̃-nondegenerate Ck-smooth CR-map
f : U → M ′ satisfies

jr+1
x f ≡ Φ(x, jr

xf), x ∈ U. (2.4)

In the special case when M is of hypersurface type (i.e. d = 1), (2.3) yields k = 8νl + 2ν − 1.
In general, a more refined estimate can be obtain by replacing ν with the sum of all Hörmander
numbers of M at p due to Lemma 3.4 and Theorem 4.1 below.

Remark. It follows from the proof of Theorem 2.1 that the same conclusion holds also for every
x ∈M and every l-nondegenerate Ck-smooth map f from a neighborhood of x in M into M ′ that
is only CR up to order k at x rather than “precisely” CR.

We use Theorem 2.1 to obtain a smooth local parametrization of CR-maps by their r-jets as
follows:

Corollary 2.2. Suppose that the conclusion of Theorem 2.1 holds. Then, for every (x0, λ0) ∈
Dr,l(M,M ′), there exists a Cκ−k−1-smooth map Θ from a neighborhood Ω of (x0, x0, λ0) in M ×
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Jk(M,M ′) into M ′ such that for every p ∈ M , every Ck-smooth CR-map f from a neighborhood
U(p) ⊂M into M ′ with (p, p, jr

pf) ∈ Ω satisfies the identity

f(x) ≡ Θ(x, p, jr
pf)

for all x ∈M in a neighborhood Ũ(p) ⊂ U(p) that depends on U(p) and λ0 but not on f .

An immediate consequence of Corollary 2.2 is the following regularity property for CR-maps:

Corollary 2.3. Suppose that the conclusion of Theorem 2.1 holds. Then any l-nondegenerate
Ck-smooth CR-map between open pieces of M and M ′ is necessarily of class Cκ−k−1. In particular,
if M and M ′ are C∞, then f is also C∞.

For κ = ∞ and, when M and M ′ are embeddable, the statement of Corollary 2.3 was recently
obtained by Lamel [L00]. As a consequence of Theorem 2.1, we obtain a differential-geometric
description of all possible locally defined nondegenerate CR-maps via horisontal sections in the
jet bundle Jr(M,M ′):

Corollary 2.4. Suppose that the conclusion of Theorem 2.1 holds. Then there exists a Cκ−k−1-
smooth connection on the fibration Dr,l(M,M ′) → M such that a Ck−r-smooth section s : U ⊂
M → Dr,l(M,M ′) is horisontal if and only if s(x) ≡ jr

xf for a Ck-smooth CR-map f : U →M ′.

3. Approximate Segre sets and iterated complexifications

3.1. Approximation of abstract CR-manifolds by embedded ones. Our first main tool
is the approximation of abstract CR-manifolds by embedded real-analytic ones. It is well-known
(see e.g. [Bo91]) that there exists a smooth abstract CR-manifold that is not locally embeddable
in any CN . On the other hand, even if a CR-manifold M is smoothly embedded into CN , it can
be shown that, in general, it may not be embedded as a real-analytic CR-submanifold [Z01]. Here
we have a different point of view: we look for embeddings that are CR only up to some order.
The following proposition shows that such embeddings always exist.

Proposition 3.1. Let M be a Cκ-smooth abstract CR-manifold (2 ≤ κ ≤ ∞) of CR-dimension
n and CR-codimension d and let k ≤ κ be any integer. Then, for any p ∈ M , there exists a
neighborhood U of p in M and a Cκ−k-smooth map ϕ : U ×U → C

n+d such that the following hold:

(i) for every x ∈ U , ϕx := ϕ(x, ·) is an embedding of U into Cn+d whose image is a generic
real-analytic CR-submanifold of codimension d;

(ii) the map ϕx is CR of order k at x, i.e. Lϕx(y) = o(|x− y|k−1) as y → x for any (0, 1) vector
field L on M defined in some neighborhood of x.

For the proof of Proposition 3.1 we need the following approximate version of the holomorphic
Frobenius theorem:

Lemma 3.2. Let k ≥ 0 be any integer and L1, . . . , Ln be linearly independent holomorphic vector
fields in Cm defined in a neighborhood of 0 such that

[Li, Lj ](Z) =
∑

csi,j(Z)Ls(Z) + o(|Z|k), Z → 0, 1 ≤ i, j ≤ n, (3.1)
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for some holomorphic functions csi,j(Z). Then there exist holomorphic vector fields L̃1, . . . , L̃n

spanning the same subspace as L1, . . . , Ln at every point and a local holomorphic change of coor-
dinates Z̃ such that

L̃i =
∂

∂Z̃i

+ o(|Z̃|k+1), Z̃ → 0, 1 ≤ i ≤ n.

Moreover, if L1, . . . , Ln depend smoothly on real parameters, the vector fields L̃1, . . . , L̃n and the

coordinates Z̃ can be chosen to depend smoothly on the same parameters with the same smoothness.

Proof. Without loss of generality, Li(0) = ∂
∂Zi

for 1 ≤ i ≤ n. We write Z = (z, w) ∈ Cn × Cm−n

for the local coordinates. Then we can further assume that Li(z, w) = ∂
∂zi

+
∑
aj

i (z, w) ∂
∂wj

for

some holomorphic functions aj
i (z, w). For this choice of vector fields, (3.1) implies

[Li, Lj ](Z) = o(|Z|k), Z → 0, 1 ≤ i, j ≤ n. (3.2)

It is easy to see that there exists a holomorphic map χ from a neighborhood of 0 in Cm into Cm−n

such that

(∂α
z χ

i)(0, w) = (Lαwi)(0, w), 0 ≤ |α| ≤ k + 2, 1 ≤ i ≤ m− n, (3.3)

where α ∈ Z
n
+ is any multiindex. Furthermore, the identity (3.2) allows us to permute the order

of applying the vector fields on the right-hand side of (3.3) with a controlled error term:

(∂zi1
. . . ∂zis

χi)(0, w) = (Li1 . . . Lisw
i)(0, w) + o(|w|k+2−s), (3.4)

where i1, . . . , is ∈ {1, . . . , n}, 0 ≤ s ≤ k + 2, 1 ≤ i ≤ m − n. Then it follows that the change of

coordinates given by Z̃(z, w) = (z, χ(z, w)) satisfies the required conclusion. The last statement
about the dependence on parameters follows directly from the proof.

Proof of Proposition 3.1. The proof can be obtained by following the arguments in the proof of
Theorem 2.1.11 in [BER99a] and using approximate complexifications of the smooth vector fields
and Lemma 3.2 instead of Theorem 2.1.12 in [BER99a]. The details are left to the reader.

3.2. Approximate complexifications of abstract CR-manifolds. In the sequel we use the
semicolon “;” to separate the variables, where the functions (or maps) are holomorphic, from the
other variables, where they are merely continuously differentiable of certain order.

Let M be an abstract Cκ-smooth CR-manifold of CR-dimension n and CR-codimension d. We
set N := n + d. Let U and ϕ be given by Proposition 3.1. We call M(x) := ϕx(U) ⊂ C

N an
approximate embedding of M of order k at x. By a simple translation argument we may assume
that ϕx(x) = 0 for all x ∈ U . Denote by ρ(Z,Z; x) a family of local (Cd-valued) defining functions
of M(x) in a neighborhood of 0 that are holomorphic in the first two arguments and Cκ−k-smooth
in all the arguments. As usual, we assume dρ1(·, ·; x) ∧ · · · ∧ dρd(·, ·; x) 6= 0 on the domain of
definition for each fixed x. Finally, we can choose a neighborhood, where ρ is defined, to be
independent of k.

We now define an approximate complexification of M at x of order k by

M(x) := {(Z, ζ) : ρ(Z, ζ ; x) = 0}.
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Then M(x) is a complex submanifold of CN × CN through 0 of complex codimension d. We call
the set

M := {(Z, ζ ; x) : ρ(Z, ζ ; x) = 0}

a family of approximate complexifications of M of order k. This family clearly depends on the
choice of the approximating family M(x).

We further define, for every s ≥ 1, an iterated approximate complexification of M at x of order
k by

Ms(x) := {ξ = (ξ0, · · · , ξs) ∈ C
(s+1)N : ρj(ξ

j−1, ξj; x) = 0 for all j = 1, . . . , s},

where

ρj(ξ
j−1, ξj; x) :=

{
ρ(ξj−1, ξj; x) if j is even

ρ(ξj−1, ξj; x) if j is odd.

We also consider the corresponding family of iterated approximate complexifications of M of order
k defined by

Ms := {(ξ; x) ∈ C
(s+1)N ×M : ξ ∈ Ms(x)},

(We write the index of ρ below to avoid the confusion with the component indices that we wrote
above). It follows that, for every x ∈ M (close to p), Ms(x) ⊂ C(s+1)N is a complex submanifold
of dimension sn+N through the origin.

3.3. Finite type for smooth abstract CR-manifolds. We now suppose that M has the finite
type ν at p with 1 ≤ ν ≤ k ≤ κ. Then, for x close to p, the approximation M(x) of order k has
also the finite type ν at 0 ∈M(x).

By a linear change of coordinates in CN and shrinking the domain of definition of ρ, if necessary,
we may assume that the projection

M(x) ⊂ C
n × C

d × C
N → C

n × {0} × C
N

is biholomorphic onto its image. Using this projection we introduce the coordinates on

Ms(x) ⊂ C
(s+1)N = C

N × · · · × C
N

as follows. In each factor CN except the last one we take the first n coordinates (among the N
available ones) and in the last factor C

N we take all the N coordinates. We keep the notation
ξs ∈ CN for the last N coordinates and denote the other coordinates by

t = (t0, . . . , ts−1) ∈ C
n × · · · × C

n = C
ns.

Denote by (v0, . . . , vs) ∈ Ms(x) ⊂ C(s+1)N the point whose coordinates are (t, 0). Then each
component vj(t; x) ∈ CN is a function of class Cκ−k in its variables and holomorphic in t for x
fixed.

We now observe that, if the coordinates in CN = Cn × Cd are chosen to be normal for the
real-analytic submanifold M(p) ⊂ CN at p (see e.g. [BER99a], §4.2), then the parametrization
vs(·, 0; x) coincides with the sth Segre map (or its conjugate) in the sense of [BER99b]. Hence by
Theorem 3.1.9 in [BER99b], the generic rank of vs(·; x) equals N for s = d+ 1.
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By Lemma 4.1.3 in [BER99b], we have

v2s(0, t1, . . . , ts−1, ts, ts−1, . . . , t1; x) ≡ 0

and the generic rank of the partial derivative matrix

∂v2s

∂(t0, ts+1, ts+2, . . . , t2s−1)

along the linear subspace

{(0, t1, . . . , ts−1, ts, ts−1, . . . , t1, 0; p) : (t1, . . . , ts−1, ts) ∈ C
sn}

equals N . As in [BER99b] we introduce the variables η = (η1, · · · , ηs) ∈ C
sn and ξ =

(ξ0, . . . , ξs−1) ∈ Csn and put

Ṽ (η, ξ; x) := v2s(ξ0, η1, · · · , ηs−1, ηs, ηs−1 + ξ1, ηs−2 + ξ2 · · · , η1 + ξs−1; x). (3.5)

Then the generic rank of ∂V
∂ξ

along {(η, 0; x)} equals N and we can reorder the sn components of

ξ and write ξ = (ξ1, ξ2) ∈ CN × Csn−N such that the determinant of ∂Ṽ
∂ξ1 (η, 0; x) does not vanish

identically. Hence the map

V (η, ξ1; x) := Ṽ (η, ξ1, 0; x) (3.6)

satisfies the assumptions of the following lemma with µ := κ − k (where ξ1 is replaced by ξ for
brevity). The lemma is a variant of Proposition 4.1.18 in [BER99b] with smooth parameters (see
also Lemma 10.5 in [BRZ00]). The proof closely follows the one given in [BER99b].

Lemma 3.3. Let V (η, ξ; x) be a map of class Cµ from a neighborhood of 0 in Ch ×CN ×Rm into
CN with V (·, ·; x) holomorphic for each fixed x. Suppose that V (η, 0; x) ≡ 0 and

δ(η; x) := det
(∂V
∂ξ

(η, 0; x)
)2

6≡ 0 (3.7)

for each fixed x. Then there exists a map ϕ(η, Z̃; x) from a neighborhood of 0 in Ch × CN × Rm

into CN of class Cµ and holomorphic for each fixed x, such that the identity

V

(
η, ϕ

(
η,

Z

δ(η; x)
; x

)
; x

)
≡ Z

holds for all (η, Z; x) with (η; x) and Z
δ(η;x)

sufficiently small.

Proof. Since V (η, ξ; x) is holomorphic in (η, ξ) and V (η, 0; x) ≡ 0, we can write it in the form

V (η, ξ; x) = V1(η, ξ; x)ξ,

where V1 is the N ×N matrix function of class Cµ given by

V1(η, ξ; x) :=

∫ 1

0

∂V

∂ξ
(η, tξ; x)dt.
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In particular, we have

V1(η, 0; x) ≡
∂V

∂ξ
(η, 0; x). (3.8)

The map V1 is also of class Cµ because of the Cauchy type formula for the derivatives. By applying
the same procedure one more time we can write V1(η, ξ; x) = V1(η, 0; x)+V2(η, ξ; x)ξ with V2 again
being of class Cµ. Then

V (η, ξ; x) = V1(η, 0; x)ξ +R(η, ξ; x)(ξ, ξ),

where R(η, ξ; x)(·, ·) is the bilinear form defined by V2.
By (3.7) and (3.8) we have det(V1(η, 0; x)) 6≡ 0 for each fixed x. We set ∆(η; x) := det(V1(η, 0; x)).

We now proceed exactly as in the proof of Proposition 4.1.18 in [BER99b]. We write the equation
V (z, ξ; x) = Z as

V1(η, 0; x)ξ +R(η, ξ; x)(ξ, ξ) = Z

and solve it for ξ by using Cramer’s rule in terms of (Z)/∆(η; x) and R(η, ξ; x)(ξ/∆(η; x), ξ). In
the expression obtained we divide both sides by ∆(η; x) and apply the implicit function theorem
with respect to ξ/∆(η; x):

ξ

∆(η; x)
= ψ

(
η,

Z

∆(η; x)2
; x

)
, ψ ∈ Cµ, ψ(·, ·; x) holomorphic.

Then the map

ϕ(η, Z̃; x) := ∆(η; x)ψ(η, Z̃; x) ∈ C
N

satisfies the conclusion of the lemma.

3.4. Hörmander numbers and the vanishing order of δ(η; x). As before we assume that
M has the finite type ν ≤ κ at p. Recall that the Hörmander numbers 2 ≤ µ1 ≤ . . . ≤ µd = ν
of M at p are defined as follows. For 1 ≤ j ≤ d, the jth Hörmander number µj is the minimal
number µ ≤ ν with the property that all vector fields in T cM (of class Cκ−1) together with their
commutators of length less or equal to µ span at p a vector subspace of TpM of dimension at least
n+ j. In particular, we have µd = ν. (This definition differs slightly from the one given in §3.4 in
[BER99a], where the same Hörmander numbers are counted as a single number with multiplicity).

As before we choose a family of approximate embeddings M(x) ⊂ CN of order k with ν ≤ k ≤
κ. Then M(p) is real-analytic and also has the type ν. Moreover, since the values at p of all
commutators of vector fields in T cM(p) of length at most k coincide with those of vector fields in
T cM , all Hörmander numbers of M(p) at p coincide with those of M . We now use the so-called
normal canonical coordinates (see [BG77, BR87]). For our purposes, it will be convenient to have
the normal canonical coordinates in the form of Theorem 3.2.3 in [BER99b] (see also Theorem 4.5.1
in [BER99a]). It follows that there exist holomorphic local coordinates Z = (z, w) ∈ Cn×Cd = CN

in a neighborhood of p, where M(p) is locally given by the equations

wj = wj + Pj(z, z, w) +Rj(z, z, w), 1 ≤ j ≤ d,



THE EQUIVALENCE AND THE EMBEDDING PROBLEMS 17

where the functions Pj and Rj are holomorphic in their arguments, satisfy the normalization
conditions

Pj(z, 0, w) ≡ Rj(z, 0, w) ≡ Pj(0, z, w) ≡ Rj(0, z, w) ≡ 0

and, in the notation εµw := (εµ1w1, . . . , ε
µdwd), the weight homogeneity conditions

Pj(εz, εz, ε
µw) = εµjPj(z, z, w), Rj(εz, εz, ε

µw) = O(εµj+1)

for small ε > 0. The functions Pj(z, z, w) are nonzero polynomials and the submanifold M0 :=
{wj = wj + Pj(z, z, w), 1 ≤ j ≤ d} is of the same type ν and has the same Hörmander numbers
(M0 is a weighted homogeneous generic submanifold in the sense of §4.4 in [BER99a]).

As was observed in [BER99b], in the canonical coordinates, the map vs(·, ·; p) has a power series
expansion such that its first n components are linear and, for 1 ≤ j ≤ d, its (n+ j)th component
starts from a nonzero homogeneous polynomial of degree µj . The same holds for the components
of V (defined by (3.5) and (3.6)). Hence the power series expansion of the determinant in (3.7)
starts from a homogeneous polynomial of degree (µ1 − 1) + . . . + (µd − 1) = µ1 + · · · + µd − d.
Since M0 is of finite type at p, the determinant cannot vanish identically. Thus we come to the
following conclusion:

Lemma 3.4. Let V (η, ξ; x) be as before and δ(η; x) be given by Lemma 3.3. Then there exists a

vector η0 ∈ Csn such that the vanishing order m of the function δ̃(λ) := δ(λη0; p) at λ = 0 ∈ C

equals 2(µ1 + · · · + µd − d). In particular, m ≤ 2d(ν − 1).

4. Jet parametrization of local holomorphic maps

Consider two embedded CR-submanifolds M ⊂ CN and M ′ ⊂ CN ′

. If p ∈ M and p′ ∈ M ′ are
fixed and f : (M, p) → (M ′, p′) is a germ of a Cr-smooth CR-map, it can be shown (see e.g. the
arguments in the proof of Proposition 1.7.14 in [BER99a]) that f can be approximated up to order
r by the restriction to M of a holomorphic rth order polynomial map F : CN → CN ′

satisfying

ρ′(F (x), F (x)) = o(|x− p|r) as x→ p in M. (4.1)

If (4.1) holds, we say that F sends M into M ′ up to order r at p. This notion generalizes that
of (r + 1)-equivalence given in [BRZ00]. If M is generic at p, i.e. if TpM + JTpM = TpC

N

for any p ∈ M , then the jet jr
pF ∈ Jr(CN ,CN ′

) is uniquely determined by jr
pf ∈ Jr(M,M ′).

The condition (2.1) of l-nondegeneracy can be also written with f replaced by F and is again
independent of the choice of L1, . . . , Ln and of Z ′ provided F is holomorphic. If, in addition, F
sends M into M ′ up to order r at x, then this condition is also independent of the choice of ρ′. In
this case we call both F and its jet jr

pF l-nondegenerate with respect to M and M ′. We denote by

Dr,l
M,M ′(CN ,CN ′

) ⊂ Jr(CN ,CN ′

) the open subset of jets whose representatives either do not send
M into M ′ up to order r or are l-nondegenerate with respect to M and M ′.

The following is the main technical result of this section:

Theorem 4.1. Let M ⊂ CN and M ′ ⊂ CN ′

be Cκ-smooth generic submanifolds (2 ≤ κ ≤ ∞).
Suppose that M is of codimension d ≥ 1 and type 2 ≤ ν ≤ κ. Fix a number l ≥ 0, set
r := 2(d + 1)l and fix a jet (x0,Λ0) ∈ Dr,l

M,M ′(CN ,CN ′

). Then there exist a neighborhood Ω =
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Ω(x0, (x0,Λ0)) ⊂ CN × Jr(CN ,CN ′

) and, for every k with max(r, ν) ≤ k ≤ κ − 1, a Cκ−k−1-
smooth map Ψk(Z, x,Λ): Ω → CN ′

, holomorphic in (Z,Λ) ∈ CN × Jr
x,x′(CN ,CN ′

) for each fixed
(x, x′) ∈M ×M ′, such that the following holds. For every x ∈M , every holomorphic map F from
a neighborhood of x in CN into CN ′

with (x, x, jr
xF ) ∈ Ω that sends M into M ′ up to order k at

x, satisfies the identity

F (Z) = Ψk(Z, x, jr
xF ) + o

(
|Z − x|

k−r
m+1

)
, Z → x, (4.2)

where m is the vanishing order of the function δ(·, p) given by (3.7). If M and M ′ are real-analytic,
the maps Ψk can be also chosen to be real-analytic. Moreover, if M and M ′ depend in a Cκ fashion
(resp. real-analytically) on some real parameters, then the maps Ψk can be also chosen to depend
in a Cκ−k−1 fashion (resp. real-analytically) on the parameters.

The rest of this section is devoted to the proof of Theorem 4.1 that is splitted into three steps
that may be of independent interest.

4.1. Basic reflection identity. Our first goal will be to establish a relation between jets of a
holomorphic map F as in Theorem 4.1 at two different points Z and ζ satisfying the reflection
relation (Z, ζ) ∈ M(x), where M(x) is the approximate complexification of M as constructed in
§3.2. Let ρ be a defining function for M near a point p ∈ M . For l ≤ k ≤ κ and x ∈ M near p,
consider approximations M(x) with real-analytic defining functions ρ(Z,Z; x) as defined in §3.2.
In the sequel we shall find it convenient to work with (1, 0) vector fields on M that are precisely
the conjugates of the (0, 1) vector fields (see §1). We write Lj = Lj(Z,Z), 1 ≤ j ≤ n, for a basis
of Cκ−1-smooth (1, 0) vector fields on M near p and, for each x ∈M near p, approximate them by
restrictions of a basis Lj(x) = Lj(Z,Z; x) of real-analytic (1, 0) vector fields in CN such that

L(x)αχ(Z)|Z=x = Lαχ(Z)|Z=x, x ∈M,

for any smooth function χ in a neighborhood of x and for all multiindices α with |α| ≤ l. This
means that the restrictions to M of the coefficients of Lj(x) have the same (l− 1)-jets at x as the

coefficients of Lj . The approximations Lj(x) = Lj(Z,Z; x) can be chosen to be of class Cκ−l in all
their variables including x.

For the proof of Theorem 4.1, we fix an l-nondegenerate holomorphic r-jet

(x0,Λ0) ∈ Dr,l
M,M ′(C

N ,CN ′

)

sending M into M ′ and x0 to a fixed point x′0 ∈M and consider a point x ∈M and a holomorphic
map F from a neighborhood of x in CN into CN ′

sending M into M ′ up to order k at x. We
shall assume the r-jet jr

xF , x ∈ M , to be sufficiently close to (x0,Λ0). Then, for f := F |M , the
condition (2.1) still holds with p replaced by x. Moreover, the vector fields L1, . . . , Ln in (2.1)
can be replaced by their approximations L1(x), . . . , Ln(x) without changing the span in (2.1). We
conclude that

span{L(x)αρ′jZ′(F (Z), F (Z))(x, x) : 1 ≤ j ≤ d′, 0 ≤ |α| ≤ l} = C
N ′

(4.3)

for F as above.
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We use the notation from §3 for M and analogous notation for M ′. Let M ′(x′) ⊂ CN ′

be a
family of approximations for M ′ with defining functions ρ′(Z ′, Z ′; x′). Then since F sends M into
M ′ up to order k at x, we conclude

ρ′(F (Z), F (Z);F (x)) = o(|Z − x|k) as Z → x in M(x). (4.4)

By applying the vector fields Lj(x) to (4.4) we obtain

L(x)αρ′(F (Z), F (Z);F (x)) = o(|Z − x|k−|α|) as Z → x in M(x) (4.5)

for |α| ≤ l. Since each Lj(Z,Z; x) is real-analytic in (Z,Z), we can consider the complexifications
Lj(Z, ζ ; x). By the standard complexification argument, (4.5) implies

L(Z, ζ ; x)αρ′(F (Z), F (ζ);F (x)) = o(|(Z − x, ζ − x)|k−|α|) (4.6)

as (Z, ζ) → (x, x) in M(x). Recall that ρ′(Z ′, ζ ′; x′) is of class Cκ−k and each L(Z, ζ ; x) is of class
Cκ−l and they are holomorphic in (Z ′, ζ ′) and in (Z, ζ) respectively. Under the assumptions of
Theorem 4.1 we clearly have l ≤ k and hence L(Z, ζ ; x) is in Cκ−k. Since all differentiations in (4.6)
are taken in the “holomorphic directions”, we conclude that the left-hand side of (4.6) is of class
Cκ−k. By using the chain rule and the fact that L(Z, ζ ; x)αF (ζ) ≡ 0, we can write the left-hand
side of (4.6) for |α| ≤ l as a Cκ−k-smooth function in

(
Z, jl

ZF, ζ, F (ζ); x, F (x)
)
, holomorphic in(

Z, jl
ZF, ζ, F (ζ)

)
for each fixed (x, F (x)).

By (4.3), the implicit function theorem can be used to solve (4.6) for F (ζ) in the form

F (ζ) = Ψ0(ζ, Z, jl
ZF ; x, F (x)) + o(|(Z − x, ζ − x)|k−l) (4.7)

as (Z, ζ) → (x, x) in M(x), where Ψ0(ζ, Z,Λ; x, x′) is a C
N ′

-valued function of class Cκ−k in a
neighborhood of (x0, x0,Λ0; x0, x

′
0), holomorphic in (ζ, Z,Λ) for each fixed (x, x′) ∈M ×M ′.

The identity (4.7) holds for (Z, ζ) ∈ M(x). Due to the construction of M(x), for each parameter
(Z0, ζ0; x) ∈ CN ×CN ×M close to (x0, x0; x0), there exists a holomorphic function Z = Z(ζ) ∈ CN

in a neighborhood of ζ0 with Z(ζ0) = Z0, depending in a Cκ−k fashion on all variables and param-
eters and satisfying (Z(ζ), ζ) ∈ M(x). After substituting Z(ζ) for Z in (4.7) and differentiating
in ζ we obtain the basic reflection identity

jτ
ζF = Ψτ (ζ, Z, jτ+l

Z F ; x, F (x)) + o(|(Z − x, ζ − x)|k−l−τ) (4.8)

as (Z, ζ) → (x, x) in M(x), τ ≤ k − l, where Ψτ (ζ, Z,Λ; x, x′) is still of class Cκ−k, because we
differentiated only in the “holomorphic direction”.

Observe that the r-jet Λ0 ∈ Jr
x0

(CN ,CN ′

) is assumed to send M into M ′. Then, by following
the construction, we see that (4.8) also holds with k replaced by r and any representative F of
(x0,Λ0). Hence we obtain

Λτ
0 = Ψτ (x0, x0,Λ

τ+l
0 ; x0, x

′
0) (4.9)

for τ + l ≤ r, where Λτ
0 ∈ Jτ (CN ,CN ′

) denotes image of Λ0 under the canonical projection
Jr(CN ,CN ′

) → Jτ (CN ,CN ′

).
We summarize the result of this paragraph indicating the dependence of Ψτ on k by adding a

superscript:
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Proposition 4.2. Let M ⊂ CN and M ′ ⊂ CN ′

be Cκ-smooth generic submanifolds (2 ≤ κ ≤ ∞).

Fix any numbers l, τ, k ≥ 0 with τ + l ≤ k ≤ κ−1 and a jet (x0,Λ0) ∈ Dτ+l,l
M,M ′(CN ,CN ′

) with target

point x′0 ∈M ′ that sends M into M ′. Let M(x) ⊂ CN be any family of approximate real-analytic
embeddings of M of order k as in §3.2 for x ∈M near x0. Then there exist a neighborhood

Ω̃ = Ω̃(x0, (x0,Λ0); x0, x
′
0) ⊂ C

N × Jτ+l(CN ,CN ′

) ×M ×M ′

and a Cκ−k-smooth map

Ψk,τ(ζ, Z,Λ; x, x′) : Ω̃ → Jτ (CN ,CN ′

),

holomorphic in (ζ, Z,Λ) ∈ CN × Jr
x,x′(CN ,CN ′

) for each fixed (x, x′) ∈ M × M ′, such that the
following holds.

(i) For the image Λτ
0 ∈ Jτ (CN ,CN ′

) of Λ0 under the projection Jτ+l(CN ,CN ′

) → Jτ (CN ,CN ′

),
one has Λτ

0 = Ψk,τ(x0, x0,Λ0; x0, x
′
0).

(ii) For every x ∈ M , every holomorphic map F from a neighborhood of x in CN into CN ′

with

(x, x, jr
xF ; x, F (x)) ∈ Ω̃ that sends M into M ′ up to order k at x, satisfies the identity

jτ
ζF = Ψk,τ(ζ, Z, jτ+l

Z F ; x, F (x)) + o(|(Z − x, ζ − x)|k−l−τ) (4.10)

as (Z, ζ) → (x, x) in M(x).

If M and M ′ are real-analytic, the family M(x) and the maps Ψk,τ can be also chosen to be
real-analytic. Moreover, if M and M ′ depend in a Cκ fashion (resp. real-analytically) on some
real parameters, then the maps Ψk,τ can be also chosen to depend in a Cκ−k fashion (resp. real-
analytically) on the parameters.

4.2. Singular jet parametrization. Our next step is to iterate the identity (4.10) as in [Z97,
BER99b, BRZ00]. The property (i) in Proposition 4.2 allows us to iterate it for (x, jr

xF ) sufficiently
close to (x0,Λ0). After iterating (4.10) 2(d+ 1) times we obtain

F (ζ0) = Φk(ζ0, . . . , ζ2(d+1), jr
ζ2(d+1)F ; x, F (x)) +

o(|(ζ0 − x, ζ1 − x, . . . , ζ2(d+1) − x)|k−r) (4.11)

as (ζ0, . . . , ζ2(d+1)) → (x, x, . . . , x) in M2(d+1), where Φk(ζ0, . . . , ζ2(d+1),Λ; x, x′) is of class Cκ−k

and holomorphic in (ζ0, . . . , ζ2(d+1),Λ).
Now let δ and ϕ be as in Lemma 3.3. Put ζ2(d+1) = x and

ζ0 = Z = V

(
η, ϕ

(
η,
Z − x

δ(η; x)
; x

)
; x

)
+ x

in the identity (4.11). We obtain

F (Z) ≡ Ψ̃k
(
η,
Z − x

δ(η; x)
, jr

xF ; x, F (x)
)

+Rk
F

(
η,
Z − x

δ(η; x)
; x

)
, (4.12)

where Ψ̃k and Rk
F are of class Cκ−k, their restrictions Ψ̃k(·, ·, ·; x, x′) and Rk

F (·; x) are holomorphic
and

Rk
F (η, Z̃; x) = o(|(η, Z̃)|k−r) as (η, Z̃) → 0 (4.13)
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for each fixed x. We note that here, exactly as in [BRZ00], only Rs
F (but not Ψ̃s) depends on F

(this dependence is indicated by F in the subscript). A new ingredient comparing with [BRZ00]

is that Ψ̃k depends on the approximations M(x) and M ′(x′), in particular, also on k.

Let η0 ∈ Csn be given by Lemma 3.4 and define δ̂(λ; x) := δ(λη0; x) (for λ ∈ C). Then, setting
η = λη0 in (4.12), we have

F (Z) ≡ Ψ̂k
(
λ,
Z − x

δ̂(λ; x)
, jr

xF ; x, F (x)
)

+ R̂k
F

(
λ,
Z − x

δ̂(λ; x)
; x

)
, (4.14)

where Ψ̂k and R̂k
F are defined in the obvious way and have the properties similar to those of Ψ̃k

and Rk
F respectively. After a holomorphic change of the parameter λ ∈ C, we may assume that

δ̂(λ; x0) = λm, where m ≤ 2d(ν − 1) is the vanishing order considered in Lemma 3.4. We choose
a smooth parametrization s 7→ x(s) of M near x0 sending 0 to x0. We view s as a row in Rdim M .
Then we have

δ̂(λ; x(s)) ≡ λm + a(λ; s)s, (4.15)

where a(λ; s) is a Cκ−k−1-smooth column which is holomorphic for each fixed s. Then (4.14)
implies

F (Z) ≡ Ψ̂k

(
λ,
Z − x(s)

λm

(
1 +

a(λ; s)s

λm

)−1

, jr
x(s)F ; x(s), F (x(s))

)

+ R̂k
F

(
λ,
Z − x(s)

δ̂(λ; x(s))
; x(s)

)
. (4.16)

We can now rewrite (4.16) in the form

F (Z) ≡ Ψ̌k
(
λ,
Z − x(s)

λm
,
s

λm
, jr

x(s)F ; x(s), F (x(s))
)

+ R̂k
F

(
λ,
Z − x(s)

δ̂(λ; x(s))
; x(s)

)
, (4.17)

where Ψ̌k(λ, Z̃, x̃,Λ; x, x′) is defined and Cκ−k−1-smooth for (λ, Z̃, x̃,Λ; x, x′) in a neighborhood of

(0, 0, 0,Λ0; x0, x
′
0) and holomorphic in (λ, Z̃, x̃,Λ). This is the singular jet parametrization that we

shall use for the proof of Theorem 4.1.

4.3. Resolution of singularities with smooth parameters. We will apply the following state-
ment to the map Ψ̌k that can be seen as a variant of Lemma 10.6 in [BRZ00] with smooth
parameters.

Lemma 4.3. Let P (λ, t̃; x) be a function of class Cτ in a neighborhood of 0 in C × C
n ×R

h such
that P (·, ·; x) is holomorphic for each fixed x. Let

P
(
λ,

t

λm
; x

)
≡

∑

ν

cν(t; x)λ
ν (4.18)

be the Laurent series expansion in λ. Then the coefficient c0 is of class Cτ and is holomorphic in
t for each fixed x.
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Proof. Since P (·, ·; x) is holomorphic, we can write

P
(
λ, t̃; x

)
≡

∑

ν,α

Pν,α(x)λν t̃α

in a neighborhood of the origin. Then Pν,α ∈ Cτ and

c0(t; x) ≡
∑

ν=|α|m

Pν,α(x)tα

is clearly holomorphic in t near the origin. Since the partial differentiations commute, all partial
derivatives of P (λ, t̃; x) with respect to x are holomorphic in the variables (λ, t̃):

∂(λ,t̃)∂
β
xP ≡ ∂β

x∂(λ,t̃)P ≡ 0

for every |β| ≤ τ . Clearly the coefficient c0(t; x) does not change if λ is replaced by Cλ in (4.18)
with C 6= 0 being any constant. Hence we may assume that P and all partial derivatives in x up
to order τ are holomorphic for |λ| < 2, |t̃| < ε. This means that

∂β
xP (λ, t; x) ≡

∑

ν,α

∂β
xPν,α(x)λνtα

converges absolutely on |λ| ≤ 1, |t̃| < ε and so does

∂β
x c0(t; x) ≡

∑

ν=|α|m

∂β
xPν,α(x)tα.

This shows that c0(t; x) is of class Cτ as required.

The following lemma will be used for R̂k
F and can be also seen as a variant of Lemma 10.6 in

[BRZ00] with smooth parameters.

Lemma 4.4. Let R(λ, t̃) and δ(λ) be holomorphic functions in C×C
n and in C respectively near

the origins such that

R(λ, t̃) = o(|(λ, t̃)|h) as (λ, t̃) → 0

and suppose that δ(λ) has the vanishing order g at λ = 0 for some nonnegative integers h and g.
Consider the Laurent series expansion

R
(
λ,

t

δ(λ)

)
=

∑

ν

cν(t)λ
ν .

Then c0(t) = o(|t|
h

g+1 ) as t→ 0.

Proof. We write R and t
δ(λ)

as power series:

R(λ, t̃) ≡
∑

ν,α

Rν,αλ
ν t̃α,

t

δ(λ)
≡ tλ−g(a0 + a1λ+ a2λ

2 + . . . ),
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where a0 6= 0. The substitution t̃ = t
δ(λ)

yields

R
(
λ,

t

δ(λ)

)
≡

∑

ν,α

Rν,αt
αλν−g|α|(a0 + a1λ+ a2λ

2 + . . . )α.

Then it is easy to see that c0(t) is a convergent power series whose entries are linear combinations
of the terms Rν,αt

α with ν−g|α| ≤ 0. By the assumption, R(λ, t̃) = o(h) and hence the inequality
ν + |α| > h holds for all nonvanishing coefficients Rν,α. Putting these inequalities together we
obtain |α| > h

g+1
showing c0(t) = o( h

g+1
) as required.

4.4. The end of proof of Theorem 4.1. The first statement of Theorem 4.1 is a consequence
of Proposition 4.2 and the following statement:

Proposition 4.5. Let M,M ′, κ, ν, d, l, r be as in Theorem 4.1, fix a jet (x0,Λ0) ∈ Jr
M,M ′(CN ,CN ′

)
that sends M into M ′ and let M(x) be as in Proposition 4.2. For each 0 ≤ τ ≤ 2dl, denote by
Λτ+l

0 ∈ Jτ (CN ,CN ′

) the image of Λ0 under the projection Jr(CN ,CN ′

) → Jτ+l(CN ,CN ′

) and let
further, as in Proposition 4.2,

Ψk,τ : Ω̃τ (x0, (x0,Λ
τ+l
0 ); x0, x

′
0) → Jτ (CN ,CN ′

)

be a Cκ−k-smooth map, holomorphic in (ζ, Z,Λ) ∈ CN × Jr
x,x′(CN ,CN ′

) for each fixed (x, x′) ∈

M × M ′, having property (i) of Proposition 4.2. Then there exists a Cκ−k−1-smooth map
Ψk : Ω(x0, (x0,Λ0)) → C

N ′

as in Theorem 4.1 such that the following holds. For every x ∈ M ,
every holomorphic map F from a neighborhood of x in CN into CN ′

with (x, x, jr
xF ) ∈ Ω satisfying

(4.10) for all 0 ≤ τ ≤ 2dl, satisfies also the identity (4.2). If M , M ′ and Ψτ,k are real-analytic,
the maps Ψk can be also chosen to be real-analytic.

For the proof, consider the the Laurent series expansion in λ for the function Ψ̌k in (4.17):

Ψ̌k
(
λ,

Z̃

λm
,
t

λm
,Λ; x, x′

)
≡

∑

ν

ckν(Z̃, t,Λ; x, x′)λν . (4.19)

By Lemma 4.3, c0(Z, x̃,Λ; x, x′) is of class Cκ−k−1 and holomorphic in (Z̃, x̃,Λ) for each fixed
(x, x′). We obtain the Cκ−k−1-smooth map

Ψk(Z̃, t,Λ; x, x′) := ck0(Z̃, t,Λ; x, x′)

defined in a neighborhood of (x0, 0,Λ0; x0, x
′
0) and holomorphic in (Z̃, t,Λ). The proof of Propo-

sition 4.5 is completed by the following lemma:

Lemma 4.6. Under the assumptions of Theorem 4.1 we have

F (Z) = Ψk
(
Z, s, jr

x(s)F ; x(s), F (x(s))
)

+ o(|Z − x(s)|
k−r
m+1 ) as Z → x(s) in C

N . (4.20)
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Proof. Consider the Laurent series expansions of both sides of (4.17) in λ. Since Rk
F = o(k − r)

by (4.13), it follows from Lemma 4.4 that the constant term in λ in the Laurent series expansion
of

R̂k
F

(
λ,
Z − x

δ̂(λ; x)
; x

)
(4.21)

is of order o( k−r
mx+1

), where mx is the vanishing order of δ̂(λ; x) at λ = 0 for fixed x. Clearly we

have mx ≤ m for x ∈ M close to x0, where m = mx0 is the vanishing order of δ̂(λ; x0). Therefore
the expression in (4.21) is always of order o( k−r

m+1
). By equating the constant terms (in λ) in the

Laurent series expansion of (4.17) we obtain the required identity.

It remains to observe that the second statement of Theorem 4.1 about the dependence on a real
parameter t can be obtained by adding t to the smooth parameters x, x′ in the above proof. The
proof of Theorem 4.1 is complete.

5. Applications of Theorem 4.1: Proofs of Statements 2.1–2.4

Proof of Theorem 2.1. We use Proposition 3.1 for both M and M ′ to obtain approximate embed-
dings in CN and CN ′

parametrized by points x ∈ M and x′ ∈ M ′ respectively and then use the
statement of Theorem 4.1 for these embeddings. By abusing the notation we write M and M ′ also
for the corresponding embedded generic CR-submanifolds. Choose (x0, λ0) ∈ Dr,l(M,M ′) and
let f and x satisfy the assumptions of Theorem 2.1. As observed in §4, there exists a kth order
holomorphic polynomial map F = Fx : CN → CN ′

whose restriction to M approximates f up to
order k at x and such that F sends M into M ′ up to order k at x. Since M is generic in CN , the jet
jr
xF is uniquely determined by jr

xf , more precisely, jr
xF = Ξ1(x, j

r
xf), where Ξ1 is a Cκ−r-smooth

function defined in a neighborhood of (x0, λ0) in Jr(M,M ′). By the construction Dr,l(M,M ′),
the jet Λ0 := Ξ1(x0, λ0) satisfies the assumptions of Theorem 4.1. We may also assume that F
satisfies the assumptions of Theorem 4.1.

By Theorem 4.1, we have the identity (4.2) that we differentiate r + 1 times in Z and evaluate
at Z = x. Due to our choice of k, the error term in (4.2) does not contribute. Hence we obtain
jr+1
x F = Ψ(x, jr

xF ), where Ψ can be chosen to be a local section of the bundle Jr+1(CN ,CN ′

) →
Jr(CN ,CN ′

) defined in a neighborhood of (x, jr
xF ). Moreover, since Ψ is obtained by differentiating

Ψk only in Z, where Ψk is holomorphic, it follows from the Cauchy formula that Ψ has the same
smoothness as Ψk.

Moreover, it follows from the chain rule that jr+1
x f = Ξ2(x, j

r+1
x F ), where Ξ2 is a Cκ−r−1-smooth

function in a neighborhood of (x0,Ψ(x0,Λ0)). By composing Ψ with Ξ1 and Ξ2 we obtain jr+1
x f =

Φ̃(x, jr
xf), where Φ̃ is a Cκ−r−1-smooth Jr+1(M,M ′)-valued function defined in a neighborhood of

(x0, λ0). Clearly Φ̃ can be assumed to be a local section of the fiber bundle π : Jr+1(M,M ′) →
Jr(M,M ′).

In order to obtain a global section Φ of π over Dr,l(M,M ′) as claimed we use the fact that π
carries a canonical affine bundle structure and, therefore, linear combinations of its sections are
well-defined provided the sum of the coefficients is 1. Hence we can use a partition of unity to
construct a section Φ as required.
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Proof of Corollary 2.2. Let Φ be given by Theorem 2.1 and choose local coordinates x =
(x1, . . . , xdim M) ∈M vanishing at the given point x0 ∈M . Then the differential system given by
(2.4) implies differential equations for Λ(x) := jr

xf of the form

∂xj
Λ(x) = Φj(x,Λ(x)). (5.1)

Then we construct the required map Θ by integrating (5.1) along paths. More precisely, every p and
x sufficiently close to x0 can be connected in a unique way by a sequence of paths γ1, . . . , γdimM

such that each γj is an integral curve of ∂/∂xj . Then we define Θ(x, p, λ) to be the result of
integration (5.1) along this uniquely defined chain of paths. Here, by integration, we mean solving
the initial value problem for the corresponding ODE. It is easy to see that Θ satisfies the required
conclusion.

Proof of Corollary 2.4. Given local coordinates x = (x1, . . . , xdimM) ∈M , x′ = (x′1, . . . , x
′
dimM ′) ∈

M ′, we use the associated coordinates Λ = (Λα
i ), 1 ≤ i ≤ dimM ′, α ∈ Zdim M

+ , 0 ≤ |α| ≤ r, for the
jet bundle Jr

x(M,M ′) and write (x,Λ) ∈ Jr(M,M ′). Let

Φ: Dr,l(M,M ′) ⊂ Jr(M,M ′) → Jr+1(M,M ′)

be the section given by Theorem 2.1. Then Φ defines in a natural way a connection on the fi-
bration π : Dr,l(M,M ′) → M , i.e. a distribution H of horisontal vector subspaces H(x,Λ) ⊂
T(x,Λ)D

r,l(M,M ′) such that dπ restricts to isomorphisms between H(x,Λ) and TxM . The horison-
tal subspaces H(x,Λ) can be seen as images of linear maps h(x,Λ): TxM → T(x,Λ)D

r,l(M,M ′)
such that dπ ◦ h(x,Λ) = id for all (x,Λ) ∈ Dr,l(M,M ′). It is easy to see that the correspondence
between H(x,Λ) and h(x,Λ) is one-to-one and that the maps h(x,Λ) as above can be seen as sec-
tions of the associated affine bundle over Dr,l(M,M ′) (this is a general property: all connections
on a fibration can be seen as sections in an affine bundle over the fibration space).

By Theorem 2.1, the r-jet section s(x) := jk
xf is horisontal for any l-nondegenerate CR-map

f : U → M ′, where U ⊂ M is any open subset. Moreover, s(x) = (Λα
i (x)) always satisfies the

contact system ∂xj
Λα

i (x) = Λ
α+ej

i (x), where ej ∈ Zdim M
+ is the unit vector whose jth component

is 1 and other components are 0. We now keep the highest terms hα
i for |α| = r unchanged and

replace the lower terms by the contact system. Then the section s still satisfies the new system,
also called h and any other horisontal section of Dr,l(M,M ′) with respect to h over U is an r-jet
section of some map f : U → M ′.

In order to obtain the conclusion of Corollary 2.4 we change the connection given by h as
follows. Let S ⊂ Dr,l(M,M ′) be the submanifold of all r-jets whose first order parts satisfy the
Cauchy-Riemann equations on M , i.e. send T cM into T cM ′ and are C-linear there. Clearly, the
r-jet lift {(x, jr

xf) : x ∈ U} of any CR-map f : U → M ′ as above is contained in S. By using
a partition of unity we can define a real smooth function g : Dr,l(M,M ′) → [0, 1] ⊂ R such that
S = {g = 0}.

Let s : U → Dr,l(M,M ′) be any horisontal section, i.e. H(x, s(x)) coincides with the graph of
ds(x) for every x ∈ U . In local coordinates, this condition can be written as ∂xj

s(x) = hj(x, s(x)).
The symmetry property ∂xi

∂xj
s = ∂xj

∂xi
s implies now the integrability condition ∂xi

hj(x, s(x)) =
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∂xj
hi(x, s(x)) or

∂xi
hj + (∂Λhj)hi = ∂xj

hi + (∂Λhi)hj, (5.2)

where we used the matrix notation and substituted hi and hj for ∂xi
s and ∂xj

s respectively. We
now write h0 for the system given by the map Φ as above and put h := (1− g)h0 + gh1, where h1

is another connection to be chosen and g is the function defined above. Due to the affine structure
on the space of connections, h is well-defined. Then, since dimM ≥ 3, the Thom transversality
theorem (see e.g. [Hi76]) yields the existence of h1 such that (5.2) does not hold outside S. On
the other hand, we have h = h0 on S by the construction. Hence, if s(x) is horisontal with respect
to the connection given by h, its graph must be contained in S and moreover s is the r-jet section
of some map f : U → M ′ by the construction of h. Finally, by the construction of S, f is CR as
required.
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