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Mucs effort has been"devoted to development of game theory. However,
nontrivial practical applications of discrete game theory aré few. One réason
may be difficulties in evaluating payoff matrices.. Another reason may be the
very limited extent of situations for which game solutions of a “forcing”
nature have been developed. That is, the solutions control what the players
can do, according to some reasonable criterion (such as expected payoff received)
rather than merely trying to predict what they will do. A third reason may
be that very little has been developed for situations where the- numbers in -
a payoff matrix do not satisfy the arithmetic operations. As anh example, this
occurs for the practically important case where the ranksof. the payoff values are
the numbers in a payoff matrix. These thiee’ restraints on game theory useare
discussed here. Then, attention is directed to-a new form of - game “theory, based
on median (rather than expected value) consnderatlons that is much less sensitive

"Il

to these restraints. - v

Introduction and Dtscusswnl T P

Game theory, with mixed strategies and’ conmderauon "of expected payoffs
has been the subject of much research. However, few practical applications’ thit
are not of a highly oversimplified nature have occurred. This note identifies and
discusses what seem to be the three most important direct restraints on nontrivial
practical applications of this expected-value approach to game theory: Then, a
new approach with 2 median (rather than expected value) basis is described. The
three restraints are found to bé much less important-for median giire theory.
Only "the most- elementary case, that of two -players” With- ﬁmte numbers’ of
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strategies, is directly considered. However, the dlscussmn about restraints has
wide applicability.

The first restraint is concerned with -evaluation of the payoff matrices, one for
cach player. There are three major difficulties. First, even approximate determina-
tion of payoff values can experience conceptual difficulties. For examiple, some
Josses or gains can involve considerations of an intangible nature (human life,
mental anguish, goodwill, morale, etc.). Intangible considerations are often most
important in evaluation of some of the largest and/or the smallest values in a
payoff matrix. Usually, precise quantification of payoffs involving intangibles is
not possible. For the second difficulty, sufficiently accurate evaluation of payoffs
is possible but involves large amounts of effort. For example, evaluation of the
payoft for a player might require several runs of an elaborate and expensive
simulation in_ which the strategy combination is used.. Finally, the.number of
strategics for each player nearly always is at least rnoderately large for non-
trivial practical applications. Then the number of payoffs to be determined is
huge. For example, consider two players that each have 300 strategies. Each payoff
matrix contains 90,000 numbers. Determination of 2, huge number of payoffs
is a strong restraint even.when each payoff can be evaluated with moderate effort.

~ The second restraint involves the two types of solutions that have been
developed using the expectcd—value approach to game theory. For one type, and
two players, use of an optimum: strategy allows each player to simultaneously
be as protective as possible for himself and as vindictive as p0551ble toward the

~other player (in the sense of expected payoffs). This desirable “forcing” type of
solution occurs for situations where the payoft matrices satlsfy a zero-sum condi-
tion (sum of payoffs to players is zeto for every strategy combination) or one of
some mild modifications of this condition. Unfortunately, this class of situations
is 'very restricted and only a small fraction of the cases arising in practice are of this
nature (even for two-player games): Now, consider solutions of the other type.
They are applicable to"a large fraction of the practical situations but have un-
desirable characteristics. These solutions have a strong philosophical basis but do
not control expected payoffs in a desirable fashion. That is, more emphasis is
placed on predicting player actions (from the pthosophlcal basxs) than on con-
trolling expected payoffs. Thus, a player can use an “optimum” strategy and do
poorly, because the other player was not astute enough to recognise the philo-
sophical basis. Almost all practical applications have been for situations where a
“forcing” solution is obtainable, likely because the other type is not of a dependable
nature. =

The third restraint is concerned with situations where the numbers in a payoff
matrix cannot meaningfully be added, subtracted, ori multiplied by constants
(cardinal numbers). Then, expected payoff, zero-sum coridition, etc. are undefined
concepts and the  expected-value approach of game-theory is not usable. In
particular, expected—value game theory is not applicable to situations where the
numbers. in any of.the payoff matrices are the ranks of the corresponding (un-
known) payoffs to that player. Ranks (ordinal numbers) are often thc most that
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can be obtained in social science fields (psychology, education, etc.). Thus,
cxpected-value game theory is not usable in several practically important ﬁelds

Median Game Theory

Consideration is limited to two players and finité numbers of strategxes When
one or both players use a mixed strategy, the payoffs received by the players are
random variables. Knowledge of the probability distributions of these.random
payoffs constitutes the maximum information that is available. .

Determination of optimum (mixed) strategies on the basis of probablhty
distributions has many complications. This determination has been simplified,
for expected-value game theory, by representing a distribution by its mean
value (expected payoff to that player). Another reasonable way is to represent a
probability distribution by its median value(s).. This is the basis for median game
theory, whose fundamental properties are-given in (Walsh, 1969). ..

In general, median game theory has the properties: A largest-value P, (Py;)
occurs in the payoff matrix for protective player I (II) such that he can assure
himself at least this payoff with probability at least 4. Also;ia smallest value P}
(P'}) occurs in the matrix for player I (II) such that vindictive player II (I) can
assure, with probability at least 4, that player I (II) receives at most this payoff.
Except for Py, P;, Pyy, Py, it is sufficient to know the relative order of the values
within each payoff matrix. Moreover, knowledge of this relative order is sufficient
to determine the locations of P, Pj, Py, Py in the payoff matrices. It is to be.
noted that P;=P/ and P,;=Pj; are poss1b1htles. - ;

Analogous to expected-value game theory, situations occur where each player
can simultaneously be as protective as possible for himself and as vindictive as
possible toward the other player (accordmg to the median criterion). A sufficient
condition for such situations is that the gaine is competitive or generates a com-
petitive game (special case of median competitive games). ¢ . o0 L

A pair of payoffs, one for each player, occurs for every. strategy—combmatlon
for the players. A game is competitive if the totality of these outcomes can bé
sequence ordered so that the payoffs for player I are nondecreasmg and the pay-.
offs to player II are nonincreasing. ‘e .

- A game generates a competitive game if there is a sequence ordermg for the.
outcomes such that: First, the payoffs of player I (II):that are in outcomes above:
(below) the outcomes corresponding to the .matrix location.of P; (P;;) .are-at
least (most) equal to Py (Pyy), and the payoffs in outcomes below this outcome are:
at most (least) equal to Py (P,;). Second, also the payoffs of player I(II) that are in
outcomes above the outcome corresponding to the matrix location of Pj (Pr)).
are at least (most) equal to Pj (Py), and.the payoﬁ's in outcomes below this
outcome are at most (least) equal to P (Pry). e C

Determination. of median optimum strategies usually does not reqmre much
effort and a method is given in (Walsh, 1969). Pure and mixed median optimum
strategies can both occur. However, a pure medlan optlmum strategy is not
necessarily a minimax strategy. Do R Cae,



t

534 ° . . . . ;ECONOMIC .AND SOCIAL Rﬁvmyv

: ) ‘,; ’ i Dzscusszon of Restramts-—Medtan Games _

First, consider the restraint concermed w1th evaluatlon of payoff matrices.
Determination of payoff values is, effectlvely, sm1pl1ﬁed to the much easier task
of determining. payoff order in each matrix. Moteover, not even order needs to
be determined within some payoff sets-that can contain a substantial fraction of
the payoﬁ‘s As an' exampleé; ‘consider a given matrix and a set.of largest payoffs
(payofts in this set at least equal to all other payoffs in'matrix).-Suppose that this
set contains a payoffin every coliimn of the matrix'and'that there is'a column that
contains. the smallest value of the set but no other value in the set. Then, all that
needs to:berknown about this set is the'matrix locations of the payoffs equal to
the smallestvalic and the locations of the payoffs: exceedlng the smallest value.
Similar consideratiotis'apply to ‘2 sct of smallest valuesi(in terims of rows and the
largest value of ‘theset)7Also, it is unneccessary to‘obtain orderings for payoffs
at fatrix locatlons for player I (II) where a payoff citer > P, (= Pyy)-or < P
(<-P%)does not'occur: The matrix locations where these relations do occur can
be detcrmmed' from'the method glven in (Walsh 1969) for evaluatmg P,, P},
P”, LR DR W NI B . .

£ The dlf’ﬁculty due-to- 1ntang1ble conslderatlons is- ummportant if only largest
and/or siallest- payoffs dre affected $ince, ordinarily, these.would- occur in sets
within which/not-even order needsto be determined. In any ‘case, order may be
determinable -although- actual payoffs: canhot be ‘even approxxmately evaluated:
The difficulty due to large effort for-cvaluation often can'be at least partially
overconie. Ofteny many relative orderings of payoffs'can be made by'a casual
examination of the stfategies involved” One way is to'hold the strategy for one
player fixed and consider the relative effects of the strategies of the other player:
Also, many.relative orderings can be determined with only moderate analysis or
simulation effort. Some values, including Py, Py;, Py, P; will have to be accurately
evaluated but; overall, the level of effort per-evaluation should bea very small
fraction of:that required for corres ondmg expected value game theory Finally;
consider: the difficulty due to the Euge number of payoffs in the matrices. The
methods of reducing the level of effort per evaluation are also useful when only
a moderate effort is needed for an evaluation. Even'here; the average effort per
evaluation should be a smiall'fraction of that requlred for expected-value game
theory. This, of course; substantially reduces but does riot eliminate the- dlfﬁculty
arising’ from large numbers of strategles for the players:* - ¢« .

- Now;, consider the second restraint.'A desirable solution of a “forcing” nature
is.6btainable when the situation'is of a competitive nature or such’that a competi-
tive game is ‘generated. iEven when'the usual .kinds of payoffs are considered
(cardinal numbers), the class of situations where this ccurs is extremely huge
compared to- the ‘zero-sum ‘class for expected-value game theory (and includes
the zerossum class). That is, desuable solutions ¢an be obtained for a large class
of situations: thatrdo tot have a- “forcing”"type of solution:for the expected-
value approach. Moreover, it seems likely that desirable solutions can be obtained
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for much broader classes of situations by extension of the median competitive
“ concept.

Finally, consider the third restraint. Median game theory is capable of handling
any situation where the numbers within a payoff matrix can be ranked. In
particular, this extends the usage of game theory to situations where payoffs in
one or more matrices are ordinal numbers.
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