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Supersymmetric vacua of two dimensional N = 4 gauge theories with matter, softly broken by the

twisted masses down to N = 2, are shown to be in one-to-one correspondence with the eigenstates

of integrable spin chain Hamiltonians. Examples include: the Heisenberg SU(2) XXX spin chain

which is mapped to the two dimensional U(N) theory with fundamental hypermultiplets, the

XXZ spin chain which is mapped to the analogous three dimensional super-Yang-Mills theory

compactified on a circle, the XY Z spin chain and eight-vertex model which are related to the four

dimensional theory compactified on T2. A consequence of our correspondence is the isomorphism

of the quantum cohomology ring of various quiver varieties, such as T ∗Gr(N,L) and the ring

of quantum integrals of motion of various spin chains. The correspondence extends to any spin

group, representations, boundary conditions, and inhomogeneity, it includes Sinh-Gordon and

non-linear Schrödinger models as well as the dynamical spin chains like Hubbard model. We give

the gauge-theoretic interpretation of Drinfeld polynomials and Baxter operators. The two-sphere

compactifications of the four dimensional N = 2 theories lead to the instanton corrected Bethe

equations. We suggest the Yangian, quantum affine, and elliptic algebras are a completely novel

kind of symmetry of the (collections of the) interacting quantum field theories.

To Prof. T. Eguchi on the occasion of his 60th anniversary
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1. Gauge theories and integrable systems

The dynamics of gauge theory is a subject of long history and the ever growing im-

portance.

In the last fifteen years or so it has become clear that the gauge theory dynamics in

the vacuum sector is related to that of quantum many-body systems. A classic example is

the equivalence of the pure Yang-Mills theory with gauge group U(N) in two dimensons

to the system of N free non-relativistic fermions on a circle. The same theory embeds as

a supersymmetric vacuum sector of a (deformation of) N = 2 super-Yang-Mills theory in

two dimensions.

A bit less trivial example found in [1] is that the vacuum sector of a certain supersym-

metric two dimensional U(N) gauge theory with massive adjoint matter is described by

the solutions of Bethe ansatz equations for the quantum Nonlinear Schrödinger equation

(NLS) in the N -particle sector. The model of [1] describes the U(1)-equivariant intersec-

tion theory on the moduli space of solutions to Hitchin’s equations [2], just as the pure

Yang-Mills theory describes the intersection theory on moduli space of flat connections

on a two dimensional Riemann surface. This subject was revived in [3],[4], by showing

that the natural interpretation of the results of [1] is in terms of the equivalence of the

vacua of the U(N) Yang-Mills-Higgs theory in a sense of [3] and the energy eigenstates

of the N -particle Yang system, i.e. a system of N non-relativistic particles on a circle

with delta-function interaction. Furthermore, [3],[4] suggested that such a correspondence

should be a general property of a larger class of supersymmetric gauge theories in various

spacetime dimensions.

Prior to [1] a different connection to spin systems with long-range interaction ap-

peared in two dimensional pure Yang-Mills theory with massive matter [5], [6]. Three

dimensional lift of latter gauge theory describes relativistic interacting particles [7], while

four dimensional theories lead to elliptic generalizations [8].

In this paper we formulate precisely the correspondence between the two dimensional

N = 2 supersymmetric gauge theories and quantum integrable systems in a very gen-

eral setup. The N = 2 supersymmetric theories have rich algebraic structure surviving

quantum corrections [9]. In particular, there is a distinguished class of operators (OA),

which commute with some of the nilpotent supercharges Q of the supersymmetry alge-

bra. They have no singularities in their operator product expansion and, when considered

up to the Q-commutators, form a (super)commutative ring, called the chiral ring [9],[10].
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The supersymmetric vacua of the theory form a representation of that ring. The space of

supersymmetric vacua is thus naturally identified with the space of states of a quantum

integrable system, whose Hamiltonians are the generators of the chiral ring. The duality

states that the spectrum of the quantum Hamiltonians coincides with the spectrum of the

chiral ring. The nontrivial result of this paper is that arguably all quantum integrable lat-

tice models from the integrable systems textbooks correspond in this fashion to the N = 2

supersymmetric gauge theories, essentially also from the (different) textbooks. More pre-

cisely, the gauge theories which correspond to the integrable spin chains and their limits

(the non-linear Schrödinger equation and other systems encountered in [1],[3],[4] being par-

ticular large spin limits thereof) are the softly broken N = 4 theories. It is quite important

that we are dealing here with the gauge theories, rather then the general (2, 2) models,

since it is in the gauge theory context that the equations describing the supersymmetric

vacua can be identified with Bethe equations of the integrable world.

At this point we should clarify a possible confusion about the rôle of integrable systems

in the description of the dynamics of supersymmetric gauge theories.

It is known that the low energy dynamics of the four dimensional N = 2 supersymmet-

ric gauge theories is governed by the classical algebraic integrable systems [11]. Moreover,

the natural gauge theories lead to integrable systems of Hitchin type, which are equivalent

to many-body systems [12] and conjecturally to spin chains [13].

We emphasize, however, that the correspondence between the gauge theories and

integrable models we discuss in the present paper and in [1],[3],[4] is of a different nature.

The low energy effective theory in four dimensions is described by the classical algebraic

integrable systems of type [11], while the vacuum states we discuss presently are mapped

to the quantum eigenstates of a different, quantum integrable system1.

The gauge theories we shall study in two dimensions, as well as their string theory

realizations, have a natural lift to three and four dimensions, while keeping the same num-

ber of supersymmetries, modulo certain anomalies. Indeed, the N = 2 super-Yang-Mills

1 Another possible source of confusion is the emergence of the Bethe ansatz and the spin chains

in the N = 4 supersymmetric gauge theory in four dimensions. In the work [14] and its further

developments [15] the anomalous dimensions of local operators of the N = 4 supersymmetric

Yang-Mills theory are shown (to a certain loop order in perturbation theory) to be the eigenvalues

of some spin chain Hamiltonian. The gauge theory is studied in the ’t Hooft large N limit. In

our story the gauge theory has less supersymmetry, N is finite, and the operators we consider

are from the chiral ring, i.e. their conformal dimensions are not corrected quantum mechanically.

Our goal is to determine their vacuum expectation values.
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theory in two dimensions is a dimensional reduction of the N = 1 four dimensional Yang-

Mills theory (this fact is useful in the superspace formulation of the theory [16]). Instead

of the dimensional reduction one can take the compactification on a two dimensional torus.

That way the theory will look macroscopically two dimensional, but the effective dynamics

will be different due to the contributions of the Kaluza-Klein modes (the early examples

of these corrections in the analogous compactifications from five to four dimensions can

be found in [17]). This is seen, for example, in the geometry of the (classical) moduli

space of vacua, which is compact for the theory obtained by compactification from four to

two dimensions (it is isomorphic to the moduli space BunG of holomorphic GC-bundles

on elliptic curve), and is non-compact in the dimensionally reduced theory. Quantum

mechanically, though, the geometry of the moduli space of vacua is more complicated, in

particular it will acquire many components. The twisted superpotential is a meromorphic

function on the moduli space. We show that the critical points of this function determine

the Bethe roots of the anisotropic spin chain, the XY Z magnet. Its XXZ limit will be

mapped to the three dimensional gauge theory compactified on a circle. We thus get a

satisfying picture of the elliptic, trigonometric, and rational theories corresponding to the

four dimensional, three dimensional and the two dimensional theories respectively.

The duality between the gauge theories and the quantum integrable systems we estab-

lished in this paper can be used to enrich both subjects. For example, the notions of special

coordinates, topological/anti-topological fusion [9], and so on have not been appreciated so

far in the world of quantum integrable systems.

In this note we shall mostly discuss the example which relates the XXX spin chain

for the SU(2) group, and the N = 4 two dimensional theory with the gauge group U(N)

and L fundamental hypermultiplet, whose supersymmetry is broken down to N = 2 by

the choice of the twisted masses. In some limit the theory reduces to the supersymmetric

sigma model on the noncompact hyperkähler manifold, that of the cotangent bundle to the

Grassmanian Gr(N, L) of the N -dimensional complex planes in CL. Our main statement

then maps the equivariant quantum cohomology algebra of T ∗Gr(N, L) to the algebra of

quantum integrals of motion of the XXX1/2 spin chain.

A longer version. This note is a shortened version of [18]. In [18] we give the precise

microscopic description of the matter sector, superpotential and twisted superpotential of

the theories under consideration. We also explain how one lifts these theories to three and

four dimensions. We then compute the twisted effective superpotential W̃ eff(σ) on the

3



Coulomb branch for the all our models. We then derive the exact equations describing

quantum-mechanical supersymmetric ground states:

exp

(
∂W̃ eff(σ)

∂σi

)
= 1 (1.1)

We present several examples, and remind the connection to quantum cohomology of various

homogeneous spaces, like Grassmanians and flag varieties. We then discuss the theories

with N = 4 supersymmetric matter content softly broken down to N = 2 by the twisted

masses. In this case the equations (1.1) are identified with the Bethe equations of the

dual quantum integrable systems. Also [18] reviews the methods used to solve exactly

spin chains and related quantum integrable systems, like the eight vertex model, Hubbard

model, Gaudin model, non-linear Schrödinger system and so on. Finally, after all these

preparations we formulate the duality dictionary between the gauge theories and spin

chains. We show that the Bethe eigenvectors in quantum integrable systems correspond to

the supersymmetric ground states in gauge theory. We identify the so-called Yang-Yang

(YY) function [19] of quantum integrable system with the effective twisted superpotential

W̃ of the gauge theory, thus showing the universal character of the observations in [1],[3],[4].

The vacuum equation (1.1) then coincides with the Bethe equation, while the Hamiltonians

correspond to the chiral ring observables. We discuss the naturalness of the gauge theories

which we map to quantum integrable systems. We show that the pattern of the twisted

masses which at first appears highly fine tuned is in fact the generic pattern of twisted

masses compatible with the superpotential of the microscopic theory. We show that the

gauge theories with U(N) group map to periodic spin chains, the gauge theories with

SO(N), Sp(N) gauge groups are mapped to open spin chains with particular boundary

conditions. We show that the A, D, E-type, as well as the supergroup spin chains, with

various representations at the spin sites correspond to quiver gauge theories with the

×iU(Ni) gauge groups. Furthermore, [18] provides the string theory construction of some

of these theories. The string theory point of view makes some of the tools of the algebraic

Bethe ansatz [20],[21],[22],[23],[24] more suggestive. In particular, the raising and the

lowering generators of the Yangian algebra are identified with the brane creation and

annihilation operators. In [18] we develop the gauge theory/quantum integrable system

correspondence further, by looking at the more exotic gauge theories, coming from higher

dimensions via a compactification on a sphere, with a partial twist, or via a localization

on a fixed locus of some rotational symmetry. We also discuss the relation of our duality
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to the familiar story of the classical integrability describing the geometry of the space of

vacua of the four dimensional N = 2 theories [11].

In [18] the Hamiltonians of the quantum integrable system are identified with the

operators of quantum multiplication in the equivariant cohomology of the hyperkähler

quotients, corresponding to the Higgs branches of our gauge theories. In particular, the

length L inhomogeneous XXX 1

2

chain (with all local spins equal to 1
2 ) corresponds to

the equivariant quantum cohomology of the cotangent bundle T ∗Gr(N, L) to the Grass-

manian Gr(N, L). This result complements nicely the construction of H. Nakajima and

others of the action of the Yangians [25],[26] and quantum affine algebras on the classical

cohomology and K-theory respectively of certain quiver varieties. Next, [18] applies these

results to the two dimensional topological field theories. We discuss various twists of our

supersymmetric gauge theories. The correlation functions of the chiral ring operators map

to the equivariant intersection indices on the moduli spaces of solutions to various versions

of the two dimensional vortex equations, with what is mathematically called the Higgs

fields taking values in various line bundles (in the case of Hitchin equations the Higgs

field is valued in the canonical line bundle). The main body of [18] has essentially shown

that all known Bethe ansatz-soluble integrable systems are covered by our correspondence.

However, there are more supersymmetric gauge theories which lead to the equations (1.1)

which can be viewed as the deformations of Bethe equations. For example, a four dimen-

sional N = 2∗ theory compactified on S2 with a partial twist leads to a deformation of the

non-linear Schrödinger system with interesting modular properties. Another interesting

model is the quantum cohomology of the instanton moduli spaces and the Hilbert scheme

of points. The long paper [18] is reviewed in [27] with the focus on the general nature of

the gauge theory/quantum integrable system correspondence.
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5



We thank various agencies and institutions3 for supporting this research.

2. Grassmanian and the XXX spin chain.

2.1. The gauge theory

Consider the N = (2, 2) supersymmetric two dimensional theory with the gauge group

U(N), which is a compactification of the Nf = L, Nc = N , four dimensional N = 2 theory

on a two-torus. In four dimensions this theory has an SU(Nf ) global symmetry group, in

addition to the SU(2) non-anomalous and U(1) anomalous (for Nf 6= 2Nc) R-symmetry

groups. We turn on a Wilson loop for these symmetry groups (ignoring the anomaly issue

for a moment). The condition of unbroken supersymmetry requires these Wilson loops

be flat. In the limit of the vanishing two-torus, if these Wilson loops are scaled appropri-

ately, the resulting two dimensional theory has the so-called twisted mass couplings. The

flatness condition means that the twisted masses belong to the complexification of the Lie

algebra of the maximal torus of the global symmetry group. Note that there are certain

mass couplings, the so-called complex mass terms, which one can turn on already in four

dimensions. We first discuss the theory with both complex and twisted masses vanishing.

YITP/RIMS conference “30 Years of Mathematical Methods in High Energy Physics ” in honour

of 60th anniversary of Prof. T. Eguchi (Kyoto, March 2008); the London Mathematical Society

lectures at Imperial College (London, April 2008); L. Landau’s 100th anniversary theoretical

physics conference (Chernogolovka, June 2008); Cargese Summer Institute (Cargese, June 2008);

the Sixth Simons Workshop “Strings, Geometry and the LHC” (Stony Brook, July 2008); the

ENS summer institute (Paris, August 2008); the French-Japanese Scientific Forum ”Perspectives

in mathematical sciences”, (Tokyo, October 2008)
3 The RTN contract 005104 ”ForcesUniverse” (NN and SS), the ANR grants ANR-06-BLAN-

3 137168 and ANR-05-BLAN-0029-01 (NN), the RFBR grants RFFI 06-02-17382 and NSh-

8065.2006.2 (NN), the NSF grant No. PHY05-51164 (NN), the SFI grants 05/RFP/MAT0036,

08/RFP/MTH1546 (SS) and the Hamilton Mathematics Institute TCD (SS). Part of research

was done while NN visited NHETC at Rutgers University in 2006, Physics and Mathematics De-

partments of Princeton University in 2007, Simons Center at the Stony Brook University in 2008,

KITP at the UC Santa Barbara in 2009, while SSh visited IAS in Princeton in 2007, CERN in

2007 and 2008, Ludwig-Maximilians University in Munich in 2007 and IAS in Jerusalem in 2008.
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2.2. The T ∗Grassmanian sigma model

Let us analyze the low energy field configurations of the theory whose matter content

we just presented. The four dimensional theory and its two dimensional reduction have a

superpotential

W = tr CL Q̃ΦQ (2.1)

where Q is in the representation (N,L) of U(N)×SU(L), Q̃ is in (N,L) of U(N)×SU(L),

and Φ is in the adjoint of U(N). Recall that (Q, Q̃) form a hypermultiplet, while Φ is

a scalar in the vector multiplet of N = 2 supersymmetry in four dimensions. In two

dimensions one gets another complex scalar in the vector multiplet, which we denote by

σ.

The low energy configurations have vanishing F - and D-terms. The vanishing of the

F -terms means:

QQ̃ = 0 , ΦQ = 0 , Q̃Φ = 0 (2.2)

while the vanishing of the D-terms means, in the presence of the Fayet-Illiopoulos term r:

QQ† − Q̃†Q̃ + [Φ, Φ†] − r · 1N = 0 (2.3)

We recall that the potential of the supersymmetric theory is basically the sum of the

absolute squares of the left hand sides of (2.3) and (2.2).

Finally we identify the solutions to (2.2) and (2.3) which differ by the U(N) gauge

transformations. The low energy limit of the gauge theory is a sigma model on the cotan-

gent bundle to the Grassmanian4. This is a hyperkähler manifold, as required by the

4 Let us assume r > 0 (the case r < 0 is similar, the case r = 0 is complicated and will not

be discussed). By taking the absolute squares of the norms of (2.2) and (2.3) we can deduce that

Φ = 0, while Q has a maximal rank. Then, (Q, Q̃) obeying (2.3) with Φ = 0, define a point in

the Grassmanian Gr(N,L), as follows: define a positive definite Hermitian matrix H = H† as the

unique square root H =
(
r1N + Q̃†Q̃

)1/2

. Define:

E = H−1Q , E† = Q†H−1 (2.4)

Then E defines an orthonormal set of N vectors in CL:

EE† = 1N (2.5)

This is our point in the Grassmanian. Now, given E, the rest of our data is F = Q̃H−1 obeying

EF = 0. Indeed, given F , such that ‖F‖ < 1, we can reconstruct H:

F †F = 1N − rH−2 (2.6)
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N = 4 supersymmetry in two dimensions.

The superpotential (2.1) is SU(L) invariant (it is actually U(L) invariant, but U(1)

is a part of the gauge group). The maximal torus of SU(L) acts as follows:

(
Q̃, Q

)
7→
(
e−im Q̃ , Q eim

)
(2.7)

where

m = diag (m1, . . . , mL) , (2.8)

with
L∑

a=1

ma = 0

In addition it is invariant under the U(1) symmetry acting as:

e+iυ :
(
Q̃, Φ, Q

)
7→
(
e−iυQ̃, e+2iυΦ, e−iυQ

)
(2.9)

These symmetries allow us to turn on the twisted masses. We have L − 1 twisted masses

corresponding to the SU(L) symmetry, which we shall parametrize as the mass u which

corresponds to the U(1) symmetry (2.9), and L masses ma, which are defined up to a

common shift, ma → ma + δ. Sometimes it is convenient to fixe the gauge by requiring

they sum up to zero:
L∑

a=1

ma = 0 , (2.10)

but we also shall need other choices.

In the sigma model description these symmetries correspond to the isometries of

T ∗Gr(N, L).

2.3. Supersymmetric ground states

The main subject of our storty is the space of supersymmetric ground states of the

gauge theory. In the supersymmetric sigma model description, which is a kind of a Born-

Oppenheimer approximation, the ground states correspond to the cohomology of the target

space5.

The matrix Q̃ defines a point in the cotangent space to the Grassmanian at the point E.
5 For the non-compact target spaces one should use some kind of L2-cohomology theory. Most

of our discussion will be about the theory with twisted masses, where there are no flat directions.
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For the cotangent bundle of the Grassmanian the cohomology space is isomorphic to

the N -th exterior power of the L-dimensional vector space:

H∗ (T ∗Gr(N, L),C) = ∧NCL (2.11)

The isomorphism (2.11) is a little bit mysterious since the grading in the cohomology

group is not obvious on the right hand side of (2.11). The space CL in the right hand

side of (2.11) has nothing to do with the space CL whose N -dimensional subspaces are

parametrized by the Grassmanian Gr(N, L). Perhaps a bit more geometric description of

the cohomology of T ∗Gr(N, L) is via the cohomology of the Grassmanian Gr(N, L) itself.

The latter is generated by the Chern classes of the rank N tautological vector bundle E.

Let

Q(x) = xN − c1(E)xN−1 + c2(E)xN−2 − . . . + (−1)NcN (E) (2.12)

be the Chern polynomial of E. The cohomology ring of the Grassmanian Gr(N, L) is gen-

erated by c1(E), c2(E), . . . , cN (E). Let us now describe the relations. Let W ≈ CL be the

topologically trivial vector bundle over Gr(N, L). Let E⊥ = W/E be the dual tautological

bundle. Let Q⊥(x) = xL−N −c1(E
⊥)xL−N−1 +c2(E

⊥)xL−N−2 + . . .+(−1)L−NcL−N (E⊥)

be the Chern polynomial of E⊥. Then

Q(x)Q⊥(x) = xL (2.13)

defines the relations among the generators of the cohomology ring6. With the twisted

masses turned on the cohomology H∗(X) of the target space is replaced by the equivariant

cohomology H∗
U (X), where U is the global symmetry group. For X = Gr(N, L), U =

SU(L) and (2.13) is replaced by:

Q(x)Q⊥(x) = P (x) , (2.14)

6 For example, if N = 1, then the generator is σ = c1(E), and the relation (2.13) reads:

(x − σ)Q⊥(x) = xL, which implies σL = 0, and ck(E
⊥) = (−1)kσk. The cohomology ring is, in

this case, the L-dimensional vector space C[σ]/σL. In general the cohomology ring is the space of

symmetric polynomials in N variables σ1, . . . , σN , subject to the relations σLi = 0, i = 1, . . . , N .

A basis in this quotient can be chosen to be the monomial sums: mψ =
∑

π∈SN

∏N

i=1
σψi+i−N−1
π(i)

,

where L ≥ ψ1 > ψ2 > . . . > ψN ≥ 1. In the quantum cohomology of the Grassmanian itself these

relations are modified to σLi = Q, see [28].
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where P (x) =
∏L

a=1(x − ma) is the equivariant Chern polynomial of W . For X =

T ∗Gr(N, L), U = SU(L) × U(1) the equivariant cohomology ring is again generated by

ck(E), (2.14) with the relations (2.13) replaced by:

P (x − u/2)Q(x + u) = t(x)Q(x) (2.15)

where t(x) is some polynomial of degree L. The spaces of solutions to (2.15) and (2.14)

are isomorphic, via the identification:

t(x) = Q⊥(x)Q(x + u) (2.16)

accompanied by the shift ma 7→ ma + u/2 (note this means the change of gauge (2.10) for

the equivariant parameters).

2.4. Chiral ring

Every two dimensional N = (2, 2) supersymmetric field theory comes with an in-

teresting algebra: the so-called chiral ring. It is the cohomology of one of the nilpotent

supercharges of the theory in the space of operators.

This algebra, thanks to the state-operator correspondence and the standard super-

symmetry arguments, is isomorphic, as a vector space, to the space of the supersymmetric

ground states, i.e. to the cohomology of the Grassmanian, in our example. The ring

structure, however, need not be isomorphic to the ring structure of the classical cohomol-

ogy. It is parametrized, in fact, by the Kähler moduli of the target space. The deformed

cohomology ring is called the quantum cohomology, [10],[29], and is by now well-studied

mathematically [30]. In our case this is a one-parametric deformation of the classical

cohomology ring of T ∗Gr.

In addition, if the target space has isometries, as is the case of the Grassmanian or

its cotangent bundle, the theory, and the corresponding chiral algebra can be deformed by

the twisted masses. The mathematical counterpart of this theory is called the equivariant

Gromov-Witten theory, it was introduced in [31].

The chiral algebra of our theory is, therefore, the U(1)×SU(L) equivariant quantum

cohomology of the cotangent bundle to the Grassmanian T ∗Gr(N, L). It can be described

using the twisted effective superpotential [18] on the “Coulomb branch” of the theory. It

10



is a function of the scalars σ in the vector multiplet Σ of the gauge group U(N), obtained

by integrating out the massive matter fields:

W̃ (σ) =

L∑

a=1

N∑

i=1

[(σi − ma + u/2) ( log (σi − ma + u/2) − 1)+

(−σi + ma + u/2) (log (−σi + ma + u/2) − 1)]+

+
N∑

i,j=1

(σi − σj − u) ( log (σi − σj − u) − 1)

+ 2πit
N∑

i=1

σi

(2.17)

where t = ϑ
2π + ir is the linear combination of the Fayet-Illiopoulos term and the theta

angle. The quantum cohomology algebra is generated by the symmetric polynomials ck,

s.t.

Q(x) =

N∏

i=1

(x − σi) = xN − c1x
N−1 + c2x

N−2 − . . . + (−1)NcN (2.18)

subject to the relations (1.1), which become7:

L∏

a=1

σi − ma + u/2

σi − ma − u/2
= e2πit

∏

j 6=i

σi − σj + u

σi − σj − u
(2.19)

The solutions to (2.19) are the supersymmetric vacua of the gauge theory.

2.5. The XXX spin chain

The spin chain is a quantum integrable system, whose commuting Hamiltonians are

the generators of an abelian subalgebra of a larger, noncommutative associative algebra,

called the Yangian [32], [33]. In our story we shall be dealing with the Yangian Y (gl2) of

the gl2 Lie algebra. The generators of Y (gln) look like the (negative) loops in gln:

Tij(x) = δij +

∞∑

p=1

t
(p−1)
ij x−p (2.20)

7 In the limit u → ∞ with ma finite, upon the redefinition σi → σi + u/2, and the one-

loop renormalization t → t + L
2πi

log(−u) these equations go over to the equivariant quantum

cohomology of Gr(N,L)
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where i, j = 1, . . . , n. The defining relations of the Yangian are:

[t
(p+1)
ij , t

(q)
kl ] − [t

(p)
ij , t

(q+1)
kl ] = −

(
t
(p)
kj t

(q)
il − t

(q)
kj t

(p)
il

)
(2.21)

or, in terms of T (x):

[Tij(x), Tkl(y)] = −
Tkj(x)Til(y) − Tkj(y)Til(x)

x − y
(2.22)

It follows from (2.22) that for any diagonal matrix q = diag (q1, . . . , qn) the following

operators

τ(x, q) =
n∑

i=1

qiTii(x) (2.23)

commute:

[τ(x, q), τ(y, q)] = 0 (2.24)

Given a representation H of the Yangian Y (gln) one can define a set of commuting quantum

Hamiltonians acting in H as the coefficients of expansion of τ(x, q) at x = ∞:

τ(x, q) = H0 + H1x
−1 + H2x

−2 + . . . (2.25)

where H0 =
∑N

i=1 qi, and

[Hl, Hm] = 0 , l, m = 1, . . . (2.26)

Whether the resulting quantum integrable system is interesting or not, depends on the

representation H.

The spin chains correspond to H which is obtained by the tensor product of the so-

called evaluation representations. Let n = 2, and let Va ≈ C2, a = 1, . . . , L be L copies of

the two dimensional representation of the gl2 Lie algebra. Let

H =

L⊗

a=1

Va (2.27)

Let eij be the standard matrix with zeroes everywhere except for the i-th column and the

j-th row, where it has 1. Each Va can be viewed as a representation of Y (gl2), via:

Tij(x)[a] = δij +
eij

x − νa
(2.28)
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where νa ∈ C is an arbitrary complex parameter. The representations of the Yangian have

these extra parameters, since the commutation relations (2.22) are translation invariant.

Consider an operator La(x) which acts in the tensor product of Va and the auxiliary C2:

La(x) =

(
T11(x)[a] T12(x)[a]
T21(x)[a] T22(x)[a]

)
= 1 +

1

x − νa

(
e11[a] e12[a]
e21[a] e22[a]

)
∈ End

(
Va ⊗ C2

)

(2.29)

(the index [a] should not be confused with the superscript (p) in the definition of the

expansion modes of the Yangian generators). Note that:

(
e11 e12

e21 e22

)
=




1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


 = P12 (2.30)

is the permutation matrix acting in C2 ⊗ C2. Now let us define the operators Tij(x) ∈

End(H) via: (
T11(x) T12(x)
T21(x) T22(x)

)
= L1(x)L2(x) . . .LL(x) (2.31)

where the product is the matrix product in the auxiliary space C2. More precisely, we

should view the operators eij in (2.29) as acting in H, as:

a′th↓ factor

eij [a] = 1 ⊗ . . . ⊗ eij ⊗ . . .⊗ 1
(2.32)

The commutation relations (2.22) can be written in the so-called R-matrix form, which

makes it obvious that (2.31) defines a representation of Y (gl2) in H. Since the scaling

of q by an overall factor simply multiplies τ(x, q) by the same factor, one can set q1 = 1

without much loss of the generality.

The parameter Q = q2/q1 is called the twist parameter. The parameters νa are called

the impurities. The translation invariance of (2.22) again implies that the shift of all νa’s

by the same amount leads to physically equivalent system.

2.6. Special cases and limits

The Heisenberg spin chain corresponds to νa = 0, Q = 1.

The higher spins can be obtained by arranging the impurities in a special way and

then restricting onto an irreducible submodule. In this way one can get the local spins to

be in arbitrary representations of sl2. This is done by choosing, e.g.

{νa} = {νA + kA} , kA = −ŝA,−ŝA + 1, . . . , ŝA − 1, ŝA , (2.33)
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where ŝA = sA − 1
2 , 2sA ∈ Z+, A = 1, . . . , ℓ. Thus, one can view the spin chain of length ℓ

with the local spins s1, . . . , sℓ as a subsystem in the spin 1
2

chain of the length L =
∑

A 2sA.

Let us now assume that all local spins are taken to infinity, and at the same time the

number of spin sites L is also sent to infinity, so that

L∑

a=1

1

sa
=

1

c
finite (2.34)

In this limit the spin chain goes over to the non-linear Schrödinger system, NLS.

Now keep L and sa finite, but take νa → ∞, instead. In this case the spin chain goes

over to the so-called Gaudin system.

2.7. Bethe ansatz

Solution of the quantum integrable system consists of finding the common eigenvec-

tors of the commuting Hamiltonians. There is the following ansatz for the spin chains

eigenfunctions:

Ψλ = T12(λ1)T12(λ2) . . . T12(λN ) Ω (2.35)

where Ω ∈ H is the highest weight vector:

T21(x) Ω = 0

T11(x) Ω = r+(x) Ω

T22(x) Ω = r−(x) Ω

(2.36)

where r±(x) are the easily computed rational functions:

r±(x) =
P (x ± 1

2
)

P (x)
, P (x) =

L∏

a=1

(x − νa) (2.37)

In fact, the vector Ω is just the tensor product of the spin down states over all L factors

Va. The vector (2.35) is the eigenvector of τ(x, q) for all x iff λ’s solve the following system

of equations, the Bethe equations:

L∏

a=1

λi − νa + 1
2

λi − νa − 1
2

= Q
∏

j 6=i

λi − λj + 1

λi − λj − 1
(2.38)

Equivalently, the polynomial, the so-called Baxter operator, [34]:

Q(x) =
N∏

i=1

(x − λi) (2.39)
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has to obey the following difference equation:

r+(x)Q(x − 1) + Q r−(x)Q(x + 1) = ǫ(x)Q(x) (2.40)

where ǫ(x)P (x) is a degree L polynomial in x, to be determined from (2.40) at the same

time as Q(x). The equations (2.38) imply that the left hand side of (2.40) vanishes at

x = λi and therefore is divisible by Q(x). The rational function ǫ(x) is the eigenvalue of

the transfer matrix τ(x, q).

Finally, the equations (2.38) can be interpreted as the critical point equations for the

YY function:

Y (λ) =
L∑

a=1

N∑

i=1

[(
λi − νa + 1

2

) (
log

(
λi − νa + 1

2

)
− 1
)
+

(
−λi + νa + 1

2

) (
log

(
−λi + νa + 1

2

)
− 1
)]

+

N∑

i,j=1

(λi − λj − 1) ( log (λi − λj − 1) − 1)

(2.41)

2.8. Dictionary

We can now formulate the precise dictionary. The operators (2.18) of the gauge

theory map to Baxter operator (2.39), upon the rescaling, σi = λiu, and make it the

lowest component of the superfield,

Q(x) = det (x −Σ) (2.42)

the twisted superpotential is identified with the YY function,

W̃ (σ; m, s) = u Y (σ/u; ν, s) , (2.43)

while the supersymmetric vacua are mapped one-to-one to the Bethe eigenstates, provided

these form a complete set. The twisted masses corresponding to the SU(L) symmetry are

the impurities, ma = νau while the twisted mass corresponding to the U(1) symmetry

(2.9) sets the scale of the twisted masses. The instanton factor is mapped to the twist

parameter:

e2πit = Q (2.44)
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The roots of Drinfeld polynomial P (x) are the masses of the fundamental hypermultiplets.

Baxter’s equations (2.40) become the Ward-like identities of the chiral ring:

〈[
P (x + u/2)

Q(x − u)

Q(x)
+ e2πit P (x − u/2)

Q(x + u)

Q(x)

]

−

〉
= 0 (2.45)

where [. . .]− denotes a negative in x part in the expansion near x = ∞. We have established

(2.45) via the correspondence with the spin chain, yet it would be nice to derive (2.45) by

a direct gauge theory argument.

In the string theory realization u is mapped to the topological string coupling constant.

The identification of the Kähler parameter t with the element of the Cartan subalgebra

of sl2 (and the analogous identification in the higher rank case) is a particular case of the

famous string realization of McKay duality between the ADE singularities and the Lie

groups.

The XXZ generalization of the spin chain maps to the 2+1 gauge theory compactified

on a circle, the XY Z spin chain and the 8-vertex models [34], [35] are dual to the four

dimensional gauge theory compactified on a two-torus.

The lack of irreducibility of the Yangian representation which occurs at the special

arrangement [36] of impurities (2.33) translates to the vanishing of the mass gap8 at some

of the vacua of the gauge theory [18]. For the special values of the twisted masses there

appear extra massless particles in the spectrum, typically mesons. The theory can be

further deformed by the superpotential terms (corresponding to the complex masses), and

the irreducible representation of the Yangian can be extracted, by lifting the flat branches.

Similar phenomena occur in other models, at Q → 0 in the XXX model [38], in the XXZ

model with eiu being a root of unity, in the six-vertex model [39], etc.

2.9. Beyond the known systems

The correspondence with the supersymmetric gauge theories opens new doors both

for the quantum integrable systems and for the gauge theories.

For example, in [18], [27] we study four dimensional N = 2 gauge theories compact-

ified on a two-sphere, with a partial twist. The effective twisted superpotential of the

resulting two-dimensional theory gives rise to a (modular-covariant) deformation of the

Bethe equations of the non-linear Schrödiner system.

8 The massive theories lead to the semi-simple Frobenius manifolds and the diagonalizable

quantum cohomology ring [37]
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Another very exciting direction of research involves attempting to lift the correspon-

dence between the quantum integrable system and the gauge theory beyond the vacuum

sector of the latter. It is conceivable that the Yangian, quantum affine, or elliptic quantum

algebra symmetry of the vacuum sector are the symmetries of the full, interacting quantum

field theory, once we combine the theories with different rank gauge groups. Viewing the

rank of a gauge group as a superselection sector parameter is natural in the noncommuta-

tive field theory context and even more natural in the context of string theory.

* * *

All these questions are discussed in greater detail in [18].
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