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22A molecular dynamics investigation is conducted on the passive transport of Na+ ions through a synthetic
23channel in aqueous NaCl medium, the channel consisting of fourteen 15-crown-5 rings rigidly linked in a
24stacked configuration. The investigation studies the entry and exit of Na+ ions by applied electric fields;
25the Cl� ions are not admitted because of the channel’s unfavourable axial electrostatic potential for
26anions, and the water molecules are too large to enter. The Na+ ions exhibit damped oscillatory dynamics,
27for which frequencies and damping parameters are calculated, and possible applications of the system
28are discussed.
29� 2012 Published by Elsevier B.V.
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1. Introduction
Syntheses of nanochemical molecular systems have resulted in
the creation of interesting mechanical devices [1] and may soon

i-
l

t-
n
n
-
-
a
-

e
c,
-
E
a
-
e
s,
t-
e
t
e
e

60s
61l
62it
63s
64e
65-
66r
67t
68i+

69t
70

71

72

73s
74n
75–
76g
77s,
78is
79it
80e
81e
82is
83e
84h
create ones sharing features of living cells. Since synthetic mater
als may well have lower complexities than those of the biologica
systems which they model, it is hoped that an analysis of the kine
ics and energetics of ion transport through a simple molecular io
channel that is designed for such a study may contribute to a
understanding of ion migration in biological systems. These sys
tems might include the transport of Na+ and Cl� ions through pro
tein channels across the membrane of a biological cell, for which
complete structural, kinetic and thermodynamic description is cur
rently beyond the capability of theory and simulation.

In this work a molecular dynamics (MD) investigation will b
conducted in which ions are transported through a syntheti
structurally simple molecular channel (Fig. 1) consisting of four
teen stacked 15-crown-ether-5 rings (15-CE-5) in which each C
ring is covalently bonded to a similar one on either side of it in
stacked configuration. A previous work considered a two-dimen
sional lattice consisting of several ‘floppy’ channels in which th
stacked rings were mutually linked by methylene (CH2) group
mounted in a bilayer membrane [2,3]. With the channels connec
ing two salt solutions it was shown that they allowed the passag
of cations, anions and solvent molecules between the layers, bu
that the Na+ ions showed significantly greater mobility than th
Cl� ions. Water molecules, which were also admitted, played a rol

2210-271X/$ - see front matter � 2012 Published by Elsevier B.V.
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in the migration of the ionic species. In a subsequent work [4] th
channel was made rigid by a ‘bracket’ consisting of an amine seg
ment –CH2–NH–CH2– linking the CEs at 10 points on each ring
rather than five as for the methylenes. When this rigid channe
bridged the two aqueous LiF solutions across the membrane,
acted as a ‘cation trap’, admitting passage to only the Li+ cation
from the salt layers. It was concluded that its ability to enter th
channels and its subsequent motion were principally of electro
static origin, for while the cations could do this, the solvent wate
molecules and even the F� ions (whose radius is smaller than tha
of Na+) failed to do so. There was also a suggestion that the L
would undergo an oscillatory motion in the channel, a feature tha
will be investigated in this work.

2. The molecular system

2.1. The ion transporter channel

As the channel in this investigation is a solute in an aqueou
electrolyte solution it is rendered hydrophilic by OH on one carbo
atom of each amine linking segment which becomes –CH–NH
COH– as shown in Fig. 1a. Both C atoms are bonded to a CE rin
on either side of the unit (or to just one if they are terminal ring
the remaining site being occupied by a H atom). The structure
thus characterised by two adjacent rings constituting the basic un
that repeats along the length of the channel. The smaller one is th
(O–C–C)5 segments with a diameter 4.10–6.10 Å; the larger has th
five ‘bracket’ segments [–CH–NH–C(OH)–]5 whose diameter
7.62–9.24 Å (but these segments are not mutually linked). Th
ion transporter is thus a molecular channel with overall lengt
m. (2012), http://dx.doi.org/10.1016/j.comptc.2012.12.007
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.75 Å and consists of alternating narrow and wide rings which
. 1b shows to define 13 molecular chambers or cavities, with a

peat distance of 2.5 Å.

. Molecular dynamics

Structural geometries were taken from literature values of dif-
ction and computed quantities on model compounds [5], Refs.
[4,2,3]. Partial atomic charges were obtained from Restricted
rtree–Fock (RHF) calculations performed by the Gaussian pack-
e [6] using 6-311 basis sets supplemented by (2p, 2d, 3d and 3f)
larisation functions, on model molecules consisting of a pair of
H–NH–HOC)-linked 5-CE-15 rings, hydrogenated where neces-
ry. The resulting charges were compared with those obtained
m calculations on smaller molecules on which Møller–Plesset
P2) corrections had been performed. (These were acetic acid

Fig. 1. The molecular channel containing fourteen stacked 15-crown
3COOH and dimethylamine H3C–NH–CH3.) The consistency be-
een the latter and the RHF results was deemed to be sufficient
accept the RHF charges without reviewing their values other

an those resulting from the minor adjustments involved in dehy-
ogenating the 2-ring model molecules that had been deployed as
odels for the quantum calculations. The problem of atomic
arges was discussed in an earlier work [4,3].
Molecular dynamics (MD) calculations were performed using
_POLY [7] under constant volume–temperature and also con-
nt pressure–temperature conditions (Evans NVT and Hoover
T thermostats). Simulations of several hundred thousand to a

illion time-steps, where a time-step was 1 femtosecond
0�15 s), were first performed to ensure that the MD system had
hieved thermal and dynamic equilibrium, while the running

es for the migrations of the ions in the channel were much
orter. The simulation box consisted of a 36 � 36 � 75 Å cell con-
ining the 685-atom channel (Fig. 1) in an aqueous solution of
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ease cite this article in press as: D.A. Morton-Blake, Comput. Theoret. Chem. (2
rious molarities (0–5 M) in NaCl, about 3500 water molecules
d a varying number of ions depending on the salt concentration.
The bond and non-bond atom-pair interactions were DREIDING

–12) atomistic potentials [8] except those for the ions, for which
ose of Åquist [9] were used for Na+, and those of Lee and Rasaiah
0] for Cl�. As the use of these potentials, together with those of
rendsen’s SPC model [11] successfully simulate the solvation of
e ions by the water molecules no additional electronic polarisa-
n effects were allowed for (which would be inconsistent with

e use of the atomistic potential described). Potential functions
r heteroatomic pairs were calculated by the geometric-mean
le. Constant DREIDING values were used for all bonded atom
irs (bonds) and atom triads (bond angles).

Results

. Axial electrostatic potential

r-5 rings viewed (a) along, and (b) perpendicular, to the axis.
131When the channel is made rigid by the amine ‘clamping’ struc-
132ral unit described in Section 1, the principal factor governing the
133try of the ions into the channel and their subsequent trajectories
134the electrostatic potential along the axis of the channel [4]. As a
135sult, while the deformable channel in the phospholipid mem-
136ane [2] distorts to transport the anions and solvent, the rigid
137annel was found to admit Li+ cations but water molecules from
138e bulk solution, and even the smallest halide ion F�, were denied
139try [4]. (Even when the F� ion was inserted in a channel cavity it
140uld not be displaced by more than 0.5 Å by strong electric fields.)
141Fig. 2 shows profiles of the channel’s axial electrostatic poten-
142l plotted for the 35 Å channel length plus 20 Å on either side.
143e two curves are the potentials for the isolated channel and for
144at when contributions are included from the aqueous medium
145nsisting of water molecules and ions in a 0.1 M NaCl solution.
146spite the particles’ translations and reorientations in the bulk

012), http://dx.doi.org/10.1016/j.comptc.2012.12.007
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181their hydrated condition to another low energy that is the channel
182interior [4]. Between these two regions (i.e. at the entrances to the
183channel) there is an interface region with steep energy walls form-
184ing an energy barrier, where the migrating ions’ stabilities do not
185benefit either from the full negative potential on the channel axis
186nor from the hydration in the aqueous solution.

1873.2. The ion migration

188It was found that the initiation time taken for a Na+ ion to ap-
189proach the terminal ring of the molecular channel sufficiently clo-
190sely to effect entry from the bulk electrolyte solution was long in
191comparison with the time intervals that are permitted by MD run-
192ning times (�1 ns). Accordingly, the dynamics were made tractable
193in time by placing equal numbers of Na+ and Cl� ions in the vicinity
194of the channel ends and entry was made possible by applying sta-
195tionary electric fields along the axis (z) of the channel. Although
196the response of the ions to an electric field is in itself interesting,
197its investigation is mainly to overcome the problems associated
198with the long MD times awaiting a successful ion entry. Where
199possible, effects of the field will be eliminated in the analysis of
200the ion migrations particularly for those properties that do not de-
201pend explicitly on electric field.

2023.3. Oscillations in the channel

203Since the determination of the response of the Na+ ion to the
204electric fields requires it to be maintained at a definite orientation,
205the channel was held in position by freezing the coordinates of one
206H atom in each of its terminal CE rings. In those sections of the
207work in which an external electric field is not applied these H
208atoms were unclamped and the whole molecular channel was al-
209lowed to float freely in the aqueous NaCl solution.
210It was found that Na+ ions in the bulk of the aqueous solution
211did not enter the channel when the electric field applied along
212the axis was less than 2 V Å�1. This was a substantially higher field
213than those to be described below, that control the exit from the
214channel. The field confers velocities of up to 200 Å fs�1 on the ions,
215values which are an order of magnitude greater than those control-
216ling transport within the channel, and several times that required
217to expel Na+ from the channel. Consequently after entry the ion
218would ‘drop’ to the bottom of the 12 V electrostatic energy well,
219-
220o
221

2220
2237
224o
225e
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medium their contribution over 106 time steps does not averag
out to zero. The greater negative values for the case where th
solution is included suggests that ions and/or water molecule
may be partially immobilised on the channel walls. The sma
peaks shown by the same trace on either side of the molecula
channel’s range, where the electrostatic potential is several volt
may have the same origin. The finding that neither the shift i
the potential well nor the peaks near the channel termini are elim
inated even after 5 million time steps (10 ns) suggests the presenc
of ions and solvent close to the channel whose mobilities are re
duced by the longer relaxation times of the molecular species o
the solution in this region. This conclusion is consistent with th
pair radial distribution functions (rdf) plotted for the ions in th
simulation in Fig. 3, which shows the association of the Na+ an
Cl� respectively with the negatively charged O and positivel
charged C atoms of the channel. A comparison of the two rdf trace
in the 2–3 Å interval suggests that there is a closer association o
the Cl� than of the Na+ ion with the channel surface – a fact tha
would lead to a more negative axial potential. A similar resu
was found (but not presented in Fig. 3) by rdf curves for the inter
action of the oxygen atoms in the water solvent with the channe
carbons, indicating that water molecules near the channel are als
partially immobilised. Increasing the NaCl concentration in th
solution to 5 M (near saturation) produced a potential that was jus
under 1 V more negative than the one shown for the 0.1 M solu
tion. This may also be explained by the association of anions o
the channel surface.

The �13 V potential drop between the channel ends and its cen
tre would be expected to provide a favourable negative electro
static environment for the migrating cations. As the wate
molecules and the Cl� ions show no sign of entry into the channe
the present work will report the transport of only the Na+ ions an
its analysis. In their migrations from the bulk solution to the chan
nel, the ions leave the low energy environment associated wit

Fig. 2. The electrostatic potential (in volts) along the channel axis.
mo s.
Fig. 3. Radial distribution functions for the associations of migrant ions with the
Please cite this article in press as: D.A. Morton-Blake, Comput. Theoret. Che
thereby gaining sufficient kinetic energy (and velocity in the direc
tion of the applied field) to propel it through the channel and t
exit at the downfield end.

Fig. 3a monitors the axial position of the Na+ ion during a 500
time-step (5 ps) interval in smaller axial electric fields 0.0, 0.5, 0.
and 1.0 V Å�1. As the channel’s z coordinate goes from 35.3 t
2.89 Å the figure shows that application of a field of 0.7 or mor

lecular channel. (a) Na+ with channel oxygen atoms and (b) Cl� with channel H atom
m. (2012), http://dx.doi.org/10.1016/j.comptc.2012.12.007
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226 is required to permit the exit of the Na+ ion from the channel. The
227 trajectories of the low-field cases are characterised by an apparent
228 oscillation of the ion between sites in the channel that are defined
229 by the molecular chambers between the CE rings.
230 Oscillations are found for all conditions in which the ions are re-
231 tained by the channel, including, as we shall see below, those
232 where no electric field was applied. However they are more prom-
233 inent in certain ranges of electric field (0.4–0.6 V Å�1) and the
234 E ¼ 0:5 trace selected for illustration in Fig. 3b. The shapes of the
235 waves make it clear that the oscillations are highly damped and
236 are not harmonic. This can be explained as follows. When the mo-
237 tion of the Na+ ion is in the same direction as that of the electric
238 field, the ion is swept downfield towards the opposite end of the
239 channel. There it is brought to rest by the wall of the electrostatic
240 energy well, before reversing its motion describing the upfield part
241 of the cycle, and returning towards the channel end from which it
242 first entered. The resulting asymmetric waves are explained by the
243 shape of the electrostatic energy well. The sharp maxima are the
244 result of the steep walls of the upper portion of the energy well
245 while the ion’s trajectory near the minima are blunt as the forward
246 m
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otion is resumed by its reflection at the gentler slopes of the
lls in this region. Fig. 3b shows that the ion finally comes to rest
a downfield region of the well (at 0.84 of the channel length).
When the applied field applied is not greater than 0.6 V Å�1 the
+ ion is subject to forces that accelerate it to points on the down-
ld wall that are short of the critical z-coordinate (the broken line
z = 37.9 Å) that lets it escape from the channel. An electric field
E � 0:65 succeeds in imparting this critical force. The E ¼ 0:7
ce in Fig. 4a shows the route taken by the Na+ ion as it pene-
tes the channel without oscillating, reaches the broken-line po-
ion at a speed greater than ‘escape velocity’ and emerges into the
ueous solution.
The series of 2.5 Å-interval chambers (cavities) that constitute

e CE channel described in Section 2, present possible halting sites
the migrating Na+ ion. That the binding of the ion at these sites is
all is illustrated by the ion’s initial oscillation amplitudes in an

plied electric field shown in Fig. 4 and the amplitudes of the
ps that it undergoes in its thermally quenched state in the ab-
nce of an external electric field in Fig. 4c. Further comments on

e E ¼ 0 behaviour will be described in the next subsection.

291th
292ch
293m

2943.4

0.5
larger fields it exits the channel.
In order to test whether the oscillations might be an artifact of

e thermal coupling of the MD system to the thermostat, dynam-
simulations were conducted for Evans and for Hoover NVT

nstant volume) thermostats and for Hoover and Berendsen
nstant pressure) thermostats. The simulations were performed
erever possible at different time constants which control the

ermal coupling between the MD system at temperature T(t)
d the thermostat at T0. The barostat coupling time was kept con-

nt at 2 ps. In the thermostat mechanism used here this time

nstant s is specified by the first-order relaxation expression

ðtÞ
t
¼ T0 � TðtÞ

s
At long imposed relaxation times s the thermal coupling is inef-
tive and the system is essentially a microcanonical ensemble
ose total energy is conserved but whose temperature is not

aintained at the required value. At short s the temperatures at
e various timesteps show that they are over-compensated and
ain it is hard for the system to achieve T0. The s interval in the
st was from 0.01 to 0.5 ps, times which are shorter that those
the Na+ ion’s hops (�0.8 ps) that we saw in Fig. 4. The result
the exercise with an applied electric field E ¼ 0:5 produced tra-
tories which for the entire s interval oscillated in the manner of
. 4b. While there were differences in the oscillation amplitudes,

e frequencies were largely the same as those in the figure. We

th
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ease cite this article in press as: D.A. Morton-Blake, Comput. Theoret. Chem. (2
. 4. The trajectory of a Na+ ion in (a) the axial electric fields shown (in V Å�1), (b)
V Å�1, and (c) zero field. In fields smaller than 0.7 V Å�1 the ion oscillates. In
erefore believe that the behaviour found for the cations in the
annel is not directly correlated with the thermostat relaxation
echanism.

. Temperature
295Fig. 5 shows that the behaviour of the Na+ ion as it escapes from
296e channel is, as might be expected, dependent on temperature.
297e 0.5 V Å�1 trajectory that we discussed in relation to Fig. 4b
298ntinues to be oscillating until about 350 K. At this point the ki-
299tic energy due to the axial motion is augmented by the higher
300ermal energy and helps to expel the ion from the channel. (Sim-
301y conducting the dynamics at zero electric field would require
302possibly high temperatures to achieve this.) Where the ion does
303t have the critical escape energy, then having been released from
304position on the channel wall which it occupied immediately
305er entering the channel, it first acquires some kinetic energy
306en it drops towards the base of the well. Then, as its thermal en-
307gy dissipates it hops between sites of progressively smaller
308nges which reduce to a loose vibration at a single channel site.
309Apart from the energetically difficult process of entering and
310iting the channel, the Na+ ions encounter low energy barriers
311they migrate between their sites. As predicted by collision the-

012), http://dx.doi.org/10.1016/j.comptc.2012.12.007
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312 ory [12], raising the temperature of the dynamics system has a
313 greater effect on the range of the hopping than on its frequency.
314 Fig. 4 shows the dependence of the E ¼ 0:5 trajectory on tempera-
315 ture. Recall our discussion of the results in Fig. 4a that the kinetic
316 energy of the Na+ ion had to be above a critical value in order that it
317 could be ejected from the channel. At room temperature this en-
318 ergy was provided by an external field of E ¼ 0:65 V Å�1. The ion
319 trajectories for the E ¼ 0:5 field at different temperatures are plot-
320 ted Fig. 5. It shows that with a E ¼ 0:5 field the critical kinetic en-
321 ergy is provided by temperatures of 360 K and above – at this and
322 at higher temperatures the Na+ ion is swept through the channel
323 and out into the surrounding electrolyte medium.
324 Fig. 6 presents the Na+ ion trajectories at different temperatures
325 when no electric field is applied ðE ¼ 0Þ. At all temperatures its re-
326 lease from the near end of the channel to drop into the electrostatic
327 well in the interior gives the ion an initial kinetic surge and it re-
328 bounds through a �5 Å range (two CE cavities). Its site after relax-
329 ation depends on the temperature; the figure shows the ion
330 occupying one or other of two sites that are in adjacent cavities.

331 3.5. Ion velocities

332 Fig. 7a–c shows the velocities of a migrating Na+ ion under the
333 same set of electric fields as illustrated for their trajectories in
334 Fig. 4. The mean thermal velocity �m of a Na+ ion in vacuo (from
335 1

2 m�m2 ¼ 3
2 kT) is about 6 Å ps�1 at normal temperatures

336 (600 m s�1). We discussed above that the ion’s velocity increases

337rapidly with applied electric field before exhibiting damped oscil-
338lations, and a plot of the maximum velocities against field in
339Fig. 7d shows an ionic mobility of about 10�2 cm2 V�1 s�1. For com-
340parison the Na+ ion’s mobility in water at infinite dilution is
3415.2 � 10�4 cm2 V�1 s�1 [13] and that of the Rb+ ion in the fast ion
342conductor RbAg5I5 is 2 � 10�4 cm2 V�1 s�1 [14]. In an amphiphilic
343electroactive monolayer on the liquid–vacuum interface of an
344aqueous NaCl solution a Na+ ion mobility of 3.6 � 10�3 cm2 V�1 s�1

345was calculated [15]; the progress of the ion through the molecular
346channel thus appears to be faster than the instances quoted.
347We discussed how, in the absence of an applied field, the Na+ ion,
348after first jumping between the more widely separated sites, then
349settles down to a thermal oscillation between adjacent channel cav-
350ities (Fig. 4c). During this event the ion velocity v shown in Fig. 7a
351diminishes from ones in which the ion was initially travelling at
352about twice thermal speed until v reaches thermal values. When
353a 0.5 V Å�1 electric field is implied as shown in Fig. 7b, the higher
354oscillation velocities do not reach the escape minimum that would
355enable the Na+ ion to exit the channel. It does so, however, when the
356slightly higher velocity of 100 Å ps�1 conferred by E ¼ 0:7 shown in
357part (c) enables the ion to exit the channel after 500 ps. After losing
358the gas-like environment of the channel interior and entering the
359aqueous medium its velocity decreases to values associated with
360a liquid medium. When the critical kinetic energy that corresponds
361to an escape velocity is converted to a potential energy the magni-
362tude of the latter implies the presence of an energy barrier of
3631150 kJ mol�1 (11.9 eV) for the ion to exit the channel.
364The energy barrier of 12 eV derived above that is imposed by
365the channel ends would naturally be too high to permit a sponta-
366neous exit of the ion. Its origin is the steep rise of the potential
367from the centre of the channel to the walls (Fig. 1). The 11 V rise
368shown in the figure, implying a 11 eV in the electrostatic energy
369of a unit positively charged ion to migrate from the centre to the
370end of the channel, is so close to the 12 eV calculated above from
371the ionic velocity strongly suggests that the dominating contribu-
372tion to the energy barrier is electrostatic. This conclusion is consis-
373tent with that from an earlier work [4] where it was found that
374while the differently-sized cations Li+, Na+ and K+ would enter
375and migrate along the channel, while the solvent water molecules
376and even the small F� ion failed to do so.

3773.6. Analysis of the oscillations

378We have already accounted for the axial motion of the Na+ ion
379in terms of the principal contributions from the forces on the ion
380that arise from (1) the electrostatic potential described by the en-
381ergy well, (2) the applied electric field EðzÞ and (3) thermal energy.

Fig. 5. The effect of temperature (K) on the path of the Na+ ion migrating in a
0.5 V Å�1 electric field.
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Fig. 6. The channel migration o

Please cite this article in press as: D.A. Morton-Blake, Comput. Theoret. Che
+
f a Na ion at zero electric field.
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cept for very small electric fields contribution (3) is much less
an the other two, and the following treatment will be for condi-
ns dominated by (1) and (2). The classical motion can be ac-
unted for in the language describing a spring balance model
at oscillates harmonically in a gravitational field, which is analo-

. 7. (a–c) The velocity of the Na+ ion at the electric fields shown. When E reaches 0.7 V
surrounding aqueous medium. (d) Fitting the maximum velocities to calculate a m
us to our electric field. is

ease cite this article in press as: D.A. Morton-Blake, Comput. Theoret. Chem. (2
When the ion is at axial coordinate z it experiences a force f
m the energy well fw and another fE from the field E given by
¼ Eq. Although we remarked on the inharmonicity implied by
e oscillation traces, in order to obtain approximate quantities
describe the ion’s motion it will be assumed that the energy well
harmonic. When the forces are balanced and the ion is at the ax-

the ion’s velocity decays sharply to small values as the ion exits the channel into
ity.
012), http://dx.doi.org/10.1016/j.comptc.2012.12.007
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ial coordinate z0, then we have fw = �kz0. We would then hav
f � fw þ fE ¼ 0, which implies that

z0 ¼ Eq=k

Under general conditions the ion is at a position z. If this corre
sponds to a displacement f from its equilibrium positio
(f = z � z0), then z = f + Eq/k the force f is [16,17]

f ðfÞ ¼ fE þ fw ¼ �kf

in which the explicit dependence on the field is removed (but
actually implicit in z0). The equation

m€f ¼ �kf ð1

has solutions fðtÞ ¼ A cosðx0t þ /Þ ð2

where the oscillation’s angular frequency is given by

x0 ¼
ffiffiffiffiffi
m
k

r

and / is a phase term. As a result (1) becomes

m€fþmx2
0f ¼ 0

or

€fþx2
0f ¼ 0 ð3

The clear damping of the waves in Fig. 3 indicates a dissipatio
of the energy of the oscillations. We shall suppose that the damp
ing mechanism is described [17] by adding a friction term to th
force Eq. (1). There is little consensus on how friction on an atom
scale should be described. Friction force microscopy [18] (in whic
sliding velocities are much greater than those of the ions describe
here) establish a logarithmic dependence of frictional force o
velocity; calculations on sliding polymer surfaces [19] find, for di
ferent polymers, linear, logarithmic and no dependence of the forc
on sliding velocity. We shall suppose that the friction force is pro
portional to the cation’s velocity as in fluid mechanics. With pro
portionality constant c Eq. (3) is extended to

€fþ c_fþx2
0f ¼ 0 ð4

The solution to (3) should bear a periodic component as in (2
and also a decay (damping) factor, both of which can be foun
by substituting f(t) = Ceat into (4) which leads to the condition

a ¼ 1=2 �c�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � 4x2

0

q� �
ð5

In the no-damping limit (c = 0), (5) implies

fðtÞ ¼ Ceiat

which is the general solution from which (2) can be derived. A con
dition in which c P 2x0 means that a is real, and there is no osci
lation. This is the ‘overdamping’ limit. If c = 2x0 we have a critica
damping condition with f(t) = Ce1/2ct, but again the ion does no
oscillate.

In the ‘under-damped’ condition that is implied by the oscilla
tions, c < 2x0.

Then

a ¼ �1=2c� ixu ð6

where

xu ¼ x0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� c

2x0

� �2
s

ð7

A linear combination of the two solutions defined by (6) leads t
Please cite this article in press as: D.A. Morton-Blake, Comput. Theoret. Che
fðtÞ ¼ e�1=2ct Cþeixut þ C�e�ixut
� �

where the real character of the trajectory f(t) requires tha
C+ = C�(=C). Finally

fðtÞ ¼ Ce�1=2ct cosðxut þuÞ

or

fðtÞ ¼ Ce�t=s cos xut ð8

where the damping time constant s � 2/c is introduced and th
phase factor u omitted. Fitting the periodic part of the function de
scribed by (8) to the oscillations for the E ¼ 0:5 data of Fig. 3b yield
xu = 0.018 fs�1, while the envelope of the oscillation amplitude
that decay with time provides a time constant for the damping o
s = 1818 fs (s � 2 ps or c = 0.0011 fs�1). Eq. (7) implies that th
smallness of c compared to the oscillation frequency implies tha
the value derived for xu would be close to that (x0) for the ‘natura
(undamped) system.

The picoseconds timescale for atomic friction that we fin
damping the oscillations is consistent with relaxation time mea
surements on nanotribology studies on sliding surfaces [20].
3.7. Energy dissipation

The instantaneous energy of a harmonic oscillator is the sum o
its kinetic and potential energies,

E ¼ 1
m_f2 þ 1

kf2 ð11
where k is the force constant as in (1) ðk ¼ mx2
0Þ and the displace

ment f � f(t) is given by (10). Substituting these quantities into (1
leads to

E ¼ 1
2

m_f2
maxe�ct c2

4
cos 2xut þ cxut

2
sin 2xut þx2

0

� �

In the slow-decay condition, which is valid for the E ¼ 0:5 osci
lation conditions at least, which led to xu = 0.018 fs�1 an
c = 0.0011 fs�1 the ion’s trajectory gives rise to several cycles be
fore the ion comes to rest. The first two terms in the bracket the
average to zero in a time that is shorter than the characteristic tim
c�1, so that we can follow the dissipation of the mean energy as

E ¼ 1=2m _f2
maxe�ct

with the same decay constant c as was determined for the trajec
tory oscillations.

3.8. Power

Let us calculate the power output of the radiation from th
oscillations, treating them classically. The power P emitted by a
electric dipole p oscillating with angular frequency x radiates is g
ven [17] by

P ¼ p2

12pe0

x4

c3 ð12

In the analogous quantum mechanical system, the power is ex
pressed by an equivalent expression but with the dipole momen
replaced by pz

ab ¼
RRR

w�azwb dxdydz, the transition moment integra
for a quantized transition between states with wave functions w
and wb (z is the direction of the polarisation of the radiation). Sinc
ours is a classical system we can use (12) in which the dipole mo
ment p results from the displacements of the charge e of the Na
ion as it oscillates along the channel’s z axis. Substituting an ampl
tude of 30 Å and x = 1.8 � 1013 Hz from the E ¼ 0:5 data that w
m. (2012), http://dx.doi.org/10.1016/j.comptc.2012.12.007
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nsidered above permits a figure to be calculated for the power P
sociated with the oscillations which is 2.7 � 10�18 J s�1 per chan-
l molecule contained in the sample.

. A pulsed electric field?

The oscillations, damped by friction with the channel walls,
uld be maintained indefinitely by a series of pulsed fields. Rather
an deploy electric fields of the strengths described above we
ight examine the feasibility of producing the field by irradiating
e sample with pulsed radiation of the appropriate intensity and
quency [17].
The intensity of a beam is the time-averaged mean of the Poyn-
g vector

1

tÞ ¼

l0
EðtÞ � BðtÞ

ere E and B are respectively the beam’s electric and magnetic
ld vectors, which are related by E ¼ Bc. The magnitude of the
ynting vector is therefore given by

e0E2c

d the time-averaged intensity is

1=2e0cðEmaxÞ2 ð13Þ

ich is the power per unit area of the beam. A high-power kly-
on, which is a source of microwave radiation, may deliver pulsed
wer up to 100 MW. Concentrating such a beam onto a 1 cm2 tar-
t would, by (13) generate electric fields of �108 V m�1 whose
engths are just an order of magnitude below those described in
is work.

Conclusions and discussion

An axial electric field applied to ions near the end of a CE chan-
l confers a velocity that causes them to enter the channel and to
pass the shallow energy traps associated with the constituent
vities. Unless the field exceeds a critical value, the ions are tem-
rarily brought to rest by the steep walls of the electrostatic en-
gy well which initiates damped oscillating ionic trajectories.
e ions, after the dissipation of their kinetic energies, come to a
al stop on the channel wall at a site near the downfield end of

e channel. Although the ions’ oscillatory motions may occur in
e absence of an applied electric field, a field significantly en-
nces the amplitudes of the oscillations
If the field were applied in pulses, as from a terahertz source,

bsequent cycles would regenerate the oscillations. For the
0:5 case radiation would be generated with a frequency of
� 1013 Hz (infra red) and a power output of 2.7 � 10�18 W for

ch channel molecule in the system. Thus a 10 cm3 sample of a
illimolar channel solution could produce radiation with a maxi-
um power of 16 W. This would of course only be so for a case
which all the ion channel solute molecules in the sample were
rallel to the imposed electric field and were to radiate simulta-
ously. However since a solute in a low viscosity solution should
esent any direction to an externally applied one in a relaxation

escale of the order of 0.1 ns the response that has been de-
ribed for the system would occur in a sufficient number of solute
olecules at any instant for the radiation to be detectable. A spec-
l analysis of such output might contain useful information of the
+ ion’s interactions with the CE channels.
While MD studies have been conducted that simulate ion

igration in biological transporters [21], if in synthetic systems,
olecular-mechanical devices are to be designed that operate on

ano-scale such as those described in Ref. [1] a detailed under-
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nding is necessary of the fine details that describe how the com-
nent units respond to internal and externally-imposed
nditions, and to determine the extent to which the behaviour

the components approaches that of an ideal macroscopic,
echanical system. As an attempt to achieve this, the system pre-
nted in this work (a Na+ ion penetrating a rigid tube-like mole-
le whose diameter is a little greater than the size of the ion)
s components that are sufficiently simple for their operating
nditions to be closely controlled. As well as temperature, the
ntrollable conditions in this system could be, for the migrant:
identity, size and charge, its velocity and direction of propaga-
n. For the channel it would be possible to vary its shape and
idity, the atomic species that constitute it, the partial charges
these atoms and the interactions that are inherent between
608approach to this goal, is necessarily confined to passive ion
609nsport through a rigid channel. Bearing in mind the role played
610phonons (as local deformations of the environmental medium)
611charge transport, e.g. in DNA chains [22], an important feature to
612nsider will be a non-rigid channel whose conformational mo-
613ns may play an active part in the transport of migrants. Such
614vestigations are currently under way in our laboratory.
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