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Abstract
We report on the frequency and field dependent complex magnetic susceptibility
measurements of a kerosene-based magnetic fluid with iron oxide nanoparticles,
stabilized with oleic acid, in the frequency range 0.1 – 6 GHz and over the polarising
field range of 0 – 168.4 kA/m.
By increasing polarizing field, H, a subsidiary loss-peak clearly occurs in the
vicinity of the ferromagnetic resonance peak, from which it remains distinct even in
strong polarising fields of 168.4 kA/m. This is in contrast to other reported cases in which
the intra-well relaxation process is manifested only as a shoulder of the resonance peak
and which vanishes in polarising fields larger that 100 kA/m.
The results of the XRD analysis connected to the anisotropy field results confirm
that the investigated sample contains particles of magnetite and of the tetragonal phase of
maghemite.
Taking into account the characteristics of our sample, the theoretical analysis
revealed that the intra-well relaxation process of the small particles of the tetragonal
phase of maghemite may be responsible for the subsidiary loss peak of the investigated
magnetic fluid.
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1. Introduction
The magnetic relaxation in nanoparticle systems is a widely investigated topic,
which has attracted the interest of scientists both from applicative perspectives and from
a fundamental point of view.
The first accurate theoretical results on the magnetic relaxation in a system of
non-interacting single-domain particles with uniaxial anisotropy is due to W. F. Brown
[1]. He derived the Fokker-Planck equation of the system in the presence of a polarising
field, H, applied parallel to the uniaxial anisotropy axes of the particles and then solved
the corresponding Sturm-Liouville equation for two limiting cases of energy barrier σ ,
which is a ratio of anisotropy energy to thermal energy. The two cases were: i) low
energy barrier and small polarising field and ii) high energy barrier [1]. In his
computations, W. F. Brown assumed that the magnetic relaxation was dominated by a
single relaxation mode which was determined by the lowest non-vanishing eigenvalue of
the Sturm-Liouvile equation.
Coffey et al. [2] tested theoretically the validity of this assumption and arrived at
the conclusion that it is correct only in the case of zero polarising field. For values of the
ratio h=H/HA (where HA is the anisotropy field) larger than 0.15, the higher order
eigenvalues of the Sturm-Liouville equation become important in the magnetic relaxation
process [2]. The lowest non-vanishing eigenvalue of the Sturm-Liouvile equation is
correlated to the over-barrier relaxation process (also known as the Néel relaxation
process) and the higher order eigenvalues of the Sturm-Liouville equation are associated
to the intra-well relaxation process [3].
The first experimental evidences on the existence of the intra-well relaxation
process have been reported in the case of magnetic fluids with magnetite particles [4],
where the intra-well relaxation process manifested as a shoulder in the ferromagnetic
resonance absorption peak of χ ′′ (ω , H ) . However, in Ref. [4], this shoulder disappeared
for values of H larger than 100 kA/m. A similar behaviour of the frequency and
polarising field dependence of the susceptibility of magnetic fluids can be seen in Refs.
[5-7].
In this paper we report on the intra-well relaxation process in a magnetic fluid
subjected to strong polarising fields. Unlike other reported data, mentioned above (Refs.
2

[4 -7]), here the intra-well relaxation peak remains distinct from the resonance peak even
for values of H equal to 168.4 kA/m. To explain this phenomenon, a theoretical analysis
is presented, which, taking into account the characteristics of the sample, reveals that the
intra-well relaxation process of the small particles of the tetragonal phase of maghemite
may be responsible for the subsidiary loss-peak.

2. Theoretical considerations

χ (ω , H ) of a magnetic fluid may be written in terms of its parallel, χ|| (ω , H )
and perpendicular, χ ⊥ (ω , H ) components [8], with

1
3

χ (ω , H ) = ⎡⎣ χ|| (ω , H ) + 2 χ ⊥ (ω , H ) ⎤⎦

(1)

The contribution of the over-barrier and intra-well relaxation processes to the

χ|| (ω , H ) component of an assembly of non-interacting single-domain particles with
uniaxial anisotropy may be expressed by means of the normalized autocorrelation
function, C|| ( t , H ) [9]:

χ|| (ω , H ) = χ||′ (ω , H ) − i χ||′′(ω , H ) =
∞
= χ|| ( 0, H ) ⎡1 − iω ∫ C|| ( t , H ) exp ( −iωt ) dt ⎤
⎢⎣
⎥⎦
0

(2)

In Eq. (2) χ||′ (ω , H ) and χ||′′(ω , H ) are the real and the imaginary parts of the parallel
complex magnetic susceptibility and

χ|| ( 0, H ) is the parallel static magnetic

susceptibility, which can be expressed as [6]:

χ|| ( 0, H ) =

v 2 M S2 n ⎡1 + 2 P2
⎢
k BT ⎣
3

3

0

2⎤
− P1 0 ⎥
⎦

(3)

where, v is the magnetic volume of a particle, MS is the spontaneous magnetization of the
material of the particles, T is the temperature of the system, kB is Boltzmann’s constant
and n is the particle concentration. Also, P1

0

= P1 ( cos θ )

0

and P2

0

= P2 ( cos θ )

0

are the averaged Legendre polynomials of the polar angle cosines corresponding to the
magnetic moment of the particle. Assuming that the polarising field is parallel both to the
anisotropy axis and to the oz axis, P1
parameters ξ =

0

and P2

0

may be expressed by means of the
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(6)

Assuming that the autocorrelation function, C|| ( t , H ) is determined only by the
over-barrier and intra-well relaxation processes, it can be written as:

⎛ t ⎞
C|| ( t , H ) = Δ1 exp ( −λ1t ) + (1 − Δ1 ) exp ⎜ − ⎟
⎝ τW ⎠

(7)

In Eq. (7) τ W is the intra-well relaxation time and Δ1 is the weight of the over-barrier
relaxation mode, corresponding to the lowest eigenvalue of the Sturm-Liouville equation,

λ1 . Introducing Eq. (7) in Eq. (2), one obtains:

χ|| (ω , H )
λΔ
1 − Δ1
= 1 1 +
χ|| ( 0, H ) λ1 + iω 1 + iωτ W
4

(8)

The weight Δ1 and the relaxation time, τ W , from equation (8) can be expressed
from the definitions of the integral relaxation time, τ int and effective relaxation time, τ eff ,
[9]:
∞

τ int = ∫ C|| ( t , H ) dt

(9)

0

1

τ eff

=−

dC|| ( t , H )
dt

(10)
t =0

Making use of Eq. (7) into Eqs. (9) and (10), one gets:

Δ1 =

τ int / τ eff − 1

(11)

λ1τ int − 2 + 1/ ( λ1τ eff )

τW =

λ1τ int − 1
λ1 − 1/ τ eff

(12)

τ int may be expressed by means of the averaged Legendre polynomials of the polar angle
cosines corresponding to the magnetic moment of the particle, in a form similar to that of
Ref. [9], with

τ int =

(

Z 2 P2

6τ N
0

+ 1 − 3 P1

⎡z
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−1 ⎣ −1
1

2
0
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2
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0)
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(13)
where

(1 + α ) vM
=
2

τN

2αγ k BT
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S

(14)

is the free Brownian motion diffusion time of the magnetic moment, α is the LandauLifshitz damping parameter and γ is the gyromagnetic ratio (including the spectroscopic
splitting factor, g, i.e. γ = g ⋅ 8.79 ⋅1010 s −1T −1 ).

τ eff , expressed in terms of averaged Legendre polynomials of the polar angle
cosines, is given by [6], [9]:

τ eff = τ N

2 P2

0

+ 1 − 3 P1

1 − P2

2
0

(15)

0

Thus χ|| (ω , H ) (Eq. (8)) can be computed by means of equations (11) and (12), in which

τ int , τ eff and λ1 must be firstly computed.
In the low barrier case ( σ < 1 ) and small ξ , λ1 can be written in the form of Eq.
(16) [1], [3], whilst in the high barrier case ( σ ≥ 2 ) and h ≤ 0.4 , λ1 is given by Eq. (17)
[3], [10], where

λ1 ≅

λ1 ≅

σ 3/ 2 (1 − h 2 )
τN π

1 ⎛ 2
48 2 1 2 ⎞
σ + ξ ⎟
⎜1 − σ +
875
10 ⎠
τN ⎝ 5

(16)

{(1 + h ) exp ⎡⎣−σ (1 + h ) ⎤⎦ + (1 − h ) exp ⎡⎣−σ (1 − h ) ⎤⎦}
2

2

(17)

For other situations, the eigenvalue λ1 can be numerically computed. The method
is based on the infinite hierarchy of recurrence equations for the appropriate equilibrium
correlation functions [2].
For values of h > 1, the free energy density of a single domain particle no longer
has a double-well shape and thus only the intra-well relaxation processes are possible. In
this case, λ1 → 0 and in equation (12), the intra-well relaxation time is approximately
equal to the effective relaxation time ( τ W ≅ τ eff ). Consequently, equation (8) becomes
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χ|| (ω , H )
1
≅
χ|| ( 0, H ) 1 + iωτ eff

(18)

with τ eff given by Eq. (15).
The frequency and polarising field dependence of χ ⊥ (ω , H ) , is given by [6]:

χ ⊥ (ω , H ) = χ ⊥ ( 0 )

2

λ + iωτ N λ ′

(19)

2

λ − ω 2τ N2 + 2iωτ N λ ′

where

χ⊥ ( 0) =

v 2 M S2 n
(1 − P2
3k BT

0

)

(20)

is the transverse static susceptibility and

λ = λ ′ + iλ ′′ =

2 + P2

2 (1 − P2

0
0

)

+i

3 P1

0

2α (1 − P2

0

)

(21)

is the transverse effective eigenvalue.

3. Experimental results

3.1. Sample
The magnetic particles of the magnetic fluid were obtained by coprecipitation of
bivalent and trivalent iron ions, in aqueous solution, as described in Refs. [11] and [12].
The stabilization of the magnetic particles was done by hydrofobization with oleic acid in
the absence of the carrier liquid, at a temperature of 75ºC - 80ºC, followed by a thermal
treatment at 97ºC for one and a half hours. The particles were then dispersed in kerosene
and further water evaporation was achieved by heating slightly above 100ºC. The
resulting magnetic fluid was filtered in a magnetic field gradient, through a filamentary
matrix, consisting of steel wires of approximately 17 μm in diameter.
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3.2. Compositional characterization
In order to obtain compositional information on the magnetic material of the
colloidal particles, a small amount of the magnetic fluid was mixed with acetone. The
settled particles were filtered and dried in air, at room temperature. The Mo-Kα X-ray
diffraction pattern of the dried particles is presented in figure 1.
According to the FCPDS-ICDD PDF-2 data base [13], the X-ray diffraction
pattern of the sample displays the characteristic peaks of magnetite. Besides the peaks
attributed to magnetite, the broad peak around 2θ = 6 degrees is the envelope of several
peaks corresponding to the tetragonal phase of γ-Fe2O3 [13]. Furthermore, the broad peak
corresponding to the values of 2θ ranging from 11 to 13 degrees is the envelope of a
number of peaks related to the tetragonal phase of γ-Fe2O3 [13]. In addition, the small
peak at 2θ = 22.4 degrees corresponds also to the tetragonal phase of γ-Fe2O3 [13].
Due to the fact that the characteristic peaks of the tetragonal phase of maghemite
are not well defined, we can assert that the maghemite particles have small sizes and
therefore a low degree of crystallinity.
The average size of the crystalline domains, d, of the magnetite particles can be
computed from the peak corresponding to 2θ = 27.6 degrees, which includes contribution
only from magnetite [13] (see figure 1). Using the Debye-Scherrer formula [14],

d=

0.89λ
β cos(θ )

(22)

one obtains d = 7.7 nm, where λ is the X-ray wavelength of Mo-Kα (λ = 0.07093 nm), β
is the full width at half maximum in radians and θ is the Bragg angle.
3.3. Magnetic measurements
Quasi-static magnetic measurements were carried out at 50 Hz, by means of an
induction hysteresisgraph described elsewhere [15] using a 16 bit resolution card (DT
9816A, Data Translation Inc.) for analogical to digital conversion and data acquisition.
The result presented in Fig.2 shows no hysteresis.
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Measurements of the frequency and polarising field dependent complex magnetic
susceptibility of the magnetic fluid sample, in the frequency range 0.1 – 6 GHz and over
the polarising field range of 0 – 168.4 kA/m were performed by means of the
transmission line technique [16] and the results are given in Figs. 3 (a) and 3 (b). For the
measurements, a coaxial cell with 3 mm inner diameter and 7 mm outer diameter was
used in conjunction with a HP 8753C network analyzer. The polarising field, H, was
applied perpendicular to the axis of the coaxial cell, so the resulting magnetic
susceptibility was a combined effect of the parallel and perpendicular components with
respect to the polarising field direction.
From figure 3(b) one can observe that the maximum of the unpolarised absorption
peak occurs at fmax 1 = 1.5 GHz, and with increasing H, a subsidiary loss peak appears at
approximately fsub = 1.7 GHz and that it remains distinct from the resonance peak, even in
strong polarising fields of 168.4 kA/m. As previously reported [5], in the case of the
ferromagnetic resonance phenomenon, the real part of the complex magnetic
susceptibility is zero at the resonance frequency, fres (going from a positive to a negative
value). Both fres and the frequency corresponding to the ferromagnetic resonance peak,
fmax increase linearly with increasing H [5]. Unlike the typical behaviour of the complex
magnetic susceptibility at resonance, the frequency of the subsidiary peak remains
practically unchanged and the real part of the complex magnetic susceptibility does not
go through zero. Therefore, the subsidiary loss peak is considered to be a relaxation peak.
As shown in Ref. [5], for H>HA, equation (23) is applicable, where MS is
expressed in Tesla.

γ (1 + α 2 ) ⎛
2K ⎞
=
⎜H +
⎟
2π
MS ⎠
⎝
1/2

f res

(23)

Fig. 4 shows a plot of a straight line dependence of fres against H for the sample,
with the intercept of the H-axis occurring at H = -53.57 kA/m. The absolute value of the
intercept corresponds to the effective value of the anisotropy field of the particles, HA =
53.57 kA/m [5].

9

Making use of the value of spontaneous magnetization of magnetite [17],
MS(magnetite) = 0.6 Tesla and of the value of the magnetocrystalline anisotropy constant
of magnetite [18], K(magnetite) = 1.1·104 Jm-3, one gets the anisotropy field,
H A (magnetite) =

2 K ( magnetite )
= 36.6kA / m . This value is much smaller than that
M S ( magnetite )

obtained from Fig. 4, of HA = 53.57 kA/m. This means that the magnetic fluid sample
contains particles with an anisotropy field larger than that of magnetite and these can only
be particles of the tetragonal phase of maghemite. This conclusion is supported by the
results of the X-ray diffraction analysis.

4. Theoretical results

In this section we investigate theoretically the conditions which may give rise to
the subsidiary relaxation peak, observed in Fig. 3(b), by taking into account the
characteristics of our magnetic fluid sample. In so doing, we test the validity of the
theoretical model and we also reveal the origin of the subsidiary relaxation peak (by
determining if it is due to magnetite particles or to the particles of the tetragonal phase of
maghemite).
Due to the fact that in our sample, two types of particles exist, it is not possible to
determine experimentally the particle size distribution and the particle concentration of
each type of magnetic particles. Consequently, in the following analysis, we do not take
into account a specific particle concentration and therefore, the plots will be normalized
to χ ( 0, H ) .
In the first theoretical situation (TS1 of Fig. 5), we consider the case of the overall
complex magnetic susceptibility (Eq. (1)) of a sample which only consists of magnetite
single domain particles. The computations were made as described in section 2. For the
computations, the following parameters were used: MS(magnetite) = 0.6 Tesla [17],
K(magnetite) = 1.1·104 Jm-3 [18], α = 0.1, H = 168.4 kA/m and T = 300 K. In figure 5 is
presented a normalized plot of χ ′′ ( f , H ) of a magnetite single domain particle system,
for various particle diameters. The inset figure is a magnification of the data over the
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frequency interval, where we have experimental results of the magnetic fluid sample (0.1
to 6 GHz).
From figure 5 one can observe that apart from the ferromagnetic resonance peaks
in the frequency range 6 to 7 GHz, the magnetite particles with diameters of 5 nm and 6
nm (curves 2 and 3) give rise to loss peaks at 1.1 GHz and 1 GHz, which differ from the
experimental frequency of the subsidiary relaxation peak of approximately 1.7 GHz (see
Fig. 3 (b)).
From Eqs. (4), (5), (14) and (15) one can see that the larger the damping
parameter α, the smaller the effective relaxation time, τ eff . As discussed in section 2, for
values of h > 1, the intrawell relaxation time is approximately equal to the effective
relaxation time ( τ W ≅ τ eff ) and therefore, the increase of the damping parameter, α, leads
to an increase of the frequency corresponding to the intra-well relaxation peak in a strong
polarizing field.
Consequently, in trying to determine if the magnetite particles were responsible
for the occurrence of the subsidiary peak at 1.7 GHz, we analyzed another theoretical
situation, denoted by TS2. In TS2, apart from a damping parameter of α = 0.15, the same
parameters as used in TS1 were used. The results are given in Fig. 6.
One can observe that increasing the damping parameter from 0.1 to 0.15, the
relaxation peaks which were visible in the theoretical situation TS1 (curves 2 and 3 in
Fig. 5) became shoulders in the case of TS2 (curves 2 and 3 in Fig. 6). Therefore, by
increasing the damping parameter one cannot get a well defined relaxation peak of
magnetite particles; at the frequency of 1.7 GHz (see Fig. 3 (b)).
Now, returning to the TS1 situation, it is true that the magnetite particles with
diameters of 5 nm and 6 nm (curves 2 and 3 in Fig. 5) give rise to loss peaks at
frequencies around 1 GHz, but if we compare the amplitude of the resonance absorption
peak with the amplitude of the intra-well relaxation peak and we also take into account
the experimental average crystallite diameter of magnetite particles of the order of 7.7 nm
(as determined in section III.B), we may conclude that magnetite particles make only a
small contribution to the measured relaxation peak.
Little is reported in the literature on the experimental value for the
magnetocrystalline anisotropy constant, K, of the tetragonal phase of maghemite, because
11

usually no correlation was made between the measured values of K and the crystalline
structure of maghemite (i.e. cubic phase or tetragonal phase). In Ref. [19] a value of
2.3·105 J/m3 has been reported for K of maghemite particles. Due to the fact that this
value is much larger than the K value of bulk cubic maghemite, 4.7·103 J/m3 [20], one
may presume that it corresponds to the tetragonal phase of maghemite. Similar large K
values for maghemite were reported in Refs. [21-23].
In the third theoretical situation TS3, we computed the overall complex magnetic
susceptibility of a sample consisting only of maghemite single domain particles. For the
computations the following parameters, MS(maghemite) = 0.524 Tesla [24],
K(maghemite) = 2.3·105 J/m3 [19], α=0.2, H = 168.4 kA/m and T = 300 K, were used.
The results are presented in figure 7, for various particle diameters.
Thus, in the case of TS3, in which for the particles of the tetragonal phase of
maghemite a K of 2.3·105 J/m3 was assumed, a prominent intra-well relaxation peak is
visible around 1.7 GHz for a particle diameter of 4 nm. Also, in this case the intra-well
relaxation peak is clearly visible and distinct from the resonance peak, unlike the other
situations of TS1 and TS2. Based on these theoretical results, we conclude that small
maghemite particles contribute to the measured relaxation peak.
Due to the fact that our magnetic fluid consists of magnetite and maghemite
particles and it is not possible to determine experimentally the particle size distribution of
each type of magnetic particles, any further theoretical analyses involving an assumed
proportion of magnetite in a theoretical mixture, or based on an assumed particle size
distribution, would be of a rather speculative character. However, some concluding
remarks may be drawn.
The theoretical situation TS1 showed that the magnetite particles with diameters
of 5 nm and 6 nm and damping parameter α =0.1 contribute to a relaxation peak around
the frequency of 1 GHz. By increasing the damping parameter to get a relaxation peak at
higher frequency (as we have measured), the peaks become shoulders of the resonance
absorption peak (see Fig. 6 of the theoretical situation TS2).
Bearing in mind that the typical average diameter or magnetite particles in
magnetic fluids is 10 nm, it now becomes clear why in such magnetic fluids the intra-well
relaxation process is manifested at most as a shoulder of the ferromagnetic resonance
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absorption peak [5-7] (i.e. due to small size particles, with diameter of 5 – 6 nm, whose
contribution to the susceptibility depends on the particle size distribution in the sample).
Making a comparison between the theoretical situations TS2 and TS3, we can
assert that for samples consisting of particles with a large magnetocrystalline anisotropy
constant (those in TS3), the frequency gap between the frequency corresponding to the
intra-well relaxation peak and the frequency of the ferromagnetic resonance peak is large
enough to make the intra-well relaxation peak distinct from the resonance peak.
The X-ray diffraction analysis presented in section 3.2 revealed that the magnetite
particles within the sample have an average diameter of 7.7 nm. Also, due to the fact that
the characteristic peaks of the tetragonal phase of maghemite are not well defined and
instead of distinct peaks, the XRD pattern presents broad peaks, we conclude that the
maghemite particles are small in size. Taking into account these experimental facts and
the theoretical results (TS1, TS2 and TS3) we conclude that the subsidiary loss peak
measured on the investigated magnetic fluid sample in strong polarising fields is mainly
due to the intra-well relaxation process of small particles of the tetragonal phase of
maghemite.

5. Conclusions

A kerosene-based magnetic fluid with two types of iron oxides particles,
stabilized with oleic acid has been investigated.
The XRD analysis shows that the investigated sample contains magnetite particles
together with particles of the tetragonal phase of maghemite. The anisotropy field results
show that the anisotropy field of the investigated sample is much larger than the value
corresponding to magnetite alone, supporting thus the results of the XRD analysis.
Unlike other magnetic fluids in which the intra-well relaxation process is
manifested as a shoulder of the ferromagnetic resonance peak, the sample investigated
here presents a clear subsidiary loss peak in strong polarising field. The shift in the
frequency corresponding to the subsidiary peak does not obey the typical behaviour of
ferromagnetic resonance and although the amplitude of the subsidiary peak decreases
with the increasing polarising field, the peak remains distinct and does not vanish, even in
polarising fields of 168.4 kA/m.
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The theoretical analysis (in which we have taken into account the characteristics
of our sample) has revealed that the subsidiary peak of the investigated sample is due to
the intra-well relaxation process of the small particles of the tetragonal phase of
maghemite.
The results confirm the work of Coffey and co-workers who published the first
theoretical papers on the intra-well relaxation process, confirming thus the validity of
their theory.
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Figure captions

Fig.1. X-ray diffraction pattern (Mo-Kα) of the magnetic powder as obtained by
flocculation with acetone
Fig.2. Quasi-static magnetization curve of the investigated magnetic fluid
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Fig.3. Frequency and polarising field dependence of the complex magnetic susceptibility
of the investigated sample over the frequency range 0.1 to 6 GHz: (a) the real part,

χ ′ (ω , H ) and (b) the imaginary part χ ′′ (ω , H ) . The values of the polarising field are: 1
– 0, 2 - 15.2 kA/m, 3 - 24.9 kA/m, 4 - 35.6 kA/m, 5 - 45.8 kA/m, 6 - 56.8 kA/m, 7 - 69.1
kA/m, 8 - 80.3 kA/m, 9 - 91.1 kA/m, 10 - 102.4 kA/m, 11 - 114.1 kA/m, 12 - 124.7
kA/m, 13 - 135.4 kA/m, 14 - 147.2 kA/m, 15 - 158.3 kA/m, 16 - 168.4 kA/m.
Fig.4. Polarising field dependence of the resonance frequency of the investigated
magnetic fluid
Fig.5. Theoretical normalized plots of χ ′′ ( f , H ) for various particle diameters (TS1)
Fig.6. Theoretical normalized plots of χ ′′ ( f , H ) for various particle diameters (TS2)
Fig.7. Theoretical normalized plots of χ ′′ ( f , H ) for various particle diameters (TS3)
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Fig. 1
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Fig. 2
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Fig. 3a

Fig. 3b
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Fig. 4
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Fig. 5
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Fig. 6
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Fig. 7
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>The intra-well relaxation process in a magnetic fluid is studied.
>The sample consists of the tetragonal phase of maghemite and magnetite particles.
>A subsidiary relaxation peak is observed in the vicinity of the resonance peak.
>The relaxation peak is correlated to the intra-well relaxation process.
>It is assigned to the tetragonal phase of maghemite particles.
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