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1. Introduction

Despite decades of investigation, the quantum mechanical behaviour of gauge theories is

not fully understood. The main challenge is of course to shed light on the low-energy

dynamics of four-dimensional QCD. Among the questions which still lack a thorough

theoretical description are: confinement, chiral symmetry breaking, mass gap generation,

as well as the precise relation of asymptotic freedom to the above mentioned properties.

One of the tools which might eventually lead to an answer to these puzzles is the AdS/CFT

correspondence [1]. So far it has been convincingly formulated for a limited class of

conformal field theories, among which the most important one is the Yang-Mills theory

with N = 4 supersymmetry in four dimensions. Apart from the latter, other examples

were put forward [2, 3]. It has been argued that the theory of [2] might be useful for

condensed matter studies, however, from our point of view the main reason for an intense

study of this theory, to which we will contribute in this paper as well, is the desire

to understand the range of applicability of the AdS/CFT correspondence in general.

Gradually this might lead to an understanding of the AdS/CFT correspondence ”from

the first principles of gauge theory”.

In the present paper we will be dealing solely with the string sigma-model, so we will

not elaborate on the precise structure of the dual gauge theory. The interested reader

can find the details (including the Lagrangian) in the original paper [2]. Nevertheless,

we would like to mention that the dual gauge theory is a three-dimensional conformal

theory of Chern-Simons type with N = 6 supersymmetry. It was conjectured in [2] to

be dual to the AdS4 × CP 3 type IIA superstring theory. The conformal group in the

three-dimensional Minkowski space is SO(2, 3), and the R-symmetry group of the theory

is SU(4), which coincides with the isometry group of the string theory AdS4 × CP 3

background. The number of supersymmetries is the same on both sides too, being equal

to 24 (so these theories are not maximally supersymmetric, the maximum number of real

supercharges being 32).

Similarly to the AdS5 × S5 vs. N = 4 SYM case various integrability properties were

found on both sides of the correspondence. Integrability of the two-loop scalar sector
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was found in [4] and refined in [5]. Subsequently an all-loop Bethe ansatz was proposed

[6], as well as the S-matrix [7]. On the string theory side, the Green-Schwarz action was

built and the Lax pair was constructed in [8]. In this framework the so-called ”off-shell”

symmetry algebra was calculated, and in particular its central extension was shown to

coincide with the one of the AdS5 × S5 case [9]. The pp-wave limit for this background

was first discussed in [10], and the worldsheet near-pp-wave properties were examined in

[11, 12]. There also exists a pure spinor formulation of the AdS4 × CP 3 superstring [13].

It has been known for a long time [14] that the anomalous dimensions of operators

of the form tr(ΨDS
+Ψ) with S → ∞ (that is, with large spin S) are of the form ∆ =

f(λ) log(S), where f(λ) is some function of the ’t Hooft coupling constant λ, which in

principle can be determined order by order in perturbation theory. In the context of the

N = 4 supersymmetric Yang-Mills theory the spin S enters the conformal SO(2, 4) part

of the superconformal algebra. Hence, after the advent of the AdS/CFT correspondence

it was realized by [15] that the characteristic log S behaviour can be reproduced on the

sigma model side of the correspondence by a particular classical solution of the worldsheet

string theory in the AdS background (which we will call the GKP solution in what follows).

Indeed, provided one takes the correspondence for granted, their solution can even explain

this behaviour.

If one quantizes the Green-Schwarz action of the superstring in the background of

such a spinning string solution, one can find the spectrum of masses of the worldsheet

particles (this problem was first solved in the AdS5×S5 setup in [16, 17]). Some of them

are massive, whereas others are massless. As emphasized by Alday and Maldacena [18]

for the case of AdS5 × S5, there’re certain quantities in the sigma model which receive

the greatest contribution from the massless particles and their interactions. This is what

we call ”the worldsheet low-energy limit”. Thus, it is an interesting question, what these

massless particles are and what their interactions are in the AdS4 × CP 3 case. The first

part of the question was answered in [19, 20], and here we will answer the second half.

It turns out that there’re 6 massless bosons and one Dirac fermion, their dynamics being
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described by the following Lagrangian:

L = ηαβ Dαzj Dβz
j + iΨγαD̂αΨ+

1

4
(ΨγαΨ)2, (1.1)

where index j runs from 1 to 4, Dα = ∂α − iAα, D̂α = ∂α + 2 iAα and Aα is a U(1)

gauge field without a kinetic term — it can be integrated out to provide the conventional

Fubini-Study form of the action. Besides, in (1.1) the zj fields are restricted to lie on the

S7 ⊂ C4:
4∑

j=1

|zj |2 = 1 (1.2)

The paper is organized as follows. In Section 2 we describe the spinning string classical

solution of the sigma-model. In Section 3 we describe the coset construction of the Green-

Schwarz action, following [8]. In Section 4 we focus on the Alday-Maldacena limit in the

familiar case of AdS5 × S5. The discussion of Sections 3 and 4 emphasizes the reason,

why the coset construction does not suffice for the consideration of an analogous limit

in the present case. In Section 5 we elaborate on the construction of the full GS action

with 32 fermions for the present case, following [21, 22]. In Section 6 we explain various

properties of the expansion around the spinning string solution. Finally, in Section 7 we

find the low-energy limit of the expanded action, and find the sought for Lagrangian of

the CP 3 sigma model with fermions (1.1). In the Appendix the interested reader will find

details of the calculations.

2. The spinning string

The GKP solution [15] describes a string moving in the AdS3 subspace of the entire space.

It is due to this reason that it is meaningful in the AdS4 × CP 3 case as much as in the

AdS5×S5 case. The solution is most easily described in the ”global” coordinates, that is

the coordinates which cover the whole of AdS space. It is well-known that the AdS space

can be described as a hyperboloid embedded in the R2,D−1 space, namely (for the AdS4

case) the surface

−X2
0 −X2

1 +X2
2 +X2

3 +X2
4 = −R2 (2.1)
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embedded into R2,3 with metric ds2 = −dX2
0 − dX2

1 + dX2
2 + dX2

3 + dX2
4 . The parameter

R is the ”radius” of the AdS space and describes its curvature. If one writes X0 =

cosh(ρ) cos(T ), X1 = cosh(ρ) sin(T ) and introduces spherical coordinates for X2, X3, X4,

the radius of the sphere being sinh(ρ), one obtains the global parametrization of the AdS4

space. The metric then obtains the following form:

(ds2)AdS4 ≡ GµνdY
µdY ν = R2

(
− cosh2(ρ)dT 2 + dρ2 + sinh2(ρ)dΩ2

)
. (2.2)

To consider the AdS3 space one simply needs to change dΩ2 → dφ2. In these coordinates

the spinning string ansatz may be written in the following form:

T = κτ, φ = ωτ, ρ = ρ(σ) (2.3)

If one denotes by Gab = Gµν∂aX
µ∂bX

ν the pull-back of the target-space metric, the

Virasoro conditions are:

Gab −
1

2
γabγ

cdGcd = 0. (2.4)

As is customary, only two of them are independent. Let us impose the conformal gauge,

then the Virasoro conditions are G00 +G11 = 0, G01 = 0. The latter is trivially satisfied

by the ansatz, whereas the former produces an equation

ρ′(σ)2 − cosh2(ρ) κ2 + sinh2(ρ)ω2 = 0. (2.5)

One can check that the equations of motion for T and φ are satisfied identically, whereas

the one for ρ(σ) coincides with the σ derivative of (2.5). The general solution ρ(σ; κ, ω)

of (2.5) can be written in terms of elliptic functions. One should recall that the solution

for the closed string is also subject to the periodicity condition

ρ(σ + 2π; κ, ω) = ρ(σ; κ, ω),

(which can be satisfied if one assumes that the string is folded) and this condition relates

κ to ω [15, 16]. In the limit κ→ ∞, however, it turns out that ω = κ+ ..., so the solution

simplifies drastically:

T = κτ, φ = κτ, ρ = ±κσ + ρ0 (2.6)
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The limit κ → ∞ is called the long string limit, since, as one can see from the solution

above, the extent of the string in AdS space becomes infinitely large.

Solutions of the equations of motion can be classified according to the values of their

Cartan charges, for example in this case one has1:

E = g

2π∫

0

cosh2(ρ) Ṫ dσ = κ g

2π∫

0

cosh2(ρ) dσ, (2.7)

S = g

2π∫

0

sinh2(ρ) φ̇ dσ = κ g

2π∫

0

sinh2(ρ) dσ. (2.8)

For every nontrivial solution the function T (τ, σ) is non-constant, since otherwise the

Virasoro conditionG00+G11 = 0 would require all target-space coordinates to be constant,

thus virtually every solution possesses the E charge. Due to this, one usually refers to a

solution with a nonzero S charge as a one-spin solution.

Clearly, the solution (2.6) has one parameter κ, but it is convenient to use S(κ) as a

genuine parameter, since it has a more clear meaning. Then the target-space energy E

becomes a function of S, so let us calculate this function. First of all, E − S = 2πκg.

Besides,

S →
κ→∞

g

2
eπκ (2.9)

It follows that

κ ≈ 1

π
log(

S

g
), (2.10)

or in other words

E − S ≈ 2g log(
S

g
), (2.11)

so indeed the log(S) behaviour is reproduced. Besides, we immediately get a prediction

that in the strong coupling limit f(λ) ≈ 2g. What we are interested in are the quantum

corrections to this function — these are the 1/g corrections in the sigma model setup.

2.1 The two-spin solution

The two-spin solution is a generalization of the spinning string solution described above,

which possesses two nonzero Noether charges instead of one. One of these charges is the

1g is the string tension, and it is related to the ’t Hooft coupling constant λ via g ∼
√
λ.
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same S charge, which originates from the motion in AdS space, whereas the second one,

called J , describes motion in the CP 3 part of the space. This motion is in fact very simple

and is just rotation around a big circle S1 (which we will parametrize by ϕ) inside of CP 3.

Thus, the ansatz looks as follows:

T = κτ, φ = ω1τ, ϕ = ω2τ, ρ = ρ(σ) (2.12)

Then the nontrivial Virasoro condition gives, instead of (2.5):

ρ′(σ)2 − cosh2(ρ) κ2 + sinh2(ρ)ω2
1 + ω2

2 = 0. (2.13)

Once again, the solution simplifies tremendously in the limit κ → ∞, when ω1 ≈ κ, so

|ρ′(σ)| =
√
κ2 − ω2

2.

The charge J has the following value:

J = g

2π∫

0

ϕ̇ dσ = 2πgω2. (2.14)

It will be convenient for further use to introduce a parameter

u =
2ω2

κ
=

J

g log(S)
(2.15)

3. The coset OSP (6|4) / U(3)× SO(1, 3)

The target superspace, in which the movement of the string occurs, can in fact be described

as a coset OSP (6|4) / U(3)× SO(1, 3). The bosonic part of this coset is SO(6) / U(3)×
SP (4) / SO(1, 3), which in fact is the desired space AdS4 × CP 3. Besides the bosonic

part of the superspace, the coset includes 24 real fermions. For a simple description of a

matrix realization of the corresponding groups the reader is referred to [8], and a review

of similar ideas for the case of the AdS5 × S5 string can be found in [23].

The coset construction of the Green-Schwarz superstring action is rather simple. The

key to this simplicity lies in the fact that the OSP (6|4) superalgebra possesses a Z4 group

of automorphisms (this is a cyclic group, generated by an element which we call Ω). Then,
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suppose we take a representative g(x, θ) of the coset (θ here represent the fermions, and

x the worldsheet coordinates), and build the left-invariant current

J = −g−1 dg(x, θ). (3.1)

Then one can determine the 4 components of this current, which lie in the eigenspaces of

the Ω transformation. Let us denote them by J (k), k = 0, 1, 2, 3, and their characteristic

property is ΩJ (k)Ω−1 = ik J (k). Then the action invariant under the Ω automorphism

(or, equivalently, under the Z4 group of automorphisms) is built uniquely in the following

way:

S =
g

2

∫
dσ dτ

(
γαβ Str(J (2)

α J
(2)
β ) + κ ǫαβ Str(J (1)

α J
(3)
β )
)
. (3.2)

When κ = ±1 this action possesses an important gauge symmetry, called kappa-symmetry,

which is a fermionic gauge symmetry in the sense that the gauge parameters are anticom-

muting.

3.1 Expansion around the two-spin solution

One can impose the conformal gauge and expand the coset action around the two-spin

solution (2.12) and determine the spectrum of the fluctuation fields. This was done in

[19, 20], where the following result was obtained: when ω2 = 0, all the bosonic fields

from CP 3 are massless, two of the AdS fields have masses m2 = 2κ2 and m2 = 4κ2, and

the remaining two AdS fields are massless, but their contribution is supposed to cancel

against the ghost contribution (in other words, they do not contribute to the cohomology

of the BRST operator). As for the fermions, for a generic value of ω2 the determinant of

the fermionic quadratic form in the action was found to be:

D = 28ω16
2

[
(2k0 − ω2)

2 − 4(k21 + κ
2)
]2[

(2k0 + ω2)
2 − 4(k21 + κ

2)
]2 ×

×
[
k40 − k20(2k

2
1 + κ

2) + k21(k
2
1 − ω2

2 + κ
2)
]2
. (3.3)

It follows from this expression that there are the following fermionic excitations in the

model (counting given in terms of complex Weyl fermions, and we’re using the parameter

u introduced in (2.15)):

• 2 fermions with frequency 1
4
u κ+

√
n2 + κ2
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• 2 fermions with frequency −1
4
u κ+

√
n2 + κ2

• 2 fermions with frequency
√
n2 + κ2

2
(1 +

√
1 + u2n2)

• 2 fermions with frequency
√
n2 + κ2

2
(1−

√
1 + u2n2)

The spectrum in the background of the spinning string solution is obtained when

u → 0 (or ω2 → 0), and we see that the spectrum becomes relativistic in this limit: there

are 6 massive and 2 massless complex fermions, i.e. 12 massive and 4 massless real ones.

However, one can then see from (3.3) that the quantization in the background of the

spinning string solution, that is in the limit u → 0, is no longer well-defined, since the

determinant is zero. This corresponds to the fact that, as noted for the first time in [8],

the kappa symmetry transformations degenerate at the quadratic level, if the background

configuration describes motion purely in the AdS space. We would like to stress that

this is a peculiarity of the coset construction for the AdS4 × CP 3 superstring. One can

rephrase the statement above by saying that the quadratic part of the action will contain

terms of the form u2 ψ∂±ψ (∂± being the light-cone derivatives), which will vanish when

u = 0. One could be tempted to rescale the fermions ψ → 1
u
ψ, however it turns out that

in this case 1/u factors would appear in front of the interaction terms. Thus, in this way

we would merely shift the problem to a different place, and this only confirms that the

difficulty is intrinsic to the coset formulation.

In fact, as we have explained, the most interesting for us are the massless worldsheet

modes, i.e. the ones which become massless in the limit u → 0. We have checked that it is

precisely these massless fermions ψ, which suffer from the problem descibed above, namely

the quadratic action of these fermions becomes degenerate in the limit u → 0. Hence, it

seems to us that everything points out to the fact that the coset formulation is not well

suited to this background. Therefore we will have to resort to the full Green-Schwarz

action with 32 fermions, which was built in [21, 22] (see [24] for another application of

that construction), in order to solve our problem.

The problem we have encountered is, in fact, connected with a singular gauge choice,

and similar issues arise also in conventional gauge theories, as described in Appendix B.
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4. The worldsheet low-energy limit of the AdS5 × S5 superstring

Here we describe the limit introduced in [18]2. In the previous section, after quantization

of the superstring worldsheet action in the background of the spinning string solution we

obtained a spectrum of masses of the worldsheet particles present in the theory. This

spectrum becomes particularly simple in the limit u→ 0, namely it becomes relativistic,

and some of the particles are massless. It is this limit which was emphasized in the

paper [18], their main idea being as follows. One considers the partition function (or,

equivalently, free energy) of the worldsheet theory in the background of the two-spin

solution, regarding u as a variable parameter, which in fact is the chemical potential for one

of the global charges of the model. The limit of small u, that is when ω2 ≪ κ, is effectively

the low-energy limit, and one expects the massless particles to give dominant contributions

to the free energy, and therefore in this sense the massless particles ”decouple”. In the

AdS5×S5 case the only massless particles are the 5 bosons coming from the S5 part of the

background, so their dynamics is described by the SO(6) sigma model, which decouples

from the rest of the theory in this limit. From the exact solution of the SO(6) model it

is known that, in fact, its spectrum consists of 6 massive particles rather than 5 massless

ones, however the mass gap cannot be seen in perturbation theory (m ∼ e−ag), which is

still applicable as long as ω2 ≫ m.

To be more precise, the leading contributions to the free energy in the limit u → 0

look as follows:

E ∝ u2

(
g +

∑

n=1

1

gn−1
(an (log u)

n + ...)

)
(4.1)

One can see that the power of the logarithm grows with the order of 1
g
, which is a

common feature of perturbation theory. The main quantitative claim of [18] was that in

the AdS5×S5 case the numbers an can be determined from the pure SO(6) sigma model,

and it was confirmed in [25] up to two loops.

In the AdS5 × S5 case the only massless particles are bosons from S5, and their

interactions are determined by the SO(6) symmetry, so the model is uniquely defined

by these properties. In the AdS4 × CP 3 case there are additional massless fermions,

2I am grateful to Kostya Zarembo for clarifying to me some details of this limit.
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as we discussed above, and the amount of symmetry is not enough to determine their

interactions uniquely. Because of that a genuine calculation is necessary, and it is carried

out below.

5. The full IIA superstring action in the AdS4 × CP 3 background

As explained in the previous sections, for the analysis of the action, expanded around the

spinning string solution, one needs to use the complete type IIA Green-Schwarz super-

string action (that is, with 32 real fermions), rather than the reduced coset formulation (in

the AdS5×S5 case the coset action is the complete Green-Schwarz action — it contains 32

fermions — and it was first built in [26]). The construction of such action is no easy task

and for generic supergravity backgrounds it has not been carried out. However, as we will

explain, the AdS4 × CP 3 case under consideration is special, since it can be obtained by

a dimensional reduction of the AdS4×S7 solution of the eleven-dimensional supergravity

equations of motion. One might wonder, why this would simplify anything. However,

from the work [27] it is known that there exists a three-dimensional world-volume action

of a membrane, coupled to an arbitrary eleven-dimensional supergravity background (usu-

ally this membrane is called the M2 brane). This action is quite similar to the superstring

action in many ways, for example in the sense that it, too, possesses a local fermionic

symmetry. It was argued in [28], that if one compactifies a target-space coordinate and a

world-sheet coordinate of this action simultaneously, then one obtains the Green-Schwarz

type IIA superstring action. Thus, the remaining question is whether it is easy or not

to build the M2 brane worldvolume action. The answer to this question depends on the

chosen supergravity background, but in our case the task simplifies, since the AdS4 × S7

background can be described by a coset OSP (8|4) / SO(7)×SO(1, 3). Indeed, its bosonic
part is SP (4) / SO(1, 3)×SO(8) / SO(7) ≈ AdS4×S7. This strategy was pursued in the

papers [21, 22], where as a result the sought for type IIA Green-Schwarz action was built.

Here we elaborate on this construction in a, hopefully, transparent way.

5.1 The M2 brane action and the coset OSP (8|4) / SO(7)× SO(1, 3)

In this section we describe the construction of the M2 brane three-dimensional worldvol-
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ume action for the case of the AdS4 × S7 supergravity background. In what follows we

will denote the membrane worldvolume coordinates as σ, τ and y. We remind the reader

that the fields in the eleven-dimensional supergravity are the graviton gµν , the gravitino

ψα and the three-form potential H(3) (the field strength being the four-form F (4) = dH3).

In our construction we heavily exploit the OSP (8|4) / SO(7)× SO(1, 3) coset structure

of the space. The OSP (8|4) supergroup is very similar to the OSP (6|4) supergroup, and
its matrix realization is described in the Appendix C. To construct the explicit matrix

realization of the coset one also needs to choose the embeddings of ”the denominator”

SO(7)×SO(1, 3) into this supergroup. For instance, SO(7) can be embedded into SO(8)

in different nonequivalent ways (here we mean, that the embeddings are in general not

related by a similarity transformation). We will elaborate more on this in the Appendix

D, however for the moment let us give a clear

Example. One can embed SO(7) ⊂ SO(8) diagonally (that is, as a 7×7 matrix inside

of a 8 × 8 matrix), let us denote this embedding h1 : SO(7) → SO(8). There’s another,

”spinorial”, embedding. Indeed, let γµ, µ = 1...7 denote the real skew-symmetric seven-

dimensional gamma-matrices ({γµ, γν} = −2δµν), which have dimensionality 8. Then the

commutators γµν = 1
2
[γµ, γν ] generate the so(7) algebra inside of so(8). We denote the

corresponding group embedding as h2. Now, h1 and h2 cannot be related by a similarity

transformation. Indeed, let z be a fixed element of the so(7) algebra, such that h2(z)

is nondegenerate, for instance we can take z = h−1
2 (γ12). If there were a similarity

transformation relating the two embeddings, it would imply that h1(z) = ω h2(z)ω
−1 for

some ω ∈ SO(8). However, since h1 is the diagonal embedding, det (h1(z)) = 0, whereas

det (h2(z)) 6= 0, which leads to a contradiction. ⊲

We stress that the correct embedding for our purposes is the ”spinorial” one, that is

the so(7) algebra is generated by γµν .

The M2 brane action can be built from the bosonic and fermionic vielbeins, denoted

by EA = {E ā, Ea} and Eα respectively, which in turn can be obtained in a simple way

from the OSP (8|4) / SO(7) × SO(1, 3) coset. Here the indices {ā = 0...3, a = 1...7}
refer to the AdS4 and S7 spaces respectively, and the index α = 1...32 numbers the

fermionic directions. The number 32 comes from the fact that we’re dealing with a single
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Majorana spinor in eleven dimensions, which has 32 real components. If considered from

the point of view of the representation of the ten-dimensional Lorentz group, it splits

into two Majorana-Weyl spinors — one left-handed and one right-handed. Let g be a

representative of the coset. Then one can build the left-invariant current J = −g−1 dg

and find the vielbein and connection components of this current:

J = −g−1 dg = EaTa + EαQα + AabΩab, (5.1)

where Ωab are elements of the stabilizer (denominator of the coset), Qα furnish the

fermionic basis of the osp(8|4) algebra, and Ta are the complementary bosonic direc-

tions, namely the directions tangent to the manifold. The current is flat by construction,

that is its curvature vanishes:

dJ − J ∧ J = 0. (5.2)

The action, as in the superstring case, consists of two terms, which can be loosely

called ’the metric part’ and the ’Wess-Zumino part’. The action takes the following form:

S =
g

2π

∫
dσ dτ dy

(
ηabE

aEb + κ ǫabc ∂aX
m ∂bX

n ∂cX
pHmnp

)
, (5.3)

the first term being the metric part and the second term — the Wess-Zumino part3. The

second term is the pull-back to the worldvolume of a three-form H = Hmnp dX
m ∧ dXn ∧

dXp. Recall that this three-form can be found from its field-strength four-form F , and

the latter can be expressed in terms of the vielbeins in the following way4:

F =
1

8
ǫāb̄c̄d̄E

ā ∧ E b̄ ∧ E c̄ ∧ E d̄ + λ̂ Eα ∧ [ΓA,ΓB]
β
αEβ ∧ EA ∧ EB. (5.4)

The first term here is the volume element of the AdS space, whereas the second term

is intrinsically fermionic and manifestly Spin(1, 10) invariant. Note that the fermionic

indices (α, β) are raised and lowered using the eleven-dimensional charge conjugation

matrix C11. Using the Maurer-Cartan equation (5.2) one can check that the form F is

closed for a suitable value of the constant λ̂. A closed form is locally exact, so one can find

its potential H by a standard procedure. We will follow this route in the next sections to

build the part of the Green-Schwarz action that we need.

3By the coordinates Xm we mean both bosonic and fermionic ones.
4λ̂ is a constant. Barred indices refer to the AdS space, that is they run from 0 to 3.
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5.2 The Hopf fibration S7 → CP 3 and the dimensional reduction

So far we have been dealing with the AdS4×S7 solution of the eleven-dimensional super-

gravity. However, our ultimate goal is to arrive at the AdS4 × CP 3 solution of the IIA

supergravity in ten dimensions. This is achieved through a compactification, based on the

Hopf fibration, so we recall what the latter looks like. There are different variants of the

Hopf fibration, most of them originating from the tautological fiber bundle C
n+1 → CP n

(the one which arises naturally from the definition of the projective space). The most

common version of the Hopf fibration arises when one restricts the total space Cn+1 to the

unit sphere
n+1∑
i=1

|zi|2 = 1, then we get π : S2n+1 → CP n. The tautological bundle is a line

bundle (its fiber is C), so after imposing the absolute value restriction the π fibration has

the circle S1 as a fiber. The most well-known case of the Hopf fiber bundle is explained

in the following

Example. It is the case n = 1, i.e. π : S3 → CP 1 ≈ S2. If we write the sphere S3 as

|z1|2 + |z2|2 = 1, (5.5)

then the map π can be written out explicitly as π(z1, z2) = z2
z1

≡ Z, and Z should be

regarded as a stereographic coordinate on the sphere S2. To see what is going on more

clearly, let us solve (5.5) in the following way: z1 = y1√
|y1|2+|y2|2

, z2 = y2√
|y1|2+|y2|2

. The

metric on the sphere is the metric, induced in flat space ds2 = |dz1|2 + |dz2|2 by the

embedding (5.5). Thus it is clear that it will be invariant under arbitrary rescalings

yi → λyi, λ ∈ R. In other words, when regarded as a metric on the 4-space parametrized

by y1, y2, it is degenerate. This means, of course, that we can fix a ”gauge”, however we

do not want to do it for the moment. We can rewrite the metric in the following way:

(ds2)S3 =
dyidȳi
ρ2

− |dyiȳi|2
ρ4

+

(
i
dyiȳi − yidȳi

2ρ2

)2

, where ρ2 = |yi|2. (5.6)

The first two terms constitute precisely the CP 1 metric in homogeneous coordinates. Let

us now choose the following inhomogeneous coordinates:

y1 = eiϕ, y2 = eiϕ Z, (5.7)

then the metric takes the canonical form:

(ds2)S3 =
dZdZ̄

(1 + ZZ̄)2
+ (dϕ− A)2, where A = i

dZ Z̄ − Z dZ̄

1 + ZZ̄
. (5.8)
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Note that from (5.7) it follows that, in accordance with our discussion, Z = y2
y1

= z2
z1
. ⊲

Although the space which interests us in this paper is CP 3 rather than CP 1, it can

be considered in a similar way to the example, and as a result one obtains a metric on S7

in the form, which exhibits the Hopf bundle in a clear way. This discussion shows, that

the dimensional reduction of the metric can be achieved by dropping the (d − A)2 term

in the metric, or getting rid of the corresponding einbein. Note also that, when fermions

are turned on, A is interpreted as the R-R one-form A(1) of the IIA background. As for

the four-form F , it can be written in the following way:

F = K(3) ∧ dϕ+ G(4), (5.9)

where K(3) and G(4) do not depend on the fiber coordinate ϕ. Then the dimensional

reduction (after setting ϕ = y, y being the third worldvolume coordinate [28]) boils down

to leaving the K(3) piece of the F form: dim.red.(F) = K(3). One can see that, since

dF = 0, it follows that dK(3) = dG(4) = 0. In fact, it follows from our discussion that

K(3) is the field-strength of the (locally defined) NS-NS two-form potential B(2), which

constitutes the Wess-Zumino term of the string action: K(3) = dB(2). We note in passing

that D(4) = G(4) −A(1) ∧K(3) is the R-R 4-form field-strength of the IIA background (we

will not need it later). In this way we have determined all the ingredients of the ten-

dimensional IIA supergravity solution from the eleven-dimensional supergravity solution.

Since the construction we will carry out heavily relies on the OSP (8|4) coset, we

need to parametrize the coset in such a way which would exhibit the Hopf fiber bundle,

similarly to 5.8. Compared to the purely bosonic case, the main difference is that various

reductions can be made, which preserve different amounts of supersymmetry. The correct

one, i.e. the one we’re looking for, should provide for a OSP (6|4) symmetry group of the

reduced background. The reductions differ by the embedding of OSP (6|4) ⊂ OSP (8|4),
so in the Appendix D we explain, following [21, 22], that the correct one is the standard

diagonal embedding.
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6. Quantum corrections to the spinning string state

6.1 The decompactification

The Green-Schwarz action in its standard form does not allow for a simple quantization of

the theory. This is due to the fact that the action does not contain a term quadratic in the

fermions with no bosons, but rather terms, in which fermions are coupled to bosons. The

quantization is possible in the background of a classical solution, if the classical solution

makes the quadratic term of the fermions nondegenerate. As we discussed above, this

requirement is fulfilled for the two-spin solution even in the OSP (6|4) coset formulation,

however in the limit when the J charge vanishes this is no longer the case. It is precisely

to overcome this difficulty that we needed to invoke the full Green-Schwarz action with

32 fermions. Once we have built the full action, we may quantize in the background of

the spinning string (one spin) solution (2.6) in the limit κ → ∞. It will be convenient

however to make a change of the worldsheet coordinates:

σ′ = κσ, τ ′ = κτ. (6.1)

The important observation is that after such redefinition the only parameter which is

changed is the length of the worldsheet circle, or the string length: L = 2πκ. In other

words, κ enters only the integration limits in the action, but not anywhere else. Since

(2.6) is a solution for κ → ∞, in this limit we achieve the decompactification of the

worldsheet.

6.2 The coset element for the spinning string background.

We take the following AdS3 coset element:

gAdS3 = e
i
2
tΓ0− 1

2
φΓ1Γ2

e−
1
2
ρ (iΓ2−Γ0Γ1) (6.2)

When we insert the spinning string solution (2.6), it simplifies as follows:

gspin = e
1
2
(iΓ0−Γ1Γ2)κτ e−

1
2
ρ(σ) (iΓ2−Γ0Γ1) (6.3)

The important property of this parametrization is that [iΓ0 − Γ1Γ2, iΓ2 − Γ0Γ1] = 0,

and it is precisely thanks to this fact that the current g−1dg only includes the derivative
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ρ′ = ±κ, but not ρ (and hence not σ) itself. The latter fact is the reason why it is possible

to determine the spectrum of quadratic fluctuations at all, and it is what makes the theory

in this background tractable.

6.3 The expansion

The full coset element in the spinning string background looks as follows:

g = gspin gAdS gCP gθ e
ϕǫ gv, (6.4)

where gAdS describes fluctuations of the AdS fields, gCP is the CP 3 coset element, ϕ

is the fiber coordinate, gθ and gv are the fermionic coset elements. In particular, gθ

only includes the 24 fermions which were present in the OSP (6|4) coset (see (6.8) for

θ), whereas gv = evλQ
λ

contains the 8 additional fermions (see (G.3) for v). It will be

convenient to take the coset elements gAdS and gCP in the following form:

gAdS = e
(z+−z

−
)

2
(iΓ0−Γ1Γ2) e

(z++z
−

)

2
(iΓ2−Γ0Γ1) 1+ i

2
(z1Γ1+z2Γ3)√
1− 1

4
(z21+z

2
2)

(6.5)

gCP = 1 + W+W√
1+|wi|2

+

√
1+|wi|2−1

|wj |2
√

1+|wi|2

(
WW +WW

)
, (6.6)

where W = wiTi, W = wiT i, and one can find definitions of Ti, T i in Appendix A. Note

that the two exponents in (6.5) commute with each other, as well as with gspin of (6.3),

which is the reason why we have chosen the parametrization in this way (as a result, the

current J = −g−1dg will depend on z± only through their derivatives).

We need to plug the coset element into the expression for the action of the 11D

theory (5.3), fix the kappa symmetry gauge and to determine, which of the fermions are

massive and which are massless. One might recall however that, as determined before,

the spectrum consists of 12 massive and just four massless fermions. Thus, let us use the

symmetry properties of the theory as a shortcut to the result. Indeed, if one multiplies

the coset element (6.4) by an element ω ∈ SU(3) from the left, then we get the following:

ωg = gspin gAdS (ω gCP ω
−1) (ω gθ ω

−1) eϕǫ gv ω, (6.7)

where ω at the very right can be dropped, as it belongs to the stabilizer of the coset

(the SU(3) generators are the Li’s of (D.5-D.7), and, since they’re linear combinations
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of γµν , it follows that SU(3) ⊂ SO(7)). Clearly ω gCP ω
−1 simply transforms the bosonic

fields of the model, whereas ω gθ ω
−1 transforms the fermionic θ fields. We see that the

transformation does not affect the v-fermions. The masses of the theory are determined

by the quadratic part of the Lagrangian, in which the bosonic and fermionic fields clearly

decouple. In fact, we might forget about the bosonic fields for the moment, since we

already know their spectrum. Let us remind the reader that the matrix of θ fermions can

be written as follows:

θ =




θ11 θ
1
2 θ

1
3 θ

1
4 θ

1
5 θ

1
6 0 0

θ21 θ
2
2 θ

2
3 θ

2
4 θ

2
5 θ

2
6 0 0

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ 0 0

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ 0 0



, (6.8)

where the stars stand for complex conjugated fermions.

The action ω gθ ω
−1 means, that the θ1 and θ2 fermions (6 complex in each line) furnish

3 + 3̄ representations of SU(3) each. The important point is that none of the θ fermions

are invariant under the SU(3), whereas all of the v fermions are. For the quadratic part of

the action this means that the θ and v fermions decouple. Now, a 3 or 3̄ representation of

SU(3) involves 6 real fermions, so if the SU(3) symmetry can be preserved by a choice of

the kappa symmetry gauge, this means that every 6 θ-fermions entering a single multiplet

have the same mass. A suitable kappa symmetry gauge is the one, which sets the second

and third lines of the θ and v matrices to zero (from the Appendix F it is clear that such

gauge is indeed admissible). This condition can be summarized as follows:

I − iΓ0Γ1Γ2

2
θ =

I − iΓ0Γ1Γ2

2
v = 0. (6.9)

We know that there are just 4 massless fermions, so the SU(3) multiplets are too big for

that, and the θ fermions are destined to bemassive. Thus, we’re left with the 8 v-fermions.

The residual kappa-symmetry should allow to eliminate 4 of them, and the remaining 4

ones should be massless. We have checked by a direct calculation of the quadratic part

of the action that this is indeed true.
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7. The worldsheet low-energy limit

In the previous section it was explained that, before the kappa symmetry gauge is imposed,

the θ- and v-fermions decouple in the quadratic action. In fact, one can check that in the

leading (linear) order the kappa symmetry transformations do not mix θ’s and v’s. This

is the reason, why it is possible to choose the kappa-gauge in such a way, that θ’s and

v’s remain decoupled in the gauge-fixed quadratic action. By now we know that the θ

fermions (meaning the ones that remain after the kappa gauge is imposed) are all massive,

so we can safely set them to zero. Then we are left with an action depending solely on the

bosonic fields and the v-fermions, and there will be a residual kappa symmetry of rank 4

acting on these fields. One could certainly gauge-fix this residual symmetry as well from

the beginning, however it is useful to check that the resulting low-energy action which we

will obtain is independent of the kappa-symmetry gauge choice. For this reason we will

prefer not to fix the gauge for the v-part of the kappa-symmetry.

First of all, let us find out, how exactly this v-part of the kappa-symmetry looks like

in the leading order. For this purpose we write out the piece, which depends on v’s, of

the quadratic part of the string action5:

L(2)
v = i(χ̄− ξ̄)∂+(χ− ξ)− i(ψ̄ − η̄)∂−(ψ − η) (7.1)

It follows that the kappa-transformations have a very simple form:

δχ = δξ = ǫ1, δψ = δη = ǫ2, (7.2)

ǫ1,2 being two Weyl spinors. Suppose we now want to determine the low-energy limit of

the worldsheet theory. What terms should be left from the full Green-Schwarz action in

order to achieve this? Clearly, one should get rid of the massive fields. Besides, one should

also drop certain interaction vertices of the massless fields (the ones that are suppressed

by powers of some mass), since they, too, may be regarded as effectively reflecting the

presence of massive modes (in this way, for example, the Fermi four-fermion interaction

appears in the Standard Model after the W and Z boson fields have been integrated out

— this interaction is suppressed by the masses of the bosons and should be dropped in the

5The notations for the fermions are explained in Appendix G, ’v-fermions’.
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strict low-energy limit). In other words, all terms in the low-energy Lagrangian should

have dimension not greater than two. In 2D the bosons w have canonical dimension 0,

the fermions have dimension 1/2 and the derivative, clearly, has dimension 1. In this way,

for instance, terms of the form ψ1 ψ2 χ1 ∂+χ1 and ψ1ψ2∂+w ∂−w̄ have dimension 3, terms

ψ1 ∂−ψ2 χ1 ∂+χ2 have dimension 4, so such terms should be dropped in the low-energy

limit. Most of the terms which should be preserved, have dimension two: these are, for

instance, ∂+w̄∂−w, χ̄∂+χ, w̄∂−w ψ̄ψ, ψ̄ψχ̄χ etc. However, a very important fact which

should not be overlooked, is that there are terms of dimensions 1 and 0 in the Lagrangian

as well: the terms of dimension 1 are z v2, z being the massive AdS fields, and the terms

of dimension 0 are the mass terms z2. Hence, there’s a very important qualification to

dropping the massive fields: they can be dropped everywhere, except for these terms.

What is the meaning of these terms or, in other words, what is the reason for their being

present in the final Lagrangian? It turns out that these terms are precisely what is needed

to maintain the kappa-symmetry of the low-energy Lagrangian, that is to say they provide

the independence of the low-energy Lagrangian of the chosen kappa-gauge. One can see

this in the following way. In the lowest order the kappa-symmetry transformations look

similar to the case of the flat target space:

δv = ǫ, δz = ǫv (7.3)

We will not bother writing any indices or projectors here, since this schematic exposition

is sufficient to convey the general idea. From (7.3) it follows that

δ(v4) ∝ ǫv3, δ(z2) ∝ ǫvz, δ(z v2) ∝ ǫv3 + ǫvz. (7.4)

Our claim is that the three terms z2, z v2 and v4 enter the Lagrangian in a kappa-invariant

combination, which is allowed by the rules (7.4). There’s another way to make the same

point, namely, let us integrate out the massive fields z. What we obtain as a result are

terms of the form v4 (v here can mean any of the 8 different v-fields, so there are many

ways to build v4 terms). Then, our statement can be reformulated by saying that all the

v4 terms should combine into one term

(χ̄− ξ̄)(χ− ξ)(ψ̄ − η̄)(ψ − η) (7.5)
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which is the only quartic combination of the v-fields, invariant under the transformations

(7.2.) We have checked that this is indeed the case, and the reader can find the details of

the calculation in the Appendix F.

Once we have checked the independence of the resulting Lagrangian of the choice of

the kappa-symmetry gauge, we may impose the one which we find most convenient (6.9)

to obtain the following Lagrangian (see Appendix G for fermion field notations):

L =
1

2
Gāb(z, z̄) (∂+za∂−z̄b + ∂−za∂+z̄b) + i(χ̄D+χ− ψ̄D−ψ) + 3 χ̄χψ̄ψ, (7.6)

where χ = ψ1 + iχ1, ψ = ψ2 + iχ2 and the ”covariant” derivatives are:

D± = ∂± +
z̄i∂±zi − zi∂±z̄i

|zj |2
(7.7)

Besides, Gāb is the Hermitian (Gāb = G∗
b̄a
) Fubini-Study metric on CP 3:

Gāb =
δāb
|zj |2

− z̄a zb
|zj |4

(7.8)

Upon the introduction of a Dirac field Ψ =
(
ψ
χ

)
the Lagrangian we have obtained

may be cast into the form announced in the Introduction 6:

L = ηαβ Dαzj Dβz
j + iΨγαD̂αΨ+

1

4
(ΨγαΨ)2, (7.9)

where index j runs from 1 to 4, Dα = ∂α − iAα, D̂α = ∂α + 2 iAα and Aα is a U(1)

gauge field without a kinetic term — it can be integrated out to provide the conventional

Fubini-Study form of the action. Besides, in (7.9) the zj fields are restricted to lie on the

S7 ⊂ C4:
4∑

j=1

|zj |2 = 1 (7.10)

Note that the Lagrangian in (7.9) is invariant under global U(1)× U(1) transformations

of the fermions, that is Ψ → eiαΨ and Ψ → eiαγ
5
Ψ.

As it had been expected, we have obtained a fermionic extension of the nonlinear

sigma-model with target space CP 3.

6The γ-matrices here are the 2D gamma-matrices, for instance, in our notations γ0 = −iσ2, γ1 =

σ1, γ
5 = σ3 and D± = D0±D1. They should not be confused with the 7D γ matrices from the Appendix

and other parts of the text. The conjugation is defined as Ψ = Ψ†γ1.

– 21 –



8. Open problems

We have obtained the Lagrangian (7.9) for a model describing the infrared limit of the

worldsheet theory of the AdS4×CP 3 superstring, quantized in a certain background. This

Lagrangian can be used to calculate certain quantitative characteristics of the model, as

discussed in Section 4. The latter could be compared with the Bethe ansatz predictions

(as it has been done in [31] for the AdS5 × S5 case).

Apart from the string theory applications, the model we have obtained might be

interesting in its own right. In the past a great deal of effort was devoted to the under-

standing of various CP 3 models, with and without supersymmetry [32, 33, 34], since it

was hoped they could give some insight into the infrared dynamics of QCD. These models

are asymptotically free, however it is only the bosonic model that exhibits confinement,

whereas models with fermions usually describe liberated U(N) solitons. In most, if not

all, cases the quantum S-matrix of such solitons can be computed exactly. It is an inter-

esting question, whether the model we have obtained is integrable as well. One could also

wonder, whether there is any fundamental explanation for the 6 : 2 ratio of the bosonic

vs. fermionic degrees of freedom. There are many questions which remain to be answered.

We plan to address them in a subsequent publication.
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A. The projective space

CP 3 is usually defined as the space of ratios (z1 : z2 : z3 : z4) in C4/{0} 7. However,

there are other ways to look at this space. One of them is to view CP 3 as the space of

orthogonal complex structures in R
6. Indeed, U(3) ⊂ O(6) is the subgroup preserving

a given complex structure, which we denote K6 and, following [8], choose in the form

K6 = I3 ⊗ iσ2 (I3 is the 3 × 3 identity matrix). Then the Lie subalgebra u(3) ⊂ o(6)

is described by 6 × 6 matrices, commuting with K6. In other words, as vector spaces,

o(6) = u(3)⊕ V⊥.

The quotient vector spaceW , which describes the tangent space TxM (tangent spaces

are isomorphic for all x, since M is a manifold), is described by skew-symmetric matrices

(elements of o(6), that is) which anticommute with the complex structure. Indeed, we

notice that for any ω ∈ O(6) the adjoint action ωK6ω
−1 is again a complex structure. For

ω sufficiently close to unity ω = 1 + ǫ + ..., thus, (K6 + [ǫ,K6])
2 + O(ǫ2) = −I6. Linear

order in ǫ gives {K6, [ǫ,K6]} = 0. Define a map f : o(6) → o(6) by f(a) = [a,K6]. Since

Ker(f) = u(3), W is isomorphic to Im(f). One can also check that if g(b) ≡ {K6, b} = 0,

then b ∈ Im(f) = W . 8 Let us note in passing that all of the above can be summarized

by the following exact sequence of vector space homomorphisms (i being inclusion):

0 → u(3)
i→ o(6)

f→ o(6)
g→ R

N , (A.1)

RN being the vector space of symmetric matrices.

It is easy to construct a basis in this linear space explicitly. Denoting by J1, J2, J3

7In this section we follow the exposition of [9].
8In fact, this choice of representatives in the quotient space becomes canonical once we adopt the

Killing scalar product (since f is skew-symmetric with respect to this scalar product tr(a, f(c)) =

−tr(f(a), c)). Indeed, for a ∈ u(3) and b ∈ Im(f) we have tr(ab) = tr(a[c,K6]) = tr(acK6 − aK6c) = 0,

since [a,K6] = 0). This justifies the use of the symbol V⊥ for W .
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the three generators of O(3) in the vector 3 representation

J1 =




0 1 0

−1 0 0

0 0 0


 , J2 =




0 0 1

0 0 0

−1 0 0


 , J3 =




0 0 0

0 0 1

0 −1 0


 , (A.2)

we get:

V⊥ = Span{Ji ⊗ σ1; Ji ⊗ σ3} (A.3)

To make contact with the notations of [8] we will write out the Ti generators used in their

paper in terms of the basis introduced above:

T1,3,5 = J1,2,3 ⊗ σ3, T2,4,6 = J1,2,3 ⊗ σ1. (A.4)

The main property which these generators exhibit and which will be important for us is

the following:

{T1, T2} = {T3, T4} = {T5, T6} = 0. (A.5)

In the body of the paper we used the following complex combinations:

T1 =
1

2
(T1 − iT2), T2 =

1

2
(T3 − iT4), T3 =

1

2
(T5 − iT6). (A.6)

T̄1, T̄2 and T̄3 denote the conjugate combinations.

B. The particle spectrum in different gauges: an example

The problem we described in Section 3 is related to a singular gauge choice for a part of

the kappa-symmetry.

To clarify the situation we present an example from the hard core of gauge theory,

where a similar phenomenon occurs. Namely, we will consider the Abelian U(1) Higgs

model with the standard Lagrangian:

LHiggs = −1

4
F 2
µν +D

µ
φ∗Dµφ− ĝ

4
(φ∗φ− v2)2 (B.1)

In the above clearly φ is the Higgs field, the covariant derivative is Dµφ = (∂µ + i g Aµ)φ

and the gauge transformations are

φ → ei g α φ, Aµ → Aµ − ∂µα
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It is possible to choose the so-called ”unitary” gauge, which corresponds to setting φ to

be real. In this gauge the Lagrangian (B.1) obtains the following form:

LHiggs = −1

4
F 2
µν + (∂µφ)

2 + g2A2φ2 − ĝ

4
(φ2 − v2)2 (B.2)

Now, as long as v 6= 0 in order to stabilize the potential V = ĝ
4
(φ2 − v2)2 one usually

makes a shift φ = v + ϕ, which, among other things, produces the following quadratic

form:

L(2)
Higgs = −1

4
F 2
µν + (∂µϕ)

2 + g2v2A2 − ĝ v2 ϕ2 (B.3)

In particular, for v 6= 0 the quadratic form above is nondegenerate, its zeros describing

the spectrum of the theory: 3 particles of mass m1 = gv (which come from the gauge

field Aµ) and 1 particle of mass m2 = ĝ1/2v (which comes from the scalar ϕ). One should

thus expect that in the limit v → 0 we would obtain 4 massless particles. However,

in practice this limit is rather subtle, and this is due to the fact that the quadratic

Lagrangian (B.3) becomes gauge-invariant in the limit v → 0, despite the fact that a

gauge has already been chosen. This is of course an artifact of the combination of gauge

choice and the perturbation expansion, since the gauge invariance is broken, as it should

be, by the interaction terms that we have dropped in (B.3). The same statement can be

reformulated, if one looks at the propagator Dµν of the gauge field

Dµν(k) =
1

k2 − g2v2

(
ηµν −

kµkν
g2v2

)
, (B.4)

which clearly is singular of order ∼ 1/v2 when v → 0. Thus, the situation is similar to

the case we are considering in this paper, since, as explained in Section 3, the propagators

of some of the fermions behave as 1/u2 in the u2 → 0 limit (equivalently, their quadratic

Lagrangian is proportional to u2).

What is the solution to this problem? According to the general logic explained above,

we need to find a more suitable gauge, so that the quadratic part of the Lagrangian is

nondegenerate even in the v → 0 limit. There are many gauges at our disposal, for

instance the Feynman gauge, in which the quadratic Lagrangian looks as follows (when

v = 0):

L(2)
Higgs = −1

2
(∂µAν)

2 + |∂µφ|2 + c̄� c, (B.5)
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c, c̄ being the Faddeev-Popov ghosts. In particular the cohomology of the BRST Q

operator in the Aµ sector consists of two states, which describe the two polarizations of

the massless vector field. Apart from them, we also have the two massless scalar fields

φ, φ̄, thus the spectrum of the model indeed consists of 4 massless particles. Notice,

however, that in this case two of these particles come from Aµ and two from φ, whereas in

the case of the unitary gauge we had three particles from Aµ and one from φ. The different

ways of splitting the sectrum is of course a natural consequence of gauge invariance of the

model. The important point is that both approaches give the same spectrum in the limit

v → 0, however only one of them is applicable for perturbative calculations.

In using the quite involved construction described in the paper we have in mind the

simple idea of choosing a proper gauge for our model.

C. The osp(8|4) superalgebra

This section of the Appendix provides a matrix realization of the osp(8|4) superalgebra.
The discussion here is in many ways parallel to the one of [8], since the osp(6|4) algebra
described there is very similar to the one of our interest.

Generators of the osp(8|4) can be thought of as 4|8× 4|8 supermatrices:

A =


X ϑ

η Y


 , (C.1)

where X and Y are bosonic matrices of dimensions 4 × 4 and 8 × 8 respectively. The

matrix Y belongs to so(8) and, as such, is real and antisymmetric:

Y ∗ = Y, Y T = −Y (C.2)

The matrix X belongs to sp(4) and can be characterized by the following properties:

X∗ = iΓ2X (iΓ2)
−1, XT = −C4X C−1

4 (C.3)

As for the fermions, η is related to ϑ via

η = −ϑTC4 (C.4)

and the reality property reads

ϑ∗ = iΓ2ϑ (C.5)
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D. Embeddings SO(6) →֒ SO(8)

The purpose of this section of the Appendix is to prove that the standard diagonal em-

bedding of OSP (6|4) ⊂ OSP (8|4) is the one relevant for our purposes.

A Lie superalgebra can be decomposed into its bosonic and fermionic components

in a standard way: L = L0 + L1. Then, L0 is represented on L1, since [L0,L1] ⊂ L1.

Thus, a natural question arises which representations arise in this way. The answer to this

question (among others) was given by Kac [35]. For the case of the osp(8|4) superalgebra
the corresponding fermionic module is sp4 ⊗ so8, where sp4 and so8 are the standard

(defining) representations of the corresponding algebras. In other words, for practical

purposes one can consider the representation in terms of 8|4× 8|4 supermatrices:

M =


A B

C D


 , (D.1)

where A is a standard representation of sp(4) and D is the standard representation of

so(8) 9, whereas B and C are the fermionic algebra elements, subject to natural reality

properties (besides, C is conjugate to B, in the sense that it is uniquely determined by

the latter). In fact, representations of both of these bosonic algebras can be conveniently

described in terms of gamma-matrices. Let us denote by Γµ, µ = 0, 1, 2, 3 the D = 4

gamma-matrices, and by γα, α = 1...6 (and also γ7 on slightly separate grounds) theD = 6

(respectively D = 7) gamma-matrices. They satisfy the following defining conditions:

{Γµ,Γν} = 2η(4)µν , η(4) = diag(+,−,−,−) (D.2)

{γα, γβ} = 2η
(6)
αβ , η(6) = diag(−,−,−,−,−,−) (D.3)

In these signatures the Γ matrices may be chosen to be imaginary, and the γ matrices may

be chosen to be real (this is the choice of Majorana bases for both Clifford algebras10).

The sp(4) algebra is then generated by [8] 1
2
[Γα,Γβ], iΓα, so all the generators are real.

9It is well-known that Spin(8) has 3 different irreps of dimension 8, related by the so-called triality,

so in this case the theorem of Kac rules out two of them, which are the chiral and anti-chiral spinorial

ones.
10Note however that throughout the paper we used a different representation of the Γ matrices, see

Appendix G.
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The so(8) algebra is generated by standard Eij matrices (with 1 on the ij-place and −1

on the ji place), so (not surprisingly) it is real too. In this setup the fermions should be

chosen real as well.

There are different ways to represent SO(6) on the 8-dimensional vector space of the

SO(8) vector representation. One of them is the standard diagonal embedding, which can

be continued to the embedding OSP (6|4) ⊂ OSP (8|4) in a simple way:

GOSP (6|4) =




A B

C D

12


 , (D.4)

The other representation is a faithful11 Spin(6) representation (and, as such, not a rep-

resentation of SO(6)). It may be constructed in the following way. Let x1...x8 be the 8

coordinates in the vector space, on which SO(8) is represented. We can form complex

combinations X±
1 = x1 ± ix2, etc. Then, those SO(8) transformations which correspond

to analytic (linear) maps of X+
1,2,3,4 form an SU(4). In this way SU(4) = Spin(6) is rep-

resented irreducibly on the 8-dimensional real vector space (if one considered the vector

space over C, the representation of SU(4) would split as 4 + 4̄). The above definition is

equivalent to the following: one needs to choose those matrices from SO(8) which com-

mute with a given complex structure in R
8. For definitiveness we choose the simplest

complex structure, which in our conventions is given by γ7. Clearly, such matrices are

1
2
[γα, γβ], α, β = 1...6 (as well as γ7 itself, which thus extends SU(4) to U(4)). The latter

can be split in two groups: the ones, which lie in SU(3) ⊂ SU(4) (we call them Li’s), and

the ones which lie in the compliment (we call them Ti and U). These are the following:

L1 = γ26 + γ15, L2 = γ35 + γ46 L3 = γ14 − γ23 (D.5)

L4 = γ16 − γ25, L5 = γ36 − γ45, L6 = γ13 + γ24 (D.6)

L7 = γ12 − γ34, L8 = γ12 + γ34 − 2γ56, U = γ12 + γ34 + γ56. (D.7)

T1 = 1/2(γ26 − γ15), T2 = 1/2(γ35 − γ46), T3 = 1/2(γ14 + γ23) (D.8)

T4 = 1/2(γ16 + γ25), T5 = 1/2(γ36 + γ45), T6 = 1/2(γ13 − γ24) (D.9)

11We remind the reader that a representation r of a group G on a vector space V , that is a homomor-

phism r : G → GL(V ), is called faithful, if r is injective.
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In the above U is an element of SU(4) which commutes with SU(3).

In fact, the SU(3) group, generated by L’s is the same, as the SU(3) subgroup of

the diagonal SO(6) embedding. In the notations of the paper [21], the projector P6 =

diag(1, 1, 1, 1, 1, 1, 0, 0) leaves Li invariant P6LiP6 = Li, and annihilates Ti: P6TiP6 = 0.

In order to get the diagonal embedding in this way, one needs to project the γ-

matrices (exactly as described in the appendix to paper [21]): Ti = P6γiP6, i = 1...6.

We have chosen the Majorana gamma-matrices γ in such a way, that these projections

give precisely the T -matrices, defined in the paper [8] (this is a confirmation that the

embedding has been chosen correctly).

Once we know what the correct embedding is, we can proceed to define the Hopf fiber

bundle. As described in [21], in order to do this we need to represent the sphere S7 as

a coset SU(4)× U(1)/SU(3)× U ′(1), where the ’gauge group’ U ′(1) is generated by the

element U , whereas translation along the fiber S1 is generated by γ7. Note that one may

write

γ7 = K6 + ǫ, (D.10)

where ǫ is defined in Appendix G and

U = K6 − 3ǫ, (D.11)

so the new space is indeed produced by a twisting of the original U(1) gauge group

generated by K6 with the new direction φ, that appears as the angle of SO(2) (generated

by ǫ) in SO(6)× SO(2) ⊂ SO(8), both subgroups embedded diagonally.

As explained in Appendix E, dimensional reduction corresponds to dropping the

einbein e7 = dφ − A, which describes the fiber. In terms of the coset, it implies an

additional gauging of a U(1) subgroup, generated by the fiber translations, that is by γ7.

On the other hand, as it follows from the formulas (D.10, D.11) above, gauging both U

and γ7 is the same as gauging K6 and ǫ, and thus we return to the CP 3 space, as we

should. ⊲

Thus, the OSP (8|4)/SO(7)× SO(1, 3) coset element can be chosen as follows:

g = gOSP (6|4) e
ϕǫ evλQ

λ

. (D.12)
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Here gOSP (6|4) is the OSP (6|4) coset element, which can be taken, for instance, from [8],

and schematically it looks as follows: gOSP (6|4) = gbosons h 24fermions. vλ are the additional

8 fermions absent in the OSP (6|4) coset. The matrix vλQ
λ can be found in the Appendix

G.

E. Dimensional reduction in detail

This section of the Appendix is dedicated to the explanation of how the Kaluza-Klein

reduction is performed in our setup. In part E.3 we prove that the reduction preserves

the OSP (6|4) subgroup of the OSP (8|4) isometry group of the AdS4 × S7 background.

E.1 Metric term

In this section we will follow the line of reasoning adopted in [28].

Suppose we have an 11D metric which can depend on the fermions as well as on the

bosons. This metric is subject to an important qualification — it has a linearly realized

U(1) isometry, which we will take to be the shift z → z+a, a being an arbitrary constant.

Then the metric can be written in the following way:

ds2 = gabdx
adxb +Badx

adz + Cdz2 (E.1)

Assume that the three membrane coordinates are σ, τ, y. Let us set z = y, then the

pullback of the metric written above to the membrane worldvolume can be written as

follows:

Ĝαβdx
αdxβ =

(
gab∂αx

a∂βx
b +Ba∂αx

a∂βz + C∂αz∂βz
)
dxαdxβ (E.2)

In the above formula the indices α, β run from 1 to 3. Now, when α, β = 1, 2 we have

Ĝαβ = gab∂αx
a∂βx

b (E.3)

When β = 3,

Ĝα3 =
1

2
Ba∂αx

a (E.4)

Finally, if α = β = 3, we get

Ĝ33 = C (E.5)
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If we calculate the determinant of Ĝαβ , it will of course be some function of gab, Ba, C.

Since det (Ĝ) 6= det (g), g cannot be regarded as the pullback of the correct 10D string

metric. However, the following Kaluza-Klein construction cures this drawback. Indeed,

the correct pullback hab is intoduced by the following decomposition of Ĝ (here i = 1, 2):

Ĝ = Φ−2/3


 hij + Φ2AiAj Φ

2Ai

Φ2Aj Φ2


 (E.6)

The point of this decomposition is that now for any Φ, Ai the following holds true:

det (Ĝ) = det (h) (E.7)

Thus, the Nambu-Goto actions of the membrane and the string coincide up to a factor of

the radius of the fiber, which we denote by r:

∫
dσdτdy

√
det Ĝ = r

∫
dσdτ

√
det h. (E.8)

One can read off the following from (E.6):

Φ−2/3Φ2 = Φ4/3 = Ĝ33 (E.9)

Φ−2/3Φ2Ai = Φ4/3Ai = Ĝi3 (E.10)

Φ−2/3(hij + Φ2AiAj) = Ĝij (E.11)

We need to express Φ4/3, Ai and, ultimately, hij from these expressions:

Φ4/3 = Ĝ33 (E.12)

Ai =
Ĝ3i

Ĝ33
(E.13)

hij =

√
Ĝ33 (Ĝij − Ĝ3iĜ3j

Ĝ33
) (E.14)

The last line of this equation gives us the sought for pullback (to the 2D string world-

sheet) of the 10D metric. Its determinant is equal to the determinant of Ĝ, as explained

above. It is a general answer, independent of the representation of the vielbeins (in this

argumentation the vielbeins are irrelevant, since from the very beginning we’re dealing

with the metric, and of course one can always choose the vielbeins in a pretty form to

satisfy the given metric).
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The procedure we have just explained is equivalent to writing the original metric

(E.1) in the form

ds2 = g̃abdx
adxb + C(dz − B̂adx

a)2 (E.15)

then dropping the last term and multiplying the first one by an appropriate factor of C,

such that the determinant is unchanged.

E.2 Wess-Zumino term

Here we explain the technical side of the Wess-Zumino term construction. It was an-

nounced in (5.4) that the Wess-Zumino term for the M2 brane action looks as follows:

F =
1

8
ǫāb̄c̄d̄E

ā ∧ E b̄ ∧ E c̄ ∧ E d̄ + λ̂ Eα ∧ [ΓA,ΓB]
β
α Eβ ∧ EA ∧ EB. (E.16)

The bosonic vielbeins in the above formula are normalized in a canonical way, namely so

that the AdS4 × S7 metric is written in the form ds2 = ηAB11 EAEB.

The fermionic vielbeins Eα which enter this formula are the fermionic components of

the supercurrent

J = −g−1 dg = EaTa + EαQα + AabΩab, (E.17)

We will not write out the matrix form of the supergenerators Qα, since this is to a large

extent irrelevant for our problem, but will rather deal with components of the matrix

Q = EαQα. It is a supermatrix with zero bosonic components, so it has ”off-diagonal”

form. We will call its top right block Θ (its bottom left block Θ̂ is related to it via

Θ̂ = −ΘT C4) and write its matrix components as Θāa, where ā = 0...3 is the row number

and a = 1...8 is the column number.

After this preparational work we may write the term Eα ∧ [ΓA,ΓB]
β
αEβ as follows:

Eα ∧ [ΓA,ΓB]
β
αEβ = Θāa ∧ [ΓA,ΓB]

b̄b
āaΘb̄b = Θāa(C11)

āa,b̄b ∧ [ΓA,ΓB]
c̄c
b̄bΘc̄c

The double-index notation is very convenient for our choice of the Γ-matrices (see Ap-

pendix G), since all of them have the form A4⊗B8, and clearly (A4⊗B8)
b̄b
āa ≡ (A4)

b̄
ā (B8)

b
a.

The C11 matrix raises/lowers the indices, but the interpretation of its own indices is still

the same: (C11)
āa,b̄b = −(C11)āa,b̄b = (C4Γ5)

āb̄δab (the minus sign is due to the fact that

C2
11 = −1).
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The requirement of the closedness of the four-form in (E.16) fixes the value of λ̂:

λ̂ =
i

4
(E.18)

.

E.3 OSP (6 | 4) invariance of the 10D theory

We mentioned above that the form (D.12) of the coset provides for the OSP (6|4) invari-
ance of the ten-dimensional theory. That is what we’re going to prove here. For simplicity

we will consider just the CP 3 part of the problem, or the SO(6) symmetry group. Let

Ω ∈ SO(6) ⊂ SO(8) act on g(w, θ, v) (w and θ, v are the bosonic and fermionic fields

of the coset respectively) from the left, that is g′ = Ωg(w, θ). From the properties of

gOSP (6|4) it follows that we can write

g′ = gOSP (6|4)(w
′, θ′)ω(w, θ) eϕǫ evλQ

λ

, (E.19)

where ω is the compensating element from the stabilizer U(3) of the SO(6)/U(3) coset.

Let us write ω = ωSU(3)ωU(1), where ωSU(3) belongs to SU(3) ⊂ U(3) and therefore also to

SO(7), and ωU(1) = eνK6 ∈ U(1) ⊂ U(3) does not belong to SO(7). Then ωU(1)e
ϕǫ evλQ

λ

=

eϕǫ evλQ
λ

ωU(1) = e(ϕ+3ν)ǫ(e−3νǫevλQ
λ

e3νǫ)eνU , where, as before, U = K6 − 3ǫ ∈ SO(7)

belongs to the stabilizer of the SO(8)/SO(7) coset. We denote

ϕ′ = ϕ+ 3ν, (E.20)

v′λQ
λ = e−3νǫvλQ

λe3νǫ, (E.21)

then we may write

g′ = gOSP (6|4)(w
′, θ′) eϕ

′ǫ ev
′

λ
Qλ

eνU ωSU(3). (E.22)

The key property to observe is that, since ν is a function of w, w̄, θ, the variations of all

fields involve only the fields w, w̄ and θ, v (we have included v here, since the variation of

v is δv ∼ ν v), but not ϕ. In order to see why this is important we write down the 11D

metric in the Kaluza-Klein form (in the presence of fermions):

ds2 = ds210D + D̂ (dϕ−A(1))2, (E.23)

where D̂ is the dilaton. Since the variations of all the fields do not depend on ϕ, the only

way for (E.23) to be invariant is for both dϕ−A(1) and D̂ to be invariant.
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F. Low-energy limit: integrating out the massive fields

Usually the low-energy limit implies that we need to get rid in one or another way of all

the massive fields in the theory. As explained in Section 7, in the present model finding the

low-energy limit is a rather subtle endeavour. This is due to the fact, that the Lagrangian

contains terms of various dimensions. Here by dimension we always mean the simple

canonical dimension, which in turn is determined by the behaviour of the propagator of

a given field: all scalar fields have dimension 0 and fermions have dimension 1/2, the

derivative being clearly of dimension one. Let us make it clear that so far we have only

fixed the conformal gauge γ+− = γ−+ = 1 and set to zero the massive θ fermions. Thus,

we should keep in mind that we have the v-fermions, some of which are redundant and are

subject to the additional kappa-symmetry transformations and, last but not least, some

of the bosonic fields in the Lagrangian (there are 10 bosonic fields) are unphysical and are

subject to the Virasoro constraints. Ultimately we want to express the two gauge artifacts

z± in terms of the physical fields. Of course, this is best done using the light-cone gauge

[36], but for our purposes it will be enough to use a shortcut which we will now describe.

The Virasoro constraints look as follows:

0 = V1 = ∂+z+ − z1 +
i

2
(ξ1ξ2 + φ1φ2 − χ1χ2 − ψ1ψ2) + ... (F.1)

0 = V2 = ∂−z− + z1 +
i

2
(ξ1ξ2 + φ1φ2 − χ1χ2 − ψ1ψ2) + ..., (F.2)

The part of the Lagrangian, which contains the z fields, is:

Lz = 2z22 + 4z1∂+z+ − 4z1∂−z−+ (F.3)

+4∂−z−∂+z+ + 2i(∂−z− + ∂+z+)(ξ1ξ2 + φ1φ2 − ψ1ψ2 − χ1χ2)+

+4iz1(ξ1ψ2 + ξ2ψ1 − φ1χ2 − φ2χ1) + 2iz2(χ2ψ1 + χ1ψ2 − ξ1φ2 − ξ2φ1)

We remind the reader that the physical fields z1, z2 are massive, so we may set them to

zero everywhere, except for the terms written above (since some of these terms have a

’subcritical’ dimension, that is dimension smaller than 2). For this reason we did not

write out the kinetic terms of the z1, z2 fields above (we’re going to integrate out the z1, z2

fields, in the same fashion as the W and Z bosons can be integrated out in the low-energy

limit of the Standard Model).
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Next we plug ∂+z+, ∂−z− from (F.1, F.2) into (F.3) to obtain:

Lz = 4z21 + 2z22+ (F.4)

+4iz1(ξ1ψ2 + ξ2ψ1 − φ1χ2 − φ2χ1) + 2iz2(χ2ψ1 + χ1ψ2 − ξ1φ2 − ξ2φ1)+

+2(ξ1ξ2φ1φ2 − ξ1ξ2χ1χ2 − ξ1ξ2ψ1ψ2 − φ1φ2χ1χ2 − φ1φ2ψ1ψ2 + χ1χ2ψ1ψ2)

As an intermediate result, we get the correct masses (2 and 4) for the AdS physical fields

(this should be compared with the spectrum obtained for the first time in [16]). We can

now easily integrate out the fields z1 and z2:

Lz = 3ξ1ξ2φ1φ2 − 2ξ1ξ2χ1χ2 − 2ξ1φ1χ2ψ2 − 3ξ1φ2χ1ψ2 − (F.5)

−ξ1φ2χ2ψ1 − ξ2φ1χ1ψ2 − 3ξ2φ1χ2ψ1 − 2ξ2φ2χ1ψ1 −

−2φ1φ2ψ1ψ2 + 3χ1χ2ψ1ψ2

Recall that (F.5) is only the part of the Lagrangian which initially depended on the z

fields. There’s another part, which we would have obtained, had we simply set all the z

fields to zero and dropped the vertices with higher derivatives. This part looks as follows:

L0 = 2 (
δij

1+|wk|2
− w̄i wj

(1+|wk|2)2
) (∂+wi∂−w̄j + ∂−wi∂+w̄j)+ (F.6)

+i(ξ1 − ψ1)∂+(ξ1 − ψ1) + i(φ1 + χ1)∂+(φ1 + χ1)+

−i(ξ2 − ψ2)∂−(ξ2 − ψ2)− i(φ2 + χ2)∂−(φ2 + χ2)+

+2 w̄i∂+wi−wi∂+w̄i

1+|wk|2
(ξ1 − ψ1)(φ1 + χ1)− 2 w̄i∂−wi−wi∂−w̄i

1+|wk|2
(ξ2 − ψ2)(φ2 + χ2)+

+3(ξ1ξ2φ1χ2 − ξ1ξ2φ2χ1 − ξ1φ1φ2ψ2 − ξ1χ1χ2ψ2+

+ξ2φ1φ2ψ1 + ξ2χ1χ2ψ1 + φ1χ2ψ1ψ2 − φ2χ1ψ1ψ2)+

+5(ξ1ξ2χ1χ2 + φ1φ2ψ1ψ2) + 6(ξ1φ2χ1ψ2 + ξ2φ1χ2ψ1)−

−ξ1φ1χ2ψ2 + ξ1φ2χ2ψ1 + ξ2φ1χ1ψ2 − ψ2φ2χ1ψ1

The indices i, j, k in this formula run over the values 1, 2, 3. As explained in the body of the

paper, the second and third lines of (F.6) determine the kappa-symmetry transformations,

and it is clear, that the quartic terms in this formula are not invariant under this trans-

formation (indeed, the only invariant combination is (ξ1−ψ1)(ξ2−ψ2)(φ1+χ1)(φ2+χ2)).
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However, according to the general logic that we have explained, the complete low-energy

Lagrangian is the sum of (F.5) and (F.6):

L = 2 (
δij

1+|wk|2
− w̄iwj

(1+|wk|2)2
) (∂+wi∂−w̄j + ∂−wi∂+w̄j)+ (F.7)

+i(ξ1 − ψ1)∂+(ξ1 − ψ1) + i(φ1 + χ1)∂+(φ1 + χ1)+

−i(ξ2 − ψ2)∂−(ξ2 − ψ2)− i(φ2 + χ2)∂−(φ2 + χ2)+

+2 w̄i∂+wi−wi∂+w̄i

1+w2
i

(ξ1 − ψ1)(φ1 + χ1)− 2 w̄i∂−wi−wi∂−w̄i

1+w2
i

(ξ2 − ψ2)(φ2 + χ2)+

+3(ξ1 − ψ1)(ξ2 − ψ2)(φ1 + χ1)(φ2 + χ2)

Thus, the result is invariant under the residual kappa transformations, as it should be.

Now we can safely set to zero 4 of the 8 fermions to obtain the Lagrangian announced in

the body of the paper. Note that in order to obtain (7.6) or (7.9), one needs to rescale

the fermions by a factor of 2 (v → 2 v) and divide the Lagrangian by 4.

G. Matrices and notations

Here we explicitly present the matrices, which appeared in the main text.

AdS Γ-matrices

The representation of the four Γ matrices (which come from the AdS space) used

throughout the paper is as follows:

Γ0 =




1 0 0 0

0 1 0 0

0 0 −1 0

0 0 0 −1



, Γ1 =




0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0



, Γ2 =




0 0 0 −i

0 0 i 0

0 i 0 0

−i 0 0 0



,Γ3 =




0 0 1 0

0 0 0 −1

−1 0 0 0

0 1 0 0



,

One can observe that for k = 1, 2, 3 we have Γk = iσ2 ⊗ σk. Besides, we introduce

Γ5 = iΓ0Γ1Γ2Γ3. Another matrix encountered in the text is

C4 = iΓ0Γ2 =




0 0 0 1

0 0 −1 0

0 1 0 0

−1 0 0 0
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CP γ-matrices

The seven γ matrices (which come from the S7 space) are as follows:

γ1 = I2 ⊗ Γ3, γ2 = σ3 ⊗ Γ1, γ3 = iσ2 ⊗ iΓ0Γ1Γ2

γ4 = iσ2 ⊗ iΓ2Γ3, γ5 = iσ2 ⊗ Γ0Γ3, γ6 = −σ1 ⊗ Γ1, γ7 = I2 ⊗ Γ3Γ1,

The following matrices were also encountered in the text:

U = diag(−1,−1,−1, 3)⊗ iσ2,

K6 = diag(1, 1, 1, 0)⊗ iσ2,

ǫ = diag(0, 0, 0, 1)⊗ iσ2

11D Γ-matrices

The 11D Γ matrices were used in formula (5.4) to construct the Wess-Zumino term

of the M2 brane action. These matrices (which have dimensionality 32) can be built in

the following way, as tensor products of the AdS and CP gamma-matrices defined above:

ΓA = { iΓaΓ5 ⊗ I8, a = 0...3; Γ5 ⊗ γb, b = 1...7 }

The 11D charge-conjugation matrix looks as follows:

C11 = C4Γ5 ⊗ I8 (G.1)

and has the property

(ΓA)T = −C11Γ
AC−1

11 (G.2)

The ”v-fermions”

The vλQ
λ matrix of v-fermions explicitly looks as follows:

v = vλQ
λ =




0 0 0 0 0 0 v17 v18

0 0 0 0 0 0 v27 v28

0 0 0 0 0 0 −v∗27 −v∗28
0 0 0 0 0 0 v∗17 v∗18



, (G.3)
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where

v17 =
1√
2
e−i

π
4 (ψ1 + i ψ2), v18 =

1√
2
e−i

π
4 (χ1 + i χ2), (G.4)

v27 =,
1√
2
e−i

π
4 (φ1 + i φ2) v28 =

1√
2
e−i

π
4 (ξ1 + i ξ2). (G.5)

On several occasions we used the complex fermion notation χ = ψ1 + iχ1, ψ = ψ2 + iχ2,

ξ = ξ1 − iφ1, η = ξ2 − iφ2. Besides, in the paper we made use of the gauge (6.9), which

stands for φ1 = φ2 = ξ1 = ξ2 = 0.

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,”

Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113]

[arXiv:hep-th/9711200].

[2] O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena, “N=6 superconformal

Chern-Simons-matter theories, M2-branes and their gravity duals,” JHEP 0810 (2008)

091 [arXiv:0806.1218 [hep-th]].

[3] A. Babichenko, B. Stefanski and K. Zarembo, “Integrability and the AdS(3)/CFT(2)

correspondence,” arXiv:0912.1723 [hep-th].

[4] J. A. Minahan and K. Zarembo, “The Bethe ansatz for superconformal Chern-Simons,”

JHEP 0809 (2008) 040 [arXiv:0806.3951 [hep-th]].

[5] J. A. Minahan, W. Schulgin and K. Zarembo, “Two loop integrability for Chern-Simons

theories with N=6 supersymmetry,” JHEP 0903 (2009) 057 [arXiv:0901.1142 [hep-th]].

[6] N. Gromov and P. Vieira, ”The all loop AdS4/CFT3 Bethe ansatz”, JHEP 0901 (2009)

016 [arXiv:0807.0777].

[7] C. Ahn and R. I. Nepomechie, “N=6 super Chern-Simons theory S-matrix and all-loop

Bethe ansatz JHEP 0809 (2008) 010 [arXiv:0807.1924].

[8] G. Arutyunov and S. Frolov, “Superstrings on AdS4 × CP 3 as a Coset Sigma-model,”

JHEP 0809, 129 (2008) [arXiv:0806.4940 [hep-th]].

– 38 –



[9] D. Bykov, “Off-shell symmetry algebra of the AdS4 × CP 3 superstring,” arXiv:0904.0208

[hep-th].

[10] T. Nishioka and T. Takayanagi, “On Type IIA Penrose Limit and N=6 Chern-Simons

Theories,” JHEP 0808 (2008) 001 [arXiv:0806.3391].

[11] P. Sundin, “The AdS4 × CP 3 string and its Bethe equations in the near plane wave

limit,” JHEP 0902, 046 (2009) [arXiv:0811.2775 [hep-th]].

P. Sundin, “On the worldsheet theory of the type IIA AdS4 × CP 3 superstring,”

arXiv:0909.0697 [hep-th].

[12] G. Grignani, T. Harmark and M. Orselli, “The SU(2) x SU(2) sector in the string dual of

N=6 superconformal Chern-Simons theory,” Nucl. Phys. B 810 (2009) 115

[arXiv:0806.4959 [hep-th]].

G. Grignani, T. Harmark, M. Orselli and G. W. Semenoff, “Finite size Giant Magnons in

the string dual of N=6 superconformal Chern-Simons theory,” JHEP 0812 (2008) 008

[arXiv:0807.0205 [hep-th]].

D. Astolfi, V. G. M. Puletti, G. Grignani, T. Harmark and M. Orselli, “Full Lagrangian

and Hamiltonian for quantum strings on AdS4 × CP 3 in a near plane wave limit,”

arXiv:0912.2257 [hep-th].

[13] G. Bonelli, P. A. Grassi and H. Safaai, “Exploring Pure Spinor String Theory on

AdS4 ×CP
3,” JHEP 0810 (2008) 085 [arXiv:0808.1051 [hep-th]].

[14] D. J. Gross and F. Wilczek, “Asymptotically free gauge theories. 2,” Phys. Rev. D 9, 980

(1974).

[15] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “A semi-classical limit of the

gauge/string correspondence,” Nucl. Phys. B 636, 99 (2002) [arXiv:hep-th/0204051].

[16] S. Frolov and A. A. Tseytlin, “Semiclassical quantization of rotating superstring in

AdS(5) x S(5),” JHEP 0206, 007 (2002) [arXiv:hep-th/0204226].

[17] S. Frolov, A. Tirziu and A. A. Tseytlin, “Logarithmic corrections to higher twist scaling at

strong coupling from AdS/CFT,” Nucl. Phys. B 766, 232 (2007) [arXiv:hep-th/0611269].

[18] L. F. Alday and J. M. Maldacena, “Comments on operators with large spin,” JHEP 0711

(2007) 019 [arXiv:0708.0672 [hep-th]].

– 39 –



[19] L. F. Alday, G. Arutyunov and D. Bykov, “Semiclassical Quantization of Spinning Strings

in AdS4 × CP 3,” JHEP 0811, 089 (2008) [arXiv:0807.4400 [hep-th]].

[20] T. McLoughlin and R. Roiban, “Spinning strings at one-loop in AdS4 × P 3,” JHEP 0812,

101 (2008) [arXiv:0807.3965 [hep-th]].

[21] J. Gomis, D. Sorokin and L. Wulff, “The complete AdS(4) ×CP (3) superspace for the

type IIA superstring and D-branes,” JHEP 0903, 015 (2009) [arXiv:0811.1566 [hep-th]].

[22] P. A. Grassi, D. Sorokin and L. Wulff, “Simplifying superstring and D-brane actions in

AdS(4) ×CP (3) superbackground,” JHEP 0908, 060 (2009) [arXiv:0903.5407 [hep-th]].

[23] G. Arutyunov and S. Frolov, “Foundations of the AdS5 × S5 Superstring. Part I,” J.

Phys. A 42, 254003 (2009) [arXiv:0901.4937 [hep-th]].

[24] A. Cagnazzo, D. Sorokin and L. Wulff, “String instanton in AdS(4) ×CP (3),”

arXiv:0911.5228 [hep-th].

[25] R. Roiban and A. A. Tseytlin, “Spinning superstrings at two loops: strong-coupling

corrections to dimensions of large-twist SYM operators,” Phys. Rev. D 77, 066006 (2008)

[arXiv:0712.2479 [hep-th]].

[26] R. R. Metsaev and A. A. Tseytlin, “Type IIB superstring action in AdS(5) x S(5)

background,” Nucl. Phys. B 533, 109 (1998) [arXiv:hep-th/9805028].

[27] E. Bergshoeff, E. Sezgin and P. K. Townsend, “Supermembranes and eleven-dimensional

supergravity,” Phys. Lett. B 189, 75 (1987).

[28] M. J. Duff, P. S. Howe, T. Inami and K. S. Stelle, “Superstrings in D = 10 from

supermembranes in D = 11,” Phys. Lett. B 191, 70 (1987).

[29] P. S. Howe and E. Sezgin, “The supermembrane revisited,” Class. Quant. Grav. 22, 2167

(2005) [arXiv:hep-th/0412245].

[30] D. P. Sorokin, V. I. Tkach and D. V. Volkov, “Kaluza-Klein Theories And Spontaneous

Compactification Mechanisms Of Extra Space Dimensions,” In *Moscow 1984,

Proceedings, Quantum Gravity*, 376-392

D. P. Sorokin, V. I. Tkach and D. V. Volkov, “On The Relationship Between Compactified

Vacua Of D = 11 And D = 10 Supergravities,” Phys. Lett. B 161 (1985) 301.

– 40 –



B. E. W. Nilsson and C. N. Pope, “Hopf Fibration Of Eleven-Dimensional Supergravity,”

Class. Quant. Grav. 1, 499 (1984).

[31] N. Gromov, “Generalized Scaling Function at Strong Coupling,” JHEP 0811, 085 (2008)

[arXiv:0805.4615 [hep-th]].

[32] P. Di Vecchia and S. Ferrara, “Classical Solutions In Two-Dimensional Supersymmetric

Field Theories,” Nucl. Phys. B 130 (1977) 93.

[33] E. Witten, “A Supersymmetric Form Of The Nonlinear Sigma Model In

Two-Dimensions,” Phys. Rev. D 16 (1977) 2991.

[34] B. Zumino, “Supersymmetry And Kahler Manifolds,” Phys. Lett. B 87 (1979) 203.

[35] V. G. Kac, “A Sketch Of Lie Superalgebra Theory,” Commun. Math. Phys. 53, 31 (1977).

[36] D. V. Uvarov, “AdS4 × CP 3 superstring in the light-cone gauge”, Nucl. Phys. B 826

(2010) 294 [arXiv:0906.4699 [hep-th]].

D. V. Uvarov, “Light-cone gauge Hamiltonian for AdS4 × CP 3 superstring”,

arXiv:0912.1044 [hep-th].

– 41 –


