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APPROXIMATION AND CONVERGENCE OF FORMAL CR-MAPPINGS

FRANCINE MEYLAN, NORDINE MIR, AND DMITRI ZAITSEV

ABSTRACT. Let M C CV be a minimal real-analytic CR-submanifold and M’ c CV " a real-
algebraic subset through points p € M and p’ € M’. We show that that any formal (holomorphic)
mapping f: (CV,p) — ((CN,,p’), sending M into M’, can be approximated up to any given order
at p by a convergent map sending M into M’. If M is furthermore generic, we also show that
any such map f, that is not convergent, must send (in an appropriate sense) M into the set
& € M’ of points of D’ANGELO infinite type. Therefore, if M’ does not contain any nontrivial
complex-analytic subvariety through p’, any formal map f as above is necessarily convergent.

1. INTRODUCTION AND RESULTS

An important step in understanding the existence of analytic objects with certain properties
consists of understanding the same problem at the level of formal power series. The latter prob-
lem can be reduced to a sequence of algebraic equations for the coefficients of the unknown power
series and is often simpler than the original problem, where the power series are required to be
convergent. It is therefore of interest to know whether such power series are automatically conver-
gent or can possibly be replaced by other convergent power series satisfying the same properties.
A celebrated result of this kind is ARTIN’s Approximation Theorem [AGY] which states that a
formal solution of a system of analytic equations can be replaced by a convergent solution of the
same system that approximates the original solution at any prescribed order.

In this paper we study convergence and approximation properties (in the spirit of [AGY]|) of
formal (holomorphic) mappings sending real-analytic submanifolds A/ c CY and M’ ¢ C"' into
each other. In this situation the above theorem of ARTIN cannot be applied directly. Moreover,
without additional assumptions on the submanifolds, the analogous approximation statement is
not even true. Indeed, in view of an example of MOSER-WEBSTER [MWS8J], there exist real-
algebraic surfaces M, M’ C C? that are formally but not biholomorphically equivalent. However,
our first main result shows that this phenomenon cannot happen if M is a minimal CR-submanifold
(not necessarily algebraic) in CV (see §2.] for the notation and definitions):

Theorem 1.1. Let M C CV be a real-analytic minimal CR-submanifold and M' < CN' a
real-algebraic subset with p € M and p' € M'. Then for any formal (holomorphic) mapping
f:(CN p) — (CN',p) sending M into M' and any positive integer k, there exists a germ of a
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holomorphic map f*: (CN,p) — (CN'|p') sending M into M', whose Taylor series at p agrees
with f up to order k.

Approximation results in the spirit of Theorem have been recently obtained in [B 0,
BMRO(] in the important case when N = N’ and f is invertible. Note that under the assumptions
of Theorem [[.1], there may exist nonconvergent maps f sending M into M’. For instance, it is
easy to construct such maps in case M is not generic in CV¥. Also, if M’ contains an irreducible
complex-analytic subvariety E’ of positive dimension through p’, such maps f with f(M) C £’
(in the formal sense) always exist. Our next result shows that these are essentially the only
exceptions. Denote by £’ the set of all points of M’ through which there exist irreducible complex-
analytic subvarieties of M’ of positive dimension. This set is always closed ([LEe86, [DI]]) but not
real-analytic in general (see [MMZ02H] for an example). In the following, we say that a formal
(holomorphic) map f: (CV,p) — (CV',p') sends M into £ if p(f(z(t))) = 0 holds for all germs
of real-analytic maps z: (RI™M () — (M, p) and ¢: (M',p') — (R,0) such that ¢ vanishes on
E'. We prove:

Theorem 1.2. Let M C CV be a minimal real-analytic generic submanifold and M’ C CN' a real-
algebraic subset with p € M and p' € M'. Then any formal (holomorphic) mapping f: (CV,p) —
(CN',p') sending M into M’ is either convergent or sends M into E'.

As an immediate consequence we obtain the following characterization:

Corollary 1.3. Let M C CN be a minimal real-analytic generic submanifold and M’ C CN' a
real-algebraic subset with p € M and p' € M'. Then all formal maps f: (CN,p) — (CN',p))
sending M into M’ are convergent if and only if M' does not contain any irreducible complex-
analytic subvariety of positive dimension through p'.

In contrast to most previously known related results, Theorems [[IHI.3 and Corollary do
not contain any assumption on the map f. Indeed, Theorems [[.JH[.7 seem to be the first results
of this kind and an analog of Corollary appears only in the work of BAOUENDI-EBENFELT-
RoTHSCHILD [BEROU4] for the case M, M’ C CV are real-analytic hypersurfaces containing no
nontrivial complex subvarieties. In fact they prove a more general result for M and M’ of higher
codimension assuming the map f to be finite and show (see the proof of [BER0Ug, Proposition 7.1])
that the finiteness of f automatically holds (unless f is constant) in the mentioned case of hyper-
surfaces. However, in the setting of Corollary [, the finiteness of a (nonconstant) map f may
fail to hold even when M, M’ C CV are hypersurfaces, e.g. for M := S3 x C,M' := S° c C3,
where S?"~! C C" is the unit sphere. Thus, even in this case, Theorems [LTIH[.9 and Corollary
are new and do not follow from the same approach. It is worth mentioning that Corollary [[.3 is
also new in the case of unit spheres M = S?¥~1 and M’ = S*¥'~1 with N’ > N.

Previous work in the direction of Theorem [[.9 is due to CHERN-MOSER [[CM74] for real-analytic
Levi-nondegenerate hypersurfaces. More recently, this result was extended in [BER97, BER99H,
BERO004, [BRZ00, M004, [M0O0H, BMROJ, [La01]] under weaker conditions on the submanifolds and
mappings.

One of the main novelties of this paper compared to previous related work lies in the study of
convergence properties of ratios of formal power series rather than of the series themselves. It
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is natural to call such a ratio convergent if it is equivalent to a ratio of convergent power series.
However, for our purposes, we need a refined version of convergence along a given submanifold
that we define in §B.J] (see Definition B.4). With this refined notion, we are able to conclude the
convergence of a given ratio along a submanifold provided its convergence is known to hold along
a smaller submanifold and under suitable conditions on the ratio (see Lemmata B.7.9).

Another novelty of our techniques consists of applying the mentioned convergence results of §B.]]
and their consequences given in §B.7 to ratios defined on iterated complexifications of real-analytic
submanifolds (in the sense of [£97, £99]) rather than on single Segre sets (in the sense of [BER9q))
associated to given fixed points. The choice of iterated complexifications is needed to guarantee
the nonvanishing of the relevant ratios that may not hold when restricted to the Segre sets. These
tools are then used to obtain the convergence of a certain type of ratios of formal power series
that appear naturally in the proofs of Theorems [LIHL.Z. This is done in Theorem [.1] that is,
in turn, derived from Theorem B.13 which is established in the more general context of a pair of
submersions of a complex manifold.

After the necessary preparations in §8f-f, we state and prove Theorem [[.1] which is the main
technical result of the paper and which implies, in particular, that the (formal) graph of f is
contained in a real-analytic subset Z; C M x M’ satisfying a straightening property. If f is
not convergent, the straightening property implies the existence of nontrivial complex-analytic
subvarieties in M’ and hence proves Theorem [[.3. To obtain Theorem [L.1], we use the additional
property of the set Z; (also given by Theorem [/.)), stating that Z; also contains graphs of
holomorphic maps approximating f up to any order (at 0). The fact that Z; C M x M’ then
yields Theorem [.T].

2. NOTATION AND DEFINITIONS

2.1. Formal mappings and CR-manifolds. A formal (holomorphic) mapping f : (C},p) —
(CY,p') is the data of N’ formal power series (fi, ..., fa/) in Z —p, with f(p) = p’. Let M c CN
and M’ C CN' be real-analytic submanifolds with p € M and p' € M’, and p(Z, Z), p'(Z',Z") be
real-analytic vector-valued defining functions for M near p and M’ near p’ respectively. Recall
that a formal mapping f as above sends M into M’ if there exists a matrix a(Z, Z), with entries
in C[[Z — p, Z — D]}, such that the formal identity

(2.1) P (f(2).f(2)) = alZ.Z) - p(2,7)

holds. Observe that (R.1)) is independent of the choice of local real-analytic defining functions for
M and M’. For M’ merely a real-analytic subset in CY', we also say that f sends M into M’, and
write f(M) c M, if (.1) holds for any real-analytic function p’ (with some a depending on p'),
defined in a neighborhood of p’ in C"', vanishing on M’. The notation f(M) C M’ is motivated
by the fact that in case f is convergent, the above condition holds if and only if f is the Taylor
series of a holomorphic map sending (M, p) into (M’,p’) in the sense of germs.

For a real-analytic CR-submanifold M C CV (see e.g. [BER9J94] for basic concepts related
to CR-geometry), we write TyM for the complex tangent space of M at p € M, ie. TAM =
T,MNiT,M. Recall that M is called generic if for any point p € M, one has T, M +iT,M = T,CV.



4 F. MEYLAN, N. MIR, D. ZAITSEV

Recall also that M is called minimal (in the sense of TuMANOV [[I8Y]) at a point p € M if there
is no real submanifold S C M through p with dim S < dim M and T;M C T,S for all ¢ € S. It
is well-known that, if M is real-analytic, the minimality of M at p is equivalent to the finite type
condition of KOHN [K73] and BLooM-GRAHAM [BGTT.

2.2. Rings of formal power series. For a positive integer n, we write C[t]] for the ring of
formal power series (with complex coefficients) in the indeterminates t = (¢y, ... ,t,) and C{t} for
the ring of convergent ones. If t° € C", C[[t —t°]] and C{t —t°} will denote the corresponding rings
of series centered at t°. For any formal power series F'(t), we denote by F(t) the formal power
series obtained from F'(¢) by taking complex conjugates of its coefficients.

Anideal I C C[[t]] is called a manifold ideal if it has a set of generators with linearly independent
differentials (at 0). If I C C[[t] is a manifold ideal, then any set of generators with linearly
independent differentials has the same number of elements that we call the codimension of I. In
general, we say that a manifold ideal I defines a formal submanifold S C C! and write I = I(S).
Note that if I C C{t}, then I defines a (germ of a) complex submanifold S C C" through the origin
in the usual sense. Given a formal submanifold S C C" of codimension d, a (local) parametrization
of § is a formal map j: (C"4,0) — (C",0) of rank n—d (at 0) such that Voj =0 forall V € I(S).
If §,8 C C" are two formal submanifolds, we write S C &’ to mean that I(S") C I(S). For a
formal map h : (C?,0) — (C%,0), we define its graph I', € C® x C” as the formal submanifold
given by I(I'y,), where I(I';) C CJ[t, T is the ideal generated by 17 — hy(t), ... , T, — h.(%).

For a formal power series F(t) € C[t]] and a formal submanifold S C C!, we write F|s = 0
(or sometimes also F'(t) = 0 for t € S) to mean that F(t) € I(S). If k is a nonnegative integer,
we also write F'(t) = O(k) for t € S to mean that for one (and hence for any) parametrization
Jj = j(t) of S, (Foj)(t) vanishes up to order k at the origin. We also say that another power
series G(t) agrees with F(t) up to order k (at the origin) if F'(t) — G(t) = O(k).

A convenient criterion for the convergence of a formal power series is given by the following
well-known result (see e.g. [BER00d, M004| for a proof).

Proposition 2.1. Any formal power series which satisfies a nontrivial polynomial identity with
convergent coefficients is convergent.

It will be also convenient to consider formal power series defined on an abstract complex manifold
(of finite dimension) X" centered at a point zo € X without referring to specific coordinates. In
each coordinate chart such a power series is given by a usual formal power series that transforms in
the obvious way under biholomorphic coordinate changes. Given such a series H, we write H(xg)
for the value at xg that is always defined. It is easy to see that the set of all formal power series on
a complex manifold centered at xy forms a (local) commutative ring that is an integral domain.
The notion of convergent power series extends to power series on abstract complex manifolds in
the obvious way.

In a similar way, one may consider formal holomorphic vector fields on abstract complex man-
ifolds and apply them to formal power series. If F' and G are such formal power series on X
centered at o, we write L(F/G) = 0 if and only if FLG — GLF = 0 (as formal power series on
X).
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Completely analogously one may define formal power series mappings between complex mani-
folds and their compositions.

3. MEROMORPHIC EXTENSION OF RATIOS OF FORMAL POWER SERIES

The ultimate goal of this section is to establish a meromorphic extension property for ratios of
formal power series (see Theorem B.13).

3.1. Convergence of ratios of formal power series. Throughout §f, for any formal power
series F' = F(t) € C[[t]] in t = (¢, ... ,t,) and any nonnegative integer k, we denote by j*F or by
JFF the formal power series mapping corresponding to the collection of all partial derivatives of
F up to order k. We shall use the first notation when there is no risk of confusion and the second
one when other indeterminates appear. For F(t), G(t) € C[t]], we write (F' : G) for a pair of two
formal power series thinking of it as a ratio, where we allow both series to be zero.

Definition 3.1. Let (F} : G1), (F2 : G2) be ratios of formal power series in t = (¢y,...,t,), and
S C C™ be a (germ of a) complex submanifold through 0 € C". We say that the ratios (F} : Gy)
and (F, : Gy) are k-similar along S if (j*(F1Gy — F3G1))|s = 0.

The defined relation of similarity for formal power series is obviously symmetric but not transi-
tive, e.g. any ratio is k-similar to (0 : 0) along any complex submanifold S and for any nonnegative
integer k. However, we have the following weaker property:

Lemma 3.2. Let (Fy : G1), (Fy : G3) and (F5 : G3) be ratios of formal power series in t =
(t1,...,tn), S C C" a complex submanifold through the origin and k a nonnegative integer. Sup-
pose that both ratios (Fy : Gy) and (F3 : G3) are k-similar to (Fy : G3) along S. Then, if there
exists | < k such that (5'(Fy, G2))|s Z 0, then (Fy : G1) and (Fs : Gs3) are (k — 1)-similar along S.

Proof. Without loss of generality, we may assume that (j'F3)|s # 0. By the assumptions, we have
(F*(F1Gy — F2GY))|s = 0 and (5%(F3Gy — F2Gs))|s = 0. Multiplying the first identity by F3, the
second by Fy and subtracting from each other, we obtain (j*(Fy(FiG3 — F3Gy)))|s = 0. Since
(7'Fy)|s # 0, the last identity is only possible if (j*~!(F1G3 — F3G1))|s = 0 as required. O

We shall actually use the following refined version of Lemma B.J whose proof is completely
analogous. In what follows, for some splitting of indeterminates t = (¢t!,¢%,¢3) € C™ x C™ x
C"s and for any formal power series F(t) € C[t]], we write j&F for the collection of all partial

derivatives up to order k of F with respect to t', i = 1,2, 3.

Lemma 3.3. Let (Fy : G1), (Fy : G3) and (F5 : G3) be ratios of formal power series in t =
(t1,12,43) € C™ x C™ x C™ and set S := C™ x {(0,0)} € C™ x C"2 x C"*. Suppose that there
exist integers | > 0, and ko, ks > | such that (j'(Fy, G2))|s Z 0, (jffjf;’(Fng — F,Gh))|ls =0 and
(jtlz2j§;3(F3G2 — F2G3)>|5 =0. Then (jtkgz_ljt]?_l(Fng — FgGl))‘S =0.

Clearly, given a complex submanifold S C C" through the origin, any fixed ratios (F} : G1) and

(Fy : G3) are k-similar along S for any k if and only if F1Gs — F»G1 = 0, i.e. if they are equivalent
as ratios. We now define a notion of convergence along S for any ratio of formal power series.
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Definition 3.4. Let S C C" be a complex submanifold through the origin and F'(t), G(t) € C][t]],
t = (t1,...,t,). The ratio (F' : G) is said to be convergent along S if there exist a nonnegative

integer [ and, for any nonnegative integer k, convergent power series Fy(t), G(t) € C{t}, such
that the ratio (Fy : Gy) is k-similar to (F : G) along S and (jY(Fy, Gi))|s Z 0.

The uniformity of the choice of the integer [ is a crucial requirement in Definition B.4 (see e.g.
the proof of Lemma below). This notion of convergence for ratios of formal power series has
the following elementary properties.

Lemma 3.5. For F(t),G(t) € C[{t]], t = (t1,... ,t,), the following hold.

(i) (F:G) is always convergent along S = {0}.

(ii) If F and G are convergent, then (F : G) is convergent along any submanifold S C C™ (through
0).

(i) If (F : G) is equivalent to a nontrivial ratio that is convergent along a submanifold S, then
(F : G) is also convergent along S.

(iv) If (F : G) is convergent along S = C", then it is equivalent to a nontrivial ratio of convergent
power series.

Proof. Properties (i), (ii) and (iv) are easy to derive from Definition B.4. Part (iii) is a consequence
of Lemma B.3. O

An elementary useful property of ratios of formal power series is given by the following lemma.

Lemma 3.6. Let (F : G) be a ratio of formal power series in t = (t',t?) € C™ x C™ with G # 0,
and such that (0/8t2)(F/G) = 0. Then there exists F(t'), G(t*) € C[[t\] with G # 0 such that
(F : Q) is equivalent to (F : G).

Proof. From the assumption it is easy to obtain, by differentiation, the identity

(3.1) (02 F)(02G) — (0RG)(0EF) =0,

for all multiindices o, v € N"2. Since G' # 0, there exists a € N such that (93G)|2—9 # 0.
Define F(t') := RF(t,0) € C[t']] and G(t') == d3G(t',0) € C[t']. Then by putting > = 0 in
(B-1)), we obtain that (F0;,G — G82F )]i2=0 = 0 for any multiindex v € N"2. From this, it follows
that the ratios (F' : G) and (F : G) are equivalent, which completes the proof of the lemma since
by construction G % 0. O

The following lemma will be used in §B.7 to pass from smaller sets of convergence to larger ones.

Lemma 3.7. Let F(t),G(t) € C[[t] be formal power series in t = (t',¢*,t3) € C™ x C™ x C™
that depend only on (t*,t%). Then, if the ratio (F : G) is convergent along C™ x {(0,0)}, it is also
convergent along C™ x C™ x {0}.

Proof. We set S := C™ x{(0,0)} € C" xC"2xC" and S := C™ xC" x {0} C C™ xC"2xC". By
the assumptions and Definition B.4, there exists a nonnegative integer | and, for any nonnegative
integer k, convergent power series FJ,(t), Gi(t) € C{t} such that

(3.2) (G (F(t )Gr(t) — Gt ) EFi(t)))|s = 0,
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and (5'(Fy, Gi))|s Z 0. We fix k > I. Choose 3, € N™ with |G| < [ such that
(¢ T 13) ((8 OF)(t1,0,8%), (O Gr)(t, 0,£%))) 120 Z 0.

Define F(t) := X Fy(t',0,1%) and Gy(t) := 9XGx(t',0,1*). By the construction, we have
(7'(Fk, Gk))|5 # 0 and it is also easy to see from (B) that (F : G) is (k — {)-similar to (Fy, : Gr)
along S. This finishes the proof of Lemma B.7. O

The next less obvious lemma will be also used for the same purpose.

Lemma 3.8. Consider formal power series F(t),G(t) € C[[t] int = (t',¢*t*) € C" x C"2 x C"*
of the form

(33) F(t) = QO(Y(tla tg)a t2)> G(t) = w(Y(tl> t3)> t2)’

where Y (t',¢3) € (C[[t*, t*]))" for some integer r > 1 and ¢ and ) are convergent power series in
C" x C™ centered at (Y (0),0). Then the conclusion of Lemma B also holds.

Proof. The statement obviously holds if /' and G are both zero, hence we may assume that
(F,G) # 0. Then there exists a nonnegative integer d such that (j¢(F,G))|s #Z 0, where S :=
C™ x {(0,0)} C C™ x C™ x C"3. Since (F': G) is assumed to be convergent along S, there exist

a nonnegative integer | and ratios (Fs : Gs), s = 0,1,..., of convergent power series such that
(F: Q) is s-similar to (F; : G;) and

(3.4) (7' (Fs, Go)ls # 0

for all s. Then, for any k > [ and s > k + [, we have

(3.5) (G5 " (FGs = FG))ls =

In view of (B.3) we may rewrite (B.3) in the form

(3.6) Roi((GsY)(t,0),81) =0,

where R, is a convergent power series in the corresponding variables. We view (@) as a system
of analytlc equations Ry (y,t') = 0 for k > [ fixed and s > k+1 arbitrary and y(¢*) := (j5Y)(¢',0)
as a formal solution of the system. By applying ARTIN’s approximation theorem [[AGY], for any
positive integer k, there exists a convergent solution y~(¢') agreeing up to order k (at 0 € C™)
with y(¢') (and depending also on k) and satisfying R, x(y"(t'),t') = 0 for all s as above. It
is easy to see that there exists a convergent power series Y*(t',t3) (e.g. a polynomial in t3)
satisfying (75Y%)|s—o = (). Hence the power series Ff(t) := @(Y*(t',#3),#2) and Gf(t) :=
P(YE(t1,13), %) are convergent and agree with F'(¢) and G(¢) respectively up to order x. Therefore
by choosing & sufficiently large (depending on k), we may assume that (j¢(Ff, G%))|s #Z 0. In
What follows, we fix such a choice of k. By our construction, (B.g) is satisfied with Y replaced by

% and thus (B) is satisfied with (F, G) replaced by (F, G”) ie.
(3.7) (s F ik (FrGs — FGE))|s = 0.



8 F. MEYLAN, N. MIR, D. ZAITSEV

In view of Lemma B.3, (BH), (B1) and (B.4) imply
(38) (i (PG = FEG))ls = 0.

Since s can be taken arbitrarily large, (B.§) implies that (/" : &) and (F £ G are (k — [)-similar
along S := C™ x C™ x {0}. Since (j%(Fr,Gr))|s # 0 implies (j4(E, G"””))|S 0, the ratio (F': G)
is convergent along S (in the sense of Definition B.4) and the proof is complete. O

For the proof of Theorem B.T3, we shall also need the following lemma.

Lemma 3.9. Let n be a holomorphic map from a neighborhood of 0 in C" into a neighborhood of
0 in C", with n(0) = 0, and a(t), B(t) € C[[t], t = (t1,... ,t,). Suppose that there exists a (germ
of a) complex submanifold S C C" through 0 such that n|s : S — C"™ has mazimal rank n at points
of the intersection S Nn~'({0}) that are arbitrarily close to 0 € C". Suppose also that the ratio
(womn: Bon) is convergent along S (in the sense of Definition B.4). Then (a : B) is equivalent to
a nontrivial ratio of convergent power series.

Proof. Without loss of generality, S is connected. By Definition B.4), there exist a nonnegative
integer [ and, for any positive integer k, convergent power series Ay(z), Bp(z) € C{z}, z =
(z1,...,2-), such that

(3.9) (7 (Brlaon) = Ax(Bom))|s =0

and (j'(Ar, By))|ls Z 0. We may assume that Ay, By, are convergent in a polydisc neighborhood
Ay of 0 € C". Choose vy € N, |ip| <1, of minimal length such that such that

(3.10) (00 40,00 By) | £ 0.
Then, since (07 A;,0YB;)|s = 0 for |v| < |v|, (B-9) with & = [ implies
(3.11) (@2 Bi)(aon) — (9 A)(Bon))ls =0.

By assumption on 7|s, we may choose a point so € S N A; arbitrarily close to 0 with sy € Ay,
such that 7|s has rank n at sy and n(sp) = 0. By the rank theorem, we may choose a right
inverse of 7, #:  — S, holomorphic in some neighborhood Q of 0 € C" with #(0) = sg. Since
(no@)(t) = t, we obtain from (B.11]) that ((02°B;) o )(t)(a(t)) — (020 A;) o 0)(t)(B(t)) = 0. To
complete the proof of the lemma, it remains to observe that, in view of (B.10]), 6 can be chosen so

that (((9704;) 0 0)(¢), (87 B,) 0 0)(t)) Z 0. O

3.2. Applications to pullbacks of ratios of formal power series. The notion of convergence
of a ratio of formal power series along a submanifold introduced in Definition B.4] extends in an
obvious way to formal power series defined on a complex manifold X. We also say that two ratios
(F1: Gh), (Fy : Gy) of formal power series on X are equivalent if F} G5 — F»G; vanishes identically
as a formal power series on X.

Let Y be another complex manifold and v: ) — X a holomorphic map defined in a neighborhood
of a reference point yo € Y with zy := v(yp). Consider the pullback under v of a ratio (F : G) of
formal power series on X' (centered at xy) and assume that it is convergent along a submanifold
S C Y through yo. Under certain assumptions on the map v and on the formal power series we
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show in this secEion that ) can be embedded into a larger manifold 37 and v holomorphically
extended to @;: Y — & such that the pullback of (F' : G) under v is convergent along a larger
submanifold S C Y. The precise statement is the following.

Proposition 3.10. Let X and Y be complex manifolds and v: Y — X a holomorphic submersion
with yo € Y. Let S C Y be a complex submanifold through yo and (F : G) a ratio of formal power
series on X, centered at xy := v(yo), whose pullback under v is convergent along S. Letn: X — C
be a holomorphic submersion onto a complex manifold C. Define

Vi={(y,2) €Y x X :nv(y) =n(x)}, S:={(.x)eV:yeS}, T:V3(yz)—rel
Assume that one of the following conditions hold:

(i) the ratio (F': G) is equivalent to a nontrivial ratio (aon: B on), where a and 3 are formal
power series on C centered at n(zo);

(ii) the ratio (F : G) is equivalent to a nontrivial ratio of the form (®(Y (n(x)),z) : ¥ (Y (n(z)), z)),
where Y is a C"-valued formal power series on C centered at n(xo) and ®,V are convergent
power series centered at (Y (x),z0) € C" x X.

Then the pullback of (F : G) under v is convergent along S.

Remark 3.11. The conclusion of Proposition B.I( obviously holds in the case dim&X = dimC
(without assuming neither (i) nor (ii)), and therefore, we may assume, in what follows, that

dim X > dim C which implies dim ) > dim ).

In order to reduce Proposition B.I( to an application of Lemmata B.7] and B.§, we need the
following.

Lemma 3.12. In the setting of Proposition B.10, define
S:={(y,v(y):yeScC .
Then the pullback of (F : G) under v is convergent along the complex submanifold S.

The idea of the proof lies in the fact that the derivatives of the pullbacks under v can be
expressed through derivatives of the pullbacks under v of the same power series. For this property
to hold, it is essential to assume that v is submersive.

Proof of Lemma B.13. The manifold ) can be seen as embedded into 37 via the map v: Y >y —
(y,v(y)) € Y. Therefore, by considering ¥())), we may also think of J as a submanifold in ).
Since v is a submersion, after possibly shrinking ) near yo and X near xy, we may choose for every
y € ¥ a holomorphic right inverse of v, v;': X — ¥, such that v, ' (v(y)) = y. Such a choice can
be made by the rank theorem so that the map Y x X 3 (y,x) — vy_l(x) € Y is holomorphic.

Choose open neighborhoods €, € CY™Y and Q, C Cdimj:dimy of the origin and local holomor-
phic coordinates (z,w) = (z(y,z),w(y,z)) € O x Qy on Y vanishing at (yo,x9) € Y such that

Y(Y) is given by {(y,xz) € Y : w = 0}. (Hence z|y : Y 3 y — 2(y,v(y)) € € is a system of
holomorphic coordinates for ).) In what follows, as is customary, we identify S and z(.S). Since
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(F': G) is convergent along S, for any nonnegative integer k, there exist convergent power series
fr, g, in C{z} such that

(3.12) (JER)ls =0, Ri(2) = (F ov)(2)g(2) — (G ov)(2) fu(2),

and (5(fx, gx))|s Z 0 for some nonnegative integer [ independent of k. In what follows we fix k
and may assume, without loss of generality, that fy, g, are holomorphic in ;. We shall define
convergent power series fi, gr € C{z,w} whose restrictions to {w = 0} are fi, gx. For this, we
set, for z € Qy, v7' := v, ! where y € Y is uniquely determined by the relation z = z(y, v(y)).

Define holomorphic functions on €y x €2y by setting fe(z,w) == (frov; o) (z,w) and gi(z, w) 1=
(grov;to)(z,w). We also set Ry(z,w) := (F o0)(z,w)gx(z,w) — (G o 0)(z, w) fe(z, w). Since

vy is a right convergent inverse for v, it follows from the above construction that Ry(z,w) =

(Rp o vt o®)(z,w). Therefore, by the chain rule, the power series mapping j{fz w)Rk is a linear

combination (with holomorphic coefficients in (z,w)) of the components of (j*Ry) o (v;1 o). By
restricting to z € S and w = 0, we obtain, in view of (B.13) and the fact that v;1(9(2,0)) = 2

(3.13) () (F 0 0)i — (G 0 ) fi))|:es, weo =

We therefore conclude that (f5 : §5) is k-similar to (F o? : G o) along S since the submanifold S
is given by {(z,0) : z € S} in the (2, w)-coordinates. Since (fk, gx) is the restriction of (fy, gx) to
{w = 0} by construction, we have (jéz,w)(fkv gr))|g # 0 for [ as above. This shows that (Fov : Gov)

is convergent along S and hence completes the proof of the lemma. O

Proof of Proposition B.10. The statement obviously holds when F' and G are both zero, so we may
assume that the ratio (F' : G) is nontrivial. Choose local holomorphic coordinates Z = Z(y) €
C3mY for Y | vanishing at yo, such that S is given in these coordinates by {Z = (Z!,7?) €
Cux(Cr:.Zz 2 = 0} with dim )Y = n; +ny. By the construction of y we may choose holomorphic
coordinates Z for Y near (yo, o) of the form Z = Z(y,z) = (Z(y), Z3(y,z)) € CImY x Cna,
where Z is as above, ng = dim Y — dim Y and such that J(Y) is given by {Z3 = 0}. Note that the
submanifolds S and S are given in the Z-coordinates by {Z2 = Z* = 0} and {Z2 = 0} respectively
and 1 o ¥ is independent of Z3 (again by the construction of y)

To prove the conclusion assuming (i), we first note that since v is a submersion and ¥()) C ,
it follows that v is a submersion too. Therefore, the nontrivial ratio (F ov : G o) is equivalent to
the nontrivial ratio (¢ onov: Fonov), and this latter is convergent along S by Lemma B.j (iii)
and Lemma B.13. To complete the proof of (i), it is enough to prove that (¢ onov: Fonov) is
convergent along S (again by Lemma B3 (iii)). By using the Z-coordinates for ) defined above,
we see that the conclusion follows from a direct application of Lemma J.7.

The proof of the conclusion assuming (ii) follows the same lines as above by making use of
Lemma B.§ (instead of Lemma B.7). This completes the proof of Proposition B.10. O

3.3. Pairs of submersions of finite type and meromorphic extension. We shall formulate
our main result of this section in terms of pairs of submersions defined on a given complex manifold.
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The main example of this setting is given by the complexification M C CV x CV of a real-analytic
generic submanifold M C CV, where a pair of submersions on M is given by the projections on
the first and the last component CV respectively.

In general, let X, Z and W be complex manifolds and \: X — Z, u: X — W be holomorphic
submersions. Set X(®) := X and for any integer [ > 1, define the (odd) fiber product

(314) X(l) = {(Zl, e ,Z2l+1) € X2l+1 . IU(ZQS_l) = IU(ZQS), )\(2’28) = )\(225+1), 1 S S S l}

Analogously fiber products with even number of factors can be defined but will not be used in
this paper. It is easy to see that X c X?*! is a complex submanifold. Let

(315) X(l) = (Zl, S az2l+1) — 71'5»”(2’1, R az2l+1) =z € X

be the restriction to X® of the natural projection to the j-th component, 1 < j < 2 + 1, and
denote by A\: X — Z and ji: X — W the maps defined by

(3.16) Xi=Xorl 7= ,uwréll)“.
Then, for every z € X we set ) .= (2,... ,2) € XD and
(3.17) Dy(x) == A" (A=), Ei(w) = (=)

are complex submanifolds of X®.

In the above mentioned case, i.e. when X is the complexification of a real-analytic generic
submanifold M C CV, the construction of X yields the iterated complexification M? as defined
in [£97). In this case the images f(D;(z)) are the Segre sets in the sense of BAOUENDI-EBENFELT-
RorHscHILD [BER9@ and their finite type criterion says that M is of finite type in the sense
of Koun [K72] and BLooM-GRAHAM [BGT7 if and only if the Segre sets of sufficiently high
order have nonempty interior. The last condition can also be expressed in terms of ranks (see
B d]). Motivated by this case, we say in the above general setting that the pair (A, ) of
submersions is of finite type at a point zq € X if there exists [y > 1 such that the map | Dy (x0)
has rank equal to dim W at some points of the intersection Dy, (zo) N Ej,(xo) that are arbitrarily
close to z\).

The main result of §fJ is the following meromorphic extension property of ratios of formal power
series that was inspired by an analogous result from [MMZ024] in a different context. Its proof is
however completely different and will consist of repeatedly applying Proposition B.10.

Theorem 3.13. Let X, Z, W be complex manifolds and \: X — Z, u: X — W be a pair of
holomorphic submersions of finite type at a point xy € X. Consider formal power series F(x), G(x)
on X centered at zo of the form F(z) = ®(Y(\(z)),z), G(z) = (Y (A(x)), ), where Y is a C'-
valued formal power series on W centered at A(xg) and ®, ¥ are convergent power series on C"x X
centered at (Y (M (zo)),xo). Suppose that G # 0 and that L(F/G) = 0 holds for any holomorphic
vector field L on X annihilating p. Then (F : G) is equivalent to a nontrivial ratio of convergent
power series on X (centered at xg).
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Remark 3.14. From the proof of Theorem B.I3, it will follow that the ratio (F : G) is even
equivalent to a ratio of the form (& o u : 5o pu), where @, 3 are convergent power series on W
centered at u(xg) with G # 0.

We start by giving several lemmata that will be used in the proof of Theorem B.13

Lemma 3.15. Let p: X — W be a holomorphic submersion between complex manifolds and
F(x),G(z) be formal power series on X centered at a point xy € X. Suppose that G £ 0 and that
L(F/G) =0 for any holomorphic vector field L on X that annihilates p. Then there exist formal
power series c, 3 on W centered at p(xg), with 8 Z 0, such that the ratio (F : G) is equivalent to
the ratio (o p: o).

The proof of Lemma follows from Lemma B.q after appropriate choices of local coordinates
in X and W. In the next lemma, we apply the iteration process provided by Proposition B.1( in
the context of Theorem [B.13.

Lemma 3.16. In the setting of Theorem B.13, the following holds. If, for some nonnegative

integer 1, the ratio (F o Wéll)ﬂ :Go Wéll)ﬂ) is convergent along Dj(x¢), then the ratio (F o Wélli? :

Go Wélli?) is convergent along Dii1(x). Here, 7T§?+1 is the projection given by (B-19) and D,(x¢)

is the submanifold given by (B17), j =1,1+ 1.

Proof. In order to apply Proposition P10, we first set n = p, X = X, C =W, Y := X0,
yo = ), v = Wéll)ﬂ and S := Dj(zq), where X® and Wéll)ﬂ are given by (B.I4) and (B.I9)
respectively. Note that v is a holomorphic submersion and that, by assumption, the pullback

under v of the ratio (F' : G) is convergent along S. In view of Lemma .15, Proposition B-I{ (i)
implies that, by setting

Vo= {(z1, oz, 2p2) € XY XX p(zag) = plza42) ),
Sto= {21, 21, 2242) € V1t A(21) = Awo) }
vyl A=) (zl, - ,Z2l+1722l+2) = Zo142 € Xv

the pullback of (F' : G) under vy is convergent along S;. We now want to apply a second time
Proposition B.I(. For this, we reset n := A\, X .= X, C := Z, Y := 1, yo := (xo,... ,29) € I,
v:=1v, and S := Sy, where )y, S; and v, are as above. By applying Proposition B.IJ (ii) in that
context, we obtain easily that the pullback of (£ : G) under Wélli? is convergent along D;,1(xg),

the required conclusion. 0

Proof of Theorem B.13. We first claim that the pullback of (F': G) under 7% is convergent along
Dy(zp). Indeed, note that this is equivalent to saying that (F' : G) is convergent along {z €
X AMx) = Maxo)}. By applying Proposition B.I0 (i) with n := A\, X =X, C = Z, Y = X,
Yo := Zo, v := Idy and S := {z¢}, and using Lemma B.5 (i), we get the desired claim. By applying
Lemma B.If and using the finite type assumption on the pair (A, p), it follows that the ratio

(Fo Wéllgll :Go ﬂéll‘;) ) is convergent along Dy, (zo), where [y is chosen so that fi|p, (s, has rank

+1
equal to dim W at some points of the intersection D, (x¢)NEj,(x) that are arbitrarily close to :E(()ZO).
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Let o and 3 be power series on W given by Lemma B.15. In view of Lemma 3.7 (iii), the nontrivial
ratio (ao i : o 1) is thus convergent along Dy, (), where 3o i #Z 0. Since £y, = i~ *({0}), one
sees that Lemma B9 implies that the ratio (o : () is equivalent to a nontrivial ratio (& : 3) of
convergent power series on W (centered at p(xg)). Therefore, it follows from Lemma B.I5 and the
fact that y is a submersion that (F : G) is equivalent to the nontrivial ratio (& oy : 3o y1). The

proof of Theorem is complete. 0O

4. APPLICATIONS OF THEOREM TO RATIOS ON GENERIC SUBMANIFOLDS

The goal of this section is to apply the meromorphic extension property of ratios of formal
power series given by Theorem B.IJ to the context of real-analytic generic submanifolds in CV,
and to deduce some other properties (see Proposition ] below) which will be useful for the proof
of the theorems mentioned in the introduction.

Let M C C" be a real-analytic generic submanifold of codimension d through 0, and p(Z, Z) :=
(p1(Z,2),...,pa(Z,Z)) be a real-analytic vector-valued defining function for M defined in a
connected neighborhood U of 0 in CV, satisfying dpi A. .. Opg # 0 on U. Define the complexification
M of M as follows

(4.1) M ={(Z,)eUxU":p(Z () =0},

where for any subset V' C C*, we have denoted V* := {w : w € V}. Clearly, M is a d-
codimensional complex submanifold of CY x CV. We say that a vector field X defined in a
neighborhood of 0 € CV x CV is a (0,1) vector field if it annihilates the natural projection
CNxCN > (Z,() — Z € CN. We also say that X is tangent to M if X(q) € T,M for any ¢ € M
near the origin. We have the following consequence of Theorem B.13.

Theorem 4.1. Let M C CN be a real-analytic generic submanifold through 0 and M C C} x CY
its complezification as given by ([1)). Consider formal power series F(Z,(),G(Z,() € C[[Z,(]] of
the form F(Z,¢) = ®(Y (), Z2), G(Z,¢) = V(Y ((),Z), where Y ({) is a C"-valued formal power
series and ®, ¥ are convergent power series centered at (Y (0),0) € C" x CN with G(Z,{) # 0 for
(Z,¢) € M. Suppose that M is minimal at 0 and that L(F/G) =0 on M (i.e. FLG—GLF =0
on M) for any (0,1) holomorphic vector field tangent to M. Then there exist convergent power

series F(Z),G(Z) € C{Z}, with G(Z) # 0, such that the ratios (F : G) and (F : G) are equivalent
as formal power series on M.

For the proof of the theorem, we set X := M, Z = W := CV and define the holomorphic
submersions

NMM3(ZO)—CeC, puM>3(Z ) — ZeCV.

Lemma 4.2. In the above setting, the pair (X, p) is of finite type at 0 € M (as defined in §8.3)
if and only of M is minimal at the origin.

Proof. For any nonnegative integer [, the fiber product M® is here given by
MY ={((Z1,61),- -+, (Zorsr, Cusr)) € MPHY 2 Zog g = Zog, Gog = Cosin, 1< s <1}
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and the maps N MO CN, e MY — CN by

(Z1,C15 - 5 Zorga, Cugr) = C1y (Z1,C15- -5 Zorg, Gaign) = Zarga
respectively. We then have D;(0) = {((Z1,¢1), ..., (Zas1, Caus1)) € MO 1 ¢4 = 0} and Ey(0) =
{((Z21,¢0), ..., (Zay1, Caugr)) € MW Zy o1 = 0}. The reader can check that the map 1] Dy 0)
coincides, up to a parametrization of M with a suitable iterated Segre mapping v**' at 0 as

defined in [BER99H, BEROOH]. Therefore, in view of the minimality criterion of [BER99a], [BER0O0D]
(see also [BERO(]), the pair (A, u) is of finite type at 0 € M if and only if M is minimal at 0. The
proof of the lemma is complete. O

Proof of Theorem .. Since (0, 1) holomorphic vector fields tangent to M coincide with holomor-
phic vector fields on M annihilating the submersion u, in view of Lemma f.3, we may apply
Theorem to conclude that the ratio (F : G) is equivalent to a ratio (F(Z) : G(Z)) of con-
vergent power series on M with é(Z ) # 0. (The fact that F , G may be chosen independent of
follows from Remark B.14.) The proof is complete. O

In what follows, for any ring A, we denote, as usual, by A[T], T = (T1,...,T,), the ring of
polynomials over A in r indeterminates. An application of Theorem [L.1] is given by the following
result, which will be essential for the proof of the main results of this paper.

Proposition 4.3. Let M C CV be a minimal real-analytic generic submanifold through 0 and
M C CY xCY be its complexification given by (E1). Let F(Z) := (F\(Z),... ,F.(Z)) be a formal
power series mapping satisfying one of the following conditions:

(1) there ezists G(C) := (G1(C),... ,Gs(C)) € (C[[¢])?, G(0) =0, and a polynomial R(Z,¢, X;T)
e C{Z,(, X}[T], X = (Xy,...,Xy), T = (Th,...,T,), such that R(Z,(,G(¢);T) # 0 for
(Z,¢) € M and such that R(Z,(,G(C); F(Z)) =0 for (Z,() € M;

(i) there exists a polynomial P(Z,(;T,T) € C{Z, C}[T, T), T = (Th,....T,), T = (Ty,...,T}),
such that P(Z,(;T,T) 2 0 for (Z,¢) € M and such that P(Z, (;F(C),F(Z)) 0 for
(Z,¢) e M.

Then there ezists a nontrivial polynomial A(Z;T) € C{Z}[T] such that A(Z, F(Z))

Proof. Let R be as in (i) such that

0.

(1.2) R(Z,C,G(Q); F(Z) =0, for (2,C) € M
We write R as a linear combination
(4.3) R(Z,¢,G(C) Z(s (Z,¢,G(Q) (),

where each §;(Z,(,G(C)) # 0 for (Z,(¢) € ./\/l, 0;(Z,¢,X) € C{Z,(}[X], and r; is a monomial
in 7. We prove the desired conclusion by induction on the number [ of monomials in ([.3). For
=1, (7)), (E-3) and the fact that 6,(Z,(,G(¢)) # 0 on M imply that r,(F(Z)) = 0. Since 7 is
a monomial, it follows that F;(Z) = 0 for some j which yields the required nontrivial polynomial
identity.
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Suppose now that the desired conclusion holds for any polynomial R whose number of mono-
mials is strictly less than [ and for any formal power series mapping G(¢). In view of (f.3) and
(E3), we have the following identity (understood in the field of fractions of formal power series)

(4.4) Z ; gg g ), J(F(Z)=0, (Z,¢) e M.

Let £ be any (0,1) holomorphic vector field tangent to M. Applying £ to (f.4) and using the fact
that L(F;(Z)) = 0 for any j, we obtain

(4.5) ;z <5l g 2 g((g))) ri(F(Z) =0, (Z,() e M.

We set Q;(Z,¢) :=0,;(Z,(,G(Z,())/6(Z,(,G(Z,()). It is easy to see that each ratio L{); can be
written as a ratio of the following form

5,(2.¢.G(¢))
6Z(Z7 Cu G(C))
for some G(¢) € (C[¢])* with G(0) = 0 and some 6;(Z,¢, X),0(Z,(, X) € C{Z,(, X}, X € C,
with &(Z, ¢, G(Z, C)) # 0 for (Z,() € M. From (L.H), we are led to distinguish two cases. If
for some j € {1,. — 1}, £Q); does not vanish identically on M, then the required conclusion
follows from (@), (@) and the induction hypothesis.

It remains to consider the case when £Q); = 0 on M for all j and for all (0,1) holomorphic

vector fields £ tangent to M. Then each ratio (); satisfies the assumptions of Theorem .1, and
therefore, there exists ®7/(Z), W/ (Z) € C{Z} with W/ (Z) # 0 such that Q;(Z,¢) = ®/(2)/V/(Z)

(4.6)

for j=1,...,0l—1. As a consequence, (.4) can be rewritten as
A

4. F(Zz E . (F(Z))=0.

( 7) Tl( ( ))+]<l \I”(Z) T]( ( )) 0

This proves the desired final conclusion and completes the proof of the conclusion assuming (i).

For the statement under the assumption (ii), consider a nontrivial polynomial P(Z, (;T,T) (on
M) such that P(Z,(; F(C), F(Z)) =0 for (Z,() € M. We write

(4.8) P(Z.GT,T)= > PJZGTT,

veNT,|v|<i

where each P,(Z,¢;T) € C{Z,¢}T] and at least one of the P,’s is nontrivial. If there exists
vy € N” such that P, (Z,(; F(C)) # 0 for (Z,() € M, then it follows that the polynomial
P(Z,(; F(C),T) is nontrivial (on M) and satisfies P(Z,¢; F(¢), F(Z)) =0 for (Z,() € M. Then
condition (i) is fulfilled and the required conclusion is proved above.
It remains to consider the case when P,(Z,(; F(¢)) = 0 on M and for any v € N". Fix any v
such that P,(Z,¢;T) is nontrivial for (Z,¢) € M. Write P,(Z,(;T) = 2 lal<k Caw(Z, O)T with

each ¢, (Z,¢) € C{Z,(}. Set P,(Z,(;T) = > jal<k Caw(C, Z) T*. Then P,(Z,¢;T) is a nontrivial
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polynomial (on M) and satisfies P, (Z,(; F(Z)) = 0 for (Z,() € M. Here again, condition (i) is
fulfilled and the desired conclusion follows. The proof is complete. O

We conclude by mentioning the following result proved in [MOOH, Theorem 5.1] and which is an
immediate consequence of Proposition .3 (i) and Proposition R.1.

Corollary 4.4. Let M C CV be a minimal real-analytic generic submanifold through the origin,
M C CF x CY its compleification as given by (1)) and F(Z) € C[Z]]. Assume that there
exists G( ) = ( 1(€), ... ,Gs(Q)) € (C[¢]))® with G(0) = 0 and a polynomial R(Z,(, X;T) €
C{Z,¢,X}[T], X = (Xl,... . Xs), T € C, such R(Z,(,G(C);T) £ 0 for (Z,() € M and such
that R(Z,(,G(C); F(Z)) =0 for (Z,() € M. Then F(Z) is convergent.

5. ZARISKI CLOSURE OF THE GRAPH OF A FORMAL MAP

Throughout this section, we let f: (C%,0) — (CY,,0) be a formal map. As in §£.3, we associate
to f its graph I'; C CY x CL seen as a formal submanifold. Given a (germ at (0,0) € CV x CV’
of a) holomorphic functlon H(Z,Z'), we say that H vanishes on I'y if the formal power series
H(Z, f(Z)) vanishes identically. If A € CY x C' is a (germ through the origin of a) complex-
analytic subset, we further say that the graph of f is contained in A, and write I'y C A, if any
(germ at (0,0) € CV x CM' of a) holomorphic function H(Z, Z') that vanishes on A, vanishes also
on I'y. The goal of this section is to define and give some basic properties of the Zariski closure
of the graph I'y € CY x C¥ over the ring C{Z}[Z"].

5.1. Definition. For f as above, define the Zariski closure of I'f with respect to the ring C{Z}[Z’]
as the germ Z; C CN x CM at (0,0) of a complex-analytic set defined as the zero-set of all
elements in C{Z}[Z'] vanishing on I';. Note that since Z; contains the graph of f, it follows that
dime Z; > N. In what follows, we shall denote by pu(f) the dimension of the Zariski closure Z;.
Observe also that since the ring C[[Z]] is an integral domain, it follows that Z; is irreducible over

c{z}[2].

5.2. Link with transcendence degree. In this section, we briefly discuss a link between the
dimension of the Zariski closure pu(f) defined above and the transcendence degree of a certain
field extension. The reader is referred to [£S5§] for basic notions from field theory used here. In
what follows, if K C L is a field extension and (z1,...,2;) € (L), we write K(zy,... ,x;) for the
subfield of L. generated by K and (z1, ..., ;).

We denote by My the quotient field of the ring C{Z} and consider the field extension My C
My (fi(Z2),..., fx(Z)) where we write f(Z) = (f1(Z), ..., fn(Z)). We then define the transcen-
dence degree of the formal map f, denoted in what follows by m(f), to be the transcendence degree
of the above finitely generated field extension. (We should point out that this notion of transcen-
dence degree of a formal map is in general different from the one discussed in [M00d, [MO0H].) We
have the following standard relation between m(f) and u(f):

Lemma 5.1. For any formal map f: (CN,0) — (CN',0), one has u(f) = N +m(f).

The following well-known proposition shows the relevance of p(f) for the study of the conver-
gence of the map f.
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Proposition 5.2. Let f: (CN,0) — (CY')0) be a formal map and u(f) as above. Then the
following are equivalent:

(i) u(f) = N;

(ii) f is convergent.

Proposition p.7 is a straightforward consequence of Proposition B.1].

6. LOCAL GEOMETRY OF THE ZARISKI CLOSURE

In this section, we keep the notation of §f. Our goal is to study the Zariski closure defined in
86.1] near some points of smoothness. It is worth mentioning the striking analogy of the approach

used here with that of [[P904], P90, [CPS00, MMZ02H] for the study of the analytic regularity of
C*>-smooth CR-mappings.

6.1. Preliminaries. Throughout §f], we assume that the dimension of the Zariski closure Z;
satisfies

(6.1) w(f) < N+ N

In what follows, for an open subset Q C C*, we denote by O(£2) the ring of holomorphic functions
in 2. Recall also that we use the notation Q* for the subset {g: ¢ € Q}.

In §f, we saw that u(f) > N and m := m(f) = pu(f) — N coincides with the transcendence
degree of the field extension My C My(f1(Z2),..., fv(2)), where f(Z) = (f1(Z),..., fv(2)).

As a consequence, there exist integers 1 < j; < ... < j,, < N’ such that f;,(Z),..., f;.(Z) form
a transcendence basis of My (f1(Z),..., fx(Z)) over My. After renumbering the coordinates
7' = (¢',w') € C™ x CNV'=™ and setting m’ := N’ — m, we may assume that

(6.2) f=(g,h)€Cl xCm™,

where g = (g1, ... , gm) forms a transcendence basis of My (fi, ..., fnr) over My.

Since the components of the formal map h : (C},0) — (C7,0) are algebraically dependent
over Miy(g), there exist monic polynomials P;(T) € Mn(g)[T], j = 1,...,m/, such that if h =
(hi, ..., hy), then

(6.3) Pi(h;) =0, j=1,...,m', in My(f).
As a consequence, there exist non-trivial polynomials J%(T) e C{Z}[g][T], j = 1,...,m/, such
that
(6.4) Pi(h)) =0, j=1,...,m.
For every j =1,...,m/, we can write
(6.5) PAT) = an T,
v<k;

where each ¢;, € C{Z}[g], q;r; Z 0 and k; > 1. Since each g;, is in C{Z}[g], we can also write
(6.6) Gv = 4u(Z) = Rj(Z, 9(Z))
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where R, (z,2") € C{Z}[].

Let A} be a polydisc neighborhood of 0 in CV such that the Zariski closure Z; can be repre-
sented by an irreducible (over the ring C{Z}[Z’]) closed analytic subset of AY x CV" (also denoted
by Z;). We have the inclusion

(6.7) Iyc 2z, cC¥xcV,

Define
k;j

(6.8) Pi(2,7;T) =Y Ry (2,2)T" € OAM)Z|T), j=1,....m
v=0

It follows from (p.4) — (B.6) that one has

(6.9) PAZ g(Z):h;(Z)) =0, in C[Z], j=1,... ,m.
Here each R;,(Z,2') € O(AY)[Z], k; > 1, and
(6.10) R, (Z,9(Z)) # 0.

Moreover, since C{Z}[2'][T] is a unique factorization domain (see e.g. [£S5§]), we may assume
that the polynomials given by (B.§) are irreducible.
Consider the complex-analytic variety V; C CN x CV " through (0,0) defined by

(6.11) Vi={(Z,7 W) e AY xC" x C™ : Py(Z, Ziwi) =0, j=1,...,m'}.

By (6.9), V; contains the graph I'; and hence the Zariski closure Z¢. In fact, since by Lemma .1,
dime Z¢ = p,(f) = N + m, it follows from the construction that Z; is the (unique) irreducible
component of V; (over C{Z}[Z']) containing I'y. Note that V is not irreducible in general and,
moreover, may have a dimension larger than u(f).

For j=1,...,m/ let D;(Z,2') € O(A})[Z'] be the discriminant of the polynomial P;(Z,2";T)
(with respect to T'). Consider the complex-analytic set

(6.12) D:=U" {(Z,7) e Al xC™:Dj(Z,7) = 0}.

By the irreducibility of each polynomial ﬁj(Z, 2';T), we have B;-(Z, Z) # 0in AY x C™, for
j=1,...,m'. Therefore from the algebraic independence of the components of the formal map g
over My, it follows that the graph of g is not (formally) contained in D, i.e. that

(6.13) Di(Z,9(2)) #0, forj=1,... ..
We also set
(6.14) E:=Ur{(Z,2) € AY x C™: Ry, (Z,2') = 0}.

It is well-known that £ C 25, and hence the graph of ¢ is not contained in £ too.
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6.2. Description near smooth points. By the implicit function theorem, for any point (Zy, Z{) €
Vi, Zh = (5, wp) € C™ x C™, with (Zy, 2,) € D, there exist polydisc neighborhoods of Zy, 2 and
wy, denoted by Ago c A ccCV, AZE cCcm, A% C C™ respectively and a holomorphic map

(6.15) 0(Zo, Zg;-) = Az, x Al — Al
such that for (Z, 2/, w') € A} x ATH x A:U”(,;,
(6.16) (Z,Zw") eV —= W' =0(Zy, Zy; Z, 7).

Note that if moreover (Zy, Z)) € Z;, then (B.10) is equivalent to (Z, 2/, w') € Z;. For any point

(Zo, Z}) € Z; with (Zy, %) & D, consider the complex submanifold Z;(Zy, Z|)) defined by setting
(6.17) Z1(Z0, Z)) == Z; 0 (A, X AT X A,
Note that for any point (Zy, Zj) as above, by making the holomorphic change of coordinates

(Z,7') = (2,0(2,7)) € C¥ x CV where 9(Z, 7') = o(Z, (2, 0/)) = (2,uf — 0(Zo, Zy; 7,2,
the submanifold Z;(Zy, Z|) is given in these new coordinates by

(6.18) 21(Z0, 2)) ={(Z,Z) € A, x A x C™ : Z} = ... = Z, =0},

where we write Z' = (Z],... , Z},).
We summarize the above in the following proposition.

Proposition 6.1. Let f: (CV,0) — (CY',0) be a formal map and Z; the Zariski closure of the
graph of f as defined in §p.0. Suppose that u(f) < N + N'. Then for any point (Zy, Z}) € Z;
with (Zy, z,) ¢ D, where D is given by (B.12), there exists a holomorphic change of coordinates
near (Zy, Z,) of the form (Z,2') = (Z,p(Z,2")) € CN x CN' such that the complex submanifold
Zy is gwen near (Zo, Z}) by (B.13), with m = p(f) — N.

For (Zy, Z}) € Vy with (Zo,2y) & D and (¢, X)) € (AZ)* x (AZ{?})*, we define the C™ -valued
holomorphic map
(619) 5(2072(/)7Caxl) = 9(2072(/)’Z>?)7

where 6(Zy, Z));-) is given by (p-I7). The following lemma will be important for the proof of
Theorem [7.1] below.

Lemma 6.2. With the above notation, for any polynomial v(Z', (') € C[Z', ('], (Z',¢') € CV' x
CN', there exists a nontrivial polynomial Ro(Z,¢, 2, x;T) € O(AY x AN, X[T], T € C, such
that for any point (Zy, Z}) € Vi with (Zy, z,) ¢ D, one has

(620) Ro (Za Ca Z,a X/; T(Zl> 9(207 Z(/)7 Za Z/)a X/a 9(ZOa Zév Ca X,))) = 07

for (Z,2') € A} x A% and (C.X') € (AZ)* x (AL})*.  Moreover, Ry can be chosen with

the following property: for any real-analytic generic submanifold M C CV through the origin,
Ro(Z,¢, 2, X5 T) £ 0 for ((Z,¢), 2, X', T) € (MN(AY x Al)) x C™ x C™ x C , where M is the
complezification of M as defined by ([.1)).
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Proof. For (Z,2') € A} >< Cm with (Z,2') ¢ &, where & is given by (BI4), and for j =
1,...,m/, we denote by 0'1 (Z 2, ... ,a,i]j)(Z, 2') the k; roots (counted with multiplicity) of
the polynomial P; (Z,2';T) given by (B.8). Similarly, for (¢, x) € AY x C™ with (¢, X)) € &,

agj’(g, X _(] (C X') denote the k; roots of the polynomial JB;(C, X5T) := Zl]fj:o R;, (¢, X)T”
(obtained from ( J)). (Note for any j = 1,... ,m’ and for any 1 < v < k; one has 7Y (¢, x) =

a,(,j)(z, X’), which justifies the slight abuse of notation made here.) Fix r(Z’, (') € C[Z’, ('] and set
for (Z,2") and ((, ) as above

©2) Ra(Z Sk

T 11 H( (02,2, oo (2N T (X T (GX) ).

=1 ly=1n1=1 n,,

It follows from Newton’s theorem that (p-2])) may be rewritten as
(6.22) RuU(Z, ¢, 2 X5T) =T+ A(Z,6, 2 x)T"

v<d

for some positive integer 9, and where A, is of the form

. / Ris !
69wz =n (v (B2 (Bl )
Ry, (Z,2')/ a<i; R, (G X')7 B<ki ) o<
with B, being polynomials in their arguments (depending only on the coefficients of r(Z’,(’)). In

view of (6:29) and ([-23), it is clear that there exists C(Z,¢, 2, x") € O(A) x AY)[, x'] with
C(Z,¢, 7, x") # 0 such that

(624> RO(Zu Cv Z/u X/7 T) = C(Zv Cu Zlv X/) ' Rl(Zv Cu Zlv X/7 T) S O(Aé\f X Ag]V)[z/’ X/] [T]

(C' is obtained by clearing denominators in (§.23) for all v < 4, and hence is a product of two
nonzero terms, one in the ring O(AY)[] and the other in O(AY)[x'].) Since for any fixed

(Zy, Z}) € Vs with (Zy, 2) & D and for any (Z,2') € A% XA, (Z,2') ¢ € and the j-th component

of 0(Zy, Z\; Z, 7') is a root of the polynomial Pj(Z, 2';T) by (@) and (B.11)), it follows that Ry
satisfies (6.20). Finally, the last desired property of R is easily seen from the explicit construction
of the polynomial, i.e. from the fact that C(Z,(,2’, x’) cannot vanish identically when restricted
to (M N (AY x Al)) x C™ x C™. The proof of Lemma [.7 is complete. O

6.3. Approximation by convergent maps. Since the graph of the formal map f is contained
in Z;, by applying ARTIN’s approximation theorem [A6g], for any nonnegative integer x, there
exists a convergent map f* : (CV,0) — (CV',0) agreeing with f at 0 up to order s such that the
graph of f" is contained in Z;. We may assume that the maps f" are convergent in a polydisc
neighborhood A{, € A} of 0 in CV. Following the splitting (B-3), we write f* = (¢g~, h*) and set

(6.25) S :={Ze€ A, (Z,¢"(2)) €D}, Tp:={(Zf(2)):ZeA}}cCxCV.
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Observe that since I'; is not contained in D (see §6.0)), it follows that for s large enough, say

k > K, the graph of ¢ is not contained in D too, and therefore Af, \ $* is dense in A, We may
therefore, in what follows, assume that k = 0. Note also that since the graph of f* is contained
in Z¢, in view of (B18), one has for any Z, € A, \ X°

(6.26) W(Z) = 0(Zo, [*(Z0); Z,9"(Z)),

for all Z in some (connected) neighborhood Q% C AY NAJ, of Z.

7. MAIN TECHNICAL RESULT

With all the tools defined in §§f{d at our disposal, we are now ready to prove the following
statement from which all theorems mentioned in the introduction will follow. In what follows, we
keep the notation introduced in §f-5f.

Theorem 7.1. Let f: (CV,0) — (CV',0) be a formal map, Z; the Zariski closure of 'y as defined
in §6.9 and (f*)xs0 the convergent maps given in §6.3 (associated to f and Z;). Let M C CV
be a minimal real-analytic generic submanifold through the origin. Assume that f sends M into
M' where M' C CN' is a proper real-algebraic subset through the origin. Then, shrinking M
around the origin if necessary, there exist a positive integer ko and an appropriate union Zy of
local real-analytic irreducible components of Z¢ N (M x CN'") such that the following hold:
(i) u(f) <N+ N for u(f) = dim Z;
(ii) for any k > ko, Dpe N (M x CN') C Z; € M x M’, where T4« is given by (B29);
(ili) Z; satisfies the following straightening property: for any k > ko, there exists a neighborhood
M* of 0 in M such that for any point Zy in a dense open subset of M", there exists a
neighborhood Ug, of (Zo, [*(Z,)) in CN x CN'" and a holomorphic change of coordinates in

U, of the form (Z,2') = ®(Z,2") = (Z,¢"(Z,2")) € CN x CN" such that
(7.1) Z;nUs ={(2,2))e Uy, : ZeM, Z ., == Zy, =0},
where m = u(f) — N.
For the proof of the above result, we shall need the following key proposition.
Proposition 7.2. Under the assumptions of Theorem [[ 1|, shrinking M around the origin if nec-

essary, the following hold:

(i) u(f) <N+ N';

(ii) there exists a positive integer ko such that for all k > ko and for all points Zy € (MNAF)\X",
the real-analytic submanifold Z;((Zo, f*(Zo)) N (M x CN') is contained in M x M'. Here
¥* and Z5((Zo, [*(Z0))) are given by (B-23) and (BI7) respectively and Af, is a polydisc of
convergence of f*.

Proof of Proposition [(.2 (_1) Since M _’ is a proper real-algebraic subset of CV', there exists a non-
trivial polynomial p/(Z’, Z") € C[Z', Z’] vanishing on M’. By assumption, f sends M into M’ and
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therefore we have p/(f(Z), f(Z)) =0 for Z € M, or, equivalently

(7.2) P(f(2),F(0) =0, (Z.C) e M,

where M is the complexification of M as given by (f.1]). It follows from Proposition .3 (ii)

(applied to F(Z) := f(Z) = (f1(Z),..., fn/(Z))) that the components f1(Z),..., fn(Z) satisfy
a nontrivial polynomial identity with coefficients in C{Z}. This implies that u(f) < N+ N'. The
proof of Proposition [7] (i) is complete. O

By Proposition [[.3 (i), we may now assume that (B.J]) holds and hence the arguments of §f
apply. Since M’ is a real-algebraic subset of CV', it is given by

(7.3) M ={Z'eCN : (27 =...=p)(Z',Z") = 0},
where each p;-(Z’,?), for j =1,...,1, is a real-valued polynomial in C[Z’, Z'].

Proof of Proposition [( (ii). By shrinking M around the origin, we may assume that M is con-
nected and is contained in A)’. We proceed by contradiction. Then, in view of (B-16]), (F-17) and
([[3), there exists jo € {1,...,l} and a subsequence (f**)g>¢ of (f*)x>0 such that for any k&, there
exists Z¥ € M N Af,, such that

(74) /0;0 (2/7 Q(Zka fSk(Zk)ﬂ Zv Z/)a?> Q(Zk> fsk(Zk)’ Za Zl)) §é 07
for (Z,2') € (M N AJL) X Ags(zr). After complexification of ([F]), we obtain
(75) P (25 0(Z8, f*(2"); 2,2), X', 0(2", f*(25): (X)) # 0,

for (Z,¢) € Mn (A, x (A},)*) and (2, X)) € Agowzry X (Agou(zry)*. By Lemma B.2 ap-
ph d to r(Z',{") == g, (Z',{"), there exists a nontrivial polynomial Ro(Z, ¢, 7, x;T) € O(A} x

e r
AN)[2', x/][T] such that for any positive integer k one has
( . ) RO(Zv Ca Zlv X/7 p;O (Zlv Q(Zkv fSk(Zk>7 Z7 Z/)v X/vg(Zkv fSk(Zk>7 Ca X/))> = 07
for (Z,¢) and (2, x) as above. By Lemma .3, Ry does not vanish identically when restricted to
(MN(AY x Al)) x C™ x C™ x C and therefore we may write
(77) RO(Za CaZ,,X/§T) =T"- 7-\)'OO(Za <>Z,,X/§T)>

for ((Z,¢),7,x’,T) as above and for some integer n and some polynomial Roo(Z,(, 2", x";T) €
O(AY x A2, X'|[T) satisfying

(7.8) Reo(Z,C, 2 x:0) 20, ((Z,0),7,x) € M x C™ x C™.
We also write
(79) ROO(Zv Ca Zlv X/7 T) = ROO(Z7 gv 2/7 X/7 0) + T- POO(Zv Ca Zlv X/7 T)7

with Poo(Z,¢, 2, xsT) € O(AY x AY)[Z, X][T). In view of (7-8), (-H) and ([27), we obtain
(7.10) Roo (2,¢,2' X5, (2, 0(ZF, f5(2%); 2,2))), (X, 0(Z", f+(2"):¢. X)) = 0,
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for (Z,0) € M N (AY, x (AZ,)*) and (2, X') € Ags(zry X (Dgor(zr))*. Setting 2/ = g% (Z) and

X' = ¢°*(¢) in ([-I0), we obtain, in view of (f.20)

(7.11) Roo (Z.€,9°(Z), g% (C); 05, (F*(Z), F*+(C))) = 0,

for (Z,¢) in some neighborhood of (Z*,Z*) in M and hence, by unique continuation, for all
(Z,¢) e MN(AY,, x (AY,,))- In view of (9), (1) leads to

(7.12)

Roo(Z,¢.9°(2), g%(C); 0) = =, (f™(Z), F*(Q)) - Poo(Z. G, g™(2), g(C); £}, (f*(2), F+(C))),

for (Z,() as above. Since f(M) C M’', we have the formal identity p) (f(Z)), f(¢)) = 0 for
(Z,¢) € M. Therefore, since f*:(Z) approximates f(Z) up to order s, > k at 0, it follows that

(7.13) P (f5(2), [5(C)) = O(k), (Z,¢) € M.
In view of ([.12), (7.13) implies that
(7.14) Roo(Z, ¢, 9(Z), 9°+(C); 0) = O(k)

for (Z,¢) € M. Since for any k, g% (Z) approximates g(Z) up to order sy > k at 0, the only
possibility for ([.I4) to hold is that

(7.15) Roo(Z,¢,9(2),9(C);0) =0, (Z,¢) e M.

In view of ([7.§) and ([.I3), condition (ii) in Proposition [I.J is satisfied for the components
91(Z), ... ,gm(Z) of g(Z). By Proposition [[.3, there exists a nontrivial polynomial A(Z,2') €
C{Z}[#'] such A(Z,9(Z)) = 0. This contradicts the fact that g(Z) = (¢1(2),... ,gm(Z)) is a
transcendence basis of My (f(Z)) over My. This completes the proof of Proposition [I.3. O

Proof of Theorem [[1]. In view of Proposition [.2 (i), we just need to prove parts (ii) and (iii) of
the theorem. We choose the integer x given by Proposition (ii) and define Z; to be the union
of all local real-analytic irreducible components of Z; N (M x CN') at (0,0) that contain the germ
of [y« N (M x CN') for some k > kg. The inclusion Z; C M x M’ follows from the construction
of Z; and Proposition [[] (ii). This shows part (ii) of the theorem. Finally, by setting for any
K > ko, M" := M N AY,, part (iii) of the theorem follows from Propositions [/ (ii) and and

the fact that the subset > is nowhere dense in Aé\fn. The proof of Theorem [.1] is complete. [

8. PROOFS OF THEOREMS AND

Proof of Theorem [L]. Without loss of generality, we may assume that p and p’ are the origin in
CN and CV' respectively. In the case where M is generic, Theorem [[]] is then an immediate
consequence of Theorem [.]] (ii). It remains to consider the non-generic case. If M is not generic,
by using the intrinsic complexification of M, we may assume, after a local holomorphic change
of coordinates near 0, that M = M x {0} € CY=" x C7, for some 1 < r < N — 1 and some
real-analytic generic minimal submanifold M (see e.g. [BER994]). By the generic case treated
above, for any positive integer k, there exists a local holomorphic map ¢*: (C¥=",0) — (CV',0)
defined in a neighborhood of 0 in CN~", sending M into M’ and for which the Taylor series
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mapping at 0 € CV=7 agrees with z ~— f(z,0) up to order k. Let h¥: (CV,0) — (CV',0) be the
polynomial mapping obtained by taking the Taylor polynomial of order k& at 0 of each component
of the formal map f(z,w) — f(z,0). Then by setting for every nonnegative integer k, f*(z,w) :=
g"(2,0) + h¥(z,w), the reader can easily check that the convergent map f*: (CV,0) — (CV'0)
satisfies all the desired properties. The proof of Theorem [[.1] is complete. O

Proof of Theorem [[.4. Without loss of generality, we may assume that p and p’ are the origin in
CN and CV' respectively. Suppose that f is not convergent. Let u(f) and (f*).>0 be given by
Theorem [.1]. By Proposition p.2, we have m = u(f) — N > 0. Therefore Theorem [7.]] (iii) implies
that for x large enough, f* maps a dense subset of a neighborhood of 0 (which may depend on k)
into the subset £'. Since &’ is closed in M’ (see e.g. [DI]]), f* maps actually a whole neighborhood
of 0 in M to &'. Since for any s, f" agrees with f up to order k at 0, it follows that f sends M

into £ as defined in §fl. This completes the proof. O
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