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5 A BURNS-KRANTZ TYPE THEOREM FOR DOMAINS WITH

CORNERS

LUCA BARACCO, DMITRI ZAITSEV, AND GIUSEPPE ZAMPIERI

1. Introduction

In their pioneering paper [BK94], Burns and Krantz have established a boundary
version of the classical Cartan’s uniqueness theorem:

If f is holomorphic self-map of a smoothly bounded strongly pseudoconvex domain D ⊂
C
N such that f(z) = z + o(|z − p|3) as z → p for some p ∈ ∂D, then f(z) ≡ z.

Furthermore, they give an example showing that the exponent 3 in the above statement
cannot be decreased. More recent results of this kind are due to Vlacci-Tauraso [VT98]
and Bracci-Vlacci-Tauraso [BVT00] in one and to Huang [H95] and Gentili-

Migliorini [GM97] in several complex variables. A basic global assumption in these
results was that the given holomorphic map is a self-map of the given bounded domain.

The goal of this paper is twofold. First, to give purely local boundary uniqueness results
for maps defined only on one side as germs at a boundary point and hence not necessarily
sending any domain to itself and also under the weaker assumption that f(z) = z +
o(|z − p|3) holds only for z in a proper cone in D with vertex p. Such results have no
analogues in one complex variable in contrast to the situation when a domain is preserved.
And second, to extend the above results from boundaries of domains to submanifolds of
higher codimension. Here the usual replacement for a one-sided neighborhood of M is a
wedge with the edge M . The notion of strong pseudoconvexity can be also extended to
this situation (see §2 for more details). We prove:

Theorem 1.1. Let M ⊂ CN , N ≥ 2, be a generic submanifold at a point p ∈ M and f
be a germ at p of a holomorphic self-map of a strongly pseudoconvex wedge with edge M
at p such that

f(z) = z + o(|z − p|3)

as z approaches p nontangentially. Then f(z) ≡ z. Moreover, we can restrict the way z
approaches p by requiring z to belong to a cone with vertex p, only depending only on the
domain of definition of f , which is properly contained in the given wedge.
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Note that the map f is not assumed to have any limit at points of the edge M other
than p (though it has nontangential limits almost everywhere by a result of Forstnerič

[Fo92]) and, in case it has a continuous boundary value, it is not assumed to send M into
itself. The authors of this paper are not aware of any other rigidity results for maps of
this kind. Here the known method based on the Lempert theory of extremal discs for
the Kobayashi metric [L81a, L81b, L82] cannot be applied. Instead, our approach makes
use of the theory of stationary discs recently developed by Tumanov [T01].

We conclude by giving a consequence of Theorem 1.1 in the hypersurface case which is
a “local” and “nontangential” version of corresponding results of [BK94, H95]:

Corollary 1.2. Let M ⊂ C
N , N ≥ 2, be a strongly pseudoconvex hypersurface at a point

p ∈M and f be a germ at p of a holomorphic self-map of the pseudoconvex side such that
f(z) = z + o(|z − p|3) as z approaches p nontangentially. Then f(z) ≡ z.

In fact we shall obtain Theorem 1.1 and Corollary 1.2 as special cases of the more
general Theorem 2.2 below, where the source and the target of f may be different even
as germs at p.

2. Preliminaries and generalizations

Let M ⊂ CN be a smooth submanifold. Recall that M is called generic in CN if
its tangent space at each point spans CN over complex numbers. Denote by T ∗CN the
cotangent bundle of CN (regarded as the space of all (1, 0) forms on CN) and, for every
p ∈M , by NpM := TpC

N/TpM the normal and by N∗
pM ⊂ T ∗

pC
N the conormal spaces to

M in CN , where N∗
pM consists of all 1-forms ϕ ∈ T ∗

pCN such that Reϕ|TpM = 0. Recall

that the (vector-valued) Levi form of M at p ∈ M , Lp : T
1,0
p M × T 1,0

p M → NpM ⊗ C is
the (unique) hermitian form such that the equality

Lp(Xp, Yp) =
1

2i
[X, Y ]p mod T 1,0

p M ⊕ T 0,1
p M

holds for all vector fields X and Y in T 1,0M , where Xp stands for the evaluation of the
vector field X at p. The Levi cone Cp = CpM ⊂ NpM is the convex hull of all vectors
Lp(v, v) for v ∈ T 1,0

p M \ {0} and the dual Levi cone is C∗
pM := {ξ ∈ N∗

pM : ξ|CpM >
0}. The notion of strong pseudoconvexity can be extended to submanifolds of higher
codimension as follows. The submanifold M ⊂ C

N is strongly pseudoconvex at p ∈ M
(see e.g. [TH83, Fo91, T01]) if C∗

pM 6= ∅, i.e. if ξ
(
L(u, v)

)
is positive definite for some

conormal ξ. It follows that M is strongly pseudoconvex at p if and only if there exists a
strongly pseudoconvex (real) hypersurface in CN that contains a neighborhood of p in M
(see e.g. [Fo91]).

We now introduce the notion of a strongly pseudoconvex wedge with edge M at p
which generalizes strongly pseudoconvex sides of hypersurfaces and which is relevant for
the rigidity result given by Theorem 2.2. For open cones Γ,Γ′ ⊂ Rn, we write Γ ≪ Γ′ if
Γ \ {0} ⊂ Γ′ and say that Γ is properly contained in Γ′. More generally, a cone Γ ⊂ Rn
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is said to be proper in an open subset D ⊂ Rn if it is properly contained in another cone
Γ′ ⊂ Rn such that a neighborhood of 0 in Γ′ is contained in D. By a wedge with edge M
at p in the direction of an open cone Γ ⊂ NpM we shall understand here any domain
W ⊂ CN such that for all open cones Γ′,Γ′′ ⊂ NpM with Γ′ ≪ Γ ≪ Γ′′ and for every
sufficiently small neighborhood U of p in CN , one has:

(M ∩ U) + (Γ′ ∩ U) ⊂W ;(2.1)

(M ∩ U) + (Γ′′ ∩ U) contains a neighborhood of p in W,(2.2)

where the normal space NpM is identified with any fixed complementary subspace to TpM
in CN . It is easy to see that the given definition is independent of the choice of such a
complement and also of the choice of local coordinates. Conditions (2.1) and (2.2) give
estimates on the shape of W from inside and from outside respectively and clearly depend
only on the intersection of W with an arbitrarily small neighborhood of p in C

N .
We call Γ the directional cone of W at p. We say that the wedge W is strongly pseudo-

convex at p if its directional cone Γ satisfies the following:

Lp(v, v) ∈ Γ for some vector v ∈ T 1,0
p M ;(2.3)

ξ is positive on Γ \ {0} for some covector ξ ∈ C∗
pM.(2.4)

Here Lp denotes the Levi form of M at p as above. As in the above definition of a wedge,
also here (2.3) and (2.4) are estimates on the shape of Γ from inside and from outside
respectively. In particular, it follows from (2.4) that C∗

pM is nonempty and hence M is
automatically strongly pseudoconvex in the above sense. An important class of examples
can be obtained as follows.

Example 2.1. Let ρ1, . . . , ρd, 1 ≤ d ≤ N − 1, be strictly plurisubharmonic functions in a
neighborhood of p in CN , vanishing at p and satisfying ∂ρ1 ∧ · · · ∧ ∂ρd 6= 0. Then

W := {ρ1 < 0, . . . , ρd < 0}

is a strongly pseudoconvex wedge at p with edge M := {ρ1 = . . . = ρd = 0}. In particular,
an one-sided neighborhood of a real hypersurface is a strongly pseudoconvex wedge if and
only if it is the strongly pseudoconvex side in the usual sense.

Another important class is given by Siegel domains of 2nd kind (see [P69]) that are
strongly pseudoconvex wedges whose edges are their Shilov boundaries.

The following is a generalization of Theorem 1.1:

Theorem 2.2. Let M ⊂ CN , N ≥ 2, be a generic submanifold through a point p, U and V
be strongly pseudoconvex wedges with edge M at p and f be a germ at p of a holomorphic
map between U and V with f(z) = z+o(|z−p|3) as z approaches p nontangentially. Then
f(z) ≡ z.
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It will follow from the proof that one has the same statement under the weaker as-
sumptions that U satisfies only (2.1) and (2.3) (for some cone Γ ⊂ NpM) and V satis-

fies only (2.2) and (2.4) (for a possibly different cone Γ̃ ⊂ NpM). Also, we can weaken
the assumptions about the asymptotics of f by asking that f(z) = z + o(|z − p|2) and
〈ξ, f(z)〉 = 〈ξ, z〉 + o(|z − p|3) for at least one covector ξ such that (2.4) holds. We shall
write U (resp. V ) for wedges with edge M in the statements below that will be used for
the source (resp. target) wedge in Theorem 2.2.

3. One-dimensional case

One of the key points in the proofs of mentioned rigidity results in [BK94] and [H95] is
the reduction to the one-dimensional situation, where D = ∆ is the unit disc in C. The
latter case is therefore of particular importance. We begin with a new elementary proof
of the following result due to [BK94, H95]:

Proposition 3.1. Let f : ∆ → ∆ be a holomorphic self-map with f(z) = z + o(|z − 1|3)
as z → 1 in ∆. Then f(z) ≡ z.

Proof. By the classical Fatou’s theorem, f has an L∞ boundary value function on ∂∆
that we denote also by f . Since f(z) ∈ ∆ for all z ∈ ∆, we have

(3.1) Re

(
z̄
z − f(z)

|z − 1|4

)
≥ 0, z ∈ ∂∆.

We write Kε(1) for the disc with center 1 and radius ε > 0. Then

Re

∫

{θ:eiθ /∈Kε(1)}

e−iθ
eiθ − f(eiθ)

|eiθ − 1|4
dθ = Im

∫

∂∆\Kε(1)

z2z̄
z − f(z)

(z − 1)4

dz

z

= Im

∫

∂Kε(1)∩∆

z
z − f(z)

(z − 1)4

dz

z
→ 0, ε → 0,

where the second equality holds because the function under the integral extends holo-
morphically to ∆ and the convergence to 0 is a consequence of the estimate f(z) =
z + o(|z − 1|3). Hence we must have in (3.1) the equality almost everywhere on ∂∆ prov-
ing f(z) ≡ z as required. �

The next result, for which we give a self-contained proof, generalizes Proposition 3.1.

Proposition 3.2. Let f : ∆ → ∆ be a holomorphic self-map, zk ∈ ∆ a sequence converg-
ing nontangentially to 1 such that f(zk) = zk + o(|zk − 1|3) as k → ∞. Then f(z) ≡ z.

Proof. We begin by deriving a special case of the classical Julia’s Theorem following [R80].
For a ∈ ∆, consider the automorphism ϕa(z) := (a − z)/(1 − āz) of ∆ interchanging a
and 0. Then we have

(3.2) |ϕf(a)(f(z))| ≤ |ϕa(z)|
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for all a, z ∈ ∆ as a consequence of the Schwarz lemma. We next use the identity

(3.3) 1 − |ϕa(z)|
2 =

(1 − |a|2)(1 − |z|2)

|1 − āz|2

that can be verified by easy computation (see [R80, Theorem 2.2.2]). Then (3.2–3.3) imply

(3.4)
|1 − f(a)f(z)|2

1 − |f(z)|2
≤

1 − |f(a)|2

1 − |a|2
|1 − āz|2

1 − |z|2
.

Setting a = zk and taking the limit we obtain the estimate

(3.5)
|1 − f(z)|2

1 − |f(z)|2
≤

|1 − z|2

1 − |z|2

which is the desired special case of Julia’s Theorem.
The second part of the proof closely follows the proof of Lemma 2.1 in [H95]. An easy

computation shows that the harmonic function

(3.6) ξ(z) := Re

(1 + z

1 − z
−

1 + f(z)

1 − f(z)

)

is nonnegative in view of (3.5). Furthermore, we have |(f(zk) − zk)/(1 − zk)| < 1 for k
sufficiently large and hence, using the geometric series expansion,

(3.7)
1 + f(zk)

1 − f(zk)
=

(1 + zk + f(zk) − zk)/(1 − zk)

1 − (f(zk) − zk)/(1 − zk)
=

1 + zk
1 − zk

+ o(|zk − 1|), k → ∞.

Hence ξ(zk) = o(|zk − 1|) as k → ∞. In view of the Hopf lemma, the latter fact is only
possible if ξ(z) ≡ 0 and therefore f(z) ≡ z as required. �

4. Stationary discs

We review basic fact from the Tumanov’s theory of stationary discs in higher codi-
mension extending the classical Lempert’s theory for strictly (linearly) convex domains.
Recall that a continuous mapping Φ: ∆ → CN , where ∆ is the unit disc in C, is called
an analytic disc attached to M if Φ|∆ is holomorphic and Φ(∂∆) ⊂ M . In this paper
we shall consider only smooth analytic discs. In his celebrated paper [L81a], Lempert

gave a characterization of those analytic discs attached to a boundary of a strictly con-
vex domain, for which the maximum of the Kobayashi distance is attained, in terms of
meromorphic lifts of its boundary values. The discs admitting such lifts were called sta-
tionary. More recently, Tumanov [T01] extended this notion to higher codimension. In
his terminology, an analytic disc Φ attached to M is stationary if there exists a nonzero
holomorphic map (a lift) Φ∗ : ∆ \ {0} → T ∗CN such that ζΦ∗(ζ) ∈ O(∆) ∩ C(∆) and
Φ∗(ζ) ∈ N∗

Φ(ζ)M for ζ ∈ ∂∆. In contrast to the full space of attached analytic discs, the

space of stationary discs (satisfying certain inequalities) has finite dimension provided M
is sufficiently nondegenerate (see Theorem 4.1 below).
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In order to have an explicit description of stationary discs, it will be convenient to write
M near a point p ∈M in the form

(4.1) M = {ρ(x+ iy, w) = 0} = {y = h(x, w)}, ρ(x+ iy, w) = h(x, w) − y,

where coordinates (z, w) = (x + iy, w) ∈ Cd × Cn = CN vanishing at p are chosen
such that h(0) = 0 and h′(0) = 0. In order to have a description of all holomorphic
(and meromorphic) lifts of an attached analytic disc Φ, it will be convenient, following
[T88, T01], to introduce “partial holomorphic lifts” of Φ to T ∗CN (or their collections
forming a matrix) for which only the “z-components” are holomorphic. More precisely,
to every analytic disc Φ sufficiently small (e.g. in C∞(∆)) which is attached to M (given
in the form (4.1)), one can associate, by solving a Bishop’s equation, a unique smooth
real invertible d × d matrix function G(ζ) on ∂∆ such that G(1) = id and G(ζ)ρz(Φ(ζ))
extends holomorphically from ∂∆ to ∆, where ρz := (ρz1 , . . . , ρzd

) is the gradient with
respect to the chosen coordinates. (More precisely, the function G(ζ) here is normalized
at ζ = 1 rather than ζ = 0 as in [T01] and, hence, differs from it by an invertible constant
matrix factor.) We now state Tumanov’s existence and uniqueness result for stationary
discs in the following slightly adapted for our purposes form:

Theorem 4.1 (Tumanov). Let M ⊂ CN be a smooth generic submanifold through a point
p. Then for every fixed c0 ∈ Rd such that the Levi form of M at p is nondegenerate in
the direction of the conormal c0∂ρ, every fixed ε > 0 and every data (λ, c, v) ∈ Cd ×
Rd×Cn sufficiently close to (0, c0, 0), there exists a unique smooth stationary disc Φ(ζ) =
(z(ζ), w(ζ)), ζ ∈ ∆, with Φ(1) = p and w′(1) = v whose lift Φ∗ is of the form

(4.2) Φ∗(ζ) =
(
Re (λζ + c)

)
G(ζ)∂ρ(Φ(ζ))

and such that w(ζ) = α(ζ) + β(ζ) with α linear and ‖β‖C∞ < ε‖v‖.

Since Theorem 4.1 is not explicitly stated in this form in [T01], we provide here a proof,
essentially following the arguments of [T01, §4–5].

Proof. Let M be given near p = 0 by (4.1) and let Φ: ∆ → CN be a sufficiently small
stationary disc for M with a lift Φ∗ : ∆\{0} → T ∗

C
N . Denote by G(ζ) the invertible d×d

matrix function on ∂∆ as described above such that G(1) = id and G(ζ)ρz(Φ(ζ)) extends
holomorphically to ∆. Observe that G(ζ) is arbitrarily close to the constant identity
provided Φ is arbitrarily small. We can then write

(4.3) Φ∗(ζ) = ν(ζ)G(ζ)
(
ρz(Φ(ζ)), ρw(Φ(ζ))

)
, ζ ∈ ∂∆,

where ν : ∂∆ → R
d is a real vector function. By definition of the lift, ζΦ∗(ζ) extends

holomorphically to ∆. Recall that the construction of G required Φ to be small. We
can also further require that the inverse S(ζ) := (G(ζ)ρz(Φ(ζ)))−1 exists and extends
holomorphically to ∆. Multiplying ζΦ∗(ζ) by S(ζ) on the right and using (4.3) we conclude
that the product ζν(ζ) must also extend holomorphically to ∆. Since ν is valued in Rd,
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expanding into the Fourier series on ∂∆, we conclude that ν(ζ) = Re (λζ + c) for suitable
vectors λ ∈ Cd, c ∈ Rd. In particular, Φ∗(ζ) is always of the form (4.2).

We now explore, under what conditions, an attached analytic disc Φ with a lift Φ∗ given
by (4.2) is stationary, i.e. when does ζΦ∗(ζ) extend holomorphically to ∆. Since

(4.4) 2ζRe (λζ + c) = ζ(λζ + λ̄ζ̄ + 2c) = λζ2 + λ̄+ 2cζ, ζ ∈ ∂∆,

obviously has a holomorphic extension to ∆ and since G(ζ)ρz(Φ(ζ)) extends holomorphi-
cally to ∆ by the construction, then

(4.5) ζ
(
Re (λζ + c)

)
G(ζ)ρz(Φ(ζ)), ζ ∈ ∂∆,

also has the same extension property. Hence it remains to find Φ(ζ) such that the “w-
component”

(4.6) ζ
(
Re (λζ + c)

)
G(ζ)ρw(Φ(ζ)), ζ ∈ ∂∆,

has the extension property. The fact that Φ(ζ) = (z(ζ), w(ζ)) is attached to M with
Φ(1) = 0 can be expressed via the Bishop’s equation

(4.7) Re z(ζ) = −T1

(
h(Re z(ζ), w(ζ))

)
, ζ ∈ ∂∆,

so that w(ζ) with w(1) = 0 can be seen as an independent parameter and z(ζ) is uniquely
determined from it by (4.7) and the condition z(1) = 0.

We next assume, without loss of generality, that h(x, w) is further normalized as

(4.8) h(x, w) = (w∗Ajw)j + o(|(x, w)|2), (x, w) → 0,

where Hermitian n× n matrices A1, . . . , Ad represent the (Rd-valued) Levi form of M at
0, and that the corresponding normalization holds also for the derivatives:

(4.9) ρw(z, w) = hw(z, w) = (Ājw̄)j + o(|(x, w)|), (x, w) → 0,

where we think of Lw as a d×n matrix (we write ∗ for the conjugate transposed matrix).
The next step consists of substituting (4.9) into (4.6) and writing G(ζ) = id +G0(ζ) and

(4.10)

d∑

j=1

(
Re (λjζ + cj)

)
Aj = (id − ζX)∗B(id − ζX), ζ ∈ ∂∆,

for suitable n× n complex matrices B = B(λ, c), X = X(λ, c). To show the existence of
B and X, we set P = P (λ, c) :=

∑
j λjAj , Q = Q(λ, c) :=

∑
j cjAj and rewrite (4.10) as

(4.11) ζP + ζ̄P ∗ + 2Q = B − ζBX − ζ̄X∗B +X∗BX

leading to the system

(4.12) P ∗X2 + 2QX + P = 0, 2Q = B +X∗BX.

Recall that we consider (λ, c) in a neighborhood of (0, c0) such that P (0, c0) = 0 and
Q(0, c0) is invertible. Then the system (4.12) can be solved for (X,B) near (0, B0) by the
implicit function theorem with B0 = 2Q(0, c0) being invertible.



8 L. BARACCO, D. ZAITSEV, G. ZAMPIERI

We now look for w(ζ) in the form

(4.13) w(ζ) = w0 + ζ(id − ζX)−1σ(ζ),

where σ(ζ) is an unknown function and w0 is uniquely determined by the condition w(1) =
0. Note that, if (X,B) is sufficiently close to (0, B0), the matrix (id − ζX) is invertible
for ζ ∈ ∆. Substituting (4.13) (and the corresponding solution z(ζ) of (4.7)) into (4.9)
and using (4.10) and the property of G(ζ), we conclude that the expression in (4.6) can
be written as

(4.14) ζ
(
Re (λζ + c)

)
(Ājw̄0)j + (id − ζ̄X̄)∗B̄σ(ζ) + o(‖σ‖), ζ ∈ ∂∆,

where the norm of σ in the last term is understood in any Hölder space Cα, 0 < α < 1. The
first term always extends holomorphically to ∆ in view of (4.4). Hence the holomorphic
extendibility of (4.6) is equivalent to that of

(4.15) (id − ζ̄X̄)∗B̄σ(ζ) + o(‖σ‖), ζ ∈ ∂∆.

Furthermore, since the matrix factor in (4.15) is invertible and holomorphic in ζ , our
condition is equivalent to the antiholomorphic extendibility of σ(ζ)+ o(‖σ‖). By taking a
Cauchy transform K given by the Cauchy integral formula up to a constant and using the
fact that σ is holomorphically extendible, we obtain an equation σ(ζ) = a +K(o(‖σ‖)),
where a ∈ Cn is a parameter that can be chosen to be σ(1). The latter equation can
be solved by the implicit function theorem in any Hölder class Ck,α for any sufficiently
small a = σ(1) and any data (λ, c) sufficiently close to (0, c0). It can be now seen from
the construction and the implicit function theorem that the solution w(ζ) given by (4.13)
defines a smooth transformation (λ, c, a) 7→ (λ, c, w′(1)) sending (0, c0, 0) into itself and
being locally invertible there. This shows the existence and uniqueness of a small solution
w(ζ) with given data λ, c and v = w′(1) having the required properties. The proof is
complete. �

Note that, by the construction in [T01], for c fixed and λ, v arbitrarily small, the dif-
ference Φ∗(ζ) − ξ is also arbitrarily small on ∂∆, where ξ := Φ∗(1). We shall say that a
stationary disc Φ has a small lift Φ∗ in the direction of a conormal ξ ∈ N∗

pM if Φ(1) = p,
Φ∗(1) = ξ and both Φ(ζ)− p, Φ∗(ζ)− ξ are small in the norm C∞(∂∆). Then the unique-
ness part of Theorem 4.1 implies that, if ξ ∈ C∗

p , all stationary discs with small lifts in
the direction ξ are given by Theorem 4.1 with sufficiently small data λ, v.

We now show that the assumption (2.3) in §2 for a wedge with edge M implies that
the corresponding stationary discs are contained in the wedge.

Lemma 4.2. Let U be a wedge with edge M at p whose directional cone is Γ and v0 ∈
T 1,0
p M be such that Lp(v0, v0) ∈ Γ. Then, for any ξ ∈ C∗

p , any neighborhood of the origin
contains an open subset of parameters λ, v for which the corresponding stationary discs Φ
with small lifts in the direction ξ satisfy Φ(∆) ⊂ U . Moreover, for any sector S ⊂ ∆ with
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vertex 1 and sufficiently small parameters λ, v, the images Φ(S) are contained in a fixed
proper cone in U with vertex p.

Proof. By Theorem 4.1, there exist stationary discs Φ(ζ) = (z(ζ), w(ζ)) with arbitrarily
small lifts in the direction ξ with w′(1) ∈ Cv0. Since also w(ζ) = α(ζ) + β(ζ) with α and
β satisfying the conclusion of Theorem 4.1 and since Φ is attached to M , the derivatives
Φ′(ζ) will be arbitrarily close to a multiple of v0 for all ζ ∈ ∆. Choose any conormal
c∂ρ(p) ∈ N∗

pM with c dρ(p;Lp(v0, v0)) > 0, where c ∈ Rd and ρ is the defining function of
M near p. Then, for Φ as above, the function cρ ◦Φ is plurisubharmonic in ∆ and is zero
on the boundary ∂∆. By the maximum principle, cρ(Φ(ζ)) ≤ 0 for all ζ ∈ ∆. By choosing
finitely many conormals c1∂ρ, . . . , cs∂ρ such that

Lp(v0, v0) ∈
⋂

j

{cj dρ(p) > 0} ⊂⊂ Γ,

we conclude that Φ(∆) ⊂ ∩j{cjρ < 0} ⊂ U for Φ sufficiently small. The last conclusion
follows from the Hopf lemma applied to suitable small perturbations of ρ. �

Lemma 4.3. Let Φ0 be a stationary disc with sufficiently small lift in the direction ξ ∈
N∗
pM . Then, for stationary discs Φ arbitrarily close to Φ0 in the direction ξ, the union of

their boundaries Φ(∂∆) contains open subsets in M arbitrarily close to p.

Proof. By Theorem 4.1, the discs Φ are in one-to-one correspondence with the parameters
λ ∈ Cd, v ∈ Cn. We then consider the correspondence

(λ, v) 7→
ψ

(Φ′(1), (Φ∗)′(1)) 7→
π

Φ′(1), C
d × C

n → T(p,ξ)N
∗M → TpM.

Since M is strongly pseudoconvex, Φ has defect 0, i.e. its lift Φ∗ cannot be chosen holo-
morphic. By [T01, Proposition 3.9], ψ is injective and hence immersive on a dense subset.
Since dimR N

∗M = 2(n+ d), ψ is also submersive on a dense subset of its domain of def-
inition. Then π ◦ ψ is clearly submersive on the same subset and the required statement
follows. �

Lemmas 4.2 and 4.3 imply:

Corollary 4.4. In the setting of Lemma 4.2 the union of images Φ(∆) of the stationary
discs Φ in the direction ξ arbitrarily close to Φ0, contains smooth generic submanifolds of
CN arbitrarily close to p.

5. Strongly convex hypersurfaces passing through stationary discs

Following Lempert [L81a] we call an analytic disc Φ: ∆ → C
N stationary for a

bounded domain with smooth boundary Ω ⊂ CN if it is stationary for M = ∂Ω and
the lift Φ∗ can be chosen such that it does not vanish on ∂∆. Our goal here is to con-
struct, for each sufficiently small stationary disc Φ, a smooth strongly convex domain for
which Φ is also stationary with the same lift.
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Proposition 5.1. Suppose that a wedge V with edge M at p and a conormal ξ ∈ C∗
p sat-

isfies (2.4). Then there exist a biholomorphic change of coordinates in CN , a neighborhood
B(p) of p in CN and, for every stationary disc Φ with sufficiently small data λ, v as in
Theorem 4.1 and Φ∗(1) close to ξ, a strongly convex (with respect to the new coordinates)
bounded domain Ω ⊂ CN such that

(i) V ∩B(p) ⊂ Ω;
(ii) M ∩B(p) ⊂ ∂Ω;
(iii) Φ∗(ζ)|TΦ(ζ)∂Ω = 0 and Φ∗(ζ) 6= 0 for all ζ ∈ ∂∆.

In particular, Φ is stationary also for Ω with the same lift Φ∗.

Proof. In the vector notation we have, for every stationary disc Φ as above, Φ∗(ζ) =
c(ζ)∂ρ(Φ(ζ)) for ζ ∈ ∂∆, where c(ζ) is a real vector and ρ is the defining function of
M as in (4.1). If the data λ, v are sufficiently small, it follows from Theorem 4.1 that
Φ: ∆ → CN is a smooth embedding. Hence we can find a smooth extension c̃ of c from
Φ(∂∆) ∼= ∂∆ to a neighborhood of p in M . The neighborhood can be chosen uniformly
for all Φ as above. Moreover, since Φ∗(ζ) is arbitrarily close to ξ and ξ satisfies (2.4), also
the extension c̃∂ρ can be chosen to have these properties. Then one can see that the real
hypersurface defined by ρ̃ := c̃ρ+C‖ρ‖2 for a sufficiently large constant C > 0 near p can
be extended to the boundary of a domain Ω as required. �

In the situation of Proposition 5.1, we can take advantage of Lempert’s theory [L81a,
L81b], in particular, of the fact that stationary discs coicide with geodesics for the
Kobayashi metric and also that the latter are regular up to the boundary.

6. A direct proof of Theorem 2.2 in a weaker form

Here we give a direct proof of the statement of Theorem 2.2, where the asymptotics
f(z) = z+ o(|z− p|3) is assumed for any z in the wedge rather than in a proper cone. We
begin by a uniqueness result for stationary discs in smooth strongly convex domains.

Proposition 6.1. Let Ω ⊂ CN be a smooth strongly convex bounded domain and Φ: ∆ →
Ω be a stationary disc for Ω. Let Φ̃ : ∆ → Ω be a holomorphic map satisfying Φ̃(ζ) =

Φ(ζ) + o(|ζ − 1|3) as ζ → 1 in ∆. Then Φ̃ ≡ Φ.

Proof. Since Φ is stationary for Ω, there exists a (smooth) lift Φ∗ : ∆ \ {0} → T ∗CN such
that Φ∗(ζ) ∈ N∗

Φ(ζ)∂Ω \ {0} for ζ ∈ ∂∆ and ζΦ∗(ζ) is holomorphic in ∆. By the classical

Fatou’s theorem, Φ̃ has an L∞ boundary value on ∂∆ that we also denote by Φ̃. Since Ω
is strongly convex, we can choose Φ∗ such that

(6.1) Re

〈
Φ∗(ζ),

Φ(ζ) − Φ̃(ζ)

|ζ − 1|4

〉
≥ 0

for almost all ζ ∈ ∂∆, where 〈·, ·〉 denotes the standard pairing. Furthermore, since Ω
is strongly convex, for almost every ζ ∈ ∂∆, we have the equality in (6.1) if and only
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if Φ(ζ) = Φ̃(ζ). Since Φ is smooth up to the boundary of ∆ and because of the given

estimate for Φ̃, we can repeat the arguments of the proof of Proposition 3.1 to obtain

Re

∫

{θ:eiθ /∈Kε(1)}

〈
Φ∗(eiθ),

Φ(eiθ) − Φ̃(eiθ)

|eiθ − 1|4

〉
dθ → 0, ε → 0.

Hence we must have the equality in (6.1) almost everywhere on ∂∆ which proves Φ ≡ Φ̃
on ∆ as required. �

We now turn to the proof of Theorem 2.2 in the weaker form mentioned above:

Proposition 6.2. The conclusion of Theorem 2.2 holds if the hypothesis on the asymp-
totics of f at p holds without restrictions on the way of approaching p.

Proof. By Lemma 4.2, for any ξ ∈ C∗
p , there exists an open set of stationary discs Φ with

arbitrarily small lifts in the direction ξ such that Φ(∆) ⊂ U . In view of Corollary 4.4, it
is enough to show that f ◦ Φ ≡ Φ on ∆ for each disc Φ as above. For Φ fixed, let B(p)
and Ω be given by Proposition 5.1. Since f(z) → p as z → p and since Φ can be taken
arbitrarily small, we may assume that Φ(∆) ⊂ V ∩ B(p) ⊂ Ω. Since Φ is smooth up to
the boundary, we have the estimate f(Φ(ζ)) = Φ(ζ) + o(|ζ − 1|3) and hence we are in the

situation of Proposition 6.1 with Φ̃ := f ◦ Φ that yields Φ̃ ≡ Φ as required. �

7. Uniqueness for images of stationary discs

In order to prove Theorem 2.2 as it stands we shall need results of Lempert [L81a,
L81b, L82] for stationary discs and geodesics and a result of Huang [H95] on boundary
uniqueness for holomorphic self-maps of the disc ∆. The main consequence can be stated
as follows.

Proposition 7.1. Let Ω and Φ be as in Proposition 6.1 and Φ̃ : ∆ → Ω be a holomorphic

map satisfying Φ̃(zk) = Φ(zk) + o(|zk − 1|3) for some sequence zk in ∆ converging to 1

nontangentially. Then Φ̃ ≡ Φ.

Proof. Since Φ is stationary for ∂Ω, there exists a holomorphic retraction π : Ω → ∆ such
that π ◦Φ = id∆ (see [L81a, L81b, L82]) and π is smooth up to the boundary of Ω. Hence

π◦Φ̃ is a holomorphic self-map of ∆ satisfying π(Φ̃(zk)) = zk+o(|zk−1|3). Then π◦Φ̃ = id

by Proposition 3.2. Since both π and Φ̃ are holomorphic, we have

(7.1) K∆

(
π(Φ̃(ζ1)), π(Φ̃(ζ2))

)
≤ KΩ(Φ̃(ζ1), Φ̃(ζ2)) ≤ K∆(ζ1, ζ2),

where KD denotes the Kobayashi distance in a domain D. Since π ◦ Φ̃ = id, the first and

the last distances in (7.1) are the same. We conclude that KΩ(Φ̃(ζ1), Φ̃(ζ2)) = K∆(ζ1, ζ2)

holds for all ζ1, ζ2 ∈ ∆ and hence Φ̃ is a complex geodesic of Ω. Since Ω is strongly convex

and smooth, it follows from [L81a, L81b] that Φ̃ is smooth up to the boundary of ∆. The

regularity of Φ and Φ̃ on ∆ together with Taylor’s formula yields the improved estimate
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Φ̃(ζ) = Φ(ζ) + o(|ζ − 1|3) for ζ → p without any restriction on the way of approaching p.
The required conclusion follows from Proposition 6.1. Alternatively, one can use at this
last stage uniqueness results for complex geodesics. �

8. Proofs of Theorems 1.2–2.2

The proof of Theorem 2.2 is obtained by repeating the proof of Proposition 6.2 and
using Proposition 7.1 instead of Proposition 6.1. Note that we enter the hypotheses of
Proposition 7.1 in view of the last conclusion of Lemma 4.2. Theorem 1.1 is a special case
of Theorem 2.2 with U = V .
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