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Torque in Nested Halbach Cylinders
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Abstract — Permanent magnet variable flux sources are
“produced by rofating two nested N-segmeni, pertanent
magnet, Halbach cylinders. Torque is primarily an end
effect, determined hy. field non-uniformities due to. the finite
length and: segmented structure of the cylinders, Due to
symmetry, one cylinder experiences zero torque in a aniforin
applied field. Experiment and numerical simulation reveal
that the torque is composed of a dominant term of frequeney
1/(2=) and harmonics at (kN + 1)/(2x), where k is an integer.

Index Terms— Permanent magnet variable flux sources,
Haibach cylinders, torque, surface charge method, motors,

1. INTRODUCTION

Permanent magnet variable flux sources are finding increasing
application i markets iraditionally dominated by the
electromagnet, They can provide high, uniform, localised
magnetic fields up to 2 T, while being smaller and lighter than
their electrical counterparts [1]. They require no special power
supply or cooling unit, and can be designed to produce close to
zero stray field outside a region of interest. Many gecmetries
have been explored [2) - [4], Applications range from laboratory
instrumentation to the manufacture of magnetic thin film devices

. to NMR imaging,.

Halbach cylinders, or dipole rings, have particularly general
and wide-ranging applicability. The ideal design {4] is shown in
Fig.1(a). The magnitude of magnetisation is constant, while its
orientation varies continuously: at an angular pesition ¢-in the
eylinder, measured clockwise from the y-axis, the magnetisation
has orientation 2. An infinitely long cylinder produces a
uniform magnetic field in the y-direction within the bore, and
zero field everywhere outside the cylinder.A

. ¥

: (0)
Fig.1: (a) the ideal, infinitely long design, - with  uniformly varying
magnetisation; (b} finite length approximation to (a) using 8 segments; (c)
nested cylinders ¢an produce varying fields in their central bore,
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Finite length approximations to this design [5] are constructed
from a discrete number M of segments, typically eight, as shown
in Fig.1(b). Variable flux sources are developed by nesting two
such cylinders [3], and rotating them relative to each other as in
Fig.1(c) so that the field in the bore is the vector sum of the two
individual fields. ,

Torque between the cylinders as they rotate is an important
consideration when attempting to implement this design. Here
we present results of experiment and numerical simulation of
torque in - nested systems, and show that a direct relationship
exists ‘between torque and the finite length and segmented
structure of these devices.

II. EXPERIMENTAL RESULTS
We measured the variation in torque as a function of « for a
two cylinder nested system, where « is the angle through which
the. inner cylinder 1s rotated. from the position “where its
magnetisation is filly aligned with that of the outer, The cylinder
dimensions are given in Table I.

TABLE I
DIMENSIONS OF MAGNETIC CYLINDERS
Inner Cylinder Outer Cylinder
Inner Radius nm) 26 52.5
Quter Radius (mm) 47.5 110
Length (min) 100 100
Segment Number N 8 8

Each cylinder was connected, via a system of gears, to a d.c.
motor. The gearing system comprised a gearbox and a worm
wheel assembly. The position of each cylinder at any moment of
time was recorded via an angular position encoder.

The torque I" generated by a d.c. motor is directly proportional
to 1, the current it draws,

I'=kpl M
where %7 is a torque constant. For these motors, operating at low
frequency of rotation of the moter head (as is the case here), &y is
given by : ‘
kr=(-IR)/w @
where Vi3 the operating voltage, R is the resistance at the motor
terminals and o is the angular speed of the rotor in radians/s,

We run the motor at constant voltage arid monitor variations
in current and motor speed. From these data we calculate the
torque generated by the motor at any angle o. This is then related
to the torque experienced by the cylinder via

I'=Tet Fgh et/ Astar) M Tww Ngd (3

where 7y 15 the gearboX ratio, #ien the number of teeth in the
worm wheel and n, the number of starts. Mg, Ty and ng are
the motor, worm-wheel and gearbox efficiencies respectively.

For a constant applied voltage of 12 V, Fig.2(a) plots the
torque experienced by the cylinder as a function of o for two full
rotations of the inner cylinder. Here the oylinder is rotating in the
clockwise direction,
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The variation in torque is essentially. sinusoidal around one
full rotation of the cylinder, as will become clear in Section IIL
For one half of each cycle, the motor is working to overcome the
magnetic torque, so that an increase in load torque is reflected by
an increase in the current drawn by the motor and a decrease in
thie speed, and vice versa.
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Fig2: (a) Torque measured on the inner oylinder as it is rotated clockwise
through angle o in the bore of the static outer cylinder; (b) torque over 2.5
rotations of the inner deduced from both cloclkwise and anticlockwise rotation.

For the second half of cach cycle, both the motor and the
magnetic torque rotate the cylinder in the same direction. So
there is effeotively zero load on the motor. The current drawn is
reduced and the speed increased, However, the maximum (no
load) speed my and the minimum (no load) current J, are
determined by the applied voltage and the terminal resistance of
the motor, and their values aré defined for a given motor. Hence,
in this region of the graph, both current and speed remain
approximately constant,

Similar data were collected for rotation in the anticlockwise
direction. These two sets of data were ¢combined to indicate the
structure of the torque variation over 360 degree cycles (in the
process, the absolute values were ‘shifted downwards by a

constant value), The combined data for the torque variation over -

2.5 full rotations of the inner cylinder are shown in Fig.2(b).
Fig.3 shows a Fourier transform of the -data in Fig.2(b).
Amplitudes of the Fourier eoefficients for torque are plotted
against frequency. The dominant term is evident at f = 1/Q2x),
indicating "that the variation iz maialy sinusoidal. Higher
harmonics of this fundamenta! are also evident, in particular at
71, 15f and. 23/, each with a srialler neighbouritig peak around
%, 17f and 25f respectively. Thus harmonics oceur at (AN + 1)/,
where N=8isthe number of segments in the oylmders
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Fig.3 : Fourier transform of data in Fig.2(b), indicating the main frequency

varialions of current with angle as the inner cylinder rotates.

III. NUMERICAL MODEL
Our numerical simulation has two stages. Firstly we calculate

the field in the boré of the outer cylinder; secondly we calculate :

the torque experienced by the inner cylinder in this field.

1) Field Caleulation: Our method of field calculation is based
on the assumption that each segment has a perfectly rigid
polarisation J. The" magnetic induction' within a block of
magnetic material is B = | ,H + J. In a magnetostatic system,
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¥ x H =0, s0.-we may define a scalar potentiai @ by H=- V.
Given also that V.B = 0, then, V.H = - V’d =—(V.J) /. So
that @ satisfies a Poisson equation with magnetic charge density
p = -V.J. The solution to this Poisson equation i3 given in tetms
of volume and surface charge densities [6]. '

In the case of a segmented cylinder, however; each segment is
assumed to have uniform and perfectly rigid J. The volume
magnetic charge density p in each segment is zefo, p = -V.J =0,
so the-magnet can be represented by charged surfaces, each with
surface magnetic charge density o given by ¢ =J.p, Where n is
the unit normal to the surface. Analytical expressions for the
vector field at a point, due to a charged rectangular surface, have
been derived by Akoun and Yonnet [7]. A segmented cylindrical
magnet is a combination of prisms. The total field at any point is
simply the sum of the field contributions from each face.

 Ona eross-section of the outer cylinder, we specily a grid of
points, each with co-ordinates r = (x,1,2). At each of these points
we calculate the components of the field ., H, -and H,. The field
varies along the length of the cylinder as well as across the widtly
of the bore, and so is caleulated across similar grids on a numbes
of different, equally spaced planes. Each point at which the field
is caleulated, is surrounded by an .element of matenal with
volume AV

2) Torque Calculation: The total torque T axpenemed by the

inner cylinder is calculated by summing the torques T'® on the

volume elements AP of the inner eylinder, due to the field of the
outer cylinder,

4 — IR (OO OF
= Zr ZAVJ xHO +p xF @

where at a pomt r? in the inner eylinder, H® is the field due to

-the outer gylinder, J ® is the polarisation of the inner cylinder, and

the foree P due to the field gradient is found numerically from
P e ~(VE) = V(J(“)‘H(i))AV@) . (5)
Symmetry of the system implies zero values for Iy and T, 5o
that the only non-zero component of torque is I';, about the axis
of the cylinder, This is confirmed by calculation, '
3) Numerical Results; Fig.4 shows T, asa ﬁ,mctmn of o.
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Fig 4 : Caloulated torque on inner oylinder as a function of ot.

The fundamental variation in I, goes as [ = Asina. In addition,
[" is modulated by structure associated with segmentation.
Fig.5(a) shows a Fourier transform of the caleylated torque,

The fundamental frequency f = 1/(2x) corresponds to the
leading sine term. The 7" harmonic is also strong. Higher
harmonios are present, but with smaller amplitudes. To see these
more clearly, we fit a curve of the form Bsing + Csin(7c) to the
data in Fig.4, where B and C are constants. The fit curve is then
subtracted from the original data. In so doing we largely remove

_the fand 7/ terms. A Fourier transform of the remaining data is
shown in Fig.5(b). Higher harmonics can now be seen to ocour
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in pairs at (V = 1)f, (N + 1)f, @N - 1)f, N + 1)f, etc,, that is at
(kN £ 1)f, where N = 8 is the number of segments and % is an
integer. These harmonics coineide with the frequencies found
experimentally in Fig.3. The peak calculated value of 13 Nm is
larger than that observed experimentally due to the fact that the
polarisation is not perfectly rigid.
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Fig.5: (a) Fourier transtorm of data in Fig.4; (b) without the fand 7fterms.

IV. ORIGIN OF THE TORQUE )

The Reciprocity Theorem states that the energy of one piece of
magnetic material in the field of another is equal to the energy of
the second in the field of the first, Thus both magnets must
experience equal and opposite torques.

Consider now the case of two ideal, infinite length cylinders as
in Fig. 1(a), nested concentrically, Both eylinders have completely
uniform bore fields, and zero external stray fields. So the outer
cylinder experiences zero applied fleld, and thus zero torque. By
reciprocity, the inner cylinder also experiences Zero torque. So
there is zero torque on the inner cylinder in a constant applied
field. Similarly, a segmented cylinder of even &, experiences zero
torque in constant applied field as the torque on each segment is
exactly cancelled by torque on another segment. This is
confirmed numerically. The torque in our systems must therefore
arise from the field non-uniformities due to their finite length and
segmented structure. . -

Consider the field profile in the bore of a cylinder with the
radial dimensions given Table I, calculated using the surface
charge model. Fig.6(a) shows the profile of B, in the bore at the
centre (z = 0) when the cylinder is very long and has a large
number of segments (N = 128) to approximate the case of infinite
length and uniformly varying magnetisation in Fig.I(a). B,
remains constant at all points inside the bore as expected for an
ideal cylinder. In a real cylinder, however, there are two main
features in field non-uniformity:

1) Finite Length: Fig.6{b) shows the profile for a cylinder with
length 100 mm, and ¥ = 128 to approximate uniformly varying
magnetisation.

The magnitude of the field at ¢ = 0 and ¢ = « is greater than
that at ¢ = /2 and ¢ = 3n/2. As the cylinder is made longer, the

extent of this effect at the central z = 0 position decreases,
although it persists at both ends. This effect is therefore an end
etfect associated with the finite length of the cylinder. This is the
cause of the leading sinusoidal variation in the torque.

2) Segmeniation: Fig.6(c) shows the profile for an 8-segment,
finite length cylinder. Again the end effect is apparent, but
additional peaking in the field ocours near the boundaries
between adjacent segments. Here there are 8 peaks. For a 16-
segrent cylinder there would be 16 peaks and so on. This is the
origin of the smaller, & dependent, torque variation.

Numerical values of the contributions to the forque from
different cross-sections along the axis in the cylinder, show that
the main contributions come from the end regions. The total
value of the torque is unchanged by increasing the length of the
cylinder to larger, finite values, and the contribution from the
central region becomes negligible. This indicates that the torque
is primarily an end effect.
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Fig.6: Field profile in the bore of (a) an infinitely Jong cylinder, with uniformly.
varying magnetisation; (b) a finite length cylinder with uniformly varying
magnetisation; (c) a finite length, 8-segment cylinder.
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